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A remarkable exact mapping, valid for low-enough energy scales and close to a sharp boundary
distribution of hadronic matter, from the (3 4 1)-dimensional Skyrme model to the sine-Gordon theory in
(1 4+ 1) dimensions in the attractive regime is explicitly constructed. Besides the intrinsic theoretical
interest to be able to describe the prototype of nonintegrable theories (namely, quantum chromodynamics in
the infrared regime) in terms of the prototype of integrable relativistic field theories (namely, sine-Gordon
theory in (1 + 1) dimensions), we will show that this mapping can be extremely useful to analyze both

equilibrium and out-of-equilibrium features of baryonic distributions in a cavity.
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I. INTRODUCTION

In condensed matter physics, the analysis of both the
phase diagram and out-of-equilibrium features (such as the
entanglement and its evolution in many-body physics: see
Refs. [1-15], detailed reviews are [16-23]) is one of the most
important topics, both theoretically and experimentally. These
topics are at the crossroads between statistical physics,
quantum computation, and quantum field theory. In low-
dimensional systems, many powerful exact results have been
derived. For instance, the references mentioned above indicate
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that the asymptotic entanglement of a large subsystem has
been related to thermodynamic entropy in a stationary state.
It has also been possible to connect the growth of entangle-
ment with the capability of a classical computer to simu-
late nonequilibrium quantum systems with matrix product
states. Integrable models in (1 + 1) dimensions offer a unique
window on interacting systems, allowing a detailed under-
standing of the time evolution of entanglement [9-14].

These concepts are essential in relativistic quantum field
theory (QFT) as well, with implications from black hole
physics to scattering amplitudes and quantum chromody-
namics (QCD) [24-27]. However, except for conformal field
theory and integrable models [28—43], at first glance, it looks
impossible to obtain exact results either on the phase diagram
(such as the ones in [28,29,35,36]) or on entanglement
dynamics (such as the ones in [9—-11]) of strongly interacting
QFT. A theoretical dream is to find a mapping that allows to
use these powerful results available in integrable field
theories in the analysis of both equilibrium and out-of-
equilibrium features of the low energy limit of QCD, where
perturbation theory is useless.
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In the present work, we will show that, at least in some
cases, such a dream can be achieved. In particular, we will
construct a mapping that enables one to derive results
similar to [9—-11,28,29,35,36] in the case of a distribution of
baryonic matter close to its boundary. Since only refined
numerical techniques are commonly employed in analyzing
the phase diagram of QCD at low temperatures and finite
baryon densities [44-47], the present analytic results are
highly relevant and produce novel robust predictions that
can, in principle, be tested.

The starting point is the Skyrme theory, which (at leading
order in the "t Hooft expansion [48—50]) represents the low-
energy limit of QCD. The dynamical field of the Skyrme
action [51] is a SU(N)-valued scalar field U (here, we will
consider the two-flavors case). This action possesses both
small excitations describing pions and topological solitons
describing baryons [52-56], being the baryonic charge a
topological invariant. Skyrme theory has always been
considered the prototype of nonintegrable models where
the powerful nonperturbative results available in quantum
many-body physics [57-61] cannot be applied. However,
the techniques developed in [62-67] allowed for the first
time a successful analytic description of nonhomogeneous
baryonic condensates at finite baryon density, in good
qualitative agreement with the available phenomenological
results in [68] and references therein. This framework
allows describing (3 + 1)-dimensional baryonic layers
confined in a cavity in terms of the sine-Gordon theory
(SGT), which is the prototype of a relativistic integrable
field theory in (1 4 1) dimensions. Hence, the results in
[30-37] developed for the SGT at finite temperatures and in
[9-14] for SGT out-of-equilibrium produces novel analytic
results in the low-energy limit of QCD at low temperatures.

II. SUMMARY OF THE RESULTS
The action for the SU(2)-Skyrme model is given by

K

2
1] =7 / d*x, /_—gTr(R,,RM +§GWG*”’),
M

R, =U"'V,U = Ri1,, G, = R, R, (1)
where U(x) € SU(2), g is the metric determinant, V,, is the
partial derivative, and ¢, = ic, are the generators of
the SU(2) Lie group, being o, the Pauli matrices. The
space-time manifold is split in M =R x X, and the
Skyrme couplings K and A are positive constants fixed
experimentally.

The topological current J* and the baryonic charge QOp
are defined, respectively, as

J# = e Tr(R,R,Ry),

1
=50 L )

O

where the last integral is performed on . Geometrically, a
nonvanishing J# measures the “genuine three-dimensional
nature” of the configuration since (in order to have J# # 0,
at least locally) U must encode three independent degrees
of freedom. For instance, if two of the three degrees of
freedom needed to describe U depend on the same
coordinate, then J# vanishes identically.

