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Applying the developed Bethe-Salpeter theory for dealing with resonance, we investigate the time
evolution of molecular state composed of two vector mesons as determined by the total Hamiltonian. Then
exotic meson resonance χc0ð3915Þ is considered as a mixed state of two unstable molecular states D�0D̄�0

and D�þD�−, and the mass and width for physical resonance χc0ð3915Þ are calculated in the framework of
relativistic quantum field theory. In this actual calculation, we minutely show how to obtain the correction
for energy level of resonance and to exhibit the key features of dispersion relation in an extended Feynman
diagram. The numerical results are consistent with the experimental values.
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I. INTRODUCTION

The hadronic molecule structure has been proposed to
interpret the internal structure of exotic meson resonance
for many years [1,2]. In previous works [1–6], molecular
states were considered as meson-meson bound states
and the homogeneous Bethe-Salpeter (BS) equation was
frequently used to investigate molecular states. Solving
homogeneous BS equations for meson-meson bound states,
the authors of these works obtained the masses and BS
wave functions. The mass of meson-meson bound state was
regarded as the mass of exotic meson resonance. However,
all decay channels of resonance should contribute to its
physical mass and the correction for the energy level of
the molecular state due to decay channels has seldom
been considered [1–9]. Fortunately, recent fundamental
research [10] noted that hadron resonance should be
regarded as an unstable two-body system, and developed
BS theory for dealing with the dynamics of coupled
channels in the framework of relativistic quantum field
theory. Though Ref. [10] illuminated the physical meaning
of the developed Bethe-Salpeter theory for dealing with
resonance, many details in the computational process were
not presented. In this paper, we will comprehensively and

systematically show the theoretical approach about unsta-
ble molecular state composed of two heavy vector mesons,
and this approach is applied to investigate exotic meson
resonance χc0ð3915Þ [11], once named Xð3915Þ, which is
considered as a mixed state of two unstable molecular states
D�0D̄�0 and D�þD�−.
Since resonance is an unstable state which decays

spontaneously into other particles, the molecular state
composed of two heavy-vector mesons should not be a
stationary vector-vector bound state. To investigate this
unstable two-body system, we suppose that at some given
time this unstable state has been prepared to decay and then
study the time evolution of this system as determined by the
total Hamiltonian. This prepared state can be described by
the ground-state BS wave function for the vector-vector
bound state at the times t1 ¼ 0 and t2 ¼ 0. In our previous
works [5,9], the most general form of BS wave functions
for the bound states created by two vector fields with
arbitrary spin and definite parity has been given. According
to the effective theory at low-energy QCD, we have
investigated the light-meson interaction with light quarks
in heavy-vector mesons and obtained the interaction kernel
between two light quarks in two heavy-vector mesons
derived from one light-meson (σ, ω, ρ, ϕ) exchange [5,12].
Solving the BS equation with this interaction kernel, we
have obtained the mass and BS wave function for the bound
state composed of two vector mesons [5,13]. In this paper,
we also consider the interaction kernel between two heavy
quarks in two heavy mesons derived from one heavy-
meson exchange. After providing the description for the
prepared state, we study the time evolution of the prepared
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state and obtain the pole corresponding to resonance
through the scattering-matrix element.
The crucial point of our resonance theory is that the

scattering-matrix element between bound states is calcu-
lated in the framework of relativistic quantum field theory.
According to the dispersion relation, the total matrix
element between a final state and an initial bound state
should be calculated with respect to an arbitrary value of
the final-state energy [10]. It is necessary to note that the
total energy of the final state extends over the real interval
while the initial-state energy is specified. For the initial
bound state composed of two heavy-vector mesons, we
have given the generalized Bethe-Salpeter (GBS) amplitude
for four-quark state describing this meson-meson struc-
ture [8,9], which should be specified. Because the value of
the final-state energy is an arbitrary real number over the
real interval, we may obtain several closed channels derived
from the interaction Lagrangian and all open and closed
channels should contribute to the mass of the physical
resonance. For the exotic resonance χc0ð3915Þ, we consider
three open-decay channels J=ψω, DþD−, and D0D̄0 and
one closed channel D�D̄� from the effective interaction
Lagrangian at low-energy QCD. Mandelstam’s approach is
applied to calculate the matrix element between bound
states with respect to an arbitrary value of the final-state
energy, which are exhibited by extended Feynman dia-
grams. Finally, we obtain the correction for the energy
level of resonance χc0ð3915Þ and the physical mass is
used to calculate the decay width of the physical reso-
nance χc0ð3915Þ.
The structure of this article is as follows. In Sec. II we

give the revised general form of GBS wave functions for

meson-meson bound states as four-quark states. The mass
and GBS wave function for the mixed state of two bound
states D�0D̄�0 and D�þD�− is obtained in instantaneous
approximation. Section III gives the traditional technique to
calculate the matrix element with the mass of the meson-
meson bound state, which is applied to investigate the
decay modes χc0ð3915Þ → J=ψω, χc0ð3915Þ → DþD−

and χc0ð3915Þ → D0D̄0. Section IV gives the developed
Bethe-Salpeter theory. In Sec. V we emphatically introduce
the matrix element between bound states with respect to an
arbitrary value of the final-state energy. Three open-decay
channels J=ψω, DþD−, D0D̄0, and one closed channel
D�D̄� are considered. In Sec. VI we obtain the physical
mass and width for the unstable molecular state. Our
numerical results are presented in Sec. VII and we make
some concluding remarks in Sec. VIII.

II. GBS WAVE FUNCTION OF THE
MESON-MESON BOUND STATE AS A

FOUR-QUARK STATE

According to the effective theory at low-energy QCD,
nonvanishing vacuum condensate causes the spontaneous
breaking of chiral symmetry, which leads to the appearance
of Goldstone bosons [14]. At low-energy QCD, the
effective interaction Lagrangian can be regarded as
Lagrangian for the interaction of light mesons with quarks.
In this paper, we investigate the light-meson interaction
with the light quarks in heavy mesons and the interaction
Lagrangian for the coupling of light-quark fields to light-
meson fields is [8]
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From this effective-interaction Lagrangian at low-energy
QCD, we have to consider that the heavy meson is a bound
state composed of a quark and an antiquark and investigate
the interaction of the light meson with quarks in the heavy
meson. The quark current Jμ coupling with a light-vector
meson, the quark pseudoscalar density J− coupling with
light-pseudoscalar meson and the quark scalar density J
coupling with σ meson can be obtained. In this section, our
attention is only focused on the bound state composed of
two vector mesons and some errors in previous works
are revised.

A. BS wave function for bound state
composed of two vector mesons

If a bound state with spin j and parity ηP is created by
two Heisenberg vector fields with masses M1 and M2,
respectively, its BS wave function is defined as

χjPðλτÞðx01; x02Þ ¼ h0jTAλðx01ÞA†
τðx02ÞjP; ji

¼ 1

ð2πÞ3=2
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðPÞp eiP·XχjPðλτÞðX0Þ; ð2Þ
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where P is the momentum of the bound state, EðpÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
, x01 ¼ ðx0

1; it1Þ, x02 ¼ ðx0
2; it2Þ, X ¼ η1x01þ

η2x02, X
0 ¼ x01 − x02, and η1;2 ¼ M1;2=ðM1 þM2Þ. Making

the Fourier transformation,we obtain theBSwave function in
the momentum representation

χjPðp0
1;p

0
2Þλτ ¼

1

ð2πÞ3=2

×
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðPÞp ð2πÞ4δð4ÞðP−p0
1þp0

2ÞχjλτðP;pÞ;

ð3Þ

wherep is the relativemomentumof two vector fields andwe
have P ¼ p0

1 − p0
2, p ¼ η2p0

1 þ η1p0
2, where p0

1 and p0
2

are the momenta carried by two vector fields, respectively.
The polarization tensor of the bound state ημ1μ2���μj can
be separated,

χjλτðP; pÞ ¼ ημ1μ2���μjχμ1μ2���μjλτðP; pÞ; ð4Þ

where the subscripts λ and τ are derived from these two vector
fields. The polarization tensor ημ1μ2���μj describes the spin
of the bound state, which is totally symmetric, transverse,
and traceless,

ημ1μ2��� ¼ ημ2μ1���; Pμ1ημ1μ2��� ¼ 0; ημ1μ1μ2��� ¼ 0: ð5Þ

From Lorentz covariance, we have

χμ1���μjλτ ¼ pμ1 � � �pμj ½gλτf1 þ ðPλpτ þ PτpλÞf2 þ ðPλpτ − PτpλÞf3 þ PλPτf4 þ pλpτf5�
þ ðpfμ2 � � �pμjgμ1gλpτ þ pfμ2 � � �pμjgμ1gτpλÞf6
þ ðpfμ2 � � �pμjgμ1gλpτ − pfμ2 � � �pμjgμ1gτpλÞf7
þ ðpfμ2 � � �pμjgμ1gλPτ þ pfμ2 � � �pμjgμ1gτPλÞf8
þ ðpfμ2 � � �pμjgμ1gλPτ − pfμ2 � � �pμjgμ1gτPλÞf9
þ pμ1 � � �pμjϵλτξζpξPζf10 þ pfμ2 � � �pμjϵμ1gλτξpξf11 þ pfμ2 � � �pμjϵμ1gλτξPξf12

þ ðpfμ2 � � �pμjϵμ1gλξζpξPζpτ þ pfμ2 � � �pμjϵμ1gτξζpξPζpλÞf13
þ ðpfμ2 � � �pμjϵμ1gλξζpξPζpτ − pfμ2 � � �pμjϵμ1gτξζpξPζpλÞf14
þ ðpfμ2 � � �pμjϵμ1gλξζpξPζPτ þ pfμ2 � � �pμjϵμ1gτξζpξPζPλÞf15
þ ðpfμ2 � � �pμjϵμ1gλξζpξPζPτ − pfμ2 � � �pμjϵμ1gτξζpξPζPλÞf16
þ pfμ3 � � �pμjgμ1λgμ2gτf17 þ pfμ3 � � �pμjϵμ1λξζpξPζϵμ2gτξ0ζ0pξ0Pζ0f18

þ ðpfμ3 � � �pμjgμ1λϵμ2gτξζpξPζ þ pfμ3 � � �pμjgμ1τϵμ2gλξζpξPζÞf19
þ ðpfμ3 � � �pμjgμ1λϵμ2gτξζpξPζ − pfμ3 � � �pμjgμ1τϵμ2gλξζpξPζÞf20; ð6Þ

where fμ1;…; μjg represents symmetrization of the indices
μ1;…; μj. In fact, the relative momenta pμ1 ;…; pμj ; pλ; pτ

represent the orbital angular momenta. There should be 20
scalar functions fiðP · p; p2Þði ¼ 1;…; 20Þ in Eq. (6). In
Ref. [9], three tensor structures are omitted. In this paper,
these missing terms are added as the last three terms in
Eq. (6). Using the transversality condition [5,12]

p0
1λχ

j
λτðP; pÞ ¼ p0

2τχ
j
λτðP; pÞ ¼ 0 ð7Þ

and considering the properties of BS wave function under
space reflection, we obtain the revised general form of BS
wave functions for the bound states created by two massive
vector fields with arbitrary spin and definite parity (see
details in [5]), for ηP ¼ ð−1Þj,

χjλτðP; pÞ ¼
1

N j ημ1���μj ½pμ1 � � �pμjðT 1
λτΦ1 þ T 2

λτΦ2Þ
þ T 3

μ1���μjλτΦ3 þ T 4
μ1���μjλτΦ4

þ T 5
μ1���μjλτΦ5 þ T 6

μ1���μjλτΦ6�; ð8Þ

for ηP ¼ ð−1Þjþ1,

χjλτðP; pÞ ¼
1

N j ημ1���μjðpμ1 � � �pμjϵλτξζpξPζΦ0
1

þ T 7
μ1���μjλτΦ

0
2 þ T 8

μ1���μjλτΦ
0
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μ1���μjλτΦ
0
4

þ T 10
μ1���μjλτΦ

0
5 þ T 11

μ1���μjλτΦ
0
6 þ T 12

μ1���μjλτΦ
0
7Þ;
ð9Þ
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where N j is normalization, the independent tensor struc-
tures T i

λτ are given in the Appendix, and ΦiðP · p; p2Þ and
Φ0

iðP · p; p2Þ are independent scalar functions. The scalar
functions fi in Eq. (6) are the linear combinations of Φi
and Φ0

i.

