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We study the properties of hybrid stars containing a color superconducting quark matter phase in their
cores, which is described by the chirally symmetric formulation of the confining relativistic density
functional approach. It is shown that, depending on the dimensionless vector and diquark couplings of
quark matter, the characteristics of the deconfinement phase transition are varied, allowing us to study the
relation between those characteristics and mass-radius relations of hybrid stars. Moreover, we show that the
quark matter equation of state (EoS) can be nicely fitted by the Alford-Braby-Paris-Reddy model that gives
a simple functional dependence between the most important parameters of the EoS and microscopic
parameters of the initial Lagrangian. Based on it, we analyze the special points of the mass-radius diagram
in which several mass-radius curves intersect. Using the found empirical relation between the mass of the
special point, the maximum mass of the mass-radius curve, and the onset mass of quark deconfinement,
we constrain the range of values of the vector and diquark couplings of the quark matter model. With this
constraint, we construct a family of mass-radius curves, which allow us to describe the black widow pulsar
PSR J0952-0607 with a mass of 2.35� 0.17M⊙ as a hybrid star with a color superconducting quark
matter core.
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I. INTRODUCTION

The equation of state (EoS) of cold, dense strongly
interacting matter is presently not accessible by ab initio
simulations of QCD on the lattice, due to the sign problem
in evaluating the partition function. Therefore, effective
approaches to the EoS need to be developed that can
capture basic features of QCD, like symmetries of the
Lagrangian and their dynamical symmetry-breaking pat-
terns, in a quantifiable way [1]. A central role in developing
an effective low-energy QCD Lagrangian has been played
by the Nambu–Jona-Lasinio (NJL) model [2,3]. It is able to
address, in particular, the dynamical chiral symmetry
breaking accompanied by the formation of the pion as a
pseudo-Goldstone boson and color superconductivity in
cold, dense quark matter due to diquark condensation [4] as
an inevitable consequence of the Cooper theorem [5]. The
lack of dynamical quark confinement in the NJL model

could be partially compensated by assuming a confining
bag pressure. An effective model for the quark matter EoS
that captures the aspects of confinement and color super-
conductivity, as well as perturbative QCD corrections, is
the model by Alford, Braby, Paris, and Reddy (ABPR) [6],
which found a broad application in studying the phenom-
enology of neutron stars (NSs) (see, e.g., Refs. [7–9]). This
model, however, is not defined by an effective Lagrangian
and therefore plays only a limited role in elucidating low-
energy QCD. While NJL models require superimposing a
phenomenological confining parameter like a bag constant,
we want to base our study on the recently developed con-
fining relativistic density functional (RDF) approach [10]
in its recent form with a chiral symmetry and color super-
conductivity [11]. We also present a simple and easy-to-use
analytical parametrization of the quark matter EoS given
in the ABPR form with the parameters directly related
to the coupling constants of the Lagrangian of the RDF
approach. This parametrization allows us to discuss
relation between the nonperturbative RDF approach and
the asymptotics of perturbative QCD within the strategy
suggested in Ref. [9].
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Because of the unique mapping between the EoS and
NS structure by the Tolman-Oppenheimer-Volkoff (TOV)
equations, the measurement of masses and radii of NSs
can provide direct constraints for the cold dense matter
EoS [12], like the lattice QCD simulations benchmark EoS
models at finite temperature. The measurement of bulk
properties, however, may leave some degeneracy in the
description since the hybrid stars with deconfined quark
matter interior may sometimes masquerade themselves
as NSs [6].
Despite the fact that macroscopic properties of NSs

depend on the strongly interacting matter EoS, special
points (SPs) of the NS mass-radius diagram exhibit weak
sensitivity to details of such an EoS. These SPs are narrow
ranges of the intersection of multiple mass-radius curves
corresponding to different EoS of strongly interacting
matter [13]. They exclusively appear only within the
scenario of hybrid quark-hadron EoS and are almost
insensitive to both properties of hadron matter and details
of the quark-to-hadron phase transition [14–17]. This
makes SPs attractive in the context of extracting model-
independent information about the properties of quark
matter. More specifically, we show how the physical
parameters of the mass-radius curves corresponding to a
given SP are related to each other via a dependence
controlled by the NS mass in this SP. This dependence
can be extracted from the mass-radius curves intersecting in
their SP and does not require any additional observational
input information. This allows us to utilize the present
observational constraints on the maximum mass of NS in
order to restrict the parameter range for the microscopic
quark matter model.
The paper is organized as follows. In the next section, we

present the RDF approach to model quark matter and show
how it can be fitted by the ABPR model. In Sec. III, we
study the properties of hybrid stars and the SPs. Finally,
in Sec. IV, we present the main conclusions of our work
and discuss its phenomenological outcomes. In this study,
we adopt the negative metric signature ðþ − −−Þ and
geometrical units (ℏ ¼ c ¼ G ¼ 1).

II. EoS OF QUARK MATTER

The main aspects of quark matter, which should be
accounted for within a realistic approach, correspond to
quark confinement at low densities, dynamical restoration
of chiral symmetry at intermediate densities, and consis-
tency with the vacuum phenomenology of QCD. Formation
of the color superconducting state and vector repulsion in
dense quark matter, which can be motivated by various
gluon exchange channels, are also important for such app-
roaches in the context of phenomenology of NSs [12].
These issues have been recently addressed within a chirally
symmetric formulation of the confining RDF approach for
color superconducting quark matter [11,18]. The corre-
sponding EoS can be further constrained by the additional

requirement of its conformal behavior at asymptotically
high densities. This sets constraints on the strength of
quark-quark interaction in the vector and diquark channels
at high densities. Recently, such constraints were incorpo-
rated to a version of the confining RDF approach for
asymptotically conformal quark matter with color super-
conductivity and vector repulsion [19]. In this section, we
outline its main aspects. We also parametrize this micro-
scopic approach by the ABPR parametrization of quark
EoS, which by construction respects conformal limit.
The consideration is limited to the two-flavor case, while
its generalization to three quark flavors was suggested
in Ref. [20].

