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Given a model for self-dual nonlinear electrodynamics in four spacetime dimensions, any deformation of
this theory which is constructed from the duality-invariant energy-momentum tensor preserves duality
invariance. In this work we present new proofs of this known result and also establish a previously
unknown converse: any parametrized family of duality-invariant Lagrangians, all constructed from an
Abelian field strength Fμν but not its derivatives, is related by a generalized stress tensor flow, in a sense
which we make precise. We establish this and other properties of stress tensor deformations of theories of
nonlinear electrodynamics using both a conventional Lagrangian representation and using two auxiliary
field formulations. We analyze these flows in several examples of duality-invariant models including the
Born-Infeld and ModMax theories, and we derive a new auxiliary field representation for the two-
parameter family of ModMax-Born-Infeld theories. These results suggest that the space of duality-invariant
theories may be characterized as a subspace of theories of electrodynamics with the property that all tangent
vectors to this subspace are operators constructed from the stress tensor.
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I. INTRODUCTION

Adeeper understanding of the phenomenon of duality has
been a remarkable source of progress in theoretical physics.
Broadly speaking, a duality is any correspondence in which
there exist two—seemingly different—descriptions of the
same physical system.
One general mechanism by which such correspondences

emerge is strong-weak duality. This term often refers to the
S-duality of type IIB string theories [1–3] in which the
axio-dilaton τ ¼ C0 þ i

gs
transforms via an SLð2;ZÞ trans-

formation; the closely related Montonen-Olive duality [4]
involves a similar transformation on the complex coupling
τ ¼ θ

2π þ 4πi
g2 in 4d supersymmetric gauge theories. This

class of strong-weak or electric-magnetic dualities general-
ize the electromagnetic duality of Maxwell’s equations,

which form the simplest and earliest example within this
class, and which will be the focus of the present work.
The basic observation of electromagnetic duality is that,

in the presence of both electric sources jμe and magnetic
sources jμm, the equations of motion for the Maxwell
theory are

∂νFμν ¼ jμe ; ∂νF̃μν ¼ jμm; ð1:1Þ

where F̃μν ¼ 1
2
ϵμνρσFρσ is the Hodge dual of Fμν.

The Eq. (1.1) are invariant under the simultaneous
replacements,

Fμν→ F̃μν; F̃μν→−Fμν; jμe → jμm; jμm→−jμe : ð1:2Þ

This duality transformation (1.2) exchanges both electric
and magnetic fields, along with electric and magnetic
sources. For instance, point electric charges are traded
for magnetic monopoles, and vice versa, under this map.
This makes it straightforward to see why such a trans-
formation is also referred to as a strong-weak duality. By
the Dirac quantization condition, the magnetic coupling
constant is the inverse of the electric coupling; the latter is
the usual fine structure constant. Thus we conventionally
think of an electric charge as a weakly coupled particle
and a magnetic monopole as a strongly coupled soliton.
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The duality (1.2) therefore interchanges a weak-coupling
object with a strong-coupling object.
In general, a duality relates a pair of descriptions in two

different theories. Because the couplings are part of the data
that define a physical theory, the strong-weak duality
exchanging electrically charged particles and magnetic
monopoles can be viewed as a correspondence beween a
theory with coupling g and a theory with coupling 1

g.
1

However, in special cases a duality transformation relates
two instances of the same physical theory. Such a theory is
said to be self-dual. One example is the vacuum Maxwell
theory, which corresponds to the equations of motion (1.1)
with jμe ¼ jμm ¼ 0. In this case, there are no coupling
constants for either electrically charged particles or mag-
netically charged monopoles, and thus the duality trans-
formation (1.2) simply exchanges the electric and magnetic
fields with no further modifications.
Self-duality is a form of enhanced symmetry that a

particular theory might enjoy which imposes additional
constraints. For instance, the electric-magnetic duality of
the Maxwell theory implies a certain statement of helicity
conservation [7]. A great deal of previous work has been
devoted to studying the self-duality of theories of nonlinear
electrodynamics; see for instance [8–15] and references
therein. It is therefore of great interest to characterize which
other theories exhibit self-duality, and to better understand
the interplay between self-duality and other properties.
More precisely, by “self-dual nonlinear electrodynam-

ics” we understand Uð1Þ duality-invariant nonlinear exten-
sions of Maxwell’s theory. Self-duality under Uð1Þ duality
rotations implies self-duality under a Legendre transforma-
tion [11]. In order for a theory with Lagrangian LðFÞ to
possess Uð1Þ duality invariance, the Lagrangian must
satisfy the so-called self-duality equation [9–11,16],2

FμνF̃μν þ GμνG̃μν ¼ 0; G̃μν ¼ 2
∂L
∂Fμν : ð1:3Þ

The formalism of [8–11] was extended to duality-invariant
theories with higher derivatives [13],3 as well as to the
case of general Uð1Þ duality-invariant N ¼ 1 and N ¼ 2
supersymmetric theories [13,21]. For a comprehensive
review of these and related developments, see [13,17]. In
this paper our analysis is restricted to self-dual models for
nonlinear electrodynamics without higher derivatives.
Quite generally, a useful way to understand any desirable

feature of a physical system is to study its behavior
under deformations. For instance, one might begin with

a self-dual theory of electrodynamics such as Maxwell—
we will also refer to such theories as duality-invariant—and
ask whether the property of duality-invariance is preserved
under some class of deformations.
This brings us to the second broad topic of this work,

which is deformations of field theories that are constructed
from the energy-momentum tensor. At the classical level,
we define such a deformation via a differential equation of
the form,

∂LðλÞ

∂λ
¼ OðTðλÞ

μν ; λÞ; ð1:4Þ

where the object OðTðλÞ
μν ; λÞ is any Lorentz scalar con-

structed from the Hilbert stress tensor4 associated with the
theory LðλÞ. The latter is defined by

TðλÞ
μν ¼ −2

∂LðλÞ

∂gμν
þ gμνLðλÞ: ð1:5Þ

Beginning from an initial condition Lðλ¼0Þ ¼ L0, which
we refer to as the seed theory, the solution to the differential
equation (1.4) produces a one-parameter family of
Lagrangians labeled by a flow parameter λ.
The most famous flow equation of this form is the TT̄

deformation of two-dimensional quantum field theories,
which was introduced in [22] and further explored in
[23,24]. This TT̄ operator, which in two dimensions is
proportional to the determinant of the energy-momentum
tensor, has the remarkable property that it can be used to
define not only a classical flow equation for the
Lagrangian, but even a fully quantum mechanical defor-
mation of a 2d QFT. The definition of the quantum TT̄
deformation relies on the fact that the coincident point
limit,

OTT̄ðxÞ ¼ lim
y→x

ðTμνðxÞTμνðyÞ − Tμ
μðxÞTν

νðyÞÞ; ð1:6Þ

defines a local operator in the spectrum of any translation-
invariant two-dimensional quantum field theory, up to total
derivative ambiguities, as shown in [22].
Although the combination of stress tensors appearing

in (1.6) has dimension 4, and is thus irrelevant in the
Wilsonian sense, surprisingly this deformation is still
solvable in that one can often compute quantities in the
deformed theory at finite λ. Examples include the deformed
finite-volume spectrum [23,24], S-matrix [25], and torus
partition function [26–28]; each of these observables
admits some relation between the quantity in the deformed
theory at finite λ and the seed theory at λ ¼ 0. Another

1Likewise, the Montonen-Olive duality of super-Yang-Mills
relates a theory with one choice of the coupling g and theta angle
θ to a theory with different values of these two parameters [5,6].

2The terminology “self-duality equation” was introduced by
Gaillard and Zumino [11].

3Further aspects of duality-invariant theories with higher
derivatives were studied, e.g., in [17–20].

4We will use the terms “energy-momentum tensor,”
“stress-energy tensor,” and “stress tensor” interchangeably to
refer to this object.
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property of the TT̄ flow is that it often preserves sym-
metries and other desirable features of the seed theory,
such as integrability [23,29] and supersymmetry [30–38].
See [39] for a review of other results concerning TT̄
deformations.
In spacetime dimensions d > 2, it is not known how to

define an analogue of the local TT̄ operator at the quantum
level; discussions of possible generalizations can be found
in [40,41]. However, one might hope to find clues about
potentially interesting operators by investigating purely
classical flows for the Lagrangian which take the form
(1.4). One reason to expect that this might be useful is that
the analogous classical flows in d ¼ 2 also exhibit inter-
esting structures. For instance, the classical TT̄ flow
equation deforms the seed theory of a single free scalar
field in d ¼ 2 into the theory of a gauge-fixed Nambu-Goto
string in a three-dimensional target space [24]. Likewise, in
four spacetime dimensions, the classical flow equation,

∂LðλÞ

∂λ
¼ 1

8

�
TμνTμν −

1

2
ðTμ

μÞ2
�
; ð1:7Þ

with a seed theory corresponding to the Maxwell
Lagrangian, L0 ¼ − 1

4
FμνFμν, has a solution which is

the Born-Infeld theory describing the effective gauge
dynamics on a brane [42]. This is a hint that stress tensor
deformations appear to be related to theories of strings and
branes.5

A similar classical flow equation can be defined which
deforms the Maxwell theory into the Born-Infeld theory in
d ¼ 3, or which deforms a free scalar into the Nambu-Goto
action in any spacetime dimension [48]. However, these
more general flow equations require a new ingredient: one
must also introduce an object of the form,

R ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

d
TμνTμν −

1

d2
ðTμ

μÞ2
r

: ð1:8Þ

When d ¼ 2, this combination (1.8) reduces to the root-TT̄
operator introduced in [49]; related work can be found
in [50–52]. Unlike the irrelevant TT̄ operator, the root-T2

operatorR is classically marginal. It appears to enjoy some
of the desirable features of the TT̄ deformation, such as
preserving classical integrability for certain 2dmodels [53],
although it is not known whether the 2d root-TT̄ operator
can be defined at the quantum level.6 However, our primary

motivation for studying the combination (1.8) is that it
can be used to build flow equations which lead to
interesting classical actions. For instance, solving the flow
equation,

∂LðγÞ

∂γ
¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TμνTμν −

1

4
ðTμ

μÞ2
r

; ð1:9Þ

with a Maxwell seed, which is a deformation by R in
d ¼ 4, gives a solution,

LModMax ¼ −
1

4
coshðγÞFμνFμν

þ 1

4
sinhðγÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðFμνFμνÞ2 þ ðFμνF̃μνÞ2

q
; ð1:10Þ

which is the Modified Maxwell or ModMax theory
introduced in [57]. This ModMax theory is of considerable
interest because it is the unique conformally invariant
and electromagnetic duality-invariant extension7 of the
4d Maxwell theory.8 Several related ModMax-like theories
have also been studied, including a supersymmetric
extension [58,60], a two-parameter family of ModMax-
Born-Infeld theories and 6d tensor analogues [61], a
(0þ 1)-dimensional ModMax-like harmonic oscillator
[62–64], and a supersymmetric nonlinear sigma model
whose Lagrangian has a structure similar to that of
ModMax [65].9

The relationship between stress tensor flows and these
various theories of nonlinear electrodynamics has, to some
degree, already been explored in several works [66–70].
However, one point merits further investigation, which
brings us back to our preceding discussion on duality
invariance. All of the theories of electrodynamics that
we have discussed here—Born-Infeld, ModMax, and
ModMax-Born-Infeld—are special insofar as they are
invariant under electric-magnetic duality transformations.
One might have expected this property because all of these
theories can be realized as stress tensor deformations of the
Maxwell theory. Because the Maxwell theory is electro-
magnetic duality invariant, and the energy-momentum
tensor of a self-dual theory is also a duality-invariant
quantity, it seems natural that any stress tensor flow will
also preserve duality invariance. Indeed this is the case,

5There is another connection between little string theory and
the single trace TT̄ operator of [43–45], whose properties such as
the deformed spectrum can be understood holographically via a
gravity analysis [46,47].

