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We study the observable implications of an incomplete first order phase transition during inflation. In
such a phase transition, the nucleated bubbles do not percolate and instead are continuously produced until
the onset of reheating. The process creates an inhomogeneity with a distinct power spectrum that depends
on both the physics of the phase transition and the inflationary dynamics. Upon horizon reentry, this
spectrum generates gravitational waves through nonlinear effects. This stochastic gravitational wave
background is predicted to have unique signatures that may be detectable by future experiments spanning a
wide frequency range. The discovery of such a gravitational wave signal would shed a light on the detailed
dynamics of inflation.
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I. INTRODUCTION

The detection of gravitational waves (GWs) by LIGO and
VIRGO [1] has opened a new window into our universe.
Upcoming and far future experiments are expected to cover a
wide range of frequencies and also improve current sensi-
tivities [2–12], making the future detection of a stochastic
gravitational wave background possible. Intriguingly, the
NANOGrav collaboration has reported some hints for the
existence of a stochastic gravitational wave background at
low frequencies of order 1 yr−1 [13], although it is not clear
if the origin is cosmological. Since gravitational waves
propagated freely through the universe even while it was
opaque to light, a gravitational wave background of pri-
mordial origin, if it exists, can hold crucial information about
the very early history of our universe.
Inflation is the leading paradigm for these first

moments [14,15]. A period of rapid, exponential expan-
sion explains why the observable universe is flat, homo-
geneous and isotropic to a very good accuracy. In the
simplest scenario, the expansion can be driven by a single
scalar field, called the inflaton. The initially small inho-
mogeneities of the universe originated in inflationary
vacuum fluctuations, which grew to cosmological scales.
These inhomogeneities are observed through the cosmic

microwave background (CMB), giving strong constraints
on inflationary models [16–20]. For a review of inflation,
see [21].
GWs provide a promising tool to further explore the

inflationary epoch. Although nothing is known about
the pre-inflationary epoch, it is commonly assumed that
the universe has been in a high-energy state. During
inflation, the universe has rapidly cooled and it is natural
to expect the system to be away from its global minimum,
which may be eventually reached through one or more
phase transitions (PTs). It is conceivable that some of these
PTs are first order and proceed through bubble nucleation.
Fast enough first order PTs proceed through a percolation
stage which produce (possibly observable) GWs [22–25]
(for GWs from PTs after inflation, see, e.g., [26–39]).
Another possibility, however, which is at the focus of this
paper, is slow PTs, which do not complete during inflation.1

In that case, bubbles nucleate too far from each other and
never go through the percolation stage, due to the shrinking
Hubble sphere. One may therefore wonder whether a GW
signal still forms and if so, how would it be distinguished
from the previously studied scenarios?.
As we show below, while bubbles do not collide and

percolate, their presence serves as a new source of inhomo-
geneities on small length scales. As a consequence of the
PT remaining incomplete during inflation, the bubbles
are produced continuously, resulting in a broad and flat
inhomogeneity spectrum, spanning across a large range
of modes. After inflation, once those modes enter the
horizon, the inhomogeneities induce GWs through secon-
dary effects [41–46] with a similarly broad and rather
unique spectrum which could be measured by multiple
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1A different example for a model featuring an incomplete PT
can be found in [40].
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upcoming and future experiments. The spectrum depends
not only on the sector which goes through the PT but also
on the details of inflation.
To demonstrate the above, we study a simplified single-

field model which captures the relevant features of various
PTs, including the well-known Coleman-de Luccia (CdL)
bubble nucleation [47] and the Hawking-Moss (HM)
instanton [48]. We then calculate the expected anisotropies
and resulting GW background, concluding that a new and
promising signal may appear in future GW observatories,
shedding light on hidden sectors as well as on the physics
of inflation.

II. INFLATION AND PHASE TRANSITIONS

A first order PT in the early universe takes place via
bubble nucleation. The bubbles may or may not collide
depending on the competition between their expansion and
nucleation rates with the expansion rate of the universe.
In this sense, such phase transitions exhibit two distinct
regimes. The phenomenology of PTs with bubble collisions
has been thoroughly studied [22–39], and here we focus on
the signatures of PTs where the bubbles cannot meet.
During inflation, any slow enough first order PT does not

complete [49,50]. Schematically, if the bubble nucleation
rate per unit volume is smaller than the Hubble expansion
rate, i.e.,

Γ=V ≲H4; ð1Þ

the mean distance between two neighboring bubbles is
larger than the cosmological horizon (which shrinks in
comoving coordinates). Hence bubbles cannot meet and
percolate, leaving most of space in the false vacuum and the
transition incomplete for as long as the universe inflates.
While signals, such as GWs, are typically known to be
produced during the percolation period, in this paper we
show that stochastic GW signals are also predicted in slow
PTs that cannot percolate during inflation, and the resulting
signal records the entire duration of the PT.
To be concrete, consider first the CdL tunneling pro-

cess [47] which describes the quantum process of vacuum
tunneling in a gravitational background, and the rate of
which is calculated with the instanton method based on
the saddle-point approximation. In the semiclassical cal-
culation, the bubbles are produced at rest with their radius
equal to the critical radius—the minimal radius for an
expanding bubble. Once formed, such bubbles expand
classically, quickly approaching the speed of light. As
soon as the physical radius of the bubble becomes larger
than the Hubble radius, H−1, the surface velocity becomes
negligible and the Hubble drift dominates the bubble
evolution. At this point the bubble is “frozen,” i.e. it does
not expand with respect to the comoving frame. As a
consequence, a single bubble can never overtake the entire

universe and for low enough nucleation rate, too few
bubbles can form to complete the PT.
The Hubble radius represents the region contained

inside a cosmological horizon created by the expanding
universe. Therefore, in order to maintain causality, a CdL
bubble must form with a smaller radius and if the critical
bubble radius is larger than H−1, the CdL instanton does
not exist. Instead, tunneling is still possible through the
HM solution [48]. In the HM case, an entire Hubble patch
tunnels simultaneously to the top of the potential barrier.
This phenomenon is best understood through the formalism
of stochastic inflation [51] where the inflationary horizon
gives rise to a temperature, analogous to the Hawking
temperature of a black hole. The thermal fluctuations then
allow a trapped scalar field to diffuse, eventually reaching
the top of a potential barrier. Once the barrier is crossed,
the field may classically roll to the true minimum. As
with the CdL PT, here too the Hubble-size bubble
remains frozen and a slow nucleation rate implies that
the PT is never complete. However, as opposed to the
CdL case, the stochastic formalism shows that the HM
instanton calculation only holds in the limit of a very slow
transition [51,52], and thus by construction can only
describe an incomplete PT during inflation.

III. A MODEL

The necessary details needed to study an incomplete PT
can be described by a simple toy model. The PT is driven
by the field χ, acting as a spectator during inflation. The
inflationary dynamics are dominated by the inflaton ϕ, for
which we assume the slow-roll conditions to hold, but
whose detailed potential we otherwise remain agnostic to.
While interactions between χ and ϕ may exist, their
presence do not significantly affect our conclusions and
we ignore them here. The potential is thus

V ¼ VPTðχÞ þ V infðϕÞ; ð2Þ

where,

VPTðχÞ ≪ V infðϕÞ: ð3Þ

The PT potential, VPTðχÞ, is illustrated in Fig. 1. In the
case of CdL tunneling, we take χ to be initially on the left
side of the potential and away from the false vacuum,
classically slow-rolling down. In the case of HM transition,
an initial slow-roll is not necessary, and χ may initially
be set at the local minimum. In this scenario, the phase
transition begins after relaxation of the probability distri-
bution for χ. As an example, we discuss the latter possibility
within the context of a concrete model in Appendix A.
In either case, we define t0 as the moment when bubble
production starts, which is determined by either the
duration of classical rolling, or the relaxation time from
stochastic inflation. To evade CMB constraints [16–20]
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we assume t0 is sufficiently late in the inflationary epoch,
so that bubble nucleation takes place only after the
CMB modes had exited the horizon. Once a bubble is
produced, χ inside it can roll to the global minimum where
VPT ¼ 0, making it a true vacuum bubble. For simplicity,
we assume this classical rolling after barrier crossing to be
instantaneous.
The bubble nucleation rate during the PT is directly

dictated by the potential parameters. We thus choose VPT
such that Eq. (1) is fulfilled, ensuring a slow PT and
implying that the physical volume of space where χ is
“stuck” in the unstable minimum increases with time. Once
the inflaton decays, regions of false vacuum may dominate
the energy density and lead to an unwanted eternal inflation
within our Hubble patch, driven by χ. To evade such a
catastrophe, one may either assume that the reheating
temperature is larger than the energy density in the false
vacuum and its effect drives to destabilize it, or even
simpler, that the nucleation rate is larger than the value of
Hubble in the false vacuum so that rapid nucleation and
percolation becomes possible after the inflaton decays.2

With this, the PT suddenly and instantaneously completes
everywhere and inflation truly ends at least within our
visible universe.

