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A remarkable exact mapping, valid for low-enough energy scales and close to a sharp boundary
distribution of hadronic matter, from the (3þ 1)-dimensional Skyrme model to the sine-Gordon theory in
(1þ 1) dimensions in the attractive regime is explicitly constructed. Besides the intrinsic theoretical
interest to be able to describe the prototype of nonintegrable theories (namely, quantum chromodynamics in
the infrared regime) in terms of the prototype of integrable relativistic field theories (namely, sine-Gordon
theory in (1þ 1) dimensions), we will show that this mapping can be extremely useful to analyze both
equilibrium and out-of-equilibrium features of baryonic distributions in a cavity.
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I. INTRODUCTION

In condensed matter physics, the analysis of both the
phase diagram and out-of-equilibrium features (such as the
entanglement and its evolution in many-body physics: see
Refs. [1–15], detailed reviews are [16–23]) is one of the most
important topics, both theoretically and experimentally. These
topics are at the crossroads between statistical physics,
quantum computation, and quantum field theory. In low-
dimensional systems, many powerful exact results have been
derived. For instance, the referencesmentioned above indicate

that the asymptotic entanglement of a large subsystem has
been related to thermodynamic entropy in a stationary state.
It has also been possible to connect the growth of entangle-
ment with the capability of a classical computer to simu-
late nonequilibrium quantum systems with matrix product
states. Integrable models in (1þ 1) dimensions offer a unique
window on interacting systems, allowing a detailed under-
standing of the time evolution of entanglement [9–14].
These concepts are essential in relativistic quantum field

theory (QFT) as well, with implications from black hole
physics to scattering amplitudes and quantum chromody-
namics (QCD) [24–27]. However, except for conformal field
theory and integrable models [28–43], at first glance, it looks
impossible to obtain exact results either on the phase diagram
(such as the ones in [28,29,35,36]) or on entanglement
dynamics (such as the ones in [9–11]) of strongly interacting
QFT. A theoretical dream is to find a mapping that allows to
use these powerful results available in integrable field
theories in the analysis of both equilibrium and out-of-
equilibrium features of the low energy limit of QCD, where
perturbation theory is useless.

*fabrizio.canfora@uss.cl
†marclagos@unap.cl
‡pais@ipnp.troja.mff.cuni.cz
§aldo.vera@uach.cl

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 108, 114027 (2023)

2470-0010=2023=108(11)=114027(13) 114027-1 Published by the American Physical Society

https://orcid.org/0000-0002-4661-9875
https://orcid.org/0009-0001-1457-2187
https://orcid.org/0000-0002-9320-3223
https://orcid.org/0000-0001-8258-0595
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.114027&domain=pdf&date_stamp=2023-12-22
https://doi.org/10.1103/PhysRevD.108.114027
https://doi.org/10.1103/PhysRevD.108.114027
https://doi.org/10.1103/PhysRevD.108.114027
https://doi.org/10.1103/PhysRevD.108.114027
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


In the present work, we will show that, at least in some
cases, such a dream can be achieved. In particular, we will
construct a mapping that enables one to derive results
similar to [9–11,28,29,35,36] in the case of a distribution of
baryonic matter close to its boundary. Since only refined
numerical techniques are commonly employed in analyzing
the phase diagram of QCD at low temperatures and finite
baryon densities [44–47], the present analytic results are
highly relevant and produce novel robust predictions that
can, in principle, be tested.
The starting point is the Skyrme theory, which (at leading

order in the ’t Hooft expansion [48–50]) represents the low-
energy limit of QCD. The dynamical field of the Skyrme
action [51] is a SUðNÞ-valued scalar field U (here, we will
consider the two-flavors case). This action possesses both
small excitations describing pions and topological solitons
describing baryons [52–56], being the baryonic charge a
topological invariant. Skyrme theory has always been
considered the prototype of nonintegrable models where
the powerful nonperturbative results available in quantum
many-body physics [57–61] cannot be applied. However,
the techniques developed in [62–67] allowed for the first
time a successful analytic description of nonhomogeneous
baryonic condensates at finite baryon density, in good
qualitative agreement with the available phenomenological
results in [68] and references therein. This framework
allows describing (3þ 1)-dimensional baryonic layers
confined in a cavity in terms of the sine-Gordon theory
(SGT), which is the prototype of a relativistic integrable
field theory in (1þ 1) dimensions. Hence, the results in
[30–37] developed for the SGTat finite temperatures and in
[9–14] for SGT out-of-equilibrium produces novel analytic
results in the low-energy limit of QCD at low temperatures.

II. SUMMARY OF THE RESULTS

The action for the SUð2Þ-Skyrme model is given by

I½U� ¼ K
4

Z
M

d4x
ffiffiffiffiffiffi
−g

p
Tr

�
RμRμ þ λ

8
GμνGμν

�
;

Rμ ¼ U−1∇μU ¼ Ra
μta; Gμν ¼ ½Rμ; Rν�; ð1Þ

where UðxÞ∈ SUð2Þ, g is the metric determinant, ∇μ is the
partial derivative, and ta ¼ iσa are the generators of
the SUð2Þ Lie group, being σa the Pauli matrices. The
space-time manifold is split in M ¼ R × Σ, and the
Skyrme couplings K and λ are positive constants fixed
experimentally.
The topological current Jμ and the baryonic charge QB

are defined, respectively, as

Jμ ¼ ϵμναβ TrðRνRαRβÞ;

