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In the framework of nonrelativistic QCD (NRQCD) factorization, we compute both the polarized and the
unpolarized decay widths for the processes 7, (y,;) = J/wJ/y, accurate up to next-to-next-to-leading
order (NNLO) in a,. For the first time, we confirm that the NRQCD factorization does hold at NNLO for
the process involving triple quarkonia. We find that the radiative corrections are considerable. In particular,
for y;,, both the O(a,) and O(a?) corrections are sizable and negative, and both can significantly reduce
the leading-order prediction. At NNLO, the branching fractions are 8.2 x 1077, 6.2 x 1076,7.2 x 10~7, and
2.7 x 1078 for 1,, ¥40» Xp1> and yp, decay, respectively. Our theoretical predictions are consistent with the
upper limits measured by the Belle Collaboration. Moreover, we investigate the dependence of the
theoretical predictions on the ratio of the charm quark mass and the bottom quark mass—i.e., r = m,/my,.
By fixing m,, and varying m, from 1.25 to 1.9 GeV, we find that the branching fraction can change by
factors of 2, 3, and 6 for 1, y,0, and yy,;, respectively. Although the branching fraction for y,, decreases
with the increase of r at leading order and next-to-leading order, it is almost independent of » at NNLO.
In the phenomenological analysis, with the integrated luminosity £ = 100 fb~!, we expect about
(5—10) x 10* 1, (yp;) = J/wJ/w — €€£€ events to be produced at the Large Hadron Collider;
thus, it might be helpful to search for these processes. On the other hand, there are fewer than
100 1, (xps) = J/wJ /w signal events at the B Factory, so it seems that the experimental measurements
on these channels are quite challenging based on the current dataset. Nevertheless, with the designed
50 ab™! integrated luminosity at Belle 2, the observation prospects of #,(y,;) = J/wJ/w may be

promising in the foreseeable future.

DOI: 10.1103/PhysRevD.108.114030

I. INTRODUCTION

The exclusive decay of a bottomonium into double
charmonia provides an excellent testing ground to explore
the interplay between perturbative and nonperturbative
aspects of the QCD. These processes can be studied in
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the framework of nonrelativistic QCD (NRQCD) factori-
zation formalism [1], which offers a systematic way to
separate the short-distance effects and long-distance
effects. The experimentalists have made many attempts
to search for such processes. Based on enormous Y(15)
and Y(2S) events, the Belle Collaboration has measured
the branching fraction for Y(1S) — J/yy,; and has set the
upper limits for the branching fractions of Y'(nS) — J/yn,
and Y(nS) = J/wx.02 [2]. Besides this, the search for
double charmonium decays of the P-wave spin-triplet
bottomonium states was performed in [3]. Although no
significant y,; signal was observed, the upper limits for the
branching fractions of y,; — J/ywJ/y were obtained [3].

To date, the processes of a bottomonium exclusive decay
into double charmonia have been extensively studied on the
theoretical side. For T decay, the process of T — J/ym.
was first studied a long time ago by Jia [4] within the

Published by the American Physical Society
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framework of NRQCD. The rate of Y — J/yy,.; was first
computed in Ref. [5]. The relativistic corrections and
radiative corrections to these processes were separately
considered in Refs. [6,7]. For C-even bottomonium decay,
due to kinematic constraint, the amplitude of n, = J /yJ /w
disappears at the lowest order in heavy quark velocity and
a,. The relativistic corrections to the rate of n, — J/wJ/w
were first calculated in [8]. In the same year, the next-to-
leading-order (NLO) radiative corrections were carried
out [9]. The process was restudied based on the light-cone
(LC) approach [10]. In 2010, Sun et al. recomputed
the NLO corrections to the rate of 5, — J/wJ/y in
NRQCD [11]. Moreover, they also calculated the higher
twist effects in the LC formalism. For y,; = J/wJ/y, the
decay rate was first computed by Braguta et al. in both
NRQCD and LC formalism [12]. Later, the relativistic
corrections in the charm quark velocity were carried out
in Refs. [13,14], and the NLO radiative corrections were
worked out in Ref. [15].