6A proposed flow equation for the finite-volume spectrum of a
2d CFT deformed by root-TT̄, which would represent a quantum
result, was presented in [54] based on a holographic analysis
similar to that of [55,56].

7The program to combine Uð1Þ duality invariance withN ¼ 2
superconformal symmetry was put forward in 2000 [21]. It was
completed in [58], where the N ¼ 2 superconformal Uð1Þ
duality-invariant model was proposed to describe the low-energy
effective action for N ¼ 4 super-Yang-Mills theory. In the
N ¼ 0 and N ¼ 1 cases, nonlinear Uð1Þ duality-invariant
(super)conformal theories do not possess a weak field limit.

8See [59] for an instructive set of lectures on theories of
nonlinear electrodynamics, including ModMax.

9This duality-invariant supersymmetric σ-model is known as
the MadMax σ-model [65].
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as was pointed out in [68] and will be reviewed in the
present work.
This motivates a more detailed study of the relationship

between the two topics that we have discussed in this
Introduction, namely duality invariance and stress tensor
deformations. For example, one might ask whether every
duality-preserving deformation of a self-dual theory of
electrodynamics is also a stress tensor deformation. We will
see that this is the case, at least for theories without higher-
derivative interactions. It is also natural to wonder whether
the interplay between stress tensor flows and duality
invariance can be made more transparent using an auxiliary
field formulation which makes self-duality manifest, and
we will explore this topic as well. Together these results
paint a picture which suggests a deeper connection between
deformations driven by conserved quantities and various
notions of self-duality, and one might hope that some of
these insights generalize to other instances of strong-weak
duality.
The layout of this paper is as follows. In Sec. II, we

review various properties of TT̄ flows in 4d duality-
invariant theories of electrodynamics and prove that defor-
mations of such theories by duality-invariant functions
(such as those constructed from the stress tensor) preserve
duality invariance. Section III reviews the two auxiliary
field formulations, referred to as the ν and μ representa-
tions, which were introduced by Ivanov and Zupnik in [71]
and that we employ in this paper. In Sec. IV, we obtain
expressions for components of the stress tensor of duality-
invariant theories in the ν and μ representations; these
expressions can be used to define generic flow equations.
Section V shows that parametrized families of duality-
invariant theories in the auxiliary field representations
satisfy stress tensor flow equations “almost everywhere”
(that is, away from a set of measure zero). We collect
several examples of flows for duality-invariant theories in
Sec. VI, and present a new μ-frame definition of the
ModMax-Born-Infeld theory. Finally, in Sec. VII we
conclude and identify directions for future research. The
details of various technical computations have been
included in the Appendix.

II. SELF-DUAL NONLINEAR
ELECTRODYNAMICS AND TT̄-LIKE FLOWS

In this section we consider a generic theory of nonlinear
electrodynamics described by a Lagrangian L ¼ LðFμνÞ
with Fμν ¼ ð∂μAν − ∂νAμÞ being the field strength for an
Abelian gauge field Aμ. Note that we do not consider
higher-derivative Lagrangians where L could have func-
tional dependence on derivatives of Fμν. One of the main
aims of our paper is to understand how electric-magnetic
duality invariance behaves in general under the flow
equation (1.4). Our analysis links this problem to TT̄-like
flows.

A. Generalities

Generic models of our interest can be parametrized
in terms of Lorentz invariant Lagrangians of the form
L ¼ LðS; PÞ with10

S ¼ −
1

4
FμνFμν; P ¼ −

1

4
FμνF̃μν; F̃μν ¼ 1

2
ϵμνλτFλτ:

ð2:1Þ

It is well-known that only two independent real Lorentz
invariant combinations of Fμν can be constructed, and these
can be efficiently described by the two quadratic combi-
nations S and P given above.11 Alternatively, one could use
the following two Lorentz invariant combinations of Fμν:

x1 ¼ FμνFνμ ¼ trðF2Þ; x2 ¼ FμσFσ
νFν

ρFρμ ¼ trðF4Þ;
ð2:2Þ

which are related to S and P as

x1 ¼ 4S; x2 ¼ 4P2 þ 8S2 ⇔ S ¼ 1

4
x1;

P ¼ � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 −

1

2
ðx1Þ2

r
: ð2:3Þ

It is clear that one could use L ¼ LðS; PÞ or L ¼ Lðx1; x2Þ
as long as one imposes the physical conditions x2 ≥ 1

2
ðx1Þ2,

x1 ∈ R.
We are interested in families of Lorentz invariant

Lagrangians that can be parametrized as LðλÞ ¼ LðS; P; λÞ
or equivalently LðλÞ ¼ Lðx1; x2; λÞ, with λ being, in general,
a dimensionful coupling constant and with LðλÞ being
differentiable with respect to λ, so that there exists a flow
equation,

∂LðλÞ

∂λ
≔ OðλÞ: ð2:4Þ

Once more, we stress that the operatorO could be expressed
as OðλÞ ¼ OðS; P; λÞ or OðλÞ ¼ Oðx1; x2; λÞ.
The equation above can be interpreted geometrically as

the statement that the operatorOðλÞ is the tangent vector to a

10Gaillard and Zumino [11] worked with the invariants α ¼ −S
and β ¼ −P, and the same variables were also used in [13]. Our
notation (2.1) follows [57].

11For the matrices F ¼ ðFμ
νÞ and F̃ ¼ ðF̃μ

νÞ, the following
identities hold [72]: FF̃ ¼ F̃F ¼ P1 and FF − F̃ F̃ ¼ 2S1,
which allow one to express any invariant of the electromagnetic
field in terms of S and P. In particular, these identities imply that
F4 − 2SF2 − P21 ¼ 0 and ðF�Þ2 ¼ 1

2
ðS� iPÞ1, where we have

introduced F� ¼ 1
2
ðF � iF̃Þ. Therefore, the eigenvalues of F are:

� 1ffiffi
2

p ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sþ iP

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
S − iP

p Þ and � 1ffiffi
2

p ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sþ iP

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
S − iP

p Þ.
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curve in the space of theories, where the points on this
curve are the Lagrangians LðλÞ. Given a specific choice of
OðλÞ, the same equations can, in principle, be integrated to
obtain LðλÞ. This is the same logic used to define models
through TT̄-like flows. These are formally defined as flow
equations of the form (2.4) in the special case where the
operator is only a function of the energy-momentum tensor

Tμν, so that OðλÞ ¼ OðTðλÞ
μν ; λÞ. In fact, a parametrization in

terms of the energy-momentum tensor is preferable: it
allows us to interpret the tangent vector to the curve as a
function only of a particular theory LðλÞ, rather than
depending on the Lorentz invariant kinematic combina-
tions of the electromagnetic field strength in a theory-
independent way.
To study classical flow equations, in our paper, we will

define TðλÞ
μν to be the Hilbert energy-momentum tensor

computed from the Lagrangian LðλÞ. A straightforward
calculation shows that for a generic Lagrangian L ¼
LðFμνÞ the stress tensor is

Tμν ¼ ημνL − 4
∂L
∂x1

F2
μν − 8

∂L
∂x2

F4
μν; ð2:5Þ

with

F2
μν ≔ Fμ

ρFρν; F4
μν ≔ Fμ

ρFρ
τFτ

σFσν: ð2:6Þ

Here, for convenience, we have used in Eq. (2.5) the
parametrization of L in terms of x1 and x2, though it is
trivial to express the result in terms of LðS; PÞ and its
derivatives with respect to S and P together with the
combinations F2

μν and F4
μν.

In classifying generic TT̄-like operators, OðTμνÞ, it is
useful to identify a basis of Lorentz invariant real scalars
obtained from the energy-momentum tensor. For generic
Lagrangians LðFμνÞ, it suffices to consider the trace of Tμν

and the trace of its square,

Θ ¼ 4

�
L − x1

∂L
∂x1

− 2x2
∂L
∂x2

�
; ð2:7aÞ

T2 ¼ 16x2

�
∂L
∂x1

�
2

− 8x1ðx21 − 6x2Þ
∂L
∂x1

∂L
∂x2

þ 16

�
x22 þ x21x2 −

1

4
x41

��
∂L
∂x2

�
2

− 8L
�
x1

∂L
∂x1

þ 2x2
∂L
∂x2

�
þ 4L2: ð2:7bÞ

Here, we have introduced the notation,

Θ ≔ Tμ
μ; T2 ≔ TμνTμν: ð2:8Þ

For theories based on a single Abelian gauge field, traces of
more than four field strengths Fμν are functions of x1 and x2
only. For this reason, traces of the product of more than two
Tμν (e.g. Tμ

νTν
ρTρ

μ) are not independent structures—see
for example the discussion in Chap. 7 of [73]. This fact
shows that, for this class of Lorentz invariant models, a
TT̄-like flow equation is always going to be of the form,

∂LðλÞðx1; x2Þ
∂λ

¼ OðλÞðTμνÞ ¼ OðλÞðΘ; T2Þ ¼ OðλÞðx1; x2Þ;
ð2:9Þ

indicating that these flows are always associated with
partial differential equations for functions of x1, x2 and
of the parameter λ (or of many parameters λi, i ¼ 1;…; n, if
the Lagrangian has several deformations).
Equation (2.9) could equivalently be expressed as a

closed equation in S, P and λ. In fact, the Eq. (2.7) simplify
when expressed in terms of LðλÞ ¼ LðS; P; λÞ. One finds

