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We compute the density of a spin-% particle, the raritron, produced at the end of inflation due to
gravitational interactions. We consider a background inflaton condensate as the source of this production,
mediated by the exchange of a graviton. This production greatly exceeds the gravitational production from
the emergent thermal bath during reheating. The relic abundance limit sets an absolute minimum mass for a
stable raritron, though there are also model-dependent constraints imposed by unitarity. We also examine
the case of gravitational production of a gravitino, taking into account the goldstino evolution during
reheating. We compare these results with conventional gravitino production mechanisms.
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I. INTRODUCTION

Any inflationary theory consists of three key compo-
nents [1]. First, it must have a prolonged period of
exponential expansion to account for the observed flat-
ness of the Universe. Second, the produced density
fluctuations should agree with the CMB measurements
of the anisotropy spectrum and tensor-to-scalar ratio [2].
Finally, the theory should incorporate a reheating phase,
resulting in a hot thermal universe. This universe should
have a minimum temperature of a few MeV to allow big
bang nucleosynthesis (BBN), and potentially even a higher
temperature nearing the TeV scale or higher, which is
necessary for baryogenesis.

Reheating is most efficient when a direct decay channel
exists for the inflaton to Standard Model (SM) fields [3,4].
Assuming that the decay products thermalize instantly and
with an inflaton potential V(¢) which is quadratic about its
minimum, the reheating temperature is directly related to
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the inflaton decay rate, Ty o (I'yM )2, where [, is the
decay rate for the inflaton, ¢, and Mp = 1/1/87Gy =~ 2.4 X
10" GeV is the reduced Planck mass. The reheating
process is not instantaneous; at the end of inflation, the
inflaton decays producing a bath of relativistic particles
[5-7]. When an inflaton potential is predominantly char-
acterized by a quadratic term near its minimum, the inflaton
energy-density scales as p ~ a3, where a is the cosmo-
logical scale factor. The radiation density rapidly increases,
reaching a peak temperature, 7,,,, Which then falls until
the energy density in radiation becomes equal to that stored
in the inflaton condensate, thus defining the reheating
temperature. The reheating temperature and the scaling of
the radiation density, in principle, depend on the spin of the
final state particle and the shape of the potential near the
minimum that governs inflaton oscillations [8—10].

Once produced, the thermal bath can generate very weakly
coupled non-SM particles that do not achieve thermal
equilibrium [11,12]. Importantly, these might include a dark
matter component. The gravitino is a classic example of such
a feebly interacting massive particle, or FIMP [4,13-16]. For
areview and related studies, see [17-22]. The relic density of
a FIMP is determined by its thermally averaged production
cross section from the thermal bath. Consequently, the relic
abundance is sensitive to Try or T ., Which depends on the
form of its coupling to the SM.

In addition to the production of matter and dark matter
from the thermal bath, it is also possible to produce matter
directly from inflaton decays or scatterings in which case
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the relic density depends on the coupling of the matter to
the inflaton [6,8,23,24]. In the absence of a direct coupling
between the inflaton and dark matter, radiative decays of
the inflaton may produce a significant relic density [25,26],
provided the dark matter has a coupling to the SM particles.

When there is no direct coupling between the dark matter
and either the inflaton or SM particles, production through
gravitational interactions is always present [26—48]. These
gravitational interactions include processes that produce
dark matter either from gravitational scattering within the
thermal bath or directly from the inflaton condensate. Both
scenarios have been explored for the production of either
spin 0 or spin-% particles [38] and the thermal production
with a massive spin-2 mediator was considered in [30].
The dependence on spin in gravitational production is not
immediately intuitive. However, when we represent the
gravitational interaction through the exchange of a massless
spin-2 graviton, the relationship between spin and gravity
becomes evident. The source of production is also impor-
tant. In fact, inflaton scattering can be interpreted as the
scattering of spin-0 particles at rest in the case of quadratic
potential. Using a simple helicity argument, we expect the
amplitude to be proportional to the mass of a final state
fermion. On the other hand, the conformal nature of
massless spin-1 particles also leads to the conclusion that
they cannot be produced by gravitational interactions. In
conclusion, for massless final states, only scalars can be
gravitationally produced by inflaton scattering.

In this work, we demonstrate that the production of
spin—% particles is more intricate than the previously
mentioned cases. The production of a spin-3 dark matter
candidate from the thermal bath y, was considered in [49],
where this particle was called the raritron. However, to
produce such a raritron, it was necessary to introduce a
coupling w,A,v between the raritron, the photon, and a
neutrino, implying its metastability. It is well known since
the work of [50] that coupling a spin—% particle to the
electromagnetic field leads to pathologies, though these can
be addressed within the supergravity framework [51,52]. It
is important to determine whether raritrons can be produced
in a generic framework solely through gravitational inter-
actions, driven by the oscillation of the inflaton. If they are
stable, this would correspond to the minimum amount of
spin—% fields still present in the Universe and contributing to
the dark sector.

The structure of this paper is as follows: In Sec. Il A, we
provide a brief review of the properties of a fundamental
spin—% particle. Its coupling to the graviton is discussed in
Sec. II B, while its production rate is explored in Sec. I C.
In Sec. II D, we compute the relic density generated by the
oscillations of the inflaton at the end of the inflationary
phase, mediated by graviton exchange. The gravitational
production from the thermal bath is discussed in Sec. IT E.
Finally, we apply our results to one of the best-motivated
raritron models, the gravitino, in Sec. III, and discuss a
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FIG. 1. Feynman diagram for the production of spin-% particles
through the gravitational scattering of the inflaton condensate or
the Standard Model particle bath.

specific supergravity model in Sec. III C. In Sec. III D, we
compare our results with the standard thermal production of
gravitinos in both low-scale and high-scale supersymmetric
models. We conclude in Sec. IV, and provide some addi-
tional details of the calculations in Appendixes A, B, and C.

II. GRAVITATIONAL SPIN-% PRODUCTION

In this section, we compute the gravitational production
of a spin—% particle directly from the inflaton condensate
as well as from scatterings among Standard Model (SM)
particles in the thermal bath. In both scenarios, the inter-
action is mediated by the canonical gravitational perturba-
tion 4, and the only distinction between the two processes
is the source fueling the production. This perturbation
arises when the space-time metric is expanded around
the flat Minkowski metric, with g, ~#,, + 2h,,/Mp. This
approximation is valid during the reheating phase after the
end of inflation. Importantly, such gravitational interactions
are universal and invariably exist between the inflaton, the
thermal bath, and the spin-3 raritron, as depicted in Fig. 1.

A. The Rarita-Schwinger field

Naively, while looking at the table of known funda-
mental particles, we observe spin-0, spin-}, spin-1, and
spin-2 fields. Naturally, one might question the absence of a
spin-% fundamental particle. However, it is often claimed
that fields with spin higher than 1 exhibit pathologies. After
the 1939 paper by Fierz and Pauli [53], where they
constructed the Lagrangians for spin—% and spin-2 particles,
Rarita and Schwinger proposed a more compact formu-
lation for spin-3 particles [54], leading to the equations of
motion

(l-]/”aﬂ - m3/2)l//;4 =0, 7”1//,4 =0. (1)

These equations can be obtained from the Lagrangian1

‘63/2 = l/_/'u(l'}/ﬂ/’l’a/) + mS/ZyMD)V/D’ (2)

'For a derivation of (2) from Eq. (1), see for example [55].
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with
= % vl =t —n, (3)

and
P =y =y =y (4)

A stable y, is called a raritron and can constitute the
majority of the dark matter component of the Universe.

B. Gravitational couplings

To compute the gravitational interactions between the
raritron and the graviton, the space-time metric is expanded

2hy,
Wy The

Lagrangian can then be written as (see e.g., [38,41,56])

around Minkowski spacetime using g,, ~1,, +

1 v v v
V=9Lin = _M_Ph/w(TgM + T’; +Ty,), (5)

where SM represents Standard Model fields and ¢ is the
inflaton. The form of the canonical stress-energy tensor 7"
depends on the spin of the field, withi = 0, 1/2, 1,3/2. For
the inflaton and SM fields, we take

1
Tgy = oHSd*S — g |:§ aasaas - V(S):| ’ (6)
v i v e v i ay Y
T*;/ZZZW‘() x+irto yl-g¢" {EZ}’ 00%_’”1)0(]’ (7)
1 1
" = 3 [F’;FW +FL P — S ¢vF “F aﬂ] - ()

where V(S) is the scalar potential for either the inflaton

or the SM Higgs boson,2 with S =¢,H, and Ad,B=
Ad,B - (0,A)B. Here F, =d,A,—0,A, is the field
strength for a vector field, A,. The energy-momentum
tensor for a spin—% Majorana field is given by (577

i _ (—)y) i _ < i _ <
T3, = = 0" 0w + 50ty 9,y + Sy o ),

©)

where parentheses surrounding indices indicate symmetri-
zation, defined by A“BY) = (A*B* + A*B*)/2. For a Dirac
spin-3/2 field instead, the right-hand side of Eq. (9) should
be multiplied by a factor of 2.