QB ¼ 1

24π2

Z
Σ
J0; ð2Þ

where the last integral is performed on Σ. Geometrically, a
nonvanishing Jμ measures the “genuine three-dimensional
nature” of the configuration since (in order to have Jμ ≠ 0,
at least locally) U must encode three independent degrees
of freedom. For instance, if two of the three degrees of
freedom needed to describe U depend on the same
coordinate, then Jμ vanishes identically.
We want to analyze the intriguing phenomena that occur

when a finite amount of baryons live within a cavity of
finite spatial volume V ¼ 8π2L2Lx; therefore, we consider
the metric of a box

ds2 ¼ −dt2 þ dx2 þ L2ðdy2 þ dz2Þ; ð3Þ

where Lx and L are constants representing the size of
the box in the directions longitudinal and orthogonal to x,
respectively. The coordinates have the following ranges
(see Refs. [62,63]):

0 ≤ x ≤ Lx; 0 ≤ y ≤ 2π; 0 ≤ z ≤ 4π: ð4Þ

Note that the coordinate x has a length dimension, while the
other two coordinates, y and z, are dimensionless (since the
length scale L has been explicitly shown in the metric).
This helps to analyze the interplay between the two scales,
L and Lx, in the following computations. In order to apply
the known results on SGT mentioned above, the limit
Lx ≫ L has to be considered. In this case, one would
describe a sort of “hadronic wire” (a cavity much longer in
one spatial direction than in the other two). We will choose
y and z as the “homogeneous coordinates.”When Lx is not
large, one has to use the exact available results on SGTon a
finite interval [38,39].
The Skyrme action and the corresponding field equations

can be written explicitly in terms of the SUð2Þ-valued field
(as any element of SUð2Þ can be written in the Euler
representation)

U ¼ exp ðt3FÞ exp ðt2HÞ exp ðt3GÞ; ð5Þ

where F ¼ FðxμÞ,G ¼ GðxμÞ andH ¼ HðxμÞ are the three
scalar degrees of freedom of the Skyrme field (traditionally,
in this parametrization, the field H is called profile).
It is well known that many baryonic distributions,

especially at low energies, possess a sharp boundary.
Namely, the energy and baryon densities decay exponen-
tially fast to zero. Thus, in practice, one can define a surface
that separates the region where the energy and baryon
densities are different from zero, from the region where
these densities vanish. In a neighborhood of any point close
to such a surface, the energy and baryon density can only
depend on the spatial coordinate orthogonal to the surface
and on time (we will comment more on this point in the
following sections). This is why it is so interesting to study
hadronic distributions that are homogeneous in two spatial
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directions. The analysis of the energy-momentum tensor
shows that the only ansatz able to describe energy and
baryon densities homogeneous in two spatial directions
[64] is

HðxμÞ ¼ Hðt; xÞ; FðxμÞ ¼ q
2
y; GðxμÞ ¼ p

2
z: ð6Þ

The above ansatz has several remarkable properties. First,
the three coupled nonlinear Skyrme field equations reduce
consistently to just one partial differential equation (PDE)
for the profile; such a PDE is the sine-Gordon equation
in (1þ 1) dimensions. Second, the topological charge
density is nontrivial, leading to an arbitrarily high baryon
number. Third, suppose the energy/temperature scale is
less than 1=L. In that case, the only relevant degrees of
freedom are fluctuations δHðt; xÞ of Hðt; xÞ, which only
depend on t and x, as all the other possible fluctuations of
the field U have energies larger than 1=L. These features
of hadronic layers will be the key to deriving novel
properties and making robust predictions on their behavior
at finite density using known results in the literature
on SGT.

A. Effective sine-Gordon theory

We will consider p ¼ q, with B≡ p2 > 0, to reduce
the complexity of the formulas. Nevertheless, all the
present results generalize easily to cases where p and q
are arbitrary integers. The on-shell Lagrangian and the
baryon density, ρB ≡ J0, corresponding to the ansatz in
Eq. (6), give rise to the following effective SGT (we
dropped out a constant term in the action that does not
affect the theory)

ISG ¼
Z

LSGdtdx

¼
Z �

−
1

2
∂
μφ∂μφþM0ðcosðβφÞ − 1Þ

�
dtdx;

φ ¼ 4

β
H; ð7Þ

with

M0 ¼
π2K
8L2

B2λ; β ¼ 2

π½Kð2L2 þ BλÞ�1=2 ; ð8Þ

where constant terms have been discarded. From the
above, the complete set of Skyrme field equations are
reduced to the sine-Gordon equation for the φ field,

□φ −M0β sinðβφÞ ¼ 0; □≡ −∂2t þ ∂
2
x; ð9Þ

which, in the static case, can be reduced to a quadrature

dx ¼ dφ
σðE0;φÞ

; σðE0;φÞ ¼ �
�
E0

L2
− 2M0 cosðβφÞ

�1
2

;

ð10Þ

where E0 > 2L2M0, is an integration constant.
Hence, one can deduce many intriguing analytic results

on this (3þ 1)-dimensional distribution of baryonic
matter confined in a cavity by using the classic SGT
results in [9–14], provided the energy/temperature scale is
less than 1=L. The boundary conditions for H (or φ) are
fixed by requiring that the baryonic charge in Eq. (2) is the
integer B,

Hðt; 0Þ ¼ n π
2

Hðt; LxÞ ¼ ðmþ nþ1
2
Þπ ⇔

φðt;0Þ ¼ 2n π
β

φðt; LxÞ ¼ 2
β ðnþ ð2mþ 1ÞÞπ ;