Θ ¼ 4ðL − PLP − SLSÞ; ð2:10aÞ

T2 ¼ 4ðS2 þ P2ÞL2
S þ 4ðL − PLP − SLSÞ2; ð2:10bÞ

where we have started to use the notation LS ≔ ∂L
∂S,

LP ≔ ∂L
∂P, LSP ≔ ∂

2L
∂S∂P, etc. Interestingly, Eq. (2.10b) shows

that, for physically relevant models where LS ≠ 0 (such as
Maxwell theory and its deformations), T2 is a non-negative
number. Moreover, we see that there is a particularly
interesting combination given by the trace in Lorentz
indices of the square of the traceless part of the energy-
momentum tensor,

T̂2 ≔ T̂μνT̂μν ¼ 4ðS2 þ P2ÞL2
S; T̂μν ¼ Tμν −

1

4
ημνΘ;

ð2:11Þ

which is also non-negative, T̂2 ≥ 0. In the following, wewill
often use Θ and T̂2 to parametrize the operator of a general
TT̄-like deformation O ¼ OðTμν; λÞ ¼ OðΘ; T̂2; λÞ.
Note that the Eq. (2.10) define the two Lorentz invariants

built from Tμν as functions of S and P, so ðΘ; T2Þ ¼
ðΘðS; PÞ; T2ðS; PÞÞ. This can be interpreted as a change of
variables from ðS; PÞ to ðΘ; T2Þ. The Jacobian matrix for
this transformation is

J ¼
"

∂Θ
∂S

∂Θ
∂P

∂T2

∂S
∂T2

∂P

#
: ð2:12Þ

For a generic function LðS; PÞ, J is nondegenerate, and
one can locally invert the change of coordinates as
ðS; PÞ ¼ ðSðΘ; T2Þ; PðΘ; T2ÞÞ. This fact is however mis-
leading since the most interesting physical models
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(including Maxwell theory, all self-dual models, and all
TT̄-like flows connected to Maxwell) fail to have an
invertible map of this type. In fact, it is straightforward
to show that, if the Lagrangian LðS; PÞ satisfies the self-
duality equation (1.3),

L2
S −

2S
P

LSLP − L2
P ¼ 1; ð2:13Þ

then the Jacobian (2.12) for this transformation satisfies

detðJÞ ¼ 0: ð2:14Þ
The details of this calculation have been relegated to the
Appendix A 3. The vanishing of this Jacobian determinant
implies that, in duality-invariant theories, there exists a
functional relation of the form,

gðΘðS; PÞ; T2ðS; PÞÞ ¼ 0; ð2:15Þ
for some function g. This means that, locally, one of the
functions Θ; T2 can be written in terms of the other (under
mild assumptions on the partial derivatives of the function
g). In the second part of this paper we will see more clearly
what form the function g takes for self-dual nonlinear
electrodynamics formulated in terms of auxiliary fields.
Having introduced various preliminary material, we now

focus on understanding how electric-magnetic duality
invariance behaves under flows.

B. Duality-invariant theories

Electric-magnetic duality in its most basic setting is a
symmetry of the equations of motion of free Maxwell
theory which is realized as a Z4 transformation that acts on
the field strength and its dual as

Fμν → F̃μν; F̃μν → −Fμν;

⇒ Fμν þ iðF̃μνÞ → ei
3π
2 ðFμν þ iðF̃μνÞÞ; ð2:16Þ

where the Hodge dual is defined as

F̃μν ¼ 1

2
εμνρτFρτ: ð2:17Þ

This can be elevated to a continuous Uð1Þ transformation,
instead of a discrete Z4 action. A theory with Lagrangian
LðFμνÞ is Uð1Þ electric-magnetic duality invariant if
the following duality rotation preserves its equations of
motion:

δαFμν ¼ αGμνðFÞ; G̃μν ¼ 2
∂L
∂Fμν ;

Gμν ¼ −
1

2
εμνρτG̃

ρτ; ð2:18Þ

with α being a real constant parameter. The Lagrangian is
generally not invariant under the transformation (2.18).

Once more, a prototypical example is Maxwell’s theory
with L ¼ S. However, the Euler-Lagrange equations
associated with a generic Lorentz invariant Lagrangian
L ¼ LðS; PÞ respect electric-magnetic duality rotations if
Eq. (2.13) holds [8].
Given a duality-invariant theory, it is possible to construct

large classes of invariant functions which play an important
role in our discussion and physically describe observables of
self-dual theories. For example, the combination [10,11],

L −
1

4
F · G̃; F · G̃ ≔ FμνG̃μν; ð2:19Þ

is duality-invariant. A short calculation shows that the
previous quantity is proportional to the trace of the energy-
momentum tensor,

L −
1

4
F · G̃ ¼ L − SLS − PLP ¼ 1

4
Θ; ð2:20Þ

where the reader should compare with Eq. (2.10a). In fact,
it was proven in [8–11] that the energy-momentum tensor
of a duality-invariant theory is duality invariant, a fact that
we will extensively use in the following discussion. This is
a simple corollary of the fact that the derivative of L with
respect to a duality-invariant parameter is duality invariant
[10,11]. An instructive example is obtained as follows. If
LðFμνÞ is a solution of the self-duality equation (1.3), then

LðgÞðFμνÞ ≔
1

g2
LðgFμνÞ; g ∈ Rþ; ð2:21Þ

is also a solution of the self-duality equation (1.3) in whichL
is replaced withLðgÞ [13]. According to [10,11], the operator
∂LðgÞ=∂g is duality invariant. Direct calculations give

∂LðgÞ

∂g
¼ −

1

2g
ΘðgÞ: ð2:22Þ

Now, let LðS; PÞ be the Lagrangian of a Uð1Þ duality-
invariant electrodynamics theory. We introduce a one
parameter family of deformed theories LðλÞðS; PÞ ≔
LðS; P; λÞ defined to satisfy the flow (2.4) with the
boundary condition Lð0ÞðS; PÞ ¼ LðS; PÞ for some given
operator OðS; P; λÞ. We initially do not make further
assumptions on LðλÞðS; PÞ. A natural question to ask is
under which conditions the whole family of theories given
by LðλÞ is duality invariant if Lð0Þ is duality invariant.
Remarkably, the following theorem holds:
Theorem 1. Consider a family of theories satisfying the

differential equation and boundary condition,

∂LðλÞðS; PÞ
∂λ

≔ OðλÞðS; PÞ ¼ OðS; P; λÞ;
Lð0ÞðS; PÞ ¼ LðS; PÞ; ð2:23Þ
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with OðS; P; λÞ being a Uð1Þ duality-invariant function,

δðλÞα OðS; P; λÞ ¼ 0.12 If the Lagrangian LðS; PÞ describes a
Uð1Þ duality-invariant theory satisfying (2.18), then all
theories associated with the Lagrangians LðλÞðS; PÞ are
duality invariant.
The first discussion of this property was given in [68],

where it was stated that if OðS; P; λÞ ¼ OðTðλÞ
μν ; λÞ then the

whole flow of theories is duality invariant—said differently,
TT̄-like flows preserveUð1Þ-duality invariance. The proof in
[68] was sketched, and we provide more detail in our current
paper’s Appendix. Note that, since the stress tensor obeys

δðλÞα TðλÞ
μν ¼ 0, any operator OðλÞ ¼ OðTðλÞ

μν ; λÞ that is only a
function of the energy-momentum tensor evaluated from the
Lagrangian LðλÞ and of the parameter λ is a Uð1Þ duality-
invariant function. Here, we provide an alternative derivation
in the case inwhichOðλÞðS; PÞ ¼ OðS; P; λÞ is assumed to be
aUð1Þ duality-invariant function, and then later we comment
on how any invariant function has to be a function of the

energy-momentum tensor: OðS; P; λÞ ¼ OðTðλÞ
μν ; λÞ.

A crucial assumption in the theorem is that O is a
duality-invariant function. This means that it has to satisfy

LðλÞ
S OðλÞ

S −
S
P
ðLðλÞ

P OðλÞ
S þ LðλÞ

S OðλÞ
P Þ − LðλÞ

P OðλÞ
P ¼ 0: ð2:24Þ

This differential equation arises by imposing

δðλÞα OðS;P;λÞ¼ 0; with δðλÞα Fμν¼αGðλÞ
μν ; G̃ðλÞ

μν ¼ 2
∂LðλÞ

∂Fμν ;

ð2:25Þ

and explicitly computing

δðλÞα OðλÞ ¼ 2αðPLðλÞ
S OðλÞ

S − SLðλÞ
P OðλÞ

S − SLðλÞ
S OðλÞ

P

− PLðλÞ
P OðλÞ

P Þ: ð2:26Þ

Note that Eq. (2.24) was already used in [68] (with OðλÞ

denoted by f) to analyze duality-invariance in TT̄-like
flows; see also the Appendix.
Proof. Let us now assume that OðλÞ is a duality-invariant

function and prove the theorem. Due to this assumption and
Eq. (2.23), by construction it follows that

0 ¼ δðλÞα ∂λLðλÞ ¼ ∂λδ
ðλÞ
α LðλÞ ¼ α

2
∂λðG̃ðλÞ ·GðλÞÞ

¼ α

2
∂λðG̃ðλÞ · GðλÞ þ F̃ · FÞ; ð2:27Þ

and hence,

∂λðG̃ðλÞ · GðλÞ þ F̃ · FÞ ¼ 0: ð2:28Þ

The expression in parentheses is an integral of motion for
the λ flow. Importantly, its value can be evaluated at λ ¼ 0,
where it can be shown to be equal to zero. As a result,

G̃ðλÞ ·GðλÞ þ F̃ · F ¼ 0; ð2:29Þ

along the whole solution of (2.23). Let us compute the
previous expression explicitly,

GðλÞ
μν ¼ F̃μνL

ðλÞ
S − FμνL

ðλÞ
P ; ð2:30aÞ

GðλÞ · G̃ðλÞ ¼ 4P

�
ðLðλÞ

S Þ2 − S
P
LðλÞ
S LðλÞ

P − ðLðλÞ
P Þ2

�
; ð2:30bÞ

and then,

0 ¼ G̃ðλÞ · GðλÞ þ F̃ · F

¼ 4P

�
ðLðλÞ

S Þ2 − S
P
LðλÞ
S LðλÞ

P − ðLðλÞ
P Þ2 − 1

�
: ð2:31Þ

The main point is that (2.29) is zero if and only if (2.13) is
satisfied for every λ. This implies that not only the theory at
λ ¼ 0 is Uð1Þ duality-invariant but the same is true for
every λ. This concludes the proof of Theorem 1. ▪
Now, we demonstrate that any duality-invariant func-

tion fðS; PÞ in a self-dual theory is a function of the
energy-momentum tensor. For this we prove the following
theorem:
Theorem 2. Given a Uð1Þ duality-invariant theory with