We want to analyze the intriguing phenomena that occur
when a finite amount of baryons live within a cavity of
finite spatial volume V = 87°L>L,; therefore, we consider
the metric of a box

ds* = —di* + dx* + L*(dy* + dz?), (3)

where L, and L are constants representing the size of
the box in the directions longitudinal and orthogonal to x,
respectively. The coordinates have the following ranges
(see Refs. [62,63]):

0<x<L,

0<y<2nm, 0<3<4r. (4
Note that the coordinate x has a length dimension, while the
other two coordinates, 1) and 3, are dimensionless (since the
length scale L has been explicitly shown in the metric).
This helps to analyze the interplay between the two scales,
L and L, in the following computations. In order to apply
the known results on SGT mentioned above, the limit
L, > L has to be considered. In this case, one would
describe a sort of “hadronic wire” (a cavity much longer in
one spatial direction than in the other two). We will choose
Yy and 3 as the “homogeneous coordinates.” When L, is not
large, one has to use the exact available results on SGT on a
finite interval [38,39].

The Skyrme action and the corresponding field equations
can be written explicitly in terms of the SU(2)-valued field
(as any element of SU(2) can be written in the Euler
representation)

U = exp (5F) exp (12H) exp (13G). (5)

where F = F(x*), G = G(x*) and H = H(x*) are the three
scalar degrees of freedom of the Skyrme field (traditionally,
in this parametrization, the field H is called profile).

It is well known that many baryonic distributions,
especially at low energies, possess a sharp boundary.
Namely, the energy and baryon densities decay exponen-
tially fast to zero. Thus, in practice, one can define a surface
that separates the region where the energy and baryon
densities are different from zero, from the region where
these densities vanish. In a neighborhood of any point close
to such a surface, the energy and baryon density can only
depend on the spatial coordinate orthogonal to the surface
and on time (we will comment more on this point in the
following sections). This is why it is so interesting to study
hadronic distributions that are homogeneous in two spatial
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directions. The analysis of the energy-momentum tensor
shows that the only ansatz able to describe energy and
baryon densities homogeneous in two spatial directions
[64] is

H() = H(tx), F() =2y G@)=23 (6)

The above ansatz has several remarkable properties. First,
the three coupled nonlinear Skyrme field equations reduce
consistently to just one partial differential equation (PDE)
for the profile; such a PDE is the sine-Gordon equation
in (14 1) dimensions. Second, the topological charge
density is nontrivial, leading to an arbitrarily high baryon
number. Third, suppose the energy/temperature scale is
less than 1/L. In that case, the only relevant degrees of
freedom are fluctuations 6H(z,x) of H(t,x), which only
depend on ¢ and x, as all the other possible fluctuations of
the field U have energies larger than 1/L. These features
of hadronic layers will be the key to deriving novel
properties and making robust predictions on their behavior
at finite density using known results in the literature
on SGT.

A. Effective sine-Gordon theory

We will consider p = g, with B = p*> > 0, to reduce
the complexity of the formulas. Nevertheless, all the
present results generalize easily to cases where p and ¢
are arbitrary integers. The on-shell Lagrangian and the
baryon density, pp = J,, corresponding to the ansatz in
Eq. (6), give rise to the following effective SGT (we
dropped out a constant term in the action that does not
affect the theory)

ISG :/LSGdtdx

- / (—laﬂcpaﬂwMo(cos(ﬁw)—1>)dtdx,

2
4
(0 = 7H, 7
3 (7)
with
iy ="K gy p= 2 (8)
o eLrt "  a[K(2L? 4 BA)]V?’

where constant terms have been discarded. From the
above, the complete set of Skyrme field equations are
reduced to the sine-Gordon equation for the ¢ field,

which, in the static case, can be reduced to a quadrature

do 3

dx =
G(EO’ QO)

. 6(Ep, ) = :I:<% -2M, cos(ﬂ(p))
(10)

where E, > 2L>M,,, is an integration constant.

Hence, one can deduce many intriguing analytic results
on this (3 4 1)-dimensional distribution of baryonic
matter confined in a cavity by using the classic SGT
results in [9-14], provided the energy/temperature scale is
less than 1/L. The boundary conditions for H (or ¢) are
fixed by requiring that the baryonic charge in Eq. (2) is the
integer B,

H(t,0)=n

%
H(t,L,) = (m+"rn

(11)

where n and m are integers.

