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The two gravitational form factors of the pion, AπðtÞ and DπðtÞ, are computed as functions of the
momentum transfer squared t in the kinematic region 0 ≤ −t < 2 GeV2 on a lattice QCD ensemble with
quark masses corresponding to a close-to-physical pion mass mπ ≈ 170 MeV and Nf ¼ 2þ 1 quark
flavors. The flavor decomposition of these form factors into gluon, up/down light-quark, and strange-quark
contributions is presented in the MS scheme at energy scale μ ¼ 2 GeV, with renormalization factors
computed nonperturbatively via the RI-MOM scheme. Using monopole and z-expansion fits to the
gravitational form factors, we obtain estimates for the pion momentum fraction and D term that are
consistent with the momentum fraction sum rule and the next-to-leading order chiral perturbation theory
prediction for Dπð0Þ.
DOI: 10.1103/PhysRevD.108.114504

I. INTRODUCTION

Quantum chromodynamics (QCD) [1–4] provides a
rigorous description of hadrons as composite particles
made up of quarks and gluons interacting via the strong
force. The complexity of QCD, however, is such that
constraints on quark and gluon contributions to many
aspects of hadron structure are difficult to obtain, and
the landscape of experiment and theory efforts on this front
continues to evolve. For example, recent years have seen
considerable progress in understanding how the physical
properties of hadrons, like their mass and internal forces,
are generated by their fundamental constituents [5,6].
These aspects of hadron structure can be addressed

through determinations of gravitational form factors
(GFFs) [5,7]. These quantities contain nonperturbative
information about the coupling of a hadron state to the
energy-momentum tensor (EMT) of QCD, the symmetric
part of which can be decomposed as [8–11] T̂μν ¼
T̂μν
g þ T̂μν

q , where

T̂μν
g ¼ 2Tr

�
−FμαFν

α þ
1

4
gμνFαβFαβ

�
;

T̂μν
q ¼

X
f

�
iψ̄fDfμγνgψf

�
: ð1Þ

Here Fμν is the gluon field strength tensor, ψf is a quark
field of flavor f, Dμ ¼ ∂

μ þ igAμ, Aμ are the gluon fields,
g is the strong coupling, and γμ are the Dirac matrices.
The repeated indices are contracted with the Minkowski
space-time metric gμν, the trace is over color space, and
afμbνg ¼ ðaμbν þ aνbμÞ=2. The GFFs of a hadron are
defined from the matrix elements of the EMT in the hadron
state, and can be decomposed into quark and gluon
contributions. They encode the distribution of energy,
spin, pressure, and shear forces1 within hadrons [13]. The
total EMT of QCD is conserved, i.e. ∂μT̂

μν ¼ 0, but the
individual quark and gluon terms are not, and therefore
the resulting quark and gluon GFFs mix under renormal-
ization and depend on the renormalization scheme and
scale.
For a pion state specifically, the matrix element of the

symmetric EMT can be decomposed in terms of two GFFs,
AπðtÞ and DπðtÞ, as

�
πðp0ÞjT̂μνjπðpÞ� ¼ 2PμPνAπðtÞ

þ 1

2

�
ΔμΔν − gμνΔ2

	
DπðtÞ; ð2Þ

where jπðpÞi is a pion state carrying four-momentum p,
P ¼ ðpþ p0Þ=2, Δ ¼ p0 − p, and t ¼ Δ2. In the forward
limit, the contributions to the Aπ GFF define the momen-
tum fraction carried by the quark and gluon constituents,
and therefore Aπð0Þ ¼ Aπ

gð0Þ þ Aπ
qð0Þ ¼ 1, while Dπð0Þ ¼

Dπ
gð0Þ þDπ

qð0Þ is the so-called D term, which is related toPublished by the American Physical Society under the terms of
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1The physical significance of this interpretation as mechanical
forces is debated [12].

PHYSICAL REVIEW D 108, 114504 (2023)

2470-0010=2023=108(11)=114504(30) 114504-1 Published by the American Physical Society

https://orcid.org/0000-0002-4719-0417
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.114504&domain=pdf&date_stamp=2023-12-14
https://doi.org/10.1103/PhysRevD.108.114504
https://doi.org/10.1103/PhysRevD.108.114504
https://doi.org/10.1103/PhysRevD.108.114504
https://doi.org/10.1103/PhysRevD.108.114504
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


the internal forces of hadrons [13], and is predicted to be −1
for the pion up to chiral-symmetry breaking effects [14–16].
The importance of the GFFs in characterizing hadron

structure has driven a targeted experimental program in
recent years, with the first extractions of proton quark [17]
and gluon [18] GFFs achieved from deeply virtual
Compton scattering and J=ψ photoproduction measure-
ments respectively. Progress towards the determination of
the pion GFFs has been more limited, with the first pheno-
menological constraints of the pion quark GFFs attained
using data from the Belle experiment at KEKB [19–21].
Further constraints on various hadron GFFs can be
expected from current and future facilities, including the
JLab 12 GeV program [22–24] and the Electron-Ion
Collider (EIC) [25].
The theoretical determination of GFFs from first prin-

ciples is possible through the computation of EMT matrix
elements using lattice QCD [26], a numerical frame-
work that defines the QCD path integral on a discrete
Euclidean space-time lattice, allowing the calculation of
nonperturbative hadronic properties. The pion quark GFFs
have previously been calculated using lattice methods in
Refs. [27,28]. Lattice calculations have also provided
predictions for the gluon GFFs of the pion [29,30], for
the pion-quark momentum fraction [31,32], and for the
complete flavor decomposition of the pion momentum
fraction [33]. Predictions of the quark GFFs of the pion have
also been obtained from chiral perturbation theory [14,16],
chiral quark models [34–36], the large-Nc approach [37], the
extended holographic light-front QCD framework [38], a
relativistic composite-particle theory [39,40], and algebraic
GPD ansatz [41].
In this work, we present the first lattice QCD calculation

of the full flavor decomposition of the pion GFFs AπðtÞ
and DπðtÞ in the kinematic region 0 ≤ −t < 2 GeV2 on a
single ensemble with Nf ¼ 2þ 1 quark flavors, and quark
masses corresponding to a close-to-physical pion mass of
mπ ≈ 170 MeV. The extraction of the bare matrix elements
is presented in Sec. II, while the nonperturbative renorm-
alization is discussed in Sec. III. Our final results for the
renormalized GFFs are given in Sec. IV, along with a
discussion of the forward limits of the GFFs.

II. EXTRACTION OF BARE MATRIX
ELEMENTS

In this section, we discuss the extraction of the bare
matrix elements of the EMT, which are combined with the
renormalization coefficients presented in Sec. III to pro-
duce the renormalized GFFs presented in Sec. IV. The bare
matrix elements are calculated on a single (2þ 1)-flavor
lattice QCD ensemble [42] of volume L3 × T ¼ 483 × 96,
with light quark mass tuned to produce pion mass mπ ≈
170 MeV, and lattice spacing a ¼ 0.091ð1Þ fm [43,44].
The ensemble was generated using the Lüscher-Weisz
gauge action [45] and clover-improved Wilson quarks [46]

with the clover coefficient set to the tree-level tadpole-
improved value and constructed using stout-smeared
links [47]. The specifics of this ensemble, referred to as
ensemble A, are summarized in Table I. The configurations
were taken to be independent, and the number used was
different for the calculations of the bare quark and gluon
contributions, and will be specified in the corresponding
subsections below.

A. Two-point functions

We construct momentum-projected two-point correlation
functions as

C2ptðp; ts;x0; t0Þ ¼
X
x

e−ip·ðx−x0Þ
�
χðx; ts þ t0Þχ†ðx0; t0Þ

�
;

ð3Þ

where the pion interpolating operator is chosen to be

χðxÞ ¼ ψ̄uðxÞγ5ψdðxÞ: ð4Þ

In this expression, ψu and ψd are smeared quark fields
obtained by applying gauge-invariant Gaussian smearing to
radius 4.5a, constructed using links stout-smeared [47] in
the spatial directions only. Correlation functions are com-
puted for 1024 source positions ðx0; t0Þ on each of a total of
2511 configurations, separated by at least four trajectories.
The 1024 sources are arranged in two 43 × 8 grids offset by
(6, 6, 6, 6) lattice units, with an overall random offset for
each configuration. Correlation functions are constructed
for all three-momenta p ¼ 2πn=L with jnj2 ≤ 10, i.e., 147
distinct momenta.
To extract the pion spectrum, we average the two-point

correlation functions on each configuration over all
sources, shifting each such that ðx0; t0Þ ¼ ð0; 0Þ, and form
500 bootstrap [48,49] ensembles from the 2511 measure-
ments, sampling with replacement and sample size for each
bootstrap equal to the total number of configurations. We
extract the energies by considering the spectral decom-
position

C2ptðp; tsÞ ¼
X
n

e−E
n
pts þ eE

n
pðts−TÞ

2En
p

jZn
pj2; ð5Þ

TABLE I. Specifics of the lattice ensembles used in this work.
Ensemble A, generated by the JLab/LANL/MIT/WM groups
[42], is used for the calculation of the bare matrix elements
presented in Sec. II. The calculation of the renormalization
coefficients, presented in Sec. III, is performed on ensemble B.

L=a T=a β aml ams a [fm] mπ [MeV]

A 48 96 6.3 −0.2416 −0.2050 0.091(1) 169(1)
B 12 24 6.1 −0.2800 −0.2450 0.1167(16) 450(5)
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where ts denotes the sink time and En
p denotes the energy of

the nth state with the same quantum numbers as the inter-
polating operator, jnðpÞi. Overlap factors are defined as

h0jχðx; 0ÞjnðpÞi ¼ Zn
peip·x: ð6Þ

The lowest state in the spectrum (n ¼ 0) is expected to be
the pion jπðpÞi with energy Eπ

p. To extract Eπ
p, we perform

correlated multiexponential fits incorporating up to three
states to the two-point functions averaged over all sink
momenta with the same magnitude jpj. The effective
values of c obtained by taking mπ ¼ Eπ

0 and inverting

the dispersion relation Eπ
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π þ jcpj2
p

deviate by 1%
at most from unity, as shown in Fig. 1. Both the uncer-
tainties on the determination of the energies Eπ

p and their
deviation from the dispersion relation values are negligible
in comparison to the statistical uncertainties of the matrix
elements that define the GFFs. Thus, the dispersion relation
with the central value of amπ ¼ 0.0779 and c ¼ 1 is used
to set the energies Eπ

p used in the remainder of the analysis.

B. Operators

In discrete Euclidean space-time, symmetric quark and
gluon EMT operators can be expressed as

T̂E
f;μνðxÞ ¼ ψ̄fðxÞD

↔E
fμγEνgψfðxÞ;

T̂E
g;μνðxÞ ¼ 2Tr

h
FE
μρðxÞFE

νρðxÞ −
1

4
δμνFE

αβðxÞFE
αβðxÞ

i
; ð7Þ

where f denotes the quark flavor, the repeated Greek
indices are summed over Euclidean components, and the
quantities with an E superscript are the Euclidean versions
of those defined in Sec. I. The symmetrized lattice

covariant derivative D
↔E

μ ¼ ðD⃗E
μ − D⃖E

μ Þ=2 and the gluon
field strength tensor can be expressed up to discretization
effects using

D⃗E
μ ψðxÞ ¼

1

2

�
UμðxÞψðxþ μ̂Þ −U†

μðx − μ̂Þψðx − μ̂Þ	;
ψ̄ðxÞD⃖E

μ ¼ 1

2

�
ψ̄ðxþ μ̂ÞU†

μðxÞ − ψ̄ðx − μ̂ÞUμðx − μ̂Þ	;
FE
μνðxÞ ¼

i
8g0

�
QμνðxÞ −Q†

μνðxÞ
	
; ð8Þ

where g0 is the bare lattice coupling,
2 UμðxÞ are the lattice

gluon link fields, and

QμνðxÞ ¼ UμðxÞUνðxþ μ̂ÞU†
μðxþ ν̂ÞU†

νðxÞ þUνðxÞ
× U†

μðx − μ̂ − ν̂ÞU†
νðx − μ̂ÞUμðx − μ̂Þ

þ U†
μðx − μ̂ÞU†

νðx − μ̂ − ν̂ÞUμðx − μ̂ − ν̂Þ
× Uνðx − ν̂Þ þU†

νðx − ν̂ÞUμðx − ν̂Þ
× Uνðx − ν̂þ μ̂ÞU†

μðxÞ ð9Þ
is the clover term. The Euclidean EMT components are
related to the Minkowski ones by

T̂00 ¼ T̂E
44; T̂0j ¼ −iT̂E

4j; T̂jk ¼ −T̂E
jk; ð10Þ

for j; k∈ f1; 2; 3g. To determine the flavor decomposition
of the pion GFFs into light and strange quark components,
we consider the isosinglet T̂q;μν and nonsinglet T̂v;μν EMT
operators, defined as

T̂q;μν ¼ T̂u;μν þ T̂d;μν þ T̂s;μν;

T̂v;μν ¼ T̂u;μν þ T̂d;μν − 2T̂s;μν: ð11Þ
The quark isosinglet EMT mixes with the gluon one under
renormalization, while the quark nonsinglet EMT does not.
Lorentz symmetry is broken on a discrete hypercubic
lattice, and traceless linear combinations of diagonal
and off-diagonal components of the EMT transform
under different irreducible representations (irreps) of the
hypercubic group. Two different irreps protected from
mixing with lower-dimensional operators are available,

τð3Þ1 and τð6Þ3 [50,51]. A basis of operators for τð3Þ1 is

T̂
τð3Þ
1;1

¼ 1

2

�
T̂11 þ T̂22 − T̂33 þ T̂00

	
;

T̂
τð3Þ
1;2

¼ 1ffiffiffi
2

p �
T̂11 − T̂22

	
; T̂

τð3Þ
1;3

¼ 1ffiffiffi
2

p �
T̂33 þ T̂00

	
;

ð12Þ

FIG. 1. The values of c obtained from the dispersion relation
Eπ
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π þ jcpj2
p

using the ground-state energies extracted
from fits to pion two-point correlation functions, as described in
the text.

