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Gravitational form factors of the pion from lattice QCD
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The two gravitational form factors of the pion, A”(¢) and D"(¢), are computed as functions of the
momentum transfer squared ¢ in the kinematic region 0 < —¢ < 2 GeV? on a lattice QCD ensemble with
quark masses corresponding to a close-to-physical pion mass m, ~ 170 MeV and Ny =2+ 1 quark
flavors. The flavor decomposition of these form factors into gluon, up/down light-quark, and strange-quark
contributions is presented in the MS scheme at energy scale u =2 GeV, with renormalization factors
computed nonperturbatively via the RI-MOM scheme. Using monopole and z-expansion fits to the
gravitational form factors, we obtain estimates for the pion momentum fraction and D term that are
consistent with the momentum fraction sum rule and the next-to-leading order chiral perturbation theory

prediction for D”(0).
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I. INTRODUCTION

Quantum chromodynamics (QCD) [1-4] provides a
rigorous description of hadrons as composite particles
made up of quarks and gluons interacting via the strong
force. The complexity of QCD, however, is such that
constraints on quark and gluon contributions to many
aspects of hadron structure are difficult to obtain, and
the landscape of experiment and theory efforts on this front
continues to evolve. For example, recent years have seen
considerable progress in understanding how the physical
properties of hadrons, like their mass and internal forces,
are generated by their fundamental constituents [5,6].

These aspects of hadron structure can be addressed
through determinations of gravitational form factors
(GFFs) [5,7]. These quantities contain nonperturbative
information about the coupling of a hadron state to the
energy-momentum tensor (EMT) of QCD, the symmetric
part of which can be decomposed as [8-11] T* =
0 + T', where

. 1
Ty =2Tr [—F”"F”a +7 FYF7PF |,

T = [ Dlyhy]. (1)
f
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Here F* is the gluon field strength tensor, y, is a quark
field of flavor f, D¥ = 0" + igA¥, A* are the gluon fields,
g is the strong coupling, and y# are the Dirac matrices.
The repeated indices are contracted with the Minkowski
space-time metric ¢"*, the trace is over color space, and
a“p*t = (a"b* 4 a*b")/2. The GFFs of a hadron are
defined from the matrix elements of the EMT in the hadron
state, and can be decomposed into quark and gluon
contributions. They encode the distribution of energy,
spin, pressure, and shear forces' within hadrons [13]. The
total EMT of QCD is conserved, i.e. 6MT”” =0, but the
individual quark and gluon terms are not, and therefore
the resulting quark and gluon GFFs mix under renormal-
ization and depend on the renormalization scheme and
scale.

For a pion state specifically, the matrix element of the
symmetric EMT can be decomposed in terms of two GFFs,
A”*(t) and D"(¢), as

(m(p")|T*|x(p)) = 2P*P*A™(1)
+ % (A*AY — v A?)D™(1), (2)

where |z(p)) is a pion state carrying four-momentum p,
P=(p+p)/2, A=p' —p, and t = A% In the forward
limit, the contributions to the A” GFF define the momen-
tum fraction carried by the quark and gluon constituents,
and therefore A"(0) = A7(0) + A%(0) = 1, while D*(0) =
D7(0) + D7(0) is the so-called D term, which is related to

"The physical significance of this interpretation as mechanical
forces is debated [12].

Published by the American Physical Society


https://orcid.org/0000-0002-4719-0417
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.114504&domain=pdf&date_stamp=2023-12-14
https://doi.org/10.1103/PhysRevD.108.114504
https://doi.org/10.1103/PhysRevD.108.114504
https://doi.org/10.1103/PhysRevD.108.114504
https://doi.org/10.1103/PhysRevD.108.114504
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

HACKETT, OARE, PEFKOU, and SHANAHAN

PHYS. REV. D 108, 114504 (2023)

the internal forces of hadrons [13], and is predicted to be —1
for the pion up to chiral-symmetry breaking effects [14-16].

The importance of the GFFs in characterizing hadron
structure has driven a targeted experimental program in
recent years, with the first extractions of proton quark [17]
and gluon [18] GFFs achieved from deeply virtual
Compton scattering and J/y photoproduction measure-
ments respectively. Progress towards the determination of
the pion GFFs has been more limited, with the first pheno-
menological constraints of the pion quark GFFs attained
using data from the Belle experiment at KEKB [19-21].
Further constraints on various hadron GFFs can be
expected from current and future facilities, including the
JLab 12 GeV program [22-24] and the Electron-lon
Collider (EIC) [25].

The theoretical determination of GFFs from first prin-
ciples is possible through the computation of EMT matrix
elements using lattice QCD [26], a numerical frame-
work that defines the QCD path integral on a discrete
Euclidean space-time lattice, allowing the calculation of
nonperturbative hadronic properties. The pion quark GFFs
have previously been calculated using lattice methods in
Refs. [27,28]. Lattice calculations have also provided
predictions for the gluon GFFs of the pion [29,30], for
the pion-quark momentum fraction [31,32], and for the
complete flavor decomposition of the pion momentum
fraction [33]. Predictions of the quark GFFs of the pion have
also been obtained from chiral perturbation theory [14,16],
chiral quark models [34-36], the large-N . approach [37], the
extended holographic light-front QCD framework [38], a
relativistic composite-particle theory [39,40], and algebraic
GPD ansatz [41].

In this work, we present the first lattice QCD calculation
of the full flavor decomposition of the pion GFFs A" ()
and D*(¢) in the kinematic region 0 < —t < 2 GeV? on a
single ensemble with Ny = 2 + 1 quark flavors, and quark
masses corresponding to a close-to-physical pion mass of
m, ~ 170 MeV. The extraction of the bare matrix elements
is presented in Sec. II, while the nonperturbative renorm-
alization is discussed in Sec. III. Our final results for the
renormalized GFFs are given in Sec. IV, along with a
discussion of the forward limits of the GFFs.

II. EXTRACTION OF BARE MATRIX
ELEMENTS

In this section, we discuss the extraction of the bare
matrix elements of the EMT, which are combined with the
renormalization coefficients presented in Sec. III to pro-
duce the renormalized GFFs presented in Sec. IV. The bare
matrix elements are calculated on a single (2 + 1)-flavor
lattice QCD ensemble [42] of volume L3 x T = 483 x 96,
with light quark mass tuned to produce pion mass m, &
170 MeV, and lattice spacing a = 0.091(1) fm [43,44].
The ensemble was generated using the Liischer-Weisz
gauge action [45] and clover-improved Wilson quarks [46]

TABLE I.  Specifics of the lattice ensembles used in this work.
Ensemble A, generated by the JLab/LANL/MIT/WM groups
[42], is used for the calculation of the bare matrix elements
presented in Sec. II. The calculation of the renormalization
coefficients, presented in Sec. III, is performed on ensemble B.

L/a T/a p am,; amg a [fm]  m, [MeV]
A 48 96 6.3 —-0.2416 —0.2050 0.091(1) 169(1)
B 12 24 6.1 -0.2800 —0.2450 0.1167(16)  450(5)

with the clover coefficient set to the tree-level tadpole-
improved value and constructed using stout-smeared
links [47]. The specifics of this ensemble, referred to as
ensemble A, are summarized in Table I. The configurations
were taken to be independent, and the number used was
different for the calculations of the bare quark and gluon
contributions, and will be specified in the corresponding
subsections below.

A. Two-point functions

We construct momentum-projected two-point correlation
functions as

C2pt<p7 13 X0, 1p) = Ze_ip'<x_x0)<)((X, ty + to)){T (Xo. lo)>,
X

(3)

where the pion interpolating operator is chosen to be

x(x) = @, (x)yswa(x). (4)

In this expression, v, and y, are smeared quark fields
obtained by applying gauge-invariant Gaussian smearing to
radius 4.5a, constructed using links stout-smeared [47] in
the spatial directions only. Correlation functions are com-
puted for 1024 source positions (X, #y) on each of a total of
2511 configurations, separated by at least four trajectories.
The 1024 sources are arranged in two 43 x 8 grids offset by
(6, 6, 6, 6) lattice units, with an overall random offset for
each configuration. Correlation functions are constructed
for all three-momenta p = 2zn/L with [n|?> < 10, i.e., 147
distinct momenta.

To extract the pion spectrum, we average the two-point
correlation functions on each configuration over all
sources, shifting each such that (xy, 75) = (0,0), and form
500 bootstrap [48,49] ensembles from the 2511 measure-
ments, sampling with replacement and sample size for each
bootstrap equal to the total number of configurations. We
extract the energies by considering the spectral decom-
position

e Fats 1 oEa(t,=T)
C¥(p,1,) = ZT
P

n

Z{ )
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FIG. 1. The values of ¢ obtained from the dispersion relation

Es = \/m3 + |cp|* using the ground-state energies extracted
from fits to pion two-point correlation functions, as described in

the text.

where 7, denotes the sink time and Ej denotes the energy of
the nth state with the same quantum numbers as the inter-
polating operator, |n(p)). Overlap factors are defined as

(Olr(x.,0)|n(p)) = Zpe™®™. (6)

The lowest state in the spectrum (n = 0) is expected to be
the pion |z(p)) with energy Ej. To extract Ej, we perform
correlated multiexponential fits incorporating up to three
states to the two-point functions averaged over all sink
momenta with the same magnitude |p|. The effective
values of ¢ obtained by taking m, = Ej and inverting

the dispersion relation Ef = \/mZ + |cp|* deviate by 1%
at most from unity, as shown in Fig. 1. Both the uncer-
tainties on the determination of the energies Ej and their
deviation from the dispersion relation values are negligible
in comparison to the statistical uncertainties of the matrix
elements that define the GFFs. Thus, the dispersion relation
with the central value of am, = 0.0779 and ¢ = 1 is used
to set the energies Ej used in the remainder of the analysis.