Lagrangian LðS; PÞ, any two duality-invariant functions
fðS; PÞ and gðS; PÞ are functionally dependent.
Proof. First we recall that fðS; PÞ is duality invariant if

and only if

ðSLP − PLSÞfS þ ðSLS þ PLPÞfP ¼ 0: ð2:32Þ

To analyze the implications of this condition, we introduce
a vector field on the ðS; PÞ-plane,

v⃗ðS; PÞ ¼ vS∂S þ vP∂P

≔ ðSLP − PLSÞ∂S þ ðSLS þ PLPÞ∂P: ð2:33Þ

This vector field is nonvanishing. Otherwise, assuming by
way of contradiction that v⃗ðS; PÞ ¼ 0, we would have

SLP − PLS ¼ 0; ð2:34aÞ

SLS þ PLP ¼ 0: ð2:34bÞ

Equation (2.34a) tells us that LðS; PÞ ¼ LðS2 þ P2Þ, for
some function LðxÞ of a single variable. Equation (2.34b)
tells us that LðS; PÞ is a homogeneous function of degree 0,

12The label λ in δðλÞα stresses the fact that the duality trans-
formation (2.18) depends on λ.
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and therefore, L ¼ const. We have thus arrived at a
contradiction.
Equation (2.32) tells us that the vector field,

f⃗ðS; PÞ ¼ fS∂S þ fP∂P; ð2:35Þ

is orthogonal13 to v⃗ðS; PÞ,

vSfS þ vPfP ¼ 0: ð2:36Þ

Given another duality-invariant function gðS; PÞ,

vSgS þ vPgP ¼ 0; ð2:37Þ

both vector fields f⃗ðS; PÞ and

g⃗ðS; PÞ ¼ gS∂S þ gP∂P ð2:38Þ

must be parallel, f⃗kg⃗. This implies that ½fS; fP� ¼ λ½gS; gP�,
for some function λðS; PÞ, and therefore,

det
�
fS fP
gS gP

�
¼ 0: ð2:39Þ

This means that the functions fðS; PÞ and gðS; PÞ are
functionally dependent,

ϒðf; gÞ ¼ 0; ð2:40Þ

for some function of two variables ϒ. ▪
Since the energy-momentum tensor Tμν is duality

invariant, the duality-invariant functions (2.10) are func-
tionally dependent, Eq. (2.15). Another corollary of
Theorem 2 is that any duality-invariant function fðS; PÞ
is a function of the energy-momentum tensor. An alter-
native proof of these results, using the method of character-
istics, is given in Appendix A 2.
It is also well-known that any Lagrangian LðS; PÞ which

satisfies the duality-invariance condition (2.13) can also be
described in terms of a function of a single independent
variable. The logic used to demonstrate this fact is rather
different than that reasoning used to establish Theorem 2
and is also briefly reviewed at the end of Appendix A 2.
The preceding observations suggest that the analysis of

duality-invariant models of electrodynamics, which naively
appears to involve functions of two variables S and P, can
be reduced to a description which involves only functions
of a single real variable. To make this intuition and several
of these statements more precise, we can employ the

auxiliary field formulation of electrodynamics. This will
be the focus of the rest of our paper.

III. AUXILIARY FIELD FORMULATION

A. Definitions of ν and μ representations

We begin by reviewing the auxiliary field formulation of
nonlinear electrodynamics first introduced by Ivanov and
Zupnik [71]. The two representations used in the rest of this
work are the ν representation and μ representation.14

Beginning with the ν representation, one starts by con-
verting the electromagnetic field strength into spinor
notation as follows15:

Fα
β ¼ −

1

4
ðσμÞαβ̇ðσ̃νÞβ̇βFμν; F̄α̇

β̇ ¼ 1

4
ðσ̃μÞβ̇βðσνÞβα̇Fμν;

Fμν ≔ 2∂½μAν�; ð3:1Þ

where ðσμÞαα̇; ðσ̃μÞα̇α are the Weyl matrices of the group
SLð2;CÞ, while Aμ and Fμν are respectively the gauge
connection and field strength of an Abelian gauge theory.
One then defines the following Lorentz invariant complex
variables:

φ ¼ FαβFαβ; φ̄ ¼ F̄α̇ β̇F̄
α̇ β̇: ð3:2Þ

With this, one can consider a Lagrangian for nonlinear
electrodynamics of the form,

Lðφ; φ̄Þ ¼ −
1

2
ðφþ φ̄Þ þ Lintðφ; φ̄Þ; ð3:3Þ

with the first monomials describing theMaxwell Lagrangian
while Lint is a real function which collects all higher order
terms. For instance, one could consider interaction functions
Lint which are analytic around φ ¼ 0 and expand in powers
φkφ̄m, with k ≥ 1 and m ≥ 1 (see [13] for the technical
details). However, we will see that there exist interesting
examples of theories for which Lint is nonanalytic.
The ν representation With inspiration from the N ¼ 3

supersymmetric extension of Born-Infeld theory [71],
Ivanov and Zupnik realized that the kinetic term in
Eq. (3.3) can be written using an auxiliary, uncon-
strained antisymmetric real two-form field Vμν ¼ −Vνμ.

We will also define Vαβ ¼ − 1
4
ðσμÞαβ̇ðσ̃νÞβ̇βVμν and V̄ α̇ β̇ ¼

1
4
ðσ̃μÞβ̇βðσνÞβα̇Vμν, which are the versions of the field Vμν

13Here we mean orthogonal with respect to the trivial metric on
R2 with coordinates ðS; PÞ, namely ds2 ¼ dS2 þ dP2. Alterna-
tively, one could say that the one-form df ¼ fSdSþ fPdP
annihilates the vector v⃗, dfðv⃗Þ ¼ 0.

14We decided to keep using the original nomenclatures of
Ivanov-Zupnik but the reader should keep in mind the difference
between the variables ν and μ given below and Lorentz indices.

15For the remainder of Secs. III and IV, Latin letters represent
four valued spacetime indices, whilst Greek letters represent two
valued spinorial indices. See [74] for our notations and con-
ventions, which mostly agree with those of [71] except, e.g., for
the sign of (3.1).
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which carry spinor indices, exactly as we have done for the
field strength in Eq. (3.1). The result of this rewriting is

L2ðV;FÞ ¼
1

2
ðφþ φ̄Þ þ νþ ν̄ − 2ðV · F þ V̄ · F̄Þ; ð3:4Þ

where

ν ¼ VαβVαβ; ν̄ ¼ V̄ α̇ β̇V̄
α̇ β̇; ð3:5aÞ

V · F ¼ VαβFαβ; V̄ · F̄ ¼ V̄ α̇ β̇F̄
α̇ β̇: ð3:5bÞ

After integrating out the auxiliary field Vμν via its
equation of motion, one arrives back at the free Maxwell
Lagrangian. In a straightforward generalization of the
above, a large class of theories of nonlinear electrodynam-
ics can be written in the auxiliary field formulation as

LðV;FÞ ¼ L2ðV; FÞ þ Eðν; ν̄Þ; ð3:6Þ

where Eðν; ν̄Þ encodes self-interactions and is all that
distinguishes different models. The use of the fields
ðF; VÞ as well as relations to come, define the ν repre-
sentation. By varying Eq. (3.6) with respect to Vαβ, one
finds the defining algebraic relation between the two fields,

Fαβ ¼ Vαβð1þ EνÞ; Eν ¼
∂Eðν; ν̄Þ

∂ν
: ð3:7Þ

From this, one finds that the scalar combinations φ and φ̄
satisfy the relations,

φ ¼ νð1þ EνÞ2; F · V ¼ νð1þ EνÞ; ð3:8Þ

along with the corresponding complex conjugate relations
of (3.7) and (3.8). These equations can, in principle, be
solved for Vμν in terms of Fμν. In particular, one obtains the
following useful relations:

ν ¼ φG2; VðFÞ · F ¼ φG;

G ¼ 1

2
−
∂Lðφ; φ̄Þ

∂φ
¼ 1

2
− Lφ: ð3:9Þ

Using the relations (3.8), one can transition from a non-
linear electrodynamics model to an auxiliary field model
via the substitution ðφ;φ̄Þ→ðφðν;ν̄Þ;φ̄ðν;ν̄ÞÞ. Conversely,
one can begin with an auxiliary field model LðF; VÞ and
make the substitution ðν; ν̄Þ → ðνðφ; φ̄Þ; ν̄ðφ; φ̄ÞÞ to recover
the nonlinear electrodynamics theory formulated only in
terms of Fμν. This process is outlined further in [15].

The μ representation The μ representation is defined via
the complex Legendre transform of the ν frame with the
identifications,

μðν; ν̄Þ ¼ Eν; μ̄ðν; ν̄Þ ¼ Eν̄;

Hðμ; μ̄Þ ¼ Eðν; ν̄Þ − νEν − ν̄Eν̄: ð3:10Þ

The corresponding inverse transformations are

νðμ; μ̄Þ ¼ −Hμ; ν̄ðμ; μ̄Þ ¼ −Hμ̄;

Eðν; ν̄Þ ¼ Hðμ; μ̄Þ − μHμ − μ̄Hμ̄: ð3:11Þ

With this, the Lagrangian as well as the defining relation
(3.8) are transformed to

Lðφ; μÞ ¼ φðμ − 1Þ
2ð1þ μÞ þ

φ̄ðμ̄ − 1Þ
2ð1þ μ̄Þ þHðμ; μ̄Þ; ð3:12aÞ

φ ¼ −ð1þ μÞ2Hμ: ð3:12bÞ

Again, one can recover the nonlinear electrodynamics
model from (3.12a) via the substitution ðμ; μ̄Þ →
ðμðφ; φ̄Þ; μ̄ðφ; φ̄ÞÞ. These are all the essential definitions
relevant to the auxiliary field formulation of electrodynam-
ics that we will focus on in our paper. Importantly, we will
restrict our attention to the subset of electric-magnetic
duality-invariant models. In light of this, we review how
electric-magnetic duality acts within this framework, as
well as the constraints it imposes.