The process of horizon exit and re-entry is illustrated in
Fig. 2. The bubbles are either created small and rapidly
expand to horizon size, as in the case of CdL, or created
exactly at horizon size, as in the case of HM. Either way,
once at the horizon, the comoving radius is completely
frozen. After the end of inflation, the phase transition
completes everywhere but the imprint on the curvature
power spectrum remains. Upon horizon reentry, the inho-
mogeneities produce GWs from secondary effects.
Independent of the fine details of the model, the dynamics
are governed by merely three parameters: the tunneling
rate per unit volume Γ=V, the vacuum energy difference
ΔVPT between the false and true vacuum, and the time t0
at which the transition commences (shortly after χ reaches
the false vacuum). With this simplified description we now
turn to calculate the GW spectrum produced by such
inflationary incomplete PTs and arrive at predictions for
future experiments. In Appendix A, we provide a concrete
example for a potential of the form described here, and
show how the relevant results depend on the underlying
couplings.

IV. SCALAR CURVATURE SPECTRUM

We now move to calculate the scalar spectrum. To this
end, we first find the energy-momentum tensor Tμν,
neglecting the energy density in the bubble wall. This is
justified because the ratio of energy in the interior volume
over the wall energy scales as a (the metric scale factor),
and grows as the universe rapidly expands. Given the
above, we omit the spatial derivatives of χ and ϕ, which are

FIG. 1. Evolution of the spectator field, χ, that drives the phase
transition. A slow-rolling or relaxation phase allows for the
creation of the almost scale-invariant power spectrum observed at
large scales in the CMB. The times probed by the CMB are
illustrated with the gray-colored region. At some later time t0, the
field gets stuck in a local minimum of the potential, or in the case
of HM transition, relaxes into a stable probability distribution
around it. The field may escape this local minimum before
the end of inflation through either Coleman-de Luccia (CdL) or
Hawking-Moss (HM) tunneling, creating inhomogeneities in the
energy density. Under the assumption of low bubble nucleation
rate, this phase transition is never completed during inflation. We
assume VðχÞ ≪ VðϕÞ where ϕ is the inflaton field, for the entire
duration of inflation.

FIG. 2. The process of bubble formation and GW production on
comoving scales. Bubbles are formed equally at all times from the
beginning of the phase transition and until the end of inflation.
These bubbles quickly grow to horizon size and freeze in the case
of Coleman-de Luccia tunneling, or form frozen at horizon size
through Hawking-Moss tunneling. In either case, when inflation
ends, the transition completes due to the reduced expansion rate
or increased temperature. The inhomogeneity introduced by the
bubbles remains, generating GWs upon horizon re-entry.

2We will ignore the GW from this final stage of the PT, as these
occur not far from the reheating time, and the frequency range is
likely beyond any near-future experiment.
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localized in the bubble walls, and write the energy density
and pressure after the PT starts, at t ≥ t0,

ρ; p ¼ 1

2
ϕ̇2 � V inf

�
ϕðtÞ�� �1 − θðt − tx⃗Þ

�
ΔVPT: ð4Þ

Here tx⃗ is the time when the transition occurred at point x⃗,
and θ is the Heaviside step function. Using a step function
is justified under the assumption of a rapid roll to the true
vacuum after χ tunnels out of the false minimum. This rapid
roll will not necessarily be immediate after tunneling: Any
delay between tunneling and rolling to the true vacuum can
be regarded as a shift in t0. Furthermore, the kinetic energy
stored in χ around the true minimum is quickly dissipated
and is therefore neglected. All other components of the
energy-momentum tensor can be neglected.
The main effect of the PT on the curvature spectrum is

through the change in the Hubble constant due to the shift
in the vacuum energy. We use the linearized Einstein
equations in Newtonian gauge to calculate this induced
curvature perturbation to first order. To this end, we need to
find the inhomogeneous part of Tμν:

ρðt; x⃗Þ ¼ ρ̄ðtÞ þ δρðt; x⃗Þ; δρ ≪ ρ; ð5Þ

and similarly for p. The homogeneous background is taken
to be

ρ̄; p̄ ¼ 1

2
ϕ̇2 � V inf

�
ϕðtÞ�� �1 − θðt − htx⃗iÞ

�
ΔVPT; ð6Þ

while the perturbations are given by

δρðt; x⃗Þ ¼ ΔVPT

�
θðt − htx⃗iÞ − θðt − tx⃗Þ

�
; ð7Þ

and δp ¼ −δρ. The (scalar) perturbed metric in Newtonian
gauge (for a review see, e.g., [21]) is,

ds2 ¼ −ð1þ 2ΦÞdt2 þ a2ðtÞð1 − 2ΨÞðdx2 þ dy2 þ dz2Þ;
ð8Þ

and the gauge invariant comoving curvature perturbation is
defined as

R ¼ Ψ −
H

ρ̄þ p̄
δq; ð9Þ

where δq is the scalar momentum perturbation. When
specifying the energy momentum tensor in Eqs. (6) and (7),
we have neglected the wall energy, which is equivalent to
setting δq ¼ 0 and R ¼ Ψ.
The only Einstein equation we will need for calculating

R is

ṘþHΦ ¼ 0: ð10Þ

Using the continuity equation

δpþ ðρ̄þ p̄ÞΦ ¼ 0; ð11Þ

we extract Φ and plug the result into Eq. (10),

Ṙ ¼ H
δp

ρ̄þ p̄
¼ −H

δρ

ϕ̇2
: ð12Þ

Equation (7) shows that R is constant for t < t1 ¼
minðtx⃗; htx⃗iÞ and for t > t2 ¼ maxðtx⃗; htx⃗iÞ. For simplicity,
and using the slow-roll approximation, we take ϕ̇ and H
to be constant and assume an initial flat background. We
will later relax these assumptions in order to demonstrate
the sensitivity of the predicted spectrum to the inflationary
dynamics. The integrated Eq. (12) then gives

Rðx⃗Þ ¼ −
HΔVPT

ϕ̇2

�
tx⃗ − htx⃗i

�≡ −
HΔVPT

ϕ̇2
δtx⃗: ð13Þ

We move to calculate the scalar power spectrum PRðkÞ,
defined by

hRk⃗Rk⃗0 i ¼ δ
�
k⃗þ k⃗0

� 2π2
k3

PRðkÞ: ð14Þ

Equation (13) implies that one has to calculate the
correlation between the tunneling times at different points
in space, hδtx⃗δtx⃗i. The details of this calculation are
given in Appendix B, where we assume spherical bubbles
and a constant tunneling rate Γ=V. The calculation further
assumes that bubbles nucleate frozen at horizon size, a
valid assumption in the HM case, and a reasonable
approximation in the CdL case.
The scalar spectrum is shown in Fig. 3 for three different

choices of the relevant parameters. The PT commences
at t0 and carries on until the end of inflation at treheating,
continuously producing bubbles. The effect on the primor-
dial power spectrum therefore spans the range of momen-
tum modes that exit the horizon at this period of time,
i.e., from k0 ≡Haðt0Þ to kre ≡HaðtreheatingÞ. Since
bubbles are created at a fixed rate in a universe with a
shrinking co-moving Hubble sphere, the spectrum is
expected to be approximately flat (varying only logarithmi-
cally). For concreteness, throughout this work we fix
kre ¼ 4 × 1022 Mpc−1. Under our assumptions above of
inflation with fixed slow-roll parameters, the shape and
position of the peak are determined by the two k’s, while
the amplitude further depends linearly on the dimensionless
parameter γPT ≡ 1

H4
Γ
V ðΔVPT

ϕ̇2 Þ2 [see Eqs. (13) and (14) as well
as Appendix B for details]. We find that the maximal value
of the power spectrum, PR only weakly depends on k0 and
is roughly PR;max=γPT ≈Oð103Þ. With the scalar spectrum
calculated, we move on in Sec. V to calculate the GW
spectrum it generates in the radiation-dominated era.
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We emphasize that the power spectrum is sensitive not
only to the spectator field which drives the PT, but also to
the inflationary dynamics themselves, and its shape records
the entire inflationary history from the beginning of the PT
to the onset of reheating. Consequently, a measurement of
the spectral shape can reveal detailed information about the
dynamics of inflation. So far, we have assumed that the
slow-roll parameter and scale of inflation are constant [see
Eqs. (12) and (13)]. Relaxing this assumption strongly
affects the spectrum as is demonstrated by the blue and
orange dashed-dotted lines in Fig. 3, which assume a
sudden change in the value of H

ϕ̇2 occurring at time tdrop.