In recent years, technological advances have made it
possible to calculate the higher-order QCD corrections to
quarkonium production and decay—in particular, for the
processes involving multiple quarkonia. The two-loop
radiative corrections to the cross section of ete™ —
J/wn, at the B Factory were computed in Refs. [16,17].
In the last year, the two-loop corrections to e™e™ — J/yy.;
were obtained in Ref. [18]. With all the available radiative
corrections lumped together, the theoretical results on the
production cross sections of J/w + 1.(y.¢) agree with the
experimental measurements, notwithstanding large uncer-
tainties. Very recently, the very challenging two-loop
radiative corrections to ete” — J/wJ/y were carried
out [19]. With the measured J/y decay constant as input,
which amounts to resumming a specific class of radiative
and relativistic corrections to all orders, the perturbative
corrections exhibit a decent convergence behavior. The
two-loop corrections to the decay width of T — #5.(y.;)y
were evaluated in 2021 [20]. In addition, the two-loop
corrections to T — J/yn.(y.;) were worked out last
year [7], where the QCD corrections notably mitigate
the renormalization-scale dependence of the decay widths,
and the theoretical predictions on the branching fraction of
T — J/wy. are well consistent with the Belle measure-
ment [2]. Inspired by the success of the NRQCD, we
calculate, in the current work, the O(a?) corrections to the
processes 1, (y,;) = J/wJ /y, which can provide useful
guidance for experimental measurement.

This paper is organized as follows: In Sec. II, we present
the general formulas for the helicity amplitudes and
(un)polarized decay widths of #,(yp,) = J/wJ/w. In
Sec. III, we factorize the helicity amplitudes by employing
the NRQCD factorization. In Sec. IV, we describe the
technicalities encountered in the calculation and present
the results of the various short-distance coefficients up to
NNLO in a;. Section V is devoted to the phenomenological

analysis and discussion. A brief summary is given in
Sec. VI. In Appendix A, we present the explicit expressions
of the eight helicity projectors. In Appendix B, the decay
widths as well as the branching fractions at various level of
accuracy are tabulated for different ratios of the charm
quark mass and the bottom quark mass.

II. (UN)POLARIZED DECAY WIDTHS

It is convenient to apply the helicity amplitude formalism
[21,22] to analyze the exclusive decay H — J/wlJ/y,
where H can be #;, or y,;. We assign the magnetic number
S, of the decaying particle directly along the z axis, and 6
denotes the polar angle between the z axis and the direction
of the outgoing J/y. Let A, and 1, represent the helicities of
the two outgoing J/y particles. The differential rate of H
decay into J/w(A;) + J/w(4,) becomes

dU[H(S,) = J/y ()] /w(h)]
dcos®
P|
= 167rm%, |ds,.zl—,12( )‘ ‘Aal /12

; (1)

where my represents the mass of H, and P denotes the
spatial components of the J/y momentum. The magnitude
of P is readily determined via

P _’ll/z(m%*mg/w’mi/w) _ myy 2 o)
P| = T =\ ~ "y (@)

where the Killen function is defined via A(x,y,z)=
x*+y?+z>—2xy—2xz—2yz. Note that angular momen-
tum conservation constrains |1; — A,| < J; here, J is the
spin of H. The angular distribution is fully dictated by the
quantum numbers 4; and 4, through the Wigner function
d§ ;. _4,(0), and AY , is the intended helicity amplitude

that encapsulates all nontrivial strong interaction dynamics,
which depends upon 4; and 4,.

Integrating (1) over cos @ (one should cover only the
hemisphere of the solid angle, since two J/y particles are
indistinguishable bosons) and averaging over all possible H
polarizations, one obtains

I'H - J/W(/ll)f/ll/(ﬂz)]
_ [P Al
- 167m 2 M 12

2J+1Z| S. il (0)*dcos

[P|
= Al 2, 3
167(2J + 1)m%,| nal ®)

The helicity amplitudes are not independent. Due to the
parity invariance [21], there are the following relations:

Al =—A

A1.dp Zbﬁl,—b’ Agbj/lz = ( l)jA{h/ljl A" (4)

114030-2



TWO-LOOP QCD CORRECTIONS TO C-EVEN BOTTOMONIUM ...

PHYS. REV. D 108, 114030 (2023)

Moreover, we have

Al =—A

A :1,;7./1,’ A)jhjzz = (- 1)JA)A(§,JA. (5)

for the two identical J/y’s in the final state [21]. Thus,
there is one independent helicity amplitude for 7, and y;,
decay; there are two for y;o, and four for y,.