If H satisfies either H(z,L,) = H(#,0) 4+ nz, or
H(t,L,) + H(t,0) = mn, for n,me€ Z, V t, the total bar-
yonic charge vanishes. Despite this, such configurations are
interesting anyway, since the baryonic density is nontrivial
and one can have bound states of two layers.

Figure 1 shows the energy density of a configura-
tion with baryonic charge B = 16 describing baryonic
layers in a cavity, where we have considered n = 0 and
m =2 for the boundary conditions in Eq. (11). For
static configurations, ¢(t,x) = ¢@(x), the integration
constant E;, according to Egs. (4), (8), (10), and
(11), is fixed by

2z/p
/ L ____ L 1)
0 [Eo—2L*Mycos(pp)l L

500
400
300

200

100

2m

FIG. 1. Energy density of baryonic layers in a cavity.
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where we have taken, for simplicity, n =m =0 in
Eq. (11). It is easy to see that the above equation
always has a solution if L, is finite. Indeed, if L, is
small (compared to L) one can take a large E, to make
the left-hand side of Eq. (12) small as well. If L, is
large (but not divergent), one can have the left-hand side
of Eq. (12) large by choosing

E0:2L2M0+€, 0D<ex l, (13)

so that the denominator comes close to have a zero
when ¢ = 0, or ¢ = 2zf. The Lf — oo case corresponds
to the limit in which ¢ = 0.

At this point, a remark is in order. The requirement that
the transverse length scale L is small is not a necessary
condition for the applicability of the mapping. In other
words, the mapping can also be applied when L, /L is not
large. Nevertheless, in the present paper, we have put more
emphasis on the regime in which L, /L is large since, in this
case, on the sine-Gordon side, there are many more
available results to borrow (especially on the out-of-
equilibrium phase: see Refs. [28-43] and references
therein). On the other hand, when L, /L is not large, the
mapping still holds (indeed, one can easily verify that the
validity of the present analytic computations do not depend
on whether L, /L is large or not), but in order to maximize
its effectiveness, one should generalize all the tools in
[28—43] to the case in which sine-Gordon theory is defined
either on a finite interval or on a circle S'. This goal appears
to be achievable, although it has not been fully achieved yet
in the existing literature. Anyway, once all the results
mentioned above in the theory of sine-Gordon equation
will be generalized to the finite interval and S' cases, the
present mapping will be useful to bring those results into
the analysis of baryonic distributions. It is also worth
mentioning that close to a sharp boundary (which is one of
the situations of interest in the present work), the baryon
distribution is supposed to vary quickly in the x direction
orthogonal to the boundary. This, however, does not imply
that L, must be necessarily small. Indeed, the typical scale
over which the energy and baryon densities vary sensibly
depends on the effective sine-Gordon couplings M, and j
in Eq. (8). This can be seen as follows: in sine-Gordon
theory, how “peaked” is the energy density of a single kink
depends on these two couplings (even when the interval
where the theory is defined as being taken to be very large).
In particular, one can have a steep drop in the energy and
baryon densities by taking a large enough baryonic charge
B (keeping at the same time a large transverse length
scale L).

The results in [9-14,22,23,30-39] can now be used. The
presence of both the two directions 1) and 3 orthogonal to x
and the baryonic number manifests itself in the effective
sine-Gordon couplings M, and p. Thus, according to
Eq. (8), whether the effective SGT describing the hadronic

distribution is in the attractive phase (AP), repulsive phase
(RP) or critical free-Fermion phase (FFP), can be deduced

from the factor %, explicitly

AP | Rp: !
mK(2L* + BJ)

1
FFP: ———— =1, 14
*K(2L* + BA) (14)

.
PK(2L + Bl)

Since B is a positive integer, K1 is around 1/6 (see
Ref. [54]) and z° > 27, then the effective theory is always
in the attractive regime and, therefore, the results in
Refs. [10,11] can be applied here. In practice, the number
of breathers

1 1=-p

1_1-7 (15)
¢ P

which is either { — 1 or [] depending on whether ; € Z or
not, is always bigger than two, already for B > 4.

B. In and out-of-equilibrium implications

The description of (3 4 1)-dimensional hadronic layers
in a cavity presented above in terms of the SGT in (1 + 1)
dimensions offers unprecedented possibilities. When the
energy/temperature scale is low enough, the equilibrium
and out-of-equilibrium properties of these configurations
can be computed using the effective SGT with coupling
constants in Egs. (7) and (8). It is worth reminding that, if
one is close enough to the boundary of a baryonic
distribution of matter (such that, in one spatial direction,
the energy and baryon densities drop very rapidly to a very
small value, while in the two orthogonal directions, the
energy and baryon densities are almost homogeneous),
then the present description in terms of SGT is actually
generic.