For a detailed derivation of Rðx⃗Þ in this case, we refer the
reader to Appendix C.
Figure 3 further shows constraints from the over-

closure due to primordial black hole (PBH) abundance
(red line), and distortions to the CMB black-body spectrum

(red region). We note that the PBH constraint, taken
from [19], assumes a Gaussian PR. The line shown in
Fig 3 is therefore only a rough estimation. To derive the
exact bound of PBH abundance on the spectrum, a model-
specific calculation, which considers the non-Gaussian
statistics of the phase transition, is required and goes
beyond the scope of this paper.
Due to the highly non-Gaussian nature of the spectrum,

it may be possible to search for the non-Gaussianities of
the primordial perturbations directly in the CMB. This is
relevant for the case where the phase transition starts earlier
at inflation, where the CMB is sensitive to much lower
amplitudes. In this scenario, there will be no signals for GW
detectors. We leave the analysis of the CMB phenomenol-
ogy for future work.

V. GRAVITATIONAL WAVE SPECTRUM

After horizon reentry, the curvature perturbations pro-
duce GWs through second order effects. A general pre-
scription for calculating GWs induced during the radiation
dominated era is derived in [45,46], where the inhomoge-
neity was assumed to be Gaussian. This allows the use of
Wick’s theorem to reduce the four-point correlation func-
tions of R into products of two-point correlations, i.e. the
power spectrum PR. Although the phase transition spec-
trum is very far from Gaussianity, we have found that the
result [45,46] still applies, because the “connected” part of
the four-point correlation function does not induce GWs.
This point is further explained and proven in Appendix D.
In the following we briefly review the relevant result
of [45,46], before applying it to the spectrum derived in
the previous section.
The GW energy density parameter is given by

dΩGW

d log k
ðη; kÞ≡ 1

ρtot

dρGW
d log k

¼ 1

24

�
k

aðηÞHðηÞ
�

2

Phðη; kÞ;

ð15Þ

where η is the conformal time and Phðη; kÞ is the time
averaged tensor spectrum, given by

Phðη; kÞ ¼ 4

Z
∞

0

dv
Z

1þv

j1−vj
du

�
4v2 − ð1þ v2 − u2Þ2

4vu

�
2

× Ĩ2ðv; u; kηÞPRðkvÞPRðkuÞ: ð16Þ

Here the quantity Ĩ2ðv; u; kηÞ is defined in Eq. (D4).
dΩGW=d log k approaches a constant value during radi-

ation domination because the GWs redshift like radiation.
The density during radiation domination can thus be related
to the density today through

dΩGWðη0; kÞ
d log k

¼ Ωrðη0Þ
dΩGWðηc; kÞ

d log k
; ð17Þ

FIG. 3. The scalar spectrum PR, shown for different choices of
the parameters. The dimensionless parameter γPT ≡ 1

H4
Γ
V ðΔVPT

ϕ̇2 Þ2,
which is assumed to be constant, linearly controls the amplitude.
The momentum scale of the horizon at the beginning of the phase
transition, k0 ≡Haðt0Þ, acts as a minimal scale, below which
the spectrum is strongly suppressed. The scale of reheating
kre ≡HaðtreheatingÞ was fixed at 4 × 1022 Mpc−1. The black
dash-dotted, dashed, and dotted lines correspond to the parameter
choices k0 ¼ 2×104;8×109;2×1014 Mpc−1 and γPT ¼ 5×10−7;
10−6;10−4, respectively. The blue and orange dashed-dotted
lines show the spectrum for an alternative scenario where the
value of H

ϕ̇2 changes by a factor of 1=10 at time tdrop. We define

kdrop≡HaðtdropÞ and take its value to be kdrop ¼ 108; 1013 Mpc−1

for the blue and orange lines respectively. We further choose
k0 ¼ 2 × 104 and γPT ¼ 7 × 10−6; 2 × 10−6 to ensure that the
peaks align, thereby demonstrating the effect of the drop in H

ϕ̇2

on the spectral shape. The colored lines demonstrate how the
spectral shape probes the dynamics of inflation over the duration
of the phase transition. The red region is excluded by existing
bounds on CMB spectral distortions [53]. The pale red line
represents existing bounds from constraints on primordial black
holes, taken from [19]. This line is not accurate, because known
bounds assume Gaussianity.
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where dΩGWðηc; kÞ=d log k is the constant value reached
during the radiation dominated era, and Ωrðη0Þ ≈ 10−4 is
the energy fraction of radiation today.
Integrating Eq. (16) numerically, we obtain the GW

spectrum shown in Fig. 4 for the parameters discussed in
Sec. IV. Since the scalar spectrum is almost scale-invariant
over a wide range of momenta, the induced abundance of
GWs can be approximated by the analytical result given
in [45] for a scale invariant case, dΩGWðηc; kÞ=d log k≃
0.8P2

R. Applying this approximation along with Eq. (17),
we find that much like the power spectrum, the peak of the
GWenergy density today can be estimated directly from the
model parameters,

dΩGWðη0; kÞ
d log k

����
peak

≃Oð100Þγ2PT: ð18Þ

In addition to the predicted lines, Fig. 4 shows the corres-
ponding constraints from Fig. 3, as well as constraints from
LIGO [2] and expected sensitivity from various future GW
detectors. See caption for details.
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APPENDIX A: A MODEL

In this section, we provide a concrete example for
the model potential described in Sec. III and Fig. 1. The
example will be shown to satisfy the assumptions made
within the text, which validates the results in our work, and
in particular, the predicted gravitational wave signal.
We consider a simple renormalizable potential,

VPTðχÞ ¼
m2

χ

2
χ2 −

mχλ3
3

χ3 þ λ4
4
χ4; ðA1Þ

and assume the couplings are positive, 0 < λ4; λ3, corre-
sponding to a potential barrier between the false vacuum
at the origin and the deeper global minimum, see Fig. 5.
The figure also shows how a finite reheating temperature
can destabilize the false vacuum, as we discuss below.
The mass mχ is taken to be smaller than the Hubble scale,
mχ < H, and the resulting tunneling from the false vacuum
in this example is via the Hawking-Moss instanton. The
gravitational wave signal is controlled by both the tunneling
rate and the energy difference ΔVPT. To get a sizable
gravitational wave signal, the height of the potential barrier
has to be small compared to ΔVPT, which translates to
λ4 ≪ λ23. We note that such a choice is stable under radiative
corrections.3 One could also consider a different setting
where higher dimensional operators stabilize the true mini-
mum (rather than λ4χ

4), providing a natural explanation for
the smallness of the coupling. We focus the analysis on the
potential given in Eq. (A1) for simplicity.
We now discuss the initial condition of χ that will result

in the dynamics described in this work. It is impossible to
know the correct initial conditions of the universe, so we
will limit ourselves to analyzing whether the initial con-
ditions necessary here are reasonable and require no fine-
tuning. We assume that at some point during inflation,
but significantly before the CMB modes exit the horizon,
χ is at the false vacuum. This would be the case if the
original initial conditions are sufficiently broad, so that
some Hubble patches end up at the false vacuum. Even if
most of the patches go down to the true vacuum, almost
immediately thereafter, the false vacuum patches come to
dominate the volume of the universe due to its higher
Hubble constant and therefore exponentially faster expan-
sion rate. This argument can be complicated if inflation is
eternal—in which case it is muddled by the “measure
problem.” We do not address this issue here, and we
will only assume that this initial condition is reasonable.
Since the initial condition is homogeneous over our

FIG. 4. The GW energy density induced by the scalar spectra
shown in Fig. 3. For the model parameters, see the caption to
Fig. 3. Current constraints and future detector sensitivity regions
are shown with solid, and semitransparent colored regions
respectively. The detector sensitivity curves for SKA [54],
LISA [3,55], TianQin [4], LIGO [2], and LIGO A+, are taken
from [56]. The green violin plots represent the free-spectrum fit to
the NANOGrav data [13,57]. The red region and pale red line are
CMB distortion and primordial black hole constraints derived
from those in Fig. 3.