It is straightforward to obtain the unpolarized decay
rates for H — J/wJ/w by summing over all the allowed
helicity channels:

T = 3 /w) = G (AT ). (60)
i = 9/ /1) = o o= CIATTE + AGE). ()
it = 30 /w) = o ). (69
Ftn = 93 /) = g (I 4 2

+ 4ATGI + 1AG51)- (6d)

Finally, it is enlightening to analyze the asymptotic
behavior of the helicity amplitudes. In the limit of
my > m,, Ajl ,  satisfies

A/I{-l X r2+\/1]+12\’ (7)

1,42

where r = ¢, For each J/y production, it contributes one
mp

power of r in (7) originating from the large momentum
transfer which is required for the charm-anticharm pair to
form the J/yw with small relative momentum. The other
powers of r arise from the helicity selection rule in
perturbative QCD [23,24].

III. NRQCD FACTORIZATION FOR THE
HELICITY AMPLITUDE

By employing the NRQCD factorization [1], we can
express the helicity amplitude as

<O>H <(9>J/y/

my m

Af],/lz = 4/ 2mH2mJ/l,,fZ/12

(8)

o w

where n = 2 for i, and n = 3 for y,;, and fﬁiz denotes
the dimensionless short-distance coefficient (SDC). The
nonperturbative long-distance matrix element (LDME) is
defined via (O), = [(0|Oy|H)|> with

O,, =x"w. (9a)
1 i<
Oy = %ZT (— ED . 6> v, (9b)

1 i
Xb \/EIT <_ ED X O-> )(,,] v, (9C)
1< . ii
O)(bz = ZT <_ ED Od)) 5;/;72‘!/, (9d)
OJ/!// = ){TG ’ €J/(//l//9 (96)

where y and y' are the Pauli spinor fields annihilating a
heavy quark and antiquark, respectively, and ey and €;,
represent the polarization tensor/vector of H and J/y,
respectively.

The prefactor \/2my2m; ,, in (8) originates from the fact
that we adopt relativistic normalization for the quarkonium
in the helicity amplitude; however, we adopt nonrelativistic
normalization in the LDMEs. Since, in this work, we are
only concerned with the lowest order in velocity expansion,
we can set my = 2my, and my,;, = 2m, in (8).

It is worth noting that the helicity selection rule for
SDCs,

H 1421 +4
fll,ﬂq X7 +‘ 1+ 2" (10)

can be directly deduced from (7)
that (0),), « m;.

It is convenient to expand the helicity SDCs in powers of
the strong coupling constant

by noticing

H.(0 Bo, Hi
fﬁwﬁz_a%[flhgz) 7[(21 Rf/l o +fﬂliz>
366, 5 Hi
s <16012 waz
1 3fo .u ﬂR
(mb+—mb 2t
+ (271/1,/ +7n) ]n f,{ ,12 +f,11 Ay )] +0(®),
(11)
where ﬁo u CA Tpnf and ﬂ] = %C‘% - (% CA —+

4Cp)Tpny are the one—loop and two-loop coefficients of
the QCD f function, respectively, and ny =n; + ny
signifies the number of active flavors, with the number
of light quarks being n; = 3, and the number of heavy
quarks ny = 1. up and p, refer to the renormalization scale
and the NRQCD factorization scale, respectively. The In y%
terms in (11) guarantee the renormalization group invari-
ance of the SDCs. The occurrence of Iny3 is required by
the NRQCD factorization. According to the factorization,
the u, dependence in the SDCs should be thoroughly
eliminated by that in the LDMEs. y;/,, and yy represent
the anomalous dimensions associated with the NRQCD
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bilinear currents carrying the quantum numbers S}, 'S, It is straightforward to compute the leading-order (LO)

or 3P;, which have already been known from various SDCs
sources [25-30]:

o 100) _ 64+/37%r° 10 0) _ _ 32V/37%r(1 = 2r?)
2 CalF F : 81 ' : 81 '
Vi = —T ——i——), (12a)
" ( 4 76 (13a)
CiCrp C%
Yow = 2 (M _|__F> , (12b) 202.(0) _64\/671’27‘3 2. (0) 32\/57[27'2 (13b)
4 2 1,1 - 81 ’ 1,0 - 27 ’
2
y, =g (Cale  Cr) (12¢)  pn0) _ 32707 w0 __ 16V/67%r(1 +477)
#00 12 3 -1 = ; 00 = :
27 81
CiCr 5C2 (13¢)
e (GED),
which are consistent with those in Refs. [9,11,13].
c.C 132 Accidentally, we find that the SDCs for 7, and y,,
Yy = _;;2< AVE £ > (12e) vanish at LO. This can be explained by the following
i 12 120 fact: At LO, the amplitude of the subprocess 7, (y,1) —

g*g" is proportional to a Levi-Civita tensor, and by
coincidence, the momenta of the two virtual gluons are
equal, which cause the Levi-Civita tensor to vanish.
In addition, it is straightforward to check that the value
FHO) in (13) satisfy the helicity scaling rule (10) in the
limit of » — 0.