A. Confining RDF approach

Quark fields are represented by the flavor spinor
qT ¼ ðu; dÞ entering the Lagrangian

L ¼ q̄ði=∂ −mÞqþ LV þ LD − U; ð1Þ

where m is the current mass for simplicity chosen to be
the same for two light quark flavors. Repulsive vector and
attractive diquark paring channels are responsible for
stiffening the quark EoS at high densities and formation
of its two-flavor color superconducting (2SC) phase,
respectively. The interaction strength in these channels is
controlled by the couplings GV and GD entering the model
through

LV ¼ −GVðq̄γμqÞ2 þ ΘV; ð2Þ

LD ¼ GDðq̄iγ5τ2λAqcÞðq̄ciγ5τ2λAqÞ − ΘD: ð3Þ

In the case ofLD summation over the dummy color index is
performed for A ¼ 2, 5, 7 with λA=2 being generators of
SU(3) color group, while charge conjugation is performed
as qc ¼ iγ2γ0q̄T . Recovering the conformal limit within
this approach is provided by the behavior of the density-
dependent vector and diquark couplings, which is moti-
vated by nonperturbative gluon exchange of QCD in the
Landau gauge [21]. This approach accounts for the non-
perturbative nature of interaction between quarks in the
density range typical for NSs by the nonperturbative
gluon mass Mg, generated by spontaneous symmetry
breaking [22]. The functional dependences of the vector
and diquark couplings on the quark number density hqþqi
and diquark condensate hq̄ciτ2γ5λ2qi are given by

GV ¼ GV0

1þ 8
9M2

g

�
π2hqþqi

2

�
2=3 ð4Þ

and
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GD ¼ GD0

1þ 8
9M2

g

�
π2jhq̄ciτ2γ5λ2qij

2

�
2=3 ; ð5Þ

respectively, where GV0 and GD0 are vacuum values of
these couplings. In Ref. [19], the value Mg ¼ 600 MeV
was shown to be consistent with the Shifman-Vainshtein-
Zakharov expansion of the two-point current correlation
functions within massive gauge invariant QCD [23] and
simultaneously providing good agreement with observa-
tional constraints on masses, radii, and tidal deformability
of NSs. Further analysis is performed for this value of the
nonperturbative gluon mass.
The thermodynamic consistency of this approach is

provided by the properly defined density-dependent rear-
rangement terms

ΘV ¼
Z hqþqi

0

dn n2
∂GVðnÞ

∂n
; ð6Þ

ΘD ¼
Z jhq̄ciτ2γ5λ2qij

0

dn n2
∂GDðnÞ

∂n
: ð7Þ

In the case of constant vector and diquark couplings
(Mg → ∞), these ΘV and ΘD vanish.
Proper chiral dynamics of the model is induced by the

attractive interaction in scalar and pseudoscalar channels.
Chiral symmetry of the corresponding potential U is
provided by choosing its argument in a chirally symmetric
form. In this work, we consider the form motivated by the
String Flip model [24,25] suggested in Refs. [11,18],

U ¼ D0

�ð1þ αÞhq̄qi20 − ðq̄qÞ2 − ðq̄iγ5τ⃗qÞ2
�1
3: ð8Þ

Here, hq̄qi0 is the vacuum value of chiral condensate,
whereas the constantD0 and α ≥ 0will be discussed below.
Strong nonlinearity of this potential can be overcome
by expanding it around the mean-field solutions hq̄qi
and hq̄iγ5τ⃗qi ¼ 0. We limit ourselves to the second order,
leading to

Uð2Þ ≃ UMF þ ΣMFðq̄q − hq̄qiÞ þGSðq̄q − hq̄qiÞ2
þ GPSðq̄iγ5τ⃗qÞ2: ð9Þ

Hereafter, the subscript index “MF” labels the quantities
defined at the mean-field. Equation (9) includes only three
nonvanishing expansion coefficients

ΣMF ¼
∂UMF

∂hq̄qi ; ð10Þ

GS ¼ −
1

2

∂
2UMF

∂hq̄qi2 ; ð11Þ

GPS ¼ −
1

6

∂
2UMF

∂hq̄iγ5τ⃗qi2
: ð12Þ

Substituting U in Eq. (1) with Uð2Þ, the model Lagrangian
can be given an effective current-current interaction form
of the NJL model type. In this case, ΣMF interpreted as
the mean-field self-energy of quarks is absorbed to their
effective mass m� ¼ mþ ΣMF, while GS and GPS turn out
to be the effective couplings in the scalar and pseudoscalar
interaction channels, respectively. In the vacuum, the mean-
field self-energy of quarks ΣMF ∝ α−2=3 diverges at vanish-
ing α and attains a finite value at α ≠ 0. In other words, this
parameter controls a phenomenological suppression of
quark degrees of freedom in the confining region by high
or even divergent values of their mass. The role of D0

becomes clear from the consideration of the mean-field
self-energy of heavy quarks within the so-called no-sea
approximation when the chiral condensate is the opposite
of the quark number density, i.e., hq̄qi ¼ −hqþqi [10].
In this case, ΣMF is proportional to the mean separation
between quarks hqþqi−1=3, which allows us to interpret it as
energy associated with an extended string joining two
quarks and characterized by the string tension ∝ D0.
In the general case, medium-dependent GS and GPS

