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Quantum mismatch: A powerful measure of quantumness
in neutrino oscillations
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The quantum nature of neutrino oscillations would be reflected in the mismatch between the neutrino
survival probabilities with and without an intermediate observation. We propose this quantum mismatch as
a measure of quantumness in neutrino oscillations. For two neutrino flavors, it inevitably performs better
than the Leggett-Garg measure. For three flavors, we devise modified definitions of these two measures,
which would be applicable for experiments that measure neutrino survival probabilities with negligible
matter effects. The modified definitions can be used to probe deviations from expected classical behavior,
even for systems with an unknown number of states. For neutrino experiments like DUNE, MINOS, and
JUNO, we identify the energies where these modified measures can probe quantumness efficiently.
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I. INTRODUCTION

Tests of quantum mechanics (QM) provide insights into
the limits of local realism, which aligns with the classical
world view that all properties of physical objects have
values that exist independently of their measurements. For
example, the Bell’s inequality [1] tests for violations of
the classical upper bound on correlations between mea-
surements made on spatially separated systems. Violations
of this upper bound [2,3] clearly indicate the need for QM,
as they would be incompatible with the hypothesis of
hidden variables [4,5].

The Leggett-Garg (LG) measure [6,7] provides another
test of “quantumness” (more precisely, nonclassicality) of a
system through the correlations between its measurements
at different times. The Leggett-Garg inequality (LGI) tests
for the interference in QM, as opposed to entanglement,
which is tested by the Bell’s inequality. The simplest LG
measure K5 employs the observation of the system at an
intermediate time.

In the phenomenon of neutrino oscillations, neutrinos
change their flavor (v,, v, v;) during propagation due to
the interference between different mass eigenstates [8,9].
This is a unique system where QM manifests itself over
hundreds and thousands of kilometers, which makes it a
prime candidate for tests of QM [10-25]. Violations of LGI
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have been measured at neutrino oscillation experiments at
MINOS [26] and Daya-Bay [27]. New physics effects on
the LG measure have been discussed in [28,29].

Note that the LGI, as proposed in [6], tests for the
validity of the classical assumptions of macroscopic real-
ism and noninvasive measurements. However, in neutrino
oscillation experiments, the criteria of noninvasive mea-
surements cannot be fulfilled, as the measurement of the
flavor state destroys that particular neutrino. Neutrino
oscillation experiments looking for violation of LGI test
for the validity of the classical assumptions of (i) macroscopic
realism, (ii) time translation invariance, (iii) Markovian
dynamics, and (iv) the ability to produce a given state [7].
The latter three assumptions together are often simply termed
as “stationarity”. In this work, for the LG measure as well
as the quantum mismatch measure (to be introduced
below), nonclassicality implies a violation of the combined
assumption of macroscopic realism and stationarity.

A difference between observations with and without an
intermediate measurement would be a natural measure
of quantumness [30,31]. In this work, we introduce the
“quantum mismatch” measure, 6P, for ascertaining the
quantum nature of neutrino oscillations. It is simply defined
as the difference between neutrino survival probabilities
with and without an intermediate measurement. Here,
we use measurements at different energies as proxies for
measurements at different times, which ensures that the
“intermediate” measurement is noninvasive.

In real-world neutrino experiments, it is not possible to
detect all neutrino flavors. This necessitates modification of
the measures K3 and 6P in the full three-flavor scenario.
We identify the energies where the two modified measures

K5 and 5P would be efficient in experiments.
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The flow of the paper is as follows. In Sec. I we pro-
vide the definitions of the LG measure and the quantum
mismatch measure for neutrinos. In Sec. III we express
these two quantum measures in terms of quantum ampli-
tudes in the two-flavor limit. In Sec. IV we discuss how the
values of the quantum measures can be determined from
neutrino oscillation experiments, and compare them in the
two-flavor limit. In Sec. V, we extend the formalism to
more than two flavors and devise modified measures
that are applicable in practical scenarios. In Sec. VI, we
calculate the values of these modified measures for specific
neutrino oscillation experiments and identify the energies
where they can probe quantumness efficiently. We con-
clude with a brief discussion and overview in Sec. VIL