Once beyond the LO, we adopt the standard shortcut to
directly extract the SDCs—i.e., to expand the QCD
amplitudes in powers of quark relative momentum prior

We employ the FeynArts package [31] to generate the  to conducting loop integrals, which amounts to directly
quark-level Feynman diagrams and Feynman amplitudes  extracting the contribution from the hard region in the
for bb — ¢t + c¢. Some representative Feynman diagrams ~ context of strategy of region [34]. We utilize the packages
are illustrated in Fig. 1. We adopt the well-known covariant Apart [35] and FIRE [36] to reduce the loop integrals into
color/spin/orbital projector technique with the aid of the  linear combinations of a group of master integrals (MIs).
packages FeynCale [32] and FormLink [33] to expedite the  Finally, we end up with 20 one-loop MIs, which are
matching calculation. To further extract the helicity ampli-  analytically computed with the aid of Package-x [37],
tudes, we find it convenient to apply various covariant  and 1439 two-loop MlIs, which are numerically evaluated
helicity projectors. The expressions of these helicity pro-  with the method of auxiliary mass flow [38-41].
jectors are explicitly presented in Appendix A. Moreover, we employ the newly released package

Y E \vV i ‘v \vV
(a) (b) () (d) (e)
LO NLO
0 :E% Ly [T CIE
® (€9) (h) ® )
NNLO

The SDCs can be determined by the perturbative match-
ing procedure—i.e., by replacing the physical J/y/H with
the fictitious quarkonia composed of the free ¢¢/bb pair
with the same quantum numbers as J/y/H, computing both
sides in (8) in perturbative QCD and NRQCD, then solving
for SDCs order by order in perturbation theory.

IV. SDCs UP TO NNLO

<

FIG. 1. Some representative Feynman diagrams for the process H — J/wJ/y up to two loops.
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CalcLoop [42], developed by Ma et al., to check some of
our computation.

Performing the field-strength and mass renormalization,
with two-loop expressions of Z, and Z,, taken from [43],
and renormalizing the strong coupling constant under
the MS scheme to two-loop order, we eliminate the UV
divergences in the two-loop SDCs. Nevertheless, the
renormalized two-loop corrections to the SDCs still contain
uncanceled single IR poles. This pattern is exactly what is
required by NRQCD factorization, as reflected in (11).
These IR poles can be factored into the NRQCD LDMEs
under the MS prescription, which then become scale-
dependent quantities. As mentioned previously, the In
terms in (11) exactly cancel the u, dependence of the

LDME:s, so that the predicted decay width is independent
of p,. The validity of NRQCD factorization in this process
turns out to be highly nontrivial.

Since the analytic expressions of the fZii? are too
complicated, here we merely present their asymptotic

expansion in the limit of r — 0:

6471'2
AZ asy 81

fﬂl r1+|/11+/12\cﬁ‘22’ (14)

where we have deliberately pulled out the r-dependent
factor in front to make the helicity scaling rule manifest, so
that the Cﬁ 4, Values scale as ¥ and read

19Ins (5 19iz In2 5In%2 (1 ix 297> 33z 3
o = — —_—— 1 - - 1 2 - [ - 15
(e 2 +(2+ g 4>nr+ 6 +<2+8)n + 96 g —l—m—l-4, (15a)
591n? r 25In2 22 59ix 25V/3 11 33ix 983  65iz 197
20 e ——— | V¥V In22 - — In2
=% \/§< 2 3 24> R TR \/5(2 8 ) +‘[<144 24 32>
+§—Q(3m+5), (15b)
15-10In2)V/3 1 13iz 1722 511 25iz\ /3 377, V3n
g (1521002)V3, In2+ )+ 2+ ! 1
Cos 6 n ﬁ(z 24 ) f( 96 144 24 ) 4 8 g Gt (15¢)
In?r 5m2 7 in 971n22 159 5lin 1322 583 127iz 21/3x
cl = 2 Z)nr-2—=4V2 ~ = )m2+v2 e . (15d
0T f( 8 64+16> W) +\/_(16+ 4 )“ +f< 96 256 16 32 > (15d)
131n% r 37In2 29 13ix 411[ 1123 3851  73liz 297
Xb2 _ S ——— I Y In22 — _ 2 In2
=" ‘@< 2 6 12) 16 f( 3 ’”) " +\[(720 T T 96)
12617 V6,
+ + 3in +5), 15e
171n% r 21In2 335 17in 4171022 8879  857ix
o= ——— 42 — e T I —— V2 (= + =2 In2
0= gn +f< g o4 16> A f<240 6 ) n
76087 17779z  67z*\ 181v6x V2n;
2 - - - 3iz +5), 15f
+\/_(3840 480 64) 480 g 3im+S) (15f)
¢ — (6—8In2)Inr 4 10122 453 | 163iz 11]2+73;z2+5801m 1157 1081[;; " 3ints). (15
— (6 — r — (== - i
- 20 8 96 180 240 480 6 &
—2In2 1 259 161i 1 2141lin
C%:@ n )\/Eln 3\f122 VG20 1etim\ | e(1067 in 7
; 6 60 2 1440 480 ' 32
197V2z  Von; .
+ 120 + 36 (Biz +5). (15h)