differ signaling about violation of chiral symmetry. This
happens as a result of expanding the potential U around the
chirally broken mean-field solution. On the other hand,
dynamical restoration of chiral symmetry at high densities
drivesGS andGPS to the same asymptotic value [11,18,19],
which is close to the one of the NJL model [26].
In Ref. [11], scalar and pseudoscalar correlations of

quarks caused by interaction in the corresponding channels
were analyzed within the Gaussian approximation in order
to extract mass Mπ and decay constant Fπ of the pion as
well as the mass of the scalar mesonMσ . The state f0ð980Þ
was considered the most credible candidate for the role
of scalar meson due to a rather high width of about
500–1000 MeV of the lighter state f0ð500Þ, the experi-
mental status of which remains unclear [27]. The vacuum
value of the chiral condensate per flavor hl̄li0 is another
quantity important for the QCD phenomenology. Similarly
to most chiral models of quark matter [28], our approach is
unable to reproduce jhl̄li1GeV0 j1=3¼241MeV obtained from
QCD sum rules at the renormalization scale 1 GeV [29].
Due to this, analysis of hl̄li0 within the present model
was performed together with the pseudocritical temper-
ature TPC defined by the peak position of chiral suscep-
tibility at vanishing baryon density. Thus,Mπ ¼ 140 MeV,
Fπ ¼ 90 MeV, Mσ ¼ 980 MeV, jhl̄li0j1=3 ¼ 267 MeV,
and TPC ¼ 163 MeV were used to fit four model param-
eters, i.e., the current quark mass m, the interaction
potential parameters D0 and α, as well as momentum scale
Λ, which regularizes zero point terms in the expression for
the thermodynamic potential (see Refs. [11,19] for details).
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The values given in Table I yield m�
0 ¼ 718 MeV in the

vacuum, which provides efficient phenomenological con-
finement of quarks at low temperatures and densities.
Within the present approach, vacuum values of the vector

GV0 and diquark GD0 couplings are treated as free para-
meters parametrized by the dimensionless ratios

ηV ≡GV0

GS0
and ηD ≡GD0

GS0
ð13Þ

with GS0 ¼ 18.1 GeV−2 being the scalar coupling in the
vacuum. The dimesionless diquark coupling ηD controls
the position of the propagator pole of the auxiliary diquark
field. This field appears within the RDF approach as a result
of the bosonization of LD via the Hubbard-Stratonovich
transformation (see Ref. [11] for details). The diquark
propagator pole gives access to the diquark mass. At too
large values of ηD > ηmax

D , the diquark mass vanishes in
the vacuum and thus coincides with the corresponding
chemical potential [30,31]. In this case, Bose-Einstein
condensation of massless diquarks and antidiquarks occurs,
corresponding to the formation of a color-superconducting
vacuum state with a finite value of the diquark condensate.
This would entail that the global minimum of the vacuum
thermodynamic potentialΩ0 would occur at a nonvanishing
value of hq̄ciτ2γ5λ2qi, while the normal vacuum state with
hq̄ciτ2γ5λ2qi ¼ 0 would correspond to a local maximum
so that the normal vacuum state would become unstable
against a transition to the color-superconducting one.
Since the physical QCD vacuum is not color supercon-
ducting, one has to require that physical values of the
diquark coupling be limited by the condition ηD < ηmax

D ¼
ð3=2ÞðGPS0=GS0Þm�

0=ðm�
0 −mÞ [11,19]. The model param-

eters from Table I yield ηmax
D ¼ 0.78. This value does not

depend on ηV andMg since quark number density vanishes
in the vacuum.
In this work, we analyze the intervals ηV ∈ ½0.1; 0.4� and

ηD ∈ ½0.2; 0.8�, which include the values of the vector
and diquark couplings providing the best agreement with
the observational constraints on the mass-radius relation
and tidal deformability of NSs [11]. Note that unphysical
values of ηD > ηmax

D are included only for the sake of
having the widest interval of the corresponding parameter
needed to increase the quality of mapping ηV and ηD to the
ABPR parameters. Astrophysical applications presented in
this work are limited to ηD < ηmax

D .
For given ηV and ηD, the EoS of quark matter is obtained

by applying the mean-field approximation to the Lagrangian
(1) with U substituted by Uð2Þ (see Ref. [19] for details).

In this work, we consider the case of cold quark matter at
β-equilibrium. Electric neutrality of the NS matter is
guaranteed by the proper amount of electrons. The pairs
of numbers ðηV; ηDÞ are used to label different EoS. Instead
of a detailed discussion, which can be found in Refs. [11,19],
here we just briefly outline these EoS. In the vacuum and at
small values of the baryonic chemical potential μB, chiral
symmetry is broken, the chiral condensate has its large
vacuum value hq̄qi ¼ hq̄qi0, and quarks have a large mass
coinciding with its vacuum value. This suppresses quark
excitation and leads to vanishing pressure p, quark number
density hqþqi, diquark condensate hq̄ciγ5τ2λ2qi, and energy
density ε. The quark pairing gap Δ ¼ 2GDjhq̄ciγ5τ2λ2qij
and squared speed of sound c2S ¼ dp=dε also vanish at this
regime. At a certain value of μB, the chiral condensate and
quark mass drop to some small values hq̄qi=hq̄qi0 < 1 and
m�=m�

0 < 1. This manifests the first-order phase transition,
at which hqþqi, hq̄ciγ5τ2λ2qi and ε discontinuously attain
some finite values, while p remains continuous. Above this
transition, quark matter exists in the color superconducting
2SC phase, since Δ ≠ 0 in this case. Figure 1 shows the
pressure of the present RDF approach as a function of
baryonic chemical potential for two limiting values of the
considered interval of the diquark coupling and several
values of the vector coupling belonging to the interval
considered in this paper.