ð11Þ

where n and m are integers.
If H satisfies either Hðt; LxÞ ¼ Hðt; 0Þ þ nπ, or

Hðt; LxÞ þHðt; 0Þ ¼ mπ, for n;m∈Z; ∀ t, the total bar-
yonic charge vanishes. Despite this, such configurations are
interesting anyway, since the baryonic density is nontrivial
and one can have bound states of two layers.
Figure 1 shows the energy density of a configura-

tion with baryonic charge B ¼ 16 describing baryonic
layers in a cavity, where we have considered n ¼ 0 and
m ¼ 2 for the boundary conditions in Eq. (11). For
static configurations, φðt; xÞ ¼ φðxÞ, the integration
constant E0, according to Eqs. (4), (8), (10), and
(11), is fixed by

�
Z

2π=β

0

dφ

½E0 − 2L2M0 cosðβφÞ�12
¼ Lx

L
; ð12Þ

100

200
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400
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FIG. 1. Energy density of baryonic layers in a cavity.
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where we have taken, for simplicity, n ¼ m ¼ 0 in
Eq. (11). It is easy to see that the above equation
always has a solution if Lx is finite. Indeed, if Lx is
small (compared to L) one can take a large E0 to make
the left-hand side of Eq. (12) small as well. If Lx is
large (but not divergent), one can have the left-hand side
of Eq. (12) large by choosing

E0 ¼ 2L2M0 þ ε; 0 < ε ≪ 1; ð13Þ

so that the denominator comes close to have a zero
when φ ¼ 0, or φ ¼ 2πβ. The Lx

L → ∞ case corresponds
to the limit in which ε ¼ 0.
At this point, a remark is in order. The requirement that

the transverse length scale L is small is not a necessary
condition for the applicability of the mapping. In other
words, the mapping can also be applied when Lx=L is not
large. Nevertheless, in the present paper, we have put more
emphasis on the regime in which Lx=L is large since, in this
case, on the sine-Gordon side, there are many more
available results to borrow (especially on the out-of-
equilibrium phase: see Refs. [28–43] and references
therein). On the other hand, when Lx=L is not large, the
mapping still holds (indeed, one can easily verify that the
validity of the present analytic computations do not depend
on whether Lx=L is large or not), but in order to maximize
its effectiveness, one should generalize all the tools in
[28–43] to the case in which sine-Gordon theory is defined
either on a finite interval or on a circle S1. This goal appears
to be achievable, although it has not been fully achieved yet
in the existing literature. Anyway, once all the results
mentioned above in the theory of sine-Gordon equation
will be generalized to the finite interval and S1 cases, the
present mapping will be useful to bring those results into
the analysis of baryonic distributions. It is also worth
mentioning that close to a sharp boundary (which is one of
the situations of interest in the present work), the baryon
distribution is supposed to vary quickly in the x direction
orthogonal to the boundary. This, however, does not imply
that Lx must be necessarily small. Indeed, the typical scale
over which the energy and baryon densities vary sensibly
depends on the effective sine-Gordon couplings M0 and β
in Eq. (8). This can be seen as follows: in sine-Gordon
theory, how “peaked” is the energy density of a single kink
depends on these two couplings (even when the interval
where the theory is defined as being taken to be very large).
In particular, one can have a steep drop in the energy and
baryon densities by taking a large enough baryonic charge
B (keeping at the same time a large transverse length
scale L).
The results in [9–14,22,23,30–39] can now be used. The

presence of both the two directions y and z orthogonal to x
and the baryonic number manifests itself in the effective
sine-Gordon couplings M0 and β. Thus, according to
Eq. (8), whether the effective SGT describing the hadronic

distribution is in the attractive phase (AP), repulsive phase
(RP) or critical free-Fermion phase (FFP), can be deduced

from the factor β2

4π, explicitly

AP∶
1

π3Kð2L2 þ BλÞ < 1; RP∶
1

π3Kð2L2 þ BλÞ > 1;

FFP∶
1

π3Kð2L2 þ BλÞ ¼ 1: ð14Þ

Since B is a positive integer, Kλ is around 1=6 (see
Ref. [54]) and π3 > 27, then the effective theory is always
in the attractive regime and, therefore, the results in
Refs. [10,11] can be applied here. In practice, the number
of breathers

1

ξ
¼ 1 − β2

β2
; ð15Þ

which is either 1
ξ − 1 or ½1ξ� depending on whether 1

ξ ∈Z or
not, is always bigger than two, already for B ≥ 4.

B. In and out-of-equilibrium implications

The description of (3þ 1)-dimensional hadronic layers
in a cavity presented above in terms of the SGT in (1þ 1)
dimensions offers unprecedented possibilities. When the
energy/temperature scale is low enough, the equilibrium
and out-of-equilibrium properties of these configurations
can be computed using the effective SGT with coupling
constants in Eqs. (7) and (8). It is worth reminding that, if
one is close enough to the boundary of a baryonic
distribution of matter (such that, in one spatial direction,
the energy and baryon densities drop very rapidly to a very
small value, while in the two orthogonal directions, the
energy and baryon densities are almost homogeneous),
then the present description in terms of SGT is actually
generic.
The first type of exact results, which can be “imported”

from SGT in the analysis of baryonic distributions in a
cavity, it has to do with the mass spectrum of the theory,
with the equilibrium correlation functions at finite temper-
atures (but smaller than 1=L) [28,29] and with the phase
diagram [4,5,18–20,22,23]. If Lx=L is large enough, all
such analytic results can be applied directly to the effective
SGT in Eqs. (7) and (8). In this way, one can get the exact
excitations’ spectrum of the hadronic distribution as well as
the corresponding low temperatures’ correlation functions.
The second type is the computation of the entanglement

entropy [12,28,29]. In particular, the above references,
together with the present mapping imply that the entangle-
ment entropy SE of hadronic layers confined in a cavity is
SE ¼ ceff