B. Operators

In discrete Euclidean space-time, symmetric quark and
gluon EMT operators can be expressed as

B - HE E
Tf,m/<x> = l//f(x)D{/ﬂ/y}Wf(x)’

wa

OLFEWFE)]. (1)

(x) = zTr[Ff,,(x)Ff,,(x) 2 OuFE
where f denotes the quark flavor, the repeated Greek
indices are summed over Euclidean components, and the
quantities with an E superscript are the Euclidean versions
of those defined in Sec. I. The symmetrized lattice

<E - -
covariant derivative D, = (Df —Df) /2 and the gluon
field strength tensor can be expressed up to discretization
effects using

BEw(x) = 5 (U + ) = Ublx = wlx = ).
PDE =2 (e + UL (e~ AU, (x = ).
FE() = g (Qulx) = 0Lu(), 8

where g is the bare lattice coupling,” U ,(x) are the lattice
gluon link fields, and

0,u(x) = U, (x)U,(x + W)U (x + 2)UL(x) + U, (x)
X Uj(x = = D)Ul(x = p)U,, (x = )

is the clover term. The Euclidean EMT components are
related to the Minkowski ones by

TOO — Tf4, TO/ - —l’iwfj, Tjk — —TjEk, (10)
for j,ke{1,2,3}. To determine the flavor decomposition
of the pion GFFs into light and strange quark components,

we consider the isosinglet TWV and nonsinglet TL,’W EMT
operators, defined as

Tq.;w = Tu.pw + Td,/,w + jﬁs,ﬂw

fwv,/w = ’Tu,;w + fwd,ﬂu - 2Ts,/w' (1 1)

The quark isosinglet EMT mixes with the gluon one under
renormalization, while the quark nonsinglet EMT does not.
Lorentz symmetry is broken on a discrete hypercubic
lattice, and traceless linear combinations of diagonal
and off-diagonal components of the EMT transform
under different irreducible representations (irreps) of the
hypercubic group. Two different irreps protected from
mixing with lower-dimensional operators are available,

1'(13) and 156) [50,51]. A basis of operators for 1(13> is

A 1,4 A A A

To=5 (Ty1 + T =T33+ Too),

TTm = L (Tu - Tzz), TTm = L (T33 + Too)’
12 \/§ 13 2

(12)

*For the tadpole-improved Liischer-Weisz gauge action used
here, 1/g3 = p(1 —2/5u3)/2N., where u is the tadpole param-
eter, and N the number of colors.
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. 6) .
and a basis for 73 is

o= (4 7 o= (Fys 4 7
9 *_2( 12+ 21), ) 7\/_5( 13+ 31),
o= (T4 T T Ly, + 7
1563—75( 10 + 01), 6 = \/_E( 23+ %2)
T,gsg Z%(Tzo +T02), T,g@ = \;—%(Tso +T03),

(13)

both in Minkowski space. These bare operators must be
renormalized, accounting for mixing between the quark and
gluon operators within the same irrep. In the rest of this
section, we discuss the computation of matrix elements of
the bare lattice operators, while the renormalization and
mixing is discussed in Sec. III.

C. Three-point functions

The three-point correlation functions needed in order
to isolate the bare matrix elements of the operators of
Egs. (12) and (13) are

’;
CRli);(p El tﬁ A T XO? t())
= Ze—ll" X—Xp elA' (y=x9)
X,y
X <)((X, ty + t0)Tre(y. T+ t0)x" (X0, fo)>’ (14)

where R € {1(13), T§6>} and # runs over the corresponding
irrep operator basis. Using translational invariance to set
(X0, tg) = (0,0), the spectral representation of the three-
point function in the limit where (7, —7) < T and ¢, < T
can be expanded as

e
ZZ”*Z}’[
4E” Ey
) Tre(A)|n(p)). (15)
where p = p’ — A. The three-point function contains light-

quark connected, light-quark disconnected, strange (dis-
connected), and gluon terms,

. —E; ‘o (E” E")
CRF,)f(p’twA T

< (i

3 3 3pt,dis 3 3
Cie = 2C 0" +2Cins " + Cp + Cq%f (16)

The spectral decomposition, Eq. (15), holds for each
individual piece,3 allowing the corresponding matrix

T%,;onn + C%pzt,fdisco
and C;2™° does because it is identical to a fully disconnected
three-point function in a partially quenched theory with an
additional light valuence quark, so their difference C?g’;o"" does
as well.

always admits a spectral decomposition,

elements (z(p’)|T iz (A)|z(p)) to be considered separately,
where i € {[°™, [ 5 g}, The factor of 2 multiplying the
[ and 95 terms is due to the identical contributions of
the up and down quarks in the case of the pion.

We apply the summation method [52-54] to extract the
bare matrix elements from the three-point functions. We
first form the ratios

Rirs(P' 153 A,7)
_CRp 1A, 7) [CP(p. 1, — 1) CP(p!, 1) CPP (P, 1)
C™'(p'. 1) C?(p’, t, — 7)C*'(p, 1,)C**(p, 7)
(17)

in which the overlap factors and the time dependence of the
ground state terms in Eqgs. (15) and (5) cancel, up to finite-T
effects. When the source, operator, and sink are well-
separated in Euclidean time, the ratio can be expanded as

(n(0)|Tireln(p))
2@
+O( AET)+O( ~AE/(1 ))’
(18)
where AE and AE’ are energy differences which depend on

A and p’. We then sum the averaged ratios over operator
insertion time for 7., < 7 < t; — 74, to form

lim Rin(p/,ts;A,T> =

ts,(ty—7)—>00

Iy—Teut

Zin(p/v t‘v;A’Tcut) = Z Rin(p/’ t‘v;A’T)

ty — 27 + 1 A
=Pt L ng n(p)

2 JEiE (@) Timel(p))
FAAD) 4O, (19)

where A is a t,-independent function of momenta and &
is an energy difference which depends on A and p’. To
improve the signal, we average within each flavor and irrep
all ratios for choices (¢, p’, A) that correspond to identical
linear combinations of the GFFs up to an overall sign,
which we call “c-bins”. The coefficients of the GFFs in
these linear combinations are defined in Eq. (2), rescaled to

account for the factor of 2 EgEg/ in the denominator of

Eq. (18). The resulting summed averaged ratios are denoted
as X,x.. We further partition these into 25 discrete groups,
denoted as “z-bins”, based on the proximity of their ¢
values, using k-means clustering [55]. We form ¥, for all
contributions to the bare EMT three-point function of
Eq. (16), and fit them to obtain the corresponding bare
matrix elements, ME,%.,. The bare GFFs for each irrep R
and 7-bin are constrained by the system of linear equations
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K4 A2 + K2 D72 = MEz,, (20)

where (K%,,,K2.,) are the (unique) coefficients of the
c-bin corresponding to matrix element ME;%,,, and bold
symbols are vectors in the space of c¢-bins. We discuss the
extraction for each contribution i € {/°™, [9i5° 5 g} indi-
vidually in the rest of this section.

D. Connected quark contribution

The connected light-quark contribution (i = [°°™) to the
three-point function of Eq. (16) can be constructed as

3pteconn/_ s . . .
ClRf (p ,tS,A,T,Xo,to)

= Ze_ip"(x_xﬂ)eiA'(y_X())Tr [SI(XO’ tO’ y’ T + tO)
X,y

X (YD) (¥, 7T+ t0)Si(y, 7+ to; X, t; + to)7s
X SZ(X’ Iy 4 to; Xo, [0)75]7 (21)

<> <>
where (yD)z, represents the linear combination of y,D,

components corresponding to irrep R and basis element 7,
defined in Eqgs. (12) and (13), and S;(a; b) are light-quark
propagators from lattice coordinate a to b. The symmetric
discretized covariant derivative in Eq. (21) acts on the
(y, 7 + t) argument of the quark propagators directly on its
left and right, and shifts them as defined in Eq. (8), which is
left implicit in the equation for simplicity. Quark smearing
at the source and sink is also left implicit. We compute
these on 1381 configurations, separated by at least ten
trajectories, using the sequential source method, inverting
through the sink. On each configuration, we compute
correlation functions for 7 distinct temporal source-sink
separations f,. The number of source positions computed
varies with 7, as tabulated in Table II. For every source
position and sink time, we compute correlation functions
with three different sink momenta, (L/2z)p’ € {(1,0,-1),
(-2,-1,0),(=1,-1,-1)}. We use the full set of 9
operators of Egs. (12) and (13) and all operator insertion
momenta with |A|?> < 25(2z/L)?, and form 500 bootstrap
ensembles from the 1381 source-averaged correlation
functions.

In order to extract the bare ground-state matrix elements,
we first form the summed ratios of Egs. (17) and (19), using
source-averaged three-point correlators and two-point cor-
relators computed on the same set of 1381 configurations.

TABLE II. Number of sources N, for which the connected
quark contribution to the three-point function, Eq. (21), is
computed for each sink time 7.