B. ABPR EoS

The ABPR model represents a phenomenological exten-
sion of the bag model of three-flavor quark matter, which
accounts for the perturbative QCD correction to pressure
and effects of quark pairing [6]. Recently, it got a micro-
scopic justification based on a version of the nonlocal
NJL model with three degenerate quark flavors [9]. In this
case, electric neutrality is provided even in the absence of
electrons. The pressure of the original three-flavor ABPR
model as a function of quark chemical potential μ ¼ μB=3
reads

p ¼ 3

4π2
A4μ

4 þ 3

π2

�
Δ2 −

m2
s

4

�
μ2 − B: ð14Þ

The first term in this expression is proportional to the
number of 2 × 3 × 3 spin-color-flavor quark states. The
parameter A4 ¼ 1–2αs=π absorbs the order OðαsÞ pertur-
bative correction mentioned above. Hereafter, αs ¼ g2=4π
is the QCD fine structure constant expressed through the
QCD running coupling g [32]. In the two-flavor case, this
term should be modified by the factor 2=3, while A4 should
absorb not only the perturbative correction but also the
pressure of electrons. Therefore, the simple relation A4 ¼
1–2αs=π does not hold in the two-flavor case. Due to this,
we consider A4 a free parameter. The second term of the
three-flavor ABPR EoS (14) contains the effective constant
diquark pairing gap Δ, which represents the correction

TABLE I. Values of the RDF approach parameters.

m (MeV) Λ (MeV) α D0Λ−2 Mg (MeV)

4.2 573 1.43 1.39 600
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corresponding to quark pairing, and the strange quark mass
ms. In this work, we consider the two-flavor case, where
strange quarks are absent and therefore no strange quark
mass term appears in the two-flavor ABPR EoS given
below. At three quark flavors, the quark pairing correction
is also proportional to the number of 2 × 3 × 3 spin-color-
flavor quark states, since all of them are paired in this case.

At the same time, these states split into singlet and octet ones
characterized by the pairing gaps Δ and 2Δ, respectively.
This produces an additional factor in the quark pairing
term of the ABPR EoS applied to the three-flavor quark
matter, i.e., 12 × 8=9þ 22 × 1=9 ¼ 4=3. However, in the
two-flavor case, only two of the colored states pair, while
their splitting into the singlet and octet states is absent. Thus,
the second term of the three-flavor ABPR EoS should
be modified by the factor 2 × 2=ð3 × 3 × 4=3Þ ¼ 1=3. The
third term −B stands for the bag pressure assuring the
confining property of the quark EoS. Thus, in the two-flavor
case, we arrive at

p ¼ A4μ
4

2π2
þ Δ2μ2

π2
− B: ð15Þ

Baryon number density, energy density, and squared speed
of sound of this EoS can be found using the thermodynamic
identities nB ¼ ∂p=∂μB, ε ¼ μBnB − p, and c2S ¼ dp=dε,
respectively. Its high-density behavior is conformal, since
p → A4μ

4=2π2 and c2S → 1=3 at μ → ∞.
The parameters A4, Δ, and B can be fixed by fitting this

simple phenomenological EoS to the microscopic RDF
approach. In this study, such a fit is performed for the
interval of baryonic chemical potentials limited by μB <
1800 MeV, which covers the range relevant for the NS
interior [19] but does not go far beyond it. Our analysis
evidences that at these values of μB Eq. (15) perfectly fits
the EoS of the RDF approach obtained for wide ranges of
the vector and diquark couplings. Figure 1 demonstrates a
perfect agreement between the ABPR EoS and the RDF
approach at the limiting values of ηD and ηV ¼ 0.1–0.4.
The same agreement is reached for any ηD and ηV from the
intervals mentioned above. Values of the ABPR EoS
parameters defined for different vector and diquark cou-
plings are given in Table II. Figures 2–4 show the corres-
ponding dependences.

C. Parameter matching between the ABPR
EoS and RDF approach

Here, we show how the quark matter EoS can be fitted by
the ABPR model that gives a simple functional dependence
between the parameters of this phenomenological EoS
and microscopic parameters of the initial Lagrangian,
i.e., couplings ηV and ηD. This result could be further
utilized to perform numerical-relativity simulations within
this model or other studies.
The dependence of Δ and B on ηV can be reproduced by

a second-order polynomial. At the same time, A4 exhibits
rather fast growth at small values of the vector coupling,
which requires a correction ∝ 1=ηV . Furthermore, it is seen
from Fig. 2 that A4 is perfectly linear in the diquark coupling.
On the other hand, Δ and B are concave functions of ηD.
While the mild ηD-dependence of the parameter Δ extracted
from fitting the RDF EoS can be described by a square root

FIG. 1. Pressure p of cold electrically neutral quark matter at
β-equilibrium as a function of baryonic chemical potential μB,
calculated for ηD ¼ 0.4 (upper panel), ηD ¼ 0.8 (lower panel),
and several values of ηV . The solid curves labeled with pairs
of numbers ðηV; ηDÞ correspond to the RDF approach, while the
square shaped dots depict the ABPR model EoS (15) with
parameters from Table II, respectively.
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behavior, the bag pressure is more curved and requires a
parabolic scaling. These aspects of the ABPR parameters
behavior are accounted for by the parametrization

A4 ¼ a1 þ b1ηV þ c1η2V þ
�
d1 þ

e1
ηV

�
ηD; ð16Þ

Δ ¼ ða2 þ b2ηV þ c2η2VÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ e2ηV þ ηD

p
; ð17Þ

B ¼ a3 þ b3ηV þ c3η2V þ d3ηD þ e3η2D: ð18Þ

They are given in terms of the fifteen constant parameters
ai, bi, ci, di, and ei with i ¼ 1, 2, 3. Their values can be
extracted by fitting Eqs. (16)–(18) to the values of A4, Δ,
and B from Table II. The results of such a fit are listed in
Table III.
Equations (17) and (18) present the RDF EoS in the