B. Electric-magnetic duality with auxiliary fields

In this subsection, we return to the topic of electric-
magnetic duality, specifically, the continuous form intro-
duced in Sec. II B. In spinor notation, the duality rotation of
the free Maxwell theory is realized as the infinitesimal
transformation,

δα

� Fαβ

F̄α̇ β̇

�
¼

�−iαFαβ

iαF̄α̇ β̇

�
; ð3:13Þ

where α is a real parameter (not to be confused with the
spinor index α). As is well known, the previous trans-
formation is a symmetry of Maxwell equations in the
vacuum.
More generally, one can characterize whether a nonlinear

electrodynamics theory is duality symmetric in the follow-
ing way. Given a theory with Lagrangian Lðφ; φ̄Þ, the field
canonically conjugate to Fαβ is

GαβðFÞ≡ i
∂L
∂Fαβ ¼ 2iFαβLφ: ð3:14Þ

This conjugate momentum Gαβ is related to the quantity
G̃μν of Eq. (2.18), although it carries spinor indices rather
than Lorentz indices.
The equations of motion and the Bianchi identities for

the field Fαβ are given by
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∂α
β̇Ḡα̇ β̇ − ∂

β
α̇Gαβ ¼ 0; ð3:15Þ

∂α
β̇F̄α̇ β̇ − ∂

β
α̇Fαβ ¼ 0: ð3:16Þ

This set of equations is invariant under the transformation,

δα

�
Fαβ

GαβðFÞ
�

¼
�
αGαβðFÞ
−αFαβ

�
; ð3:17Þ

if the Lagrangian Lðφ; φ̄Þ satisfies the condition,

i
4
ϵμνρτðFμνFρτ þGμνGρτÞ ¼ φ − φ̄ − 4ðφðLφÞ2 − φ̄ðLφ̄Þ2Þ

¼ 0: ð3:18Þ

Here Gμν is defined by converting Gαβ of Eq. (3.14) to
Lorentz indices using the Weyl matrices of SLð2;CÞ. In the
ν representation, the equation of motion for Aαα̇ is given by

∂
β
α̇ðFαβðAÞ − 2VαβÞ þ c:c: ¼ 0; ð3:19Þ

and is equivalent to Eq. (3.15) if one identifies

GαβðFÞ ¼ iðFαβ − 2VαβðFÞÞ: ð3:20Þ

Note that one must substitute Vαβ ¼ VαβðFÞ for this to be
explicit. With this identification, the realization of the Uð1Þ
duality transformations on the independent fields Fαβ and
Vαβ is given by

δα

�
Vαβ

Fαβ

�
¼

� −iαVαβ

iαðFαβ − 2VαβÞ
�
: ð3:21Þ

Therefore, by introducing the auxiliary field, a nonlinear
realization of Uð1Þ on ðF;GÞ has been transformed into a
linear realization on ðF; VÞ. A similar story holds for the μ
representation for the fields ðφ; μÞ. More details can be
found in [15].
The aspect of Uð1Þ duality with which this work is most

concerned is the constraints it imposes on the interaction
functions Eðν; ν̄Þ and Hðμ; μ̄Þ. Substituting Eq. (3.15) into
(3.18) and making use of the fact that

νEν ¼
1

4
φð1 − 4L2

φÞ; ð3:22Þ

the duality condition can be recast as a constraint on the
interaction function Eðν; ν̄Þ,

νEν − ν̄Eν̄ ¼ 0; ð3:23Þ

as discussed in [15]. Under the transformations (3.21), the
function Eðν; ν̄Þ transforms exactly as above. Hence, the
electric-magnetic duality condition can transparently be

seen as the requirement that Eðν; ν̄Þ be Uð1Þ invariant. The
solution to this constraint is simply a function EðaÞ of a
single real variable a ¼ νν̄. By requiring EðaÞ to be analytic
and that Eð0Þ ¼ 0, one obtains a smooth weak field limit to
Maxwell’s Lagrangian. The duality invariance is almost
identical in the μ frame as the Uð1Þ invariance of Eðν; ν̄Þ is
carried over to Uð1Þ invariance of Hðμ; μ̄Þ,

δαH¼ 2iαðμHμ− μ̄Hμ̄Þ¼ 0⇒Hðμ; μ̄Þ¼HðbÞ; b¼ μμ̄:

ð3:24Þ

Once again, we see that the solution of this constraint is a
function HðbÞ in a single real variable b.16 With these
identifications, the condition for invertibility of the
Legendre transform becomes a simple constraint on the
derivatives of the interaction functions,

Eað0Þ ≠ 0 ↔ Hbð0Þ ≠ 0: ð3:25Þ

We will return to this constraint in Sec. V.
The defining relations of the two representations can

be simplified using the duality symmetric interaction
functions,

φ ¼ νð1þ ν̄EaÞ2; φ ¼ −ð1þ μÞ2μ̄Hb; ð3:26aÞ

EðaÞ¼HðbÞ−2bHb; HðbÞ¼ EðaÞ−2aEa; ð3:26bÞ

νðμ; μ̄Þ ¼ −μ̄Hb; μðν; ν̄Þ ¼ ν̄Ea: ð3:26cÞ

It is important to note that the Uð1Þ duality is not a
symmetry of the entire auxiliary field Lagrangian. Indeed,
the quadratic part transforms as

δαL2ðF; VÞ ¼ iαðφ − φ̄Þ: ð3:27Þ

Therefore, the symmetry holds only for the interaction
function, and hence it is a “partial” symmetry of the entire
Lagrangian.
As stated in Sec. II B, it is a well-known fact in the

literature that the energy-momentum tensor of a duality-
invariant theory will itself always be duality invariant.
Hence, if one can show that the energy-momentum tensor is
only a function of EðaÞ and vice versa, then it is a very
natural question to ask how TT̄-like deformations of this
class of theories behave. This line of reasoning forms the
basis of Sec. V, and as such, we postpone the rest of the
discussion until then.

16Ivanov and Zupnik use IðbÞ for Hðμ; μ̄Þ ¼ HðbÞ in the
self-dual case.
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C. Properties of conformal vs nonconformal models

In order to discuss the dimensionality of various objects
in this formalism, we distinguish the cases of conformal
and nonconformal models. As will be seen later, the μ
frame is not defined for conformal models as HðbÞ is
identically zero and the Eqs. (3.12a) and (3.12b) are
singular. Therefore, it makes sense to treat the conformal
and nonconformal models separately.
One might notice that in the μ frame, the auxiliary field μ

should be dimensionless in order to not disturb the
dimensions of φ. This would imply that the interaction
function Hðμ; μ̄Þ is also dimensionless. This is clearly
inconsistent as all objects in the Lagrangian must in total
have mass dimension D ¼ 4, such that, overall, the action
has units of energy multiplied by time (or be dimensionless
in natural units). This means that there is an inherent length
scale present in Hðμ; μ̄Þ in the form of a dimensionful
coupling. Indeed, one can see from the Legendre transform
that the dimension of Hðμ; μ̄Þ is the same as Eðν; ν̄Þ. This
detail is not present in the ν representation as the field ν
appears independently in its kinetic part and therefore, has
the same units as φ. Explicit examples of this will be seen in
Sec. VI; however, now we discuss the case of conformal
models.
Conformal case Scale transformations are a subset of

conformal transformations, and thus any conformal model
must be scale invariant. Due to this, there cannot be any
dimensionful parameters present in the Lagrangian. In
other words, be it a deformation, or an interaction, all
couplings must be marginal. This means that any inter-
action function EðaÞ of a real variable a for a conformal
model must be of the form,

EðaÞ ¼ Eða; γ1;…; γnÞ; ð3:28Þ

where fγig for i ¼ 1;…; n is a set of dimensionless
parameters. One well known example of how conformal
symmetry can aid this approach is the case of ModMax
electrodynamics. Requiring conformal symmetry restricts
the interaction function EðaÞ to be homogeneous of degree
1
2
[58]. Specifically,

EðaÞ ¼ κ
ffiffiffi
a

p
; ð3:29Þ

where κ is a constant that will need to be determined after
integrating out the auxiliary field. For the case of ModMax,
one finds

κ ¼ 2 tanh

�
γ

2

�
; ð3:30Þ

where γ is the parameter that moves through the family of
theories described by ModMax.
Nonconformal case In the case when the model is not

conformal, couplings of any dimension are allowed. If a

theory has parameters fλig for i ¼ 1;…; m with mass
dimension, ½λi� with at least one ½λj� ≠ 0, one might always
choose a single dimensionful coupling and rescale all the
others to be dimensionless. The same is true for the a
variable. Then one can choose to parametrize the inter-
action functions as follows:

EðaÞ ¼ 1

L4
Eðy; γ1;…; γn−1Þ; ½L� ¼ −1;

½γi� ¼ 0; y ¼ L8a: ð3:31Þ

Here EðyÞ on the right-hand side is a dimensionless
function of y and the couplings γi which can in principle
have arbitrary dependence upon all its variables, in contrast
to the conformal case which is highly constrained.
One can then track how this factor carries through to the

definition of HðbÞ. From the Legendre transform, one
obtains

HðbÞ ¼ 1

L4
ðEðyÞ − 2yEyÞ ¼

1

L4
HðbÞ: ð3:32Þ

Therefore, in order for this definition not to intrinsically
change the Legendre transform, one must also make the
change HðbÞ → Hðb;L4Þ ¼ 1

L4 HðbÞ. In the case of Born-
Infeld and γBI, the parameter L is related to the flow
parameter that drives the TT̄-like flow equation. This is
special to these two theories. In order to discuss TT̄-like
deformations of these theories one clearly needs to under-
stand their energy-momentum tensors, a process that we
now address.