In our calculations, we considered real scalar fields with H
corresponding to 4 degrees of freedom.

See Appendix A for a detailed derivation and discussion
of T5),.

The gravitational scattering amplitudes related to the
production rate of the processes

¢/SM(py) + ¢/SM'(p2) = w(ps) +w(ps)  (10)

can be parametrized by
M o M3, TV M, (11)

where i =0,1/2, 1 denotes the spin of the initial state
involved in the scattering process. Note that we are
summing over all polarizations, justifying the absence of
Lorentz indices in Eq. (10) for the raritron. Here, [T#° is
the graviton propagator for the canonical field £, with
momentum k = p; + p,,

. ;7/4/7;71’0- + nﬂanyp — nl’wrlpo-

e (k) 22

(12)

The partial amplitudes, M fw, can be expressed by [38]

1
Mgu zi[plﬂph/ +plup2,u —NwP1° P2 _nﬂvV”(S)L (13)

1 1

My = 7 (p2)ru(p1 = p2), + 11 = p2)Ju(pr), (14)

1
w5 l65-€1(P1uP2w + PruP2y)
— €5 P1(Poy€iy +€1,P2) — €1 P2(P1,€5, + P14€3,)
+ p1-palees, +ene,)
+1,,(€3 - Pr€1- P2 — P1 - Pa€5-€1)], (15)
where the masses of the SM fermions and vector fields have

been neglected. The partial amplitude for the Majorana
spin—% field y,, is given by

M%w = % [0%(P4)7(u(P3 = Pa)yta(P3)
=20%(p4)7(u(P3 = P4)att)(P3)
=204, (pa)7 (3 = Pa)ou®(P3)], (16

where we defined y,(p) = u,(p)e~P*. In this section, we
do not rely on any specific model of inflation and keep our
discussion as general as possible. Any model satisfying the
constraints on the slow-roll parameters as imposed by
Planck data [2] will suffice, provided there is a well-defined
minimum and the potential can be expanded as V(¢) ~
A@* /M. around this minimum. For example, both the
Starobinsky model [58] and a-attractor-type models [59]
are sufficient.

We consider two distinct processes illustrated by the
Feynman diagram in Fig. 1:
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(i) The production of raritrons from the inflaton
¢ + ¢ — v + . In the case of a quadratic potential,
the inflaton behaves like a massive particle at rest,*
with four-momentum p,. Its partial amplitude is
then directly given by Eq. (13). However, for a
generic potential V(¢), we need to use the zero
mode of the inflaton condensate that is valid for any
arbitrary minimum (see below and [41] for a detailed
discussion).

(i) The production from the thermal background,
SM + SM — y + y, which uses Egs. (6)—(8) for
SM particles on the right-hand side of Eq. (11). In
the following subsection, we compute the full
scattering amplitudes for both channels and deter-
mine the gravitational production rate of the raritron.

C. Gravitational production
from the inflaton condensate

We begin by examining the gravitational production of
the raritron from the inflaton condensate. Although particle
production occurs throughout the reheating process, the
dominant source of energy density emerges at the onset of
oscillations after inflation, when the oscillation amplitude
peaks. Notably, despite the gravitational production process
being Planck-suppressed, the inflaton condensate scattering
continues to be a substantial source of particle production,
particularly at the beginning of the reheating process, when
its energy density is very large.

1. Quadratic potential minimum

We consider the case with a quadratic minimum first,
with V(¢) ~mj$*. In this case, the rate computation is
straightforward. We evaluate the square of the matrix
element in Eq. (11) using MBG for the inflaton incoming
state. We assume for the inflaton condensate that the
incoming inflaton momentum vanishes, p;, =0, and
E

compute |./\/10% using the spinor sums [60,61]

+3/2
Pab = Z ua(p’s)ub(p’s) = (ﬁ+ m3/2)

s=-3/2

5 <,1 . 1y v — 2PaPy | Palb — pm) (17)

“ 3 “ 3 m%/z 3I’I’l3/2 ’
and
+3/2

Qab = Z va(p,s)ﬁb(p,s) = (p_ m3/2)

s=-3/2

1 2paPs  Pa¥b — PbYa
x S - - . (18
(”ab 3 Yalb 3 %/2 3 32 ( )

4Up to some symmetry factors, see [33,38].

Using the above expressions, we find that the total
matrix element squared is given by Eq. (B3) shown in
Appendix B. For the inflaton condensate, this expression
can be simplified significantly by writing 1 = m3 ,, —m;
and s = 4m§5, and the matrix element squared (B3)
becomes

_ mys . 4m§/2 . 6m§/2 N 18m‘3‘/2
18Mpms3, s s 52

_2 My () M) () _3mn, 9mi,
9m3,Mp mg 2my 8 my )

(19)

The production rate, RY, for a quadratic minimum with
k = 2, can be written as [55]

,
_ Py MP ps
mé 3271’)7135 my’

where p3 = | /mj — m3 ,, and if we use the matrix element

squared (19), we find

2% p3 3.9
R = st (7 -3 +gr) -0 @)

R = ng(ov) (20)

with 7 = m3 , /my. The factor of 2 explicitly accounts for

the fact that two raritrons are produced by annihilation.’
Before extending our result to a more general potential
V(¢), we would like to make a few comments regarding
Eq. (21). The massive raritron could have been considered,
naively, as a Clebsch-Gordan decomposition of a massive
spin-1 boson and a spin—% fermion, which is manifestly not
the case when we look at the limit 7 — 0 of Eq. (21).
Indeed, we would expect no production of massless
fermions, due to helicity conservation [33], and no diver-
gences are expected for the production of a massless vector
field [34]. This reflects the inherent pathology of theories
with spin > 1, implying that we should treat with care the
unitarity constraints when we analyze the bounds on mj ;.

2. General potentials

Gravitational particle production from the inflaton con-
densate naturally depends on the shape of the potential. We
extend our discussion and consider a more general potential
which about its minimum is of the form

>We note that in Appendix B, we provide the amplitude in the
case of scalar scattering, which yields a rate which is larger by a
factor of 2 compared to inflaton scattering when considering a
condensate ¢.
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¢k

V) =g

< Mp. (22)

We parametrize the time-dependent oscillating inflaton
field as

P(1) = (1) - P(2), (23)

where ¢ () is the time-dependent envelope that includes
the effects of redshift and P(¢) describes the periodicity
of the oscillation. Then for a potential of the form (22), we
can write V(¢) = V(¢) - P(¢)* and expand the potential
energy in terms of its Fourier modes [9,62,63]

¢0 Z Prne —inwt _ ,0¢ Z Ppne —inot

n=-—oo n=—oo

(24)

where w is the frequency of oscillation of ¢, given by [9]

zk TE+1)
cTm\ae-n g

with m3 = 0*V /o?|,,,

= i Pk,ne_mwtv (26)

n=-—oo

and (p,) is the mean energy density averaged over the
oscillations.

To compute the inflaton condensate scattering rate, we
follow the treatment presented in Appendix C. We find that
the raritron production rate is given by

2 x p?
k_ =P
b == M4 23/2, (27)
where
2 By %/2 3/2
3/2 leknl %/2< - E2 + 18 Eﬁ)
4m?,,73/2
x {1— EZ/Z] . (28)

Here the superscript k corresponds to the type of potential
minimum V(¢) ~ ¢* ~ Pk, E, = nw is the energy of the
nth mode of the inflaton oscillation, and mj3/, is the
produced raritron mass. In the quadratic case, where
w=my [see Eq. (25)] and P(1)* = cosz(m¢t) 1+
711(6_2"1'/)[ + eZm,,,t)’ since Z |7D2 n| - |P2 2|2 16’ Only
the second mode in the Fourier expansion contributes to

the sum. Taking E, = 2my, we find that the rate (27)
reduces to Eq. (20).