The first type of exact results, which can be “imported”
from SGT in the analysis of baryonic distributions in a
cavity, it has to do with the mass spectrum of the theory,
with the equilibrium correlation functions at finite temper-
atures (but smaller than 1/L) [28,29] and with the phase
diagram [4,5,18-20,22,23]. If L,/L is large enough, all
such analytic results can be applied directly to the effective
SGT in Egs. (7) and (8). In this way, one can get the exact
excitations’ spectrum of the hadronic distribution as well as
the corresponding low temperatures’ correlation functions.

The second type is the computation of the entanglement
entropy [12,28,29]. In particular, the above references,
together with the present mapping imply that the entangle-
ment entropy Sx of hadronic layers confined in a cavity is
Sg =% 1In(L); where a is the UV cutoff beyond which the
Skyrme model is not valid anymore, and / is the size of the
finite interval in the x direction, of which we are computing
the corresponding entanglement entropy. The effective
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central charge c. of the theory can be estimated following
Refs. [28,29].

The third (and perhaps most surprising) type has to do
with out-of-equilibrium properties, such as the dynamics of
entanglement entropy after a quantum quench and the
Loschmidt echo. These quantities are entirely out of reach
of any standard perturbative approach based on QCD in
(3+ 1) dimensions, especially at finite baryon density.
Nevertheless, the present mapping allows using directly the
results in Refs. [9-14,21-23]. These together with the
present mapping, allow concluding that one can obtain
exact analytical predictions for the time evolution of the
entanglement in generic hadronic layers confined in a
three-dimensional cavity. Even more, following Ref. [9]
(as in the present case, the effective SGT is always in the
attractive regime with more than two breathers), the von
Neumann and Renyi entropies display undamped oscilla-
tions in time, whose frequencies can be taken exactly from
Refs. [10,11]. For instance, the quantum quench can be
realized by either changing B or L (moreover, the number
of oscillatory modes grows with B). Finally, following
Ref. [22], the Loschmidt amplitude, the fidelity and work
distribution can be computed explicitly.

III. TECHNICAL DETAILS

A. Euler angles parametrization and energy-density

The field equations of the system, obtained varying the
action in Eq. (1) with respect to the U field, are

v, (R” + % R,. G””]) = 0. (16)

Equations [Eq. (16)] are generally a set of three coupled
nonlinear partial differential equations. The energy-
momentum tensor of the theory is given by

K 1 "
TMI./ = —ETI' R”RD - zg}wR R(l

A 1
+ Z (gaﬂGuanﬂ - Zg;wGapGGp>:| . (17)

We are interested in finite density effects; in particular,
we want to describe hadronic layers confined to a cavity,
where the Euler angles parametrization for the Skyrme field
is particularly convenient. The wording “hadronic layers”
refers to distributions of energy density T,y and baryon
density J°, which are homogeneous in two spatial coor-
dinates. Still, they depend nontrivially on the third spatial
coordinate and on time. The interest in such configurations
lies, at the very least, in the following facts.

First, it is possible to define the “boundary” of the
distribution of nuclear matter as the surface in space where
the energy density and baryon density drop exponentially
fast to zero (or to a very small constant value). In a small
enough neighborhood of a point on such boundary, the
energy density and baryon density will not depend on the
two spatial coordinates tangent to the boundary. In contrast,
they will depend very sensitively on the spatial coordinate
orthogonal to the boundary (since both T, and J° drop
rapidly to zero along this spatial direction). Hence, the
configurations discussed here are quite generic and useful
close to a sharp boundary distribution of hadronic matter
(see Fig. 2).

Second, such structures are known to appear in numeri-
cal simulations at finite baryon density, and there is robust

FIG. 2. A schematic representation of the baryonic layer in the coordinates (x, v, 3) of Eq. (4). Taking a specific solution, if we make a
zoom-in, we find a surface perpendicular to the direction where pp drops very rapidly to zero, in this case, X, separating two distinct
regions: pp # 0 (interior) and pp = 0 (exterior). As the profile H(x, z) does not depend on the spatial dimensions y and 3, at point p, the
tangent space T, (where the coordinate basis {a% , 0%} belongs to) is approximately the baryonic layer.
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phenomenological evidence supporting their presence in
neutron stars (see Ref. [68] and references therein).
Consequently, the starting point is the metric of a cavity
in Egs. (3) and (4).

In the present setting, to apply the powerful results of the
sine-Gordon theory (SGT) in and out of equilibrium
mentioned above, the limit L, > L has to be considered.
This choice represents a sort of “hadronic wire”: a cavity
which is much longer in one spatial direction than in the
other two (see Fig. 3). We will choose 1) and 3 as the
“homogeneous coordinates” (namely, the coordinates
which do not appear explicitly in T, and J°). When L,
is not large compared to L, one must use the exact available
results on SGT either on a finite interval or on §' developed
in [38,39] and references therein (we will come back to this
case in a future publication).