2For the tadpole-improved Lüscher-Weisz gauge action used
here, 1=g20 ¼ βð1 − 2=5u20Þ=2Nc, where u0 is the tadpole param-
eter, and Nc the number of colors.
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and a basis for τð6Þ3 is

T̂
τð6Þ
3;1

¼ 1ffiffiffi
2

p �
T̂12 þ T̂21

	
; T̂

τð6Þ
3;2

¼ 1ffiffiffi
2

p �
T̂13 þ T̂31

	
;

T̂
τð6Þ
3;3

¼ −iffiffiffi
2

p �
T̂10 þ T̂01

	
; T̂

τð6Þ
3;4

¼ 1ffiffiffi
2

p �
T̂23 þ T̂32

	
;

T̂
τð6Þ
3;5

¼ −iffiffiffi
2

p �
T̂20 þ T̂02

	
; T̂

τð6Þ
3;6

¼ −iffiffiffi
2

p �
T̂30 þ T̂03

	
;

ð13Þ
both in Minkowski space. These bare operators must be
renormalized, accounting for mixing between the quark and
gluon operators within the same irrep. In the rest of this
section, we discuss the computation of matrix elements of
the bare lattice operators, while the renormalization and
mixing is discussed in Sec. III.

C. Three-point functions

The three-point correlation functions needed in order
to isolate the bare matrix elements of the operators of
Eqs. (12) and (13) are

C3pt
Rlðp0; ts;Δ; τ;x0; t0Þ
¼
X
x;y

e−ip
0·ðx−x0ÞeiΔ·ðy−x0Þ

×
�
χðx; ts þ t0ÞT̂Rlðy; τ þ t0Þχ†ðx0; t0Þ

�
; ð14Þ

where R∈ fτð3Þ1 ; τð6Þ3 g and l runs over the corresponding
irrep operator basis. Using translational invariance to set
ðx0; t0Þ ¼ ð0; 0Þ, the spectral representation of the three-
point function in the limit where ðts − τÞ ≪ T and ts ≪ T
can be expanded as

C3pt
Rlðp0; ts;Δ; τÞ ¼

X
n;n0

Zn�
p Zn0

p0
e
−En0

p0 tse
−
�
En
p−En0

p0
	
τ

4En0
p0En

p

×
�
n0ðp0ÞjT̂RlðΔÞjnðpÞ

�
; ð15Þ

where p ¼ p0 − Δ. The three-point function contains light-
quark connected, light-quark disconnected, strange (dis-
connected), and gluon terms,

C3pt
Rl ¼ 2C3pt;conn

lRl þ 2C3pt;disco
lRl þ C3pt

sRl þ C3pt
gRl: ð16Þ

The spectral decomposition, Eq. (15), holds for each
individual piece,3 allowing the corresponding matrix

elements hπðp0ÞjT̂iRlðΔÞjπðpÞi to be considered separately,
where i∈ flconn; ldisco; s; gg. The factor of 2 multiplying the
lconn and ldisco terms is due to the identical contributions of
the up and down quarks in the case of the pion.
We apply the summation method [52–54] to extract the

bare matrix elements from the three-point functions. We
first form the ratios

RiRlðp0; ts;Δ; τÞ

¼ C3pt
iRlðp0; ts;Δ; τÞ
C2ptðp0; tsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2ptðp; ts − τÞC2ptðp0; tsÞC2ptðp0; τÞ
C2ptðp0; ts − τÞC2ptðp; tsÞC2ptðp; τÞ

s

ð17Þ

in which the overlap factors and the time dependence of the
ground state terms in Eqs. (15) and (5) cancel, up to finite-T
effects. When the source, operator, and sink are well-
separated in Euclidean time, the ratio can be expanded as

lim
ts;ðts−τÞ→∞

RiRlðp0; ts;Δ; τÞ ¼
hπðp0ÞjT̂iRljπðpÞi

2
ffiffiffiffiffiffiffiffiffiffiffiffi
Eπ
pEπ

p0
q

þO
�
e−ΔEτ

	þO
�
e−ΔE

0ðts−τÞ	;
ð18Þ

whereΔE andΔE0 are energy differences which depend on
Δ and p0. We then sum the averaged ratios over operator
insertion time for τcut ≤ τ ≤ ts − τcut to form

ΣiRlðp0; ts;Δ; τcutÞ ¼
Xts−τcut
τ¼τcut

RiRlðp0; ts;Δ; τÞ

¼ ts − 2τcut þ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffi
Eπ
pEπ

p0
q �

πðp0ÞjT̂iRljπðpÞ
�

þ ΛðΔ;p0Þ þOðe−tsδÞ; ð19Þ

where Λ is a ts-independent function of momenta and δ
is an energy difference which depends on Δ and p0. To
improve the signal, we average within each flavor and irrep
all ratios for choices ðl;p0;ΔÞ that correspond to identical
linear combinations of the GFFs up to an overall sign,
which we call “c-bins”. The coefficients of the GFFs in
these linear combinations are defined in Eq. (2), rescaled to

account for the factor of 2
ffiffiffiffiffiffiffiffiffiffiffiffi
Eπ
pEπ

p0
q

in the denominator of

Eq. (18). The resulting summed averaged ratios are denoted
as Σ̄iRc. We further partition these into 25 discrete groups,
denoted as “t-bins”, based on the proximity of their t
values, using k-means clustering [55]. We form Σ̄iRct for all
contributions to the bare EMT three-point function of
Eq. (16), and fit them to obtain the corresponding bare
matrix elements, MEiRct. The bare GFFs for each irrep R
and t-bin are constrained by the system of linear equations

3C3pt;conn
lRl þ C3pt;disco

lRl always admits a spectral decomposition,

and C3pt;disco
lRl does because it is identical to a fully disconnected

three-point function in a partially quenched theory with an
additional light valuence quark, so their difference C3pt;conn

lRl does
as well.
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KA
RtA

π;B
iRt þKD

RtD
π;B
iRt ¼ MEiRt; ð20Þ

where ðKA
Rct; K

D
RctÞ are the (unique) coefficients of the

c-bin corresponding to matrix element MEiRct, and bold
symbols are vectors in the space of c-bins. We discuss the
extraction for each contribution i∈ flconn; ldisco; s; gg indi-
vidually in the rest of this section.

D. Connected quark contribution

The connected light-quark contribution ði ¼ lconnÞ to the
three-point function of Eq. (16) can be constructed as

C3pt;conn
lRl ðp0; ts;Δ; τ;x0; t0Þ
¼
X
x;y

e−ip
0·ðx−x0ÞeiΔ·ðy−x0ÞTr

�
Slðx0; t0; y; τ þ t0Þ

× ðγD↔ÞRlðy; τ þ t0ÞSlðy; τ þ t0;x; ts þ t0Þγ5
× Slðx; ts þ t0;x0; t0Þγ5

�
; ð21Þ

where ðγD↔ÞRl represents the linear combination of γμD
↔

ν

components corresponding to irrep R and basis element l,
defined in Eqs. (12) and (13), and Slða; bÞ are light-quark
propagators from lattice coordinate a to b. The symmetric
discretized covariant derivative in Eq. (21) acts on the
ðy; τ þ t0Þ argument of the quark propagators directly on its
left and right, and shifts them as defined in Eq. (8), which is
left implicit in the equation for simplicity. Quark smearing
at the source and sink is also left implicit. We compute
these on 1381 configurations, separated by at least ten
trajectories, using the sequential source method, inverting
through the sink. On each configuration, we compute
correlation functions for 7 distinct temporal source-sink
separations ts. The number of source positions computed
varies with ts as tabulated in Table II. For every source
position and sink time, we compute correlation functions
with three different sink momenta, ðL=2πÞp0 ∈ fð1; 0;−1Þ;
ð−2;−1; 0Þ; ð−1;−1;−1Þg. We use the full set of 9
operators of Eqs. (12) and (13) and all operator insertion
momenta with jΔj2 < 25ð2π=LÞ2, and form 500 bootstrap
ensembles from the 1381 source-averaged correlation
functions.
In order to extract the bare ground-state matrix elements,

we first form the summed ratios of Eqs. (17) and (19), using
source-averaged three-point correlators and two-point cor-
relators computed on the same set of 1381 configurations.

Ratios are binned as described in Sec. II C, yielding Σ̄conn
lRct

with 708 c-bins for τð3Þ1 and 671 for τð6Þ3 . These are fit to the
functional form of Eq. (19), including the exponential term
(cf. Ref. [56]). To enforce a gap over the ground state, the
log of ΔE is fit with a prior logΔE ¼ log½0.2� 0.5�, where
0.2 ≈ 3Eπ − Eπ is chosen because the first excited state in
the spectrum is expected to be a three-pion state. The other
parameters are fit with wide, noninformative priors. Model
averaging [57–59] with Akaike information criterion [60]
(AIC) weights over different data cuts is employed to
obtain the final estimated matrix element for each c-bin.
The fit ranges averaged over are τcut ∈ f2; 3; 4g and ts;min ≤
ts ≤ ts;max, where ts;max ∈ f16; 18g, and ts;min ∈ f6; 8; 10g.
Redundant fits where ts;min < 2τcut are not double-counted.
Fits with less than five distinct ts values are not included in
the pool of values for averaging. More details are provided
in Appendix A 1.

E. Disconnected quark contribution

The disconnected quark three-point function receives a
contribution from the light quark and strange quark terms
of the EMT. These can be written as

C3pt;disco
s=lRl ðp0; ts;Δ; τ;x0; t0Þ
¼ −

X
x;y

e−ip
0·ðx−x0ÞeiΔ·ðy−x0ÞTr

�
Slðx0; t0;x; ts þ t0Þγ5

× Slðx; ts þ t0;x0; t0Þγ5�Tr½Ss=lðy; τ þ t0; y; τ þ t0Þ
× ðγD↔ÞRlðy; τ þ t0Þ

�
; ð22Þ

where Ssða; bÞ is the strange quark propagator. Like in
Eq. (21), the shifting of the quark propagator on the third
line due to the action of the covariant derivative and the
quark smearing at the source and sink are left implicit.
We measure both light and strange contributions on the
same 1381 configurations used for the measurement of the
connected contribution discussed in Sec. II D. We stochas-
tically estimate the trace in the third line of the expression
above using one independent sample of Z4 noise [61] per
configuration. We dilute in spacetime using hierarchical
probing [62,63] with a basis of 512 Hadamard vectors,
and compute the spin-color trace exactly. The three-point
function for each configuration is then computed by
convolving the trace estimate with the grid of 1024 two-
point correlation functions described in Sec. II A to obtain a
source-averaged estimate. The result is then averaged over
forward/backward signals and vacuum subtracted. We use
all operators in Eqs. (12) and (13), all momenta with jΔj2 ≤
25ð2π=LÞ2 and jp0j2 ≤ 10ð2π=LÞ2, and all sink times ts and
operator insertion times τ.
To extract the matrix elements, we fit summed averaged

ratios Σ̄disco
s=lRct using the functional form of Eq. (19) with

linear terms only, as the data has insufficient precision to

TABLE II. Number of sources Ns for which the connected
quark contribution to the three-point function, Eq. (21), is
computed for each sink time ts.

ts 6 8 10 12 14 16 18
Ns 6 16 16 16 32 32 32
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model excited states. We perform fits to summed ratios
constructed with all τcut ≥ 2, for all ranges of 4 or more
consecutive sink times in the range ½ts;min; ts;max�. The

minimum sink time is set to ts;min¼11 for τð6Þ3 and ts;min¼7

for τð3Þ1 , and the maximum sink time to ts;max ¼ 24.
These choices are motivated in Appendix A 2. Model
averaging with AIC weights [57] then yields the bare
matrix elements.
Quark matrix elements that are well-defined under

renormalization can be constructed by forming the non-
singlet and isosinglet combinations defined in Eq. (11),
combining the appropriate connected and disconnected
components. Unlike the connected three-point function
dataset, the disconnected data includes all values of ts,
which, with the momenta Δ and p0 defined above, yield a

total of 2179 c-bins for irrep τð3Þ1 , and 1185 for irrep τð6Þ3 .
Combining the connected and disconnected data at the level
of c-bins would thus involve discarding a considerable
fraction of the disconnected data for which no correspond-
ing connected results were computed. Instead, the bare
disconnected matrix elements are first fit using Eq. (20) to
yield the bare GFFs4 Aπ;disco;B

uþd;Rt , D
π;disco;B
uþd;Rt , A

π;B
sRt, and Dπ;B

sRt,
with results shown in Fig. 2. These are then used to
reconstruct improved estimates of the disconnected matrix
elements MEdisco

uþd;Rct and MEsRct matching the subset of
c-bins that are available for the connected quarks. The
resulting matrix elements are combined at the bootstrap
level with the connected ones, to yield the nonsinglet and
isosinglet operator matrix elements, which are renormal-
ized as discussed in Sec. IV.