3It is straightforward to check that the barrier height and ΔVPT
do not change when considering the full 1-loop Coleman
Weinberg potential, even though the fourth derivative around
the false vacuum scales as λ43.
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observable universe, this amounts to a δ-function distribu-
tion centered at some random point (of order H=2π) in the
vicinity of the false vacuum. As the field continues to
fluctuate, its distribution function broadens until it has
finite support around the top of the potential barrier,
allowing for the HM PT to take place. In accordance,
bubble production will not commence immediately, but
only after a relaxation time corresponding to the time it
takes the distribution function to sufficiently broaden,
providing the necessary delay for evading CMB constraints.
Using the analytical solution of the Fokker-Planck equation
for a quadratic potential [58], we can estimate the relaxation
time as trel ≈ 3H

m2
χ
. For the value used in the plots of this

section,mχ ¼ 0.4H, the relaxation time is therefore of order
∼20H−1. Before relaxation completes, the tunneling rate is
exponentially suppressed.
The peak of the potential barrier is located at

χpeak ≈mχ=λ3, where the cubic term becomes comparable
in size to the mass term. The peak value is thus given by

VPTðχpeakÞ ¼
m4

χ

2λ23

�
1

3
þ λ4
2λ23

�
≃
m4

χ

6λ23
; ðA2Þ

where for the last step we assumed λ4 ≲ λ23. Similarly, the
global minimum corresponds to χmin ≈mχλ3=λ4, where the
quartic term becomes important. The difference between
the two local minima of the potential is therefore

ΔVPT ≃ VPTð0Þ − VPTðχminÞ

¼ m4
χ

�
λ43

12λ34
−

λ23
2λ24

�
≃
m4

χλ
4
3

12λ34
: ðA3Þ

Comparison of Eq. (A2) with Eq. (A3) shows that the
barrier height is small compared to ΔVPT for λ4 ≲ λ23,

as mentioned above.ΔVPT is further assumed to be small in
comparison to the total energy density of the universe
during inflation. To find the relative contribution of VPT to
the energy density, we divide Eq. (A3) by V tot ¼ 3M2

plH
2,

yielding

ΔVPT

V tot
≈ 3 × 10−2

m4
χ

M2
plH

2

λ43
λ34

: ðA4Þ

This quantity is indeed small for mχ ≲ λ3
ffiffiffiffiffiffiffiffi
MplH

p
λ3=4
4

. The in-

equality is naturally satisfied in a large part of the relevant
parameter range.
The χ field tunnels through the Hawking-Moss instanton

and we have approximated the subsequent evolution of χ by
a step function. The classical dynamics of χ are governed
by the equation of motion

χ̈ þ 3Hχ̇ þ V 0
PTðχÞ ¼ 0: ðA5Þ

With the initial condition set past the potential barrier,
the field rolls toward the true minimum and then oscillates
around it. This is illustrated by a numerical solution in
Fig. 6, where the initial condition was set beyond the
potential barrier, at a point where the classical drift
becomes dominant over quantum fluctuations. Rolling to
the true vacuum does not necessarily occur immediately
once the barrier is crossed—χ may remain in the vicinity of
the false vacuum for numerous Hubble times after tunnel-
ing over the barrier. Our assumptions only require that
most of the distance is covered over a short time, allowing
the transition to be regarded as a step function. Any delay
caused by classical rolling after a tunneling event is
equivalent to a shift in the initial time of the transition t0.
The solution is well approximated by a step function if

rolling covers the distance to the true minimum in no more
than few Hubble times, and the subsequent oscillations
decay similarly quickly. The time the field takes to traverse
to the true minimum can be estimated using the maximal
velocity the field achieves over the rolling phase. Under
the slow-roll approximation, the velocity can be written as

χ̇ ≈ − V 0ðχÞ
3H , and the peak velocity is

χ̇peak ≃ −
V 0


2λ3mχ

3λ4

�
3H

≃
4λ33m

3
χ

81λ24H
: ðA6Þ

With this velocity, the duration of travelling to the true
minimum at χmin is χmin=χ̇peak. Requiring this timescale to
be no more than one Hubble time H−1 yields the condition

m2
χ

H2
≳ 81λ4

4λ23
: ðA7Þ

Having found the condition for the rolling velocity, it
remains to check the effect of subsequent oscillations.

FIG. 5. The potential given by Eq. (A1), with mχ ¼ 0.4H,
λ3 ¼ 0.3, λ4 ¼ 2 × 10−4, and H ¼ 10−16Mpl. The orange line
shows the effective potential at a finite reheating temperature of
T ¼ 3.84H, see the reheating model in Appendix A 2. This line
shows the false vacuum is unstable at that reheating temperature,
making the phase transition complete at reheating.
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The energy density in these oscillations redshifts as a−3,
therefore after a single Hubble time it reduces by e−3, more
than an order of magnitude. Being incomplete, typical time-
scales of bubble evolution are larger than 10H−1, so a
duration of few Hubble times may be regarded as short. We
therefore do not need to impose any further condition, and
the oscillations decay quickly.
To summarize, the potential given by Eq. (A1) satisfies

our assumptions about the model in the following param-
eter range:

9
ffiffiffiffiffi
λ4

p
2λ3

H ≲mχ ≲min

 
H;

λ3
ffiffiffiffiffiffiffiffiffiffiffiffi
MplH

p
λ3=44

!
; ðA8Þ

λ4 ≪ λ23: ðA9Þ

The second condition ensures that the first can be satisfied
in a wide range of masses, making the model viable in a
significant portion of the parameter range.

1. Gravitational wave signal

We have shown the potential satisfies the assumptions
made in this work, and now we apply our results and cal-
culate the gravitational wave amplitude. Below, we discuss
how our assumption regarding reheating may impose con-
straints on additional parameters, but the predicted signal is
independent of those constraints.
The Hawking-Moss tunneling rate per unit volume can

be calculated by neglecting the quartic term [51]:

Γ
V
¼ m2

χH2

8π2
exp

�
−
4π2m4

χ

9H4λ23

�
: ðA10Þ

The inflaton velocity ϕ̇ can be related to H by using CMB
spectral amplitude measurements [16]. Assuming ϕ̇ and
H do not significantly change after CMB modes exit
the horizon, we have ϕ̇2 ≈ 1011H4 and the parameter γPT
defined in the main text is given by

γPT ≈
1

H4

Γ
V

�
ΔVPT

1011H4

�
2

: ðA11Þ

The gravitational wave amplitude can now be calculated
directly from the parameters of the potential by plugging
Eqs. (A3), (A10), and (A11) into Eq. (18). Taking the same
parameters used to produce Fig. 6 above, mχ ¼ 0.4H,
λ3 ¼ 0.3 and λ4 ¼ 2 × 10−4, we find

dΩGW

d log k
≈ 6.6 × 10−8; ðA12Þ

a detectable amplitude relevant for a wide range of
detectors. In Fig. 7 we fix the mass mχ ¼ 0.4H and
visualize the coupling space where gravitational waves are
experimentally relevant, 10−15 < dΩGW

d log k < 10−5. As shown
in the figure, the gravitational wave amplitude is within a
relevant detection range without fine tuning of the model
parameters. In the gray region, the lower bound onmχ from
Eq. (A8) is violated, meaning the step function approxi-
mation is invalid. In this regime, the model may still
produce gravitational waves, but our calculation becomes
inaccurate.