As previously mentioned, the Skyrme field can be
written explicitly in the Euler angles parametrization as
in Eq. (5). A direct computation shows that, in terms of this
parametrization, the Skyrme action reads

An L e

2 L

FIG. 3. The range of the coordinates (x,y,3) of Eq. (4)
represents a “hadronic wire.” The longer edge has a length of
L, while the other two have a size of 2zL and 4z L. The origin O
is on one of its corners, and the coordinates axes are represented
in light green.

I(H,F,G) = —g / d*x\/=g{(VH)* + (VF)* + (VG)? + 2 cos(2H)(VF - VG)

— i(2cos(2H)((VH - VF)(VH - VG) - (VH)2(VF - VG))
+4sin’(H) cos’(H)((VF - VG)? = (VF)*(VG)?)
+ (VH-VF) + (VH -VG)? - (VH)(VF)? - (VH)2(VG))}.

The energy-momentum tensor in this parametrization is

T,

K
=~ {2V, FV,F + V,HV,H + V,GY,G + cos(2H)(V,FV,G + V,GV, F)]

+ 9u[(VF)? + (VH)? + (VG)? + 2 cos(2H)(VF - VG))

+24[V,F(VH - VF)V,H - V,,F(VH)*V,F —V,H(VF)?V,H + V,H(VF - VH)V,F
+V,G(VH -VG)V,H -V ,G(VH)*V,G - V,H(VG)*V,H + V, H(VG - VH)V,G

+ cos(2H)(V,F(VH -VG)V,H - V,F(VH)*V,G - V,H(VF -VG)V,H
+V,H(VF-VH)V,G+V,G(VH -VF)V,H - V,G(VH)*V,F —V,H(VG - VF)V,H
+ V,H(VG - VH)V,F) + 4cos?(H)sin*(H)(V,,F(VG - VF)V,G - V,,F(VG)*V,F

~V,G(VF)V,G + V,G(VF - VG)V,F)]

+ 29,,[(VF)*(VH)* = (VF - VH)* 4+ (VG)*(VH)? — (VG - VH)?
(

+ 2cos

2H)((VF - VG)(VH)? — (VF - VH)(VG - VH))

+ deos?(H)sin® (H) (VF)X(VG)? — (VF - VG)2)]}.

The field equations, obtained varying the action with respect to the degrees of freedom F, H, and G, are

0= V,{cos(2G) sin(2H)V*F —sin(2G)V*H — 4sin(2G)((VF)?V*H — (VF - VH)V*F + (VG)?*V*H — (VG - VH)VAG
+cos(2H)(2(VF -VG)VFH — (VF -VH)V¥G — (VH - VG)VFF)) — Acos(2G) sin(2H) ((VF - VG)V*G
+ (VF-VH)V*H — (VG)2VHF — (VH)2VAF — cos(2H) ((VF - VG)VFF — (VF)2VFG))}, (18)
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0=V,{sin(2
+ (VF)?V*H —

0=V,{cos(2H
+ Acos(2H)((VH)?>V*F —

The only way to have an energy density homogeneous in Yy
and 3 is to require that ' and G are linear functions of these
coordinates, and H depends on the coordinate x (transverse to
the layer) and on time. The only ansatz satisfying these
properties is the one in Eq. (6). Indeed, if H would depend
either on y or on 3, then the energy density would depend on
these coordinates as well. Hence, the profile H carries the
physical information on when and where Ty, and J° vanish
and when they do not (that is why it makes sense to call H
“profile,” as it encodes information on the spacetime varia-
tions of T, and J*). Furthermore, the above ansatz is actually
generic if one is close enough to the boundary of any
baryonic distribution (as it has been already emphasized).
Consequently, the ansatz here above describe locally any
baryonic configuration close to one of its boundaries.

The above choice has several remarkable properties (see
Refs. [62,63,69,70]). First, the three coupled nonlinear
Skyrme field equations reduce consistently to just one PDE
for the profile H(t, x); the sine-Gordon equation in (1 + 1)
dimensions [as one can check directly in Eqs. (18)—(20)].
Second, this choice keeps alive the topological density.