3
lnð laÞ; where a is the UV cutoff beyond which the

Skyrme model is not valid anymore, and l is the size of the
finite interval in the x direction, of which we are computing
the corresponding entanglement entropy. The effective
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central charge ceff of the theory can be estimated following
Refs. [28,29].
The third (and perhaps most surprising) type has to do

with out-of-equilibrium properties, such as the dynamics of
entanglement entropy after a quantum quench and the
Loschmidt echo. These quantities are entirely out of reach
of any standard perturbative approach based on QCD in
(3þ 1) dimensions, especially at finite baryon density.
Nevertheless, the present mapping allows using directly the
results in Refs. [9–14,21–23]. These together with the
present mapping, allow concluding that one can obtain
exact analytical predictions for the time evolution of the
entanglement in generic hadronic layers confined in a
three-dimensional cavity. Even more, following Ref. [9]
(as in the present case, the effective SGT is always in the
attractive regime with more than two breathers), the von
Neumann and Renyi entropies display undamped oscilla-
tions in time, whose frequencies can be taken exactly from
Refs. [10,11]. For instance, the quantum quench can be
realized by either changing B or L (moreover, the number
of oscillatory modes grows with B). Finally, following
Ref. [22], the Loschmidt amplitude, the fidelity and work
distribution can be computed explicitly.

III. TECHNICAL DETAILS

A. Euler angles parametrization and energy-density

The field equations of the system, obtained varying the
action in Eq. (1) with respect to the U field, are

∇μ

�
Rμ þ λ

4
½Rν; Gμν�

�
¼ 0: ð16Þ

Equations [Eq. (16)] are generally a set of three coupled
nonlinear partial differential equations. The energy-
momentum tensor of the theory is given by

Tμν ¼ −
K
2
Tr

�
RμRν −

1

2
gμνRαRα

þ λ

4

�
gαβGμαGνβ −

1

4
gμνGσρGσρ

��
: ð17Þ

We are interested in finite density effects; in particular,
we want to describe hadronic layers confined to a cavity,
where the Euler angles parametrization for the Skyrme field
is particularly convenient. The wording “hadronic layers”
refers to distributions of energy density T00 and baryon
density J0, which are homogeneous in two spatial coor-
dinates. Still, they depend nontrivially on the third spatial
coordinate and on time. The interest in such configurations
lies, at the very least, in the following facts.
First, it is possible to define the “boundary” of the

distribution of nuclear matter as the surface in space where
the energy density and baryon density drop exponentially
fast to zero (or to a very small constant value). In a small
enough neighborhood of a point on such boundary, the
energy density and baryon density will not depend on the
two spatial coordinates tangent to the boundary. In contrast,
they will depend very sensitively on the spatial coordinate
orthogonal to the boundary (since both T00 and J0 drop
rapidly to zero along this spatial direction). Hence, the
configurations discussed here are quite generic and useful
close to a sharp boundary distribution of hadronic matter
(see Fig. 2).
Second, such structures are known to appear in numeri-

cal simulations at finite baryon density, and there is robust

FIG. 2. A schematic representation of the baryonic layer in the coordinates ðx; y; zÞ of Eq. (4). Taking a specific solution, if we make a
zoom-in, we find a surface perpendicular to the direction where ρB drops very rapidly to zero, in this case, x̂, separating two distinct
regions: ρB ≠ 0 (interior) and ρB ¼ 0 (exterior). As the profileHðx; tÞ does not depend on the spatial dimensions y and z, at point p, the
tangent space Tp (where the coordinate basis f ∂

∂y
; ∂

∂z
g belongs to) is approximately the baryonic layer.
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phenomenological evidence supporting their presence in
neutron stars (see Ref. [68] and references therein).
Consequently, the starting point is the metric of a cavity
in Eqs. (3) and (4).
In the present setting, to apply the powerful results of the

sine-Gordon theory (SGT) in and out of equilibrium
mentioned above, the limit Lx ≫ L has to be considered.
This choice represents a sort of “hadronic wire”: a cavity
which is much longer in one spatial direction than in the
other two (see Fig. 3). We will choose y and z as the
“homogeneous coordinates” (namely, the coordinates
which do not appear explicitly in T00 and J0). When Lx
is not large compared to L, one must use the exact available
results on SGTeither on a finite interval or on S1 developed
in [38,39] and references therein (we will come back to this
case in a future publication).
As previously mentioned, the Skyrme field can be

written explicitly in the Euler angles parametrization as
in Eq. (5). A direct computation shows that, in terms of this
parametrization, the Skyrme action reads