2. Reheating

Finally, the transition was assumed to complete every-
where once the universe reheats, due to either the slower
expansion rate or finite temperature effects. For the
Hawking-Moss transition discussed here, the latter is
more relevant since the zero-temperature Hawking-Moss

(b)

(a)

FIG. 6. Classical solution for χ after tunneling through the
barrier shown in Fig. 5. This solution is assumed to be a step
function throughout this work. The numerical solution here
demonstrates the assumption is justified, as the energy quickly
changes between two values in few Hubble times. The changes in
energy density over time away from the “step” are smaller than
the difference between the two values by orders of magnitude.
The initial conditions were set to χðt ¼ 0Þ ¼ 5mχ=λ3, outside the
local potential well, and χ̇ðt ¼ 0Þ ¼ −V 0ðχÞ=ð3HÞ, the slow-roll
velocity.
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tunneling rate decays quickly with the expansion rate,
see Eq. (A10). The local minimum of χ will be destabilized
at reheating if χ thermalizes with sufficiently high temper-
ature. To show this is possible, we write a concrete re-
heating model.
We assume once the inflaton ϕ ends its slow-rolling,

it oscillates and decays entirely into χ particles that may
subsequently decay into other particles. The decay is
enabled by adding the coupling

VRH ¼ mϕλϕχ
2

ϕχ2; ðA13Þ

where mϕ is the inflaton mass, assumed to satisfy mϕ ≫ H
at reheating.
We require the potential given in Eq. (A1) to remain

unchanged during inflation by imposing mϕ;SRλϕχΔϕ ≪
m2

χ , wheremϕ;SR is the inflaton mass in the slow-roll regime
of its potential and Δϕ the distance it travels. Using
Δϕ ¼ HNϕ̇, with N ≈ 40 e-folds of slow-roll and ϕ̇ ≈
1011H as above, we find Δϕ ≈ 1.25 × 107H. The squared
mass m2

ϕ;SR is determined by the second slow-roll param-
eter ηV, which can be estimated as -0.01 [16]. Putting these
numbers together, along with mχ ¼ 0.4H, we find that
imposing the condition

λϕχ ≲ 7.5 × 10−8 ðA14Þ

guarantees the potential in Eq. (A13) to be negligible
compared to (A1).4

The decay rate of a ϕ particle is given for mϕ ≫ mχ

(assumed to be true at reheating) by

Γϕ→χχ ¼
λ2ϕχmϕ

16π
; ðA15Þ

and the corresponding reheating temperature is TRH ≈
1.23

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MplΓϕ→χχ

p
. This temperature is required to be higher

than mχ in order to destabilize the false vacuum. For
example, choosing λϕχ ¼ 7 × 10−8 and mϕ ¼ 10H, with
H ¼ 10−16Mpl as above, we find a reheating temperature
or TRH ¼ 3.84H. We calculated the effective potential at
that temperature using the optimized partial dressing
scheme [59], the result is shown in orange in Fig. 5. As
the figure shows, this temperature is sufficiently high to
destabilize the false vacuum. Increasing mϕ=H or decreas-
ing H will make TRH=H higher, making the parameter
range where the false vacuum is unstable at reheating
very large.

APPENDIX B: THE 2-POINT CORRELATION
FUNCTION OF THE TUNNELING TIME

Here we calculate the correlation function of δtx⃗ defined
by Eq. (13),

hδtx⃗δtx⃗0 i ¼ htx⃗tx⃗0 i − htx⃗i2 ðB1Þ

as a function of r ¼ jx⃗ − x⃗0j. For simplicity, we will ignore
the end of inflation for now, and calculate the correlation
as if inflation goes on forever. In the next section, we will
show how the calculation has to be modified in order to
account for the end of inflation.
After deriving the detailed correlation function, we find a

simple approximate expression valid under the assumption
of slow tunneling rate, Γ=V ≪ H4. This simplification will
come handy in the next section where we compute the
effect of non-Gaussianity.

1. The correlation without ending inflation

To compute the correlation function, we first need to find
the probability distribution for the decay of the false
vacuum. For a general phase transition, the probability
to find a given point in space in the false vacuum by the
time t is given by [50]

pðtx⃗ > tÞ ¼ e−IðtÞ ðB2Þ

FIG. 7. The parameter range where the peak GW amplitude
dΩGW
d log k is between 10−5 and 10−15. The mass is mχ ¼ 0.4H,
satisfying the inequalities of Eq. (A8) in the blue region. In
the gray region, the “quick rolling” condition of Eq. (A7) is
violated, making the result inaccurate.

4We checked that the effect of VRH on the slow-roll potential of
ϕ is negligible, as well as the loop corrections to the mass of χ.
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with,

IðtÞ ¼ 4π

3

Z
t

t0

dt0
Γ
V
ðt0Þa3ðt0Þr3ðt; t0Þ: ðB3Þ

Here IðtÞ is the ratio of the space volume inside the bubbles
over the entire volume at time t, without accounting for the
overlaps. The latter are automatically taken care of by the
exponent in Eq. (B2). Note that by definition, Eq. (B2) is
the complementary cumulative probability. In Eq. (B3),
rðt; t0Þ is the comoving radius of a bubble that was created
at time t0 and measured at time t. ΓV ðt0Þ is the tunneling rate
per unit volume at time t0, and t0 the time when the phase
transition commences. We will take t0 ¼ 0 to simplify the
expressions.
For the toy models studied in this work, Γ=V is constant.

We further assume that at formation, the bubble radius
coincides with the Hubble radius and thus,

rðt; t0Þ ¼ �a0eHt0H
�
−1 ≡ rHðt0Þ; ðB4Þ

where a0 is the scale factor at t ¼ 0. We stress that this
expression is exact for the case of the HM transition, but is
only approximate for the CdL transition. In the latter case,
we neglect the time it takes the bubble to grow to horizon-
size. Plugging the radius back into Eq. (B3) gives the
exponential decay

pðtx⃗ > tÞ ¼ e−t=τ; ðB5Þ

with τ being the mean lifetime of the false vacuum at any
given point

τ ¼
�
4π

3

�
1

H3

��
Γ
V

�

−1
: ðB6Þ

which agrees with a more direct calculation.
Now the second term in Eq. (B1) can be extracted by

taking the mean of the probability at Eq. (B5):

htx⃗i ¼ τ: ðB7Þ

The remaining part of this section is focused on computing
the covariance htx⃗tx⃗0 i. We use the law of total expectation

htx⃗tx⃗0 i ¼ htx⃗Eðtx⃗0 jtx⃗Þi; ðB8Þ

where Eð·Þ is the conditional expectation value. Applying
this to the exponential probability distribution described by
Eq. (B5) gives

htx⃗tx⃗0 i ¼
1

τ

Z
∞

0

dtx⃗tx⃗e−tx⃗=τEðtx⃗0 jtx⃗Þ: ðB9Þ

With the above, we are left with computing the condi-
tional expectation value, Eðtx⃗0 jtx⃗Þ. This describes the

expectation of tx⃗0 assuming we know tx⃗. Given the cumu-
lative probability distribution in the domain of ð0;þ∞Þ, the
expectation is given by

Eðtx⃗0 jtx⃗Þ ¼
Z

∞

0

dtp
�
tx⃗0 > tjtx⃗

�
: ðB10Þ

To compute Eq. (B9), we separate the integral over tx⃗ into
two intervals, tx⃗ ∈ ½0; tsÞ and tx⃗ ∈ ½ts;∞Þ, where ts is the
separation time, defined to be the moment when the distance
between x⃗ and x⃗0 becomes larger than twice the Hubble
radius, i.e. r ¼ 2rHðtsÞ. One finds,

ts ¼
1

H
log

2

a0Hr
: ðB11Þ

When the points are more than two radii apart, they can no
longer be contained inside any single bubble, and thus ts
represents the moment at which these two points became
independent.

a. First interval: 0 < tx⃗ < ts
Let us first consider the case where the false vacuum at x⃗

decays before the two points are causally disconnected. In
principle a bubble that contains x⃗0 may form at any time t.
To evaluate the integral in Eq. (B10), we further break it
into two intervals, 0 ≤ t < tx⃗ and t ≥ tx⃗. We begin with the
first interval.
In the case where t < tx⃗, the bubble cannot contain x⃗.