In fact, by using the ansatz in Eq. (6), the field equations
in Egs. (18)—(20), are reduced to

B2

OH—PH 4 —5 s
! G 8L*(2L% + BA)

sin(4H) =0, (21)
where we have considered, for simplicity, p = ¢ and
B = p?>>0. Also, the on-shell Lagrangian density
Lon—shenn (apart from a constant term —K 4Lo) the energy-
density T, (apart from a constant term K 4L2)’ and the
baryon density pp = J|, are, respectively,

‘Con—shell 64L4 (16L2(2L2 + |B|l)[( ) - (axH)z}
— B%A(1 — cos(4H))), (22)
Too = ch 3 (1613202 4 B0 + (0.H))
+ B2A(1 — cos(4H))), (23)
pp =Jo = —3B(0,H)sin(2H). (24)

G) sin(2H)V*F + cos(2G)V¥H + Jcos(2G)((VG)*V*H —
(VF-VH)VH*F + cos(2H)(2(VF - VG)VFH —
— (VG -VH)V*F)) + Asin(2G) sin(2H) ((VH)?>V+F —
— (VG- VF)V*G + cos(2H)((VF - VG)VFF —

)WHE + VEG — 2sin?(2H)((VF - VG)VAF —

(VH - VF)V*H) + A(VH)?V*G —

(VG - VH)V'G

(VF-VH)V*G

(VH -VF)V*H + (VG)*V*F

(VF)’V¥G))}. (19)

(VF)2VHG)
(VH - VG)V*H)}. (20)

|
The boundary conditions for H are fixed by requiring that the
baryonic charge is £B, as we have mentioned. For the case
Qg to be zero, should be cos(2H (¢, L,)) = cos(2H(t,0)),
V t. This implies

H(t,L,) = H(t,0) +nx, or H(t,L,)+ H(t,0) = mx,
nmeZ, Vt. (25)

Such configurations, of Qp = 0, are interesting anyway
since the baryonic density is nontrivial, and one can have
bound states of two layers (in breatherlike style).

For static configurations, H(t,x) = H(x), one can
reduce the field equation to a simple quadrature

B2)

0H)=+|Ey——— 0
(0.H) {0 16L2(2L* + BA)

1/2
cos4H] . (26)

where the integration constant E is fixed by

, /n/z dH L
0 [16L2E0

cos 4H} V2oL
where we have taken, for simplicity, n = m = 0 in Eq. (25).
It is easy to see that the above equation for E, always has a
solution if L, is finite. Indeed, if L, is small (compared to
L) one can take a large E; to make the left-hand side of
Eq. (27) small as well. If L, is large (but not divergent), one
can have the left-hand side of Eq. (27) large by choosing

(27)
(2L2+Bx)

B2)

S R—— 0<e< 1,
602207 + B2) ¢ ¢

EO -
so that the denominator of the left-hand side of Eq. (27)
comes close to have a zero when H = 0, or H = z/2. The
L, — oo case corresponds to the limit in which ¢ = 0.
The proper normalization of the Skyrme profile H to
define the effective sine-Gordon Lagrangian Lgs; and the
corresponding energy-density Ty, can be achieved by
requiring that the integral along the coordinate x of T
should give the actual total energy of the hadronic layers
(with a similar condition for the effective action [gs;).
Hence, T is the integral in the transverse coordinates Y
and 3 of Ty, so that the integral along x of Ty, will give the
total energy of the Skyrmionic system
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2
) K
Too = 7;?{16L2(2L2 +[BIA)[(9,H)? + (9,H)?]

+ B?A(1 — cos(4H))}, (28)
where the factor 87°L? comes from the integral in 1) and 3.
The same is true for the effective Lagrangian L g:

2

Lo = 3 {16221 + BA)[(0,1)° - (0,11

— B2A(1 — cos(4H))}. (29)

The proper normalization of the kinetic term can be
achieved normalizing H as follows:

4 2 K

:—H, = N M :—B2A
"= p P 7[K(2L? + B2)]'/? 07 8L2

(30)

so that, the effective sine-Gordon coupling f and the
effective dimensionless sine-Gordon action become,
respectively,

2
7[K(2L? + BA)]'/?°

p= (31)

ISG = /LSGdtdx
1
_ / <_§a4(pa,,(p+MO(cos(ﬁ<p) - 1)>dtdx, (32)
where constant terms have been discarded.

B. Perturbations on the solutions

An important technical part of the present work is to
show that, with the ansatz defined in Eq. (6), not only
the field equations and the energy-density reduce to the
corresponding quantities in SGT in (1 + 1) dimensions in a
sector with nonvanishing baryonic charge, but also that the
lowest energy perturbations of these configurations are
precisely perturbations of the sine-Gordon effective field,
which only depend on ¢ and x (this is the reason why it is
convenient to take L, > L: in this case, the energy needed
to excite modes that depend nontrivially on the transverse
coordinates is much higher than the energy needed to excite
“sine-Gordon modes™). This issue is relevant since, if we
want to use the available results on equilibrium and
nonequilibrium SGT (in particular, [9,30-39,71-76]), then
we must identify a regime in which also the low energy
fluctuations are of “sine-Gordon type.”