It is worth noting that the above asymptotic expressions can hardly approximate the complete expressions for most fﬁ:?ﬂz
cases at physical values of m,. and m,, due to m,; being far from asymptotically larger than m,.
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TABLE 1. Numerical values for various SDCs with m;, =
4.7 GeV and m. = 1.5 GeV.

m. = 1.50 GeV,m;, = 4.70 GeV

0 1 2
H (A1, 42) fgl?jz fg;].)iz fglv)AZ
1y (1,1) 0.551 — 1.410: 21.624 — 10.293i
250 (1,1) 0.439 —0.266 + 2.726i —86.938 + 29.858i
0,00 -1.716 -2.830-—6.283; 184.697 —75.742i
o1 (1,0) 0281 + 1.188i  8.812 + 7.876i
T (1,1) -=0.621  3.801 + 0.233; 84.482 — 2.120i
(1,0) 1.685 —9.666 — 1.178;i —221.561 — 1.457i
(1,-1) -=3.733 21.499 +2.214i 465.006 + 10.900i
0,00 —=2.145 11326+ 2.567i 278.731 + 3.346i

Finally, we identify the desired nonlogarithmic piece in
the two-loop SDCs. It becomes much more challenging to
deduce the analytical expressions for the encountered two-
loop Mls. Instead, we resort to the high-precision numerical
computation. By taking the bottom quark and charm quark
pole masses to the typical values m;, = 4.70 GeV and
m. = 1.50 GeV, respectively, we tabulate the results of

fZ‘fz) in Table I. For completeness, the numerical values of

ff;fg) and fZ%) are also listed.

V. PHENOMENOLOGY AND DISCUSSION

Prior to making phenomenological predictions, we
specify our choice of the various input parameters. In
order to reduce the theoretical uncertainty, we use the
physical quarkonium masses in computing the phase space
in (6). But beyond that, we choose my = 2m;, and my;,, =
2m,. so as to maintain gauge invariance. The physical
quarkonium masses are taken from the particle data group
(PDG) [44]: m, =9.3987 GeV, m,, = 9.85944 GeV,
my, = 9.89278 GeV, m,, = 9.91221 GeV, and m,,, =
3.0969 GeV. We choose the benchmark values of the heavy
quark pole masses, m;, =4.7 GeV and m, = 1.5 GeV.
In addition, we will investigate the dependence of the
theoretical results on the mass ratio r.

We approximate the NRQCD LDMEs at u, = 1 GeV by
the Schrodinger radial wave function at the origin and the
first derivative of the Schrodinger radial wave function at the
origin for the S-wave and P-wave quarkonia, respectively:

NC cc 2 NC 3
(O)yjy # 5 IRGO)]P = 2 x 0.810 GeV?, (16a)
~ Nc bb 2 Nc 3
(O)y, = o RY5(0)] = 2> 6.477 GeV-~, (16b)
3Ne | omb 2 — SNe .
<O>)(b/ ~ 2 |RI]P (0)‘ = o x 1.417 GeV s (160)

TABLE II. Total decay widths of y,;.

H Ty, — yYlkeV) [47] Brly,; — yY] [44]  T'o(MeV)

b0 222 (194 £027)%  1.14470185
Lo 27.8 (352£200%  0.079:0%5
X 31.6 (180+1.0)%  0.176235%9

where the radial wave functions at the origin are evaluated
from the Buchmiiller-Tye (BT) potential model [45]. Note
that we have made the approximation (O0), ~(0), ~
(0),,, by invoking the heavy quark spin symmetry.