1 6 8 10 12 14 16 18
N, 6 16 16 16 32 32 32

Ratios are binned as described in Sec. II C, yielding Z¢m

with 708 ¢-bins for 1(13) and 671 for 156) . These are fit to the
functional form of Eq. (19), including the exponential term
(cf. Ref. [56]). To enforce a gap over the ground state, the
log of AE is fit with a prior log AE = log[0.2 £ 0.5], where
0.2 ~ 3E" — E™ is chosen because the first excited state in
the spectrum is expected to be a three-pion state. The other
parameters are fit with wide, noninformative priors. Model
averaging [57-59] with Akaike information criterion [60]
(AIC) weights over different data cuts is employed to
obtain the final estimated matrix element for each c-bin.
The fit ranges averaged over are 7., € {2, 3,4} and 7, ;, <
ty < tgmax> Where £ . € {16, 18}, and 1, ,;, € {6, 8, 10}.
Redundant fits where #; i, < 27, are not double-counted.
Fits with less than five distinct ¢, values are not included in
the pool of values for averaging. More details are provided
in Appendix A 1.

E. Disconnected quark contribution

The disconnected quark three-point function receives a
contribution from the light quark and strange quark terms
of the EMT. These can be written as

3pt.disco /_/ . .
Cs/lRf (p,t‘Y,A,T,Xo,lo)

= —Ze_ip/'(x_x(’)€iA'(y_x“)Tr [S)(Xo. o3 X, 1, + 19)75

X,y
X Si(X, 15 + 103 Xo. 10) 75| T[S, /i (y. T+ 103y, T+ 10)
X (YD) (y. 7+ 19)] (22)

where S;(a;b) is the strange quark propagator. Like in
Eq. (21), the shifting of the quark propagator on the third
line due to the action of the covariant derivative and the
quark smearing at the source and sink are left implicit.
We measure both light and strange contributions on the
same 1381 configurations used for the measurement of the
connected contribution discussed in Sec. II D. We stochas-
tically estimate the trace in the third line of the expression
above using one independent sample of Z, noise [61] per
configuration. We dilute in spacetime using hierarchical
probing [62,63] with a basis of 512 Hadamard vectors,
and compute the spin-color trace exactly. The three-point
function for each configuration is then computed by
convolving the trace estimate with the grid of 1024 two-
point correlation functions described in Sec. II A to obtain a
source-averaged estimate. The result is then averaged over
forward/backward signals and vacuum subtracted. We use
all operators in Egs. (12) and (13), all momenta with |A|*> <
25(2x/L)* and |p’|*> < 10(27/L)?, and all sink times 7, and
operator insertion times 7.

To extract the matrix elements, we fit summed averaged

ratios X2, using the functional form of Eq. (19) with

linear terms only, as the data has insufficient precision to
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FIG. 2. Light (a) and strange (b) quark contributions to the bare disconnected GFFs, shown for both irreps, 1§3) and 1%6).

model excited states. We perform fits to summed ratios
constructed with all 7., > 2, for all ranges of 4 or more
consecutive sink times in the range [f; iy, max]- The

minimum sink time is set to #; ;, = 11 for T@ and 7, i, =7

for 1(13), and the maximum sink time to .« = 24.

These choices are motivated in Appendix A 2. Model
averaging with AIC weights [57] then yields the bare
matrix elements.

Quark matrix elements that are well-defined under
renormalization can be constructed by forming the non-
singlet and isosinglet combinations defined in Eq. (11),
combining the appropriate connected and disconnected
components. Unlike the connected three-point function
dataset, the disconnected data includes all values of f,,
which, with the momenta A and p’ defined above, yield a

total of 2179 c-bins for irrep T<13), and 1185 for irrep Tg6>.

Combining the connected and disconnected data at the level
of c-bins would thus involve discarding a considerable
fraction of the disconnected data for which no correspond-
ing connected results were computed. Instead, the bare
disconnected matrix elements are first fit using Eq. (20) to
yield the bare GFFs* AT508  prdcal Am8 and D7y,
with results shown in Fig. 2. These are then used to
reconstruct improved estimates of the disconnected matrix
elements MEY - ~and ME,,, matching the subset of
c-bins that are available for the connected quarks. The
resulting matrix elements are combined at the bootstrap
level with the connected ones, to yield the nonsinglet and
isosinglet operator matrix elements, which are renormal-
ized as discussed in Sec. IV.

4 4 m,disco,B __ n.disco,B
Au+d,Rr - 2A1Rt

u + d subscript.

, and similarly for all quantities with a

F. Gluon contribution

The gluon contribution to the three-point function of
Eq. (16) can be computed as

3
Cg%tf(p/’ I Av 7, X, tO)

= Ze—ip/.<X—Xo)eiA'(y—Xo)Tr [SI(X07 o5 X, I, + [0)7/5
X.y

X 8;(x, t; + to; Xo, fo)}’s}Tf [Tng(y,r + fo)]’ (23)

where Tgw is the gluon EMT projected to the basis defined
in Egs. (12) and (13). Quark smearing at the source and
sink is left implicit. Gluon operators are computed on 2511
configurations, with the gauge fields first subjected to 200
steps of Wilson flow [64—66] up to flow time g0, /a*> = 2
in order to reduce noise due UV fluctuations. The three-
point functions are formed as with the disconnected quark
contributions, averaging over 1024 sources on each con-
figuration, vacuum subtracting, and using all momenta with
|A]> <25(27/L)* and |p’|* <10(27/L)?, and all sink
times #; and operator insertion times .

We fit the resulting summed averaged ratios ing fitting
the linear term only as in the case of the disconnected
bare matrix elements. We perform fits to summed ratios
constructed with 7., > 4, avoiding contact terms due to
the extension of the flowed operator definition, and to all
ranges of ; of length 4 or more in the range [ yin. f5.max)-
As motivated in Appendix A3, we take f;.x = 25
and choose different values of ¢, ;, for different r-bins
due to differing extents of excited state contamination.
Model averaging with AIC weights [57] yields the bare
matrix elements used to produce the renormalized GFFs
of Sec. IV.
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III. RENORMALIZATION

In order to obtain renormalized GFFs A7(r), D7(t) for
i€{g,u,d,s}, we need to compute the renormalization
coefficients of ?g-,/w’ T,“w, and T We consider a
renormalization scheme defined in the chiral limit where
SU(3) isospin symmetry is exact. In this case, the non-
singlet operator TWD is protected from mixing with the
gluon operator, and therefore can be multiplicatively
renormalized as

PNTR

?ﬁ,ﬂu (.uz) = Zf (ﬂzv /"%?)’fﬁﬂv </"%€)’ (24)
where Tf,m, and Tﬁm denote the renormalized and bare

operators. ZR (4%, %) denotes a factor that renormalizes the
operator in a renormalization scheme R, and runs the result
from scale up to scale p.

In contrast, the isosinglet quark and gluon EMTs mix
under renormalization, and renormalized operators in
scheme R can be defined as

7R R R 7B

(15 )orr- (% )12 Yo
A - ' MR A R
Tg,;w qu Zgg Tg,;w

(25)

To determine the renormalization factor in Eq. (24) and
matrix in Eq. (25), we first compute the renormalization
coefficients of each irrep in the RI-MOM scheme [67,68],
match them to MS, and run to the scale x*> = (2 GeV)?.
This is the scheme and scale in which we present the
renormalized quark and gluon GFFs in Sec. IV. The
matching and running is equivalent to multiplication by
Cl_z_l/m(
ij

the conversion factors u?, %) computed to 2-loop

order in @, = ¢*>/4n in Ref. [69]. The inverse nonsinglet
renormalization factor can be expressed in terms of the
RI-MOM nonsinglet renormalization coefficient R¥), with

Re {T<13), rg6>} as

(Z5)" (12) = 2 ™S (2, 42)RRL (12),  (26)

while the inverse of the isosinglet matrix can be written as’

>In our convention, the matrix CSI/ s of Eq. (27) is the inverse

of CRI" defined in Ref. [69], setting to zero mixing with operators

that vanish in matrix elements of physical states [70]. In Eq. (26),
RI/MS RI/MS -RI/MS _ RI/MS -RI/MS | ; -RI/MS
Co IS = |qu/ ng/ - ng/ ng/ |/ ng/ .

MS MS \ -1 RI RI
(quR quR ) (ﬂz) - (quR ngR ) (/ﬂ )
MS MS - RI RI R
5% 2 quR RggR

9qR ggR
RI/MS RI/MS
(qu/ ng/
X

- | (P pR).
RI/MS RI MS)
e chy

(27)

In the remainder of this section, we discuss the details of this
calculation, which proceeds through the following steps:

(1) For each irrep R, we compute the five different

RI-MOM renormalization coefficients that appear in

Egs. (26) and (27), R} and RY! with i, j€{q, g},

using renormalization conditions defined in Sec. Il A.

(i) The resulting RI renormalization coefficients are

multiplied by the conversion factors to form the

nonsinglet contribution RRICRY MS and the eight
isosinglet contributions arising from the matrix
multiplication in the right hand side of Eq. (27),

BRI ARI/MS . S
RYIC jk/ , where no summation over j is implied.

The tilde notation indicates that the terms computed
are equal to RRICR/™S and R%IC?,CI/ MS up to lattice
artifacts. _ _ _
(iii) We extract RRICRVMS and RFJIC?,(I/ MS from RRICRI/MS
R%IC}{,CI/ MS by modelling the dependence of the
latter on lattice artifacts, as discussed in Sec. III B.
The results are combined to obtain the isosinglet
MS renormalization matrix of Eq. (27) and the non-
singlet renormalization coefficent of Eq. (26) for

each irrep R.