II. FORMALISM AND DEFINITIONS

In Fig. 1, we schematically represent the states of a
system with and without an intermediate measurement. At
time 7y = 0, the whole system is in the v, state (denoted by
A). Over time, the neutrino flavor can either survive as v, or
change to v,. The state of the system can be measured at
later times 7; and #,. We denote the relevant quantum
amplitudes,

AAXEAMM(O’tl) =day,
Axg=Ay,(t, 1) = as,

Apy
Ayp =

Ax,u(o’tl) = b]a
.A”x(l],lz) :b21 (1)

where Ay, (#;,¢;) denotes the quantum amplitude for
Vy(t;) = vp(t;). The corresponding oscillation probabilities
are given by P4(t;.1;) = |Ag,(t;,1;)>. Note that conser-
vation of probability implies |a;|* + |b;|> = 1.
In the classical limit, the muon neutrino survival prob-
ability P45 = P,,(0,1,) would be

Pap = PaxPxp + PayPyp = |ajas|* + |biby)>. (2)

In QM, in the absence of any intermediate observation, we
add the amplitudes over all possible paths, obtaining

Q(ts) : -1 +1 -1 +1
(va) (V) (Vr (V)
to =10 ce oA oA
Q /l
gl & Yo, ® X
) ><
ta De ®B
FIG. 1. Schematic representation of the states starting with v, at

to = 0 without [left] and with [right] intermediate measurements.
Only two neutrino flavors, v, and v,, are assumed.

Pup = |Aupl?® = lajay + b by (3)

The simplest LG measure K3 is defined through a
dichotomic observable Q(t;), which can only have out-
comes 1. We define Q(#;) = +1 if the detected state is v/,
and Q(t;) = —1 for any other state v,. The correlation
function is defined as

Cij = (0(1)Q(1))). (4)
The LG measure K5 is then
K3 =Co + Cpp — Cop, (5)

where the suffixes (0, 1, 2) correspond to the times
O, t{, t,). In the classical scenario, =3 < K5 <1 [6,7],
i.e., the LGI K5 <1 is satisfied. Any observation K3 > 1
would indicate the quantum nature of the system.
For the muon-neutrino survival probability, the quantum
mismatch parameter oP is
8P, = Pag—

> PuPi. (6)

I1=XY,...

where [ denotes the possible intermediate neutrino flavor
states (X, Y, ...) at ¢;. In the classical scenario, the equality
oP,, = 0 holds. Any observation 6P,,, # 0 would indicate

the quantum nature of the system.

III. TWO-FLAVOR LIMIT

In the limit of two neutrino flavors (2v limit), conserva-
tion of probability implies P,, = P,,. The correlation
function C;; then becomes

CiY = 2P, (1.1) - 1. (7)

The LG measure K3 can be calculated as

2u
Ké )ZZ(PAX+PXB_PAB)_1
=1- 4|l71|2|bz|2 —4Re[by by aa;). (8)

Clearly, the quantity responsible for a possible violation of
the classical bound (K5 < 1) is the interference term

I = Re[b¥b3a,a,). 9)
The quantum mismatch measure 6P in the 2v limit is

5P;(34D) = Pag — (PaxPxp + PayPyg) =27,  (10)

which is the same interference term. However, while

ng,,) > 1 is needed to indicate quantumness, 5P,(4%f ' £0

(2v)

is enough to do the same. Note that K5~ > 1 necessitates
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T < —|b[?|by|*, whereas for all () # 0, we obtain

6P,(,iy) # 0. Therefore, the 5P measure always succeeds in
indicating quantumness whenever the LG measure does. A
similar 2v condition, focusing on the conversion channel, is
obtained in [32] using the no-signaling-in-time argument.

IV. TWO-FLAVOR QUANTUM MEASURES AT
NEUTRINO OSCILLATION EXPERIMENTS

The quantum measures discussed above need measure-
ments of the system corresponding to three different time
intervals Aty = t| — ty, Aty =1, — 1y, and Aty = 1, — ¢.
In a fixed-baseline neutrino experiment, measurements at
multiple time intervals are not possible. However, this
obstacle may be overcome through the following procedure.