B. Kernel between two heavy-vector mesons

In experiments [15,16], the narrow state χc0ð3915Þ, once
named Yð3940Þ and Xð3915Þ, was discovered and its
structure does not fit the conventional cc̄ charmonium
interpretation. Then interpretation of the χc0ð3915Þ as a
mixed state of two bound states D�0D̄�0 and D�þD�− was
proposed in Refs. [3,4,7], and these theoretical works
calculated the binding energy and the strong and radiative
decay widths. In the following experiments [17,18], the
χc0ð3915Þ resonance, decaying to the J=ψω final state, was
observed in two-photon collisions, and the product of the
two-photon decay width and the branching fraction to
J=ψω was measured. The value of the product of two
partial decay widths Γðχc0ð3915Þ → γγÞΓðχc0ð3915Þ →
J=ψωÞ is unexpectedly large compared to other excited
cc̄ states, and this value is roughly compatible with the
prediction in Ref. [7] assuming the D�D̄� bound-state
model (see Refs. [17,18]). However, in experiments exotic
particle χc0ð3915Þ is resonance, so this exotic particle is an
unstable state which should not be completely treated as a
stationary two-body bound state and it is more reasonable
to regard this exotic resonance as an unstable two-body
system. In this paper, we assume that the isoscalar
χc0ð3915Þ is a mixed state of two unstable molecular states
D�0D̄�0 and D�þD�− with spin-parity quantum numbers
0þ. There are two steps to deal with this unstable system in
our theoretical frame. As the first step, we investigate the
mixed state of two stable-bound states, D�0D̄�0 and
D�þD�−. As the second step, we study the time evolution
of unstable system determined by the total Hamiltonian and
obtain the correction for energy level of resonance due to
decay channels.
In this section, we only investigate the mixed state of two

stable-bound states D�0D̄�0 and D�þD�−, and the BS wave
function for this system is a linear combination of two
components as

χD
�D̄�;j

λτ ðP; pÞ ¼ 1ffiffiffi
2

p χD
�0D̄�0;j

λτ ðP; pÞ þ 1ffiffiffi
2
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λτ ðP; pÞ;

ð10Þ

where

χD
�0D̄�0;j

λτ ðP;pÞ ¼ χjλτðP;pÞ
�
−
���� 12 ;− 1
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��
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⊗
���� 12 ; 12
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;

χD
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λτ ðP;pÞ ¼ χjλτðP;pÞ
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−
���� 12 ; 12

��
D�þ

⊗
���� 12 ;− 1

2

�
D�−

;

ð11Þ

and P becomes the total momentum for the mixed state of
two meson-meson bound states, χjλτðP; pÞ is the component
wave function in the momentum representation;
ð−j 1

2
;− 1

2
iÞ ⊗ j 1

2
; 1
2
i and ð−j 1

2
; 1
2
iÞ ⊗ j 1

2
;− 1

2
i are the iso-

spin wave functions of pure bound states D�0D̄�0 and

D�þD�−, respectively. χD
�0D̄�0;j

λτ and χD
�þD�−;j

λτ represent the
BS wave functions for the bound states of two-vector
mesons, which are the eigenstates of the Hamiltonian
without considering the coupled-channel terms. These
eigenstates have the same quantum numbers. The error
in Ref. [9] has been revised. As usual the momentum for the
mixed state of two bound states is set as P ¼ ð0; 0; 0; iM0Þ
in the rest frame.
Let D�

l denote one of D�0 and D�þ, and l ¼ u, d
represents the u or d antiquark in heavy vector meson
D�0 orD�þ, respectively; D̄�

l denotes the antiparticle ofD
�
l .

From Eq. (8), we can obtain the BS wave function
describing pure bound state D�

l D̄
�
l

χ0
þ
λτ ðPDD̄; pÞ ¼ 1

N 0þ
DD̄

½T 1
λτF 1ðPDD̄ · p; p2Þ

þ T 2
λτF 2ðPDD̄ · p; p2Þ�: ð12Þ

PDD̄ represents the momentum of pure bound state in the
rest frame, whose fourth component is different from the
one of P. This BS wave function should satisfy the equation

χ0
þ

λτ ðPDD̄; pÞ ¼ −
Z

d4p0

ð2πÞ4ΔFλθðp0
1ÞVθθ0;κ0κðp; p0;PDD̄Þ

× χ0
þ

θ0κ0 ðPDD̄; p0ÞΔFκτðp0
2Þ ð13Þ

where Vθθ0;κ0κ is the interaction kernel, PDD̄ ¼
ð0; 0; 0; iMDD̄Þ, p0

1 ¼ pþ PDD̄=2, p0
2 ¼ p − PDD̄=2,

ΔFλθðp0
1Þ and ΔFκτðp0

2Þ are the propagators for the spin-1

fields, ΔFλθðp0
1Þ ¼ ðδλθ þ p0

1λp
0
1θ

M2
1

Þ −i
p02
1
þM2

1
−iε, ΔFκτðp0

2Þ ¼
ðδκτ þ p0

2κp
0
2τ

M2
2

Þ −i
p02
2
þM2

2
−iε, M1 ¼ MD�

l
and M2 ¼ MD̄�

l
. We

emphasize that the kernel V is defined in two-body channel
so V is not the complete interaction. The kernel in the
homogeneousBSequation(13)playsacentral role formaking
the two-body system to be a stable bound state, and the
solution of the homogeneous BS equation (13) should only
describe a bound state. In our approach, the BS equation for
themeson-meson bound state is treated in the ladder approxi-
mation. This approximation consists of replacing the inter-
action kernel by its lowest-order value corresponding to the
simple one-meson exchange. Though the interaction kernel
Vθθ0;κ0κ in Eq. (13) only contains the contribution from the
irreducible graph, Eq. (13) contains the contribution from
irreducible and reducible graphs [19], shown as Fig. 1.Hence,
the solution of the BS equation, i.e., mass and BS wave
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function of the bound state, contains the contribution from
irreducible and reducible graphs.
Different from the previous works about hadronic

molecules, in our approach the heavy mesons in a molecu-
lar state are considered as bound states composed of a
heavy quark and a light quark. From the interaction
Lagrangian for the coupling of light-quark fields to
light-meson fields expressed as Eq. (1), we can obtain
the interaction kernel between two light quarks in two
heavy mesons from one light-meson exchange. Moreover,
we should consider the interaction kernel between two
heavy quarks in two heavy mesons from one heavy-meson
exchange. In our theoretical frame, the interaction kernel
between two heavy mesons is derived from the one meson
exchange between two quarks in these two heavy mesons.
To construct the interaction kernel between D�

l and D̄�
l , we

consider the one light-meson (π0, η, σ, ρ0, V1 and V8)
exchange [5,12,13] and one heavy-meson (J=ψ) exchange.
The flavor-SU(3) singlet V1 and octet V8 states of vector

mesons mix to form the physical ω and ϕ mesons as

ϕ ¼ −V8 cos θ þ V1 sin θ; ω ¼ V8 sin θ þ V1 cos θ;

ð14Þ

where the mixing angle θ ¼ 38.58° was obtained by
KLOE [20]. Then the exchanged mesons should be the
octet V8 and singlet V1 states, and the relation of the octet-
quark coupling constant g8 and the singlet-quark coupling
constant g1 has the form

gϕ ¼ −g8 cos θ þ g1 sin θ; gω ¼ g8 sin θ þ g1 cos θ;

ð15Þ
where the meson-quark coupling constants g2ω ¼ 2.42=2
and g2ϕ ¼ 13.0 were determined by QCD sum rules
approach [21]. The light meson exchange between two
light quarks in two heavy vector mesons is shown in Fig. 2.
The filled circle of Fig. 2 represents the vertex function for
light meson and light quark in heavy meson. From the
Lorentz-structure, the matrix elements of quark pseudo-
scalar density J−, quark scalar density J and quark current
Jα can be expressed as

hVMϱðp0
1ÞjJ−ð0ÞjVMϑðq01Þi ¼
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FIG. 1. Ladder approximation for the two-body propagator.

FIG. 2. Light-meson exchange between two light quarks in two
heavy-vector mesons. The solid lines denote quark propagators,
the filled circles represent the vertex functions for light meson
and light quark, and the unfilled ellipses represent Bethe-Salpeter
amplitudes.
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hVM0ϱ0 ð−p0
2ÞjJð0ÞjVM0ϑ0 ð−q02Þi ¼

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ED̄�

l
ð−p0

2ÞED̄�
l
ð−q02Þ

q
×

	
½εϱ0 ð−p0

2Þ · εϑ
0 ð−q02Þ�h̄ðsÞ1 ðw2Þ− h̄ðsÞ2 ðw2Þ 1

M2
2

½εϱ0 ð−p0
2Þ · ð−q02Þ�½εϑ

0 ð−q02Þ · ð−p0
2Þ�



;

ð16dÞ

hVMϱðp0
1ÞjJαð0ÞjVMϑðq01Þi ¼

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ED�

l
ðp0

1ÞED�
l
ðq01Þ

q
×

	
½εϱðp0

1Þ · εϑðq01Þ�hðlvÞ1 ðw2Þðp0
1 þ q01Þα − hðlvÞ2 ðw2Þf½εϱðp0

1Þ · q01�εϑαðq01Þ

þ ½εϑðq01Þ · p0
1�εϱαðp0

1Þg − hðlvÞ3 ðw2Þ 1

M2
1

½εϱðp0
1Þ · q01�½εϑðq01Þ · p0

1�ðp0
1 þ q01Þα



; ð16eÞ

hVM0ϱ0 ð−p0
2ÞjJβð0ÞjVM0ϑ0 ð−q02Þi ¼

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ED̄�

l
ð−p0

2ÞED̄�
l
ð−q02Þ

q
×

	
½εϱ0 ð−p0

2Þ · εϑ
0 ð−q02Þ�h̄ðlvÞ1 ðw2Þð−p0

2 − q02Þβ

− h̄ðlvÞ2 ðw2Þf½εϱ0 ð−p0
2Þ · ð−q02Þ�εϑ

0
β ð−q02Þ þ ½εϑ0 ð−q02Þ · ð−p0

2Þ�εϱ
0
β ð−p0

2Þg

− h̄ðlvÞ3 ðw2Þ 1

M2
2

½εϱ0 ð−p0
2Þ · ð−q02Þ�½εϑ

0 ð−q02Þ · ð−p0
2Þ�ð−p0

2 − q02Þβ


; ð16fÞ

where p0
1 ¼ ðp; ip0

10Þ, p0
2 ¼ ðp; ip0

20Þ, q01 ¼ ðp0; iq010Þ, q02 ¼ ðp0; iq020Þ, w ¼ q01 − p0
1 ¼ q02 − p0

2 is the momentum of the
exchanged meson and w ¼ p0 − p; hðw2Þ and h̄ðw2Þ are scalar functions, the four-vector εðpÞ is the polarization vector of
heavy vector meson with momentum p, and ED�

l
ðpÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þM2

D�
l

q
. Taking away the external lines including

normalizations and polarization vectors εϱθðp0
1Þ, εϑθ0 ðq01Þ, εϱ

0
κ ð−p0

2Þ, εϑ
0

κ0 ð−q02Þ, we obtain the interaction kernel from one
light-meson (π0, η, σ, ρ0, V1, and V8) exchange [5,12]

Vl
θθ0;κ0κðp; p0;PDD̄Þ ¼ hðpÞðw2Þϵςς0θθ0p0

1ςq
0
1ς0

�
−ig2π

w2 þm2
π
þ −ig2η
w2 þm2

η

�
h̄ðpÞðw2Þϵϖϖ0κ0κp0

2ϖq
0
2ϖ0

þ hðsÞ1 ðw2Þ −ig2σ
w2 þM2

σ
h̄ðsÞ1 ðw2Þδθθ0δκ0κ þ

�
−ig2ρ

w2 þM2
ρ
þ −ig21
w2 þM2

ω
þ −ig28
w2 þM2

ϕ

�
fhðlvÞ1 ðw2Þh̄ðlvÞ1 ðw2Þ

× ðp0
1 þ q01Þ · ð−p0

2 − q02Þδθθ0δκ0κ − hðlvÞ1 ðw2Þh̄ðlvÞ2 ðw2Þδθθ0 ½−ðp0
1 þ q01Þκ0q02κ − p0

2κ0 ðp0
1 þ q01Þκ�

− hðlvÞ2 ðw2Þh̄ðlvÞ1 ðw2Þ½q01θð−p0
2 − q02Þθ0 þ ð−p0

2 − q02Þθp0
1θ0 �δκ0κ þ hðlvÞ2 ðw2Þh̄ðlvÞ2 ðw2Þ½−q01θδθ0κ0q02κ

þ q01θδθ0κð−p0
2κ0 Þ − δθκ0p0

1θ0q
0
2κ þ δθκp0

1θ0 ð−p0
2κ0 Þ�g; ð17Þ

where g represents the corresponding meson-quark coupling constant, gσ ¼ BðMσÞ
fσ

¼ 299
60

[22,23], g2ρ ¼ 2.42 [21], and these
terms containingM1;2 are neglected because the masses of heavy mesons are large. Using the method above, we can obtain
the interaction kernels from one-ρ� exchange [13].
In this work, we consider the interaction kernel between two heavy quarks in two heavy mesons from one-J=ψ exchange

and the heavy vector meson J=ψ is considered as a bound state of cc̄. Diagrammatically, the heavy meson J=ψ exchange
between two heavy quarks in two heavy vector mesons is represented by the graph of Fig. 3. In Fig. 3, the BS amplitude
Γαðw;w0Þ of the heavy-vector meson J=ψ is also represented by the unfilled ellipse, where w0 is the relative momentum
between two heavy quarks. The explicit form of BS amplitude Γαðw; w0Þ for heavy vector meson J=ψ will be given in
Sec. II C 1. Then, the interaction kernel from one heavy meson (J=ψ ) exchange becomes
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Vh
θθ0;κ0κðp; p0;PDD̄Þ ¼ −i

w2 þM2
J=ψ

fhðhvÞ1 ðw2Þh̄ðhvÞ1 ðw2Þðp0
1 þ q01Þ · ð−p0

2 − q02Þδθθ0δκ0κ þ hðhvÞ1 ðw2Þh̄ðhvÞ2 ðw2Þδθθ0

× ½ðp0
1 þ q01Þκ0q02κ þ p0

2κ0 ðp0
1 þ q01Þκ� þ hðhvÞ2 ðw2Þh̄ðhvÞ1 ðw2Þ½q01θðp0

2 þ q02Þθ0 þ ðp0
2 þ q02Þθp0

1θ0 �δκ0κ
− hðhvÞ2 ðw2Þh̄ðhvÞ2 ðw2Þ½q01θδθ0κ0q02κ þ q01θδθ0κp

0
2κ0 þ δθκ0p0

1θ0q
0
2κ þ δθκp0

1θ0p
0
2κ0 �g: ð18Þ

We obtain the total interaction kernel betweenD�
l and D̄

�
l derived from one light-meson (π0, η, σ, ρ0, V1, and V8) exchange

and one heavy-meson (J=ψ) exchange

Vθθ0;κ0κ ¼ Vl
θθ0;κ0κ þ Vh

θθ0;κ0κ: ð19Þ

C. Instantaneous approximation

1. Form factors of heavy meson

To calculate these heavy vector meson form factors hðw2Þ describing the heavy meson structure, we have to know the
wave function of heavy vector meson D�

l in instantaneous approximation. For heavy vector mesons, the authors of
Refs. [24–27] obtained their BS amplitudes in Euclidean space:

ΓV
λ ðK; kÞ ¼ 1

N V

�
γλ þ Kλ

γ · K
M2

V

�
φVðk2Þ; ð20Þ

whereK is the momentum of heavy meson, k denotes the relative momentum between quark and antiquark in heavy meson,
MV is heavy vector meson mass, ΓV

λ ðK; kÞ is transverse (KλΓV
λ ðK; kÞ ¼ 0), N V is normalization, and φVðk2Þ is the scalar

function fixed by providing fits to observables. The charmed meson D�
l is composed of a c-quark and an l-antiquark. As in

heavy-quark effective theory (HQET) [28], we consider that the heaviest quark carries all the heavy-meson momentum and
obtain the BS wave function of the D�

l meson

χλðK; kÞ ¼
−1

γ · ðkþ KÞ − imc

1

N D�
l

�
γλ þ Kλ

γ · K
M2

D�
l

�
φD�

l
ðk2Þ −1

γ · k − iml
; ð21Þ

where K is set as the momentum of heavy meson in the rest frame, k becomes the relative momentum between c-quark and
l-antiquark, mc;l are the constituent quark masses, φD�

l
ðk2Þ ¼ φD̄�

l
ðk2Þ ¼ expð−k2=ω2

D� Þ and ωD� ¼ 1.50 GeV [27]. The
components of this BS wave function are 4 × 4 matrices, which can be written as [29]

χλðK; kÞ ¼ ΨS
λ þ ΨV

λ;μγμ þΨT
λ;μνσμν þΨAV

λ;μγμγ5 þΨPse
λ γ5; ð22Þ

and the coefficient corresponding to γμ is

ΨV
λ;μ ¼

1

4
Tr½γμχλðK; kÞ�: ð23Þ

Substituting Eq. (21) into (23), we can obtain the heavy vector meson wave function in instantaneous approximation

ΨD�
l

ij ðkÞ ¼
Z

dk4
1

N D�
l
exp

�
−k2 − k24

ω2
D�

l

�
k2=3þ k24 þmcml

ðk2 þ k24 þm2
cÞðk2 þ k24 þm2

l Þ
δij i; j ¼ 1; 2; 3: ð24Þ

In the previous works [5,12,13], we used the method introduced in Ref. [30] and obtained the form factors for the vertices
of heavy vector meson D�

l coupling to pseudoscalar meson (π and η) [5]

hðpÞðw2Þ ¼ h̄ðpÞðw2Þ ¼ 0; ð25Þ

to scalar meson (σ)
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−
hðsÞ1 ðw2Þ
2E1

¼ h̄ðsÞ1 ðw2Þ
2E2

¼ F1ðw2Þ; hðsÞ2 ðw2Þ ¼ h̄ðsÞ2 ðw2Þ ¼ 0;

F1ðw2Þ ¼
Z

d3k
ð2πÞ3 Ψ̄

D�
l

�
kþ 2EcðkÞ

ED�
l
þMD�

l

w

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ElðkÞ þml

Elðkþ wÞ þml

s

×

	
Elðkþ wÞ − ElðkÞ þ 2ml

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Elðkþ wÞElðkÞ

p −
k · w

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Elðkþ wÞElðkÞ

p ½ElðkÞ þml�



ΨD�

l ðkÞ; ð26Þ

and to light-vector mesons (ρ, V1, and V8)

hðlvÞ1 ðw2Þ ¼ hðlvÞ2 ðw2Þ ¼ h̄ðlvÞ1 ðw2Þ ¼ h̄ðlvÞ2 ðw2Þ ¼ FðlvÞ
2 ðw2Þ; hðlvÞ3 ðw2Þ ¼ h̄ðlvÞ3 ðw2Þ ¼ 0;

FðlvÞ
2 ðw2Þ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ED�

l
MD�

l

p
ED�

l
þMD�

l

Z
d3k
ð2πÞ3 Ψ̄

D�
l

�
kþ 2EcðkÞ

ED�
l
þMD�

l

w

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ElðkÞ þml

Elðkþ wÞ þml

s

×

	
Elðkþ wÞ þ ElðkÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Elðkþ wÞElðkÞ

p þ k · w

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Elðkþ wÞElðkÞ

p ½ElðkÞ þml�



ΨD�

l ðkÞ; ð27Þ

where Ec;lðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

c;l

q
andΨD�

l is the wave function of heavy-vector meson expressed as Eq. (24). Some errors in our

previous works have been revised. From Eq. (25), we can obtain that one light pseudoscalar-meson exchange has no
contribution to the interaction kernel between two heavy vector mesons for the vector-vector bound state with spin-parity
quantum numbers 0þ.
In this paper, we consider that BS amplitude of heavy vector meson J=ψ has the form expressed as Eq. (20) and obtain

scalar functions for the vertex of heavy vector meson D�
l coupling to J=ψ

hðhvÞ1 ðw2Þ ¼ hðhvÞ2 ðw2Þ ¼ h̄ðhvÞ1 ðw2Þ ¼ h̄ðhvÞ2 ðw2Þ ¼ FðhvÞ
2 ðw2Þ; hðhvÞ3 ðw2Þ ¼ h̄ðhvÞ3 ðw2Þ ¼ 0;

FðhvÞ
2 ðw2Þ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ED�

l
MD�

l

p
ED�

l
þMD�

l

Z
d3k
ð2πÞ3 Ψ̄

D�
l

�
k −

2ElðkÞ
ED�

l
þMD�

l

w

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EcðkÞ þmc

Ecðk − wÞ þmc

s

×

	
Ecðk − wÞ þ EcðkÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ecðk − wÞEcðkÞ

p −
k · w

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ecðk − wÞEcðkÞ

p ½EcðkÞ þmc�




×
1

N J=ψ exp

�
−ðk − w=2Þ2 − E2

cðkÞ
ω2
J=ψ

�
ΨD�

l ðkÞ; ð28Þ

where N J=ψ is normalization and ωJ=ψ ¼ 0.826 GeV was obtained from lattice QCD (see details in Ref. [8]).

2. The extended Bethe-Salpeter equation

Substituting the BS wave function given by Eq. (12) and the kernel (19) into the BS equation (13), we find that the
integral of one term on the right-hand side of (12) has a contribution to the one of itself and the other term. Ignoring the
cross-terms, one can obtain two individual equations,

F 1
λτðPDD̄ · p; p2Þ ¼ −

Z
d4p0

ð2πÞ4ΔFλθðp0
1ÞVθθ0;κ0κðp; p0;PDD̄ÞF 1

θ0κ0 ðPDD̄ · p0; p02ÞΔFκτðp0
2Þ; ð29Þ

F 2
λτðPDD̄ · p; p2Þ ¼ −

Z
d4p0

ð2πÞ4ΔFλθðp0
1ÞVθθ0;κ0κðp; p0;PDD̄ÞF 2

θ0κ0 ðPDD̄ · p0; p02ÞΔFκτðp0
2Þ; ð30Þ

where F 1
λτðPDD̄ · p; p2Þ ¼ T 1

λτF 1ðPDD̄ · p; p2Þ and F 2
λτðPDD̄ · p; p2Þ ¼ T 2

λτF 2ðPDD̄ · p; p2Þ. Comparing the tensor
structures in both sides of Eqs. (29) and (30), respectively, we obtain
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F 1ðPDD̄ · p; p2Þ ¼ 1

p02
1 þM2

1 − iε
1

p02
2 þM2

2 − iε

Z
d4p0

ð2πÞ4 V
0þ
1 ðp; p0;PDD̄ÞF 1ðPDD̄ · p0; p02Þ; ð31Þ

p02
2 F 2ðPDD̄ · p; p2Þ ¼ 1

p02
1 þM2

1 − iε
1

p02
2 þM2

2 − iε

Z
d4p0

ð2πÞ4 V
0þ
2 ðp; p0;PDD̄Þq022 F 2ðPDD̄ · p0; p02Þ; ð32Þ

where V0þ
1 ðp; p0;PDD̄Þ and V0þ

2 ðp; p0;PDD̄Þ are derived from the interaction kernel between D�
l and D̄�

l . In instantaneous
approximation, we set the momentum of exchanged meson as w ¼ ðw; 0Þ. Then Eqs. (31) and (32) become two relativistic
Schrödinger-like equations (see details in Refs. [5,13])

�
b21ðMDD̄Þ

2μR
−

p2

2μR

�
Ψ0þ

1 ðpÞ ¼
Z

d3w
ð2πÞ3 V

0þ
1 ðp;wÞΨ0þ

1 ðp;wÞ; ð33Þ

�
b22ðMDD̄Þ

2μR
−

p2

2μR

�
Ψ0þ

2 ðpÞ ¼
Z

d3w
ð2πÞ3 V

0þ
2 ðp;wÞΨ0þ

2 ðp;wÞ; ð34Þ

where Ψ0þ
1 ðpÞ ¼ R

dp0F 1ðPDD̄ · p; p2Þ, Ψ0þ
2 ðpÞ ¼ R

dp0p02
2 F 2ðPDD̄ · p; p2Þ, μR ¼ E1E2=ðE1 þ E2Þ ¼

½M4
DD̄ − ðM2

1 −M2
2Þ2�=ð4M3

DD̄Þ, b2ðMDD̄Þ ¼ ½M2
DD̄ − ðM1 þM2Þ2�½M2

DD̄ − ðM1 −M2Þ2�=ð4M2
DD̄Þ, E1 ¼ ðM2

DD̄ −M2
2þ

M2
1Þ=ð2MDD̄Þ, and E2 ¼ ðM2

DD̄ −M2
1 þM2

2Þ=ð2MDD̄Þ. The potentials between D�
l and D̄�

l up to the second order of
the p=MD�

l
expansion are

V0þ
1 ðp;wÞ ¼ −F1ðw2Þ g2σ

w2 þM2
σ
F1ðw2Þ þ

�
FðlvÞ
2 ðw2ÞFðlvÞ

2 ðw2Þ
�

g2ρ
w2 þM2

ρ
þ g21
w2 þM2

ω

þ g28
w2 þM2

ϕ

�
þ FðhvÞ

2 ðw2ÞFðhvÞ
2 ðw2Þ 1

w2 þM2
J=ψ

��
−1 −

4p2 þ 5w2

4E1E2

�
; ð35Þ

V0þ
2 ðp;wÞ ¼ −F1ðw2Þ g2σ

w2 þM2
σ
F1ðw2Þ

�
1 −

w2

M2
1

�
þ
�
FðlvÞ
2 ðw2ÞFðlvÞ

2 ðw2Þ
�

g2ρ
w2 þM2

ρ

þ g21
w2 þM2

ω
þ g28
w2 þM2

ϕ

�
þ FðhvÞ

2 ðw2ÞFðhvÞ
2 ðw2Þ 1

w2 þM2
J=ψ

�

×

�
−1 −

2p2 þ 2w2

4M2
1

−
2p2 þ 2w2

4E1E2

�
: ð36Þ

Solving Eqs. (33) and (34), respectively, one can obtain the eigenvalues b21ðMDD̄Þ and b22ðMDD̄Þ and the corresponding
eigenfunctions Ψ0þ

1 ðpÞ and Ψ0þ
2 ðpÞ. From Ψ0þ

1 and Ψ0þ
2 , it is easy to obtain F 1 and F 2, respectively.

Because the cross-terms are small, we can take the ground-state BS wave function to be a linear combination of the two
eigenstates F 10

λτ ðPDD̄ · p; p2Þ and F 20
λτ ðPDD̄ · p; p2Þ corresponding to the lowest energy in Eqs. (29) and (30). Then in the

basis provided by F 10
λτ ðPDD̄ · p; p2Þ ¼ T 1

λτF 10ðPDD̄ · p; p2Þ and F 20
λτ ðPDD̄ · p; p2Þ ¼ T 2

λτF 20ðPDD̄ · p; p2Þ, the BS wave
function χ0

þ
λτ is considered as

χ0
þ
λτ ðPDD̄; pÞ ¼ 1

N 0þ
DD̄

½C1F 10
λτ ðPDD̄ · p; p2Þ þ C2F 20

λτ ðPDD̄ · p; p2Þ�: ð37Þ

Substituting (37) into Eq. (13) and comparing the tensor structures in both sides, we obtain an eigenvalue equation in
instantaneous approximation [5]

0
B@

b2
10
ðMDD̄Þ
2μR

− λ H12

H21
b2
20
ðMDD̄Þ
2μR

− λ

1
CA�

C01
C02

�
¼ 0; ð38Þ
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where we have the matrix elements

H12 ¼ H21 ¼
Z

d3p
ð2πÞ3Ψ

0þ
10 ðpÞ�

Z
d3w
ð2πÞ3

�
FðlvÞ
2 ðw2ÞFðlvÞ

2 ðw2Þ
�

g2ρ
w2 þM2

ρ
þ g21
w2 þM2

ω

þ g28
w2 þM2

ϕ

�
þ FðhvÞ

2 ðw2ÞFðhvÞ
2 ðw2Þ 1

w2 þM2
J=ψ

�
w2

E1E2

Ψ0þ
20 ðp;wÞ; ð39Þ

and b210ðMDD̄Þ=ð2μRÞ and b220ðMDD̄Þ=ð2μRÞ are the eigen-
values corresponding to the lowest energy in Eqs. (33) and
(34), respectively; Ψ0þ

10 and Ψ0þ
20 are the corresponding

eigenfunctions. From this equation, we can obtain the
eigenvalues and eigenfunctions which contain the contri-
bution from the cross-terms. Some errors in our previous
works have been revised. Equations (33) and (34) can be
solved numerically with these form factors, and then the
eigenvalue equation (38) can be solved. The masses MDD̄

and wave functions of pure-bound states D�0D̄�0 and
D�þD�− with spin-parity quantum numbers 0þ can be
obtained.
Considering the interaction kernels from one-ρ�

exchange and using the coupled-channel approach (see
details in Ref. [13]), we can calculate the mass M0 of the
mixed state of two pure bound states D�0D̄�0 and D�þD�−

with 0þ. Since the mixing of component wave functions
causes the change of energy, the fourth component of PDD̄

in the original BS wave function becomes the total energy
of the mixed states, and χ0

þ
λτ ðPDD̄; pÞ in Eq. (37) becomes

χ0
þ

λτ ðP; pÞ ¼
1

N 0þ f½ðp0
1 · p

0
2Þgλτ − p0

2λp
0
1τ�C1F 10ðP · p; p2Þ

þ ½p02
1 p

02
2 gλτ þ ðp0

1 · p
0
2Þp0

1λp
0
2τ

− p02
2 p

0
1λp

0
1τ − p02

1 p
0
2λp

0
2τ�C2F 20ðP · p; p2Þg:

ð40Þ

We emphasize that the massM0 of the meson-meson bound
state should not be the mass of physical resonance.
Substituting Eq. (40) into (10), we obtain the BS wave

function χD
�D̄�;0þ

λτ ðP; pÞ for the mixed state of two bound
states D�0D̄�0 and D�þD�− with 0þ.