We also consider separately the production of the + % and
i% helicity components. One can express the spin—%
polarization vector as a direct product of spin-1 and
spin—% polarization vectors. We introduce the following
spin—% Clebsch-Gordan decomposition for the spinor®

Wiy (P) = €L(pusin(p), (29)
wyp(p)= \Ee’é(p)uil/z(p) +\%€’i(17)u¢1/2(17)’ (30)
Vispn(p) = €5 (p)vain(p), (31)

V() = \@6’6*(17)%1/2(10) +%€f(p)v¢1/2(p).
(32)

We find that the raritron production rate (27) can be
decomposed as

= 5A a4 (2]36/2 3/2 + 23/2 1/2) (33)

where the transverse spin :i:% contribution is given by

+0o0

m§/2 4m%/z 372
Z ‘lpk n| 9 E4 1- E2 ’
3/2 n n

n=

k
Z3/2,3/2

(34)

and the longitudinal spin j:% contribution is

m2 N\ 2 dm2 13/
n /2 3/2

—§ Pral— (1— i) [1— ] :
3/21/2 3/2 E% E}%

(35)

We note that the sum of transverse and longitudinal com-
ponents satisfy Eq. (28), with Z 30 = 23/2 30 T 23/2 12
Returning to the pathology of the limit m3,, — 0 (z — 0)
discussed above, we observe that the transverse compo-
nents :t% are not produced for ms3,, = 0. These compo-
nents correspond to a direct composition between a spin—%
fermion and the transverse components of a spin-1, as
we can see in Egs. (29) and (31). As these transverse
components are not gravitationally produced for massless
particles [33], it stands to reason that their production rate

®As a side comment, from this decomposition, one can also
derive the spinor-helicity formalism for massive spin-3/2 fields,
and compute helicity amplitudes. See for example [64].
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104}
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Rx Mp/p

105 1074 1073 1072 107! 10°

FIG. 2. Longitudinal and transverse raritron production rates
for k=2 in the units of RxMj/pj as a function of
T =m3,,/mj. As can be seen from the figure, the raritron

production is completely dominated by the longitudinal compo-

nent, which contains a factor z~1.

vanishes in the massless limit for a spin—% particle as well. In
other words, the transverse modes are expected to be highly
suppressed for light raritron, relative to the longitudinal
mode which is enhanced and could be considered as the
goldstino in a gauged framework.

In Fig. 2, we plot separately the longitudinal and trans-
verse components for k = 2. We clearly see the effect we
have just described; the transverse mode is always pro-
duced in negligible quantities compared with the longi-
tudinal mode, except in the limit where the mass of the
raritron is of the order of the fundamental mode ms , ~ m,,.
The slopes for masses mj3;, < my, keeping only the first
Fourier mode as an approximation, gives R 3/, o m3 1, and
Ry mgfz and do not depend on k. The absolute value
of the rates depends on the Fourier coefficients P, , which
themselves become very similar for large values of &, hence
we do not expect big differences for larger values of k.

D. Relic abundance calculation

Given the production rate, we next compute the abun-
dance of raritrons from the Boltzmann equation,

n=R", (36)

where H = g is the Hubble parameter. It is convenient to

rewrite the Boltzmann equation in terms of the scale factor,
dY a*R?
da H ~

(37)

where Y = a’n. To integrate this expression we need to
include the dependence H(a) with

H(a) = \’;‘%;j) . (38)

The conservation of energy for the inflaton field imposes

dpy dpy Py
—2 1 3(1 Hp, = Ha|—2 4 3(1 =
dt-l-(-i—W)p(/, a[da+(+w)a

= (1 +w)lypy, (39)

whose solution is, for I'y < H

6k 6k
Aend \ 72 agy \ ¥2
pol@) = s (“20) " = (%) a0

In these expressions, a.,q is the value of the scale factor when
accelerated expansion (inflation) ends, peng = (Gena)> Gru
is the scale factor when pg(ary) = py(ary), defining the
moment of reheating. The Boltzmann equation (37) then
becomes

dv _ oMy (if_kzzeﬂ (@. (1)

da PRH ARH

Restricting our attention to the case k =2, we have
pp~a, pp~TH~a?, with mj =2IM3.  The
Boltzmann equation becomes

Y _V3Mp , <L> "RP (a). (42)

da PRH AaRrH

where R?(a) is given by Eq. (21). Equation (42) is easily
integrated to give

1 pend>% 4
nla = aT
() 72v/37M p (M‘}, RH

x <T—' - % + §T> (1—2)¥2, (43)

where we assumed that agry > a.,q and a is defined by

2
1% 4 _ 14
==——T"=al". 44
PR 30 a ( )
Using [55]
Qi = 1.6 x 108 21T r) 32 (45)
JrRH TI%H 1 GCV’
we then obtain
QR =3 x 10° (—LRE Pend :
1019 GeVv (5.2 x 1015 GeV)*
2
% m({g EeV , (46)
1.7 x 10" GeV ms;
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10]] L
109 L
107H 9
. chermalh < 0.12
> 107t
[}
oo
= 103t
&
10"
107!
10—3 Qcondh2 < 0. 12
1 -5 L L L L
0 10* 106 108 1010 102 10t
M2 (GeV)
FIG. 3. Contours of Q.nqh> = 0.12 (red) and Quermah® = 0.12

(blue) in the (mj3)p, Try) plane.

where we take g, = 43/11 and ggy = 427/4, and assume
ms), < my, and values of m, and pg,q are normalized for
an a-attractor model of inflation with k£ = 2, though there
is some additional dependence on Tgry for these quan-
tities [8,38,65].

As one can see, the gravitational production of raritrons
is extremely efficient, much more efficient than the
production of scalars, spin—% fermions, or vectors [33].
As a consequence, stable raritrons are only possible if either
Try is quite low (of order the weak scale or below) or
m3; =~ my. This can be seen in Fig. 3 where the red curve
shows the values of ms3/, and Tgy such that Qh? =0.12
from Eq. (46). To remain consistent with big bang
nucleosynthesis, Tryg 2 2 MeV, which implies that raritron
dark matter is heavier than =6 PeV. This unavoidable
(because it is produced gravitationally) minimal mass for
the raritron is one of the main results of our work.

Using Egs. (33) and (35), it is possible to separate out
the contributions of the transverse and longitudinal con-
tributions to Q%. For the transverse contribution for k = 2
we have

1 pend>1 4 3
ni(a = Tryt(l —7)2 47
) = 1o (G Y a1 -0, (4)

and

Q2 2 x 108 LrH Pend :
3 100 GeV ) \ (5.2 x 10"° GeV)*

% 1.7 x 1013 GeV)\ 2 ms 3 (48)

As expected and discussed previously, the gravitational
production of the transverse mode is completely negligible.

Similarly, we can compute the longitudinal contribution

1 .Dend>l 4
I —— | — | aT
ny(ru) = 727\/3M p <M;‘, RH
39
X ( - ——+—16r>(1—1)x/2 (49)

which for m3/, < my, gives the result in Eq. (46) for Q% h?

since the production of raritrons is completely dominated
by the longitudinal component which carries the factor
of 77!

At this point it is important to note that for “low” values
of 7, we may run into a problem with unitarity. The
amplitude in Eq. (19) becomes of order unity when
m3;, S 1 TeV. However, raritron scattering  w,y, —
h,, = w,y, is further enhanced, and we estimate that its
amphtude scales as [M|* o my/ (M 4), which would
exceed unity when ms,, <40 EeV' This would allow
reheating temperatures Try 2 10 GeV.

In addition to problems with unitarity, low-mass raritrons
are produced with low and potentially vanishing sound
speeds [67]. The gravitational production of raritrons was
calculated by solving the mode function with Bunch-
Davies initial conditions.® Indeed, in [67], it was argued
that sound speed vanishes whenever 5, < 0.39H (apq).
In the models considered here, H(denq)~0.4m, and
thus the sound speed vanishes when 7 < 0.02 or when
mss; < 2.5x 102 GeV. As a consequence, the spectral
densities continue to rise as the cube of the wavenumber
without bound, leading to potentially “catastrophic” pro-
duction. In contrast, for larger raritron masses, the spectral
density turns over and peaks for wave numbers of order a
few H(ae,q). However it is difficult to compare this result
with our own given in Eqgs. (43) and (46). While we have
neglected the effects of curvature in 7, we estimate that
this may change our result by factors of order unity, while
still neglecting the effects for vanishing sound speed. To
determine the total number density or the relic density of
raritrons from the approach using mode functions, one must
specify an ultraviolet cutoff, A, and integrate the spectral
density up to that cutoff. As the density scales as the A3, it
is not immediately clear that a vanishing sound speed leads
to an over-density of raritrons.

"We consider here a nonsupersymmetric theory where the
spin-% Lagrangian is given by (2). When supersymmetry is
introduced, an additional contribution to raritron scattering arises
from the four-Fermi coupling, which cancels the most divergent
term in the amplitude, leading to |M|* & mj/(M37?) [66]. In
thls case, unitarity is violated when m3;, < O 1 EeV.

The production of scalars using mode functions was recently
compared [46] to the perturbative production [33,38], and the two
were found to be comparable so long as the low momentum
modes are suppressed, e.g., due to self-interactions or the
conformal coupling to the scalar curvature.
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Finally, we can also generalize this result to cases when
k # 2. We find that the number density can be expressed as

k+2 32
n(aRH):( + ) pRH <pend

(k—1)72y/32M3 ) __Zg/z’ (50)

PRH

and the dark matter abundance becomes

Qne =22 x 100k +2) (”e“d> -

1 3/4
’]‘pRé-I M3 ok (51)
(k_l) PRH

M3 1 GeV /%

As expected, for k = 2 this expression reduces to Eq. (46).