One of the major characteristics of our procedure is that
we do not use the particular form of the Az/E dependence
of the neutrino oscillation probabilities, which arises from
quantum mechanical arguments. We use only the special
theory of relativity, which naturally leads to a dependence
on the ratio At/ E. The knowledge of the exact form of this
dependence is not needed for our procedure to work. This
will enable us to probe deviations from classicality using
fixed-baseline experiments.

Consider the evolution of a particle with mass m during
time interval Az in its rest frame. If this particle has an
energy E in the lab frame, the same evolution will be
observed for a time interval At = (Az/m)E, by the special
theory of relativity. Thus, the evolution of a neutrino in the
lab frame depends only on the ratio At/E.

3

o.
N

2 3r
AVY

For neutrino oscillations, this dependence on Ar/E holds
in vacuum, or as long as matter effects [33,34] are
negligible. In this limit, the measurements of neutrinos
with the same energy at different times may be replaced by
measurements of neutrinos of different energies at the same
time intervals. That is, for some energy E,, and time interval
Ato, if we find EIO’ E20, and E21 such that

(Atlo Aty Atzo) B (Ato Aty At0> (1)
Ey " Ey Ep Ey Ey Ex)

then the measurements at energies E;(, E£,;, and E,, can act
as proxies for measurements with time intervals At,q, At,;,
and At,, respectively. Here, Az, should be taken as the
duration of neutrino propagation from the source to the

detector. Since the three time intervals are related to each
other as

Aty + Aty = Ay, (12)
the proxy energies need to satisfy the relation
1/E\ + 1/Ey = 1/Ey. (13)

In principle, for every value of E, one has a different triplet
(E10, Erps Eyp), using which the quantum measures may be
defined. Using measurements at different energies makes this
an effectively noninvasive measurement, which does not
disrupt the system in any way.

3rF
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S
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FIG.2. Top Panel: the quantum measures K3 and 6P, in the two-flavor limit, in the (A, A() plane. We have taken the mixing angle
6 = 45°. The upper-left solid gray triangles are unphysical regions. The black and white regions obey the classical limit. Colored regions
correspond to K3 > 1 and 6P, # 0, indicating quantumness. Bottom Panel: ranges of K3 and 6P, as functions of Ay, for all possible
Ajp. The dark gray (light green) regions obey (violate) classical limits.
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The neutrino survival probability in vacuum in the 2v
limit is

P, (t;,1;) = 1 —sin?(20)sin’A, (14)

where 0 is the mixing angle. The oscillation phase, as a
function of energy, is

(L inkm)

A(E) = 1.27 x (Am?ineV?
(E) x (Am*ine )X(EinGeV)’

(15)

where Am? is the mass-squared difference between the two
neutrinos, and L = ¢(¢; — t;). Note that the dependence on
the ratio Ar/E is explicitly present above.

The top panels of Fig. 2 show the values of the quantum
measures K3 and 6P, in the 2v limit, in the (A, Aj)
plane where A;; = A(E;;). Since A,, corresponds to the
largest time interval, we need A,, > A, making the upper-
left triangles in the contour plots unphysical. The figure
shows that the classical bound of K3 < 1 would be violated in
certain colored ‘islands’ in the parameter space, whereas the
classical value of 6P, = 0 would be violated for much larger
regions of possible (A,g, Ajg) choices.

The bottom panels of Fig. 2 further illustrate that in the
2v limit, the quantum mismatch measure 6P would be a
more efficient probe of nonclassicality.

V. DEFINING THE THREE-FLAVOR
QUANTUM MEASURES

The above discussion implicitly assumes that there are
only two neutrino flavors. However, as neutrinos come in
three flavors (3v), these measures will have to be modified
accordingly.

Since a dichotomic observable Q(z;) is needed for the
LG measure, we shall assign Q(#;) = —1 for all nonmuon
neutrinos, i.e., v, and v,, as depicted in Fig. 3.