D. GBS wave function for the four-quark state

The heavy meson is a bound state consisting of a quark
and an antiquark and the meson-meson bound state is
actually composed of four quarks. We have to give GBS
wave function of meson-meson bound state as a four-quark
state. If a bound state with spin j and parity ηP is composed
of four quarks, its GBS wave function can be defined as [8]

χjPðx1; x3; x4; x2Þ
¼ h0jTQCðx1ÞQ̄Aðx3ÞQBðx4ÞQ̄Dðx2ÞjP; ji; ð41Þ

where P is the momentum of the four-quark bound state,Q
is the quark operator and its superscript is a flavor label.
From translational invariance, this GBS wave function can
be written as

χjPðx1; x3; x4; x2Þ ¼
1

ð2πÞ3=2
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðPÞp eiP·XχjPðX0; x; x0Þ;

ð42Þ

where X ¼ η1ðη001x1 þ η003x3Þ þ η2ðη004x4 þ η002x2Þ, X0 ¼
ðη001x1 þ η003x3Þ − ðη004x4 þ η002x2Þ, x ¼ x1 − x3, x0 ¼ x2 − x4,
η1 þ η2 ¼ 1, η001;3 ¼ mC;A=ðmC þmAÞ, η002;4 ¼ mD;B=ðmDþ
mBÞ, and mA;B;C;D are the quark masses. In the momentum
representation, the GBS wave function of four-quark bound
state becomes

χjPðp1; p3; p4; p2Þ ¼
1

ð2πÞ3=2
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðPÞp ð2πÞ4

× δð4ÞðP − p1 þ p3 − p4 þ p2Þ
× χjðP; p; k; k0Þ; ð43Þ

where p1, p3, p4, p2 are the momenta carried by the fields
QC, Q̄A,QB, Q̄D, and p, k, k0 are the conjugate variables to
X0, x, x0, respectively, where p ¼ η2ðp1 − p3Þþ
η1ðp2 − p4Þ, k ¼ η003p1 þ η001p3, k0 ¼ η004p2 þ η002p4. In the
hadronic molecule structure, p is the relative momentum

FIG. 3. Heavy-meson J=ψ exchange between two heavy quarks
in two heavy-vector mesons. The unfilled ellipses represent
Bethe-Salpeter amplitudes.
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between two mesons in molecular state, k and k0 are the
relative momenta between the quark and antiquark in these
two mesons, respectively, shown in Fig. 4. This work is
aimed at investigating the bound state composed of two
vector mesons. In Fig. 4, VM represents the vector meson
with massM1, VM0 represents the antiparticle of the vector
meson VM0 with mass M2, and MS represents the meson-
meson bound state.
In Fig. 4, there are three two-body systems; a meson-

meson bound state and two quark-antiquark bound states.
We define BS wave functions of these two-body systems as
χjPðp0

1; p
0
2Þ, χp0

1
ðp1; p3Þ, and χp0

2
ðp4; p2Þ, respectively. The

BS wave function for the bound state of two vector mesons
has been given by Eq. (3) and the BS wave functions of two
vector mesons are

χp0
1
ðp1;p3Þλ ¼

1

ð2πÞ3=2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Eðp0
1Þ

p
× ð2πÞ4δð4Þðp0

1−p1þp3Þχλðp0
1;kÞ; ð44Þ

χp0
2
ðp4;p2Þτ ¼

1

ð2πÞ3=2
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Eðp0
2Þ

p
× ð2πÞ4δð4Þðp0

2þp4 −p2Þχτðp0
2; k

0Þ; ð45Þ

where p0
1 and p0

2 are the momenta of two vector mesons,
respectively, p0

1 ¼ pþ η1P, p0
2 ¼ p − η2P and η1;2 ¼

M1;2=ðM1 þM2Þ. Applying the Feynman rules and com-
paring with Eq. (43), we obtain the revised GBS wave
function for four-quark state describing the bound state
composed of two vector mesons with arbitrary spin and
definite parity [8,9]

χjðP; p; k; k0Þ ¼ χλðp0
1; kÞχjλτðP; pÞχτðp0

2; k
0Þ: ð46Þ

From Eq. (21), we obtain BS wave functions of
vector mesons

χλðp0
1; kÞ ¼

−1
γC · p1 − imC

1

N V

×

�
γλ þ p0

1λ

γ · p0
1

M2
V

�
φVðk2Þ

−1
γA · p3 − imA

;

χτðp0
2; k

0Þ ¼ −1
γB · p4 − imB

1

N V̄ 0

×
�
γτ þ p0

2τ

γ · p0
2

M2
V̄ 0

�
φV̄ 0 ðk02Þ −1

γD · p2 − imD
:

ð47Þ

In this section, we consider a mixed state of two bound
states D�0D̄�0 and D�þD�− with spin-parity quantum
numbers 0þ. In Fig. 4, VM and VM0 become D�

l and
D̄�

l , respectively, and in Eq. (41) the flavor labels C ¼ D
and A ¼ B represent c-quark and l-quark, respectively.
From Eqs. (10), (46), and (47), we obtain the GBS wave
function for meson-meson bound state as a four-quark state

χD
�D̄�;0þðP;p;k;k0Þ ¼ 1ffiffiffi

2
p χD

�0
λ ðp0

1; kÞχD
�0D̄�0;0þ

λτ ðP;pÞ

× χD̄
�0

τ ðp0
2;k

0Þþ 1ffiffiffi
2

p χD
�þ

λ ðp0
1; kÞ

× χD
�þD�−;0þ

λτ ðP;pÞχD�−
τ ðp0

2; k
0Þ; ð48Þ

where

χ
D�

l
λ ðp0

1; kÞ ¼
−1

γ · p1 − imc

1

N D�
l

�
γλ þ p0

1λ

γ · p0
1

M2
D�

l

�
φD�

l
ðk2Þ

×
−1

γ · p3 − iml
;

χ
D̄�

l
τ ðp0

2; k
0Þ ¼ −1

γ · p4 − iml

1

N D̄�
l

�
γτ þ p0

2τ

γ · p0
2

M2
D̄�

l

�
φD̄�

l
ðk02Þ

×
−1

γ · p2 − imc
: ð49Þ

E. Normalization of BS wave function

1. Heavy vector meson

Here, we determine normalizationsN D�0
andN D�þ

. The
authors of Refs. [26,27] employed the ladder approxima-
tion to solve the BS equation for the quark-antiquark state,
and the reduced normalization condition for the BS wave
function of D�

l meson given by Eq. (21) is

FIG. 4. Generalized Bethe-Salpeter wave function for the four-
quark state in the momentum representation. The solid lines
denote quark propagators, and the unfilled ellipses represent
Bethe-Salpeter amplitudes.
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−i
ð2πÞ4

1

3

Z
d4kχ̄λðK; kÞ ∂

∂K0

½SFðkþ KÞ−1�SFðkÞ−1χλðK; kÞ

¼ ð2K0Þ2; ð50Þ

where SFðpÞ−1 is the inverse propagator for quark field and
the factor 1=3 appears because of the sum of three trans-
verse directions. NormalizationN J=ψ will be determined in
Sec. III A.

2. Molecular state

The reduced normalization condition for χ0
þ
λτ ðP; pÞ

expressed as Eq. (40) is

−i
ð2πÞ4

Z
d4pχ̄τ0λ0 ðP; pÞ

×
∂

∂P0

½ΔFλ0λðpþ P=2Þ−1ΔFττ0 ðp − P=2Þ−1�χλτðP; pÞ

¼ ð2P0Þ2; ð51Þ

where ΔFβα0 ðpÞ−1 is the inverse propagator for the
vector field with mass m, ΔFβα0 ðpÞ−1 ¼ iðδβα0 − pβpα0

p2þm2Þ×
ðp2 þm2Þ [8]. After determining the normalization N 0þ ,
we automatically obtain the normalized BS wave function
for the mixed state of two componentsD�0D̄�0 andD�þD�−
given by Eq. (10). Immediately, the normalized GBS wave
function for meson-meson bound state as a four-quark state
expressed as Eq. (48) is obtained.

III. SCATTERINGMATRIX ELEMENT FROMTHE
FOUR-QUARK STATE TO THE FINAL STATE

In experiments two strong decay modes of χc0ð3915Þ
have been observed; J=ψω and DþD−. The narrow state
χc0ð3915Þ was discovered in 2005 [15] by the Belle
Collaboration and for a long time a series of experiments
[16–18,31] only observed one strong-decay mode of
χc0ð3915Þ; J=ψω denoted as c01. In 2020 the LHCb
Collaboration observed another decay channel DþD− [32]
denoted as c02. Though the neutral channel D0D̄0 still has
not been observed, this neutral channel should exist for the
isospin conservation, which is denoted as c03. In this
section, we present the traditional technique to calculate
decay width for these processes and revise some errors in
previous works [8,9].

A. Decay channel J=ψω with respect to
the mass of the bound state

Mandelstam’s approach is a technique based on the BS
wave function for evaluating the general matrix element
between bound states [19]. Applying Mandelstam’s
approach, we have obtained the scattering matrix element
from a four-quark state to a heavy meson plus a light
meson [8] in the momentum representation, as shown

in Fig. 5. In this work, we retain only the lowest-order
term of the two-particle irreducible Green’s function. In
Fig. 5, VM and VM0 still representD�

l and D̄
�
l , respectively;

HM represents J=ψ with momentumQ (Q2 ¼ −M2
J=ψ ) and

LM represents ω with momentum Q0 (Q02 ¼ −M2
ω). The

momentum of the initial state is set as P ¼ ð0; 0; 0; iM0Þ
in the rest frame, and M0 is the mass of the mixed state of
two pure-bound states D�0D̄�0 and D�þD�−, which should
not be the physical mass of resonance. It is necessary to
emphasize that the momenta in the final state satisfy Qþ
Q0 ¼ P in this section. Here, we consider that in the final
state the light-vector meson ω is an elementary particle and
the heavy-vector meson J=ψ is a bound state of cc̄. From
Eq. (47), we obtain the BS wave function of heavy-vector
meson J=ψ as

χνðQ;qÞ ¼ −1
γ · ðqþQ=2Þ− imc

1

N J=ψ

×
�
γνþQν

γ ·Q
M2

J=ψ

�
φJ=ψðq2Þ

−1
γ · ðq−Q=2Þ− imc

;

ð52Þ

where φJ=ψ ðq2Þ ¼ expð−q2=ω2
J=ψ Þ and ωJ=ψ ¼ 0.826 GeV

was determined in Ref. [8]. The reduced normalization
condition for the BS wave function of J=ψ meson
expressed as Eq. (52) is

−i
ð2πÞ4

1

3

Z
d4qχ̄νðQ; qÞ

×
∂

∂Q0

½SFðqþQ=2Þ−1SFðq −Q=2Þ−1�χνðQ; qÞ

¼ ð2Q0Þ2; ð53Þ

where the factor 1=3 appears for the three transverse
directions are summed. The normalization N J=ψ can be
determined. These momenta in Fig. 5 become

FIG. 5. The lowest-order matrix element between bound
states in the momentum representation.
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p1 ¼ ðQþQ0Þ=2þ pþ k; p2 ¼ ðQþQ0Þ=2 −Qþ pþ k; p3 ¼ k; p4 ¼ Q0 þ k;

q ¼ Q0=2þ pþ k; k0 ¼ Q0 þ k; p0
1 ¼ pþ P=2; p0

2 ¼ p − P=2; QþQ0 ¼ P: ð54Þ

Using the Heisenberg picture, we obtain the total matrix element from the initial state jP ini to a final state hQ;Q0 outj

−iRðc0
1
;bÞaðM0Þ ¼ hQ;Q0 outjP ini ¼ −ið2πÞ4δð4ÞðQþQ0 − PÞTðc0

1
;bÞaðM0Þ; ð55Þ

where Tðc0
1
;bÞaðM0Þ is the T-matrix element with massM0 for channel c01. According to Mandelstam’s approach, we obtain

Tðc0
1
;bÞaðM0Þ ¼

igωε
ϱ0
μ ðQ0ÞεϱνðQÞ

ð2πÞ9=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EJ=ψðQÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2EωðQ0Þp ffiffiffiffiffiffiffiffiffiffiffiffiffi
2EðPÞp �

1ffiffiffi
2

p M
c0
1
;D�0D̄�0

νμ þ 1ffiffiffi
2

p M
c0
1
;D�þD�−

νμ

�
; ð56Þ

where εϱ¼1;2;3
ν ðQÞ and εϱ

0¼1;2;3
μ ðQ0Þ are the polarization vectors of J=ψ and ω, respectively, εϱðQÞ ·Q ¼ εϱ