We fix up, = 1 GeV. The central value of up is chosen,
Ur = my, and we vary pg from 2m, to 2m, to estimate the
theoretical uncertainties. The QCD running coupling con-
stant is evaluated with the aid of the package RunDec [46]
at two loops.

To further predict the branching fractions of various
decay channels, we need to specify the total decay widths
of ,, and y,,;. The decay width of 7, can be directly taken
from the PDG [44]: T, = IOJ_FZ MeV. So far, the decay
widths of y,; are absent from the PDG. Nevertheless, we
can determine the decay widths of y,; through

Ftot()(b]) _%7 (17)

where the branching fractions of the E1 transition are
measured [44], and the decay widths of the El transition
have been given in Ref. [47]. We enumerate all the results
in Table II, where the uncertainty in I',, originates from
Brly,, = rY].

Now, we collect all the ingredients to perform phenom-
enological analysis. In Table III, we tabulate the theoretical
predictions on the (un)polarized decay widths and the
branching fractions at various levels of accuracy in ;. To
facilitate comparison, the upper limits of various channels
from the Belle measurements [3] are listed in the last
column. The uncertainty affiliated with the decay width
is caused by sliding the renormalization scale y, and the
two uncertainties in the branching fraction are from the
renormalization scale and total decay width. We should
emphasize that there are other sources of uncertainties
for the theoretical predictions—e.g., the values of the
Schrodinger wave functions and the uncalculated relativ-
istic corrections, which may potentially bring about extra
uncertainties. In addition, we do not include the contribu-
tions from the Feynman diagrams where the double J/y’s
are produced through two virtual photon independent
fragmentations, which actually are much less than the
nonfragmentation contributions [8,9,13,48], and therefore
can be safely neglected. It is worth noting that the situation
is quite different from the process ete™ — J/wJ/y, where
the dominant production mechanism is via two photon
independent fragmentations into J /.
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TABLE III. Theoretical predictions on various (un)polarized decay widths (in units of eV) and branching fractions (x107>). The
uncertainties affiliated with the decay widths are estimated by varying pp from 2m,. to 2m,, with the central values evaluated at
ur = my,. The two uncertainties in the branching fraction are from the renormalization scale py and the total decay widths of 1, /x4,
respectively.

H Order Too I'io Iy I Tgnpol Bry, Brey, [3]
- LO
Mo S e o denE oo
NNLO e aosef sl ool
o 10 mSRSS o 0sEE o oewt@ omdEan <
NLOHLM0E o osled o el Losgme
NNLO eassrfll o oamedE o L0m oo
P LO <27
NLO o oemdm o oo oo
NNLO ool - S oomNm oommm
pe L0 20U LenlAt 02 0SS SSISTID 4G REIN <4
NLO LR 0esl oorsiE sl sl sl
NNLO 00T 000 000ISAR  01smAhl 04Ty 0zesiiimias:

Examining Table III closely, we find that the polarized — T'[y,, — J/wJ/y]| are sizable and negative. Incorporating
decay widths roughly obey the hierarchy as indicated by  the perturbative corrections significantly reduces the LO
the helicity scaling rule in (7). It is interesting to note that  prediction, which indicates that the perturbative conver-
both the NLO and NNLO perturbative corrections to  gence is rather poor. Because of this, the theoretical
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w
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FIG. 2. Theoretical predictions for Bry,(y,,) = J/wJ/w] as a function of uy at various levels of accuracy in a.
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prediction bears large yur dependence for y,,. In addition,
the decay widths of #;, and y;,; are much smaller than those
of the other two channels, which is attributed to the
vanishing LO amplitudes for 7, and y;,. Finally, we find
that the theoretical predictions on the branching fractions
are consistent with the upper limits measured by the Belle
Collaboration [3].

In Fig. 2, we plot the branching fractions as a function of
the renormalization scale pp at various levels of perturba-
tive accuracy. The green band corresponds to the uncer-
tainty affiliated with the total decay widths of %, and y,,.
We observe that the perturbative corrections seem to
considerably reduce the LO uy dependence for y,, and
slightly reduce the yxy dependence for y,;, but they worsen
the up dependence for 7,

It is instructive to further investigate the dependence
of the theoretical predictions on the mass ratio r. By
fixing LDMESs, up = m,, and m;, = 4.7 GeV, and varying
m, from 1.25 GeV to 1.9 GeV, we plot the branching
fractions as a function of r at various levels of accuracy in
a, in Fig. 3. We observe that the branching fractions
monotonically decrease as r increases for 7, and y,o; at
every perturbative accuracy. By analyzing the data in
Appendix B, we find that, by varying m, from 1.25 GeV
to 1.9 GeV, the branching fractions roughly change by a
factor of 2, 3, and 6 for #,, y,0, and y,;, respectively.