The RI-MOM renormalization coefficients are computed
on ensemble B with parameters as in Table I. While it
would be preferable to compute these on ensemble A to
match the bare matrix elements presented in Sec. II, far
greater statistics than can be practically obtained would be
required to make their extraction possible on that ensemble.
However, comparison of other renormalization factors on
these ensembles [71] suggests that the resulting systematic
uncertainty is no more significant than the other unquanti-
fied uncertainties in this calculation using a single ensem-
ble of gauge fields.

and

A. RI-MOM

The RI-MOM scheme [67,68] defines renormalization
coefficients by imposing, in a fixed gauge, that amputated
forward-limit three-point functions with incoming fields
of four-momentum p are equal to their tree-level values at
some energy scale u% = p. For each irrep, four such
renormalization conditions are needed to solve for the four
coefficients of the mixing matrix in Eq. (25), and an
additional one is needed to fix the renormalization of the
nonsinglet operator.
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Bare three-point functions for the flavor-singlet quark
and gluon EMT operators can be constructed with either
light quarks or gluons as the external states as

l//w Ze”” < <l// y)l//u( )>
X,).Z
1;wa/)’ Zell’ e <Tr (1 A/) i,;w(y)>9 (28)
X,).Z

where the subscript i € {g, ¢} denotes the type of operator
and the superscript denotes the type of external fields. The
variables in the equations above, and in the rest of this
section, are written in Euclidean space. The gluon fields are
computed from link fields U, (x) fixed to Landau gauge and
can be expressed up to discretization effects as

= YA+ ap2),
A, (x+ap/2) = {U (x) = Uji(x)
_ NLTr(Uﬂ(x) - U;(x))} : (29)

where N, = 3, and i is a unit vector in the yu-direction. The
bare light quark and gluon propagators needed to amputate
the three-point functions are expressed as

§ eiP(x=y)

S95( Zew NTr[A,(0)A()]). (31)

X)w(y)). (30)

These are renormalized by

SR (uz) = Z,(uz)S4(p* = ug).
SER(UR) = Z,(u3)S5s(p* = u). (32)

(33)

- a . (p
Py = —sin (ﬁ), (34)

l
2\
Zq(/"R) = 4Ncﬁ2

We consider the amputated three-point functions,

Cl®(p?) = (S9(p?)~'cl,(p )(S (PH)",

Cflﬁ%(pz) (Sga( )) lcl ;wa/}/ )_1’ (36)

( ﬁ’ﬂ
where summation over repeated indices is implied. The
tree-level value of the amputated three-point functions
with a gluon operator and quark external states or a quark
operator with gluon external states are equal to zero at
p? = p%, while CZ;," is set equal to

Yes. ()

1, .
==(Pur, + Pury) — 2

AL(P) =5

at p*> = u%, and C

7 ﬂmﬂ is set equal to

N1 . ..
szaﬁ(p) = CT (2pﬂpy5a/} - p(lpyay/)’ - p(lpyéﬂﬂ
pﬂpyéya + papﬁ’5

- 5ay5ﬂ/4)) (38)

- p ﬂp yé/m
- pZ (505,55/41/ - 50(;15,51/
at p?> = u3. To isolate the gauge-invariant part of the gluon
three-point function, which is proportional to the first term
of Eq. (38) [72], the momenta and indices must be chosen
such that p, =0, a = f, @ # u, and a # v. The Landau-
gauge gluon propagator is not invertible, but for this choice
of four-momenta p it takes a block diagonal form of an
invertible and a noninvertible piece; for this choice of
indices, only the invertible part is needed to amputate the
three-point function.

The RI-MOM renormalization coefficients can be
obtained by solving the following system of renormaliza-
tion conditions:

Cu"”
RES0) =
qq\F’R
ZyNi 52—
g,amp
RRI( 2) T guvap a=potu.aty
g9 ﬂR Z A )
9 Mwap | pa=0,p*=pf
g.amp _
RRI( 2) B Cq;w(l/f a=p,a#u.a#v
a9\1R) = 7 A7 s
9" el pa=0,p"=pp
Cq ,amp
RI/, 2 e ad
qt vl pr=py

The leading-order O(a) correction to A, (p) calculated
in lattice perturbation theory [73,74] is

-\ PuDy 1
5/\2”([7) ;2 - Z iﬁé‘/w' (40)

It can be removed by projecting the three-point functions
CT™™ for i€ {q, g} to the AL, (p) space. To accomplish
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this, an inner product (-, -) is introduced on the space of
tensors with two Lorentz and two Dirac indices [75], and
the renormalization conditions for RY} and R}y are recast as

the matrix equations
<Ciq,amp’A‘1> _, (A9, A9) (A9, A7)
(cr™™ sAq) ) T\ (AT, 6AT)  (SAT,5A9)

< g >
iq

X , (41)
RI

SRR

which are solved for RY with i € {g, g}.

To reduce statistical fluctuation in the computation of the
renormalization factors involving gluon external states, one

can substitute [29,76]
1 NZ-1 ( p p)
o (0 - T5t) @)
Zy(p?) 2p* \" p?

<Tr[A/4 (p)Ay(_p)]> =

for one of the gluon propagators in the denominator of the
amputated three-point functions. This cancels the depend-
ence of Eq. (39) on Z,.

The renormalization condition for the nonsinglet con-
tribution is

i »amp

R (uz) = | (43)
K ZNl e

where C7," is the amputated three-point function of the

nonsinglet operator defined in Eq. (11). We project out the

leading order lattice artifact of Eq. (40) for RR! using the same

approach as in the case of Ry and RY; described above.

B. Fitting of renormalization coefficients

The quantities RRICY/ VS and R}-}IC?;/ M5 formed by

multiplying the computed RI-MOM coefficients [Egs. (39)
and (43)] by the matching factors, have a residual depend-
ence on (ap)?, as well as on invariants of the hyper-
cubic group, due to nonperturbative effects, lattice artifacts,
and discretization effects. The MS renormalization factor
contributions RRICR/MS and RE-IC?,{I/ MS are obtained from
the above quantities by fitting and subtracting this
contamination.

Rather than modeling and fitting hypercubic breaking
effects, the data is restricted to the subset for which O(a?)
hypercubic artifacts are expected to be suppressed by
cutting the momenta on “democracy” dem = p*l/(p?)?
[77], where

4
p=> bt (44)
i=1

For the three-point functions with external quarks, the cut
dem < 0.3 both results in acceptable fit quality and retains
sufficient data to allow several thousand fits to be per-
formed to different subsets to assess the systematic uncer-
tainties, as discussed in the following subsections. For the
three-point functions with external gluons, there is the
additional constraint that p, = 0, where a is the Euclidean
vector index of the external gluon fields. This reduces the
number of available momenta with low democracy, so the
cut for these varies between 0.4 and 0.5 instead, as is
discussed case-by-case in the following subsections.

The remaining (ap)? dependence of the renormalization
factors (i.e., due to lattice artifacts and nonperturbative
effects) can be modeled as

- MS, 5. S
Rz'zjlc,l/‘zkl/M (a*p?) = P, (a*P*, Rio. Ry, Rya. ...)
1 = - -
+ Pni(a?p*. Ryg. Ry1. Ry ...)
+ Pi(a®p* Ry, Ry1. Ryp. ...).  (45)

with P, being the polynomial function
n

P,(x,Y,Y,, Y3,.,,):ZY,x’, (46)
=0

Pi¢ the polynomial of a logarithm
PrE(x, Y1, Y5, Y5, ...) = P,(log(x), Y1, Y5, Y3, ...),  (47)

and PI™ the inverse polynomial

. 1
P (x, Y, Y, Y5, ...) = . 48
" ( ] 20 ) Pn('x’YlaY27Y37"') ( )
The renormalization component R}}IC?,{I/ VS can be extracted
from Eq. (45) as
MS = ~ 1
RRICHMS = Ry + Ryg + o (49)
30

Different R parameters for each (i, j,k) in Eq. (45) are
implied, and an identical equation can be used to model

RRICRIUMS Iy practice, we find that simultaneously includ-

ing all P, , P, and P terms leads to overfitting. The
different renormalization terms are instead modeled by
different combinations of P, , Pifzg, and Pj;‘}v, according to
which momentum dependence(s) is (are) dominant.
Specifically:
(i) Logarithmic terms (Plfzg) are included only for the
renormalization terms that are multiplied by the

flavor off-diagonal C?j]/ s for i #j. In all such

cases, we find that a polynomial with n, =2 is
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sufficient to describe the data, and that including

higher-order terms leads to overfitting. Logarithmic

terms are not included for the renormalization
coefficients multiplied by the flavor-diagonal

C?jl/ M5 because the logarithmic dependence for
those terms is a subleading correction to the match-
ing coefficient.

(i) Polynomial terms (P, ) are included for renormal-
ization coefficients multiplied by the flavor-diagonal
CI;I/ MS (including the single isovector contribution),

excluding those with unflowed external gluon fields,

as discussed below. Including polynomial terms for
coefficients multiplied by the flavor off-diagonal

CSI/ MS does not alter the final results, since the

logarithmic dependence dominates for these terms.
We find that setting n; = 1 in the polynomial is
sufficient, and including higher-order terms yields
orders-of-magnitude smaller AIC weights.

(iii) The inverse polynomial term (Pi,{gv) is included in the
fit ansatz for all renormalization coefficients with
unflowed external gluon fields. This is necessary
because of the strong discretization artifacts of
the gluon propagator in the denominator of these

|

Cire(P?) =Y ey, ()i

X, .2

Clre(P?) =D e (w, ()

coefficients, when it is constructed from unflowed
link fields. The parameters of the inverse polynomial
term are always chosen such that the term is
monotonic in the (ap)? region in which the data
is fit. The degree of the polynomial n; used is
different between the different coefficients, and is set
to be the integer that yields the highest p-value for
each fit. Consistent results are obtained when
including several different choices of n; in the
model averaging.