If we had the ability to detect all three neutrino flavors,
i.e., if independent measurements of neutrino flavor states
X, Y, and Z were possible, the correlation functions C; and
Cp, would take the same form as before,

Q(t:) U S
(vr) (ve) (¥u)
to=20 E® ce ® A
Cc1 J/al
) b1
E| h 7@ Y @ X
+ bg
C2 a2
ta Fe@ De ®B
FIG. 3. Schematic representation of the states of the system

with three neutrino flavors, starting with v, at 7, = 0.

o =2P; -1,  CY =2pP—1. (16

The correlation function C;,, however, would be

3
€Y = Pix(Pxp—Pxp — Pxr)

~ Y Pu(Pig=Pip—Py)
1=Y.7Z

=142(PyxPxp—PayPyp—PazPz5) —2Psx. (17)

The LG measure K3 can then be calculated using Eq. (5).
In QM, in the absence of any intermediate observation,

Pup = |ayay +byby + cicp*. (18)
The value of K5 would then be
K5 = 1= 4byPlbof? ~ dler Pleo? — 473, (19)
where we have defined the 3v-interference term as

I = Relatasb,b,] + Re[b}bjcicy] + Re[cFcxa ay).
(20)

Clearly, in the absence of the interference terms, the
classical bound of Kém <1 will be always satisfied.

For experiments where all neutrino flavors cannot be
detected, K_S”) as defined above cannot be measured.
However, a modified LG measure, observable at all experi-
ments which can measure the muon-neutrino survival
probability P,,, can be defined as

K3 =€y +Cpp — Cpp. (21)

where C; ; 1s defined as

Cij — 2Pﬂ;¢(ti’ t]) - 1 (22)

This modified definition of LG measure makes it directly
applicable for those long-baseline neutrino experiments
where matter effects are negligible for P,,. We get

K3 =2(Pax + Pxg — Pag) — 1
=1 —4|b1|2|b2|2 —4|Cl|2|6’2|2
—2\b1|2|02|2—2|b2|2|c1|2—4z(3”>- (23)

The 3v-interference term allows the violation of the

classical bound f(g, <1, albeit for a smaller region of

parameter space compared to Ké3”). Thus, K is a practical

LG measure in the three-flavor system of neutrinos. It is

indeed the one implicitly being used in [26,27].
Similarly, if we had the ability to detect all three neutrino

flavors, the quantum mismatch measure would be
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FIG. 4. The modified quantum measures K 3 [top] and 5P [bottom] at DUNE [left], MINOS [middle], and JUNO [right] in the
(Eyg, E|o) plane. The quasi-triangular regions enclosed by the green boundaries indicate the parameter regions where the experiment has
nonzero flux at £}, E,, and E5; [see Eq. (13)]. The solid gray regions outside these green boundaries do not give an allowed E5; value.
The quasitriangular regions enclosed by dashed/solid black boundaries denote energies where the flux is higher. The black and white

regions obey the classical limit. Colored regions correspond to K3 > 1 and SP >0, indicating quantumness. Neutrino parameters are
given in Eq. (26). The spotted features for JUNO are due to the coexistence of atmospheric and solar neutrino oscillations.

3
5P;(my) = Pug — (PaxPxg + PayPyp + PazPzp)
=270, (24)

Though this measure precisely extracts the interference
term that causes violations of classical bounds, it cannot be
calculated for real-world experiments. For experiments
which only observe P,,, we define the modified quantum
mismatch measure

ST)ﬂyEPAB_(PAXPXB+(1_PAX)(1_PXB))
=220 — (|by Plea]® + |baf?|er [7), (25)

where we have used Pyp + Pyp + Pz = 1, which is true
due to probability conservation. In the classical limit, i.e., in

absence of the 3v-interference term, 6P,, < 0. Therefore,

SIv’W > 0 is a clear indicator of quantumness.

Note that the modified measure 6P,, has a classical
upper bound as opposed to the 5P;(3f) which would have
had a fixed value of zero in the classical limit. This may

make gf’W appear to be a less-efficient counterpart of the

two-flavor quantum mismatch measure. However, 5\13”” isa
practical measure that can be determined at real-world
experiments. Moreover, it can be used to probe quantum-
ness for any n-state system, even when the number of states
n is not known.

VI. QUANTUM MEASURES AT NEUTRINO
OSCILLATION EXPERIMENTS

Although the phenomenon of neutrino oscillation is
inherently quantum, the observability of quantumness
depends on the quantum measure employed as well as
the parameters of the experiment. Here, we identify the
energies at which the quantum nature would be observable
through K5 and 8P at neutrino oscillation experiments.