Although the branching fraction for y,, decreases with the
increase of r both at LO and at NLO, the branching fraction
at NNLO is almost independent of r.

Finally, we utilize the results in Table III to estimate
the observing prospects at the LHC and B Factory. The
production cross sections for y;, and y,, at the LHC at
/s = 14 TeV are evaluated: o(pp — yp0 + X) = 1.5 ub,
and o(pp = yp + X) = 2.0 ub [49]. The cross section for
1, production is roughly estimated to be o(pp — 17, +X) =
15ub [8]. If we take the integrated luminosity
L =100 fb~!, it is expected that there will be about 10°
exclusive double J/y events from 5, and y,, decay, and
5% 103 from y,, decay at the LHC. Furthermore, taking
into account Br[J/y — ££] = 12%, about (5 — 10) x 10°
four-lepton events from double J/w can be produced.
Although there are potentially copious double J/y back-
ground events, it might be helpful to establish the
my(xps) = J/wJ /y signals. At the B Factory, 7, and y,,;
can be produced through Y(2S) electromagnetic El
transition. Using a sample of 158 x 1097(2S) events
collected by the Belle detector, we expect about 10° 7,
and 6 x 10° y,, and 107 y;, » events can be accumulated.
Consequently, it is estimated that there are fewer than 100
double J/y events. So, the experimental measurements on
these channels are challenging based on the current dataset
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7 T
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= =
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00 1 1 1 1 1 1 ; 1 1 1 1 1 1 1
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s I
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FIG. 3. Branching fractions of #,(y,;) — J/wJ/y as a function of r.
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at the B Factory. Nevertheless, with the designed 50 ab™!
integrated luminosity at Belle 2, it seems that the obser-
vation prospects of #,(y,;) = J/wJ/w are promising in
the foreseeable future.

VI. SUMMARY

Based on the NRQCD factorization, we compute both
the polarized and the unpolarized decay widths for the
processes 1, (¥p;) = J/wJ /w up to NNLO in ;. By taking
the decay width of 7, from PDG and determining the total
decay widths of y,; through their electromagnetic El
transition into Y, we also predict the branching fractions
for n,(yps) = J/wJ/w. We find that the perturbative
corrections are sizable for #, and y,, decay. In particular,
for y,, both the O(a,) and O(a?2) corrections can signifi-
cantly reduce the LO prediction. Moreover, we observe
that the decay widths for 7, and y,; are much smaller than
those of the other two channels, which can be attributed
to the vanishing LO amplitudes for 7, and y,;. By
including all the radiative corrections, we find that the
branching fractions are 8.2 x 1077, 6.2 x 107%, 7.2 x 1077,
and 2.7 x 107 for n,, ¥p0» Xp1» and y,, respectively. Our
theoretical predictions are consistent with the upper limits
measured by the Belle Collaboration.

We also investigate the dependence of the theoretical
predictions on the mass ratio r. By fixing m,; and the
LDME:s, and varying r from 0.26 to 0.4, we find that the
branching fraction can change by a factor of 2, 3, and 6
for 1, ypo, and yy;, respectively. Although the branching
fraction for y,, decreases with the increase of r at LO and
NLO, it is almost independent of r at NNLO.

Finally, we explore the observing prospects for
ny(xps) = J/wJ /y at the LHC and B Factory. We expect
that there are about (5— 10) x 10° double J/y signal
events produced at the LHC, and fewer than 100 events at
the B Factory. Taking into account Br[J/y — £7] = 12%,
several thousands of four-lepton events from double J/y
can be produced at the LHC. If a copious double J/y
background can be well separated, the experimental mea-
surements on 7, (y,;) — J/wJ/w might be helpful at the
LHC. The measurement on 7,(y,;) = J/ywJ/y at the B
Factory is quite challenging based on the current dataset.
Nevertheless, with the designed 50 ab~! integrated lumi-
nosity at Belle 2, the observation prospects for #,(y,;) —
J/wJ /yw may be promising in the foreseeable future.
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APPENDIX A: CONSTRUCTION OF HELICITY
PROJECTORS

In this appendix, we present the helicity projectors Pﬁ{gz,
which have been used to compute the helicity amplitudes
for n,(xps) = J/wJ/w in Sec. IV. We apply the similar
technique applied in [5,20].