IV. ENERGY-MOMENTUM TENSORS
IN ν AND μ REPRESENTATIONS

A. Results for duality-invariant theories

In order to derive the energy-momentum tensor for
duality-invariant auxiliary field models, we work predomi-
nantly with the vector form of the Lagrangian and start in
the ν frame,

L ¼ −S − 2C − VμνFμν þ EðaÞ; ð4:1Þ

where we define the following scalar combinations of F
and V:

S ¼ −
1

4
gμνgρτFμρFντ; P ¼ −

1

4
FμνF̃μν; ð4:2Þ

C ¼ −
1

4
gμνgρτVμρVντ; D ¼ −

1

4
VμνṼμν: ð4:3Þ

Note that we have introduced a generic metric gμν and its
inverse gμν that will be used to compute the energy-
momentum tensor. In order to perform the variation as
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well as conversion to spinor components later in the
calculation, one will need the following useful relations:

VμνVμν ¼ 2ðνþ ν̄Þ; VμνṼμν ¼ 2iðν̄ − νÞ; ð4:4aÞ

⇒ ν̄¼ 1

4
ðVμνVμν− iVμνṼμνÞ; ν¼ 1

4
ðVμνVμνþ iVμνṼμνÞ;

ð4:4bÞ

with identical relations involving Fμν and φ. A generic
variation of the Lagrangian (4.1) with respect to gμν is
given by

δL
δgμν

¼ 1

2
gρτFμρFντ þ gρτVμρVντ − 2gρτVðμjρjFνÞτ

þ Eað−gρτVμρVντCþ gμνD2Þ: ð4:5Þ

It is then straightforward to compute the Hilbert stress-
energy tensor via the definition,

Tμν ¼ −
2ffiffiffiffiffiffi−gp δð ffiffiffiffiffiffi−gp

LÞ
δgμν

¼ gμνL − gρτFμρFντ − 2gρτVμρVντ þ 4gρτVðμjρjFνÞτ
þ 2EaðgρτVμρVντC − gμνD2Þ: ð4:6Þ

If one uses the Eq. (3.26), the trace of the stress tensor is
particularly simple,

Θ ≔ Tμ
μ ¼ 4EðaÞ − 8aEa ¼ 4HðbÞ; ð4:7Þ

where the last equality is obtained by recalling that the
interaction functions HðbÞ and EðaÞ are related via a
Legendre transform. Note that if the model contains a
dimensionful parameter L as per Sec. III C, the above
relation becomes

Θ ¼ 4Hðb;L4Þ ¼ 4

L4
HðbÞ: ð4:8Þ

This is important for obtaining the correct trace flow
equations in Sec. VI. Now, we decompose the vector
objects into spinorial components,

Fμν ¼
1

2
ððσμÞαγ̇ðσ̃νÞγ̇βFβ

α − ðσ̃μÞα̇γðσνÞγβ̇F̄β̇
α̇Þ; ð4:9aÞ

Vμν ¼
1

2
ððσμÞαγ̇ðσ̃νÞγ̇βVβ

α − ðσ̃μÞα̇γðσνÞγβ̇V̄ β̇
α̇Þ: ð4:9bÞ

Doing this, and choosing the background metric to be
Minkowski (gμν ¼ ημν), the stress tensor for a general
electromagnetic duality-invariant auxiliary field model is
given by

Tμν ¼
1

4
ημνΘþ T̂μν; ημνT̂μν ¼ 0; ð4:10Þ

with

T̂μν ¼ð1−aðEaÞ2Þðσ̃μÞα̇αðσ̃νÞβ̇βVαβV̄ α̇ β̇

¼
� ðμ−1Þ
2ð1þμÞþ

ðμ̄−1Þ
2ð1þ μ̄Þ

�
ðσ̃μÞα̇αðσ̃νÞβ̇βFαβF̄α̇ β̇: ð4:11Þ

In the above, we have split the stress tensor into a traceful
and traceless part, and we have conveniently used the
auxiliary field equations of motion that relate Vαβ, V̄α̇ β̇ and
Fαβ, F̄α̇ β̇ to simplify the expressions. With this, we have the
essential building blocks necessary to construct TT̄-like
deformations.
In Sec. V we will argue that there exists a TT̄-like flow

(which is not necessarily unique) for any parameter in an
electric-magnetic duality-invariant theory, at least those
constructed by using Ivanov-Zupnik’s auxiliary field for-
malisms. However, as discussed in the Introduction, two
specific stress tensor operators have played a predominant
role in previous works since they are associated to Born-
Infeld (BI), ModMax, and γ-BI. The two such deformations
of interest are the usual four-dimensional λTT̄ flow and the
γ

ffiffiffiffiffiffiffi
TT̄

p
flow. When discussing such deformations there is

always a flow equation associated with the parameters
ðλ; γÞ. Since the auxiliary field Lagrangians are split into a
free part (L2) and an interaction function, it is natural to
assume that all of the dependence upon the flow parameters
sits within the interaction functions only. Explicitly,

∂Lðφ;νÞ
∂λ;γ

¼ ∂Eða;λ;γÞ
∂λ;γ

;
∂Lðφ;μÞ
∂λ;γ

¼ ∂Hðb;λ;γÞ
∂λ;γ

: ð4:12Þ

With this, the exact forms of the two deformations in the ν
representation that would appear in Eqs. (1.7) and (1.9) are
given in the ν representation by

OTT̄ ¼ TμνTμν −
1

2
Θ2

¼ 4að1 − aðEaÞ2Þ2 − 4ðE − 2aEaÞ2; ð4:13Þ

O ffiffiffiffiffi
TT̄

p ¼ 1

2

ffiffiffiffiffi
T̂2

p
¼ ffiffiffi

a
p ð1 − aðEaÞ2Þ: ð4:14Þ

In the μ representation the operators are given by

OTT̄ ¼ −4H2 þ 4bðHbÞ2ð1 − bÞ2; ð4:15Þ

O ffiffiffiffiffi
TT̄

p ¼
ffiffiffi
b

p
Hbð1 − bÞ: ð4:16Þ

Note that one can obtain the results in both representations
by either repeating the process beginning from both
auxiliary Lagrangians (3.12a) and (3.6) separately, or, by
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completing the process once and converting the results
using the relations introduced with the Legendre trans-
formation (3.10) and (3.11). Reassuringly, both methods
produce the same result. To conclude, it is worth comment-
ing again on the fact that Eq. (4.7) implies that the μ frame
has issues with being well defined for conformal models, as
in this case Θ ¼ 0 and hence HðbÞ is identically zero.

V. AUXILIARY FIELD APPROACH: DUALITY-
INVARIANT FAMILIES AS TT̄-LIKE FLOWS

So far, we have established several facts about duality-
invariant deformations in Sec. II. Let us briefly review three
statements.

(I) Any deformation of a duality-invariant theory L0,
which is driven by a duality-invariant function OðλÞ,
produces a one-parameter family of duality-invariant
theories LðλÞ which obey the differential equation
∂λLðλÞ ¼ OðλÞ. This is Theorem 1.

(II) The stress-energy tensor of a duality-invariant theory
is itself duality-invariant [8–11].

(III) In a duality-invariant theory, any two duality-
invariant functions are functionally dependent. This
is Theorem 2.

Taken together, observations (I)–(III) imply that any
deformation of the form ∂λLðλÞ ¼ OðλÞ can generically be

recast as a stress tensor flow ∂λLðλÞ ¼ fðTðλÞ
μν ; λÞ, using the

functional dependence between the duality-invariant func-
tion OðλÞ and the energy-momentum tensor, and that the
solution to this differential equation is a collection of
duality-invariant theories LðλÞ.
In this section, we will use the ν and μ auxiliary field

representations to investigate the converse of this result.
That is, we ask whether any parametrized family of duality-
invariant theories LðλÞ can be understood as satisfying some
generalized stress tensor flow equation. We will refer to this
converse as statement (IV):
(IV) Any family of duality-invariant theories with

Lagrangians LðλÞðS; PÞ obeys a stress tensor flow

equation ∂λLðλÞ ¼ fðTðλÞ
μν ; λÞ.

There is a simple way to see intuitively why such a
converse should be true. We have mentioned above that the
derivative of the Lagrangian for a duality-invariant theory,
taken with respect to a duality-invariant quantity, is itself
duality invariant. Therefore, assuming that the parameter λ
labeling a family of duality-invariant theories LðλÞ does not
transform under duality rotations, we must have

∂LðλÞ

∂λ
¼ OðλÞðS; PÞ; ð5:1Þ

for some family of functions OðλÞ, each of which is
invariant with respect to the duality transformation asso-
ciated with the corresponding theory LðλÞ. Again appealing

to observation (III), we expect that these duality-invariant
quantities OðλÞ satisfy functional relations involving the

respective stress tensors TðλÞ
μν , so that the differential

equation (5.1) can be recast in the form,

∂LðλÞ

∂λ
¼ fðTðλÞ

μν ; λÞ: ð5:2Þ

Thus we expect that the converse (IV) should indeed be
true, which leads to a one-to-one correspondence: all stress
tensor deformations yield duality-invariant families, and all
duality-invariant families are stress tensor flows.
The preceding argument is morally correct. However, to

be precise, we should keep in mind that a functional
dependence of the form fðx; yÞ ¼ 0 only allows us to
express y ¼ yðxÞ locally around a particular point, and only
under the assumption that the appropriate Jacobian deter-
minant is nonzero. In order to give a more careful statement
of the converse (IV), we should enumerate the possible
singular points at which this Jacobian condition fails, and
restrict ourselves to a local analysis away from this
collection of singular points.
We can see why this is necessary by considering known

examples of stress tensor flows for duality-invariant the-
ories, such as the one for the Born-Infeld and ModMax
theories. In terms of the electric and magnetic fields, the
Born-Infeld Lagrangian can be written as

LBI ¼
1

λ

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − λðjE⃗j2 − jB⃗j2Þ − λ2ðE⃗ · B⃗Þ2

q �
; ð5:3Þ

which exhibits a critical value of the electric field,

jE⃗j2 < 1

λ
: ð5:4Þ

Therefore, although we have claimed that the Born-Infeld
Lagrangian satisfies a TT̄-like flow equation,

∂LBI

∂λ
¼ 1

8

�
TμνTμν −

1

2
ðTμ

μÞ2
�
; ð5:5Þ

to be more precise we should say that this differential
equation—with an initial condition given by the Maxwell
Lagrangian—converges to the Born-Infeld Lagrangian for
field configurations within some open set that satisfies the
constraint (5.4).
A similar caveat applies to the flow for the ModMax

theory whose Lagrangian is

LModMax ¼ −
1

4
coshðγÞFμνFμν

þ 1

4
sinhðγÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðFμνFμνÞ2 þ ðFμνF̃μνÞ2

q
: ð5:6Þ

Clearly the ModMax Lagrangian is not an analytic function
of the field strength Fμν and its dual around the point,
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Fμν ¼ F̃μν ¼ 0: ð5:7Þ