E. Gravitational production of raritrons
from the thermal bath

The production of raritron dark matter from the thermal
bath is also possible. The scattering of SM particles
includes the Higgs scalars, gauge bosons, and fermions
in the initial state. Since the initial particle momenta p; and
P are large (of order my) at the beginning of reheating and
dominate over electroweak-scale quantities, we assume that
the initial particle states are massless.

For the Higgs initial state we can use Eq. (B3) with the
association ¢ — h and set my = 0 (i.e., we neglect the
Higgs mass, and all SM masses relative to the reheating
temperature in the thermal bath). In this case, Eq. (B3)
reduces to

1
72m3/2M4 52

+24m30, (Ts +121) = 2m§ , (4757 + 26451 +2161°)
+m3 ), (=257 +2445%1 4 57651> +-2881°)
+mj ), (s* =345 1—2105°1> — 24051 — 721*)

—72m!2

IMOJ? = [=s*t(s+1)(s+21)* 32

+m3,s(s* 46571+ 4457 +-64s1° +-241%)]. (52)

In addition to the production of raritrons from a Higgs
initial state, other SM particles in thermal bath will also
lead to raritron production. The amplitudes for massless
fermion and gauge boson initial states are given in
Egs. (B5) and (B6), respectively.

The dark matter production rate R(T) for the SM +
SM — w +w process with amplitude M is given by
[24,55,68]°

R(T) /fleE dE EQdEdeOS 912

102475
X/|./\_/l|2d913, (53)

*We note that we include the symmetry factors associated with
identical initial and final states in the squared amplitude, |M|?.

where we assumed that s > 4m§ /20 and the factor of two

accounts for two raritrons produced per scattering, E
denotes the energy of particle i =1, 2, 3, 4. 643, and
0, are the angles formed by momenta p, ; (in the center-
of-mass frame) and p;, (in the laboratory frame), respec-
tively. The infinitesimal solid angle in the above integral is
then dQ,3 = 2zd cos #,5. In addition,

1

fi:m7 (54)

represents the assumed thermal distributions of the incom-
ing SM particles.

The total amplitude squared for the gravitational scatter-
ing process SM + SM — y + y is given by a sum of the
three amplitudes associated with three different SM initial-
state spins,

IMP =4 MO 45| M2 + 12| M. (55)
Using this amplitude and performing the thermal integra-
tion in Eq. (53), we find that the raritron production rate can
be parametrized by

3 2 6
m3/2T

m
+ps—L (56

where the numerical coefficients together with the details of
the computation are given in Appendix B.

The gravitational scattering within the thermal plasma
produces the raritrons. We focus on the case k =2 and
show that the thermal production rate is strongly sub-
dominant compared to the production from the inflaton
condensate. Following the same steps as in the previous
subsection, we replace the rate in Eq. (41) by the thermal
raritron production rate (56). After expressing the temper-
ature as function of the scale factor by solving

d, r
arr 4__¢_p¢

, 57
da a Ha (57)

we find that the thermally-produced number density is
given by

() = 20 ()
@ ms,,Mp VaTgy
4B phu | 2P3Pia
\/gas/zmg/szp fM3
4p4 pRHm%/z Ps ng/z (58)
T3 My e My
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We note that in our computation, we assumed that
4m3, < s, where s = (p; + p,)*, which would approx-
imately correspond to ms3;; < Try, and we integrated
Eq. (41) between a.,q and aRH.lo Moreover, since f; ~
3.6 is greater than f;,_, s, the first term dominates the
production process for my < Try-

Using Eq. (45) for the relic abundance, we obtain

QTh2 — 5.9 x 106MM
T3, 1GeV

T 7 10! GeV
~36x 1075 — o) (124 In{——r
(lOlO GeV i TRH
EeV3
x <i> , (59)
ms
where, in the approximation, we considered only the first
term in Eq. (58). In Fig. 3, we show in blue the constraint
on the relic abundance in the (mj/,,Tgry) plane from
raritrons produced gravitationally from the thermal plasma.
As expected, the relic density generated by the thermal
source is negligible compared with that generated by

inflaton oscillations in all of the parameter space. This
result is also valid for k > 2.

III. GRAVITINO DARK MATTER

The cosmological production of gravitinos has been a
constant source of potential cosmological problems due
to its over-production. Standard thermal production (dis-
cussed briefly in Sec. III D below) sets upper limits to the
reheating temperature after inflation [4,6,13—15,23,69,70].
There is also a nonthermal contribution to gravitino pro-
duction when supersymmetry is broken during inflation
[70-76]. In these cases, as we will see below, it is the
goldstino which is produced (i.e., the longitudinal compo-
nent, rather than the transverse component), and this is
typically the inflatino (the superpartner of the inflaton)
during and immediately after inflation. Indeed it was
argued that the longitudinal component of the gravitino
at low energy may be unrelated to the inflatino produced
after inflation [74,75]. Whether or not the production of
inflatinos is problematic is a model-dependent question and
inflatino production may even be kinematically suppressed
[77]. Nonthermal production may also occur if the grav-
itino sound speed vanishes [67,78-80]. However in this
case, unless the models are constrained by eliminating the
pseudoscalar, fermionic, and auxiliary components of the
inflaton, no catastrophic production occurs [81-83].

In the remainder of this section, we consider first toy
models involving two Majorana fermions coupled to the

'9As discussed below, when Tgpy < ms /2> the integration is
limited between a.nq and a3,,, where the latter corresponds to the
scale factor when T' = mj,.

inflaton. This is a (highly) simplified example of the
inflaton coupling to the gravitino and inflatino. In this
case, as in the nonthermal production of the raritron, the
longitudinal component of the gravitino may be easily
overproduced. However, as we just alluded, the produced
state may not be the longitudinal component of the
gravitino at low energy. Finally, we consider a specific
model of inflation and supersymmetry breaking. If reheat-
ing is prolonged, the gravitino may be produced though
with a suppressed abundance.

A. Toy models

In the previous section, we considered the gravitational
production of raritrons from the inflaton condensate and
thermal bath. As we have seen in Fig. 3, the production
from the condensate is dominant, and from Fig. 2, we see
that the production of the longitudinal (spin—%) component
dominates over the transverse (spin—%) component, particu-
larly at low masses. In addition, as we will be interested in
the production of gravitinos from the inflaton condensate as
a concrete example in the next subsection, we would like to
consider a toy model (not based on supergravity) which
couples two spin-% Majorana fields, y and y, to the inflaton.
We will consider the production of y through y-exchange
having in mind the production of a goldstino through
inflatino exchange when considering the supersymmetric
analog.

The toy model assumes a Yukawa coupling of the form

Lin = —ydzy +H.c., (60)

and a direct coupling of the inflaton to a pair of y’s is
absent. We further assume m, > mg > m,, in our setup, so
a direct decay of ¢ — yy is not allowed kinematically. The
coherent oscillation of ¢ during reheating can however still
produce y through ¢¢ — wy by exchanging y, whose
diagrams are shown in Fig. 4.

As in the case of raritron production in the previous
section, the abundance of y can be obtained by integrating
the Boltzmann equation given the production rate

Copyypy/my

_ 2 x y4p_(2/) Tl//(l - 1-1//)3/2

T mjﬁ(l—i—rx—rv,)y

R(1)

(61)

where z; = m /mj. As for previous rates, the factor of 2 in

the numerator explicitly accounts for the fact that two y’s
are produced per reaction. Using this rate, the Boltzmann
equation (41) can be integrated to give

( ) o 4y4M?’ Pend %
n{ary _ﬁ”m‘{}) M?)

4 TW(I — TW)3/2

RH (] +TX—TW)2’

(62)

and
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(4

G

(8

FIG. 4. Feynman diagrams of the dark matter production processes.

TRH

m W

Qwhz ~0.12y* (

1019 Gev

)

1.7 x 1013 GeV)z(

my

Dend L7104 Gev 4 3
(5.2 x 10 GeV)* m, 33TeV) '

(63)

where we have taken the limit that m, > m, > m,,. Figure 5
shows the parameter space satisfying Qwhz = 0.12 with
y=1, my=1.7x10"GeV, and pe,q=(5.2x 10" GeV)*.
The results for this toy model is shown by the red lines with
m,/my = 1 (solid) and m,/m, = 10 (dot-dashed). Indeed,
because of the helicity suppression, the relic density of y

3 -1
scales as my, as opposed to m; 2 and hence we see very

different behaviors when comparing the results in Fig. 3 and
Fig. 5. For example, using the normalizations in Eq. (63),
m,/my=~59andy =1, the spin—% fermion will provide the
correct relic density when m,, ~ 33 TeV. One further sees
thatrather than a divergence at small m,,, the relic density goes
to 0, in this limit. This can be easily understood on the basis of
helicity conservation.