Note that the procedure outlined in Secs. IV and V, which
uses only special relativity and not the explicit quantum
mechanical form neutrino oscillation probabilities, is strictly
valid only in vacuum. While implementing this procedure for
long-baseline experiments, we shall use the survival channel
probability P,, which is not sensitive to matter effects on
neutrino oscillations.'

Note however, that the matter effects themselves are also
quantum in nature and would not appear in the classical
calculations. Therefore, deviations from the classical pre-
dictions due to matter effects would also be a sign of a
nonclassical phenomenon taking place.

In Fig. 4, we show the values of the modified quantum
measures K5 and P in terms of the energies (E,y, Ejg).
The value of E,; can be obtained from Eq. (13). Since

'For example, the difference between the survival probabilities
(P,,,) at DUNE with and without matter effects is less than 0.006
at any energy.
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E,y < E|j, and since all three energies must lie within the
energy range of the experiment, the solid gray regions in
lower-right corners of all panels are not relevant.

For the purpose of illustration, we choose the experiments
DUNE and MINOS which measure P,,, = P(v, = v,,). This
is valid because P, does not have any leading-order matter
contributions [35]. We further analyze the modified quantum
measures through P;; = P(v, — ,) for the reactor anti-
neutrino experiment JUNO, where matter effects are negli-
gible. We take neutrino mixing parameter values consistent
with the global fits [36-39],

Am2 =75x107eV2, Amd =25x107%eV2,
913 — 8.50, 923 — 450, 912 — 33.50, 6CP — —900. (26)

We observe that for DUNE [40], especially in the region
where we expect the maximum neutrino flux, the measure

SP is much better-suited for probing quantumness than K.
The results obtained for T2K/T2HK [41,42] are also quite
similar to this.

For MINOS [43], the modified LG measure k3 is more
efficient. Note that the probe of quantum nature of neutrino
oscillations at MINOS [26] implicitly uses this modified
measure. We also perform the exercise for NOVA [44], and
find that neither of the measures would be efficient in
probing the quantum nature of neutrino oscillations at this
experiment. N

For JUNO [45], 6P is a better measure in the energy
range with higher flux. The energy resolution of the
detector will play a crucial role in determining the observ-
ability of quantumness. Note that the fine pattern seen in
the JUNO plots is a result of the interference between
oscillations due to Am3, and Am3,.

VII. CONCLUDING REMARKS

Tests of violations of classicality—codified by the
combined assumptions of (i) macroscopic realism, (ii) time
translation invariance, (iii) Markovian dynamics, and
(iv) the ability to produce a given state—are instrumental
in probing the fundamental nature of physical systems. In
this work, we introduce the quantum mismatch measure 6P
for detecting quantumness in neutrino oscillations. In the
two-flavor limit, this measure precisely extracts the quan-
tum interference term.

We extend the definitions of the quantum mismatch
measure 0P and the Leggett-Garg measure K5 to the full
three-flavor scenario. In the absence of experiments which
can detect all three neutrino flavors separately, we provide

modified practical definitions of both the measures, 6P and
K, that employ only the neutrino survival probabilities. In
fact, the modified definitions enable us to also probe
systems with an unknown number of states. We further
identify the energies for which the quantum measures can
efficiently probe deviations from classicality, at neutrino
experiments like DUNE, MINOS, and JUNO.

The new quantum mismatch measure 6P is thus a robust,
practical and efficient measure, which would further
advance the quest of probing quantumness at macroscopic
length scales.

ACKNOWLEDGMENTS

We acknowledge support from the Department of
Atomic Energy (DAE), Government of India, under
Project Identification No. RTI4002. We would also like
to thank Kedar Damle, Poonam Mehta, Rajdeep Sensarma,
and Vikram Tripathi for discussions on the Leggett-Garg
Inequality. We thank Basudeb Dasgupta for his insightful
comments and suggestions.

[1] J.S. Bell, On the Einstein-Podolsky-Rosen paradox, Phys.
Phys. Fiz. 1, 195 (1964).

[2] S.J. Freedman and J.F. Clauser, Experimental test of
local hidden-variable theories, Phys. Rev. Lett. 28, 938
(1972).