ABPR form. This representation allows us to discuss the
relation of this microscopic EoS to the asymptotics of
the order OðαsÞ perturbative QCD in the spirit of Ref. [9].
For this, we notice that the chemical potential of the
electrons μe scales under the conditions of electric neutral-
ity and β-equilibrium with a two-flavor gas of free massless
quarks as μe ¼ 0.219μ, while the chemical potentials of

quarks are μu ¼ 0.854μ and μd ¼ 1.073μ. This yields a
free quark-electron pressure pfree ¼ 0.929μ4=2π2. The
OðαsÞ perturbative correction to this pressure is ppert ¼
−αsðμ4u þ μ4dÞ=2π3 ¼ −1.857αsμ4=2π3. This allows us to
relate the QCD fine structure constant to the A4 parameter
of the two-flavor ABPR EoS given by Eq. (15) as A4 ¼
2π2ðpfree þ ppertÞ=μ4 ¼ 0.929–1.854αs=π. In Sec. III, we
argue that small values of ηV < 0.2 are inconsistent with
the present observational constraints on the mass-radius
relation of NSs. As is seen from the upper panel of Fig. 2,

TABLE II. Values of the parameters A4, Δ and B of the two-
flavor ABPR EoS fitted to the microscopic RDF approach with
the corresponding values of ηV and ηD as described in the text.

A4

ηD

ηV 0.4 0.5 0.6 0.7 0.8

0.1 0.738 0.781 0.819 0.857 0.898
0.2 0.501 0.521 0.540 0.555 0.571
0.3 0.369 0.379 0.389 0.394 0.403
0.4 0.281 0.289 0.296 0.299 0.303

Δ (MeV)

ηD

ηV 0.4 0.5 0.6 0.7 0.8

0.1 162.6 185.4 209.5 231.0 248.0
0.2 201.9 220.7 238.9 256.9 273.0
0.3 214.0 230.4 245.7 262.2 275.1
0.4 219.1 233.0 246.1 260.1 271.7

B (MeV=fm3)

ηD

ηV 0.4 0.5 0.6 0.7 0.8

0.1 192.5 185.3 168.2 138.8 95.0
0.2 204.0 196.9 178.6 148.9 105.4
0.3 208.1 200.8 181.9 152.4 108.6
0.4 210.1 202.5 183.1 153.1 108.8

FIG. 2. The ABPR EoS parameter A4 as a function of ηD (upper
panel) and ηV (lower panel). Filled circles, diamonds, squares,
and triangles represent the values from Table II, while solid lines
correspond to the functional dependence given by Eq. (16).
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this suggests A4 < 0.6 or, equivalently, αs > 0.557. Due to
such large values of the extracted fine structure constant of
QCD, we conclude that quark matter in the NS cores is far
from the perturbative regime.

III. HYBRID STARS WITH QUARK CORE

A. Hybrid EoS and TOV solutions

Equations (16)–(18) inserted to Eq. (15) represent a
thermodynamically equivalent ABPR representation of the
RDF approach to quark matter. This representation is given

in terms of the microscopic parameters of the RDF app-
roach, i.e., coupling constants. In this section, we utilize
it to model NSs with quark cores. Outer layers of such
stars consist of hadronic matter modeled by the DD2npY-T
EoS [33]. This RDF EoS includes nucleonic and hyperonic
degrees of freedom and agrees with the low-density
constraint from the chiral effective field theory [34]. The
quark and hadron parts of the hybrid quark-hadron EoS are
matched via the Maxwell construction. In Fig. 5, we show
the squared speed of sound as a function of the baryon
density for the resulting hybrid EoS. As is seen, the speed
of sound vanishes in the mixed quark-hadron phase since

FIG. 3. The same as in Fig. 2 but for the diquark gap Δ
parametrized by Eq. (17).

FIG. 4. The same as in Fig. 2 but for the bag pressure B
parametrized described by Eq. (18).
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pressure is constant there. This absence of a pressure
gradient is exactly the reason why a Maxwell-constructed
mixed phase is not realized as a solution of the TOV
equations (20) and (21) for spherically symmetric, non-
rotating NSs. Indeed, using the thermodynamic identity
μB ¼ dε=dnB and the definition of the speed of sound
c2S ¼ dp=dε, we can show that for the bulk modulus K ¼
nBdp=dnB follows K ¼ μBnBc2s . Thus, the vanishing speed
of sound leads to a vanishing bulk modulus and manifests
the mechanical instability of the mixed phase against
gravitational compression. Furthermore, c2S attains its
maximal value of about 0.5–0.6 right at the quark matter
boundary of the mixed phase. It exhibits a decrease with

increasing density and reaches the conformal limit
c2S ¼ 1=3 at asymptotically high nB [19].
Constructing static spherically symmetric NSs with the

hybrid EoS mentioned above requires solving the problem
of relativistic hydrostatics in the Schwarzschild metric [35]

ds2 ¼ eνdt2 − eλdr2 − r2
	
dθ2 þ sin2 θdϕ2



; ð19Þ

where eν and eλ are the metric functions. In this metric,
Einstein’s field equations take the form of the TOV
equations describing the interior solution of a nonrotating
relativistic star in hydrostatic equilibrium [36,37],