For convenience, we introduce an auxiliary transverse
metric tensor and two auxiliary longitudinal vectors,

PP O-P
.dw :gﬂv+ _ (PMQ”—l—Q”PU)
- P> mp PP
2
M5y
+ (0"0"). (Ala)
m P
1 Q-P
L” = PH— “, Alb
|P‘ < my ¢ ) ( )
o= L (2@ p M) (Alc)
i P| mpyhyj mpy

where P and Q denote the momenta of J/w and H,
respectively. It is obvious that the transverse metric tensor
satisfies the properties

gJ_/wPﬂ = gJ.;wQ'u =0, (A2a)
Efiﬂ =2, (A2b)
gLﬂag‘Jl_ gL/mg - glj_y' (A2C)
The longitudinal vectors satisfy L, Q, = L/, /wP =0.
We enumerate all eight helicity projectors:

(np)pv — HUPC P A3

Pl,l 2m”}y|P‘€ Qp o ( a)
1
P =~ gt (A3b)
Gvolmy _ v

Poo P =L oL (A3c)
P = €70, PoLfy,.  (A3d)

P|

)(m
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uva @ “ v A('?b) — P(%)W.A(Zb), AS5a
P = LdE = 4l - . (A A A
. A()(bo «P(Zbo !WA(Xbo , (ASb)
P = (gt + 2Ly Ly )g (A3f)
2\/6 Agfgo) ()(}70 /’”’A//(;Yh() (ASC)
sz uvaf 2\/_(9/1 LY + QTL”) S (A3g) A(’“" (;m v A()i';} ’ (A5d)
()( S)vap 1 v UNra . (p2) rP()(bz uvaf 4 (xp2) . A5
pYs = e LRLYLG, L, (A3H) Al A (ASe)
(rp2) ()(bz e 4 ()
If we express the decay amplitudes of #,(yy,) — Afl A (ASf)
J/’/’(’Il)‘]/l//(ﬁZ) as 5 vy
. AT = PR A, (ASg)
Al = A el ()€, (2), (Ada)
Jw /v A()(bz _ ()(b? MWﬁAL)ZI:;ﬁ (ASh)
Al = AEDeH (4)e (32), (Adb)
Ab) = A e (A)est (). (Ade) APPENDIX B: DECAY WIDTHS AND
BRANCHING RATIOS FOR DIFFERENT r
Alr) = A,fi”;ﬂeﬁjqe 7y (A1)e W(ﬂz) (A4d) By fixing LDMEs, ug = m, and m, = 4.7 GeV, and

varying m, from 1.25 GeV to 1.9 GeV, we tabulate the

where €;,,, €, , and ¢€,,, represent the polarization vector/  decay widths and branching fractions in Table IV. The
tensor of J/w, y,, and y,,, respectively, the helicity branching fraction as a function of r has been illustrated
amplitude can be computed through

in Fig. 3.

TABLE IV. Theoretical predictions on various unpolarized decay widths (in units of eV) and branching fractions (x107>).

r 0.267 0.286 0.308 0.333 0.364 0.400

H Order r Br r Br r Br r Br I Br r Br
NLO 2.407 0.024 2.341 0.023 2.231 0.022 2.059 0.021 1.796 0.018 1.401 0.014
NNLO 9.245 0.092 8.944 0.089 8.468 0.085 7.749 0.077 6.688 0.067 5.151 0.052

x50 LO 14.978 1.309 12.664 1.107 10.563 0.923 8.690 0.760 7.065 0.618 5.722 0.500
NLO 21.144 1.848 17.267 1.509 13.826 1.209 10.831 0.947 8.299 0.725 6.250 0.546
NNLO 12.177 1.064 9.951 0.870 7.956 0.695 6.202 0.542 4.708 0.412 3.502 0.306
NLO 0.044 0.055 0.037 0.047 0.031 0.039 0.024 0.030 0.016 0.021 0.009 0.012
NNLO 0.099 0.125 0.082 0.104 0.065 0.082 0.048 0.061 0.032 0.040 0.017 0.022

I LO 33.173 18.848 30.015 17.054 27.096 15.396 24.423 13.877 22.002 12.501 19.848 11.277
NLO 13.545 7.696 11.845 6.730 10.253 5.825 8.764 4.979 7.370 4.187 6.058 3.442
NNLO 0.410 0.233 0.438 0.249 0.459 0.261 0.472 0.268 0.473 0.269 0.458 0.260
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