\ N
\ \
1l - *
10 \, \
\ Y
109 B \'\ \\\
.\‘ AN
107 N N
— \ \
z \ \
\(__7/ 10° \ AN
= \
g .
ST N
10 \
\
10" — s =1 \'\
== my/my =10 \
107V F === 1ny /iy = 1 (derivative) \,
P . my/my = 10.(derivative) \ \‘\ . .
10* 106 108 10" 10"
my(GeV)

FIG. 5. The (m,,Tgy) plane showing lines for Q,h* = 0.12
with m,/my =1 and 10 as labeled as well as y=1,
my =1.7x10" GeV, and pg,q = (5.2 x 10" GeV)*. The red
lines correspond to the relic density obtained from Eq. (63) which
was derived from the Lagrangian in Eq. (60) (without the
assumption 7, > 1). The blue lines show the analogous result
derived from the Lagrangian (64).

We can also consider a similar toy model which matches
more closely the supergravity couplings of the gravitino
longitudinal mode. This simple Lagrangian can be written as

Lin = — -2 0,47r"y + H.e. (64)
Mp

Repeating the above exercise to calculate the production rate
of y, we find
o 2x y* ,05, Tw(l — TV,)3/2

: (65)
n M‘}, (1+7, - T,,,)Z

R(1)

which is suppressed relative to the rate in Eq. (61) by a factor
of (m,/Mp)*. The integration of the rate will be identical and
the number density of y’s in Eq. (62) will be suppressed by
the same factor. As a result, the mass needed to achieve
Q,h? = 0.12 is significantly larger, m,, ~2.4 x 10'' GeV.
The relation between T'ry; and m,, for the derivatively coupled
toy model is also shown in Fig. 5 (blue lines). As one can
clearly see, the derivative coupling leading to the suppression
requires a significantly larger mass, m,, for a given reheating
temperature in order to achieve the same relic density.

B. Inflatino exchange
We next turn to the example of the gravitino in super-
gravity models. When supergravity models of inflation are
considered, a gravitino (y,) generally couples to the
inflaton (®) and the inflatino (y) through the following
terms:

Lin = [(0, @) W, r"y' Pry — (0, @) PRy v"w.)].

(66)

i
V2Mp

In the following argument, we assume that the imaginary
part of @ is strongly stabilized, and the canonically-
normalized real part ¢ = +/2Re® is oscillating with an
inflaton potential V(¢) after the end of inflation.
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In addition to the gravitational production of gravitinos
discussed previously, a pair of gravitinos can also be
produced from inflaton condensate via inflatino exchange.
There are both the #- and u-channels shown in Fig. 4 with
the replacement of y — y,. Here, we are making the
(naive) assumption, that the supersymmetry breaking sector
is distinct from the inflationary sector and that the inflaton
does not break supersymmetry. In this case, the goldstino
(or spin-; component of the gravitino) is distinct from the
inflatino. We return to a more realistic example in the next
section. In the Boltzmann equation, the production rate
R(t) is computed as

_ 205 (1=m3p)"
97TM4};T3/2(1 +T)( —7.'3/2)2

R(1)

, (67)

where we have assumed k = 2. Note that as discussed in
Appendix C, only the spin—% component of v, is produced.
Details of the computation of the production rate are also
given in Appendix C. It is also interesting to see, by
comparing Egs. (61) and (67), that the production of the
longitudinal component of v, (the spin—% part) is enhanced
x mgj‘z for light gravitino compared to the production of a
spin—% fermion (61) for reasons similar to those invoked when
discussing the gravitational production of the raritrons."!

With this rate, the number density of gravitinos is
obtained by solving Eq. (41),

4 pend>% 4 (1 - 73/2)7/2
nlia = | — aT .
(axw) 9v/3aMp (M‘; R (1 +1,—130)°
(68)

When 7z, ~ 1, and 73/, < 1, this number density is roughly
eight times larger than that from graviton exchange given in
Eq. (43). It should not be surprising that the two results (43)
and (68) are so similar, since the exchange of a graviton
involves couplings of the order d,/Mp generated by terms
of the type 7, /M p, which have exactly the same form as
the couplings between the inflaton, the inflatino and
gravitino given in Eq. (66). Only the graviton propagator
differs from the inflatino propagator, but only in its
structure, not in its order of magnitude.

The relic gravitino abundance can be then estimated by
using Eq. (45)

I—

T Pend
Qh? ~2.4 x 100 RH en
<1010 GeV /) \ (5.2 x 105 GeV)*

2
% m(/, EeV ’ (69)
1.7 x 1013 GeV m3/2

llArguments based on the equivalence theorem can also be
used to understand this.

which is, as expected, about 8 times larger than Eq. (46).
Furthermore as we saw previously this abundance is highly
dominated by the spin—% component. However, as we
stressed earlier, this result ignores any contribution to
supersymmetry breaking from the inflaton sector and
any possible mixing between the spin—% partner of the
inflation, the inflatino, and the partner of the scalar
associated with supersymmetry breaking in the vacuum.

C. Specific supergravity model

Let us now consider a more realistic example, in which
the identity of the goldstino evolves during the reheating
process [81,84]. To be more specific, we consider a model
based on no-scale supergravity [85]. The Kihler potential
can be written as

- 1 _
K =-3In d>+<I>—§(|S|2+|z|2)+g(S,S)+h(z,Z) .
(70)

The inflaton, ¢, is the real part of the canonically

normalized field, ® z%e\/z/_&p [up to a small correction
of order y* (defined below)]. The matterlike field S and
Polonyi field z are stabilized by ¢(S,S) = |S|*/A} and
h(z,z) = |z|*/ A2 [84,86-95]. The inflaton can decay into
gauge bosons and gauginos if the gauge kinetic function
depends on the inflaton field value [88,93,95-98]. Barring
a direct superpotential coupling of the inflaton to SM fields,
this is the dominant decay mechanism in low-scale super-
symmetric models. In models of high-scale supersymmetry,
the inflaton decays predominately into a pair of the SM
Higgs bosons [25,84,91,93,99]. The choice of the inflaton
sector superpotential [100]

Wint = V3myS(® —1/2) (71)

gives the Starobinsky-like inflaton potential [92,101,102],
and the inflaton energy density at the end of infla-
tion becomes pepq = 0.175mg M3 with my =3 x 10" GeV
[23,103]. The inflatino is nearly degenerate in mass with
inflaton. The scalar and fermionic components of S are also
nearly degenerate with the inflaton [84] (note that Ay does
not affect the spectrum at leading order).

One should, however, be careful about the time depend-
ence of the mixing in the goldstino mode. The goldstino
in a nonstatic background is given by [75] v = G y! +
dp'G';, where G=K +In|W[?>, G, =0G/d¢!, and
G'; = 0G/o¢' o’ with ¢! a superfield that participates
in super-Higgs mechanism, and y/ is the fermionic com-
ponent in ¢/. We consider the Polonyi sector superpoten-
tial, given by [104]

Wp = im(z + b), (72)
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with b~ 1/1/3. When the reheating phase begins, the
various contributions to the goldstino are given by

3 3¢
~ —4 /= ~7?
Gq; 2¢, GS M + 2”
G, ~V3-— JOGYH ~ myg, (73)

f

where p=7/my < 1.

Initially, when ¢ > uM p, supersymmetry is broken by
the F-term of S. As discussed earlier, for the quadratic case
considered here (k = 2), the energy density of the inflaton
scales as ymyp* o< a™ and ¢ o a2 during reheating. But
when ¢/p < 1, the primary component of the goldstino
becomes the fermionic partner of the Polonyi field, z.
We can estimate the corresponding scale factor a

when ¢/u =1 using ¢, =
V2Pend/ My, then

p’
¢end(aend/a ) /2’ and ¢end -

a, Mpﬁ’l
and
a 2 3
2 < ’;ng) . (75)
ARy M

It would be tempting to deduce that for a > a,, the
Polonyi field dominates in the goldstino and is produced by
the inflaton condensate. However, this ignores the mixing
between the states. Furthermore, the degree of mixing [75],
A, gives rise to the gravitino sound speed, ¢? = 1 — A2,
which can be expressed as [67]

4 , -
sUPPIFP? =g~ FP}. (76)

(6P + 1FP)
where F! = eX/2K/"'(W; + K;W), and the D-term is absent
in our analysis. The dot operator in Eq. (76) denotes a scalar
product with the Kéhler metric K;, namely |¢|* = ¢'K ;- ¢/,
and analogously for the other terms. As noted earlier if the
gravitino sound speed vanishes [67,78,79], catastrophic
production of gravitinos ensues. Likewise, in the absence
of mixing, divergent (as m3,, — 0) production of gravitinos
ensues as seen in Egs. (68) and (69). In the absence of
constraints (for example the imposition of nilpotent fields),
mixing is sufficiently large so as to suppress this nonthermal
source of gravitino production [81-83]. Indeed the three-
field model considered here, was also considered in [81].
There, it was found that although the leading contribution to
the sound speed may be small, the mixing parameter, A, in
this case is large. The detailed numerical analysis in a two-
field model [75] showed that the primary consequence of the

mixing is that even though supersymmetry is initially broken
(a < a,) by the inflationary sector and later (a > aj,) through
the Polonyi sector, the eigenstates rotate and the heavy mass
eigenstate associated with the inflatino is always the field
which is predominantly produced. Though a full numerical
analysis of the three-field model was not performed, it was
concluded that due to the large mixing, there is no cata-
strophic production of gravitinos in this model.