F. Gluon contribution

The gluon contribution to the three-point function of
Eq. (16) can be computed as

C3pt
gRlðp0; ts;Δ; τ;x0; t0Þ
¼
X
x;y

e−ip
0·ðx−x0ÞeiΔ·ðy−x0ÞTr

�
Slðx0; t0;x; ts þ t0Þγ5

× Slðx; ts þ t0;x0; t0Þγ5
�
Tr
�
T̂gRlðy; τ þ t0Þ

�
; ð23Þ

where T̂gRl is the gluon EMT projected to the basis defined
in Eqs. (12) and (13). Quark smearing at the source and
sink is left implicit. Gluon operators are computed on 2511
configurations, with the gauge fields first subjected to 200
steps of Wilson flow [64–66] up to flow time tflow=a2 ¼ 2
in order to reduce noise due UV fluctuations. The three-
point functions are formed as with the disconnected quark
contributions, averaging over 1024 sources on each con-
figuration, vacuum subtracting, and using all momenta with
jΔj2 ≤ 25ð2π=LÞ2 and jp0j2 ≤ 10ð2π=LÞ2, and all sink
times ts and operator insertion times τ.
We fit the resulting summed averaged ratios Σ̄gRct, fitting

the linear term only as in the case of the disconnected
bare matrix elements. We perform fits to summed ratios
constructed with τcut ≥ 4, avoiding contact terms due to
the extension of the flowed operator definition, and to all
ranges of ts of length 4 or more in the range ½ts;min; ts;max�.
As motivated in Appendix A 3, we take ts;max ¼ 25

and choose different values of ts;min for different t-bins
due to differing extents of excited state contamination.
Model averaging with AIC weights [57] yields the bare
matrix elements used to produce the renormalized GFFs
of Sec. IV.

FIG. 2. Light (a) and strange (b) quark contributions to the bare disconnected GFFs, shown for both irreps, τð3Þ1 and τð6Þ3 .

4Aπ;disco;B
uþd;Rt ¼ 2Aπ;disco;B

lRt , and similarly for all quantities with a
uþ d subscript.
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III. RENORMALIZATION

In order to obtain renormalized GFFs Aπ
i ðtÞ, Dπ

i ðtÞ for
i∈ fg; u; d; sg, we need to compute the renormalization
coefficients of T̂g;μν, T̂q;μν, and T̂v;μν. We consider a
renormalization scheme defined in the chiral limit where
SU(3) isospin symmetry is exact. In this case, the non-
singlet operator T̂v;μν is protected from mixing with the
gluon operator, and therefore can be multiplicatively
renormalized as

T̂R
v;μνðμ2Þ ¼ ZR

v ðμ2; μ2RÞT̂B
v;μνðμ2RÞ; ð24Þ

where T̂R
v;μν and T̂B

v;μν denote the renormalized and bare
operators. ZR

v ðμ2; μ2RÞ denotes a factor that renormalizes the
operator in a renormalization scheme R, and runs the result
from scale μR to scale μ.
In contrast, the isosinglet quark and gluon EMTs mix

under renormalization, and renormalized operators in
scheme R can be defined as

 
T̂R
q;μν

T̂R
g;μν

!
ðμ2Þ ¼

 
ZR
qq ZR

qg

ZR
gq ZR

gg

!
ðμ2; μ2RÞ

 
T̂B
q;μν

T̂B
g;μν

!
ðμ2RÞ:

ð25Þ

To determine the renormalization factor in Eq. (24) and
matrix in Eq. (25), we first compute the renormalization
coefficients of each irrep in the RI-MOM scheme [67,68],
match them to MS, and run to the scale μ2 ¼ ð2 GeVÞ2.
This is the scheme and scale in which we present the
renormalized quark and gluon GFFs in Sec. IV. The
matching and running is equivalent to multiplication by

the conversion factors CRI=MS
ij ðμ2; μ2RÞ computed to 2-loop

order in αs ¼ g2=4π in Ref. [69]. The inverse nonsinglet
renormalization factor can be expressed in terms of the
RI-MOM nonsinglet renormalization coefficient RRI

vR with

R∈ fτð3Þ1 ; τð6Þ3 g as

�
ZMS
vR

	−1ðμ2Þ ¼ CRI=MS
v ðμ2; μ2RÞRRI

vRðμ2RÞ; ð26Þ

while the inverse of the isosinglet matrix can be written as5

 
ZMS
qqR ZMS

qgR

ZMS
gqR ZMS

ggR

!−1
ðμ2Þ ¼

 
RRI
qqR RRI

qgR

RRI
gqR RRI

ggR

!
ðμ2RÞ

×

 
CRI=MS
qq CRI=MS

qg

CRI=MS
gq CRI=MS

gg

!
ðμ2; μ2RÞ:

ð27Þ

In the remainder of this section, we discuss the details of this
calculation, which proceeds through the following steps:

(i) For each irrep R, we compute the five different
RI-MOM renormalization coefficients that appear in
Eqs. (26) and (27), RRI

v and RRI
ij with i; j∈ fq; gg,

using renormalization conditions defined in Sec. III A.
(ii) The resulting RI renormalization coefficients are

multiplied by the conversion factors to form the

nonsinglet contribution R̃RI
v CRI=MS

v and the eight
isosinglet contributions arising from the matrix
multiplication in the right hand side of Eq. (27),

R̃RI
ij C

RI=MS
jk , where no summation over j is implied.

The tilde notation indicates that the terms computed

are equal to RRI
v CRI=MS

v and RRI
ij C

RI=MS
jk up to lattice

artifacts.
(iii) We extract RRI

v CRI=MS
v and RRI

ij C
RI=MS
jk from R̃RI

v CRI=MS
v

and R̃RI
ij C

RI=MS
jk by modelling the dependence of the

latter on lattice artifacts, as discussed in Sec. III B.
The results are combined to obtain the isosinglet
MS renormalization matrix of Eq. (27) and the non-
singlet renormalization coefficent of Eq. (26) for
each irrep R.

The RI-MOM renormalization coefficients are computed
on ensemble B with parameters as in Table I. While it
would be preferable to compute these on ensemble A to
match the bare matrix elements presented in Sec. II, far
greater statistics than can be practically obtained would be
required to make their extraction possible on that ensemble.
However, comparison of other renormalization factors on
these ensembles [71] suggests that the resulting systematic
uncertainty is no more significant than the other unquanti-
fied uncertainties in this calculation using a single ensem-
ble of gauge fields.

A. RI-MOM

The RI-MOM scheme [67,68] defines renormalization
coefficients by imposing, in a fixed gauge, that amputated
forward-limit three-point functions with incoming fields
of four-momentum p are equal to their tree-level values at
some energy scale μ2R ¼ p2. For each irrep, four such
renormalization conditions are needed to solve for the four
coefficients of the mixing matrix in Eq. (25), and an
additional one is needed to fix the renormalization of the
nonsinglet operator.

5In our convention, the matrix CRI=MS
ij of Eq. (27) is the inverse

of CRI
0

ij defined in Ref. [69], setting to zero mixing with operators
that vanish in matrix elements of physical states [70]. In Eq. (26),

CRI=MS
v ¼ jCRI=MS

qq CRI=MS
gg − CRI=MS

qg CRI=MS
gq j=CRI=MS

gg .
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Bare three-point functions for the flavor-singlet quark
and gluon EMT operators can be constructed with either
light quarks or gluons as the external states as

Cq
i;μνðp2Þ ¼

X
x;y;z

eipðx−zÞ
�
ψuðxÞT̂i;μνðyÞψ̄uðzÞ

�
;

Cg
i;μναβðp2Þ ¼

X
x;y;z

eipðx−zÞ
�
Tr½AαðxÞAβðzÞ�T̂i;μνðyÞ

�
; ð28Þ

where the subscript i∈ fg; qg denotes the type of operator
and the superscript denotes the type of external fields. The
variables in the equations above, and in the rest of this
section, are written in Euclidean space. The gluon fields are
computed from link fieldsUμðxÞ fixed to Landau gauge and
can be expressed up to discretization effects as

AμðpÞ ¼
X
x

e−ipðxþaμ̂=2ÞAμðxþ aμ̂=2Þ;

Aμðxþ aμ̂=2Þ ¼ 1

2ig0

�
UμðxÞ −U†

μðxÞ

−
1

Nc
Tr
�
UμðxÞ −U†

μðxÞ
	�
; ð29Þ

where Nc ¼ 3, and μ̂ is a unit vector in the μ-direction. The
bare light quark and gluon propagators needed to amputate
the three-point functions are expressed as

Sqðp2Þ ¼
X
x;y

eipðx−yÞhψuðxÞψ̄uðyÞi; ð30Þ

Sgαβðp2Þ ¼
X
x;y

eipðx−yÞhTr½AαðxÞAβðyÞ�i: ð31Þ

These are renormalized by

Sq;Rðμ2RÞ ¼ Zqðμ2RÞSqðp2 ¼ μ2RÞ;
Sg;Rαβ ðμ2RÞ ¼ Zgðμ2RÞSgαβðp2 ¼ μ2RÞ: ð32Þ

The gluon field renormalization is defined as

Zgðμ2RÞ ¼
N2

c − 1

2

3=p̃2P
αhTr½Aαðp̃ÞAαð−p̃Þ�i

����
p̃2¼μ2R

ð33Þ

with lattice momenta

p̃μ ¼
a
π
sin
�
pμ

2a


; ð34Þ

while the quark field renormalization is defined as

Zqðμ2RÞ ¼
i

4Ncp̃2
Tr½ðSqÞ−1ðp̃2Þ=̃p�jp̃2¼μ2R

: ð35Þ

We consider the amputated three-point functions,

Cq;amp
i;μν ðp2Þ ¼ �Sqðp2Þ	−1Cq

i;μνðp2Þ�Sqðp2Þ	−1;
Cg;amp
i;μναβðp2Þ ¼ �Sgαα0 ðp2Þ	−1Cg

i;μνα0β0 ðp2Þ�Sgβ0βðp2Þ	−1; ð36Þ

where summation over repeated indices is implied. The
tree-level value of the amputated three-point functions
with a gluon operator and quark external states or a quark
operator with gluon external states are equal to zero at
p̃2 ¼ μ2R, while Cq;amp

q;μν is set equal to

Λq
μνðp̃Þ ¼ 1

2
ðp̃μγν þ p̃νγμÞ −

1

4
=̃pδμν ð37Þ

at p̃2 ¼ μ2R, and Cg;amp
g;μναβ is set equal to

Λg
μναβðp̃Þ ¼

N2
c − 1

2

�
2p̃μp̃νδαβ − p̃αp̃νδμβ − p̃αp̃νδμβ

− p̃βp̃νδμα − p̃βp̃μδνα þ p̃αp̃βδμν

− p̃2ðδαβδμν − δαμδβν − δανδβμÞ
	 ð38Þ

at p̃2 ¼ μ2R. To isolate the gauge-invariant part of the gluon
three-point function, which is proportional to the first term
of Eq. (38) [72], the momenta and indices must be chosen
such that p̃α ¼ 0, α ¼ β, α ≠ μ, and α ≠ ν. The Landau-
gauge gluon propagator is not invertible, but for this choice
of four-momenta p̃ it takes a block diagonal form of an
invertible and a noninvertible piece; for this choice of
indices, only the invertible part is needed to amputate the
three-point function.
The RI-MOM renormalization coefficients can be

obtained by solving the following system of renormaliza-
tion conditions:

RRI
qqðμ2RÞ ¼

Cq;amp
q;μν

ZqΛ
q
μν

����
p̃2¼μ2R

;

RRI
ggðμ2RÞ ¼

Cg;amp
g;μναβ

ZgΛ
g
μναβ

����α¼β;α≠μ;α≠ν

p̃α¼0;p̃2¼μ2R

;

RRI
qgðμ2RÞ ¼

Cg;amp
q;μναβ

ZgΛ
g
μναβ

����α¼β;α≠μ;α≠ν

p̃α¼0;p̃2¼μ2R

;

RRI
gqðμ2RÞ ¼

Cq;amp
g;μν

ZqΛ
q
μν

����
p̃2¼μ2R

: ð39Þ

The leading-order OðaÞ correction to Λq
μνðp̃Þ calculated

in lattice perturbation theory [73,74] is

δΛq
μνðp̃Þ ¼ p̃μp̃ν

p̃2
=̃p −

1

4
=̃pδμν: ð40Þ

It can be removed by projecting the three-point functions
Cq;amp
i for i∈ fq; gg to the Λq

μνðp̃Þ space. To accomplish
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this, an inner product h·; ·i is introduced on the space of
tensors with two Lorentz and two Dirac indices [75], and
the renormalization conditions for RRI

qq and RRI
gq are recast as

the matrix equations �
Cq;amp
i ;Λq

�
�
Cq;amp
i ; δΛq

�
!