dp
dr

¼ −ðεþ pÞmþ 4πpr3

r2 − 2rm
; ð20Þ

dm
dr

¼ 4πr2ε; ð21Þ

where m is the gravitational mass enclosed in the sphere
of radius r. The solution of these equations requires the
knowledge of a relation connecting the pressure p and
energy density ε, i.e., the EoS of the hybrid NS matter. The
boundary conditions necessary to solve Eqs. (20) and (21)
are given by the central pressure pcentral ¼ pðr ¼ 0Þ (or,
equivalently, the central baryonic chemical potential) and
the fact that the gravitational mass enclosed in the very
center of the star vanishes mcentral ¼ mðr ¼ 0Þ ¼ 0. The
solution of the TOV equations extends until the radial
coordinate reaches the value r ¼ R, at which the pressure p
vanishes, being equivalent to requiring dynamical equilib-
rium with the surrounding vacuum. This R corresponds
to the NS radius, while the corresponding enclosed gravi-
tational mass m ¼ M is the NS mass. Beyond r ¼ R,
Eqs. (20) and (21) are trivially satisfied by vanishing
pressure and energy density and m ¼ M.
Figure 6 demonstrates the mass-radius relation of NSs

with quark cores. For modeling such objects, we consider
the values of the vector and diquark couplings, which
provide consistency of the obtained hybrid quark-hadron
EoS with the observational constraints on M and R.
These constraints include the lower limit of the TOV
maximummass 2.01� 0.04M⊙ measured in a binary white
dwarf–pulsar PSR J0348þ 0432 system [38], the limita-
tions obtained from the Bayesian analysis of the observa-
tional data from the pulsars PSR J0740þ 6620 [39,40]
and PSR J0030þ 0451 [41–43] and from the analysis
of the gravitational wave signal from the NS merger
GW170817 [44–46]. We also confront the present model
with the lower limit of the TOV maximum mass extracted
from the continued timing observations of the PSR
J0740þ 6620 radio-pulsar 2.08� 0.07M⊙ [47].
It is seen from Fig. 6 that with increasing the vector

coupling the onset mass of quark deconfinement grows,
while larger values of the diquark coupling lead to smaller

TABLE III. Values of the parameters of Eqs. (16)–(18) and
(22). The symbol “� � �” indicates that the corresponding param-
eter does not exist.

i Units ai bi ci di ei

1 0.757 −1.955 1.799 −0.063 0.046
2 MeV 300.7 8.534 −308.2 −0.235 1.458
3 MeV=fm3 72.018 170.8 −241.0 512.7 −626.6
4 M⊙ 30.470 −130.8 463.3 � � � � � �
5 M⊙ −40.213 165.5 −581.9 � � � � � �

FIG. 5. Squared speed of sound as a function of the baryon
density for the hybrid EoS with a first-order phase transition
resulting from a Maxwell construction with the hadronic
DD2npY-T EoS [33] and the ABPR form of the RDF EoS of
quark matter (15)–(18) calculated for three values of the vector
coupling ηV ¼ 0.230 (blue lines), 0.290 (magenta lines), and
0.350 (orange lines) and the diquark coupling, which lead to the
quark onset densities nonset ¼ 0.17 fm−1 (short dashed lines),
0.27 fm−1 (long dashed lines), and 0.37 fm−1 (dotted lines).
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values of the onset mass. Fitting the values of Monset, we
find the empirical relation

Monset ¼ a4 þ b4ηV þ c4η2V þ 	
a5 þ b5ηV þ c5η2V



ηD ð22Þ

with the parameters a4;5, b4;5, and c4;5 given in Table III.

B. Special points in the M–R diagram

It can be seen in Fig. 6 that varying the Lagrangian
parameters ηD and ηV one can define subsets of EoS which
correspond to mass-radius curves that intersect with each
other, whereby the crossing points are collimated in a
narrow range, referred to as SP. The SP phenomenon was
first investigated on the basis of an analysis of the TOV
equations for hybrid EoS in Ref. [13], where for the quark
matter EoS a constant speed of sound (CSS) form was
assumed and a SP was obtained when the bag constant
and, thus, the onset of deconfinement were varied. Sub-
sequent thorough analyses within the CSS parametrization
of the quark matter EoS in Refs. [14–17] have mapped
out the region of possible SP positions in the M–R plane
when the two remaining parameters of the CSS EoS,
squared speed of sound and reference pressure, were
varied. SPs (and, thus, hybrid stars) were found up to

masses of 4M⊙. This value exceeds the Rhoades-Ruffini
bound [48] for the upper limit of the maximum mass of
NSs. This finding also contradicts the common sense that
the occurrence of quark matter in NS interiors softens the
EoS so that even reaching the well-observed lower limit
for maximum masses of 2M⊙ should pose a problem for
hybrid stars. The physical reason for this is that the
deconfinement of quark matter softens the hybrid EoS
only at the densities close to the phase transition because
of the jump of density at constant pressure. At the same
time, significant stiffness of the quark EoS itself provides
stability of very heavy NSs. Such a stiffening of quark EoS
can be observed in Fig. 5, which indicates that the quark
speed of sound significantly exceeds the hadronic one.
In Ref. [13], the existence of an SP and its location were

thoroughly derived with the necessary mathematical strict-
ness based on the assumption that the speed of sound of
quark matter can be approximated by a constant. It is
remarkable that SPs also appear within the present
approach, which is not restricted to a constant speed of
sound and asymptotically reaches the conformal limit [19].
This gives an explicit example that the existence of SPs is
not bound to CSS-type EoS, so analyzing SPs may allow
probing parameters of more realistic models of quark
matter. Such an analysis corresponding to the RDF
approach is presented below.
The SPs, marked in Fig. 6 by blue, magenta, and orange,

are obtained for constant values of the vector coupling.
These SPs are obtained by variation of the diquark coupling
leading to a family of mass-radius curves. In Ref. [49], the
SPs obtained in this way were argued to be the most
important ones for the phenomenology of NSs because of
their relation to the NS maximum masses. For a further
discussion of the phenomenology of SPs, see Ref. [49],
where the nonlocal NJL model was employed as an EoS for
cold and dense color superconducting quark matter. One of
the phenomenological laws for SPs conjectured first in
Ref. [50] relates the maximum mass Mmax of hybrid stars
with the SP mass MSP and the onset mass Monset of the
deconfinement transition by