0 ðQ0Þ ·Q0 ¼ 0,
and

M
c0
1
;D�

l D̄
�
l

νμ ¼
Z

d4kd4p
ð2πÞ8

1

N J=ψ

φJ=ψðq2Þ
p2
2 þm2

c

1

p2
1 þm2

c

1

N D�
l

φD�
l
ðk2Þ

p2
3 þm2

l

1

N D̄�
l

φD̄�
l
ðk02Þ

p2
4 þm2

l

× Tr½ðγ · p2 þ imcÞγνðγ · p1 þ imcÞγλðγ · p3 þ imlÞγμðγ · p4 þ imlÞγτχ0þλτ ðP; pÞ�: ð57Þ

Here χ0
þ
λτ ðP; pÞ is expressed as Eq. (40). In Eq. (57) the trace of the product of 8 γ-matrices contains 105 terms and the

resulting expression has been given in Appendix B of Ref. [8]. In our approach, the p integral is computed in instantaneous

approximation. To calculate this tensor M
c0
1
;D�

l D̄
�
l

νμ , we gave a simple method in Ref. [8]. It is obvious that the tensor

M
c0
1
;D�

l D̄
�
l

νμ only depends on Q and Q0, so in Minkowski space M
c0
1
;D�

l D̄
�
l

νμ can be expressed as

M
c0
1
;D�

l D̄
�
l

νμ ¼ gνμU1ðQ0; QÞ þQ0
νQμU2ðQ0; QÞ þQ0

νQ0
μU3ðQ0; QÞ þQνQ0

μU4ðQ0; QÞ þQνQμU5ðQ0; QÞ; ð58Þ

whereUiðQ0; QÞði ¼ 1;…; 5Þ are scalar functions. The above expression is multiplied by these tensor structures gνμ,Q0
νQμ,

Q0
νQ0

μ, QνQ0
μ, QνQμ, respectively; and a set of equations is obtained

gνμM
c0
1
;D�

l D̄
�
l

νμ ¼ U0
1 ¼ 4U1 þ ðQ0 ·QÞU2 þQ02U3 þ ðQ0 ·QÞU4 þQ2U5;

Q0
νQμM

c0
1
;D�

l D̄
�
l

νμ ¼ U0
2 ¼ ðQ0 ·QÞU1 þQ02Q2U2 þQ02ðQ0 ·QÞU3 þ ðQ0 ·QÞ2U4 þQ2ðQ0 ·QÞU5;

Q0
νQ0

μM
c0
1
;D�

l D̄
�
l

νμ ¼ U0
3 ¼ Q02U1 þQ02ðQ0 ·QÞU2 þQ02Q02U3 þQ02ðQ0 ·QÞU4 þ ðQ0 ·QÞ2U5;

QνQ0
μM

c0
1
;D�

l D̄
�
l

νμ ¼ U0
4 ¼ ðQ0 ·QÞU1 þ ðQ0 ·QÞ2U2 þQ02ðQ0 ·QÞU3 þQ2Q02U4 þQ2ðQ0 ·QÞU5;

QνQμM
c0
1
;D�

l D̄
�
l

νμ ¼ U0
5 ¼ Q2U1 þQ2ðQ0 ·QÞU2 þ ðQ0 ·QÞ2U3 þQ2ðQ0 ·QÞU4 þQ2Q2U5; ð59Þ

where U0
i are numbers. Subsequently, we numerically calculate U0

i and solve this set of equations. The values of Ui can be
obtained.
Then we can obtain the decay width with mass of meson-meson bound state for channel J=ψω

Γ1ðM0Þ ¼
Z

d3Qd3Q0ð2πÞ4δð4ÞðQþQ0 − PÞ
X3
ϱ0¼1

X3
ϱ¼1

ð2πÞ3jTðc0
1
;bÞaðM0Þj2; ð60Þ

where P ¼ ð0; 0; 0; iM0Þ, Q ¼ ðQðM0Þ; i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2ðM0Þ þM2

J=ψ

q
Þ, Q0 ¼ ð−QðM0Þ; i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2ðM0Þ þM2

ω

p
Þ and Q2ðM0Þ ¼

½M2
0 − ðMJ=ψ þMωÞ2�½M2

0 − ðMJ=ψ −MωÞ2�=ð4M2
0Þ. To calculate the decay width Γ1ðM0Þ, we use the transverse condition

εϱðQÞ ·Q ¼ εϱ
0 ðQ0Þ ·Q0 ¼ 0 and the completeness relation. It is necessary to emphasize that the decay width Γ1ðM0Þ

expressed as Eq. (60) is not the decay width of physical resonance.
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B. Decay channel D +D− with respect to mass of bound state

Considering the lowest-order term of the two-particle irreducible Green’s function, we obtain the interaction between two
heavy-vector mesons derived from a light-meson exchange. Applying Mandelstam’s approach, we can obtain the T-matrix
element with mass M0 for channel c02, which can be represented graphically by Fig. 6. In Fig. 6, PM and PM0 represent
pseudoscalar mesons Dþ and D−, respectively; Q1 and Q2 represent the momenta of final particles, Q2

1 ¼ −M2
Dþ , Q2

2 ¼
−M2

D− and in this section Q1 þQ2 ¼ P.
To simplify the computational process, we use the vertex function for the exchanged light meson, heavy pseudoscalar and

vector mesons, and then Fig. 6 can be reduced to Fig. 7. From the Lorentz-structure, we obtain the matrix elements of quark
scalar density J and quark current Jα between heavy pseudoscalar and vector mesons

hPMðQ1ÞjJð0ÞjVMϑðp0
1Þi ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EDþðQ1Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ED�

l
ðp0

1Þ
q ½Q1 · εϑðp0

1Þ�hðsÞ4 ðw2Þ; ð61aÞ

hPM0ðQ2ÞjJð0ÞjVM0ϑ0 ð−p0
2Þi ¼

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ED−ðQ2ÞED̄�

l
ð−p0

2Þ
q ½Q2 · εϑ

0 ð−p0
2Þ�h̄ðsÞ4 ðw2Þ; ð61bÞ

hPMðQ1ÞjJαð0ÞjVMϑðp0
1Þi ¼

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EDþðQ1ÞED�

l
ðp0

1Þ
q fhðlvÞ4 ðw2Þf½Q1 · εϑðp0

1Þ�ðQ1 þ p0
1Þα − ½ðQ1 þ p0

1Þ · ðQ1 − p0
1Þ�εϑαðp0

1Þg

− hðlvÞ5 ðw2Þf½Q1 · εϑðp0
1Þ�ðQ1 − p0

1Þα − ðQ1 − p0
1Þ2εϑαðp0

1Þgg; ð61cÞ

hPM0ðQ2ÞjJβð0ÞjVM0ϑ0 ð−p0
2Þi ¼

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ED−ðQ2ÞED̄�

l
ð−p0

2Þ
q

× fh̄ðlvÞ4 ðw2Þf½Q2 · εϑ
0 ð−p0

2Þ�ðQ2 − p0
2Þβ − ½ðQ2 − p0

2Þ · ðQ2 þ p0
2Þ�εϑ

0
β ð−p0

2Þg
− h̄ðlvÞ5 ðw2Þf½Q2 · εϑ

0 ð−p0
2Þ�ðQ2 þ p0

2Þβ − ðQ2 þ p0
2Þ2εϑ

0
β ð−p0

2Þgg; ð61dÞ

where p0
1 ¼ ðp; ip0

10Þ, p0
2 ¼ ðp; ip0

20Þ, Q1 ¼ ðQD; iQ10Þ, Q2 ¼ ð−QD; iQ20Þ, w ¼ p0
1 −Q1 ¼ p0

2 þQ2 ¼ p − ðQ1 −

Q2Þ=2 is the momentum of light meson and w ¼ p −QD; ED�ðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þM2

D�

q
, hðw2Þ and h̄ðw2Þ are scalar functions.

Now, we introduce the vertex function for the exchanged light meson, heavy pseudoscalar and vector mesons, shown as
Fig. 8. The charmed meson Dþ is composed of c-quark and d-antiquark. For heavy pseudoscalar mesons, the authors of
Refs. [24–27] also gave their BS amplitudes in Euclidean space:

ΓPðK; kÞ ¼ 1

N P iγ5φPðk2Þ; ð62Þ

where K is the momentum of heavy meson, k denotes the relative momentum between quark and antiquark in the heavy
meson, N P is normalization, and φPðk2Þ is scalar function fixed by providing fits to observables. Using the approach
introduced in Sec. II C 1, we can obtain the heavy-pseudoscalar meson wave function in instantaneous approximation

ΨDþðkÞ ¼
Z

dk4
1

4
Tr

	
γ5

−1
γ · ðkþ KÞ − imc

1

N Dþ iγ5φDþðk2Þ −1
γ · k − imd




¼
Z

dk4
−i

N Dþ exp

�
−k2 − k24

ω2
D

�
k2 þ k24 þmcmd

ðk2 þ k24 þm2
cÞðk2 þ k24 þm2

dÞ
; ð63Þ

where mc;d are the constituent quark masses, φDþðk2Þ ¼ φD−ðk2Þ ¼ expð−k2=ω2
DÞ and ωD ¼ 1.50 GeV [27]. Then we can

apply the method given in Refs. [5,12,13] to obtain the explicit forms of these scalar functions in vertex functions for heavy
pseudoscalar meson D and vector meson D�

l coupling to scalar meson (σ)
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−
hðsÞ4 ðw2Þ
2E1

¼ h̄ðsÞ4 ðw2Þ
2E2

¼ F4ðw2Þ;

F4ðw2Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

D�þ −M2
Dþ

q Z
d3k
ð2πÞ3 Ψ̄

Dþ
�
kþ EcðkÞ

EDþ
w

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EdðkÞ þmd

Edðkþ wÞ þmd

s

×

	
Edðkþ wÞ − EdðkÞ þ 2md

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Edðkþ wÞEdðkÞ

p −
k · w

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Edðkþ wÞEdðkÞ

p ½EdðkÞ þmd�



ΨD�þðkÞ; ð64Þ

and to vector meson (ρ, V1, and V8)

hðlvÞ4 ðw2Þ ¼ hðlvÞ5 ðw2Þ ¼ h̄ðlvÞ4 ðw2Þ ¼ h̄ðlvÞ5 ðw2Þ ¼ F5ðw2Þ;

F5ðw2Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

D�
l
−M2

Dþ

q 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ED�

l
EDþ

p
ED�

l
þ EDþ

Z
d3k
ð2πÞ3 Ψ̄

Dþ
�
kþ EcðkÞ

EDþ
w

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ElðkÞ þml

Edðkþ wÞ þmd

s

×

	
Edðkþ wÞ þ ElðkÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Edðkþ wÞElðkÞ

p þ k · w

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Edðkþ wÞElðkÞ

p ½ElðkÞ þml�



ΨD�

l ðkÞ; ð65Þ

where EdðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

d

q
, ΨDþ

and ΨD�
l are the wave functions of heavy pseudoscalar and vector mesons expressed as

Eqs. (63) and (24), respectively.
Taking away the external lines including normalizations and polarization vectors εϑλ ðp0

1Þ, εϑ
0

τ ð−p0
2Þ in Eq. (61), we obtain

the interaction from one light-meson (σ, ρ0, V1, and V8) exchange,

VλτðQ1; Q2;pÞ ¼ −2E1F4ðw2Þ −ig2σ
w2 þM2

σ
2E2F4ðw2ÞQ1λQ2τ

− 4F5ðw2Þ
�

−ig2ρ
w2 þM2

ρ
þ −ig21
w2 þM2

ω
þ −ig28
w2 þM2

ϕ

�
F5ðw2Þðp0

1 · p
0
2ÞQ1λQ2τ; ð66Þ

where E1 ¼ E2 ¼ M0=2 and w ¼ ðw; 0Þ. The interaction from one-ρ� exchange becomes

V 0
λτðQ1; Q2;pÞ ¼ −4F5ðw2Þ −i2g2ρ

w2 þM2
ρ
F5ðw2Þðp0

1 · p
0
2ÞQ1λQ2τ: ð67Þ

These momenta in Fig. 7 become

w ¼ ðp −QDðM0Þ; 0Þ; Q1 þQ2 ¼ P; p0
1 ¼ pþ P=2; p0

2 ¼ p − P=2; ð68Þ

where P ¼ ð0; 0; 0; iM0Þ, Q1 ¼ ðQDðM0Þ; iM0=2Þ, Q2 ¼ ð−QDðM0Þ; iM0=2Þ and Q2
DðM0Þ ¼ ½M2

0 − ðMDþ þMD−Þ2�=4.
For decay channel DþD−, we obtain the total matrix element

−iRðc0
2
;bÞaðM0Þ ¼ hQ1; Q2 outjP ini ¼ −ið2πÞ4δð4ÞðQ1 þQ2 − PÞTðc0

2
;bÞaðM0Þ; ð69Þ

where Tðc0
2
;bÞaðM0Þ is the T-matrix element with mass M0 for channel c02. From Fig. 7, we obtain

Tðc0
2
;bÞaðM0Þ ¼

−i
ð2πÞ9=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2EDþðQ1Þ
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ED−ðQ2Þ
p ffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðPÞp �
1ffiffiffi
2

p Mc0
2 þ 1ffiffiffi

2
p M0c0

2

�
; ð70Þ

where

Mc0
2 ¼

Z
d4p
ð2πÞ4 VλτðQ1; Q2;pÞχ0þλτ ðP; pÞ; ð71aÞ
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M0c0
2 ¼

Z
d4p
ð2πÞ4 V

0
λτðQ1; Q2;pÞχ0þλτ ðP; pÞ: ð71bÞ

Here χ0
þ
λτ ðP; pÞ is expressed as Eq. (40). The p integral is

also computed in instantaneous approximation. Then, the
decay width with the mass of the meson-meson bound state
for channel DþD− becomes

Γ2ðM0Þ ¼
Z

d3Q1d3Q2ð2πÞ4δð4ÞðQ1 þQ2 − PÞ

× ð2πÞ3jTðc0
2
;bÞaðM0Þj2. ð72Þ

The decay width Γ2ðM0Þ also is not the width of
physical resonance.