Hence, let us consider a general solution Uy, of the form
in Equation (5), where F', H and G fulfilling Eqgs. (18)—(20).
Let us now take a perturbation of U, as

U=Uy1+y), (33)

where y is a 2 x 2 matrix with the conditions

r=-r Try =0. (34)

These conditions ensure that y is an arbitrary element of the
3u(2) algebra, i.c.,

X =€ty et +exzts, (35)

where |¢| < 1 is the perturbation parameter. Observe that y;
are real functions of the coordinates ¢, x, Y, and 3.[77]
Introducing this expansion in Eq. (16), we get

Ry, +

A
RS- Goul. | + V(94§ 9. G

+ %V”([RS’ [V RoJ] + [RG, [Rou. Virll) = 0, (36)

up to order O(e?). Now, let us consider a generic pertur-
bation (in the present context, the wording “generic
perturbation” means that we allow the perturbation to
depend on all four space-time coordinates). A natural
ansatz for the perturbation is

i wt+k]t]+k25)

= {i1(x) cos(H(x)) cos(p3)e
( ) i a)t-‘rkﬂ)-‘rk,g)

H(x))sin(p3)e
= &5(x) sin(H (x)) i@ Hhiv k)

X
x* = (x) cos
x ki #0, ky#0,

where we are taking into account the fact that the energy and
baryon densities do not depend on the transverse coordinates.
The profiles {;(x) (j =1, 2, 3) of the perturbations only
depend on x. The first conclusion that arises from analyzing
the linearized field equations is that, actually, only one of
these three profiles is independent. Namely, one can choose

[78]: &1 (x) = &r(x) = {(x) = —=¢3(x). Now, considering
2 = ¢(x) cos(H(x)) cos(pa)el@r ki),
£ = £(x) cos(H(x)) sin(pg)eier ki),
£ = —£(x) sin(H ()l 4o, @)

one can check that the complete set of linearized Skyrme
equations Eq. (36) are satisfied if k, = %kl, (.e., ky =
k; = k, because we are taken p = ¢), and if { satisfies a
linear ordinary differential equation (ODE) of the form
¢"(x) + A(x)¢'(x) + B(x)¢(x) =0, (where the functions
A(x) and B(x) can be computed explicitly in terms of the
background solution). In order to use the Sturm-Liouville
theory, it is convenient the following change of variables:
{(x) = a(x)&(x), choosing « in such a way to eliminate the
first derivative term. In this way, we get

Q(x)

_gll(x) + B

E(x) = ?W(x)E(x), (38)

where the functions Q(x) and W(x) are
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Q(x) = I 2)(B/1010s2(H(x)) oy {(BAcos(2H(x)) + BA+ 4)(B32% cos(6H(x)) + B>A(3BA + 8) cos(2H(x))
+2(BA+2)(B*Acos(4H(x)) + B?A + 32k*)) — (BA(4 cos(2H (x)) (A(B — k*) + 3) + BAcos(4H(x)))
+ BA*(3B — 4k*) + 8A(B — 2k*) + 8)(16(BA + 2)E, + B*Acos(4H(x)))},

e - 42Ey + B) (%“fﬁ + cos(2H(x))) +BIH4

(2BAcos?(H(x)) + 4)

ML2 ML2 M2
(b)y B=0and £z =5 () B=0and £= =10
3

3

2.5 2.5

L2

(f) B=1and £= =10

ML2

d)B=1and L= =1
( 3

3

2.5

M2 ML2 ML2

B=4and &= =1 = i) B=4 and £z =10
g L L
3

3

2.5 2.5

L2 M2 M2

() B=9and L= =1 (k) B=9and L= =5 () B=9and £z =10

FIG. 4. Plots of the stability regions at the (k1/ L2) plane for m = 0,2, 4, 6, 8 in Eq. (11) for different values of B and % For example,
plot (j) shows that above the separation line of m = 8 (in violet) the region is stable, while below such separation line is unstable; for
m = 6, above the separation line (in red) is stable, while below it is unstable; same for the separation line m = 4 (in green) and m = 2 (in
yellow). Plot (b) shows that, for those values of % and B, the region is stable for all values of m < 8. Notice that the k values are
representative, as by boundary condition in the cavity, the allowed values of k are, in fact, integers.
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FIG. 5. Plots k vs A/L?* for m = 0 taking different values of B and . The dimensionless quantities @2, = @ L* are shown in the

color palette on the right of each plot. As the values of > are not much tiny, @ goes as L™, at least for the set of parameters analyzed.
The k values are representative (see the caption of Fig. 4). (a) B = 0 and % = 1;(b) B = 0 and % = 5;(c)B = 1and % =1;
B=1land % =5 (@B=4and % = ;OB =4and > =5 (@B =9and % = 1;(h) B=9and & =
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Here, we have defined 1 = % and used Egs. (21) and (26).
Also,