Therefore, when we say that the ModMax Lagrangian
obeys a flow equation,

∂LModMax

∂γ
¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TμνTμν −

1

4
ðTμ

μÞ2
r

; ð5:8Þ

we mean that this holds for field configurations away from
Fμν ¼ 0, on an interval where the Lagrangian is an analytic
function. This example illustrates that flow equations may
hold at generic points but fail at a discrete collection of
exceptional points where singularities occur.
However, if we are willing to restrict ourselves to a local

analysis motivated by the examples of LBI and LModMax
described above, the desired converse (IV) holds away
from a set of discrete singular points which we can identify
explicitly. We will state the precise version of this claim for
theories that admit a ν representation. As explained in [15],
any Lagrangian LðS; PÞ satisfying the duality-invariant
condition can be described in the ν frame, so there is no
loss of generality in using this representation.
Theorem 3. Consider a family of theories of duality-

invariant electrodynamics which are labeled by a collection
of parameters λi, i ¼ 1;…; n, and which admit a descrip-
tion using the ν representation introduced in Eq. (3.6). That
is, the entire parametrized family of Lagrangians is deter-
mined by an interaction function,

Eða; λ1;…; λnÞ; ð5:9Þ

where a ¼ νν̄. Let a� ∈ domðEÞnS, that is, let a� be a point
in the domain of E which does not belong to the discrete
(possibly empty) set of points S defined by

S¼
	
a






�
EaðaÞ ¼

1

a
and EaaðaÞ ¼−

1

2a2

�

or

�
EaðaÞ ¼

1

2a
and EaaðaÞ ¼−

1

4a2

��
: ð5:10Þ

Then for each i there exists an open interval Ui around a�
such that, on the set Ui, one has

∂E
∂λi

¼ FiðTμν; λ1;…; λnÞ; ð5:11Þ

where Fi is a Lorentz scalar constructed from the stress
tensor Tμν and which may depend on the parameters λi.
The interpretation of this theorem is that, at least locally,

every tangent vector to a space of theories of duality-
invariant electrodynamics is an operator constructed from
the stress tensor. This result is the precise version of
statement (IV), the desired converse to the result that stress
tensor deformations preserve duality invariance.

Proof. The proof of this claim is a simple application of
the inverse function theorem. We begin by parametrizing
the most general Lorentz scalar function which can be
constructed from the energy-momentum tensor Tμν. A
convenient basis for the ring of scalars that can be built
from the stress tensor of a duality-invariant theory in the ν
frame is

Θ ¼ 4E − 8aEa; T̂2 ¼ 4að1 − aEaÞ2: ð5:12Þ

Any other Lorentz scalar built from Tμν can be written as a
function ofΘ and T̂2. AlthoughΘ and T̂2 implicitly depend
on the λi that determine E, let us hold these parameters
fixed for the moment and consider the invariants (5.12) as
univariate functions of the real variable a. The derivatives
of these functions are

dΘ
da

¼ −4ðEa þ 2aEaaÞ;
d
da

ðT̂2Þ ¼ 4ð1 − aEaÞð1 − 3aEa − 2a2EaaÞ: ð5:13Þ

Let us consider the conditions under which both of the
derivatives in (5.13) can vanish simultaneously at a point
a ¼ a. First, there are two ways for dΘ

da to vanish at a,

dΘ
da






a¼a

¼ 0 ⇒

	 a ¼ 0; EaðaÞ ¼ 0

a ≠ 0; Eaa ¼ − Ea
2a

: ð5:14Þ

If a ¼ 0 and EaðaÞ ¼ 0, we have dT̂2

da ¼ 4, so this is not a
point at which both derivatives can vanish. Therefore
suppose that we are in the second case of (5.14). We then
have

�
dT̂2

da

�
Eaa¼−Ea

2a

¼ 4ð1 − aEaÞð1 − 2aEaÞ; ð5:15Þ

which means either

EaðaÞ ¼
1

a
; EaaðaÞ ¼ −

1

2a2
or

EaðaÞ ¼
1

2a
; EaaðaÞ ¼ −

1

4a2
: ð5:16Þ

It is not possible for either of the pairs of conditions (5.16)
to hold on an open set. If Ea ¼ 1

a on some open set U, then
Eaa ¼ − 1

a2 on this set, which does not agree with the
condition Eaa ¼ − 1

2a2. Likewise, if Ea ¼ 1
2a for all a ∈ U,

then Eaa ¼ − 1
2a2 within U, which disagrees with the

condition Eaa ¼ − 1
4a2. Therefore, either pair of conditions

(5.16) can hold only on a discrete set of points, and at any
other point off this set we have that either dΘda ≠ 0 or dT̂

2

da ≠ 0.
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Therefore, given any value a� of the auxiliary variable
which is on the complement of a discrete set S of excep-
tional points introduced in Eq. (5.10), we can define a
function fðaÞ which is a Lorentz scalar constructed from
the stress tensor and such that f0ða�Þ ≠ 0. Explicitly,
let fðaÞ ¼ ΘðaÞ if dΘ

da ja� ≠ 0 and let fðaÞ ¼ T̂2ðaÞ if
dT̂2

da ja� ≠ 0; if both derivatives are nonzero, we can choose
f at random (in this case, since Θ and T̂ can be expressed in
terms of one another by Theorem 2, these choices are
equivalent).
By the inverse function theorem, there exists an open

interval U containing a� such that the restriction of the
function f to U is a bijection, and there exists a differ-
entiable inverse function f−1. This means that, locally, the
variable a can be written as a differentiable function of the
variable f, which again is either Θ or T̂2. By composing
with f−1, we conclude that any function of a can be written
as a function of the stress tensor in a neighborhood of a�. In
particular, this conclusion applies to each of the functions,

∂E
∂λi

; ð5:17Þ

viewed as univariate functions of a with the parameters λi
held fixed. This demonstrates that each of the derivatives
(5.17) can locally be written as a function of Θ or T̂2, along
with the parameters λi, which establishes the claim. ▪
As a simple example of one of the discrete points a ∈ S

at which the claim can fail, consider the interaction
function,

EðaÞ ¼ λ0 þ λ1aþ λ2a2: ð5:18Þ

Other quadratic examples of interaction functions will be
explored in Sec. VI A. At the point,

λ1 ¼
3

2
; λ2 ¼ −

1

4
; a ¼ 1; ð5:19Þ

we find

Θ¼−
3

2
þ4λ0; T̂2¼ 1;

dΘ
da

¼ 0;
dT̂2

da
¼ 0: ð5:20Þ

Near this point, it is not possible to locally express a as a
function of Θ and T̂2, and thus we cannot write flow
equations of the form dE

∂λi
¼ fðΘ; T̂2Þ. However, because

such exceptional points are isolated, given any ϵ > 0, there
exists some a0 within distance ϵ of a, with the property that
we may express these derivatives in terms of the stress
tensor near the point a0. Said differently, the tangent vector
to a family of duality-invariant theories can be written as a
function of the stress tensor “almost everywhere” (that is, at

all points a except on a set of measure zero). We will
elaborate more on this simple example in Sec. VI A.

A. Proof in μ frame

One can present an analogous argument, showing that
families of duality-invariant theories can generically be
interpreted as stress tensor flows, using the other auxiliary
field representation, which was referred to as the μ frame in
Sec. III.
This proof is less general because not all duality-invariant

theories admit a description in the μ representation.
For instance, we have pointed out above that conformal
models such as theMaxwell andModMax theories cannot be
written in the μ frame.
It is easy to see why there is an obstruction to describing

certain models in the μ representation if we recall the
relationship between quantities in the μ and ν frames.
Consider a duality-invariant theory of electrodynamics
which is described by an interaction function EðaÞ, where
a ¼ νν̄, in the ν representation. The corresponding inter-
action function HðbÞ, where b ¼ μμ̄, in the μ representa-
tion satisfies the relation,

Ea ¼ −
1

Hb
: ð5:21Þ

This equation admits solutions only if Ea ≠ 0 and Hb ≠ 0;
we have already seen this additional condition on H in
Eq. (3.25). On the other hand, the two invariants con-
structed from the stress tensor in the μ frame take the forms,

Θ ¼ 4HðbÞ; T̂2 ¼ 4bH2
bð1 − bÞ2: ð5:22Þ

For a conformal model, Θ ¼ 0 which means that HðbÞ is
identically zero. But if HðbÞ ¼ 0, then Hb ¼ 0 and the
relation (5.21) is not well-defined. We conclude that the μ
representation is only suitable for describing theories with
Hb ≠ 0 and thus Θb ≠ 0, which excludes conformal
models with Θ ¼ 0.
This allows us to give a very simple proof of the analogue

of Theorem 3 for theories with a μ-frame representation.
Corollary 4. Consider a family of theories of duality-

invariant electrodynamics which are labeled by a collection
of parameters λi, i ¼ 1;…; n, and which admit a well-
defined description using the μ representation introduced in
Eq. (3.12b). That is, the entire parametrized family of
Lagrangians is determined by an interaction function,

Hðb; λ1;…; λnÞ; ð5:23Þ

where b ¼ μμ̄. Then for each i any for any point b ¼ b�,
there exists an open interval Ui around b� such that, on the
set Ui, one has
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∂H
∂λi

¼ FiðΘ; λ1;…; λnÞ; ð5:24Þ

where Fi is a Lorentz scalar constructed from the trace Θ of
the stress tensor and whichmay depend on the parameters γi.
We point out that Corollary 1 differs from the corre-

sponding ν-frame statement, Theorem 3, in two ways. First,
in the μ frame we need not make any additional assumption
about being away from a discrete set of exceptional points.
Second, in the μ frame we can always express the
deforming operators which drive the flows in Eq. (5.24)
in terms of only the trace of the stress tensor, rather than as
a function of the two invariants Θ and T̂2. Of course, as we
have emphasized, these two scalars are functionally de-
pendent in any duality-invariant theory; the only new
feature in the μ frame is that cases with ∂bΘ ¼ 0 are
excluded.
Proof. By assumption, the family of theories that we are

considering admit a well-defined μ-frame description,
which implies that Hb ≠ 0 as we pointed out around
Eq. (5.21). On the other hand, we have the relation,

Θ ¼ 4HðbÞ: ð5:25Þ

SinceHb ≠ 0, we also have dΘ
db ≠ 0, and thus by the inverse

function theorem we may always locally invert this relation
to write b ¼ bðΘÞ on a sufficiently small open setU around
any particular point b ¼ b�.
It follows that any function of b can locally be expressed

as a function of Θ, and thus,

∂H
∂γi

¼ Fiðb; λ1;…; λnÞ ¼ FiðΘ; λ1;…; λnÞ; ð5:26Þ

on an open set Ui containing any point b�. ▪

VI. EXAMPLES

We have seen that there is a one-to-one correspondence
between parametrized families of duality-invariant theories
and stress tensor flows. This correspondence is summarized
in the facts (I)–(IV) of the previous section and in the
statements of the various theorems where these results are
proved.
In one sense, thismeans that the primary task of thepresent

work has been completed. However, we find it instructive to
examine several examples where this one-to-one correspon-
dence can be described explicitly in both directions. It is
especially interesting to see how one can determine the stress
tensor operator which forms the tangent vector to a given
family of duality invariant theories, which gives a concrete
realization of statement (IV).
In the following subsections, we will carry out this

procedure in several examples using the ν and μ frame
auxiliary field representations. This will allow us to build
further intuition for the singular points, belonging to the set

S of Eq. (5.10), where the inversion map between the
duality-preserving deformation and the energy-momentum
tensor breaks down. We will see that such points often arise
from nonanalyticity in the interaction function.
We will also revisit the flow equations which produce the

ModMax and Born-Infeld theories from stress tensor flows
from the perspective of the auxiliary field formalism. As an
extension of this analysis, in Sec. VI C, we will obtain a
new auxiliary field representation of the two-parameter
family of ModMax-Born-Infeld theories, which we also
call γBI.