C. Decay channel D0D̄0 with respect to
mass of bound state

Since the χc0ð3915Þ state is an isoscalar, there should
exist the neutral channel D0D̄0. In Figs. 6–8, PM and PM0

represent pseudoscalar mesons D0 and D̄0, respectively.
Following the same procedure as for charged channel
DþD−, we can obtain the T-matrix element Tðc0

3
;bÞaðM0Þ

and the decay width Γ3ðM0Þ with mass M0 for neutral
channel c03. The decay width Γ3ðM0Þ should not be the
width of physical resonance.

IV. THE DEVELOPED BETHE-SALPETER
THEORY

Sections II and III give the traditional technique to deal
with molecular state in present particle physics. These
masses of meson-meson bound states were regarded as
masses of resonances [1–6] and used to calculate decay
widths of resonances [8,9], which should not be impecca-
ble. To deal with resonance in the framework of relativistic
quantum field theory, we considered the time evolution of
molecular state as determined by the total Hamiltonian and
provided the developed Bethe-Salpeter theory in Ref. [10].
Because the time evolution of molecular state is deter-

mined by the total Hamiltonian, exotic meson resonance
should be considered as an unstable meson-meson molecu-
lar state. According to the developed Bethe-Salpeter theory
for dealing with resonance [10], this unstable state has been
prepared to decay at given time, and the prepared state can
be regarded as a bound state with ground-state energy.
Solving the BS equation for arbitrary meson-meson bound
state, one can obtain the mass M0 and BS wave function
χPðx01; x02Þ for this bound state with momentum
P ¼ ðP; i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 þM2

0

p
Þ. Setting t1 ¼ 0 and t2 ¼ 0 in the

ground-state BS wave function, we obtain a description for
the prepared state (ps)

X ps
a ¼ χPðx0

1; t1 ¼ 0;x0
2; t2 ¼ 0Þ

¼ 1

ð2πÞ3=2
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2EðPÞp eiP·XχPðX0Þ: ð73Þ

Now it is necessary to consider the total Hamiltonian

H ¼ KI þ VI; ð74Þ

where KI represents the interaction responsible for the
formation of stationary bound state and VI stands for the
interaction responsible for the decay of resonance. Then
the time evolution of this system determined by the total
Hamiltonian H has the explicit form

FIG. 6. Matrix element for decay channelDþD−. The momenta
in the final state satisfy Q1 þQ2 ¼ P. w represents the momen-
tum of the exchanged light meson.

FIG. 7. Reduced matrix element for decay channel DþD−.

FIG. 8. Vertex function for the exchanged light meson, heavy
pseudoscalar, and vector mesons.
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X ðtÞ ¼ e−iHtX ps
a ¼ 1

2πi

Z
C2

dϵe−iϵt
1

ϵ −H
X ps

a ; ð75Þ

where ðϵ −HÞ−1 is the Green’s function and the contour C2

runs from icr þ∞ to icr −∞ in energy-plane. The positive
constant cr is sufficiently large that no singularity of
ðϵ −HÞ−1 lies above C2. The time-dependent wave function
X ðtÞ provides a complete description of the system for
t > 0. Since H ≠ KI , this system should not remain in the
prepared state X ps

a . Then at arbitrary time t the probability
amplitude of finding the system in the state X ps

a is

A a ¼ ðX ps
a ;X ðtÞÞ ¼ 1

2πi

Z
C2

dϵ
e−iϵt

ϵ −M0 − ð2πÞ3TaaðϵÞ
:

ð76Þ

In field theory the operator TðϵÞ is just the scattering matrix
with energy ϵ, and TaaðϵÞ is the T-matrix element between
two bound states, which is defined as

ha outja ini ¼ ha inja ini − ið2πÞ4δð4ÞðP − PÞTaaðϵÞ: ð77Þ

Because of the analyticity of TaaðϵÞ, we define

TaaðϵÞ ¼ DðϵÞ − iIðϵÞ; ð78Þ

where ϵ approaches the real axis from above, D and I are
the real and imaginary parts, respectively. In experiments,
many exotic particles are narrow states and their decay
widths are very small compared with their energy levels,
i.e., ð2πÞ3IðM0Þ ≪ M0. This situation is ordinarily inter-
preted as implying that both ð2πÞ3jDðϵÞj and ð2πÞ3IðϵÞ are
also very small quantities, as compared to M0. Therefore,
we can expect that ½ϵ −M0 − ð2πÞ3TaaðϵÞ�−1 has a pole on
the second Riemann sheet

ϵpole ≅ M0 þ ð2πÞ3½DðM0Þ − iIðM0Þ� ¼ M − i
ΓðM0Þ

2
;

ð79Þ

where ΔM ¼ ð2πÞ3DðM0Þ is the correction for the energy
level of resonance and M ¼ M0 þ ð2πÞ3DðM0Þ is the
physical mass for resonance. This pole at ϵpole describes
the resonance. The mass M0 of two-body bound state is
obtained by solving the homogeneous BS equation, which
should not be the mass of physical resonance. ΓðM0Þ with
mass M0 also should not be the width of physical
resonance, which should depend on its physical mass M.
We will minutely show the computational process of
T-matrix element between two bound states TaaðϵÞ in the
next section.

V. T-MATRIX ELEMENT TaaðϵÞ
When there is only one decay channel, we can use the

unitarity of TaaðϵÞ to obtain [33]

2IðϵÞ ¼
X
b

ð2πÞ4δð3ÞðPb − PÞδðEb − ϵÞjTbaðϵÞj2; ð80Þ

where Pb ¼ ðPb; iEbÞ is the total energy-momentum vector
of all particles in the final state and the T-matrix element
TbaðϵÞ is defined as hb outja ini ¼ −ið2πÞ4δð3ÞðPb − PÞ×
δðEb − ϵÞTbaðϵÞ. The delta function in Eq. (80) means that
the energy ϵ in scattering matrix is equal to the total energy
Eb of the final state, and

P
b represents summing over

momenta and spins of all particles in the final state. For
Eb ¼ ϵ, we also denote the total energy of the final state by
ϵ and IðϵÞ becomes a function of the final state energy.
Using dispersion relation for the function TaaðϵÞ, we obtain

DðϵÞ ¼ −
P
π

Z
∞

ϵM

Iðϵ0Þ
ϵ0 − ϵ

dϵ0; ð81Þ

where the symbol P means that this integral is a principal
value integral and the variable of integration is the total
energy ϵ0 of the final state. To calculate the real part, we
need calculate the function Iðϵ0Þ of value of the final state
energy ϵ0, which is an arbitrary real number over the real
interval ϵM < ϵ0 < ∞. As usual the momentum of initial
bound state a is set as P ¼ ð0; 0; 0; iM0Þ in the rest frame
and ϵM denotes the sum of all particle masses in the final
state. We suppose that the final state b may contain n
composite particles and n0 elementary particles in decay
channel c0. From Eq. (80), we have

Iðϵ0Þ ¼ 1

2

Z
d3Q0

1 � � �d3Q0
n0d

3Q1 � � �d3Qnð2πÞ4

× δð4ÞðQ0
1þ� � �þQn−Pϵ0 Þ

X
spins

jTðc0;bÞaðϵ0Þj2; ð82Þ

where Q0
1 � � �Q0

n0 and Q1 � � �Qn are the momenta of final
elementary and composite particles, respectively;
Pϵ0 ¼ ð0; 0; 0; iϵ0Þ, Tðc0;bÞaðϵ0Þ is the T-matrix element with
respect to ϵ0, and

P
spins represents summing over spins of

all particles in the final state. In Eq. (82) the energy in
scattering matrix is equal to the total energy ϵ0 of the final
state b, which is an arbitrary real number over the real
interval ϵM < ϵ0 < ∞. The mass M0 and BS amplitude of
initial bound state a have been specified and the value of
the initial state energy in the rest frame is a specified value
M0. From Eq. (82), we have Iðϵ0Þ > 0 for ϵ0 > ϵM and
Iðϵ0Þ ¼ 0 for ϵ0 ≤ ϵM, which is the reason that the integra-
tion in dispersion relation (81) ranges from ϵM to þ∞.
If there are several decay channels, we should write

instead
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Iðϵ0Þ ¼ 1

2

X
c0

Z
d3Q0

1 � � �d3Q0
n0d

3Q1 � � �d3Qnð2πÞ4

× δð4ÞðQ0
1þ� � �þQn −Pϵ0 Þ

X
spins

jTðc0;bÞaðϵ0Þj2; ð83Þ

where
P

c0 represents summing over all open and closed
channels. Because the total energy ϵ0 of the final state
extends from ϵM to þ∞, we may obtain several closed
channels derived from the interaction Lagrangian.
Assuming that resonance χc0ð3915Þ is a mixed state of
two components D�0D̄�0 and D�þD�−, we obtain one
closed channel D�D̄� derived from the interaction
Lagrangian (1), denoted as c04. Since bound state lies below
the threshold, i.e.,M0 < MD� þMD̄� , the closed channel c04
can not occur inside the physical world.

A. Channel J=ψω with respect to arbitrary
value of the final-state energy

From Eq. (55), we obtain the total matrix element
between the final-state hJ=ψðQÞ;ωðQ0Þ outj and the speci-
fied initial four-quark state jP ini

−iRðc0
1
;bÞaðϵ0Þ ¼ hQ;Q0 outjP ini

¼ −ið2πÞ4δð4ÞðQþQ0 − Pϵ0 ÞTðc0
1
;bÞaðϵ0Þ;

ð84Þ

where the total energy ϵ0 of the final state extends from
ϵc0

1
;M toþ∞, i.e., ϵc0

1
;M < ϵ0 < ∞ and ϵc0

1
;M ¼ MJ=ψ þMω.

Tðc0
1
;bÞaðϵ0Þ is the bound state matrix element with respect

to ϵ0 for channel c01, shown as Fig. 9. It is necessary to
emphasize that the energy in the two-particle irreducible

Green’s function is equal to the final state energy ϵ0 while
the mass M0 and BS amplitude of initial bound state is
specified. We have introduced extended Feynman diagram
in Ref. [10] to represent arbitrary value of the final state
energy. In Fig. 9, the quark momenta in left-hand side of
crosses depend on the final-state energy and the momenta
in right-hand side depend on the initial-state energy, i.e.,
p1 − p2 − p3 þ p4 ¼ QþQ0 ¼ Pϵ0 and p0

1 − p0
2 ¼ P.

When ϵ0 ¼ M0, the crosses in Fig. 9 disappear and then
Fig. 9 becomes Fig. 5; Tðc0

1
;bÞaðϵ0 ¼ M0Þ is the T-matrix

element with massM0 for channel c01 expressed as Eq. (56).
Though the T-matrix element Tðc0

1
;bÞaðϵ0Þ has the same form

expressed as Eq. (56), these momenta should become

p1 ¼ ðQþQ0Þ=2þ pþ k; p2 ¼ ðQþQ0Þ=2 −Qþ pþ k; p3 ¼ k; p4 ¼ Q0 þ k;

q ¼ Q0=2þ pþ k; k0 ¼ Q0ðM0Þ þ k; p0
1 ¼ pþ P=2; p0

2 ¼ p − P=2; QþQ0 ¼ Pϵ0 ; ð85Þ

where P ¼ ð0; 0; 0; iM0Þ, Pϵ0 ¼ ð0; 0; 0; iϵ0Þ, Q0ðM0Þ ¼ ð−QðM0Þ; i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2ðM0Þ þM2

ω

p
Þ, Q ¼ ðQðϵ0Þ; i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2ðϵ0Þ þM2

J=ψ

q
Þ,

Q0 ¼ ð−Qðϵ0Þ; i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2ðϵ0Þ þM2

ω

p
Þ, and Q2ðϵ0Þ ¼ ½ϵ02 − ðMJ=ψ þMωÞ2�½ϵ02 − ðMJ=ψ −MωÞ2�=ð4ϵ02Þ. The initial state is

considered as a four-quark state, so the specified GBS amplitude of initial state should be

ΓD�
l

λ ðp0
1; kÞχ0

þ
λτ ðP; pÞΓ

D̄�
l

τ ðp0
2; k

0Þ; ð86Þ

where k0 depends on P. Then we obtain the function I1ðϵ0Þ for channel J=ψω

I1ðϵ0Þ ¼
1

2

Z
d3Qd3Q0ð2πÞ4δð4ÞðQþQ0 − Pϵ0 Þ

X3
ϱ0¼1

X3
ϱ¼1

jTðc0
1
;bÞaðϵ0Þj2: ð87Þ

FIG. 9. Matrix element with respect to ϵ0 for channel J=ψω.
The momenta in the final state satisfy QþQ0 ¼ Pϵ0 and the
momentum of the initial state is P. The final-state energy extends
from ϵM to þ∞ while the initial-state energy is specified, and the
crosses mean that the momenta of quark propagators depend on
the final-state energy ϵ0.
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B. Channel D+D − with respect to arbitrary
value of the final-state energy

The T-matrix element with respect to ϵ0 for channel c02
can be represented graphically by Fig. 10. The total energy
ϵ0 of the final state extends from ϵc0

2
;M to þ∞, i.e., ϵc0

2
;M <

ϵ0 < ∞ and ϵc0
2
;M ¼ MDþ þMD− . In Fig. 10, the crosses

mean that the momenta of quark propagators and the
momentum w of the exchanged light meson depend on
Q1 and Q2, i.e., p1 − p2 − p3 þ p4 ¼ p1 − p2 − q3 þ
q4 ¼ Q1 þQ2 ¼ Pϵ0 and p0

1 − p0
2 ¼ P.