IðH;F;GÞ ¼ −
K
2

Z
d4x

ffiffiffiffiffiffi
−g

p fð∇HÞ2 þ ð∇FÞ2 þ ð∇GÞ2 þ 2 cosð2HÞð∇F ·∇GÞ

− λð2 cosð2HÞðð∇H · ∇FÞð∇H ·∇GÞ − ð∇HÞ2ð∇F ·∇GÞÞ
þ 4 sin2ðHÞ cos2ðHÞðð∇F · ∇GÞ2 − ð∇FÞ2ð∇GÞ2Þ
þ ð∇H ·∇FÞ2 þ ð∇H · ∇GÞ2 − ð∇HÞ2ð∇FÞ2 − ð∇HÞ2ð∇GÞ2Þg:

The energy-momentum tensor in this parametrization is

Tμν ¼ −
K
2
f−2½∇μF∇νF þ∇μH∇νH þ∇μG∇νGþ cosð2HÞð∇μF∇νGþ∇μG∇νFÞ�

þ gμν½ð∇FÞ2 þ ð∇HÞ2 þ ð∇GÞ2 þ 2 cosð2HÞð∇F · ∇GÞ�
þ 2λ½∇μFð∇H ·∇FÞ∇νH −∇μFð∇HÞ2∇νF −∇μHð∇FÞ2∇νH þ∇μHð∇F · ∇HÞ∇νF

þ∇μGð∇H ·∇GÞ∇νH −∇μGð∇HÞ2∇νG −∇μHð∇GÞ2∇νH þ∇μHð∇G ·∇HÞ∇νG

þ cosð2HÞð∇μFð∇H ·∇GÞ∇νH −∇μFð∇HÞ2∇νG −∇μHð∇F ·∇GÞ∇νH

þ∇μHð∇F · ∇HÞ∇νGþ∇μGð∇H ·∇FÞ∇νH −∇μGð∇HÞ2∇νF −∇μHð∇G · ∇FÞ∇νH

þ∇μHð∇G ·∇HÞ∇νFÞ þ 4cos2ðHÞsin2ðHÞð∇μFð∇G ·∇FÞ∇νG −∇μFð∇GÞ2∇νF

−∇μGð∇FÞ2∇νGþ∇μGð∇F ·∇GÞ∇νFÞ�
þ λgμν½ð∇FÞ2ð∇HÞ2 − ð∇F · ∇HÞ2 þ ð∇GÞ2ð∇HÞ2 − ð∇G ·∇HÞ2
þ 2 cosð2HÞðð∇F · ∇GÞð∇HÞ2 − ð∇F ·∇HÞð∇G ·∇HÞÞ
þ 4cos2ðHÞsin2ðHÞðð∇FÞ2ð∇GÞ2 − ð∇F ·∇GÞ2Þ�g:

The field equations, obtained varying the action with respect to the degrees of freedom F, H, and G, are

0¼∇μfcosð2GÞsinð2HÞ∇μF− sinð2GÞ∇μH− λsinð2GÞðð∇FÞ2∇μH− ð∇F ·∇HÞ∇μFþð∇GÞ2∇μH− ð∇G ·∇HÞ∇μG

þ cosð2HÞð2ð∇F ·∇GÞ∇μH− ð∇F ·∇HÞ∇μG− ð∇H ·∇GÞ∇μFÞÞ− λcosð2GÞ sinð2HÞðð∇F ·∇GÞ∇μG

þð∇F ·∇HÞ∇μH− ð∇GÞ2∇μF− ð∇HÞ2∇μF− cosð2HÞðð∇F ·∇GÞ∇μF− ð∇FÞ2∇μGÞÞg; ð18Þ

FIG. 3. The range of the coordinates ðx; y; zÞ of Eq. (4)
represents a “hadronic wire.” The longer edge has a length of
Lx, while the other two have a size of 2πL and 4πL. The originO
is on one of its corners, and the coordinates axes are represented
in light green.
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0 ¼ ∇μfsinð2GÞ sinð2HÞ∇μF þ cosð2GÞ∇μH þ λ cosð2GÞðð∇GÞ2∇μH − ð∇G ·∇HÞ∇μG

þ ð∇FÞ2∇μH − ð∇F · ∇HÞ∇μF þ cosð2HÞð2ð∇F ·∇GÞ∇μH − ð∇F ·∇HÞ∇μG

− ð∇G · ∇HÞ∇μFÞÞ þ λ sinð2GÞ sinð2HÞðð∇HÞ2∇μF − ð∇H ·∇FÞ∇μH þ ð∇GÞ2∇μF

− ð∇G · ∇FÞ∇μGþ cosð2HÞðð∇F ·∇GÞ∇μF − ð∇FÞ2∇μGÞÞg; ð19Þ

0 ¼ ∇μfcosð2HÞ∇μF þ∇μG − λ sin2ð2HÞðð∇F ·∇GÞ∇μF − ð∇FÞ2∇μGÞ
þ λ cosð2HÞðð∇HÞ2∇μF − ð∇H ·∇FÞ∇μHÞ þ λðð∇HÞ2∇μG − ð∇H ·∇GÞ∇μHÞg: ð20Þ

The only way to have an energy density homogeneous in y
and z is to require that F and G are linear functions of these
coordinates, andH depends on the coordinatex (transverse to
the layer) and on time. The only ansatz satisfying these
properties is the one in Eq. (6). Indeed, if H would depend
either on y or on z, then the energy density would depend on
these coordinates as well. Hence, the profile H carries the
physical information on when and where T00 and J0 vanish
and when they do not (that is why it makes sense to call H
“profile,” as it encodes information on the spacetime varia-
tions ofTμν and Jμ). Furthermore, the above ansatz is actually
generic if one is close enough to the boundary of any
baryonic distribution (as it has been already emphasized).
Consequently, the ansatz here above describe locally any
baryonic configuration close to one of its boundaries.
The above choice has several remarkable properties (see