Mmax ¼ MSP þ δjM�
onset −Monsetjκ; ð23Þ

where M�
onset, κ ≃ 2 and the small positive δ are constant

parameters. As compared to Ref. [50], where the value of
M�

onset was only roughly estimated, in the present work,
we can provide an independent confirmation of the rela-
tion (23) and more precisely quantify its parameters. We
focus on the SPs obtained by varying the diquark coupling
at a fixed value of the vector one. This is sufficient to
constrain the values of the vector and diquark couplings of
the quark model Lagrangian (1).
The values from Table IV evidence that Mmax is a non-

monotonous function of Monset with a shallow minimum at
about 1.25M⊙. The minima of Mmax representing different

FIG. 6. Mass-radius relation of hybrid stars with the quark-
hadron EoS constructed for the vector coupling ηV ¼ 0.23 (blue
curves), ηV ¼ 0.29 (magenta curves), ηV ¼ 0.35 (orange curves),
and several values of the diquark coupling. The curves are labeled
with pairs of numbers (ηV , ηD). Blue, magenta, and orange circles
represent SPs, defined by the intersection of the curves of the
same blue, magenta, and orange colors, respectively. The astro-
physical constraints depicted by the dotted contours and shaded
bands are discussed in the text.

HYBRID STAR PHENOMENOLOGY FROM THE PROPERTIES OF … PHYS. REV. D 108, 114028 (2023)

114028-9



SPs are very close to each other. The simplest functional
dependence to capture these features is a parabolic one with
a universal value of the parameter M�

onset. These conclusions
are independently confirmed by fitting MSP, δ, M�

onset, and
ϰ to the data points. The obtained values of M�

onset vary
within less than 1%, while ϰ ¼ 1.9–2.1. Thus, in what
follows, we assume ϰ ¼ 2 and a universal value of M�

onset ¼
1.254M⊙ fitted to the data points. The fitted curves
obtained under these assumptions describe very well Mmax
as a function of Monset. The obtained values of MSP are
given in Table IV and perfectly match the SPs shown in
Fig. 6. These values are precisely described by the linear
dependence

MSP ¼ kMSP
ηV þ bMSP

ð24Þ

with kMSP
¼ 1.950M⊙ and bMSP

¼ 1.525M⊙. We find that δ
obtained by fitting Eq. (23) to the values of Mmax andMonset
from Table IV is also linear in ηV , i.e.,

δ ¼ kδηV þ bδ; ð25Þ

where kδ ¼ −0.096M−1
⊙ and bδ ¼ 0.093M−1

⊙ . Despite the
fact that Eqs. (24) and (25) are obtained based on fitting
three data points, the corresponding values of the vector
coupling ηV cover a rather wide range. Extending this range
to smaller values does not make physical sense since the
corresponding mass-radius curves violate the observational
constraints on Mmax, while too large values of ηV exclude
the possibility of constructing a hybrid EoS by means of the
Maxwell construction.
The observational constraint on the NS maximum

mass [47] Mmax≥2.08�0.07M⊙ along with Eqs. (23)–(25)

allows us to limit the onset mass of quark deconfinement
Monset. Thus, requiring Mmax ≥ 2.01M⊙ and using Eq. (22),
we can define the region in the ηV − ηD plane, which is
consistent with the above constraint on the NS maximum
mass. Figure 7 demonstrates this region. At a given value
of the vector coupling, the onset mass of quark matter
is controlled by the diquark one, and thus Monset is a
decreasing function of ηD. At too large values of the onset
mass, the quark branch of the mass-radius curve is unstable,
indicated by the negative squared frequency of the funda-
mental mode of radial oscillations [51–54]. We exclude the
corresponding region of the ηV − ηD plane in Fig. 7. We
also exclude the region of small Monset < 0.243M⊙, which
corresponds to the quark onset density nonset coinciding
with the saturation density of normal nuclear matter nsat.
This value is not certain and is chosen as an estimate of the
lower limit of nonset. The discussed requirements strongly
constrain the values of the vector and diquark coupling of
the microscopic Lagrangian assuming them to be in the
range either ηV ≃ 0.25–0.47 and ηD ≃ 0.70–0.78 or ηV ≲
0.25 and ηD ≲ 0.70. We note the similarity in the shape of
the allowed region and the range of maximal masses with
Fig. 3 of Ref. [55].
As seen from Eq. (23), the maximum mass of a stellar

sequence is never below the mass of the corresponding
SP, while its smallest value Mmax ¼ MSP is obtained at
Monset ¼ M�

onset. In other words, for all sequences with
Monset ¼ M�

onset, the configuration of the SP coincides
with the one of the maximum mass. The regions of the
ηV − ηD plane, which are to the left and to the right from
the Monset ¼ M�

onset contour shown on Fig. 7, corres-
pond to the quark onset mass above and below M�

onset,
respectively.

TABLE IV. Parameters of the SPs and of the mass-radius curves intersecting in those SPs. The columns represent
the color of the SPs according to Fig. 6, their mass MSP, and radius RSP, as well as the vector ηV and diquark ηD
couplings of the corresponding mass-radius curves along with their onset mass of quark deconfinement Monset and
the maximum mass Mmax.