We still use the vertex function to calculate the T-matrix
element with respect to ϵ0 for channel c02. However,
different from the ordinary vertex function, we should
introduce the vertex function with respect to ϵ0, which is
shown as Fig. 11. In Fig. 11, Q1 depends on Pϵ0 , p0

1

depends on P and the crosses mean that the momenta of
quark propagators and the momentum w of the exchanged
light meson depend on the final state energy ϵ0. Using the
approach introduced in Sec. III B, we can obtain the explicit
forms for the vertex functions with respect to ϵ0, and then

Fig. 10 can be reduced to Fig. 12. In Fig. 12, we have
Q1 þQ2 ¼ Pϵ0 , p0

1 − p0
2 ¼ P and the crosses lie on the

right-hand side of light meson propagator, which implies
that the momentum w of the exchanged light meson
depends on Q1 and Q2.
From Eq. (69), we obtain the total matrix element

between the final state hDþðQ1Þ; D−ðQ2Þ outj and the
mixed state of two pure bound states D�0D̄�0 and D�þD�−

−iRðc0
2
;bÞaðϵ0Þ ¼ hQ1; Q2 outjP ini

¼ −ið2πÞ4δð4ÞðQ1 þQ2 − Pϵ0 ÞTðc0
2
;bÞaðϵ0Þ;

ð88Þ

where Tðc0
2
;bÞaðϵ0Þ is the bound state matrix element with

respect to ϵ0 for channel c02, shown as Fig. 12. When
ϵ0 ¼ M0, the crosses in Figs. 10–12 disappear and then
these three extended Feynman diagrams become Figs. 6–8,
respectively; Tðc0

2
;bÞaðϵ0 ¼ M0Þ is the T-matrix element with

mass M0 for channel c02 expressed as Eq. (70). Though the
T-matrix element Tðc0

2
;bÞaðϵ0Þ has the same form expressed

as Eq. (70), these momenta should become

w ¼ ðp −QDðϵ0Þ; 0Þ; Q1 þQ2 ¼ Pϵ0 ;

p0
1 ¼ pþ P=2; p0

2 ¼ p − P=2; ð89Þ

where P ¼ ð0; 0; 0; iM0Þ, Pϵ0 ¼ ð0; 0; 0; iϵ0Þ, Q1 ¼
ðQDðϵ0Þ; iϵ0=2Þ, Q2 ¼ ð−QDðϵ0Þ; iϵ0=2Þ and Q2

Dðϵ0Þ ¼
½ϵ02 − ðMDþ þMD−Þ2�=4. The coefficients E1 and E2 in
interaction VλτðQ1; Q2;pÞ given by Eq. (66) should
become E1ðϵ0Þ ¼ E2ðϵ0Þ ¼

ffiffiffiffiffiffiffiffiffiffi
ϵ0M0

p
=2. Then we obtain

the function I2ðϵ0Þ for channel DþD−

I2ðϵ0Þ ¼
1

2

Z
d3Q1d3Q2ð2πÞ4δð4ÞðQ1 þQ2 − Pϵ0 Þ

× jTðc0
2
;bÞaðϵ0Þj2. ð90Þ

FIG. 10. Matrix element with respect to ϵ0 for channel DþD−.
The momenta in the final state satisfy Q1 þQ2 ¼ Pϵ0 and the
momentum of the initial state is P. w represents the momentum of
the exchanged light meson. The crosses mean that the momenta
of quark propagators and the momentum w of the exchanged light
meson depend on the final-state energy ϵ0.

FIG. 11. Vertex function for the exchanged light meson, heavy
pseudoscalar, and vector mesons with respect to ϵ0. Q1 depends
on Pϵ0 and p0

1 depends on P. The crosses mean that the momenta
of quark propagators and the momentum w of the exchanged light
meson depend on the final-state energy ϵ0.

FIG. 12. Reduced matrix element with respect to ϵ0 for channel
DþD−. The crosses mean that the momentum w of the exchanged
light meson depends on Q1 and Q2.
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C. Channel D0D̄0 with respect to arbitrary
value of the final-state energy

In Figs. 10–12, PM and PM0 represent pseudoscalar
mesons D0 and D̄0, respectively. Following the same
procedure as for charged channel DþD−, we can obtain
the T-matrix element Tðc0

3
;bÞaðϵ0Þ with respect to ϵ0 and the

function I3ðϵ0Þ for neutral channel c03. Here, the total energy
ϵ0 of the final state extends from ϵc0

3
;M to þ∞, i.e., ϵc0

3
;M <

ϵ0 < ∞ and ϵc0
3
;M ¼ MD0 þMD̄0 .

D. Closed channel D�D̄�

The final state hD�; D̄� outj can be written as

hD�; D̄� outj ¼ 1ffiffiffi
2

p hD�0; D̄�0 outj þ 1ffiffiffi
2

p hD�þ; D�− outj:

ð91Þ
The total energy ϵ0 of the final state extends from ϵc0

4
;M to

þ∞, i.e., ϵc0
4
;M < ϵ0 < ∞ and ϵc0

4
;M ¼ MD�

l
þMD̄�

l
.

Considering the lowest-order term of the two-particle

irreducible Green’s function, we can obtain the T-matrix
element between the final state hD�

l ; D̄
�
l outj and the initial

four-quark state, which can be represented graphically by
Fig. 13. In Fig. 13, VM and VM0 still represent D�

l and D̄
�
l ,

respectively;Q1 andQ2 still represent the momenta of final
particles, but Q2

1 ¼ −M2
D�

l
and Q2

2 ¼ −M2
D̄�

l
; the crosses

mean that the momenta of quark propagators and the
momentum w of the exchanged light meson depend on
Q1 and Q2, i.e., p1 − p2 − p3 þ p4 ¼ p1 − p2 − q3þ
q4 ¼ Q1 þQ2 ¼ Pϵ0 , and p0

1 − p0
2 ¼ P.

To calculate the T-matrix element with respect to ϵ0 for
channel c04, we also introduce the form factor of heavy
meson with respect to ϵ0, which is shown as Fig. 14. Using
the approach introduced in Sec. II C 1, we can obtain the
explicit forms for the heavy meson form factors hðw2Þ with
respect to ϵ0, and then Fig. 13 can be reduced to Fig. 15. In
Fig. 15, we have Q1 þQ2 ¼ Pϵ0 , p0

1 − p0
2 ¼ P, and the

crosses lie on the right-hand side of light-meson propaga-
tor, which implies that the momentum w of the exchanged
light meson depends on Q1 and Q2.
Using the Heisenberg picture, we obtain the total matrix

element between the final-state hD�
l ðQ1Þ; D̄�

l ðQ2Þ outj
and the mixed state of two pure-bound states D�0D̄�0

and D�þD�−,

−iRðc0
4
;bÞaðϵ0Þ ¼ hQ1; Q2 outjP ini

¼ −ið2πÞ4δð4ÞðQ1 þQ2 − Pϵ0 ÞTðc0
4
;bÞaðϵ0Þ:

ð92Þ

According to Mandelstam’s approach, the T-matrix
element becomes

Tðc0
4
;bÞaðϵ0Þ

¼ 1

2

X
l¼u;d

−iεϱ
0

μ ðQ2ÞεϱνðQ1Þ
ð2πÞ9=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ED�

l
ðQ1Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ED̄�

l
ðQ2Þ

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
2EðPÞp

× ðMc0
4
νμ þM0c04

νμÞ; ð93Þ

FIG. 13. Matrix element for closed channel D�
l D̄

�
l . The mo-

menta in the final state satisfyQ1 þQ2 ¼ Pϵ0 and the momentum
of the initial state is P. w represents the momentum of the
exchanged light meson. The crosses mean that the momenta of
quark propagators and the momentum w of the exchanged light
meson depend on the final-state energy ϵ0.

FIG. 14. The heavy-meson form factor with respect to ϵ0. Q1

depends on Pϵ0 and p0
1 depends on P. The crosses mean that the

momenta of quark propagators and the momentum w of the
exchanged light meson depend on the final state energy ϵ0.

FIG. 15. Reduced matrix element for closed channel D�
l D̄

�
l .

The crosses mean that the momentum w of the exchanged light
meson depends on Q1 and Q2.
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where εϱ¼1;2;3
ν ðQ1Þ and εϱ

0¼1;2;3
μ ðQ2Þ become the polarization vectors of D�

l and D̄�
l , respectively, and

M
c0
4
νμ ¼

Z
d4p
ð2πÞ4 Vνλ;τμðQ1; Q2;pÞχ0þλτ ðP; pÞ; ð94aÞ

M0c04
νμ ¼

Z
d4p
ð2πÞ4 V

0
νλ;τμðQ1; Q2;pÞχ0þλτ ðP; pÞ: ð94bÞ

Here χ0
þ
λτ ðP; pÞ is expressed as Eq. (40), Vνλ;τμðQ1; Q2;pÞ and V 0

νλ;τμðQ1; Q2;pÞ represent the interactions derived from one
light meson (σ, ρ0, V1, and V8) exchange and one-ρ� exchange, respectively.
Now, we determine the interactions Vνλ;τμðQ1; Q2;pÞ and V 0

νλ;τμðQ1; Q2;pÞ. Structurally similar to Eq. (16), we obtain
the vertices of heavy vector mesons and light mesons derived from the light meson interaction with the light quark in heavy
meson

hVMϱðQ1ÞjJð0ÞjVMϑðp0
1Þi ¼

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ED�

l
ðQ1ÞED�

l
ðp0

1Þ
q ½εϱðQ1Þ · εϑðp0

1Þ�hðsÞ1 ðw2Þ; ð95aÞ

hVM0ϱ0 ðQ2ÞjJð0ÞjVM0ϑ0 ð−p0
2Þi ¼

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ED̄�

l
ðQ2ÞED̄�

l
ð−p0

2Þ
q ½εϱ0 ðQ2Þ · εϑ0 ð−p0

2Þ�h̄ðsÞ1 ðw2Þ; ð95bÞ

hVMϱðQ1ÞjJαð0ÞjVMϑðp0
1Þi ¼

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ED�

l
ðQ1ÞED�

l
ðp0

1Þ
q f½εϱðQ1Þ · εϑðp0

1Þ�hðlvÞ1 ðw2ÞðQ1 þ p0
1Þα

− hðlvÞ2 ðw2Þf½εϱðQ1Þ · p0
1�εϑαðp0

1Þ þ ½εϑðp0
1Þ ·Q1�εϱαðQ1Þgg; ð95cÞ

hVM0ϱ0 ðQ2ÞjJβð0ÞjVM0ϑ0 ð−p0
2Þi ¼

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ED̄�

l
ðQ2ÞED̄�

l
ð−p0

2Þ
q f½εϱ0 ðQ2Þ · εϑ0 ð−p0

2Þ�h̄ðlvÞ1 ðw2ÞðQ2 − p0
2Þβ

− h̄ðlvÞ2 ðw2Þf½εϱ0 ðQ2Þ · ð−p0
2Þ�εϑ

0
β ð−p0

2Þ þ ½εϑ0 ð−p0
2Þ ·Q2�εϱ

0
β ðQ2Þgg; ð95dÞ

where w ¼ p − ðQ1 −Q2Þ=2 is the momentum of light meson, hðw2Þ and h̄ðw2Þ are the heavy meson form factors with
respect to ϵ0. Similarly, taking away the external lines including normalizations and polarization vectors εϱνðQ1Þ, εϑλ ðp0

1Þ,
εϱ

0
μ ðQ2Þ, εϑ0τ ð−p0

2Þ, we obtain the interaction from one light meson (σ, ρ0, V1, and V8) exchange,

Vνλ;τμðQ1; Q2;pÞ ¼ −2E1ðϵ0ÞF1ðw2Þ −ig2σ
w2 þM2

σ
2E2ðϵ0ÞF1ðw2Þδνλδτμ þ

�
−ig2ρ

w2 þM2
ρ
þ −ig21
w2 þM2

ω
þ −ig28
w2 þM2

ϕ

�

× FðlvÞ
2 ðw2ÞFðlvÞ

2 ðw2ÞfðQ1 þ p0
1Þ · ðQ2 − p0

2Þδνλδτμ − δνλ½−ðQ1 þ p0
1Þτp0

2μ þQ2τðQ1 þ p0
1Þμ�

− ½p0
1νðQ2 − p0

2Þλ þ ðQ2 − p0
2ÞνQ1λ�δτμ − p0

1νδλτp
0
2μ þ p0

1νδλμQ2τ − δντQ1λp0
2μ þ δνμQ1λQ2τg; ð96Þ

where E1ðϵ0Þ ¼ E2ðϵ0Þ ¼
ffiffiffiffiffiffiffiffiffiffi
ϵ0M0

p
=2 and w ¼ ðw; 0Þ. The interaction from one-ρ� exchange becomes

V 0
νλ;τμðQ1; Q2;pÞ ¼ FðlvÞ

2 ðw2Þ −i2g2ρ
w2 þM2

ρ
FðlvÞ
2 ðw2Þ

× fðQ1 þ p0
1Þ · ðQ2 − p0

2Þδνλδτμ − δνλ½−ðQ1 þ p0
1Þτp0

2μ þQ2τðQ1 þ p0
1Þμ�

− ½p0
1νðQ2 − p0

2Þλ þ ðQ2 − p0
2ÞνQ1λ�δτμ − p0

1νδλτp
0
2μ þ p0

1νδλμQ2τ − δντQ1λp0
2μ þ δνμQ1λQ2τg: ð97Þ
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These momenta in Fig. 15 become

w ¼ ðp −QD�ðϵ0Þ; 0Þ; Q1 þQ2 ¼ Pϵ0 ;

p0
1 ¼ pþ P=2; p0

2 ¼ p − P=2; ð98Þ

where P ¼ ð0; 0; 0; iM0Þ, Pϵ0 ¼ ð0; 0; 0; iϵ0Þ, Q1 ¼
ðQD� ðϵ0Þ; iϵ0=2Þ, Q2 ¼ ð−QD� ðϵ0Þ; iϵ0=2Þ, and Q2

D� ðϵ0Þ ¼
½ϵ02 − ðMD�

l
þMD̄�

l
Þ2�=4.