Refs. [62,63,69,70]). First, the three coupled nonlinear
Skyrme field equations reduce consistently to just one PDE
for the profile Hðt; xÞ; the sine-Gordon equation in (1þ 1)
dimensions [as one can check directly in Eqs. (18)–(20)].
Second, this choice keeps alive the topological density.
In fact, by using the ansatz in Eq. (6), the field equations

in Eqs. (18)–(20), are reduced to

∂
2
t H − ∂

2
xH þ B2λ

8L2ð2L2 þ BλÞ sinð4HÞ ¼ 0; ð21Þ

where we have considered, for simplicity, p ¼ q and
B ¼ p2 > 0. Also, the on-shell Lagrangian density
Lon−shell (apart from a constant term −K B

4L2), the energy-
density T00 (apart from a constant term K B

4L2), and the
baryon density ρB ¼ J0 are, respectively,

Lon−shell ¼
K

64L4
ð16L2ð2L2 þ jBjλÞ½ð∂tHÞ2 − ð∂xHÞ2�

− B2λð1 − cosð4HÞÞÞ; ð22Þ

T00 ¼
K

64L4
ð16L2ð2L2 þ jBjλÞ½ð∂tHÞ2 þ ð∂xHÞ2�

þ B2λð1 − cosð4HÞÞÞ; ð23Þ

ρB ¼ J0 ¼ −3Bð∂xHÞ sinð2HÞ: ð24Þ

The boundary conditions forH are fixed by requiring that the
baryonic charge is �B, as we have mentioned. For the case
QB to be zero, should be cosð2Hðt; LxÞÞ ¼ cosð2Hðt; 0ÞÞ,
∀ t. This implies

Hðt; LxÞ ¼ Hðt; 0Þ þ nπ; or Hðt; LxÞ þHðt; 0Þ ¼ mπ;

n; m∈Z; ∀ t: ð25Þ
Such configurations, of QB ¼ 0, are interesting anyway
since the baryonic density is nontrivial, and one can have
bound states of two layers (in breatherlike style).
For static configurations, Hðt; xÞ ¼ HðxÞ, one can

reduce the field equation to a simple quadrature

ð∂xHÞ ¼ �
�
E0 −

B2λ

16L2ð2L2 þ BλÞ cos 4H
�
1=2

; ð26Þ

where the integration constant E0 is fixed by

4

Z
π=2

0

dHh
16L2E0 − B2λ

ð2L2þBλÞ cos 4H
i
1=2 ¼

Lx

L
; ð27Þ

where we have taken, for simplicity, n ¼ m ¼ 0 in Eq. (25).
It is easy to see that the above equation for E0 always has a
solution if Lx is finite. Indeed, if Lx is small (compared to
L) one can take a large E0 to make the left-hand side of
Eq. (27) small as well. If Lx is large (but not divergent), one
can have the left-hand side of Eq. (27) large by choosing

E0 ¼
B2λ

16L2ð2L2 þ BλÞ þ ε; 0 < ε ≪ 1;

so that the denominator of the left-hand side of Eq. (27)
comes close to have a zero when H ¼ 0, or H ¼ π=2. The
Lx → ∞ case corresponds to the limit in which ε ¼ 0.
The proper normalization of the Skyrme profile H to

define the effective sine-Gordon Lagrangian LSG and the
corresponding energy-density T̃00 can be achieved by
requiring that the integral along the coordinate x of T̃00

should give the actual total energy of the hadronic layers
(with a similar condition for the effective action ISG).
Hence, T̃00 is the integral in the transverse coordinates y
and z of T00, so that the integral along x of T̃00 will give the
total energy of the Skyrmionic system
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T̃00 ¼
π2K
8L2

f16L2ð2L2 þ jBjλÞ½ð∂tHÞ2 þ ð∂xHÞ2�
þ B2λð1 − cosð4HÞÞg; ð28Þ

where the factor 8π2L2 comes from the integral in y and z.
The same is true for the effective Lagrangian LSG:

LSG ¼ π2K
8L2

f16L2ð2L2 þ BλÞ½ð∂tHÞ2 − ð∂xHÞ2�
− B2λð1 − cosð4HÞÞg: ð29Þ

The proper normalization of the kinetic term can be
achieved normalizing H as follows:

φ ¼ 4

β
H; β ¼ 2

π½Kð2L2 þ BλÞ�1=2 ; M0 ¼
π2K
8L2

B2λ;

ð30Þ
so that, the effective sine-Gordon coupling β and the
effective dimensionless sine-Gordon action become,
respectively,

β ¼ 2

π½Kð2L2 þ BλÞ�1=2 ; ð31Þ

ISG ¼
Z

LSGdtdx

¼
Z �

−
1

2
∂
μφ∂μφþM0ðcosðβφÞ − 1Þ

�
dtdx; ð32Þ

where constant terms have been discarded.