SP MSP ðM⊙Þ RSP (km) ηV ηD Monset ðM⊙Þ Mmax ðM⊙Þ
Blue 1.973 11.06 0.230 0.749 0.251 2.044

0.740 0.506 2.011
0.731 0.826 1.986
0.721 1.169 1.974
0.711 1.483 1.976

Magenta 2.092 11.46 0.290 0.760 0.251 2.159
0.753 0.506 2.130
0.745 0.826 2.104
0.737 1.169 2.094
0.730 1.483 2.095

Orange 2.207 11.85 0.35 0.770 0.251 2.267
0.764 0.506 2.241
0.757 0.826 2.218
0.752 1.169 2.210
0.747 1.483 2.209
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Figure 7 also explains why our analysis excludes small
values of the vector coupling. For example, at ηV ¼ 0.2, the
allowed range of the diquark coupling is ηD ¼ 0.66–0.675.
None of the corresponding mass-radius curves is consistent
with the observational data from the pulsar PSR J0740þ
6620 provided by Ref. [39], while agreement with the
results of Ref. [40] is marginal. Therefore, we dis-
credit ηV ≤ 0.2.
Furthermore, the physical range of the vector coupling

ηV can be estimated by fitting the vacuum value of the
vector ω-meson mass Mω. This Mω can be extracted from
the pole of the propagator of an auxiliary vector field,
which is introduced to the consideration via bosonization
of the vector interaction Lagrangian (2) by means of the
Hubbard-Stratonovich transformation as was performed
in Ref. [11]. Using Mω ¼ 782 MeV [27], we obtain
ηV ¼ 0.452. This value of the vector coupling along with
the constraints presented in Fig. 7 allows us to restrict the
diquark coupling to the narrow interval ηD ¼ 0.775–0.780.
The lower and upper values from this interval correspond to

the deconfinement onset mass and the maximum NS mass
Monset ¼ 1.30M⊙, Mmax ¼ 2.40M⊙ and Monset ¼ 0.68M⊙,
Mmax ¼ 2.41M⊙, respectively. Figure 8 shows the corre-
sponding mass-radius diagram, which respects all the
observational constraints discussed before and includes
SP with MSP ¼ 2.40M⊙. We note that the hybrid EoS
corresponding to this favorable range of parameter choice
ηV ¼ 0.452 and ηD ¼ 0.775–0.780 can describe the black
widow pulsar PSR J0952-0607 with a mass of 2.35�
0.17M⊙ [56] as a hybrid star with a color superconducting
quark matter core.

IV. CONCLUSIONS AND DISCUSSIONS

We found a thermodynamically equivalent representa-
tion to the confining RDF approach in the asymptotically
conformal color superconducting quark matter EoS given
by the simple ABPR parametrization. We have established
the connection between the parameters of the two app-
roaches. This allows us to avoid numerically demanding
calculations in constructing such an EoS and provides the
community with an accurate and easy-to-use parametriza-
tion of this EoS explicitly given in terms of the vector and
diquark couplings of the Lagrangian model. This enables
direct probes of the microscopic parameters of quark
matter, i.e., the vector and diquark couplings, by studying
the phenomenology of NSs.

FIG. 7. The blue shaded region of the values of vector and
diquark couplings is consistent with the observational constraints
on the maximum mass of NSs from Ref. [47], where
Mmax ≥ 2.01M⊙. Parameter sets in the canary shaded region
violate this constraint since for them Mmax < 2.01M⊙. The red
region is forbidden since it violates the requirement of the
absence of color superconductivity in the vacuum. The hatched
regions are excluded by the requirements of either having the
onset of deconfinement above the saturation density or providing
stability of the quark branch of the mass-radius curve obtained as
a solution of the TOV equation. Parameter sets along the dotted
curves correspond to the values of Mmax ¼ 2.0ð0.1Þ2.4M⊙, as
indicated in the figure values of ηD and ηV along the dashed curve
provide Monset ¼ M�

onset.

FIG. 8. The same as in Fig. 6 but for the value ηV ¼ 0.452
obtained by fitting the ω-meson mass and the range ηD ¼
0.775–0.780 (see text for details). The SP is indicated by a
filled circle. With this range of hybrid EoS, the black widow
pulsar PSR J0952-0607 with a mass of 2.35þ0.17

−0.17M⊙ [56] can be
described as a hybrid star with a color superconducting quark
matter core.
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The developed phenomenological EoS was applied to
model NSs with quark cores. We report that SPs in the NS
mass-radius diagram are also found in the case of asymp-
totically conformal quark matter, which is characterized by
a significant variation in the speed of sound. Variation of
the diquark coupling, while the vector one is kept constant,
produces a family of hybrid quark-hadron EoS, which
correspond to mass-radius curves intersecting in an SP.
This gives a rule for finding such SPs within microscopic
approaches to quark matter. This allows us to predict the
existence of NSs with masses MSP given by Eq. (24) if the
vector coupling is known precisely enough.
A central result corresponds to constraining the range of

possible values of the vector and diquark couplings of the
quark model Lagrangian. This was accomplished by using
the found empirical relation between the mass of the SP,
the maximum mass of the mass-radius curve, and the
onset mass for quark deconfinement. We demonstrated that
supplementing this constraint with the value of the vector
coupling fitted to the vacuum mass of the ω-meson defines
a narrow range of ηV and ηD. It is remarkable that this range
suggests an early deconfinement of quark matter and
deconfinement onset masses below 1M⊙. At the same

time, these favored parameter values correspond to high
maximummasses and thus are consistent with the existence
of heavy NSs with masses up to 2.4M⊙, which suggests a
possible explanation of the nature of the black widow
pulsar PSR J0952-0607 as a hybrid star with a color
superconducting quark matter core.
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