Further details are provided in the following discussions for

each renormalization coefficient.

C.R, and R,

The renormalization condition for RRL, Eq. (43),
depends on the three-point function of the nonsinglet quark
EMT, projected to the Euclidean version of the correspond-
ing irrep R basis of Eqgs. (12) and (13), with external u
quark fields. Before amputation, this can be expressed for
operator ¢ as

Clre(P?) = Cigs(P?) + Cip,(p?) = 2ClR (p?),  (50)

where

) D) ()7 (2))

{3 ID) e a0 (2)),

Clrs(P?) = Ze"”“‘z)<v/u(X)l/‘/x(y)(yg)w(y)ws(y)u‘/u(Z)>, (51)

and x, y, z, p are four-vectors. The u three-point function results in a connected and a disconnected contribution

Clrr(p?) = 3 e ITe[S)(x.3) (D) s (1)1 (3. 2)] = € PU=ITe[S) (x, DITE[(1D) s (NS (3. 1)), (52)

X).Z

X, Y2

where [ = u/d, while the d and s three-point functions are disconnected

Cls(p?) = =3 ePE=ITe[S,(x, 2)]Trl(yD) s (1) S1(v. )]

X,z

Clas(p?) = =3 ePITH[S) (x, )] Te[(1D) s (¥) S, (v )] (53)

XY,z

The connected contribution is computed using the sequen-
tial source method, inverting through the operator, on 240
configurations of ensemble B. The light and strange
disconnected contributions are computed on 20000
configurations, using hierarchical probing [62] with 16

Hadamard vectors and Z, noise [61]. Both connected and
disconnected contributions are formed using quark propa-
gators computed on Landau-gauge-fixed configurations,
and projected to all momenta with 4-wave vector compo-
nents n, such that I < n, <5. Uncertainties are propagated
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FIG. 3. The computed contributions REICI,}I/ MS (), RRICI,};/ MS (b), and RE}ICE;/ MS (c) are shown as empty markers for irreps TE ) (blue)

a9

q

and Tgﬁ) (orange). Fits to various sets of points are performed as described in Sec. III C. The model-averaged fits to the data are shown as

bands, and the resulting estimates of the renormalization contributions Rl;ICl;I/ MS RRICE;/ MS " and RS;CI(E/ MS

markers at (ap)? = 0. We note that R%Cg}/ s

logarithmic terms in the model ansatz, as described in Secs. III B and III C. The markers for 7,

for visibility.

using bootstrap resampling with 200 bootstrap ensembles,
and are dominated by the disconnected contribution.
RRICRVUMS for cach hypercubic irrep is extracted by

fitting a linear model [P, in Eq. (45)] to RRICYY MS s

shown in Fig. 3(a). The results for each operator £ within
each irrep are averaged to improve statistics. Fits are
performed to all possible sets of 4 or more points with
3<a’p? <9, and all fits with p-value > 0.01 are model
averaged based on their AIC weights.

RI
Rqu

renormalization condition of Eq. (39) using the three-point
function

is constrained by solving the corresponding

a4 are shown with filled

(c) does not correspond to the fit band continued to (ap)? = 0, due to the presence of

) are shifted slightly on the horizontal axis

Cire(P?) = Cigy(P?) + Cigs(P?) + Clr,(p?).  (54)

which also receives a connected and a disconnected
contribution. Its computation proceeds as that of R}
discussed above. It contributes to the MS renormalization
matrix of Eq. (27) in two ways: through RgéC?,I/ M5 and
RE;CI;;/ f The fitting procedure applied to extract
R%C];;/ MS is identical to that of REICEI/ MS and the
corresponding results are shown in Fig. 3(b). R%Cg;/ MS
is modeled using a logarithmic ansatz [Py in Eq. (45)], as
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FIG. 4. The computed RRICSY/ VS (2) and RRiCsY S (b), and their corresponding fits, performed as discussed in Sec. Il D. The

notation is the same as in Fig. 3. We note that RRICH/™®

(b) does not correspond to the fit band continued to (ap)? = 0, due to the

presence of logarithmic terms in the model ansatz, as described in Secs. III B and III D.

discussed in Sec. III B. The same fitting and averaging
scheme as for RRICR/™S and R];;C};:/ M are used, with the

data and fits presented in Fig. 3(c).

D. R,

We calculate RgRqIR on 20,000 configurations of ensemble
B by forming vacuum-subtracted three-point functions of
the gluon EMT projected to irrep R with external quark
propagators. The operator is constructed using gluon link
fields flowed to #q,y,/a> = 1.2 to match the physical scale
of the flow radius used for the bare gluon operator on the
finer ensemble A of Table I, as detailed in Sec. I F. The
quark propagator calculations are as in Sec. III C. When
solving the renormalization conditions of Eq. (39) for each

irrep, we average all operators . RI;;C%/ VIS is modeled by a

linear fit [P; in Eq. (45)], as shown in the left panel of
Fig. 4. R‘;;C?;/ MS " shown in the right panel, is modeled by
a logarithmic ansatz [PY® in Eq. (45)], as discussed in
Sec. III B. The fitting ranges and error propagation via

bootstrapping and model averaging are the same as for the
fits described in Sec. III C.

E. R,

qug is calculated on 20,000 configurations, using three-
point functions formed by the disconnected singlet quark
operator computed as described in Sec. III C. The gluon
propagators are formed as defined in Eq. (31) for the
diagonal indices o = f using gluon fields computed from
Eq. (29), and are projected to all four-momenta p = 2zn/L
that are subject to the constraints ”nﬁ <36, n, =0,

and dem <0.5. We form RE} in two ways, using gluon

propagators computed on gluon link fields that are either
flowed (to t5,y,/a’> = 1.2) or unflowed before gauge fixing.
The two approaches are expected to have different dis-
cretization artifacts, but to give consistent results once the
(ap)? dependence has been fit [29,78]. In both cases,
within each irrep we average all operators and gluon field
polarizations a that yield the same RY:(a?p?) as defined in
the renormalization condition of Eq. (39).

R?;C_IE/ VS formed with unflowed external gluon fields is
modeled by Pi2nv of Eq. (45), as discussed in Sec. III B. For

RRICR/™MS formed with flowed external gluon fields, we
find that the discretization effects become milder with
increasing flow time, and are well-described by a linear fit
[P, in Eq. (45)] when tg,,,/a®> = 1.2. The fitting of both the
flowed and unflowed versions yield consistent results for

RRICS/™S and the final result is obtained by combined
fits to both, sharing only the constant parameter. Fits are
performed to all p with P, < P < Pmaxs varying the
boundaries to all points between 1.5 <a?p2. <3.5
and a’p. < 7.

R%CQR;/ MS with unflowed external gluon fields similarly
demonstrates beyond-linear discretization effects along
with logarithmic dependence, and is found to admit
high-quality fits when the ansatz Py + P of Eq. (45)
is used, as discussed in Sec. III B. The equivalent quantity
formed with external gluon fields flowed to tq0,,/a®> = 1.2
demonstrates primarily logarithmic dependence, and only
P12Og is included in the model, as discussed in Sec. Il B. We

RI/MS . '
extract R%ng/ from model averages over combined fits

to the flowed and unflowed RRIC%/ s

79 using the same fit
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FIG.5. Data for RRICE™® (a) and RRICE™®

(b) with unflowed external gluon fields are shown with empty markers, while the flowed

ones are shown as empty diamonds. The two sets of data are fit simultaneously as described in Sec. III E, and the extracted values for

RRICE/MS and RRICR/™S for each of the two irreps are shown as filled markers at a?p? = 0. We note that RRICK/™® (b) does not
correspond to the fit bands continued to (ap)? = 0, due to the presence of logarithmic terms in the model ansatz, as described in

Secs. III B and IIT E.

RI/MS
ranges as for RRICH

shown in Fig. 5.

. The data and averaged fits are

F. R,

We calculate RY; on 20,000 configurations by forming
vacuum subtracted three-point functions of the flowed
gluon operator with external gluon propagators. The
computation of the gluon operator is as described in
Sec. IIID and of the gluon propagator as in Sec. IIIF.
As in Sec. IIIE, we form RY using external gluon fields
that are either unflowed or flowed to #;,,,/a> = 1.2. In both
cases, we average within each irrep all operators and gluon
field polarizations a that yield the same RRXl(a”p?) as

defined in the renormalization condition of Eq. (39).

Similarly to the case of Rg;CgR;/ VS described in Sec. TITE,

RI/MS

the flowed version of RRICg,/™ demonstrates primarily

logarithmic dependence and is fit using Py% of Eq. (45),
while the unflowed version has strong discretization effects

and is modeled using PY® + PV, as discussed in Sec. I11 B.

RRICS/™S s obtained by combined fits to both versions,
with the same momentum democracy cut and fit ranges as
in Sec. IIT E. The results are shown in Fig. 6(a).

As discussed in Sec. T B, RRICH™S with unflowed
gluon fields as the external states is fit using Pi3“", using the
same democracy cut as the results above, but with 1 <
a’p?. < 2. Restricting the fit to start at small momenta is
found to be necessary due to the strongly decaying behavior.

RI/MS

The flowed version of RRICy/™" is well-described by a

linear model [P, of Eq. (45)] when restricted to the dataset

with momenta of dem < 0.5 and a’p2. > 2. RQRJC%/ MS is
extracted from a combined fit to both versions, with the
results shown in Fig. 6(b).