It is interesting to note that the Lagrangian (66), suitably
extended to include the coupling of the Polonyi field to the
gravitino, can be separated into the parts providing the
couplings of the transverse and longitudinal components.
The latter will contain the mixing between the “flavor”
eigenstates. This Lagrangian, written in [75], contains the
basic elements found in our toy Lagrangian in Eq. (64). In
agreement with the numerical results found in [75], our
calculation of the production of y is suppressed for low m,,.

In the remainder of this section, we briefly review the
standard thermal production of gravitinos.

D. Thermal production

Before concluding this section, we can compare the
production mechanisms above with the well known thermal
production of gravitinos [6,15,23,69]. So long as the scale
of supersymmetry breaking is below the inflationary scale,
gravitinos can be singly produced, for example, by the
scattering of two gluons producing a gluino and gravitino.
Here, we use the parametrization in [6,23] and consider
only the gauge boson contribution to the production cross
section, which we approximate as

(6v) =~ 21?4‘24 ( + 0561 2) (77)

2
mz/z

P

For mj3, significantly less than an assumed universal (at the
grand unified theory scale) gaugino mass, m; ,, the second
term corresponding to the production of the longitudinal
mode dominates. The production rate can then be written as

”2) (78)

M3

T6
R, ~0.4— <1 +0.56
M3

Integrating this rate (for k = 2) we arrive at

44/304 m3 /2
(aRH) T4 <1 + 0 56 s (79)
9\/7M RH 3/2
and
12~ 0.04( —LRH 32 (14 056—2 %/2
~ 1010 Gev ) \ 100 GeV m? 12

(80)
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which gives the typical upper limit on the reheating tem-
perature in supersymmetric models of Tgyy <2 x 10'° GeV,
for mj;, ~m3,; =100 GeV, and the limit becomes
stronger when m;, > mj3,,. This limit results from the
fact that the gravitino mass is related to the gaugino mass
in a specific framework of supersymmetry breaking.
We have neglected a kinematic factor which roughly
requires Try X m3/. Note that for these models we are
using gry = 915/4.

In the case of high-scale supersymmetry breaking,
gravitinos can only be pair produced if the masses of all
other supersymmetric partners are greater than the infla-
tionary scale. Nevertheless, gravitinos can be produced
from SM particle annihilations with a rate

TlZ

o

(81)

where A® = (9/21.65)m3 , M}, [24,25,68]. Integrating this
rate gives

= n
93\ a mg‘/zM% PRH

21.65 Tll{(%-l 1 Pend

n(arn) = , (82)

and

Qs k2 =4 x 107 EeVA*( Tra )
myp) \10'° GeV

10
« (12 —l—ln(m)). (83)
TRH

In Fig. 6, we show the regions of the parameter space
allowed by the relic abundance constraint in the (m3 /5, Try)
plane for four of the processes we discussed in this paper.
Specifically, we compare the thermal production of grav-
itinos in both low- and high-scale supersymmetric models
from Egs. (80) and (83) with the nonthermal raritron
production given in Eq. (46) and the thermal production
from Eq. (59). The solid red line shows the ‘“classic”
production of gravitinos in weak-scale supersymmetry,
whose source is predominantly the gluons of the thermal
bath. This is given by Eq. (80), for which Qh? & Tryms .
This provides the well known bound on the reheating
temperature for stable gravitinos12 and is applicable when
Try > m3; [9]. For large gravitino masses, we must cut off
the integration of the Boltzmann equation at az;, corre-
sponding to the scale factor when T = myj,, rather than
integrating down to ary. For large masses, this leads to a
suppression by a factor of (as,/agu)®’* = (Tru/m32)°.

A similar bound applies when gravitinos are unstable if
R-parity is conserved as the produced gravitino abundance is
transferred to the lightest supersymmetric particle.

1010 L
108 L
—~ 100t
-
3 =
ER A g
& PR e
- e
102+ —— O — hy — Yty /’/
=== SM = hy = Uy, d
100 R g9 — gwu (weak scale) /~/‘
........ SM — 1, (high scale) //.
102 - T )
100 10° 10 107 10"
m3/2(GCV)

FIG. 6. The (ms3),,Tgy) plane showing the contours of
Q3/,h? = 0.12. The blue dot-dashed line is derived from the
inflaton condensate via single graviton exchange, Eq. (46). The
blue dashed line is the thermal contribution from graviton
exchange, given by Eq. (59). The red solid line corresponds to
single gravitino production when the scale of supersymmetry
breaking is below the inflationary scale, Eq. (80), where m, ;, =
m3/, is assumed. The red dotted line corresponds to the case of
high-scale supersymmetry, Eq. (83), where gravitinos must be
pair produced.

Thus, for parameters with Ty < m3), Qh* & Tgymy),.
This effect accounts for the change in the slope when ms3, 2
Try seen in the figure.

This thermal bound on TRy is greatly relaxed in models
of high-scale supersymmetry (shown here by the red dotted
line) as single production of gravitinos becomes kinemat-
ically forbidden [24,68]. In this case, from Eq. (83), we see
that Qh* o Tgyms . In contrast, the gravitational produc-

tion of a stable spin—% raritron, whose source is the inflaton,
provides a significantly stronger constraint, particularly at
low masses. This constraint is shown by the blue dot-
dashed line and given by Eq. (46) where Qh* o Trymy ).
As discussed earlier the gravitational production of rari-
trons from the thermal bath is always sub-dominant. It is
shown by the blue dashed line from Eq. (59) and is found
extremely close to the line corresponding to the thermal
production in high-scale supersymmetry.

This figure is one of the most important results of our
studies, and admirably reflects the dominance of gravita-
tional effects over classical thermal gravitino-raritron pro-
duction, within the parameter space allowed by the unitarity
limit, i.e., m3/, 2 40 EeV (nonsupersymmetric). However,
we caution the reader that the thermal constraints shown
here reflect the production of the gravitino in supersym-
metric models. The gravitational production of the raritron
is definitely not the gravitino in supersymmetry. As we
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have seen the gravitational production from the inflaton
condensate produces primarily the longitudinal component
and occurs just after inflation when supersymmetry is broken
by the inflationary sector. As a result the longitudinal
component is the inflatino and the resulting particles pro-
duced are not related to the gravitino at low energies.

IV. SUMMARY

Gravitational particle production after inflation is inevi-
table. All particles couple to gravity through their energy-
momentum tensor and can be produced directly from the
inflaton condensate during reheating. While it is difficult
to create the thermal bath directly from minimal gravita-
tional interactions [38,39,42,44], the production of stable
particles making up all or some of the dark matter is
feasible [33].

While all particles couple to the inflaton through gravity,
they do not couple equally. The production rate, R, for
particles produced from the condensate are generally
proportional to pi. Since p,, redshifts with the expansion
of the Universe as in Eq. (40), and the production rate
redshifts faster than the Hubble rate, production occurs at
the start of the reheating process. The production of scalars,
S, is to a good approximation independent of the mass of
the scalars when mg < my, [33,38] and absent for massless
vectors. However, the production rate for fermions is
suppressed due to the necessity of a spin flip for the
final-state fermion [38]. In this work, we considered the
gravitational production of a massive spin—% particle dubbed
the raritron. We do not however, necessarily associate this
particle with the gravitino. As in the case of scalars and
spin—% fermions, the inflaton couples to raritrons through
their respective energy-momentum tensors, 7" and T%),.

As we saw in Fig. 2, the production rate of raritrons is
largely dominated by the production of the raritron longi-
tudinal modes, particularly at low raritron masses, as the
rate is proportional to m3 /22. This yields a very large
abundance of raritrons and unless m3,, is relatively large,
the reheating temperature is strongly constrained as we
showed in Fig. 3. This result is summarized in Fig. 7 where
we show the relic abundance QA% as a function of the
reheating temperature for three choices of mj3/,. The solid
blue line is derived from Eq. (46). It is not shown in the
lower panel with m3,, =1 TeV, as we expect unitarity
violations at low masses. We also see in the upper right
panel, that even m3,, = 1 EeV (10° GeV), would require
Try < 0.1 GeV to avoid overproduction. When ms3,, =
1 ZeV (10'? GeV), as in the upper-left panel, the reheating
temperature may be as large as ~300 GeV. The horizontal
black line is set at Qh> = 0.12 to guide the eye.