G

a(x) = \/4 + BA(1 + cos(H(x)))

, (39)

being C an arbitrary dimensionless constant. Equation (38)
can be written in a slightly different manner by the change of
variable p = 7,

—&" + Q¢ = &’ W, (40)

where the substitution of x as a function of p is carried out
whatever is necessary, the prime now denotes a—‘;, and we have

defined w = wL.

The ODE in Eq. (40) is a particular case of the Sturm-
Liouville problem [79] (SLP), it can hardly be solved
analytically and even numerically, it is not simple. For us it
is enough to have some sufficient stability conditions: we
require that the function £ does not diverge inside the range
where x is defined, i.e., the interval [0, L,]. Therefore, we
find the eigenvalues w? using the method of simple centred
differences [80], and the minimum w2, should be positive
for stability, with boundary conditions £(0) =0 and
E(L,) = 0. The function H(x) as a solution of Eq. (21),
with boundary conditions in Eq. (11), is well-behaved.
Also, the function in Eq. (39) is well-behaved, strictly
positive and without singularities inside the integration
range if 1 > 0 and L # 0. In Fig. 4, we show the stability
regions for different values of B and % (see details in the
caption). By analyzing the energy scale of the fluctuations
of F, G and H, it is observed that the minimum of positive
frequencies w,,;, goes as 1/L due to the scale normalization
of w in Eq. (40), at least for the set of parameters analyzed.
This can be seen in Fig. 5 for some values of B and % On
the other hand, the lowest energy perturbations are small
variations 6H of H(t, x) which depend only on 7 and x. In
particular, these perturbations of static profile H(¢,x) =
H(x) are gapless, as in SGT (when L, > L). One can
readily see this as follows: The Skyrme field equations for a
static profile H(¢, x) = H(x) corresponding to the ansatz in
Eq. (6) reduces to Eq. (21), which, in its turn, reduces to
Eq. (26), where the condition in Eq. (27) fixes the
integration constant E,. Given a solution Hg(x) of
Eq. (26) one can always find a solution 6H of the linearized
field equation with zero energy as 6H = 0,H(x). With the
appropriate choice of E,, d,H((x) never changes sign, so
0.Hy(x) is a nodeless zero mode. Moreover, as has been
shown in Ref. [81], SGT possesses gapless modes.

Summarizing, the above arguments show that at energy
and/or temperatures less than 1/L, the only modes that are

energetically available in the full Skyrme theory in the cavity,
like Fig. 3, are the sine-Gordon modes associated with
perturbations 6H of H(t,x) which depend only on ¢ and
x. Consequently, not only does the Skyrme model reduce to
SGT for baryonic layers configurations in such a cavity, but
also perturbations in this regime are, in fact, the lowest energy
perturbations of SGT because generic perturbations like the
ones shown above always possess higher energy.

IV. CONCLUSIONS

In this article, we have constructed an exact mapping
between the Skyrme model in (3 + 1) dimensions at finite
baryon density and the sine-Gordon model in (1 + 1)
dimensions. Such mapping is valid for a baryonic distri-
bution of matter close to its boundaries (as explained in the
previous sections), and for low enough energy. This
mapping opens a new window to analyze many equilibrium
and nonequilibrium phenomena of hadronic matter that can
be fully understood neither perturbation theory nor lattice
QCD using well-known results in SGT. These analytic
results (especially the out-of-equilibrium ones) are entirely
out of reach of the other available theoretical methods in the
low-energy sector of QCD. As examples, we have dis-
cussed the robust predictions on the oscillations of von
Neumann and Rényi entropies. Still, it is expected that the
present results will generate many more surprises that are
difficult to envisage right now: the physical consequences
of this mapping are far-reaching. They will be further
investigated in forthcoming papers.

Finally, it is worth mentioning that the present results are
also intriguing in the analysis of neutron stars. Indeed,
configurations such as hadronic tubes and layers of baryons
(known as nuclear pasta states) appear [82,83]. Our
framework allows us to determine, among other things,
the transport properties of these inhomogeneous baryonic
distributions with such beautiful shapes, which are chal-
lenging to compute using numerical simulations.
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