G. Renormalization factors

The final results for the isosinglet and gluon inverse MS
renormalization matrices of the two irreps are

oV RMS = 1.056(27),
RMS — _0.169(22),

% RMS — 1,039(28),
RMS — _0.180(23),

RYS = 0.067(71),
RMS = 1.68(18),
RYS = 0.081(19),

RMS = 1.625(48). (55

We note that the large values for RZ? which contribute to

small values around 0.6 for the corresponding component

of the inverse matrix Z)°, are due to the flowing of the
gluon operator; the bare gluon GFFs also increase with
increasing flow time, which is compensated by the decreas-
ing renormalization coefficient.

The results for the nonsinglet MS renormalization

coefficients are

oV RMS = 1.067(29),

7%: RMS — 1.066(21). (56)
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FIG. 6. Data for RRICH/ YIS (2) and RRICRVMS (b), and corresponding fits performed as described in Sec. III F. The notation is the same

99

as in Fig. 5. We note that RRICE;/ s (a) does not correspond to the fit bands continued to (ap)? = 0, due to the presence of logarithmic

99
terms in the model ansatz, as described in Secs. III B and IIT F.

IV. RENORMALIZED RESULTS

The procedure described in Sec. II yields a set of
measurements which constrain the bare 2-dimensional

vector of GFFs G7;2 for each irrep R € {753),7g6)} and
flavor i € {q, g, v} separately as
B

KRIG;[RI = MEisz (57)
where ME 5, is the c-dimensional vector of matrix element
fits extracted from the lattice data using the summation
method, and K, is the kinematic coefficient matrix written
as a (¢ x 2)-dimensional matrix in the space of ¢-bins and
pion GFFs.

For i € {q, g}, the bare GFFs are defined in terms of the

renormalized GFFs, G7, as

B __ MS (7
GiRt_ E : RinGjt’

ji€{a.g}

(58)

where R%‘% are the components of the renormalization
matrix with values listed in Eq. (55). Since both irreps are
expected to yield the same G7, after renormalization, they
can be fit simultaneously, with the individual irrep renorm-
alization coefficients used as inputs in the fit. We therefore
recast Egs. (57) and (58) into a single linear system for
both irreps

RKMSG” = ME,, (59)

where

(60)

VS
RS .00,

VS
’ RS K o,
1

97, 1

MS MS
R <6)K“’)z R™ K

(6)
aq7y) T t

q9ty” T3

MS _
RK™ = - - (61)
R (3>K 3) R (3)|K 3)

gqr,’ Tt ggr,” Tt

RS Ko RMS, K
gary) Tt ggl) Tt

We fit Eq. (59) for GF by minimizing

7 = (RIKSG7 ~ ME,)"

x Cov(ME,)™' (RKMSG? — ME,),  (62)
where Cov(ME,) is the covariance matrix of the matrix
element fits for momentum bin ¢, computed from the
bootstrap samples, and RKMS is assumed to be Gaussian
with the mean and covariance determined by the RI-MOM
fitting procedure of Sec. I1I. The solution takes the analytic
form

Gr = [RKMS"Cov(ME,)'RKMS] ™"

x RKMTCov(ME,)"'ME,, (63)

114504-14



GRAVITATIONAL FORM FACTORS OF THE PION FROM ... PHYS. REV. D 108, 114504 (2023)

051 % monopole 0.007 monopole
; i i z-expansion ~0.051 z-expansion
> 041 =
3 ! ﬁi 2 —0.10
© t i§ S
103 by b i I =015 }
v { { % % } % | {
< 020
LE/ 0.2 { [ L } } i
- S -0.251 }
2l i
< o0l ~030 }
0.0 -0.351 l
000 025 050 075 1.00 125 150 175 2.00 000 025 050 075 1.00 125 150 1.75 2.00
—t [GeV]2 —t [GeV]2
¢ monopole 0.001
$ .
0.41 ] z-expansion
. N 0.5
> fa >
[}
i _
2 031 s, . g 0.10
Iy i;{h?ih} 1 —015; % ] l
2] %)
|§02 } Lz/—ozo t ﬁ}}h H
- - { ot
% ol § -0.25 § ; !
—0.30 % i { } monopole
00{ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ _03sL. | | | | | | z-eXP‘answn'
000 025 050 075 100 125 150 175 2.00 000 025 050 075 1.00 125 150 175 2.00
—t[GeV]? —t[GeV]?
% monopole 0.0
0.5 §§ z-expansion 01l { 1
3 044 ﬁ}} 3 -02 i # % %
N } ™ }
I ;! I o3 {
= 03/ Py % 2 i
£ t |m
= } H = 04
0.2
§0 g —0.51
—0.61 monopole
0.04 _07 | Z-eXpansion
000 025 050 075 100 125 150 175 2.00 000 025 050 0.75 1.00 125 150 175 2.00
—t [GeV]2 —t [GeV]2

FIG. 7. The isosinglet (top), nonsinglet (center), and gluon (bottom) GFFs of the pion renormalized in the MS scheme at scale
u =2 GeV. The A7(¢) form factors are shown on the left and the D7 (¢) on the right. Fits using the monopole model of Eq. (64) and the
z-expansion of Eq. (65) are shown, with fit parameters collected in Tables III and IV.
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notation is as in Fig. 7.

and the errors are determined using Gaussian error propa-
gation. This circumvents the d’Agostini bias [79] by
neglecting additional correlations between renormalized
constraints induced by common factors of RZ[%

For the renormalized nonsinglet GFF for which mixing
is not present, we follow a combined irrep fitting procedure
that is a Bayesian version of the “penalty trick” [79], and
was introduced in Ref. [30] for the renormalization of gluon
GFFs when mixing with quarks is assumed to be negligible.

For a detailed discussion of this procedure, see Appendix 6
of Ref. [30].

A. Pion gravitational form factors

The results for the combined-irrep isosinglet and non-
singlet pion GFFs renormalized in the MS scheme at
u = 2GeV are shown in Fig. 7, along with correlated fits
to the data points using the n-pole model

a

F,(1) = mq (64)

0.001
. —0.051
>
(9]
O —0.101
N
I
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= —0.251 %
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S 030 }
- monopole
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The light quark « + d (top) and strange (bottom) GFFs of the pion, renormalized in the MS scheme at scale 4 = 2 GeV. The

where @ and A are free parameters. We set n = 1 (mono-
pole), which we find to be the choice that yields the highest
p-value for all GFF fits. We test model dependence by also
using the z-expansion [80]

Kinax
F.(1) =) alfz(n)], (65)
k=0
where
o \/tcut_t_\/tcut_t()
Z(t) B \/tcut —t+ \/tcut - tO ’ (66)
o= tau(1=y/1+ 2 GeVP /1), (67)

to = 4m2, oy are free parameters, and we set kp,, = 2.
The nonsinglet GFFs are more precise than the isosinglet
ones, due to the cancellation of correlated noise between
the light-quark and strange disconnected contributions, and
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TABLE III.  Fit parameters of the monopole and z-expansion
parametrizations of the t-dependence of the pion GFFs A7(r)
renormalized in the MS scheme at scale u = 2 GeV.

Monopole a A [GeV] y?/d.of.
A;’(t) 0.546(18) 1.129(41) 0.9
Ax(1) 0.481(15) 1.262(37) 14
AZ(1) 0.4276(78) 1.300(22) 1.2
z-expansion a a a y?/d.of.
A%(1) 0379(15) —0.551(31) —037(11) 1.0
Ax(1) 0353(12) —0430(25) —0.271(89) 1.5
A (1) 0.3187(60) —0.359(15) —0.205(45) 1.0

due to the fact that they do not mix with the less precise
gluon contribution. The analogous results for each quark
flavor, i.e., the light-quark (u + d) and strange (s) con-
tributions, are presented in Fig. 8, while Fig. 9 includes a
comparison of the gluon and different flavor quark mono-
pole fits. The gluon GFFs are fit using the monopole and
z-expansion models, while the light quark and strange
GFFs and their fits are determined by taking linear combi-
nations of the isosinglet and non-singlet components as

2 1
GE4(1) = 5G5(1) + 3 GE().

Gi(1) = 363() - 3 G1(0). (68)
The parameters of the monopole and z-expansion fits are
shown in Table III for A7(¢) and Table IV for D?(z). In
Fig. 10, we present the renormalization scheme and scale
independent total GFFs A”(r) and D" (¢), obtained by sums
of the corresponding isosinglet and gluon GFFs. A com-
parison between the light, strange quark, and gluon con-
tributions is shown in Fig. 9.

u+d
051 ¢
—_ S
S 04
go
[q\|
I
203
£
=
02
S
= 0.1
0.0
000 025 050 075 100 125 150 175 2.00
—t [GeV]2

TABLE 1IV. Fit parameters of the monopole and z-expansion
parametrizations of the r-dependence of the pion GFFs D7(r)
renormalized in the MS scheme at scale 1 =2 GeV. We note the
high y?/d.o.f of the D%(¢) fits, which are due to three data points
fluctuating away from the trend of the curve, as seen in the center
right panel of Fig. 7.

Monopole a A [GeV] y*/d.of.
Dx(1) —0.596(65) 0.677(65) 12
Dx(1) ~0.304(26) 1.44(21) 1.0
Dr(r) ~0.322(12) 1.286(76) 3.4
z-expansion a o a y?/d.of.
Dx(1) ~0.265(14)  0.682(71) —0.38(36) 1.2
Dx(1) —0.244(11)  0251(56) 0.61(30) 0.9
Dx(1) ~0.2483(60) 0308(27) 038(12) 3.5

While the joint fits discussed above have good fit quality,
when alternatively solving for the flavor-singlet GFFs using
the two irreps individually instead of performing a com-
bined-irrep fit as shown in this section, we find some
tension between the two irreps for the results of D7(t). The
individual-irrep results, along with a discussion of this
observation, are included in Appendix B.