We therefore have to modify Eq. (B3) in order exclude from
I the contribution of bubbles which form at t < tx⃗ and
include x⃗. The centers of all possible bubbles that could
form at t containing x⃗0 form a ball of radius rHðtÞ centered
at x⃗0. Similarly, the centers of bubbles containing x⃗ form a
Hubble ball of the same radius centered at x⃗. Therefore, if
we randomly draw a bubble that contains x⃗0, the probability
this bubble does not contain x⃗ is given by the fraction of the
Hubble ball centered at x⃗0 that does not overlap with the ball
centered at x⃗:

fVðtÞ ¼
VHðtÞ − VOðtÞ

VHðtÞ
¼ 3r

4rHðtÞ
−

r3

16r3HðtÞ
; ðB12Þ

where the Hubble volume is VH ¼ 4πrHðtÞ3=3 and the over-
lapping volume is VO ¼ πð4rHðtÞ þ rÞð2rHðtÞ − rÞ2=12.
Now, excluding from (B3) the bubbles that include x⃗ means
replacing IðtÞ with

JðtÞ ¼ 4π

3

Z
t

0

dt0
Γ
V
a3ðt0Þr3Hðt0ÞfVðt0Þ

¼ 1

τH

�
3r

4rHðt0Þ
−

r3

48r3Hðt0Þ
�����t

0¼t

t0¼0

: ðB13Þ

BARIR, GELLER, SUN, and VOLANSKY PHYS. REV. D 108, 115016 (2023)

115016-10



For t < tx⃗, the probability is thus given by,

pðtx⃗0 > tjtx⃗Þ ¼ e−JðtÞ: ðB14Þ

We move on to the interval t ≥ tx⃗. At t ¼ tx⃗, we know a
bubble forms around x⃗. To compute the probability this
bubble does not include x⃗0 let us first map out the allowed
region for the bubble center. To contain x⃗ the bubble center
can be placed anywhere in a sphere that is centered at x⃗
with a radius of rHðtx⃗Þ. To avoid containing x⃗0, the center of
the bubble cannot be anywhere inside a sphere centered at
x⃗0 with radius rHðtx⃗0 Þ. Therefore, if we randomly place a
bubble such that it contains x⃗, the probability it does not
contain x⃗0 is given by the nonoverlapping fraction fVðtx⃗Þ.
As a result, the probability that x⃗0 will remain in the false
vacuum when the bubble around x⃗ is formed, is given by

pðtx⃗0 > tx⃗jtx⃗Þ ¼ e−Jðtx⃗ÞfVðtx⃗Þ: ðB15Þ

We note that the discontinuity of pðtx⃗0 > tjtx⃗Þ at t ¼ tx⃗
[see Eqs. (B14) and (B15)], is due to the instantaneous
formation of a bubble at x⃗.
The known value of tx⃗ does not pose any constraints on

bubble formation after tx⃗, so for t > tx⃗ the probability will
decay exponentially with the same rate as in Eq. (B5):

pðtx⃗0 > tjtx⃗Þ ¼ e−Jðtx⃗ÞfVðtx⃗Þe−ðt−tx⃗Þ=τ: ðB16Þ

Finally, putting Eqs. (B14) and (B16) into Eq. (B10) we
obtain the conditional expectation

Eðtx⃗0 jtx⃗Þ ¼
Z

tx⃗

0

e−JðtÞdtþ τe−Jðtx⃗ÞfVðtx⃗Þ ðB17Þ

b. Second interval: tx⃗ ≥ ts
This corresponds to the scenario where the false vacuum

at x⃗ decays after the two bubbles are causally discon-
nected. For t < ts the probability is given by Eq. (B14)
as before. At ts the two points become separated and the
decay becomes independent. Therefore, tx⃗ is irrelevant to
the conditional probability. The cumulative distribution
function is given by

pðtx⃗0 > tjtx⃗Þ ¼
�
e−JðtÞ; t < ts
e−JðtsÞe−ðt−tsÞ=τ; t ≥ ts

ðB18Þ

which means the conditional expectation is

Eðtx⃗0 jtx⃗Þ ¼
Z

ts

0

e−JðtÞdtþ τe−JðtsÞ: ðB19Þ

Since Eq. (B19) is independent of tx⃗, it can be integrated
analytically when plugged back into Eq. (B9).

Putting both intervals back into Eq. (B9) we reach the
final expression for the two-point expectation value:

htx⃗tx⃗0 i ¼
1

τ

Z
ts

0

dtx⃗tx⃗e−tx⃗=τEðtx⃗0 jtx⃗Þ

þ
�Z

ts

0

e−JðtÞdtþ e−JðtsÞτ


e−ts=τðts þ τÞ; ðB20Þ

where in the first term we plug in Eq. (B17) and
integrate numerically. This result is only valid for ts > 0.
If ts ≤ 0, the points were separated before the phase
transition started, so they decay independently and
hδtx⃗δtx⃗0 i ¼ 0.

2. Adding the end time of inflation

Now, we have to repeat the above calculation, taking into
account the end of inflation at te ¼ treheating, when reheating
starts. As discussed in the main text, we assume that all of
the volume of space which remained in the false vacuum
will move to the true vacuum immediately at te, which
means the probability distribution Eq. (B5) has to be
replaced with

pðtx⃗ > tÞ ¼
�
e−t=τ; t < te
0; t ≥ te

ðB21Þ

and the corresponding expectation value Eq. (B7) is
replaced with

htx⃗i ¼ τ
�
1 − e−te=τ

�
: ðB22Þ

Note that having an end of inflation is similar to putting a
regulator to htx⃗i. Without te the expected transition time τ
diverges in the slow tunneling limit (Γ=ðVH4Þ → 0). With
the new probability distribution given in Eq. (B21), the
expectation approaches te in the limit of slow tunneling.
The law of total expectation can be applied in the

same manner as above, but now the integral in Eq. (B9)
ends at te:

htx⃗tx⃗0 i ¼
1

τ

Z
te

0

dtx⃗tx⃗e−tx⃗=τEðtx⃗0 jtx⃗Þ þ tee−te=τEðtx⃗0 jteÞ;

ðB23Þ

where the second term accounts for the finite probabi-
lity that x⃗ does not tunnel until the end of inflation,
Pðtx⃗ ¼ teÞ ¼ e−te=τ.
The derivation of the conditional expectation is the same

as in the previous section, except for the fact that the
integrals end at ts instead of ∞. We are only interested in
scales which exited the horizon before the end of inflation,
which means ts < te. Under this assumption, we split the
conditional expectation to two cases as above, tx⃗ < ts and
ts < tx⃗ ≤ te. In the first case, Eqs. (B14) and (B16) remain

GRAVITATIONAL WAVES FROM INCOMPLETE INFLATIONARY … PHYS. REV. D 108, 115016 (2023)

115016-11



unchanged, but the integral over t ends at te, which means
Eq. (B17) has to be replaced with

Eðtx⃗0 jtx⃗Þ ¼
Z

tx⃗

0

e−JðtÞdtþ e−Jðtx⃗ÞfVðtx⃗Þτ
�
1 − e−ðte−tx⃗Þ=τ

�
:

ðB24Þ
Similarly, Eq. (B19) has to be replaced with

Eðtx⃗0 jtx⃗Þ ¼
Z

ts

0

e−JðtÞdtþ e−JðtsÞτ
�
1 − e−ðte−tsÞ=τ

�
: ðB25Þ

Equations (B24) and (B25) can be plugged into Eq. (B23)
and integrated numerically to get the required correla-
tion htx⃗tx⃗0 i.

3. The small Γ=V limit

The above derivation allows the 2-point correlation
to be calculated without assuming anything about Γ.
Here, we derive a simpler closed-form formula by assum-
ing Γ=ðVH3Þ ≪ t−1e . This assumption makes the resulting
power spectrum linear in Γ, and the approximation will be
used in the next section to show that non-Gaussianity can
be ignored when calculating the GW spectrum.
Once again, we denote by ts the moment at which

the points x⃗ and x⃗0 become causally separated, and
consider the case in which the two points we are
looking at were separated before the end of inflation,
ts < te. Since the rate of bubble nucleation is very small,
the probability that more than a single bubble formed
around any of the two points before the separation time
ts, can be neglected. The correlation of δtx⃗ can therefore
be written as

hδtx⃗δtx⃗0 i

¼ E

�
δtx⃗δtx⃗0

��� bubblewith both
points before ts

�
P

�
bubblewith both
points before ts

�

þ E

�
δtx⃗δtx⃗0

��� bubblewith
only x⃗ before ts

�
P

�
bubblewith

only x⃗ before ts

�

þ E

�
δtx⃗δtx⃗0

��� bubble with
only x⃗0 before ts

�
P

�
bubblewith

only x⃗0 before ts

�

þ E

�
δtx⃗δtx⃗0

��� no bubble
before ts

�
P

�
no bubble
before ts

�
ðB26Þ

We now show that in the Γ=V ≪ H4 limit, the first term
in Eq. (B26) becomes linear in Γ=V, while the other
three terms are of order ðΓ=VÞ2.
Consider first the last term. Since the points become

independent after ts, the expectation value in the that term
can be written as

E

�
δtx⃗δtx⃗0

��� no bubble
before ts

�
¼ Eðδtx⃗jtx⃗ > tsÞ2: ðB27Þ

This expectation can be calculated by integrating the
probability distribution given in Eq. (B21) from ts to te,