[3] A. Aspect, J. Dalibard, and G. Roger, Experimental test of
Bell’s inequalities using time varying analyzers, Phys. Rev.
Lett. 49, 1804 (1982).

[4] J.S. Bell, On the problem of hidden variables in quantum
mechanics, Rev. Mod. Phys. 38, 447 (1966).

[5] S. Kochen and E. Specker, The problem of hidden variables
in quantum mechanics, J. Math. Mech. 17, 59 (1968),
https://www.jstor.org/stable/24902153.

[6] A.J. Leggett and A. Garg, Quantum mechanics versus
macroscopic realism: Is the flux there when nobody looks?,
Phys. Rev. Lett. 54, 857 (1985).

[7] C. Emary, N. Lambert, and F. Nori, Leggett—garg inequal-
ities, Rep. Prog. Phys. 77, 016001 (2013).

[8] M. Sajjad Athar et al., Status and perspectives of
neutrino physics, Prog. Part. Nucl. Phys. 124, 103947 (2022).

[9] R. L. Workman et al. (Particle Data Group Collaboration),
Review of particle physics, Prog. Theor. Exp. Phys. 2022,
083CO01 (2022).

[10] M. Blasone, F. Dell’Anno, S. De Siena, and F. Illuminati,
Entanglement in neutrino oscillations, Europhys. Lett. 85,
50002 (2009).

112013-6


https://doi.org/10.1103/PhysicsPhysiqueFizika.1.195
https://doi.org/10.1103/PhysicsPhysiqueFizika.1.195
https://doi.org/10.1103/PhysRevLett.28.938
https://doi.org/10.1103/PhysRevLett.28.938
https://doi.org/10.1103/PhysRevLett.49.1804
https://doi.org/10.1103/PhysRevLett.49.1804
https://doi.org/10.1103/RevModPhys.38.447
https://www.jstor.org/stable/24902153
https://www.jstor.org/stable/24902153
https://www.jstor.org/stable/24902153
https://doi.org/10.1103/PhysRevLett.54.857
https://doi.org/10.1088/0034-4885/77/1/016001
https://doi.org/10.1016/j.ppnp.2022.103947
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1209/0295-5075/85/50002
https://doi.org/10.1209/0295-5075/85/50002

QUANTUM MISMATCH: A POWERFUL MEASURE OF ...

PHYS. REV. D 108, 112013 (2023)

[11] D. Gangopadhyay, D. Home, and A.S. Roy, Probing the
Leggett-Garg inequality for oscillating neutral kaons and
neutrinos, Phys. Rev. A 88, 022115 (2013).

[12] M. Blasone, F. Dell’Anno, S. De Siena, and F. Illuminati, A
field-theoretical approach to entanglement in neutrino mix-
ing and oscillations, Europhys. Lett. 106, 30002 (2014).

[13] A.K. Alok, S. Banerjee, and S.U. Sankar, Quantum
correlations in terms of neutrino oscillation probabilities,
Nucl. Phys. B909, 65 (2016).

[14] S. Banerjee, A. K. Alok, R. Srikanth, and B. C. Hiesmayr, A
quantum information theoretic analysis of three flavor
neutrino oscillations, Eur. Phys. J. C 75, 487 (2015).

[15] E. Nogueira, G. de Souza, A. Varizi, and M. Sampaio,
Quantum estimation in neutrino oscillations, Int. J. Quan-
tum. Inform. 15, 1750045 (2017).

[16] J. Naikoo, A.K. Alok, S. Banerjee, S. Uma Sankar, G.
Guarnieri, C. Schultze, and B.C. Hiesmayr, A quantum
information theoretic quantity sensitive to the neutrino
mass-hierarchy, Nucl. Phys. B951, 114872 (2020).

[17] X.-K. Song, Y. Huang, J. Ling, and M.-H. Yung, Quantify-
ing quantum coherence in experimentally-observed neutrino
oscillations, Phys. Rev. A 98, 050302 (2018).

[18] J. Naikoo, A. Kumar Alok, S. Banerjee, and S. Uma Sankar,
Leggett-Garg inequality in the context of three flavour
neutrino oscillation, Phys. Rev. D 99, 095001 (2019).