B. Forward limits

Our results for the flavor decomposition of the momen-
tum fraction and D term at scale y = 2 GeV in the MS
scheme using the monopole and z-expansion fit results of
Tables III and IV are shown in Table V. A7(0) is consistent
with results obtained in a previous study of the gluon GFFs
on an ensemble with m, = 450 MeV [29,30], and with
a lattice extraction [33] in the forward limit with Ny =
241+ 1 flavors at quark masses corresponding to the
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FIG. 9. Pion GFF flavor decomposition using the monopole model of Eq. (64), with fit parameters shown in Tables III and IV.
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FIG. 10. The scale- and scheme-independent total GFFs of the pion, obtained by summing the gluon and quark contributions. The red
bands show the next-to-leading order (NLO) yPT prediction for the low |z| region, using a range of estimates for the low-energy

constants, as presented in Ref. [16].

physical pion mass. Our result for A7(0) is however smaller
than the result found in Ref. [33]. In contrast, we find a
slightly larger contribution from gluons than from quarks to
the momentum fraction of the pion at y =2 GeV. The
separate quark-flavor contributions, A%, ,(0) and Af(0),
are also smaller than those found in Ref. [33]. A possible
explanation could be that the latter were computed on an
N;=2+1+1 ensemble at the physical quark mass,
while our results were obtained on a single ensemble at
m, ~ 170 MeV and could not be extrapolated to the
physical point. Our results for A7(0) are also larger than
what was found in Ref. [31] after extrapolation to the
continuum limit. Our results for the total momentum
fraction are slightly larger than the sum rule predic-
tion, A”(0) = 1.

TABLE V. The flavor decomposition of the momentum fraction
and the D term of the pion, obtained from the monopole and
z-expansion fits to the pion GFFs, renormalized at 4 = 2 GeV in
the MS scheme, with parameters shown in Tables III and IV.

Monopole z-expansion
AZ(0) 0.546(18) 0.546(22)
AZ(0) 0.481(15) 0.485(18)
A7, ,(0) 0.463(11) 0.468(12)
AZ(0) 0.0176(57) 0.0174(66)
A7(0) 1.026(23) 1.031(28)
D73(0) —0.596(65) —0.618(75)
D7%(0) —0.304(26) —0.242(53)
Dz, ,(0) —-0.313(17) —0.265(36)
DZ(0) 0.0092(94) 0.023(19)
D*(0) —0.900(70) —0.860(92)

The total D term obtained is consistent with yPT when
the first chiral-symmetry breaking correction [16], which
for the quark masses of this ensemble is estimated to result
in D7(0) ~ —0.96, is taken into consideration, and smaller
in magnitude than the leading-order chiral limit prediction
of D7(0) = —1. Our result for D(0) is statistically con-
sistent with the result found in Refs. [27,28], which was
computed from several ensembles at heavier pion masses
and extrapolated to the physical point, neglecting quark
disconnected contributions and mixing with the gluon
EMT. We find D7(0) to be smaller in magnitude than
the result at m, ~ 450 MeV neglecting mixing with quarks
found in Ref. [30], [-0.793(84)].

Interesting physical comparisons can be made by con-
sidering the r-dependence of the GFFs, which we find to
be different between A” and D” as seen in Fig. 11, and
consistent with the NLO yPT prediction [16] in the small |¢|
region, as seen in Fig. 10. Hadron radii associated with
the spatial distributions of their physical properties have
historically been defined in relation to the derivative of their
form factors at + = 0. For example, the magnitude of the
derivative of the pion vector form factor F7% is related to its
charge radius, while that of A”(z) is related to its mass
radius. We compare the relative sizes of the mass radius and
the charge radius by taking the ratio

rgass ~ dAﬂ/dtlt:O
TEM dFy/dt],—
Using the PDG averaged value for dF7/dt|,_, [81] and the
monopole fit of Sec. IVA, we obtain that the charge radius
of the pion is approximately 1.6 times larger than its mass

radius. From equivalent relations for the mass radii of the
individual constituents,

(69)
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FIG. 11. The pion GFFs rescaled by their central value at t = 0,
as obtained from the monopole model with fit parameters
collected in Tables III and IV.

, (70)

(=)

1=

we find 77 jaes /77 mass & 1.1, and 7y ¢ in agreement with
a phenomenological extraction of the pion quark GFFs
from experimental measurements [21]. The equivalent

quantity for D”*

1 dD?
D7*(0) dt

(71)

t=0

is, however, approximately 2.5 times smaller for i = ¢ than
what was found in Ref. [21].

V. SUMMARY AND CONCLUSION

We present the first flavor decomposition of the
t-dependence of the pion GFFs, calculated using a lattice
QCD ensemble with quark masses yielding a close-to-
physical pion mass. We constrain the gluon, isosinglet, and
nonsinglet GFFs renormalized in the MS scheme at scale
u =2 GeV, accounting for mixing between the gluon
and isosinglet contributions. From our results, we perform
the first extraction of renormalization scale- and scheme-
independent hadron gravitational form factors from lat-
tice QCD.

From fitting the r-dependence of A*, we find indications
of a smaller mass radius than charge radius for the pion.
Our results are consistent with the momentum fraction sum
rule, and with the NLO yPT prediction for the pion D term.
We observe some tension between D7 () obtained by fitting
each lattice operator irrep individually, as discussed in
Appendix B. Even though this effect is not significant for

this calculation, it is important to understand it for future
extractions with higher precision. This result also highlights
the value of considering different irreducible representations
when extracting GFFs from lattice QCD. Another interesting
feature in the analysis of the data is that excited state
contamination affects the extraction of bare Dj(t) signifi-
cantly more than any of the other GFFs, as discussed in
Appendix A. No such effect was noted in a previous
extraction of A7 () and D7 (1) at m, ~ 450 MeV [30].

Future improvements, besides the repetition of the cal-
culation on additional lattice ensembles in order to enable the
continuum, physical quark mass, and infinite-volume limits
to be taken, could include using a variational basis of hadron
interpolators [82—84] to better control excited state contami-
nation. Another improvement would be the use of gauge-
invariant renormalization schemes [85,86] that allow the
renormalization mixing matrix of the EMT to be computed
nonperturbatively on large-volume ensembles.

As few experimental constraints on the pion GFFs exist
to date, the results in this work, and future calculations with
further improved systematics, provide particularly valuable
information on hadron structure. The structure of the pion
is of particular interest as the pseudo-Goldstone boson of
dynamical chiral symmetry breaking. Taken together with
the first constraints on proton GFFs from experimental
measurements in recent years [17,18], and the agreement
with lattice QCD results for the gluon contribution [30,87],
these developments mark a new milestone in our under-
standing of the gravitational properties of hadrons.
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APPENDIX A: FITS TO BARE RESULTS

This section presents additional details of our analysis
of the bare matrix elements discussed in Sec. II. In the
subsections below, we discuss separately the connected
quark, disconnected quark (both light and strange), and
gluon GFFs. For each, we assess the degree of excited state
contamination (ESC) and describe how the analysis hyper-
parameters were selected. Note that the physics of each
contribution is different, and conclusions drawn from the
analysis of one cannot be applied to another.

In Fig. 12, we present examples of averaged ratios,
defined in the text under Eq. (19), including the connected,
disconnected, and gluon contributions and corresponding
fits obtained from the summation method as described in
the subsections below. These are selected to span the
t-range for each of the two irreps, but due to the large
number of ratios computed in this analysis, it is useful to
consider ways of investigating ESC that do not treat the
ratios individually. We define effective matrix elements
from the summed, averaged ratios of matrix elements
defined in Eq. (19) and the surrounding text as

ME?%CI(IS) = atsiiRct(ts)

1 N —_
%g [ZiRct(ts +5l‘x) _ziRct(ts)]. (A])

We use ¢, = 1 for the gluon and quark disconnected data
and 6, = 2 for the quark connected data, since only sink
times separated by two time slices are available for the
latter. The explicit 7., dependence of the summed ratios is
dropped in this discussion. From the effective matrix
elements, which are formed directly from the data, one
can obtain effective bare GFFs A%5r (1,) and D75 (t,) for
each flavor r, irrep ‘'R, momentum bin ¢, and sink time ¢, by
fitting the overconstrained system of linear equations,

K Ay (1) + KR, (1) = MESR, (1), (A2)
where K7, and K2 , defined in Eq. (20), are the kinematic
coefficients of the GFFs in the decompositions of the
effective bare matrix elements MESE (7,), written as
vectors in the space of c¢-bins.

The effective GFFs must be interpreted with more
caution than effective masses, due to the fit involved in

their definition. In the high-statistics limit, the effective
GFFs as functions of sink time 7, will plateau to the value of
the bare GFFs at times when ESC becomes negligible. Note
that effective GFFs are used only as a consistency check
and as a tool to determine appropriate analysis hyper-
parameters for the analysis described in the main text.