Eðδtx⃗jtx⃗ > tsÞ ¼ ts þ τe−te=τ
�
1 − ets=τ

�
¼ ts

τ
ðte − ts=2Þ þO

�ðts=τÞ2�: ðB28Þ

Together with Eq. (B6), this result shows the last term
in Eq. (B26) is at least of order ðΓ=VÞ2. Similarly, the
expectation value in the second and third terms can be
factorized, e.g.,

E

�
δtx⃗δtx⃗0

��� bubblewith
only x⃗0 before ts

�

¼ E

�
δtx⃗0
��� bubblewith
only x⃗0 before ts

�
E
�
δtx⃗jtx⃗ > ts

�
; ðB29Þ

and Eq. (B28) implies that the second factor is linear in
Γ=V. Since the first factor is regular in Γ=V, the whole
expression is at least linear in Γ=V. Given that the
probabilities of forming a bubble are also linear in Γ=V,
the second and third terms of Eq. (B26) must be at least of
order ðΓ=VÞ2.
Finally, we are ready to calculate the dominant term:

the contribution to the correlation from a single bubble
forming around both points. This contribution can be
rewritten as

Z
ts

0

E
�
δtx⃗δtx⃗0

��� bubblewith
both points at t

�
dP
�

bubblewith
both points at t

�

¼
Z

ts

0

ðt − htx⃗iÞ2
Γ
V
VoverlapðtÞdt ðB30Þ

where dP ∝ Γdt is the probability of forming a bubble
in the infinitesimal time interval dt, and VoverlapðtÞ is the
physical volume of overlap between two Hubble
spheres, each centered at x⃗ and x⃗0. The expectation
value htx⃗i is given by Eq. (B22), but since we are
calculating only the first order in Γ we can take
htx⃗i ≃ te. From this point, it is straightforward to write
Voverlap explicitly and integrate Eq. (B30) directly.
Instead, we introduce a trick that will be useful later.
The overlap volume between two spheres can be written
as an integral over a δ function:

VoverlapðtÞ¼a3ðtÞ
Z
rH

d3y1

Z
rH

d3y2δðy⃗1− y⃗2þ r⃗Þ ðB31Þ

where both integrals are over a sphere of radius rH
centered at the origin, and r⃗ ¼ x⃗1 − x⃗2 is the separation
between the centers of the overlapping spheres. This
expression automatically vanishes for t > ts, so the
upper limit of the integral in Eq. (B30) can be replaced
with ∞. After doing so, the only dependence of

BARIR, GELLER, SUN, and VOLANSKY PHYS. REV. D 108, 115016 (2023)

115016-12



Eq. (B30) on x⃗1 and x⃗2 is through r⃗ in the δ function.
That makes taking the Fourier transform trivial,

hδtk⃗1δtk⃗2i ¼ δðk⃗1 þ k⃗2Þ
�
12π

k2

�

×
1

τH

Z
∞

0

dt
aðtÞ

�
t − htx⃗i

�
2j21ðkrHÞ ðB32Þ

where j1ðxÞ ¼ 1
x ðsin xx − cos xÞ is the first spherical Bessel

function. Using aðtÞ ¼ a0eHt and rHðtÞ ¼ ðHaðtÞÞ−1 the
integral can be evaluated numerically, and by comparing
with Eqs. (13) and (14) we can extract the spectrum PR.
This result is in agreement with the full calculation of
the previous section in the Γ=V → 0 limit.

APPENDIX C: ALLEVIATING THE
ASSUMPTION OF CONSTANT ϕ̇ AND H

In deriving Eq. (13) from Eq. (12), we assumed H=ϕ̇2 to
be constant, which resulted with R being a linear function
of tx⃗. This result meant we only have to calculate corre-
lations of the tunneling times tx⃗, and then convert the final
results to correlations ofRwith the use of Eq. (13). We will
now discuss how the spectrum can be approximated with-
out this simplification.
R is obtained by integrating Eq. (12) over t, with an

initial condition of R ¼ 0. The theta functions in Eq. (7)
ensure the integrand vanishes unless t is between htx⃗i and
tx⃗, allowing us to write the integral as

Rðtx⃗Þ ¼ −ΔVPT

Z
tx⃗

htx⃗i

H

ϕ̇2
dt: ðC1Þ

Equation (13) can be recovered from this more general
result by assuming the integrand is constant.
As we have shown in Appendix B 3, in the limit of

small Γ=V we only have to consider the contribution of a
single bubble to the correlation function, given by
Eq. (B30). Assuming Rðtx⃗Þ is a well-behaved function,
the approximation is still valid, but we have to modify
Eq. (B30) to calculate the correlation of R directly
instead of using δtx⃗:Z

ts

0

E
�
Rx⃗Rx⃗0

��� bubblewith
both points at t

�
dP
�

bubblewith
both points at t

�

¼
Z

ts

0

RðtÞ2 Γ
V
VoverlapðtÞdt: ðC2Þ

This result can be used to calculate the scalar spectrum
for a general inflationary background, but only in the
limit of small Γ=V.
Let us now consider a concrete example to demonstrate

how the spectral shape can be affected by the time depen-
dence of H

ϕ̇2. In this example, H
ϕ̇2 starts at some value H

ϕ̇2
0

, and

remains constant until tdrop, when it instantly changes to a
new value smaller from the original one by a factor of 10. In
that scenario, the integrand of Eq. (C1) can be written as

H

ϕ̇2
¼ H

ϕ̇2
0

�
θðtdrop − tÞ þ 1

10
θðt − tdropÞ



; ðC3Þ

and after integrating it, we get

Rðtx⃗Þ ¼−
HΔVPT

ϕ̇2
0

(
tx⃗− tdropþ 1

10
ðtdrop− htx⃗iÞ; tx⃗ < tdrop

1
10
ðtx⃗− htx⃗iÞ; tx⃗ ≥ tdrop

:

ðC4Þ

The colored lines in Fig. 3 were calculated by plugging this
result into (C2).

APPENDIX D: NON-GAUSSIANITY AND THE
INDUCED GRAVITATIONAL WAVES

Here, we very briefly review the equations necessary
for calculating the secondary gravitational waves, taken
from [45,60]. We then use the methods of the previous
section to calculate the four-point correlation function and
show that Eq. (16) can be applied to our model, ignoring
non-Gaussianity.

1. The induced gravitational waves

To calculate the gravitational wave spectrum, we need
the four-point correlation function of R. In the general,
non-Gaussian case the correlation can be split into dis-
connected and connected components [60]:

�
Rk⃗1

Rk⃗2
Rk⃗3

Rk⃗4

� ¼ �Rk⃗1
Rk⃗2

Rk⃗3
Rk⃗4

�
d

þ �Rk⃗1
Rk⃗2

Rk⃗3
Rk⃗4

�
c
: ðD1Þ

The disconnected part satisfies Wick’s theorem,

�
Rk⃗1

Rk⃗2
Rk⃗3

Rk⃗4

�
d
¼ �Rk⃗1

Rk⃗2

��
Rk⃗3

Rk⃗4

�þ �Rk⃗2
Rk⃗3

�
×
�
Rk⃗4

Rk⃗1

�þ �Rk⃗1
Rk⃗3

��
Rk⃗2

Rk⃗4

�
;

ðD2Þ

and the connected part defines the connected tri-
spectrum T ,

�
Rk⃗1

Rk⃗2
Rk⃗3

Rk⃗4

�
c
¼ δ3

�
k⃗1 þ k⃗2 þ k⃗3 þ k⃗4

�
× T

�
k⃗1; k⃗2; k⃗3; k⃗4

�
: ðD3Þ

In the Gaussian case, the connected part vanishes because
of Wick’s theorem and the four-point correlation func-
tion is fully described by the scalar spectrum defined
by Eq. (14).
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The GW spectrum induced by the disconnected part is given by Eq. (16), where Ĩðv; u; kηÞ is a Green’s function integral
that was calculated analytically in [45,46]. Since we are only interested in the energy density of gravitational waves today,
we only need the late-time oscillation average of Ĩ2, which, during radiation domination, is given by