Other mechanisms for raritron/gravitino production
are also shown in Fig. 7. Note the huge variation in the
relic abundance obtained from the different mechanisms.

As discussed above, the thermal production of raritrons
mediated by gravity is always sub-dominant when com-
pared to the direct production from the inflaton condensate.
This source of production is shown by the blue dotted curve
in Fig. 7 taken from Eq. (59). Extrapolating to larger
masses and reheating temperatures we can see, however,
because of the steep dependence (Qh? o Tfy), there are
regions where thermal production dominates, but Qh? is
orders of magnitude too large in this case.

We also show in Fig. 7, the thermal production of gra-
vitinos in both the case of weak-scale (solid red) and high-
scale (dotted red) supersymmetry taken from Eqs. (80) and
(83), respectively. The abundance of thermally produced
gravitinos in weak-scale scale supersymmetry is propor-
tional to Ty so long as Try > mj3,,. As we have already
seen in Fig. 6, for large gravitino masses, we must cut off
the integration of the Boltzmann equation at asz/, corre-
sponding to the scale factor when T = myj,, rather than
integrating down to agrg. This leads to a suppression by
a factor of (Tru/mj3/)% For ms;, =1 ZeV, and the
parameter range shown in Fig. 7, Try < m3/, and the
we see only the steeper slope. For the other two values of
ms, shown, we see the change in slope when Ty = mj);.
For m3,, =1 TeV, 1 EeV, and 1 ZeV, we have limits of
Try <2 x10° GeV, 4x 107 GeV, and 5 x 10° GeV,
respectively to avoid overproduction of gravitinos in
weak-scale supersymmetry.

For the case of high-scale supersymmetry, cutting off
the integration in the Boltzmann equation only results in a
change in the log term in Eq. (83) resulting in a replacement
of Try with mj3), for Try < ms3),. This change is unob-
servable on the scale shown in the figure. The same is true
for the thermal production via gravity in Eq. (59). Since
the relic abundance in both cases is o 1/ mg /2> the heavier

the dark matter, the larger the permitted range of Try. The
limits in the high-scale supersymmetry cases for ms,, =
1 TeV, 1 Bev, and 1 ZeV, are Tgy <8 x 107 GeV,
3.1 x 10'° GeV, and 6.3 x 10'! GeV respectively.

We have not included the production of gravitinos from
inflatino exchange as that production is suppressed due
to mixing with inflatinos. A quantitative measure of the
abundance in that case would require an analysis similar to
what is done in [75].

Of course we do not know how dark the dark sector is. At
its darkest, gravitational interactions may play a leading
role in the production of dark matter. A generic Rarita-
Schwinger is easily overproduced in the early Universe
through its (minimal) gravitational coupling to the inflaton.
We have derived strong limits on the raritron mass in this
case, though depending on the detailed model, unitarity
limits may be even stronger. The gravitino in models of
broken supersymmetry can also be produced gravitation-
ally, however only the transverse components are produced
as the longitudinal states are primarily composed of the
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FIG.7. The relic abundance of raritrons/gravitinos, Q4> as a function of the reheating temperature for fixed 15 2 = 1 ZeV (upper left

panel), m3/, = 1 EeV (upper right panel), and 1 TeV (lower panel). The blue solid line is derived from Eq. (46) and does not appear in
the lower panel due to concerns over unitarity violations. The thermal production of raritrons mediated by gravity is shown as the blue
dotted line from Eq. (59). Also shown is the thermal production of gravitinos in both the case of weak-scale (solid red) and high-scale

(dotted red) supersymmetry (with m, ;, = ms/,) taken from Egs. (80) and (83) respectively. The horizontal black line at Qh? =0.12is

APPENDIX A: ENERGY-MOMENTUM TENSOR
OF SPIN-3/2 FIELD

shown for reference.
In this appendix, we provide a brief review of the

computation for the energy-momentum tensor of a spin—%
particle. We begin with a theory that closely resembles

inflatino. In this case the standard thermal production of
N =1 pure supergravity, where the spin—% particle is a

gravitinos still provides limits on its mass and the infla-

tionary reheating temperature.
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Majorana fermion known as the gravitino.
We begin by introducing the full action, which is the sum

of the FEinstein-Hilbert action and the Rarita-Schwinger

action for the massive gravitino,
S = /d4x(£2 + [:3/2), (Al)

(A2)

»
——PeR,
5 ¢

£2:
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<>

1 ) 1 )
Ly = -2 P75V VW — 1My . v lw,

i e 1 .
= WV, = g emspy v v, (A3)

with the determinant of the frame field given by detey = e

< - <
and AV, B = AV,B — AV, B. The covariant derivative act-
ing on the spin—% field is defined as

1
vyl;”y = (aﬂ =+ Zwﬂabyab)l//w (A4)
s (s 1
l//uvy =Y, <a/4 - Z yabyab> ’ (AS)
1
r =yl =Sy, (A6)

2

and 1/'/”5” = 0,y,. The frame field ej is related to the flat
Minkowski metric as

G = €fi€Nab, (A7)
Nap = diag(+1,-1,-1,-1). (A8)
The curvature tensor is given by
Rﬂyab _ aﬂwyab _ aywﬂah + a)ﬂacwwb _ wyacwﬂch’ (A9)
Ryups = eapepoRy ™ (A10)
R, =R, (A11)
R = e’;e’;RW‘”’ = ¢"Ry, (A12)
where @, is the spin connection, given by
Ouap = Opap(€) + Kyygp- (A13)
Here, K, is the contorsion tensor and
wib(e) = 2e’“[“0[ﬂef]] - e”[“eb]"eﬂcayef, (A14)

is the torsionless contribution. In the nonsupersymmetric
case, the contorsion can be set to zero. However, in super-
gravity, K,,, is expressed as a combination of terms
bilinear in y,. We derive the energy-momentum tensor
T5), by varying the total Lagrangian, £ = £, + L35, with
respect to the frame field e, and then expressing the result in
the Minkowski limit g,;, — 1,

The energy-momentum tensor can be derived from the
Einstein equation, where the terms other than the pure
spin-2 contribution are grouped to define 7% ,. In this
context, two main approaches exist; the Palatini and the
metric formalism, or the first- and second-order formalism in

the context of supergravity. Since it is a quite involved task to
compute the energy-momentum tensor using either method,
we briefly discuss the distinctions between the two.

In the first-order formalism, the parameters e, w, and y
(with Lorentz indices suppressed) are treated as indepen-
dent variables when varying the action. The spin connec-
tion w is subsequently expressed as a function of e and y by
requiring 6S/8w = 0 [105]. The second-order formalism
treats only e and y as independent variables, with @ chosen
to ensure that supersymmetry [106] is preserved. This
approach assumes Eq. (A13) at the starting point. For a
more detailed discussion on the first- and second-order
formalisms, see Ref. [107].

In the first-order formalism, the total Lagrangian is
treated as a function of e, w, and yw. The solution to
6S/6w = 0 is given by Eq. (A13), with w = w(e,w). We
then solve the condition 6S/5e| =0 and find that

w=w(ey)
the Einstein equation is given by
e_le 5£’5 2
G, (e. _C Cpa=32 ’ AlS
O omaten =M 5 |y O
1
Gu=R,u—59u.R (A16)

2

We note that the Einstein tensor G, on the left-hand side
of Eq. (A15) includes both e and w, the latter due to the
contorsion term in the spin connection. Therefore, to derive
the correct energy-momentum tensor, the y-dependent
terms must be move to the right-hand side.

On the other hand, in the second-order formalism,
deriving the energy-momentum tensor is more straightfor-
ward. As the Lagrangian is treated as a function of e and v,
with Eq. (A13) already applied to eliminate the explicit @
dependence, the Einstein equation is simply derived from
oL /e = 0, and G, does not depend on . Consequently,
the symmetrized energy-momentum tensor is defined as

0L3))
562)

T3/2,/4U =e E(Im . (A17)

where as before L;,, is given by eliminating the @
dependence in the second-order formalism. This approach
allows for a direct computation to compute the gravitino
energy-momentum tensor, given by

I _ o I _ o 0 i 0 v
T3/2,/,w = _ZW/)y(yvu)wﬂ + El//(yy,u)vpl/// + El//[ y(ﬂv/)l//U)?
(A18)

where we have used the equation of motion and the
gravitino constraints. We note that the above result does
not depend on the gravitino mass. In the flat Minkowski

<> <~
limit, we can replace V — 9 and neglect the four-Fermi
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terms originating from the torsion contribution as they are
not relevant for our analysis, which leads to Eq. (9).