1. Quark connected

Inspection of the effective GFFs computed from the
light-quark connected data suggests that ESC is a relatively
small effect in this channel. Figure 13 shows several
examples. Overall, most bins exhibit clear evidence of
ESC decaying away at early 7, followed by a plateau with
fluctuations that may be attributed to signal-to-noise
effects. As described in Sec. II D, for the main analysis
we use the summation method to extract the bare matrix
elements, including the lowest-order exponential term of
Eq. (19) in the fitting, averaging over fit ranges 7., €
{2,3,4}, t;max € {16, 18}, and 1, ;, € {6, 8, 10}, restrict-
ing to include at least five distinct 7, in each fit. To remove
unstable outlier fits, fits not satisfying (SME),.q/v/10 <

SME < v/10(6ME),, ., are discarded, where SME is the
error of ME for the fit and (SME), .4 is the median error
over the pool of fits to be averaged. Comparing with the fits
to the summation method results (overlaid in Fig. 13),
we find that these are consistent with the effective GFFs.
The bare GFF fits appear to be resilient against the signal
breakdown at late #, apparent in some effective GFFs.
Taken together, this provides a cross-check of the analysis
employed in the main text.

2. Quark disconnected

Similarly to the connected quark contribution, the dis-
connected light and strange quark contributions show mild
ESC, but stronger signal-to-noise degradation. Effective
GFF examples for different 7-bins are shown in Fig. 14(a)
for the strange quark contribution and in Fig. 14(b) for the
light quark piece. Consistent bare GFFs are obtained when
varying the parameter ¢, ;, of the summation fits. For the

. . 3
main analysis, we choose f; ,;, = 7 for 1(1 )

for TgG), which are the choices that yield the highest

p-values for the majority of the #-bins in the bare GFF
fits of both the light and the strange disconnected quark
contributions. Summation fits are performed to all ¢,-ranges
extending over 4 or more time slices in the window
[fs.min» Ts.max)» and model-averaged based on their AIC
weight. The upper bound is set to #; ,,, = 24, which is
when approximately half of the c-bin ratios become
consistent with non-Gaussian noise, as determined by their
fourth cumulant being greater than 1, while 2 < 7., <9.
The same condition as for the connected contribution,
(SME) ,.q/V10 < SME < v/10(SME) .4, is imposed for
the fits that are model averaged together. The resulting bare

and ¢, in = 11

114504-20



GRAVITATIONAL FORM FACTORS OF THE PION FROM ... PHYS. REV. D 108, 114504 (2023)

t=—0.0 GeV? t=—0.459 GeV? t=—0.781 GeV? t=—1.128 GeV? t=—1.537 GeV?
K=(0.06,0.0) K=(0.039,0.039) K=(0.182,0.12) K=(0.18,0.085) K=(0.253,0.028)

0.10
i {l H i }
$ 0. j } i
?:005 v @k ow ok omoddyow I; !i ‘!ﬂ g‘[i E { BE. ! ﬁé;‘ 4 t | ! H H
70,001 o d oy
0.10 ‘ l
£ 005 1 L LbiLd
Tooo twmampama il il i “E‘}i]gslphﬁlblfi‘ﬁ M“H ‘ﬁ“ [ }k H :
0.02 1
0.01 | h h h ’
o AAAMARANS L3R LA WHW“ ﬁiH %
2l R | i
EEEEEEEREE — Pl R, oo o e e o ofoE o g Sl ﬁl h
0.0+ P e e S
03 00 03 -03 00 03 -03 00 03 -03 00 03 -03 00 03
T—1,/2 [fm] T—1,/2 [fm] T—1,/2 [fm] T—1,/2 [fm] T—1,/2 [fm]
(@) 0
t=—0.0 GeV? t=—0.676 GeV2 t=—1.049 GeV? t=—1.365 GeV? t=—1.688 GeV?
K=(0.101,0.0) K=1(0.189,0.038) K=(0.0,0.046) K=1(0.093,0.005) K=1(0.093,0.004)
g 0.05 1 ‘_“,H.‘:g""'”"l*"’
: bbb et g
0.00 == SRS i A i ‘l
< 0.02 1 |
g HHUHM.gn.ww,ﬁfﬂ il
3 | P10 I 4 i i | '
£ 0.001 H{}“HH%HHHHHMF“,H!k HI[
0.01 1

N1 Ty i |
ol 1RO PRy

0.1 1

PR B EB R [ E ST
- Iy AT RN IR NI TN
18fm | 1.3fm t ‘ |
0.0 L6fm | 11fm T FFF R
I 1.5fm
-0.3 0.0 0.3 -0.3 0.0 0.3 -0.3 0.0 0.3 -0.3 0.0 0.3 -0.3 0.0 0.3
T—1,/2 [fm] T—1,/2 [fm] T—1,/2 [fm] T—1,/2 [fm] 7—1,/2 [fm]

OFY

FIG. 12. Examples of averaged ratios for T§3> (a) and rg@ (b). Each column represents a single ratio, with the corresponding z-value and
(K4, KP) coefficients indicated above. The rows represent the bare connected, light-quark disconnected, strange, and gluon
contributions to the ratio. The overlaid bands are the results of fits to the ratios obtained via the summation method as described
in Secs. A1, A2, and A 3.
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FIG. 13. Effective bare GFFs, defined in Eq. (A2), for the connected light-quark contribution, computed from summed ratios with

7. = 2. Examples are chosen from the full set of 25¢-bins to span the momentum range and to represent different qualitative behaviors
observed across all bins. Overlaid bands are not fit to the data shown, but are rather bare GFFs computed from the bare matrix elements

used in the main analysis.

GFFs for different #-bins, also presented in Fig. 2, are
shown as bands in Fig. 14.

3. Gluon

The bare gluon GFFs have a unique feature in compari-
son with the quark contributions; ESC affects A and D
differently, as demonstrated in Fig. 15(a). At the earliest
values, the effective D drifts downwards as a function of the
sink time ¢, and does not reach a plateau region until later
sink times compared with A. This behavior is present but
more mild for larger momenta, as shown in Fig. 15(b). To
treat this effect in the main analysis, we use different
hyperparameters for c-bins with and without contributions
from D. For the c-bins with the coefficient of D, K", being
zero, which only constrain A, we choose f; ;, = 10 for
both irreps and all #-bins, which is the approximate starting
sink time of the A®f plateaus seen in Fig. 15. For the c-bins
with KP # 0, we select 7, i, as the point where D at
different #-bins becomes consistent with a plateau. The
chosen 7, values, listed in Table VI, decrease as ||

increases, as expected from the behavior of the correspond-
ing D" shown in Fig. 15. These t, ;, values are used as the
lowest possible bound in the summation fit ranges. The
upper bound is set to #; ., = 25 using the same non-
Gaussianity cut as for the disconnected results discussed in
the above section. We set 4 < 7., <9 to avoid contact
terms due to the flowed gauge links used in the compu-
tation of the gluon EMT. The bare gluon GFFs obtained
using the results from the summation fits with these
hyperparameter choices are shown as bands in Fig. 15.

TABLE VI.  Choices of #, ,;, for the constraints with K # 0
within each gluon 7-bin. These are taken to be the same for both
irreps. No choice is shown for the first #-bin since it doesn’t
contain enough constraints with K” # 0 to provide an estimate
for D.

tbin# 23 46 7-10 11-15 16-17 18-19 20-25
fown 18 17 16 15 14 13 10
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FIG. 14. Examples of bare strange (a) and light (b) quark disconnected effective GFFs, computed from Eq. (A2) using summed ratios
with 7., = 2. The bands are not fit to the data shown but correspond to the bare GFFs used to produce the final results of the main text
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FIG. 15. Examples of gluon effective GFFs, computed from Eq. (A2) using summed ratios with 7., = 4. The effective DZ’eff, shown in

the bottom panels of (a) and (b), does not reach a plateau until later 7, values compared to A, a feature that is particularly prominent for
smaller #-bins like those shown in (a). The bands are not fit to the data shown but correspond to bare GFFs obtained by fitting the bare
matrix elements used to compute the results from the main text.
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APPENDIX B: SINGLE-IRREP RESULTS

In this Appendix, we present the renormalized isosinglet and gluon GFFs obtained by considering the two irreps
individually, and compare them against the combined-irrep results of Sec. IV A. The single-irrep results are obtained by
solving Eq. (§9) with
RMS

Kre RYSKg,

ME .
ME, < ME"R’ > , and  RKYS = 997 4% , (B1)
gRt R%SR KRT R‘lq\/(l}% K’Rt

for Re {153), Tgﬁ)}. The gluon and isosinglet results are shown in Fig. 16, and the total GFFs in Fig. 17.

Tension is observed between the two individual irrep results for D7(¢). However, the combined fit procedure yields fits
with better quality on average than the individual irrep ones, with 60% of the #-bins having higher p-value than that for at
least one of the single-irrep fits. Despite the fact that no simple expectation for the relationship between the bare GFFs of
the two irreps for a single flavor contribution exists when mixing is present, we expect that the renormalized DJ(¢)
inconsistency is due to the tension between the bare connected D%O"H'B results of the two irreps, which are shown in
Fig. 18. This could be due to different discretization artifacts, including hypercubic symmetry breaking effects arising from
not further reducing the EMT to the “little groups™ that it formally transforms under when it is boosted in different
directions. Further investigations are needed to understand the origin of this tension.

TABLE VII. Fit parameters of monopole fits to the pion GFFs obtained individually from each one of the two irreps, r(,3) and Tgﬁ),

renormalized in the MS scheme at scale y = 2 GeV.

Monopole T§3): a A [GeV] y?/d.of. ‘rgé): a A [GeV] y?/d.of.
Af(1) 0.568(65) 1.107(47) 1.2 0.541(18) 1.152(43) 0.63
Dy (1) —-0.58(13) 0.72(13) 1.2 -0.72(12) 0.603(81) 0.52
Af(1) 0.525(36) 1.243(48) 0.81 0.459(14) 1.206(50) 0.86
Dy (1) —0.442(59) 1.20(21) 1.1 —0.271(33) 1.26(25) 0.48
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