[19] F. Ming, X.-K. Song, J. Ling, L. Ye, and D. Wang,
Quantification of quantumness in neutrino oscillations,
Eur. Phys. J. C 80, 275 (2020).

[20] A. Kumar Jha, S. Mukherjee, and B. A. Bambah, Tri-partite
entanglement in neutrino oscillations, Mod. Phys. Lett. A
36, 2150056 (2021).

[21] M. Blasone, S. De Siena, and C. Matrella, Wave packet
approach to quantum correlations in neutrino oscillations,
Eur. Phys. J. C 81, 660 (2021).

[22] A. K. Jha and A. Chatla, Quantum studies of neutrinos on
IBMQ processors, Eur. Phys. J. Special Topics 231, 141
(2022).

[23] X.-Z. Wang and B.-Q. Ma, New test of neutrino oscillation
coherence with Leggett—Garg inequality, Eur. Phys. J. C 82,
133 (2022).

[24] V. A.S. V. Bittencourt, M. Blasone, S. De Siena, and C.
Matrella, Complete complementarity relations for quantum
correlations in neutrino oscillations, Eur. Phys. J. C 82, 566
(2022).

[25] Y.-W. Li, L.-J. Li, X.-K. Song, D. Wang, and L. Ye, Geuine
tripartite entanglement in three-flavor neutrino oscillations,
Eur. Phys. J. C 82, 799 (2022).

[26] J. A. Formaggio, D.I. Kaiser, M. M. Murskyj, and T.E.
Weiss, Violation of the Leggett-Garg inequality in neutrino
oscillations, Phys. Rev. Lett. 117, 050402 (2016).

[27] Q. Fu and X. Chen, Testing violation of the Leggett—Garg-
type inequality in neutrino oscillations of the Daya Bay
experiment, Eur. Phys. J. C 77, 775 (2017).

[28] S. Shafaq and P. Mehta, Enhanced violation of Leggett—
Garg inequality in three flavour neutrino oscillations via
non-standard interactions, J. Phys. G 48, 085002 (2021).

[29] S. Shafaq, T. Kushwaha, and P. Mehta, Investigating
Leggett-Garg inequality in neutrino oscillations—role of
decoherence and decay, arXiv:2112.12726.

[30] R.P. Feynman, Simulating physics with computers, Int. J.
Theor. Phys. 21, 467 (1982).

[31] D. Sokolovski and S. A. Gurvitz, Paths, negative probabil-
ities, and the Leggett-Garg inequalities, Sci. Rep. 9, 7068
(2019).

[32] M. Blasone, F. Illuminati, L. Petruzziello, K. Simonov, and
L. Smaldone, No-signaling-in-time as a condition for
macrorealism: The case of neutrino oscillations, Eur. Phys.
J. C 83, 688 (2023).

[33] L. Wolfenstein, Neutrino oscillations in matter, Phys. Rev. D
17, 2369 (1978).

[34] S.P. Mikheyev and A. Y. Smirnov, Resonance amplification
of oscillations in matter and spectroscopy of solar neutrinos,
Sov. J. Nucl. Phys. 42, 913 (1985).

[35] E. K. Akhmedov, R. Johansson, M. Lindner, T. Ohlsson,
and T. Schwetz, Series expansions for three flavor neutrino
oscillation probabilities in matter, J. High Energy Phys. 04
(2004) 078.

[36] P.FE. de Salas, D. V. Forero, S. Gariazzo, P. Martinez-Miravé,
O. Mena, C. A. Ternes, M. Toértola, and J. W. F. Valle, 2020
global reassessment of the neutrino oscillation picture,
J. High Energy Phys. 02 (2021) 071.

[37] I. Esteban, M. C. Gonzalez-Garcia, M. Maltoni, T. Schwetz,
and A. Zhou, The fate of hints: Updated global analysis of
three-flavor neutrino oscillations, J. High Energy Phys. 09
(2020) 178.

[38] F. Capozzi, E. Di Valentino, E. Lisi, A. Marrone, A.
Melchiorri, and A. Palazzo, Unfinished fabric of the three
neutrino paradigm, Phys. Rev. D 104, 083031 (2021).

[39] NuFIT 5.2 (2022), http://www.nu-fit.org.