B. Perturbations on the solutions

An important technical part of the present work is to
show that, with the ansatz defined in Eq. (6), not only
the field equations and the energy-density reduce to the
corresponding quantities in SGT in (1þ 1) dimensions in a
sector with nonvanishing baryonic charge, but also that the
lowest energy perturbations of these configurations are
precisely perturbations of the sine-Gordon effective field,
which only depend on t and x (this is the reason why it is
convenient to take Lx ≫ L: in this case, the energy needed
to excite modes that depend nontrivially on the transverse
coordinates is much higher than the energy needed to excite
“sine-Gordon modes”). This issue is relevant since, if we
want to use the available results on equilibrium and
nonequilibrium SGT (in particular, [9,30–39,71–76]), then
we must identify a regime in which also the low energy
fluctuations are of “sine-Gordon type.”
Hence, let us consider a general solution U0 of the form

in Equation (5), where F,H andG fulfilling Eqs. (18)–(20).
Let us now take a perturbation of U0 as

U ¼ U0ð1þ χÞ; ð33Þ

where χ is a 2 × 2 matrix with the conditions

χ† ¼ −χ; Tr χ ¼ 0: ð34Þ
These conditions ensure that χ is an arbitrary element of the
suð2Þ algebra, i.e.,

χ ¼ ϵχ1t1 þ ϵχ2t1 þ ϵχ3t3; ð35Þ
where jϵj ≪ 1 is the perturbation parameter. Observe that χi
are real functions of the coordinates t, x, y, and z.[77]
Introducing this expansion in Eq. (16), we get�
R0μ þ

λ

4
½Rν

0; G0μν�;∇μχ

�
þ∇μ

�
∇μχ þ

λ

4
½∇νχ; G0μν�

�

þ λ

4
∇μð½Rν

0; ½∇μχ; R0ν�� þ ½Rν
0; ½R0μ;∇νχ��Þ ¼ 0; ð36Þ

up to order Oðϵ2Þ. Now, let us consider a generic pertur-
bation (in the present context, the wording “generic
perturbation” means that we allow the perturbation to
depend on all four space-time coordinates). A natural
ansatz for the perturbation is

χ1 ¼ ζ1ðxÞ cosðHðxÞÞ cosðpzÞeiðωtþk1yþk2zÞ;

χ2 ¼ ζ2ðxÞ cosðHðxÞÞ sinðpzÞeiðωtþk1yþk2zÞ;

χ3 ¼ ζ3ðxÞ sinðHðxÞÞeiðωtþk1yþk2zÞ; k1 ≠ 0; k2 ≠ 0;

wherewe are taking into account the fact that the energy and
baryon densities donot dependon the transverse coordinates.
The profiles ζjðxÞ (j ¼ 1, 2, 3) of the perturbations only
depend on x. The first conclusion that arises from analyzing
the linearized field equations is that, actually, only one of
these three profiles is independent. Namely, one can choose
[78]: ζ1ðxÞ ¼ ζ2ðxÞ ¼ ζðxÞ ¼ −ζ3ðxÞ. Now, considering

χ1 ¼ ζðxÞ cosðHðxÞÞ cosðpzÞeiðωtþk1yþk2zÞ;

χ2 ¼ ζðxÞ cosðHðxÞÞ sinðpzÞeiðωtþk1yþk2zÞ;

χ3 ¼ −ζðxÞ sinðHðxÞÞeiðωtþk1yþk2zÞ; ð37Þ

one can check that the complete set of linearized Skyrme
equations Eq. (36) are satisfied if k2 ¼ q

p k1, (i.e., k2 ¼
k1 ≡ k, because we are taken p ¼ q), and if ζ satisfies a
linear ordinary differential equation (ODE) of the form
ζ00ðxÞ þ AðxÞζ0ðxÞ þ BðxÞζðxÞ ¼ 0, (where the functions
AðxÞ and BðxÞ can be computed explicitly in terms of the
background solution). In order to use the Sturm-Liouville
theory, it is convenient the following change of variables:
ζðxÞ ¼ αðxÞξðxÞ, choosing α in such a way to eliminate the
first derivative term. In this way, we get

−ξ00ðxÞ þQðxÞ
L2

ξðxÞ ¼ ω2WðxÞξðxÞ; ð38Þ

where the functions QðxÞ and WðxÞ are
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QðxÞ ¼ 1

32ðBλþ 2ÞðBλcos2ðHðxÞÞ þ 2Þ2 fðBλ cosð2HðxÞÞ þ Bλþ 4ÞðB3λ2 cosð6HðxÞÞ þ B2λð3Bλþ 8Þ cosð2HðxÞÞ

þ 2ðBλþ 2ÞðB2λ cosð4HðxÞÞ þ B2λþ 32k2ÞÞ − ðBλð4 cosð2HðxÞÞðλðB − k2Þ þ 3Þ þ Bλ cosð4HðxÞÞÞ
þ Bλ2ð3B − 4k2Þ þ 8λðB − 2k2Þ þ 8Þð16ðBλþ 2ÞE0 þ B2λ cosð4HðxÞÞÞg;

WðxÞ ¼
4λE0 þ Bλ

�
Bλ cosð4HðxÞÞ

4Bλþ8
þ cosð2HðxÞÞ

�
þ Bλþ 4

ð2Bλcos2ðHðxÞÞ þ 4Þ :

FIG. 4. Plots of the stability regions at the ðkλ=L2Þ plane form ¼ 0, 2, 4, 6, 8 in Eq. (11) for different values of B and Lx
L . For example,

plot (j) shows that above the separation line of m ¼ 8 (in violet) the region is stable, while below such separation line is unstable; for
m ¼ 6, above the separation line (in red) is stable, while below it is unstable; same for the separation linem ¼ 4 (in green) andm ¼ 2 (in
yellow). Plot (b) shows that, for those values of Lx