¼ Zq

 
hΛq;Λqi hδΛq;Λqi
hΛq; δΛqi hδΛq; δΛqi

!

×

 
RRI
iq

δRRI
iq

!
; ð41Þ

which are solved for RRI
iq with i∈ fq; gg.

To reduce statistical fluctuation in the computation of the
renormalization factors involving gluon external states, one
can substitute [29,76]

hTr½AμðpÞAνð−pÞ�i ¼
1

Zgðp2Þ
N2

c − 1

2p2

�
δμν −

pμpν

p2


ð42Þ

for one of the gluon propagators in the denominator of the
amputated three-point functions. This cancels the depend-
ence of Eq. (39) on Zg.
The renormalization condition for the nonsinglet con-

tribution is

RRI
v ðμ2RÞ ¼

Cq;amp
v;μν

ZqΛ
q
μν

����
p̃2¼μ2R

; ð43Þ

where Cq;amp
v;μν is the amputated three-point function of the

nonsinglet operator defined in Eq. (11). We project out the
leading order lattice artifact of Eq. (40) forRRI

v using the same
approach as in the case of RRI

qq and RRI
gq described above.

B. Fitting of renormalization coefficients

The quantities R̃RI
v CRI=MS

v and R̃RI
ij C

RI=MS
jk , formed by

multiplying the computed RI-MOM coefficients [Eqs. (39)
and (43)] by the matching factors, have a residual depend-
ence on ðap̃Þ2, as well as on invariants of the hyper-
cubic group, due to nonperturbative effects, lattice artifacts,
and discretization effects. The MS renormalization factor

contributions RRI
v CRI=MS

v and RRI
ij C

RI=MS
jk are obtained from

the above quantities by fitting and subtracting this
contamination.
Rather than modeling and fitting hypercubic breaking

effects, the data is restricted to the subset for which Oða2Þ
hypercubic artifacts are expected to be suppressed by
cutting the momenta on “democracy” dem≡ p̃½4�=ðp̃2Þ2
[77], where

p̃½4� ¼
X4
i¼1

p̃4
i : ð44Þ

For the three-point functions with external quarks, the cut
dem ≤ 0.3 both results in acceptable fit quality and retains
sufficient data to allow several thousand fits to be per-
formed to different subsets to assess the systematic uncer-
tainties, as discussed in the following subsections. For the
three-point functions with external gluons, there is the
additional constraint that p̃α ¼ 0, where α is the Euclidean
vector index of the external gluon fields. This reduces the
number of available momenta with low democracy, so the
cut for these varies between 0.4 and 0.5 instead, as is
discussed case-by-case in the following subsections.
The remaining ðap̃Þ2 dependence of the renormalization

factors (i.e., due to lattice artifacts and nonperturbative
effects) can be modeled as

R̃RI
ij C

RI=MS
jk ða2p̃2Þ ¼ Pn1ða2p̃2; R̃10; R̃11; R̃12;…Þ

þ Plog
n2 ða2p̃2; R̃20; R̃21; R̃22;…Þ

þ Pinv
n3 ða2p̃2; R̃30; R̃31; R̃32;…Þ; ð45Þ

with Pn being the polynomial function

Pnðx; Y1; Y2; Y3;…Þ ¼
Xn
l¼0

Ylxl; ð46Þ

Plog
n the polynomial of a logarithm

Plog
n ðx; Y1; Y2; Y3;…Þ ¼ PnðlogðxÞ; Y1; Y2; Y3;…Þ; ð47Þ

and Pinv
n the inverse polynomial

Pinv
n ðx; Y1; Y2; Y3;…Þ ¼ 1

Pnðx; Y1; Y2; Y3;…Þ : ð48Þ

The renormalization componentRRI
ij C

RI=MS
jk can be extracted

from Eq. (45) as

RRI
ij C

RI=MS
jk ¼ R̃10 þ R̃20 þ

1

R̃30

: ð49Þ

Different R̃ parameters for each ði; j; kÞ in Eq. (45) are
implied, and an identical equation can be used to model

R̃RI
v CRI=MS

v . In practice, we find that simultaneously includ-
ing all Pn1 , P

log
n2 , and Pinv

n3 terms leads to overfitting. The
different renormalization terms are instead modeled by
different combinations of Pn1 , P

log
n2 , and Pinv

n3 , according to
which momentum dependence(s) is (are) dominant.
Specifically:

(i) Logarithmic terms (Plog
n2 ) are included only for the

renormalization terms that are multiplied by the

flavor off-diagonal CRI=MS
ij for i ≠ j. In all such

cases, we find that a polynomial with n2 ¼ 2 is
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sufficient to describe the data, and that including
higher-order terms leads to overfitting. Logarithmic
terms are not included for the renormalization
coefficients multiplied by the flavor-diagonal

CRI=MS
jj , because the logarithmic dependence for

those terms is a subleading correction to the match-
ing coefficient.

(ii) Polynomial terms (Pn1) are included for renormal-
ization coefficients multiplied by the flavor-diagonal

CRI=MS
jj (including the single isovector contribution),

excluding those with unflowed external gluon fields,
as discussed below. Including polynomial terms for
coefficients multiplied by the flavor off-diagonal

CRI=MS
ij does not alter the final results, since the

logarithmic dependence dominates for these terms.
We find that setting n1 ¼ 1 in the polynomial is
sufficient, and including higher-order terms yields
orders-of-magnitude smaller AIC weights.

(iii) The inverse polynomial term (Pinv
n3 ) is included in the

fit ansatz for all renormalization coefficients with
unflowed external gluon fields. This is necessary
because of the strong discretization artifacts of
the gluon propagator in the denominator of these

coefficients, when it is constructed from unflowed
link fields. The parameters of the inverse polynomial
term are always chosen such that the term is
monotonic in the ðap̃Þ2 region in which the data
is fit. The degree of the polynomial n3 used is
different between the different coefficients, and is set
to be the integer that yields the highest p-value for
each fit. Consistent results are obtained when
including several different choices of n3 in the
model averaging.

Further details are provided in the following discussions for
each renormalization coefficient.

C. Rv and Rqq

The renormalization condition for RRI
vR, Eq. (43),

depends on the three-point function of the nonsinglet quark
EMT, projected to the Euclidean version of the correspond-
ing irrep R basis of Eqs. (12) and (13), with external u
quark fields. Before amputation, this can be expressed for
operator l as

Cq
vRlðp2Þ ¼ Cq

uRlðp2Þ þ Cq
dRlðp2Þ − 2Cq

sRlðp2Þ; ð50Þ

where

Cq
uRlðp2Þ ¼

X
x;y;z

eipðx−zÞ
�
ψuðxÞψ̄uðyÞðγD

↔ÞRlðyÞψuðyÞψ̄uðzÞ
�
;

Cq
dRlðp2Þ ¼

X
x;y;z

eipðx−zÞ
�
ψuðxÞψ̄dðyÞðγD

↔ÞRlðyÞψdðyÞψ̄uðzÞ
�
;

Cq
sRlðp2Þ ¼

X
x;y;z

eipðx−zÞ
�
ψuðxÞψ̄ sðyÞðγD

↔ÞRlðyÞψ sðyÞψ̄uðzÞ
�
; ð51Þ

and x, y, z, p are four-vectors. The u three-point function results in a connected and a disconnected contribution

Cq
uRlðp2Þ ¼

X
x;y;z

eipðx−zÞTr
�
Slðx; yÞðγD

↔ÞRlðyÞSlðy; zÞ
�
−
X
x;y;z

eipðx−zÞTr½Slðx; zÞ�Tr
�ðγD↔ÞRlðyÞSlðy; yÞ

�
; ð52Þ

where l ¼ u=d, while the d and s three-point functions are disconnected

Cq
dRlðp2Þ ¼ −

X
x;y;z

eipðx−zÞTr
�
Slðx; zÞ�Tr½ðγD

↔ÞRlðyÞSlðy; yÞ
�
;

Cq
sRlðp2Þ ¼ −

X
x;y;z

eipðx−zÞTr½Slðx; zÞ�Tr
�ðγD↔ÞRlðyÞSsðy; yÞ

�
: ð53Þ

The connected contribution is computed using the sequen-
tial source method, inverting through the operator, on 240
configurations of ensemble B. The light and strange
disconnected contributions are computed on 20000
configurations, using hierarchical probing [62] with 16

Hadamard vectors and Z4 noise [61]. Both connected and
disconnected contributions are formed using quark propa-
gators computed on Landau-gauge-fixed configurations,
and projected to all momenta with 4-wave vector compo-
nents nμ such that 1 ≤ nμ ≤ 5. Uncertainties are propagated
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using bootstrap resampling with 200 bootstrap ensembles,
and are dominated by the disconnected contribution.

RRI
v CRI=MS

v for each hypercubic irrep is extracted by

fitting a linear model [P1 in Eq. (45)] to R̃RI
v CRI=MS

v , as
shown in Fig. 3(a). The results for each operator l within
each irrep are averaged to improve statistics. Fits are
performed to all possible sets of 4 or more points with
3 ≤ a2p̃2 ≤ 9, and all fits with p-value > 0.01 are model
averaged based on their AIC weights.
RRI
Rqq is constrained by solving the corresponding

renormalization condition of Eq. (39) using the three-point
function

Cq
qRlðp2Þ ¼ Cq

uRlðp2Þ þ Cq
dRlðp2Þ þ Cq

sRlðp2Þ; ð54Þ

which also receives a connected and a disconnected
contribution. Its computation proceeds as that of RRI

v

discussed above. It contributes to the MS renormalization

matrix of Eq. (27) in two ways: through R̃RI
qqC

RI=MS
qq and

R̃RI
qqC

RI=MS
qg . The fitting procedure applied to extract

RRI
qqC

RI=MS
qq is identical to that of RRI

v CRI=MS
v , and the

corresponding results are shown in Fig. 3(b). R̃RI
qqC

RI=MS
qg

is modeled using a logarithmic ansatz ½Plog
2 in Eq. (45)], as

FIG. 3. The computed contributions R̃RI
v CRI=M̄S

v (a), R̃RI
qqC

RI=M̄S
qq (b), and R̃RI

qqC
RI=M̄S
qg (c) are shown as empty markers for irreps τð3Þ1 (blue)

and τð6Þ3 (orange). Fits to various sets of points are performed as described in Sec. III C. The model-averaged fits to the data are shown as

bands, and the resulting estimates of the renormalization contributions RRI
v CRI=MS

v , RRI
qqC

RI=MS
qq , and RRI

qqC
RI=MS
qg are shown with filled

markers at ðap̃Þ2 ¼ 0. We note that RRI
qqC

RI=MS
qg (c) does not correspond to the fit band continued to ðap̃Þ2 ¼ 0, due to the presence of

logarithmic terms in the model ansatz, as described in Secs. III B and III C. The markers for τð6Þ3 are shifted slightly on the horizontal axis
for visibility.
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discussed in Sec. III B. The same fitting and averaging

scheme as for RRI
v CRI=MS

v and RRI
qqC

RI=MS
qq are used, with the

data and fits presented in Fig. 3(c).

D. Rgq

We calculate RRI
gqR on 20,000 configurations of ensemble

B by forming vacuum-subtracted three-point functions of
the gluon EMT projected to irrep R with external quark
propagators. The operator is constructed using gluon link
fields flowed to tflow=a2 ¼ 1.2 to match the physical scale
of the flow radius used for the bare gluon operator on the
finer ensemble A of Table I, as detailed in Sec. II F. The
quark propagator calculations are as in Sec. III C. When
solving the renormalization conditions of Eq. (39) for each

irrep, we average all operators l. RRI
gqC

RI=MS
qq is modeled by a

linear fit [P1 in Eq. (45)], as shown in the left panel of

Fig. 4. RRI
gqC

RI=MS
qg , shown in the right panel, is modeled by

a logarithmic ansatz [Plog
2 in Eq. (45)], as discussed in

Sec. III B. The fitting ranges and error propagation via
bootstrapping and model averaging are the same as for the
fits described in Sec. III C.

E. Rqg

RRI
qg is calculated on 20,000 configurations, using three-

point functions formed by the disconnected singlet quark
operator computed as described in Sec. III C. The gluon
propagators are formed as defined in Eq. (31) for the
diagonal indices α ¼ β using gluon fields computed from
Eq. (29), and are projected to all four-momenta p ¼ 2πn=L
that are subject to the constraints

P
μ n

2
μ ≤ 36, nτ ¼ 0,

and dem ≤ 0.5. We form RRI
qg in two ways, using gluon

propagators computed on gluon link fields that are either
flowed (to tflow=a2 ¼ 1.2) or unflowed before gauge fixing.
The two approaches are expected to have different dis-
cretization artifacts, but to give consistent results once the
ðap̃Þ2 dependence has been fit [29,78]. In both cases,
within each irrep we average all operators and gluon field
polarizations α that yield the same RRI

qgða2p̃2Þ as defined in
the renormalization condition of Eq. (39).