Ĩ2ðv; u; kη → ∞Þ ¼ 1

2

�
3ðu2 þ v2 − 3Þ

4u3v3kη

�
2
��

−4uvþ �u2 þ v2 − 3
�
log

���� 3 − ðuþ vÞ2
3 − ðu − vÞ2

����
�

2

þ π2ðu2 þ v2 − 3Þ2Θðvþ u −
ffiffiffi
3

p
Þ


: ðD4Þ

The connected contribution to the GW spectrum is5

Pλ4ðkÞjc ¼
k3

π5

Z
d3q1d3q2Qλ4

�
k⃗; q⃗1

�
Qλ4

�
k⃗; q⃗2

�
I
�jk⃗ − q⃗1j; q1; η

�
I
�jk⃗ − q⃗2j; q2; η

�
T
�
q⃗1; k⃗ − q⃗1;−q⃗2; q⃗2 − k⃗

�
; ðD5Þ

where the Qλ4 are polarization factors, given by

Qλ4ðk⃗; q⃗Þ≡ ϵλ4ij ðk⃗Þqiqj; ðD6Þ

where ϵλ4ij with λ4 ¼ þ;× is a basis of traceless transverse
polarization tensors. I in Eq. (D5) is related to Ĩ used above
through a change of variables, Ĩðv;u; xÞ≡ k2Iðvk;uk; x=kÞ.
Taking k⃗ to be in the z direction and writing q⃗ in spherical
coordinates, ðq; θ;ϕÞ, the polarization factors can be
written as

Qλ4ðk⃗; q⃗Þ ¼
q2ffiffiffi
2

p sin2ðθÞ ×
�
cosð2ϕÞ λ4 ¼ þ
sinð2ϕÞ λ4 ¼ ×:

ðD7Þ

Because of the polarization factors, the integral in Eq. (D5)
does not vanish only when the connected trispectrum has a
nontrivial dependence on the azimuthal angles of q⃗1 and q⃗2.
In the next section, we will show the connected trispectrum
in our model does not depend on these angles. This is why
the known result, Eq. (16), can be used on our model as if it
was Gaussian.

2. The four-point correlation function

We use the same method shown in Appendix B 3 above
for the two point correlation, and write an expression
analogous to Eq. (B26) for the 4-point correlation, assum-
ing at most a single bubble (which is the leading con-
tribution when expanding in small Γ=V),

hδtx⃗1δtx⃗2δtx⃗3δtx⃗4ij≤1−bubble ¼ E

�
δtx⃗1δtx⃗2δtx⃗3δtx⃗4

��� bubblewith
all pts before ts

�
P

�
bubblewith

all pts before ts

�

þ
X

E

�
δtx⃗1δtx⃗2δtx⃗3δtx⃗4

��� bubblewith only
3 pts before ts

�
P

�
bubblewith only
3 pts before ts

�

þ
X

E

�
δtx⃗1δtx⃗2δtx⃗3δtx⃗4

��� bubblewith only
2 pts before ts

�
P

�
bubblewith only
2 pts before ts

�

þ
X

E

�
δtx⃗1δtx⃗2δtx⃗3δtx⃗4

��� bubblewith only
1 pts before ts

�
P

�
bubblewith only
1 pts before ts

�

þ E

�
δtx⃗1δtx⃗2δtx⃗3δtx⃗4

��� no bubble
before ts

�
P

�
no bubble
before ts

�
; ðD8Þ

where ts is now defined to be the moment after which no
pair of two points is contained in a common Hubble sphere.
The sums are over all possible choices of different points
to be included in the bubble. As before, in the Γ=V → 0
limit the first term is linear in Γ=V, while the others are

of order ðΓ=VÞ2 and above. This is because the probability
of forming a single bubble is linear in Γ=V, and the
expectation values that multiply them have a factor of
Γ=V for every δtx⃗ that does not tunnel before ts.
The first term is given by an expression very similar

to Eq. (B30), Z
ts

0

�
t − htx⃗i

�
4 Γ
V
VoverlapðtÞdt; ðD9Þ5Eq. (D5) has a different coefficient compared to Equation (2.29)

in [60] because here we use the dimensionless spectrum.
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but this time Voverlap is the overlap volume between four
Hubble spheres:

VoverlapðtÞ ¼ a3ðtÞ
Z
rH

d3y1

Z
rH

d3y2

Z
rH

d3y3

Z
rH

d3y4

× δ
�
y⃗1 − y⃗2 þ r⃗2

�
δ
�
y⃗1 − y⃗3 þ r⃗3

�
× δ
�
y⃗1 − y⃗4 þ r⃗4

� ðD10Þ

where r⃗i ¼ x⃗i − x⃗1 are the three independent separations
between the x⃗’s. In a very similar manner to the above, we
Fourier transform the volume to get the contribution to the
trispectrum, analogous to Eq. (B32). Omitting numerical
coefficients, the result is

T ðk⃗1; k⃗2; k⃗3; k⃗4Þ ∝
Z

∞

0

dtðt − htx⃗iÞ4a3ðtÞ
Z
rH

d3y1eik⃗1·y⃗1

×
Z
rH

d3y2eik⃗2·y⃗2
Z
rH

d3y3eik⃗3·y⃗3

×
Z
rH

d3y4eik⃗4·y⃗4 : ðD11Þ

This expression depends only on the magnitudes of the k⃗’s,
not their directions: T ðk⃗1; k⃗2; k⃗3; k⃗4Þ ¼ T ðk1; k2; k3; k4Þ.
As mentioned above, this trispectrum gives zero when
plugged into Eq. (D5), because of the integral over the
azimuthal angle in the polarization factors. This result has
a physical interpretation: the leading contribution we have
calculated corresponds to the inhomogeneity created by
the presence of a single spherical bubble. A spherically
symmetric inhomogeneity cannot emit gravitational waves.
Contributions to the tunneling due to the formation of

nonspherical bubbles may change this conclusion and
consequently strengthen the predicted signal. The study
of such effects goes beyond the scope of this paper and is
left for future work.
Since the leading term of order Γ=V in Eq. (D8) does

not contribute, we have to calculate the ðΓ=VÞ2 terms. In
Eq. (D8), only the second term is of that order. However,
taking the ðΓ=VÞ2 order means we have to add terms
with the probabilities that two bubbles formed before ts,
which were not present in Eq. (D8). Since we are only
interested in terms of order ðΓ=VÞ2, the two bubbles have
to cover all four points. We split this scenario into
three cases:
(1) One of the bubbles includes all 4 points.
(2) One bubble includes a single point, and the other

bubble includes the remaining the three points.
(3) Each bubble contains two points.

We neglect the chance of two bubbles forming with a
distance smaller than the Hubble radius, H−1, which
means the three cases above are distinct. This is justified
since the mean distance between bubbles is of order
ðΓ=VÞ−1=4 ≫ H−1 for an incomplete PT.
The first case has the same symmetry as in the single-

bubble calculation above, and therefore gravitational waves
are not produced. In the second case, after adding the
second term from Eq. (D8), one of the points is independent
of the other three, and since hδtx⃗i ¼ 0, the contribution to
the correlation function is zero. We are therefore only left
with the last case, where each of the two bubbles contains
two points. The corresponding contribution to the four-
point correlation function is then given by a sum over the
three possible ways of distributing the four points into two
bubbles,

hδtx⃗1δtx⃗2δtx⃗3δtx⃗4i ¼
�
Γ
V

�
2
Z

ts

0

ðt − htx⃗iÞ2V1;2ðtÞdt
Z

ts

0

ðt − htx⃗iÞ2V3;4ðtÞdt

þ
�
Γ
V

�
2
Z

ts

0

ðt − htx⃗iÞ2V2;3ðtÞdt
Z

ts

0

ðt − htx⃗iÞ2V1;4ðtÞdt

þ
�
Γ
V

�
2
Z

ts

0

ðt − htx⃗iÞ2V1;3ðtÞdt
Z

ts

0

ðt − htx⃗iÞ2V2;4ðtÞdt ðD12Þ

where Vi;j is the overlap physical volume of two Hubble spheres centered around x⃗i and x⃗j. Each term is in fact a product of
two 2-point correlation functions as given by Eq. (B30), so the above correlation satisfies Eq. (D2). This is the promised
result: the leading nonvanishing contribution has only a disconnected component, so we can use Eq. (16) safely.
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