L and B, the region is stable for all values of m ≤ 8. Notice that the k values are
representative, as by boundary condition in the cavity, the allowed values of k are, in fact, integers.
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FIG. 5. Plots k vs λ=L2 for m ¼ 0 taking different values of B and Lx
L . The dimensionless quantities ω2

min ¼ ω2
minL

2 are shown in the
color palette on the right of each plot. As the values of ω2 are not much tiny, ω goes as L−1, at least for the set of parameters analyzed.
The k values are representative (see the caption of Fig. 4). (a) B ¼ 0 and Lx

L ¼ 1; (b) B ¼ 0 and Lx
L ¼ 5; (c) B ¼ 1 and Lx

L ¼ 1;

(d) B ¼ 1 and Lx
L ¼ 5; (e) B ¼ 4 and Lx

L ¼ 1; (f) B ¼ 4 and Lx
L ¼ 5; (g) B ¼ 9 and Lx

L ¼ 1; (h) B ¼ 9 and Lx
L ¼ 5.
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Here, we have defined λ≡ λ
L2, and used Eqs. (21) and (26).

Also,

αðxÞ ¼ C1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ Bλð1þ cosðHðxÞÞÞp ; ð39Þ

being C1 an arbitrary dimensionless constant. Equation (38)
can bewritten in a slightly different manner by the change of
variable ρ ¼ x

L,

−ξ00 þQξ ¼ ω2Wξ; ð40Þ

where the substitution of x as a function of ρ is carried out
whatever is necessary, the prime now denotes ∂

∂ρ, andwe have
defined ω≡ ωL.
The ODE in Eq. (40) is a particular case of the Sturm-

Liouville problem [79] (SLP), it can hardly be solved
analytically and even numerically, it is not simple. For us it
is enough to have some sufficient stability conditions: we
require that the function ξ does not diverge inside the range
where x is defined, i.e., the interval ½0; Lx�. Therefore, we
find the eigenvalues ω2 using the method of simple centred
differences [80], and the minimum ω2

min should be positive
for stability, with boundary conditions ξð0Þ ¼ 0 and
ξðLxÞ ¼ 0. The function HðxÞ as a solution of Eq. (21),
with boundary conditions in Eq. (11), is well-behaved.
Also, the function in Eq. (39) is well-behaved, strictly
positive and without singularities inside the integration
range if λ ≥ 0 and L ≠ 0. In Fig. 4, we show the stability
regions for different values of B and Lx

L (see details in the
caption). By analyzing the energy scale of the fluctuations
of F, G and H, it is observed that the minimum of positive
frequenciesωmin goes as 1=L due to the scale normalization
of ω in Eq. (40), at least for the set of parameters analyzed.
This can be seen in Fig. 5 for some values of B and Lx

L . On
the other hand, the lowest energy perturbations are small
variations δH of Hðt; xÞ which depend only on t and x. In
particular, these perturbations of static profile Hðt; xÞ ¼
HðxÞ are gapless, as in SGT (when Lx ≫ L). One can
readily see this as follows: The Skyrme field equations for a
static profileHðt; xÞ ¼ HðxÞ corresponding to the ansatz in
Eq. (6) reduces to Eq. (21), which, in its turn, reduces to
Eq. (26), where the condition in Eq. (27) fixes the
integration constant E0. Given a solution H0ðxÞ of
Eq. (26) one can always find a solution δH of the linearized
field equation with zero energy as δH ¼ ∂xH0ðxÞ. With the
appropriate choice of E0, ∂xH0ðxÞ never changes sign, so
∂xH0ðxÞ is a nodeless zero mode. Moreover, as has been
shown in Ref. [81], SGT possesses gapless modes.
Summarizing, the above arguments show that at energy

and/or temperatures less than 1=L, the only modes that are

energetically available in the full Skyrme theory in the cavity,
like Fig. 3, are the sine-Gordon modes associated with
perturbations δH of Hðt; xÞ which depend only on t and
x. Consequently, not only does the Skyrme model reduce to
SGT for baryonic layers configurations in such a cavity, but
also perturbations in this regime are, in fact, the lowest energy
perturbations of SGT because generic perturbations like the
ones shown above always possess higher energy.

IV. CONCLUSIONS

In this article, we have constructed an exact mapping
between the Skyrme model in (3þ 1) dimensions at finite
baryon density and the sine-Gordon model in (1þ 1)
dimensions. Such mapping is valid for a baryonic distri-
bution of matter close to its boundaries (as explained in the
previous sections), and for low enough energy. This
mapping opens a new window to analyze many equilibrium
and nonequilibrium phenomena of hadronic matter that can
be fully understood neither perturbation theory nor lattice
QCD using well-known results in SGT. These analytic
results (especially the out-of-equilibrium ones) are entirely
out of reach of the other available theoretical methods in the
low-energy sector of QCD. As examples, we have dis-
cussed the robust predictions on the oscillations of von
Neumann and Rényi entropies. Still, it is expected that the
present results will generate many more surprises that are
difficult to envisage right now: the physical consequences
of this mapping are far-reaching. They will be further
investigated in forthcoming papers.
Finally, it is worth mentioning that the present results are

also intriguing in the analysis of neutron stars. Indeed,
configurations such as hadronic tubes and layers of baryons
(known as nuclear pasta states) appear [82,83]. Our
framework allows us to determine, among other things,
the transport properties of these inhomogeneous baryonic
distributions with such beautiful shapes, which are chal-
lenging to compute using numerical simulations.
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