R̃RI
qgC

RI=MS
gg formed with unflowed external gluon fields is

modeled by Pinv
2 of Eq. (45), as discussed in Sec. III B. For

R̃RI
qgC

RI=MS
gg formed with flowed external gluon fields, we

find that the discretization effects become milder with
increasing flow time, and are well-described by a linear fit
[P1 in Eq. (45)] when tflow=a2 ¼ 1.2. The fitting of both the
flowed and unflowed versions yield consistent results for

RRI
qgC

RI=MS
gg , and the final result is obtained by combined

fits to both, sharing only the constant parameter. Fits are
performed to all p̃ with p̃min ≤ p̃ ≤ p̃max, varying the
boundaries to all points between 1.5 ≤ a2p̃2

min ≤ 3.5
and a2p̃2

max ≤ 7.

R̃RI
qgC

RI=MS
gq with unflowed external gluon fields similarly

demonstrates beyond-linear discretization effects along
with logarithmic dependence, and is found to admit
high-quality fits when the ansatz Plog

2 þ Pinv
1 of Eq. (45)

is used, as discussed in Sec. III B. The equivalent quantity
formed with external gluon fields flowed to tflow=a2 ¼ 1.2
demonstrates primarily logarithmic dependence, and only
Plog
2 is included in the model, as discussed in Sec. III B. We

extract RRI
qgC

RI=MS
gq from model averages over combined fits

to the flowed and unflowed R̃RI
qgC

RI=MS
gq using the same fit

FIG. 4. The computed R̃RI
gqC

RI=MS
qq (a) and R̃RI

gqC
RI=MS
qg (b), and their corresponding fits, performed as discussed in Sec. III D. The

notation is the same as in Fig. 3. We note that RRI
gqC

RI=MS
qg (b) does not correspond to the fit band continued to ðap̃Þ2 ¼ 0, due to the

presence of logarithmic terms in the model ansatz, as described in Secs. III B and III D.
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ranges as for RRI
qgC

RI=MS
gg . The data and averaged fits are

shown in Fig. 5.

F. Rgg

We calculate RRI
gg on 20,000 configurations by forming

vacuum subtracted three-point functions of the flowed
gluon operator with external gluon propagators. The
computation of the gluon operator is as described in
Sec. III D and of the gluon propagator as in Sec. III F.
As in Sec. III E, we form RRI

gg using external gluon fields
that are either unflowed or flowed to tflow=a2 ¼ 1.2. In both
cases, we average within each irrep all operators and gluon
field polarizations α that yield the same RRI

ggða2p̃2Þ as
defined in the renormalization condition of Eq. (39).

Similarly to the case of R̃RI
qgC

RI=MS
gq described in Sec. III E,

the flowed version of R̃RI
ggC

RI=MS
gq demonstrates primarily

logarithmic dependence and is fit using Plog
2 of Eq. (45),

while the unflowed version has strong discretization effects
and is modeled using Plog

2 þ Pinv
4 , as discussed in Sec. III B.

RRI
ggC

RI=MS
gq is obtained by combined fits to both versions,

with the same momentum democracy cut and fit ranges as
in Sec. III E. The results are shown in Fig. 6(a).

As discussed in Sec. III B, R̃RI
ggC

RI=MS
gg with unflowed

gluon fields as the external states is fit using Pinv
3 , using the

same democracy cut as the results above, but with 1 <
a2p̃2

min < 2. Restricting the fit to start at small momenta is
found to be necessary due to the strongly decaying behavior.

The flowed version of R̃RI
ggC

RI=MS
gg is well-described by a

linear model [P1 of Eq. (45)] when restricted to the dataset

with momenta of dem ≤ 0.5 and a2p̃2
min > 2. RRI

ggC
RI=MS
gg is

extracted from a combined fit to both versions, with the
results shown in Fig. 6(b).

G. Renormalization factors

The final results for the isosinglet and gluon inverse MS
renormalization matrices of the two irreps are

τð3Þ1 ∶ RMS
qq ¼ 1.056ð27Þ; RMS

qg ¼ 0.067ð71Þ;
RMS
gq ¼ −0.169ð22Þ; RMS

gg ¼ 1.68ð18Þ;
τð6Þ3 ∶ RMS

qq ¼ 1.039ð28Þ; RMS
qg ¼ 0.081ð19Þ;

RMS
gq ¼ −0.180ð23Þ; RMS

gg ¼ 1.625ð48Þ: ð55Þ

We note that the large values for RMS
gg , which contribute to

small values around 0.6 for the corresponding component

of the inverse matrix ZMS
gg , are due to the flowing of the

gluon operator; the bare gluon GFFs also increase with
increasing flow time, which is compensated by the decreas-
ing renormalization coefficient.
The results for the nonsinglet MS renormalization

coefficients are

τð3Þ1 ∶ RMS
v ¼ 1.067ð29Þ;

τð6Þ3 ∶ RMS
v ¼ 1.066ð21Þ: ð56Þ

FIG. 5. Data for R̃RI
qgC

RI=MS
gg (a) and R̃RI

qgC
RI=MS
gq (b) with unflowed external gluon fields are shown with empty markers, while the flowed

ones are shown as empty diamonds. The two sets of data are fit simultaneously as described in Sec. III E, and the extracted values for

RRI
qgC

RI=MS
gg and RRI

qgC
RI=MS
gq for each of the two irreps are shown as filled markers at a2p̃2 ¼ 0. We note that RRI

qgC
RI=MS
gq (b) does not

correspond to the fit bands continued to ðap̃Þ2 ¼ 0, due to the presence of logarithmic terms in the model ansatz, as described in
Secs. III B and III E.
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IV. RENORMALIZED RESULTS

The procedure described in Sec. II yields a set of
measurements which constrain the bare 2-dimensional

vector of GFFs Gπ;B
iRt for each irrep R∈ fτð3Þ1 ; τð6Þ3 g and

flavor i∈ fq; g; vg separately as

KRtG
π;B
iRt ¼ MEiRt; ð57Þ

whereMEiRt is the c-dimensional vector of matrix element
fits extracted from the lattice data using the summation
method, and Kt is the kinematic coefficient matrix written
as a ðc × 2Þ-dimensional matrix in the space of c-bins and
pion GFFs.
For i∈ fq; gg, the bare GFFs are defined in terms of the

renormalized GFFs, Gπ
it, as

Gπ;B
iRt ¼

X
j∈ fq;gg

RMS
ijRG

π
jt; ð58Þ

where RMS
ijR are the components of the renormalization

matrix with values listed in Eq. (55). Since both irreps are
expected to yield the same Gπ

it after renormalization, they
can be fit simultaneously, with the individual irrep renorm-
alization coefficients used as inputs in the fit. We therefore
recast Eqs. (57) and (58) into a single linear system for
both irreps

RKMS
t Gπ

t ¼ MEt; ð59Þ

where

MEt ¼

0
BBBBB@

ME
qτð3Þ

1
t

ME
qτð6Þ

3
t

ME
gτð3Þ

1
t

ME
gτð6Þ

3
t

1
CCCCCA; ð60Þ

RKMS
t ¼

0
BBBBBBBB@

RMS
qqτð3Þ

1

K
τð3Þ
1
t

RMS
qgτð3Þ

1

K
τð3Þ
1
t

RMS
qqτð6Þ

3

K
τð6Þ
3
t

RMS
qgτð6Þ

3

K
τð6Þ
3
t

RMS
gqτð3Þ

1

K
τð3Þ
1
t

RMS
ggτð3Þ

1

K
τð3Þ
1
t

RMS
gqτð6Þ

3

K
τð6Þ
3
t

RMS
ggτð6Þ

3

K
τð6Þ
3
t

1
CCCCCCCCA
: ð61Þ

We fit Eq. (59) for Gπ
t by minimizing

χ2t ¼
�
RKMS

t Gπ
t −MEt

	
T

× CovðMEtÞ−1
�
RKMS

t Gπ
t −MEt

	
; ð62Þ

where CovðMEtÞ is the covariance matrix of the matrix
element fits for momentum bin t, computed from the

bootstrap samples, and RKMS
t is assumed to be Gaussian

with the mean and covariance determined by the RI-MOM
fitting procedure of Sec. III. The solution takes the analytic
form

Gπ
t ¼

�
RKMS;T

t CovðMEtÞ−1RKMS
t

�−1
×RKMS;T

t CovðMEtÞ−1MEt; ð63Þ

FIG. 6. Data for R̃RI
ggC

RI=MS
gq (a) and R̃RI

ggC
RI=MS
gg (b), and corresponding fits performed as described in Sec. III F. The notation is the same

as in Fig. 5. We note that RRI
ggC

RI=MS
gq (a) does not correspond to the fit bands continued to ðap̃Þ2 ¼ 0, due to the presence of logarithmic

terms in the model ansatz, as described in Secs. III B and III F.
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FIG. 7. The isosinglet (top), nonsinglet (center), and gluon (bottom) GFFs of the pion renormalized in the MS scheme at scale
μ ¼ 2 GeV. The Aπ

i ðtÞ form factors are shown on the left and the Dπ
i ðtÞ on the right. Fits using the monopole model of Eq. (64) and the

z-expansion of Eq. (65) are shown, with fit parameters collected in Tables III and IV.
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and the errors are determined using Gaussian error propa-
gation. This circumvents the d’Agostini bias [79] by
neglecting additional correlations between renormalized

constraints induced by common factors of RMS
ijR.

For the renormalized nonsinglet GFF for which mixing
is not present, we follow a combined irrep fitting procedure
that is a Bayesian version of the “penalty trick” [79], and
was introduced in Ref. [30] for the renormalization of gluon
GFFs when mixing with quarks is assumed to be negligible.
For a detailed discussion of this procedure, see Appendix 6
of Ref. [30].

A. Pion gravitational form factors

The results for the combined-irrep isosinglet and non-
singlet pion GFFs renormalized in the MS scheme at
μ ¼ 2GeV are shown in Fig. 7, along with correlated fits
to the data points using the n-pole model

FnðtÞ ¼
α

ð1 − t=Λ2Þn ; ð64Þ

where α and Λ are free parameters. We set n ¼ 1 (mono-
pole), which we find to be the choice that yields the highest
p-value for all GFF fits. We test model dependence by also
using the z-expansion [80]

FzðtÞ ¼
Xkmax

k¼0

αk½zðtÞ�k; ð65Þ

where

zðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut − t

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut − t0

pffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut − t

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tcut − t0

p ; ð66Þ

t0 ¼ tcut
�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð2 GeVÞ2=tcut

q �
; ð67Þ

tcut ¼ 4m2
π , αk are free parameters, and we set kmax ¼ 2.

The nonsinglet GFFs are more precise than the isosinglet
ones, due to the cancellation of correlated noise between
the light-quark and strange disconnected contributions, and

FIG. 8. The light quark uþ d (top) and strange (bottom) GFFs of the pion, renormalized in the MS scheme at scale μ ¼ 2 GeV. The
notation is as in Fig. 7.
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due to the fact that they do not mix with the less precise
gluon contribution. The analogous results for each quark
flavor, i.e., the light-quark (uþ d) and strange (s) con-
tributions, are presented in Fig. 8, while Fig. 9 includes a
comparison of the gluon and different flavor quark mono-
pole fits. The gluon GFFs are fit using the monopole and
z-expansion models, while the light quark and strange
GFFs and their fits are determined by taking linear combi-
nations of the isosinglet and non-singlet components as

Gπ
uþdðtÞ ¼

2

3
Gπ

qðtÞ þ
1

3
Gπ

vðtÞ;

Gπ
s ðtÞ ¼

1

3
Gπ

qðtÞ −
1

3
Gπ

vðtÞ: ð68Þ

The parameters of the monopole and z-expansion fits are
shown in Table III for Aπ

i ðtÞ and Table IV for Dπ
i ðtÞ. In

Fig. 10, we present the renormalization scheme and scale
independent total GFFs AπðtÞ and DπðtÞ, obtained by sums
of the corresponding isosinglet and gluon GFFs. A com-
parison between the light, strange quark, and gluon con-
tributions is shown in Fig. 9.

While the joint fits discussed above have good fit quality,
when alternatively solving for the flavor-singlet GFFs using
the two irreps individually instead of performing a com-
bined-irrep fit as shown in this section, we find some
tension between the two irreps for the results of Dπ

qðtÞ. The
individual-irrep results, along with a discussion of this
observation, are included in Appendix B.

B. Forward limits

Our results for the flavor decomposition of the momen-
tum fraction and D term at scale μ ¼ 2 GeV in the MS
scheme using the monopole and z-expansion fit results of
Tables III and IV are shown in Table V. Aπ

gð0Þ is consistent
with results obtained in a previous study of the gluon GFFs
on an ensemble with mπ ¼ 450 MeV [29,30], and with
a lattice extraction [33] in the forward limit with Nf ¼
2þ 1þ 1 flavors at quark masses corresponding to the

TABLE III. Fit parameters of the monopole and z-expansion
parametrizations of the t-dependence of the pion GFFs Aπ

i ðtÞ
renormalized in the MS scheme at scale μ ¼ 2 GeV.