Substituting Eqs. (96) and (97) into (94), we obtain the

explicit forms for tensors M
c0
4
νμ and M0c04

νμ. The p integral is

also computed in instantaneous approximation. M
c0
4
νμ and

M0c04
νμ only depend on Q1 and Q2, which can be calculated

by means of the method given in Sec. III A. Applying
Eq. (82), we obtain the function I4ðϵ0Þ for the closed
channel D�D̄�

I4ðϵ0Þ ¼
1

2

Z
d3Q1d3Q2ð2πÞ4δð4ÞðQ1 þQ2 − Pϵ0 Þ

×
X3
ϱ0¼1

X3
ϱ¼1

jTðc0
4
;bÞaðϵ0Þj2: ð99Þ

VI. PHYSICAL MASS AND
WIDTH OF RESONANCE

For resonance χc0ð3915Þ, the dispersion relation (81)
becomes

DðM0Þ ¼ −
P
π

Z
∞

ϵc0
1
;M

I1ðϵ0Þ
ϵ0 −M0

dϵ0 −
P
π

Z
∞

ϵc0
2
;M

I2ðϵ0Þ
ϵ0 −M0

dϵ0

−
P
π

Z
∞

ϵc0
3
;M

I3ðϵ0Þ
ϵ0 −M0

dϵ0 −
1

π

Z
∞

ϵc0
4
;M

I4ðϵ0Þ
ϵ0 −M0

dϵ0;

ð100Þ

where ϵc0
1
;M ¼ MJ=ψ þMω, ϵc0

2
;M ¼ MDþ þMD− , ϵc0

3
;M ¼

MD0 þMD̄0 , and ϵc0
4
;M ¼ MD�

l
þMD̄�

l
. From Eq. (79), we

obtain that the physical mass of resonance χc0ð3915Þ is
M ¼ M0 þ ð2πÞ3DðM0Þ. Replacing M0 by M in Eqs. (56)
and (60), we recalculate the matrix element Tðc0

1
;bÞaðMÞ

and obtain the width Γ1 for physical decay model
χc0ð3915Þ → J=ψω. Replacing M0 by M in Eqs. (70) and
(72),we recalculate thematrixelementTðc0

2
;bÞaðMÞ andobtain

the width Γ2 for physical decay model χc0ð3915Þ → DþD−.
For the isospin conservation, it is easy to obtain the width Γ3

for physical decay model χc0ð3915Þ → D0D̄0.

VII. NUMERICAL RESULT

Considering the isospin conservation, we employ
the constituent quark masses mu ¼ md ¼ 0.33 GeV,
the heavy quark mass mc ¼ 1.55 GeV [30] and the

meson masses Mσ ¼ 0.45 GeV, Mω ¼ 0.782 GeV,
Mρ0 ¼ Mρ� ¼ 0.775 GeV, Mϕ ¼ 1.019 GeV, MD�0 ¼
MD�þ ¼ 2.007 GeV, MD0 ¼ MDþ ¼ 1.865 GeV, and
MJ=ψ ¼ 3.097 GeV [34]. Without an adjustable parameter,
we numerically solve the eigenvalue equation (38) and
obtain the masses and wave functions of pure bound states
D�0D̄�0 and D�þD�− with spin-parity quantum numbers
0þ. Considering the cross terms between these two pure
bound states D�0D̄�0 and D�þD�− and using the coupled-
channel approach, we obtain the mass M0 of the mixed
state with 0þ. Then M0 and GBS wave function
χD

�D̄�;0þðP; p; k; k0Þ given in Eq. (48) are used to evaluate
the matrix elements Tðc0

1
;bÞaðM0Þ and Tðc0

2
;bÞaðM0Þ with the

mass of the meson-meson bound state, and the decay
widths Γ1ðM0Þ and Γ2ðM0Þ with the mass of the meson-
meson bound state should not be the width of physical
resonance. From Eqs. (56), (57), and (85), we calculate the
T-matrix element Tðc0

1
;bÞaðϵ0Þ with respect to ϵ0 for channel

J=ψω. From Eqs. (66), (67), (70), (71), and (89), we
calculate the T-matrix element Tðc0

2
;bÞaðϵ0Þ with respect to ϵ0

for channel DþD−. From Eqs. (93), (94), (96), (97) and
(98), we calculate the T-matrix element Tðc0

4
;bÞaðϵ0Þ with

respect to ϵ0 for closed channelD�D̄�. From Eqs. (87), (90),
and (99), we calculate the functions I1ðϵ0Þ over
ϵc0

1
;M < ϵ0 < ∞, I2ðϵ0Þ over ϵc0

2
;M < ϵ0 < ∞, I3ðϵ0Þ over

ϵc0
3
;M < ϵ0 < ∞, and I4ðϵ0Þ over ϵc0

4
;M < ϵ0 < ∞, respec-

tively. By doing the numerical calculation, we obtain the
mass correction ΔM ¼ ð2πÞ3DðM0Þ and the physical mass
M for resonance χc0ð3915Þ. Finally, the physical mass is
used to recalculate these strong decay widths
Γ1ðχc0ð3915Þ → J=ψωÞ, Γ2ðχc0ð3915Þ → DþD−Þ, and
Γ3ðχc0ð3915Þ → D0D̄0Þ. Some errors in Ref. [10] have
been revised.M and Γ should be the observed mass and full
width in experiments. Our numerical results for resonance
χc0ð3915Þ are in good agreement with the experimental
data, which are presented in Table I.
It is necessary to emphasize that there is not an adjustable

parameter in our approach. We require the meson-quark
coupling constants g and the parameters ωH in BS
amplitudes of heavy mesons to calculate the mass and
decay width of physical resonance. The meson-quark
coupling constants can be determined by QCD sum rules
approach [21], and these parameters in BS amplitudes of

TABLE I. Mass M and full width Γ for physical resonance
χc0ð3915Þ. M0 is the mass of mixed state of two bound states
D�0D̄�0 and D�þD�−, ΔM is the calculated correction due to all
open and closed channels, and Γi is the calculated width of ith
decay channel. (Dimensioned quantities in MeV).

Quantity M0 ΔM M Γ1 Γ2 Γ3 Γ

This work 3952.7 −30.7 3922.0 21.8 1.5 1.5 24.8
PDG [34] 3921.7� 1.8 18.8� 3.5
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heavy mesons are fixed by providing fits to observables
[26,27,35]. Our approach also involves the constituent
quark masses mu, md, and the heavy quark mass mc.
According to the spontaneous breaking of chiral symmetry,
the light quarks (u, d, s) obtain their constituent masses
because the vacuum condensate is not equal to zero, and the
heavy quark mass mc is irrelevant to vacuum condensate.
Normally, the value slightly greater than a third of nucleon
mass is employed as the constituent mass of light quark.
The value of heavy-quark mass mc can be determined by
the experimental mass of charmonium system J=ψ . Of
course, the values of these parameters, including g, ωH,mu,
md, andmc, are values in respective ranges. Simultaneously
varying these parameters in respective ranges, we find that
the uncertainties of numerical results are at most 5%.
Despite the large uncertainty of meson massMσ, it has been
found that the uncertainties of numerical results from
meson mass Mσ are also very small in our previous works
[5,8,9,13] and Refs. [6,36]. Therefore, in our approach the
calculated mass and decay width are uniquely determined.
Up to now, a theoretical approach from QCD to inves-

tigate resonance which is regarded as an unstable two-body
system has been established. In this paper, we only explore
exotic meson resonance which is considered as an unstable
molecular state composed of two heavy vector mesons. The
extension of our approach to more general resonances is
straightforward, while the interaction Lagrangian may be
modified. More importantly, it is most reasonable and
fascinating to investigate resonance as far as possible from
QCD. In the framework of quantum field theory, the
nonperturbative contribution from the vacuum condensates
can be introduced into the BS wave function [13] and the

two-particle irreducible Green’s function, and then the
calculated mass and decay width of resonance will contain
more inspiration of QCD.

VIII. CONCLUSION

Exotic resonance χc0ð3915Þ is considered as a mixed
state of two unstable molecular statesD�0D̄�0 andD�þD�−,
and we investigate the time evolution of the meson-meson
molecular state as determined by the total Hamiltonian.
According to the developed Bethe-Salpeter theory, the total
matrix elements for all decay channels should be calculated
with respect to arbitrary value of the final state energy.
Because the total energy of the final state extends from ϵM
to þ∞, we consider three open decay channels J=ψω,
DþD−, D0D̄0 and one closed channel D�D̄� from the
effective interaction Lagrangian at low-energy QCD, which
are exhibited by extended Feynman diagrams. Using the
developed Bethe-Salpeter theory, we calculate the mass M
and full width Γ of physical resonance χc0ð3915Þ, which
are in good agreement with the experimental data.
Obviously, our work can be extended to more general
resonances.
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APPENDIX: TENSOR STRUCTURES IN THE GENERAL FORM OF BS WAVE FUNCTIONS

The tensor structures in Eqs. (8) and (9) are given below [5,9]

T 1
λτ ¼ ðp2 þ η1P · p − η2P · p − η1η2P2Þgλτ − ðpλpτ þ η1Pτpλ − η2Pλpτ − η1η2PλPτÞ;

T 2
λτ ¼ ðp2 þ 2η1P · pþ η21P

2Þðp2 − 2η2P · pþ η22P
2Þgλτ

þ ðp2 þ η1P · p − η2P · p − η1η2P2Þðpλpτ þ η1Pλpτ − η2Pτpλ − η1η2PλPτÞ
− ðp2 − 2η2P · pþ η22P

2Þðpλpτ þ η1Pλpτ þ η1Pτpλ þ η21PλPτÞ
− ðp2 þ 2η1P · pþ η21P

2Þðpλpτ − η2Pλpτ − η2Pτpλ þ η22PλPτÞ;

T 3
μ1���μjλτ ¼

1

j!
pfμ2 � � �pμjgμ1gλðp2 þ 2η1P · pþ η21P

2Þ½ðp2 − 2η2P · pþ η22P
2Þðpþ η1PÞτ

− ðp2 þ η1P · p − η2P · p − η1η2P2Þðp − η2PÞτ�
− pμ1 � � �pμj ½ðp2 − 2η2P · pþ η22P

2Þðpλpτ þ η1Pλpτ þ η1Pτpλ þ η21PλPτÞ
− ðp2 þ η1P · p − η2P · p − η1η2P2Þðpλpτ þ η1Pλpτ − η2Pτpλ − η1η2PλPτÞ�;
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T 4
μ1���μjλτ ¼

1

j!
pfμ2 � � �pμjgμ1gτðp2 − 2η2P · pþ η22P

2Þ½ðp2 þ η1P · p

− η2P · p − η1η2P2Þðpþ η1PÞλ − ðp2 þ 2η1P · pþ η21P
2Þðp − η2PÞλ�

þ pμ1 � � �pμj ½ðp2 þ 2η1P · pþ η21P
2Þðpλpτ − η2Pλpτ − η2Pτpλ þ η22PλPτÞ

− ðp2 þ η1P · p − η2P · p − η1η2P2Þðpλpτ þ η1Pλpτ − η2Pτpλ − η1η2PλPτÞ�;

T 5
μ1���μjλτ ¼

1

j!
ðp2 þ 2η1P · pþ η21P

2Þðp2 − 2η2P · pþ η22P
2Þpfμ3 � � �pμjgμ1λgμ2gτ

−
1

j!
pfμ2 � � �pμjgμ1gτðp2 − 2η2P · pþ η22P

2Þðpþ η1PÞλ

−
1

j!
pfμ2 � � �pμjgμ1gλðp2 þ 2η1P · pþ η21P

2Þðp − η2PÞτ
þ pμ1 � � �pμjðpλpτ þ η1Pλpτ − η2Pτpλ − η1η2PλPτÞ;

T 6
μ1���μjλτ ¼ pfμ3 � � �pμjϵμ1λξζpξPζϵμ2gτξ0ζ0pξ0Pζ0 ;

T 7
μ1���μjλτ ¼ −ð2p2 þ η1P · p − η2P · pÞpfμ2 � � �pμjϵμ1gλτξpξ

þ ð2η1η2P · pþ η2p2 − η1p2Þpfμ2 � � �pμjϵμ1gλτξPξ

þ pfμ2 � � �pμjϵμ1gλξζpξPζpτ þ pfμ2 � � �pμjϵμ1gτξζpξPζpλ;

T 8
μ1���μjλτ ¼ −ðP · pÞpfμ2 � � �pμjϵμ1gλτξpξ þ p2pfμ2 � � �pμjϵμ1gλτξPξ

− pfμ2 � � �pμjϵμ1gλξζpξPζpτ þ pfμ2 � � �pμjϵμ1gτξζpξPζpλ;

T 9
μ1���μjλτ ¼ −ð2P · pþ η1P2 − η2P2Þpfμ2 � � �pμjϵμ1gλτξpξ

þ P · ðη2p − η1Pþ 2η1η2PÞpfμ2 � � �pμjϵμ1gλτξPξ

þ pfμ2 � � �pμjϵμ1gλξζpξPζPτ þ pfμ2 � � �pμjϵμ1gτξζpξPζPλ;

T 10
μ1���μjλτ ¼ −P2pfμ2 � � �pμjϵμ1gλτξpξ þ ðP · pÞpfμ2 � � �pμjϵμ1gλτξPξ

− pfμ2 � � �pμjϵμ1gλξζpξPζPτ þ pfμ2 � � �pμjϵμ1gτξζpξPζPλ;

T 11
μ1���μjλτ ¼ ðp2 þ η1P · p − η2P · p − η1η2P2Þpfμ3 � � �pμjgμ1λϵμ2gτξζpξPζ

− pfμ2 � � �pμjϵμ1gτξζpξPζðp − η2PÞλ;
T 12

μ1���μjλτ ¼ ðp2 þ η1P · p − η2P · p − η1η2P2Þpfμ3 � � �pμjgμ1τϵμ2gλξζpξPζ

− pfμ2 � � �pμjϵμ1gλξζpξPζðpþ η1PÞτ:
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