[40] B. Abi et al. (DUNE Collaboration), Long-baseline neutrino
oscillation physics potential of the DUNE experiment,
Eur. Phys. J. C 80, 978 (2020).

[41] K. Abe et al. (T2K Collaboration), The T2K experiment,
Nucl. Instrum. Methods Phys. Res., Sect. A 659, 106
(2011).

[42] K. Abe et al. (Hyper-Kamiokande Proto- Collaboration),
Physics potential of a long-baseline neutrino oscillation
experiment using a J-PARC neutrino beam and Hyper-
Kamiokande, Prog. Theor. Exp. Phys. 2015, 053C02
(2015).

[43] P. Adamson et al. (MINOS Collaboration), Combined
analysis of v, disappearance and v, — v, appearance in
MINOS using accelerator and atmospheric neutrinos, Phys.
Rev. Lett. 112, 191801 (2014).

[44] M. A. Acero et al. (NOvA Collaboration), First measure-
ment of neutrino oscillation parameters using neutrinos
and antineutrinos by NOVA, Phys. Rev. Lett. 123,
151803 (2019).

[45] F. An et al. JUNO Collaboration), Neutrino physics with
JUNO, J. Phys. G 43, 030401 (2016).

112013-7


https://doi.org/10.1103/PhysRevA.88.022115
https://doi.org/10.1209/0295-5075/106/30002
https://doi.org/10.1016/j.nuclphysb.2016.05.001
https://doi.org/10.1140/epjc/s10052-015-3717-x
https://doi.org/10.1142/S0219749917500459
https://doi.org/10.1142/S0219749917500459
https://doi.org/10.1016/j.nuclphysb.2019.114872
https://doi.org/10.1103/PhysRevA.98.050302
https://doi.org/10.1103/PhysRevD.99.095001
https://doi.org/10.1140/epjc/s10052-020-7840-y
https://doi.org/10.1142/S0217732321500565
https://doi.org/10.1142/S0217732321500565
https://doi.org/10.1140/epjc/s10052-021-09471-4
https://doi.org/10.1140/epjs/s11734-021-00358-9
https://doi.org/10.1140/epjs/s11734-021-00358-9
https://doi.org/10.1140/epjc/s10052-022-10053-1
https://doi.org/10.1140/epjc/s10052-022-10053-1
https://doi.org/10.1140/epjc/s10052-022-10508-5
https://doi.org/10.1140/epjc/s10052-022-10508-5
https://doi.org/10.1140/epjc/s10052-022-10759-2
https://doi.org/10.1103/PhysRevLett.117.050402
https://doi.org/10.1140/epjc/s10052-017-5371-y
https://doi.org/10.1088/1361-6471/abff0d
https://arXiv.org/abs/2112.12726
https://doi.org/10.1007/BF02650179
https://doi.org/10.1007/BF02650179
https://doi.org/10.1038/s41598-019-43528-5
https://doi.org/10.1038/s41598-019-43528-5
https://doi.org/10.1140/epjc/s10052-023-11870-8
https://doi.org/10.1140/epjc/s10052-023-11870-8
https://doi.org/10.1103/PhysRevD.17.2369
https://doi.org/10.1103/PhysRevD.17.2369
https://doi.org/10.1088/1126-6708/2004/04/078
https://doi.org/10.1088/1126-6708/2004/04/078
https://doi.org/10.1007/JHEP02(2021)071
https://doi.org/10.1007/JHEP09(2020)178
https://doi.org/10.1007/JHEP09(2020)178
https://doi.org/10.1103/PhysRevD.104.083031
http://www.nu-fit.org
http://www.nu-fit.org
http://www.nu-fit.org
https://doi.org/10.1140/epjc/s10052-020-08456-z
https://doi.org/10.1016/j.nima.2011.06.067
https://doi.org/10.1016/j.nima.2011.06.067
https://doi.org/10.1093/ptep/ptv061
https://doi.org/10.1093/ptep/ptv061
https://doi.org/10.1103/PhysRevLett.112.191801
https://doi.org/10.1103/PhysRevLett.112.191801
https://doi.org/10.1103/PhysRevLett.123.151803
https://doi.org/10.1103/PhysRevLett.123.151803
https://doi.org/10.1088/0954-3899/43/3/030401