Monopole α Λ [GeV] χ2=d:o:f:

Aπ
gðtÞ 0.546(18) 1.129(41) 0.9

Aπ
qðtÞ 0.481(15) 1.262(37) 1.4

Aπ
vðtÞ 0.4276(78) 1.300(22) 1.2

z-expansion α0 α1 α2 χ2=d:o:f:

Aπ
gðtÞ 0.379(15) −0.551ð31Þ −0.37ð11Þ 1.0

Aπ
qðtÞ 0.353(12) −0.430ð25Þ −0.271ð89Þ 1.5

Aπ
vðtÞ 0.3187(60) −0.359ð15Þ −0.205ð45Þ 1.0

TABLE IV. Fit parameters of the monopole and z-expansion
parametrizations of the t-dependence of the pion GFFs Dπ

i ðtÞ
renormalized in the MS scheme at scale μ ¼ 2 GeV. We note the
high χ2=d:o:f of the Dπ

vðtÞ fits, which are due to three data points
fluctuating away from the trend of the curve, as seen in the center
right panel of Fig. 7.

Monopole α Λ [GeV] χ2=d:o:f:

Dπ
gðtÞ −0.596ð65Þ 0.677(65) 1.2

Dπ
qðtÞ −0.304ð26Þ 1.44(21) 1.0

Dπ
vðtÞ −0.322ð12Þ 1.286(76) 3.4

z-expansion α0 α1 α2 χ2=d:o:f:

Dπ
gðtÞ −0.265ð14Þ 0.682(71) −0.38ð36Þ 1.2

Dπ
qðtÞ −0.244ð11Þ 0.251(56) 0.61(30) 0.9

Dπ
vðtÞ −0.2483ð60Þ 0.308(27) 0.38(12) 3.5

FIG. 9. Pion GFF flavor decomposition using the monopole model of Eq. (64), with fit parameters shown in Tables III and IV.
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physical pion mass. Our result for Aπ
qð0Þ is however smaller

than the result found in Ref. [33]. In contrast, we find a
slightly larger contribution from gluons than from quarks to
the momentum fraction of the pion at μ ¼ 2 GeV. The
separate quark-flavor contributions, Aπ

uþdð0Þ and Aπ
s ð0Þ,

are also smaller than those found in Ref. [33]. A possible
explanation could be that the latter were computed on an
Nf ¼ 2þ 1þ 1 ensemble at the physical quark mass,
while our results were obtained on a single ensemble at
mπ ≈ 170 MeV and could not be extrapolated to the
physical point. Our results for Aπ

qð0Þ are also larger than
what was found in Ref. [31] after extrapolation to the
continuum limit. Our results for the total momentum
fraction are slightly larger than the sum rule predic-
tion, Aπð0Þ ¼ 1.

The total D term obtained is consistent with χPT when
the first chiral-symmetry breaking correction [16], which
for the quark masses of this ensemble is estimated to result
in Dπð0Þ ≈ −0.96, is taken into consideration, and smaller
in magnitude than the leading-order chiral limit prediction
of Dπð0Þ ≈ −1. Our result for Dπ

qð0Þ is statistically con-
sistent with the result found in Refs. [27,28], which was
computed from several ensembles at heavier pion masses
and extrapolated to the physical point, neglecting quark
disconnected contributions and mixing with the gluon
EMT. We find Dπ

gð0Þ to be smaller in magnitude than
the result at mπ ≈ 450 MeV neglecting mixing with quarks
found in Ref. [30], ½−0.793ð84Þ�.
Interesting physical comparisons can be made by con-

sidering the t-dependence of the GFFs, which we find to
be different between Aπ and Dπ as seen in Fig. 11, and
consistent with the NLO χPT prediction [16] in the small jtj
region, as seen in Fig. 10. Hadron radii associated with
the spatial distributions of their physical properties have
historically been defined in relation to the derivative of their
form factors at t ¼ 0. For example, the magnitude of the
derivative of the pion vector form factor Fπ

v is related to its
charge radius, while that of AπðtÞ is related to its mass
radius. We compare the relative sizes of the mass radius and
the charge radius by taking the ratio

rπmass

rπEM
∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dAπ=dtjt¼0

dFπ
v=dtjt¼0

s
: ð69Þ

Using the PDG averaged value for dFπ
v=dtjt¼0 [81] and the

monopole fit of Sec. IVA, we obtain that the charge radius
of the pion is approximately 1.6 times larger than its mass
radius. From equivalent relations for the mass radii of the
individual constituents,

FIG. 10. The scale- and scheme-independent total GFFs of the pion, obtained by summing the gluon and quark contributions. The red
bands show the next-to-leading order (NLO) χPT prediction for the low jtj region, using a range of estimates for the low-energy
constants, as presented in Ref. [16].

TABLE V. The flavor decomposition of the momentum fraction
and the D term of the pion, obtained from the monopole and
z-expansion fits to the pion GFFs, renormalized at μ ¼ 2 GeV in
the MS scheme, with parameters shown in Tables III and IV.

Monopole z-expansion

Aπ
gð0Þ 0.546(18) 0.546(22)

Aπ
qð0Þ 0.481(15) 0.485(18)

Aπ
uþdð0Þ 0.463(11) 0.468(12)

Aπ
s ð0Þ 0.0176(57) 0.0174(66)

Aπð0Þ 1.026(23) 1.031(28)

Dπ
gð0Þ −0.596ð65Þ −0.618ð75Þ

Dπ
qð0Þ −0.304ð26Þ −0.242ð53Þ

Dπ
uþdð0Þ −0.313ð17Þ −0.265ð36Þ

Dπ
s ð0Þ 0.0092(94) 0.023(19)

Dπð0Þ −0.900ð70Þ −0.860ð92Þ
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rπi;mass ∝

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Aπ
i ð0Þ

dAπ
i

dt

����
t¼0

s
; ð70Þ

we find rπg;mass=rπq;mass ≈ 1.1, and rq;mass in agreement with
a phenomenological extraction of the pion quark GFFs
from experimental measurements [21]. The equivalent
quantity for Dπ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

Dπ
i ð0Þ

dDπ
i

dt

����
t¼0

s
ð71Þ

is, however, approximately 2.5 times smaller for i ¼ q than
what was found in Ref. [21].

V. SUMMARY AND CONCLUSION

We present the first flavor decomposition of the
t-dependence of the pion GFFs, calculated using a lattice
QCD ensemble with quark masses yielding a close-to-
physical pion mass. We constrain the gluon, isosinglet, and
nonsinglet GFFs renormalized in the MS scheme at scale
μ ¼ 2 GeV, accounting for mixing between the gluon
and isosinglet contributions. From our results, we perform
the first extraction of renormalization scale- and scheme-
independent hadron gravitational form factors from lat-
tice QCD.
From fitting the t-dependence of Aπ , we find indications

of a smaller mass radius than charge radius for the pion.
Our results are consistent with the momentum fraction sum
rule, and with the NLO χPT prediction for the pionD term.
We observe some tension betweenDπ

qðtÞ obtained by fitting
each lattice operator irrep individually, as discussed in
Appendix B. Even though this effect is not significant for

this calculation, it is important to understand it for future
extractions with higher precision. This result also highlights
the value of considering different irreducible representations
when extracting GFFs from lattice QCD. Another interesting
feature in the analysis of the data is that excited state
contamination affects the extraction of bare Dπ

gðtÞ signifi-
cantly more than any of the other GFFs, as discussed in
Appendix A. No such effect was noted in a previous
extraction of Aπ

gðtÞ and Dπ
gðtÞ at mπ ≈ 450 MeV [30].

Future improvements, besides the repetition of the cal-
culation on additional lattice ensembles in order to enable the
continuum, physical quark mass, and infinite-volume limits
to be taken, could include using a variational basis of hadron
interpolators [82–84] to better control excited state contami-
nation. Another improvement would be the use of gauge-
invariant renormalization schemes [85,86] that allow the
renormalization mixing matrix of the EMT to be computed
nonperturbatively on large-volume ensembles.
As few experimental constraints on the pion GFFs exist

to date, the results in this work, and future calculations with
further improved systematics, provide particularly valuable
information on hadron structure. The structure of the pion
is of particular interest as the pseudo-Goldstone boson of
dynamical chiral symmetry breaking. Taken together with
the first constraints on proton GFFs from experimental
measurements in recent years [17,18], and the agreement
with lattice QCD results for the gluon contribution [30,87],
these developments mark a new milestone in our under-
standing of the gravitational properties of hadrons.
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APPENDIX A: FITS TO BARE RESULTS

This section presents additional details of our analysis
of the bare matrix elements discussed in Sec. II. In the
subsections below, we discuss separately the connected
quark, disconnected quark (both light and strange), and
gluon GFFs. For each, we assess the degree of excited state
contamination (ESC) and describe how the analysis hyper-
parameters were selected. Note that the physics of each
contribution is different, and conclusions drawn from the
analysis of one cannot be applied to another.
In Fig. 12, we present examples of averaged ratios,

defined in the text under Eq. (19), including the connected,
disconnected, and gluon contributions and corresponding
fits obtained from the summation method as described in
the subsections below. These are selected to span the
t-range for each of the two irreps, but due to the large
number of ratios computed in this analysis, it is useful to
consider ways of investigating ESC that do not treat the
ratios individually. We define effective matrix elements
from the summed, averaged ratios of matrix elements
defined in Eq. (19) and the surrounding text as

MEeff
iRctðtsÞ ¼ ∂ts Σ̄iRctðtsÞ

≈
1

δts

�
Σ̄iRctðts þ δtsÞ − Σ̄iRctðtsÞ

�
: ðA1Þ

We use δts ¼ 1 for the gluon and quark disconnected data
and δts ¼ 2 for the quark connected data, since only sink
times separated by two time slices are available for the
latter. The explicit τcut dependence of the summed ratios is
dropped in this discussion. From the effective matrix
elements, which are formed directly from the data, one
can obtain effective bare GFFs Aπ;eff

iRt ðtsÞ and Dπ;eff
iRt ðtsÞ for

each flavor r, irrepR, momentum bin t, and sink time ts by
fitting the overconstrained system of linear equations,

KA
RtA

π;eff
iRt ðtsÞ þKD

RtD
π;eff
iRt ðtsÞ ¼ MEeff

iRtðtsÞ; ðA2Þ

where KA
Rt and KD

Rt, defined in Eq. (20), are the kinematic
coefficients of the GFFs in the decompositions of the
effective bare matrix elements MEeff

iRtðtsÞ, written as
vectors in the space of c-bins.
The effective GFFs must be interpreted with more

caution than effective masses, due to the fit involved in

their definition. In the high-statistics limit, the effective
GFFs as functions of sink time ts will plateau to the value of
the bare GFFs at times when ESC becomes negligible. Note
that effective GFFs are used only as a consistency check
and as a tool to determine appropriate analysis hyper-
parameters for the analysis described in the main text.

1. Quark connected

Inspection of the effective GFFs computed from the
light-quark connected data suggests that ESC is a relatively
small effect in this channel. Figure 13 shows several
examples. Overall, most bins exhibit clear evidence of
ESC decaying away at early ts followed by a plateau with
fluctuations that may be attributed to signal-to-noise
effects. As described in Sec. II D, for the main analysis
we use the summation method to extract the bare matrix
elements, including the lowest-order exponential term of
Eq. (19) in the fitting, averaging over fit ranges τcut ∈
f2; 3; 4g, ts;max ∈ f16; 18g, and ts;min ∈ f6; 8; 10g, restrict-
ing to include at least five distinct ts in each fit. To remove
unstable outlier fits, fits not satisfying ðδMEÞmed=

ffiffiffiffiffi
10

p
<

δME <
ffiffiffiffiffi
10

p ðδMEÞmed are discarded, where δME is the
error of ME for the fit and ðδMEÞmed is the median error
over the pool of fits to be averaged. Comparing with the fits
to the summation method results (overlaid in Fig. 13),
we find that these are consistent with the effective GFFs.
The bare GFF fits appear to be resilient against the signal
breakdown at late ts apparent in some effective GFFs.
Taken together, this provides a cross-check of the analysis
employed in the main text.

2. Quark disconnected

Similarly to the connected quark contribution, the dis-
connected light and strange quark contributions show mild
ESC, but stronger signal-to-noise degradation. Effective
GFF examples for different t-bins are shown in Fig. 14(a)
for the strange quark contribution and in Fig. 14(b) for the
light quark piece. Consistent bare GFFs are obtained when
varying the parameter ts;min of the summation fits. For the

main analysis, we choose ts;min ¼ 7 for τð3Þ1 and ts;min ¼ 11

for τð6Þ3 , which are the choices that yield the highest
p-values for the majority of the t-bins in the bare GFF
fits of both the light and the strange disconnected quark
contributions. Summation fits are performed to all ts-ranges
extending over 4 or more time slices in the window
½ts;min; ts;max�, and model-averaged based on their AIC
weight. The upper bound is set to ts;max ¼ 24, which is
when approximately half of the c-bin ratios become
consistent with non-Gaussian noise, as determined by their
fourth cumulant being greater than 1, while 2 ≤ τcut ≤ 9.
The same condition as for the connected contribution,
ðδMEÞmed=

ffiffiffiffiffi
10

p
< δME <

ffiffiffiffiffi
10

p ðδMEÞmed, is imposed for
the fits that are model averaged together. The resulting bare
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FIG. 12. Examples of averaged ratios for τð3Þ1 (a) and τð6Þ3 (b). Each column represents a single ratio, with the corresponding t-value and
ðKA;KDÞ coefficients indicated above. The rows represent the bare connected, light-quark disconnected, strange, and gluon
contributions to the ratio. The overlaid bands are the results of fits to the ratios obtained via the summation method as described
in Secs. A 1, A 2, and A 3.
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GFFs for different t-bins, also presented in Fig. 2, are
shown as bands in Fig. 14.