If we do not assume supersymmetry, the spin-% particle is
not necessarily a Majorana fermion. For a Dirac spin—%
particle, the Lagrangian is given by

<>

1 _ 1 _ Y
'C3/2 = _EGMW)GWﬂySYprWG _Eem3/2Wﬂ [J/#’}/ ]1//1/’ (A19)

and the energy-momentum tensor is given by

T(Dirac) _ 2T(Majora.na)

3/2.uv 3/2.uv ’ (AZO)

where T;%df ;ana) is given by Eq. (A18).
APPENDIX B: AMPLITUDES AND
THERMAL RATES

In this appendix, we compute the thermal production rate
of raritrons, Rg . We consider only the massless Standard
Model particlezs in the initial state, which include scalars,
fermions, and gauge bosons. The dark matter production
rate for the process SM + SM — y + v is given by the
general expression Eq. (53), where we assumed that
|

. 1
| MO =
72m‘3*/2

4m% s and included a factor of two in the numerator
to account that two dark matter particles are produced per
scattering event.

We express the squared amplitudes in terms of the
Mandelstam variables s and ¢, which are given by

=

Y

4m?
< 1 — 3/2 005913 - 1) + mg/z, (Bl)
N

s =2EE,(1 —cosf,). (B2)

The general squared amplitude for the thermal processes
involving SM initial states is given by Eq. (55), where we
include 4 degrees for 1 complex Higgs doublet, 12 degrees
for 8 gluons and 4 electroweak bosons, and 45 degrees for 6
(anti)quarks with 3 colors, 3 (anti)charged leptons and 3
neutrinos. We note that the squared amplitudes include the
symmetry factors of both the initial and final states, and this
is indicated with an overbar.

When summing over all polarizations, the total squared
amplitude of the gravity-mediated scalar production of
raritrons is given by

Tomd M {=52(s + 21 = 2m)? [my — 2mGt + t(s + 1)] = 72m37, + 24m;3), (7s + 121)

—2m5 , [475% + 2645t + 2161> + T2my — 12mg (s + 121)]

= 2m§,[s? — 122571 — 288s1> — 1441 + 12m(Ts — 12t) + m3(2881> + 21651 — 6257)]
+m3[s* = 34571 = 2105 — 240s1> = 721* = T2mf 4 24mf (s + 121)

— 18m (5% + 1651 +241%) — 4m3(s* — 3557 — 12651> — 727°)]

+ mg/zs[24m§/) + 5+ 6571 + 445217 4 64517 + 241" — 32mG (s + 31)

+ 16mi (257 + 851+ 91%) — 2my (55> + 245t + 80s1* + 487°)]},

(B3)

where my, is the scalar mass and mj3, is the raritron mass. For the incoming SM Higgs bosons, we set my = 0, and this

expression simplifies to

1

B2 —
M 72m3 , M ps®

[=s2t(s 4+ 1)(s + 2)> = T2m37, + 24m3), (Ts + 121) — 2m5 5 (475> + 26451 + 2161°)

+m§ (=257 + 244571 + 57651° 4 28817) + mj ), (s* — 3451 — 21051> — 24058 — 721*)

+ mg/zs(s4 + 653t + 445212 + 64513 + 24l4)],

(B4)

Similarly, the matrix element squared for the gravity-mediated raritron production from massless fermions is given by

1
 144md M5

{576m37, — 768m%), (s + 31) + 4m3 ,(1375> + 76851 + 8641%)

— 8m§, (5857 + 26551 + 504s1> + 2881%) + 4m ,(135* + 197571 + 5135272 + 480s1> + 1441*)

+ 4m§/2s(2s4 — 3153t — 1065%1> — 128s1> — 481*) + s2(s* + 10531 + 425%1* + 64s1> + 321*)},

(BS)
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and the production from massless gauge bosons is given by

1

=13
T TTYY
18mg‘/2Mj,1,s2

{—36m§?2 + IZm%(/)z(s +12¢) — 4m§/2(23s2 + 30st + 541%)

+4m$ 5 (353 + 53571 + Sdsr* +361°) —m] (255" 4 118571 + 1865%1> + 120s7° + 361*)

+ 2m§/2s(3s4 + 753t + 165> + 16583 + 61*) — s21(s + 1) (s? + 25t + 22)}.

By evaluating the integral, we find that the thermal production rate of raritrons can be written as

. 12 TlO
Ron =P m§/2M‘; e m%/z
where
pr= ol (B8)
po = OBELS (89
Py = —%, (B10)
Ps = —%. (B12)

APPENDIX C: COMPUTATION OF THE
GRAVITINO PRODUCTION RATE

The production rate of the gravitino can be derived from
the energy transfer rate from the inflaton energy density p, to
the gravitino sector. Using the equation of state parameter
wy = py/py for the inflaton, the evolution of p, follows,

dp

7 (C1)

where the right-hand side is given by the energy transfer per
space-time volume (Vol,) due to the inflaton decay or
scattering processes to particles A and B, defined as

|

(n.m) 1 nmpnpm
M = e, —

1 nmP,P
M’(An.m) _ n’"m
AM3 u, —m?

+
7

(60450)2%@,4)(37” (Ppn — V)Y FPrUS(PB).

(0)450)2’_4;4(PA)¢77”(FB — Ppn)V PLu;(PB).

(B6)
T8 m3 P T mj p T4
1 , B7
ﬂ3M¢+ﬁ4 M‘}g +ﬁ5 M‘}; ( )
AFE
1 I =—), C2
(1+wy)Typy Vol, (C2)
where
d3PA d3PB
AE = / % + pl
(27)°2p8 (27[)32p%( 4t Pp)
1 2
| 1(i [ anen) o (i [ )0
(C3)

and L, is the interaction Lagrangian (see [9] for more
details).

We decompose the oscillating inflaton as ¢(r) ~
¢po(1)P(t), where P represents the rapidly oscillating
component and ¢, is its envelope that slowly evolves
(redshifts) with time. In practice, ¢, can be taken as a
constant quantity when computing a reaction that occurs
over time scales much shorter than the change in ¢,.
Therefore, the fast oscillating component can be decom-
posed as

P(t) — io: Pne—inwt’

n=-—oo

(C4)

where w is the frequency of the inflaton oscillation.
Using the interaction Lagrangian £;,, given by Eq. (66),
the amplitudes for the - and u-channels are given by

(C5)

(Co)

where ply = (nw,0), t, = (Ppn — Pa)% uy = (pg — py,)?, and § = 50y* is introduced to account for d,¢ = (¢6)H
Using these amplitudes, the energy transfer rate can be written as
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AE o d3PA
V014 o

d PB
(27)32p (27)*2pY

P+ %) D STIM™™ + M P(22) 48 (P + Ppm — Pa— Pr). (CT)

n+m>0 spin

If we use the equation of motion for y,, the sum of the amplitudes greatly simplifies and becomes

ms;

nmP,P,,

Mgn,m) +M’§n,m) o

where we used 1, =u, =m},—nmo* and p§ =
p% = (n+ m)w/2. We emphasize that only the y =0
contribution of w, is produced. The gravitino wave
function may be written as y, ~we,, where y and ¢,
denote the spin-% and spin-1 components, respectively. It is
important to note that the spin-(£3/2) component is
proportional to the transverse polarization of ¢,, which
does not have the y =0 component. As a result, only
|

~ 2 2 2
Mp nmaw” + my, —ms3,

7 X (w¢0)25#05€)ﬁ;4(PA)”5(PB>7 (C8)

|
spin-(£1/2) mode of the gravitino may have a nonzero
amplitude.

Thus, the amplitude given by Eq. (C8) can be further
simplified by substituting ug(p) = \/2/3€o(p)u(p) =
V/2/3(|B|/ms2)u(p), where u(p) is the spin-; component
that satisfies (¢ — ms,,)u(p) = 0. Without specifying the
oscillatory solution of the inflaton, we derive the energy
transfer rate,

U+ W) pgopinlPs = D

n+m2>1

For concreteness, we consider V(¢) = (mj/2)¢?, which
implies that wy, = 0. The solution for ¢ can be expressed as
B(t) = ¢y (1) cos(wt), where @ = my and py = (m3/2) 5.
Consequently, P,_.; = 1/2, and is zero otherwise. Therefore,
only the n = m = 1 modes contribute, and we obtain

(nm)*(n+ m)! (P, P!y ( 4mi \"? (©)
14dzm3 j, Mip(nma?® + my — m3 ) (n+m)a?)
2mgpy  (1=173,)"2

dp—wy, — il / (C]O)

My 73)5(1 + 1, —73)2)*

where 7; = m; /mj.
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