3. Gluon

The bare gluon GFFs have a unique feature in compari-
son with the quark contributions; ESC affects A and D
differently, as demonstrated in Fig. 15(a). At the earliest ts
values, the effectiveD drifts downwards as a function of the
sink time ts, and does not reach a plateau region until later
sink times compared with A. This behavior is present but
more mild for larger momenta, as shown in Fig. 15(b). To
treat this effect in the main analysis, we use different
hyperparameters for c-bins with and without contributions
from D. For the c-bins with the coefficient of D, KD, being
zero, which only constrain A, we choose ts;min ¼ 10 for
both irreps and all t-bins, which is the approximate starting
sink time of the Aeff plateaus seen in Fig. 15. For the c-bins
with KD ≠ 0, we select ts;min as the point where Deff at
different t-bins becomes consistent with a plateau. The
chosen ts;min values, listed in Table VI, decrease as jtj

increases, as expected from the behavior of the correspond-
ingDeff shown in Fig. 15. These ts;min values are used as the
lowest possible bound in the summation fit ranges. The
upper bound is set to ts;max ¼ 25 using the same non-
Gaussianity cut as for the disconnected results discussed in
the above section. We set 4 ≤ τcut ≤ 9 to avoid contact
terms due to the flowed gauge links used in the compu-
tation of the gluon EMT. The bare gluon GFFs obtained
using the results from the summation fits with these
hyperparameter choices are shown as bands in Fig. 15.

FIG. 13. Effective bare GFFs, defined in Eq. (A2), for the connected light-quark contribution, computed from summed ratios with
τcut ¼ 2. Examples are chosen from the full set of 25t-bins to span the momentum range and to represent different qualitative behaviors
observed across all bins. Overlaid bands are not fit to the data shown, but are rather bare GFFs computed from the bare matrix elements
used in the main analysis.

TABLE VI. Choices of ts;min for the constraints with KD ≠ 0
within each gluon t-bin. These are taken to be the same for both
irreps. No choice is shown for the first t-bin since it doesn’t
contain enough constraints with KD ≠ 0 to provide an estimate
for D.

t-bin # 2–3 4–6 7–10 11–15 16–17 18–19 20–25
ts;min 18 17 16 15 14 13 10
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FIG. 14. Examples of bare strange (a) and light (b) quark disconnected effective GFFs, computed from Eq. (A2) using summed ratios
with τcut ¼ 2. The bands are not fit to the data shown but correspond to the bare GFFs used to produce the final results of the main text.
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FIG. 15. Examples of gluon effective GFFs, computed from Eq. (A2) using summed ratios with τcut ¼ 4. The effectiveDπ;eff
g , shown in

the bottom panels of (a) and (b), does not reach a plateau until later ts values compared to A, a feature that is particularly prominent for
smaller t-bins like those shown in (a). The bands are not fit to the data shown but correspond to bare GFFs obtained by fitting the bare
matrix elements used to compute the results from the main text.

HACKETT, OARE, PEFKOU, and SHANAHAN PHYS. REV. D 108, 114504 (2023)

114504-24



APPENDIX B: SINGLE-IRREP RESULTS

In this Appendix, we present the renormalized isosinglet and gluon GFFs obtained by considering the two irreps
individually, and compare them against the combined-irrep results of Sec. IVA. The single-irrep results are obtained by
solving Eq. (59) with

MERt ¼
�
MEqRt

MEgRt


; and RKMS

Rt ¼
0
@RMS

qqRKRt RMS
qgRKRt

RMS
gqRKRt RMS

ggRKRt

1
A; ðB1Þ

for R∈ fτð3Þ1 ; τð6Þ3 g. The gluon and isosinglet results are shown in Fig. 16, and the total GFFs in Fig. 17.
Tension is observed between the two individual irrep results for Dπ

qðtÞ. However, the combined fit procedure yields fits
with better quality on average than the individual irrep ones, with 60% of the t-bins having higher p-value than that for at
least one of the single-irrep fits. Despite the fact that no simple expectation for the relationship between the bare GFFs of
the two irreps for a single flavor contribution exists when mixing is present, we expect that the renormalized Dπ

qðtÞ
inconsistency is due to the tension between the bare connected Dπ;conn;B

Rl results of the two irreps, which are shown in
Fig. 18. This could be due to different discretization artifacts, including hypercubic symmetry breaking effects arising from
not further reducing the EMT to the “little groups” that it formally transforms under when it is boosted in different
directions. Further investigations are needed to understand the origin of this tension.

TABLE VII. Fit parameters of monopole fits to the pion GFFs obtained individually from each one of the two irreps, τð3Þ1 and τð6Þ3 ,
renormalized in the MS scheme at scale μ ¼ 2 GeV.

Monopole τð3Þ1 ∶ α Λ [GeV] χ2=d:o:f: τð6Þ3 ∶ α Λ [GeV] χ2=d:o:f:

Aπ
gðtÞ 0.568(65) 1.107(47) 1.2 0.541(18) 1.152(43) 0.63

Dπ
gðtÞ −0.58ð13Þ 0.72(13) 1.2 −0.72ð12Þ 0.603(81) 0.52

Aπ
qðtÞ 0.525(36) 1.243(48) 0.81 0.459(14) 1.206(50) 0.86

Dπ
qðtÞ −0.442ð59Þ 1.20(21) 1.1 −0.271ð33Þ 1.26(25) 0.48
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FIG. 16. The renormalized isosinglet quark and gluon combined-irrep GFFs of Sec. IVA (blue points) shown alongside the GFFs

obtained by fitting just the result for irrep τð3Þ1 (orange points) or τð6Þ3 (green points). The overlaid bands are monopole fits to the
corresponding matching color data, with fit parameters tabulated in Table VII.
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FIG. 18. The connected contribution to the bare quark GFFs for the separate irreps. The tension between theDπ;B
l;conn results for the two

irreps is discussed in Appendix B.

FIG. 17. Same conventions as in Fig. 16, but for the renormalization scale- and scheme-independent total GFFs.
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[38] G. F. de Téramond, H. G. Dosch, T. Liu, R. S. Sufian, S. J.
Brodsky, and A. Deur (HLFHS Collaboration), Gluon
matter distribution in the proton and pion from extended
holographic light-front QCD, Phys. Rev. D 104, 114005
(2021).

[39] A. F. Krutov and V. E. Troitsky, Pion gravitational form
factors in a relativistic theory of composite particles, Phys.
Rev. D 103, 014029 (2021).

[40] A. F. Krutov and V. E. Troitsky, Relativistic composite-
particle theory of the gravitational form factors of the pion:
Quantitative results, Phys. Rev. D 106, 054013 (2022).

[41] K. Raya, Z.-F. Cui, L. Chang, J.-M. Morgado, C. D.
Roberts, and J. Rodriguez-Quintero, Revealing pion and

HACKETT, OARE, PEFKOU, and SHANAHAN PHYS. REV. D 108, 114504 (2023)

114504-28

https://doi.org/10.1016/0370-2693(73)90625-4
https://doi.org/10.1016/0370-2693(73)90625-4
https://doi.org/10.1103/PhysRevLett.30.1343
https://doi.org/10.1103/PhysRevLett.30.1346
https://arXiv.org/abs/2303.08347
https://doi.org/10.1142/S0217751X18300259
https://doi.org/10.1103/PhysRev.144.1250
https://doi.org/10.1103/PhysRev.128.2832
https://doi.org/10.1016/j.physrep.2005.06.002
https://doi.org/10.1016/j.physrep.2005.06.002
https://doi.org/10.1103/PhysRevD.106.125012
https://doi.org/10.1103/PhysRevD.106.125012
https://doi.org/10.1103/PhysRevD.106.034028
https://doi.org/10.1016/S0370-2693(03)00036-4
https://doi.org/10.1016/S0370-2693(03)00036-4
https://doi.org/10.1103/PhysRevD.96.114013
https://doi.org/10.1103/PhysRevD.96.114013
https://doi.org/10.1103/PhysRevD.60.114017
https://doi.org/10.1103/PhysRevD.60.114017
https://doi.org/10.1007/BF01560453
https://doi.org/10.1038/s41586-018-0060-z
https://doi.org/10.1038/s41586-018-0060-z
https://doi.org/10.1038/s41586-023-05730-4
https://doi.org/10.1103/PhysRevD.93.032003
https://doi.org/10.1103/PhysRevD.93.032003
https://doi.org/10.1016/j.nuclphysbps.2012.12.033
https://doi.org/10.1016/j.nuclphysbps.2012.12.033
https://doi.org/10.1103/PhysRevD.97.014020
https://doi.org/10.1103/PhysRevLett.128.252002
https://doi.org/10.1146/annurev-nucl-101917-021129
https://doi.org/10.1103/PhysRevLett.130.211902
https://doi.org/10.1103/PhysRevLett.130.211902
https://doi.org/10.1016/j.nuclphysa.2022.122447
https://doi.org/10.1103/PhysRevD.10.2445
https://doi.org/10.1103/PhysRevD.10.2445
https://doi.org/10.22323/1.020.0360
https://arXiv.org/abs/hep-lat/0509133
https://doi.org/10.1103/PhysRevD.99.014511
https://doi.org/10.1103/PhysRevD.99.014511
https://doi.org/10.1103/PhysRevD.105.054509
https://doi.org/10.1103/PhysRevD.105.054509
https://doi.org/10.1103/PhysRevD.105.014505
https://doi.org/10.1103/PhysRevD.105.014505
https://doi.org/10.1103/PhysRevD.91.074516
https://doi.org/10.1103/PhysRevLett.127.252001
https://doi.org/10.1103/PhysRevLett.127.252001
https://doi.org/10.1103/PhysRevD.78.094011
https://doi.org/10.1103/PhysRevC.100.015201
https://doi.org/10.1103/PhysRevD.90.111901
https://doi.org/10.1103/PhysRevD.90.111901
https://doi.org/10.1103/PhysRevD.87.014005
https://doi.org/10.1103/PhysRevD.104.114005
https://doi.org/10.1103/PhysRevD.104.114005
https://doi.org/10.1103/PhysRevD.103.014029
https://doi.org/10.1103/PhysRevD.103.014029
https://doi.org/10.1103/PhysRevD.106.054013


kaon structure via generalised parton distributions, Chin.
Phys. C 46, 013105 (2022).

[42] R. Edwards, R. Gupta, N. Joó, K. Orginos, D. Richards, F.
Winter, and B. Yoon, U.S. 2þ 1 flavor clover lattice
generation program (unpublished).

[43] S. Park, R. Gupta, B. Yoon, S. Mondal, T. Bhattacharya,
Y.-C. Jang, B. Joó, and F. Winter (Nucleon Matrix
Elements (NME) Collaboration), Precision nucleon
charges and form factors using (2þ 1)-flavor lattice
QCD, Phys. Rev. D 105, 054505 (2022).

[44] S. Borsanyi et al. (BMW Collaboration), High-precision
scale setting in lattice QCD, J. High Energy Phys. 09
(2012) 010.

[45] M. Lüscher and P. Weisz, On-shell improved lattice gauge
theories, Commun. Math. Phys. 97, 59 (1985); 98, 433(E)
(1985).

[46] B. Sheikholeslami and R. Wohlert, Improved continuum
limit lattice action for QCD with Wilson fermions, Nucl.
Phys. B259, 572 (1985).

[47] C. Morningstar and M. J. Peardon, Analytic smearing of
SU(3) link variables in lattice QCD, Phys. Rev. D 69,
054501 (2004).

[48] B. Efron and R. Tibshirani, Bootstrap methods for standard
errors, confidence intervals, and other measures of stat-
istical accuracy, Stat. Sci. 1, 54 (1986).

[49] B. Efron and R. J. Tibshirani, An Introduction to the
Bootstrap (CRC Press, Boca Raton, 1994).

[50] J. E. Mandula, G. Zweig, and J. Govaerts, Representations
of the rotation reflection symmetry group of the four-
dimensional cubic lattice, Nucl. Phys. B228, 91 (1983).

[51] M. Göckeler, R. Horsley, E.-M. Ilgenfritz, H. Perlt, P. E.
Rakow, G. Schierholz, and A. Schiller, Lattice operators
for moments of the structure functions and their trans-
formation under the hypercubic group, Phys. Rev. D 54,
5705 (1996).

[52] L. Maiani, G. Martinelli, M. L. Paciello, and B. Taglienti,
Scalar densities and baryon mass differences in lattice
QCD with Wilson fermions, Nucl. Phys. B293, 420
(1987).

[53] S. J. Dong, K. F. Liu, and A. G. Williams, Lattice calcu-
lation of the strangeness magnetic moment of the nucleon,
Phys. Rev. D 58, 074504 (1998).

[54] S. Capitani, M. Della Morte, G. von Hippel, B. Jäger, A.
Juttner, B. Knippschild, H. B. Meyer, and H. Wittig, The
nucleon axial charge from lattice QCD with controlled
errors, Phys. Rev. D 86, 074502 (2012).

[55] D. Steinberg, kmeans1d, https://github.com/dstein64/
kmeans1d (2019).

[56] D. Djukanovic, T. Harris, G. von Hippel, P. M. Junnarkar,
H. B. Meyer, D. Mohler, K. Ottnad, T. Schulz, J. Wilhelm,
and H. Wittig, Isovector electromagnetic form factors of
the nucleon from lattice QCD and the proton radius puzzle,
Phys. Rev. D 103, 094522 (2021).

[57] W. I. Jay and E. T. Neil, Bayesian model averaging for
analysis of lattice field theory results, Phys. Rev. D 103,
114502 (2021).

[58] E. Rinaldi, S. Syritsyn, M. L. Wagman, M. I. Buchoff, C.
Schroeder, and J. Wasem, Neutron-antineutron oscillations
from lattice QCD, Phys. Rev. Lett. 122, 162001 (2019).

[59] S. R. Beane, E. Chang, W. Detmold, K. Orginos, A.
Parreño, M. J. Savage, and B. C. Tiburzi (NPLQCD Col-
laboration), Ab initio calculation of the np → dγ radiative
capture process, Phys. Rev. Lett. 115, 132001 (2015).

[60] H. Akaike, Information Theory and an Extension of the
Maximum Likelihood Principle (Springer Science+
Business Media, New York, 1998).

[61] M. Hutchinson, A stochastic estimator of the trace of
the influence matrix for laplacian smoothing splines,
Commun. Stat. 19, 433 (1990).

[62] A. Stathopoulos, J. Laeuchli, and K. Orginos, Hierarchical
probing for estimating the trace of the matrix inverse on
toroidal lattices, SIAM J. Sci. Comput. 35, S299 (2013).

[63] A. S. Gambhir, Disconnected diagrams in lattice QCD,
Ph.D. thesis, William-Mary College, 2017.

[64] M. Lüscher, Properties and uses of the Wilson flow in
lattice QCD, J. High Energy Phys. 08 (2010) 071; 03
(2014) 92.

[65] R. Narayanan and H. Neuberger, Infinite N phase tran-
sitions in continuum Wilson loop operators, J. High
Energy Phys. 03 (2006) 064.

[66] R. Lohmayer and H. Neuberger, Continuous smearing
of Wilson Loops, Proc. Sci. Lattice2011 (2012) 249
[arXiv:1110.3522].

[67] G. Martinelli, C. Pittori, C. T. Sachrajda, M. Testa, and A.
Vladikas, A general method for nonperturbative renorm-
alization of lattice operators, Nucl. Phys. B445, 81 (1995).

[68] G. Martinelli, S. Petrarca, C. T. Sachrajda, and A.
Vladikas, Nonperturbative renormalization of two quark
operators with an improved lattice fermion action, Phys.
Lett. B 311, 241 (1993); 317, 660(E) (1993).

[69] G. Panagopoulos, H. Panagopoulos, and G. Spanoudes,
Two-loop renormalization and mixing of gluon and quark
energy-momentum tensor operators, Phys. Rev. D 103,
014515 (2021).

[70] S. D. Joglekar and B.W. Lee, General theory of renorm-
alization of gauge invariant operators, Ann. Phys. (N.Y.)
97, 160 (1976).

[71] S. Mondal, R. Gupta, S. Park, B. Yoon, T. Bhattacharya, B.
Joó, and F. Winter (Nucleon Matrix Elements (NME)
Collaboration), Nucleon momentum fraction, helicity and
transversity from 2þ 1-flavor lattice QCD, J. High Energy
Phys. 21 (2020) 004.

[72] S. Caracciolo, G. Curci, P. Menotti, and A. Pelissetto, The
energy momentum tensor for lattice gauge theories, Ann.
Phys. (N.Y.) 197, 119 (1990).

[73] S. Capitani and G. Rossi, Deep inelastic scattering in
improved lattice QCD. 1. The first moment of structure
functions, Nucl. Phys. B433, 351 (1995).

[74] J. A. Gracey, Three loop anomalous dimension of the
second moment of the transversity operator in the MS-bar
and RI-prime schemes, Nucl. Phys. B667, 242 (2003).

[75] W. Detmold, M. Illa, D. J. Murphy, P. Oare, K. Orginos,
P. E. Shanahan, M. L. Wagman, and F. Winter (NPLQCD
Collaboration), Lattice QCD constraints on the parton
distribution functions of 3He, Phys. Rev. Lett. 126,
202001 (2021).

[76] Y.-B. Yang, M. Gong, J. Liang, H.-W. Lin, K.-F. Liu, D.
Pefkou, and P. Shanahan, Nonperturbatively renormalized

GRAVITATIONAL FORM FACTORS OF THE PION FROM … PHYS. REV. D 108, 114504 (2023)

114504-29

https://doi.org/10.1088/1674-1137/ac3071
https://doi.org/10.1088/1674-1137/ac3071
https://doi.org/10.1103/PhysRevD.105.054505
https://doi.org/10.1007/JHEP09(2012)010
https://doi.org/10.1007/JHEP09(2012)010
https://doi.org/10.1007/BF01206178
https://doi.org/10.1007/BF01205792
https://doi.org/10.1007/BF01205792
https://doi.org/10.1016/0550-3213(85)90002-1
https://doi.org/10.1016/0550-3213(85)90002-1
https://doi.org/10.1103/PhysRevD.69.054501
https://doi.org/10.1103/PhysRevD.69.054501
https://doi.org/10.1214/ss/1177013815
https://doi.org/10.1016/0550-3213(83)90399-1
https://doi.org/10.1103/PhysRevD.54.5705
https://doi.org/10.1103/PhysRevD.54.5705
https://doi.org/10.1016/0550-3213(87)90078-2
https://doi.org/10.1016/0550-3213(87)90078-2
https://doi.org/10.1103/PhysRevD.58.074504
https://doi.org/10.1103/PhysRevD.86.074502
https://github.com/dstein64/kmeans1d
https://github.com/dstein64/kmeans1d
https://github.com/dstein64/kmeans1d
https://doi.org/10.1103/PhysRevD.103.094522
https://doi.org/10.1103/PhysRevD.103.114502
https://doi.org/10.1103/PhysRevD.103.114502
https://doi.org/10.1103/PhysRevLett.122.162001
https://doi.org/10.1103/PhysRevLett.115.132001
https://doi.org/10.1080/03610919008812866
https://doi.org/10.1137/120881452
https://doi.org/10.1007/JHEP08(2010)071
https://doi.org/10.1007/JHEP03(2014)092
https://doi.org/10.1007/JHEP03(2014)092
https://doi.org/10.1088/1126-6708/2006/03/064
https://doi.org/10.1088/1126-6708/2006/03/064
https://doi.org/10.22323/1.139.0249
https://arXiv.org/abs/1110.3522
https://doi.org/10.1016/0550-3213(95)00126-D
https://doi.org/10.1016/0370-2693(93)90562-V
https://doi.org/10.1016/0370-2693(93)90562-V
https://doi.org/10.1016/0370-2693(93)91387-3
https://doi.org/10.1103/PhysRevD.103.014515
https://doi.org/10.1103/PhysRevD.103.014515
https://doi.org/10.1016/0003-4916(76)90225-6
https://doi.org/10.1016/0003-4916(76)90225-6
https://doi.org/10.1007/JHEP04(2021)044
https://doi.org/10.1007/JHEP04(2021)044
https://doi.org/10.1016/0003-4916(90)90203-Z
https://doi.org/10.1016/0003-4916(90)90203-Z
https://doi.org/10.1016/0550-3213(94)00428-H
https://doi.org/10.1016/S0550-3213(03)00543-1
https://doi.org/10.1103/PhysRevLett.126.202001
https://doi.org/10.1103/PhysRevLett.126.202001


glue momentum fraction at the physical pion mass from
lattice QCD, Phys. Rev. D 98, 074506 (2018).

[77] P. Boucaud, F. de Soto, J. P. Leroy, A. Le Yaouanc, J.
Micheli, H. Moutarde, O. Pene, and J. Rodriguez-
Quintero, Quark propagator and vertex: Systematic cor-
rections of hypercubic artifacts from lattice simulations,
Phys. Lett. B 575, 256 (2003).

[78] C. Alexandrou, S. Bacchio, M. Constantinou, J.
Finkenrath, K. Hadjiyiannakou, K. Jansen, G. Koutsou,
H. Panagopoulos, and G. Spanoudes, Complete flavor
decomposition of the spin and momentum fraction of the
proton using lattice QCD simulations at physical pion
mass, Phys. Rev. D 101, 094513 (2020).

[79] G. D’Agostini, On the use of the covariance matrix to fit
correlated data, Nucl. Instrum. Methods Phys. Res., Sect.
A 346, 306 (1994).

[80] R. J. Hill and G. Paz, Model independent extraction of the
proton charge radius from electron scattering, Phys. Rev. D
82, 113005 (2010).

[81] R. L.Workman et al. (ParticleDataGroup),Reviewofparticle
physics, Prog. Theor. Exp. Phys. 2022, 083C01 (2022).

[82] C. Michael, Adjoint sources in lattice gauge theory, Nucl.
Phys. B259, 58 (1985).

[83] M. Lüscher and U. Wolff, How to calculate the elastic
scattering matrix in two-dimensional quantum field theories
by numerical simulation, Nucl. Phys. B339, 222 (1990).

[84] J. J. Dudek, R. G. Edwards, N. Mathur, and D. G.
Richards, Charmonium excited state spectrum in lattice
QCD, Phys. Rev. D 77, 034501 (2008).

[85] M. Costa, I. Karpasitis, T. Pafitis, G. Panagopoulos, H.
Panagopoulos, A. Skouroupathis, and G. Spanoudes,
Gauge-invariant renormalization scheme in QCD: Appli-
cation to fermion bilinears and the energy-momentum
tensor, Phys. Rev. D 103, 094509 (2021).

[86] G. Spanoudes, C. Alexandrou, J. Finkenrath, K.
Hadjiyiannakou, H. Panagopoulos, and S. Yamamoto,
Non-perturbative renormalization of quark and gluon
operators using a gauge-invariant scheme, Proc. Sci.
LATTICE2022 (2023) 125 [arXiv:2212.07730].

[87] P. Shanahan and W. Detmold, Pressure distribution and
shear forces inside the proton, Phys. Rev. Lett. 122,
072003 (2019).

[88] R. G. Edwards and B. Joó (SciDAC , LHPC , and UKQCD
CollaborationS), The Chroma software system for lattice
QCD, Nucl. Phys. B, Proc. Suppl. 140, 832 (2005).

[89] A. Pochinsky, QLua, https://usqcd.lns.mit.edu/qlua.
[90] M. Clark, R. Babich, K. Barros, R. Brower, and C. Rebbi,

Solving lattice QCD systems of equations using mixed
precision solvers on GPUs, Comput. Phys. Commun. 181,
1517 (2010).

[91] R. Babich, M. Clark, B. Joó, G. Shi, R. Brower, and S.
Gottlieb, Scaling lattice QCD beyond 100 GPUs, in
Proceedings of the SC11 International Conference for
High Performance Computing, Networking, Storage and
Analysis (2011), arXiv:1109.2935.

[92] M. A. Clark, B. Joó, A. Strelchenko, M. Cheng, A.
Gambhir, and R. Brower, Accelerating lattice QCD
multigrid on GPUs using fine-grained parallelization,
arXiv:1612.07873.

[93] F. T. Winter, M. A. Clark, R. G. Edwards, and B. Joó, A
Framework for Lattice QCD Calculations on GPUs, in
2014 IEEE 28th International Parallel and Distributed
Processing Symposium (2014), 10.1109/IPDPS.2014.112.

[94] B. Joó, D. D. Kalamkar, T. Kurth, K. Vaidyanathan, and
A. Walden, Optimizing Wilson-Dirac operator and
linear solvers for intel®knl, in High Performance
Computing, edited by M. Taufer, B. Mohr, and J. M.
Kunkel (Springer International Publishing, Cham, 2016),
pp. 415–427.

[95] A. Gambhir, D. Brantley, J. Chang, B. Hörz, H. Monge-
Camacho, P. Vranas, and A. Walker-Loud, lalibe, https://
github.com/callat-qcd/lalibe (2018).

[96] C. R. Harris et al., Array programming with NumPy, Nature
(London) 585, 357 (2020).

[97] P. Virtanen et al. (SciPy 1.0 Contributors), SciPy 1.0:
Fundamental algorithms for scientific computing in Python,
Nat. Methods 17, 261 (2020).

[98] J. Reback et al., pandas-dev/pandas: PANDAS 1.0.3 (2020),
10.5281/zenodo.3509134.

[99] Wes McKinney, Data structures for statistical computing in
Python, in Proceedings of the 9th Python in Science
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