A. Quadratic interaction functions

We begin with the simplest two-parameter family of
models described by

Eða; λ1; λ2Þ ¼ λ1aþ λ2a2: ð6:1Þ

We have already discussed this model around Eq. (5.18),
though, for simplicity, we set here λ0 ¼ 0. The trace of the
stress tensor is

Θ ¼ −8aðλ1 þ 2aλ2Þ þ 4ðλ1aþ λ2a2Þ: ð6:2Þ

Treating the two λi as constants for the moment, we can
view this as a simple univariate function ΘðaÞ and utilize
the inverse function theorem. In this case, there is a single
point at which the assumption of the inverse function
theorem fails because ΘðaÞ has zero derivative,

dΘ
da

¼ 0 at a� ¼ −
λ1
6λ2

: ð6:3Þ

Away from this point, one can simply solve to express a as
a function of Θ, finding

a ¼ −λ1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ21 − 3Θλ2

p
6λ2

: ð6:4Þ

From this, it is easy to see why the point (6.3) is
problematic. This value of a occurs when the argument
of the square root vanishes, λ21 ¼ 3Θλ2, and the square root
function is not analytic around zero. If we assume that
λ21 > 3Θλ2, and choose the positive root of (6.4) so that
a > 0 (which is expected since a ¼ νν̄), then there are no
such issues, and we can write

∂λ1E ¼
ffiffiffiffiffi
λ1

p
3λ2

�
−λ1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ21 − 3Θλ2

q �
: ð6:5Þ

Note that the second stress tensor invariant T̂2 was not
needed at all for this procedure. However, we could
have made a similar argument as above, viewing T̂2 as a
function of a and using the inverse function theorem again.
In this case,
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T̂2ðaÞ ¼ 4að1 − aðλ1 þ 2aλ2ÞÞ2; ð6:6Þ

and the inverse function theorem fails due to a vanishing
derivative d

dx T̂
2 at four points,

a1;2 ¼
−λ1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ21 þ 8λ2

p
4λ2

; a3 ¼
−3λ1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9λ21 þ 40λ2

p
20λ2

;

a4 ¼
2

3λ1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9λ21 þ 40λ2

p : ð6:7Þ

Away from these four points a1, a2, a3, a4, we see that T̂
2 is

a smooth function of a, and we are guaranteed by the
inverse function theorem that we can invert to write aðT̂2Þ
on an open interval that does not include any of the roots
(6.7). We cannot write this inverse function explicitly
because it involves the root of a fifth-order polynomial,
but it is sufficient to know that it exists in order to claim that

∂λ1E ¼ FðT̂2; λ1; λ2Þ; ð6:8Þ

for some function F. Nothing was special about choosing
λ1 in the above analysis. If we had focused on λ2, we could
invert for a in the same way. For instance, one has

∂λ2E ¼
�
−λ1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ21 − 3Θλ2

q �2
: ð6:9Þ

The above arguments then generalize as we described
in Sec. V.
The situation is even simpler in the μ representation. The

simplest model in this case is given by

Hðb;L4; γ1; γ2Þ ¼
1

L4
ðγ1bþ γ2b2Þ: ð6:10Þ

Here γ1, γ2 are arbitrary constants which have no relation to
the λ1, λ2 of the previous example. In the μ representation,
we always have the trace relation,

Θ ¼ 4Hðb;L4; γ1; γ2Þ: ð6:11Þ

As stated in Sec. V, the main conditions for using the μ
representation are thatHb ≠ 0 andΘb ≠ 0. We can look for
the points at which this assumption fails by computing

Θb ¼
4

L4
ðγ1 þ 2γ2bÞ: ð6:12Þ

One can straightforwardly see that there is only one point
(b ¼ b�) at which the derivative vanishes,

b� ¼ −
γ1
2γ2

: ð6:13Þ

Again, the meaning of this point becomes clear by solving
for bðΘÞ,

b ¼ −γ1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ21 þ L4γ2Θ

p
2γ2

: ð6:14Þ

The issue of invertability is linked to the vanishing of the
expression inside the square root. If we assume that
γ21 > −L4γ2Θ, then the issue is avoided, and the flow
equations for the parameters ðL4; γ1; γ2Þ are

∂Hðb;L4; γ1; γ2Þ
∂L4

¼ −
1

4L4
Θ; ð6:15aÞ

∂Hðb;L4;γ1;γ2Þ
∂γ1

¼ 1

L4

�
−γ1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ21þL4γ2Θ

p
2γ2

�
; ð6:15bÞ

∂Hðb;L4;γ1;γ2Þ
∂γ2

¼ 1

L4

�
−γ1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ21þL4γ2Θ

p
2γ2

�2

: ð6:15cÞ

Just as in the ν frame, we could have inverted the
expression for T̂2 instead of Θ, given by

T̂2 ¼ bH2
bð1 − bÞ2 ¼ 1

L8
ðγ1 þ 2γ2bÞ2ð1 − bÞ2; ð6:16Þ

→ b ¼ −γ1 þ 2γ2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðγ1 þ γ2Þ2 � 8γ2L4

ffiffiffiffiffi
T̂2

pq
4γ2

: ð6:17Þ

The points where the derivative of (6.16) vanishes are

b� ¼ 1; b� ¼ −
γ1
2γ2

; b� ¼ 1

2
−

γ1
4γ2

: ð6:18Þ

With this, we can now look at examples that are more
complex than polynomial interactions. The first point
appears due to the ð1 − bÞ2 factor in (6.16), whilst the
later two points are linked to the vanishing of the square
root. Once again, if this does not occur, then we can at least
locally write the inverse bðT̂2Þ away from these points.

B. Born-Infeld and ModMax

One of the most well studied examples of this formalism
is Born-Infeld theory. The formulation of this theory with
one auxiliary field was first introduced by Ivanov and
Zupnik [71] and is the model which we will start by
reviewing. In four spacetime dimensions, the Born-Infeld
Lagrangian is given by

LBIðφ; φ̄Þ ¼
1

λ

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λðφþ φ̄Þ þ λ2

4
ðφ − φ̄Þ2

r �
:

ð6:19Þ
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This theory is best studied in the μ frame, due to
the simplicity of the resulting interaction function HðbÞ.
The defining relations for Born-Infeld in the μ representa-
tion are

φ ¼ 2μ̄ð1þ μÞ2
λð1 − μμ̄Þ2 ; φ̄ ¼ 2μð1þ μ̄Þ2

λð1 − μμ̄Þ2 ; ð6:20aÞ

Hb ¼ −
2

λðb − 1Þ2 → Hðb; λÞ ¼ 1

λ

2b
b − 1

: ð6:20bÞ

In the above, one notices the factorization mentioned in
Sec. III C for a nonconformal model with λ ¼ L4. Using
the previous expressions for the interaction function,
one obtains the following auxiliary field Lagrangian for
Born-Infeld:

Lðφ; μÞ ¼ φðμ − 1Þ
2ð1þ μÞ þ

φ̄ðμ̄ − 1Þ
2ð1þ μ̄Þ þ

1

λ

2b
b − 1

: ð6:21Þ

Using the results of Sec. IV, the trace of the stress tensor is
given by

ΘðbÞ ¼ 4

λ2
2b

b − 1
→ bðΘÞ ¼ −

Θλ2

8 − Θλ2
: ð6:22Þ

The flow equation relating to λ is simply the TT̄ flow
equation,

∂Lðφ; μÞ
∂λ

¼ 1

8
OTT̄ ¼ −

1

4λ
Θ: ð6:23Þ

From this example, we can see explicitly that the operator
associated to the flow is not unique. However, we stress that
only the flow driven by the OTT̄ operator can be used if
one would like to interpret the Born-Infeld Lagrangian as a
TT̄-like flow with a boundary condition at λ ¼ 0 being free
Maxwell. The trace flow is indeterminate in this limit, since
both the numerator Θ and denominator λ of the right side of
(6.23) vanish. As stated in Sec. V, the trace flow equation is
something we will always have for the dimensionful
parameter due to the relationship between HðbÞ and Θ.
At this point, one can pass to the ν representation by

solving for bðaÞ through the following algebraic relation,
which can be derived using Eq. (3.11):

a ¼ bH2
b ¼

4b
λ2ðb − 1Þ4 : ð6:24Þ

Introducing t ¼ ðb − 1Þ−1, then one can find a closed form
expression for tðaÞ which solves the following quartic
equation:

t4 þ t3 −
λ2

4
a ¼ 0; tða ¼ 0Þ ¼ −1: ð6:25Þ

The solution tðaÞ is fairly involved, and, for brevity, we
present the first terms in its power series,

tðaÞ ¼ −1 −
λ2a
4

þ 3λ4a2

16
þ � � � : ð6:26Þ

Finally, one can use the Legendre transform to find the
interaction function in the ν representation, for which, due
to the nature of tðaÞ, we also present only the first few terms
in its series expansion,

EBIðyÞ ¼ 2ðt2ðaÞ þ 3tðaÞ þ 1Þ

¼ y
2
−
y2

8
þ 3y3

32
þ � � � ; y ¼ λ2a: ð6:27Þ

So far, this is all just described using the machinery of the
auxiliary field construction. Interestingly, the interaction
function (6.27) can also be found by solving the TT̄-like
flow equation,

∂Eða; λÞ
∂λ

¼ 1

8
OTT̄

¼ 1

2
að1 − aðEaÞ2Þ2 −

1

2
ðE − 2aEaÞ2; ð6:28Þ

with the ansatz,

EðaÞ ¼ 1

λ
EðyÞ: ð6:29Þ

The solution for the function EðyÞ is

EðyÞ ¼ y
2
−
y2

8
þ 3y3

32
−
13y4

128
þ 17y5

128
þOðy6Þ: ð6:30Þ

This solution exactly reproduces the solution given in
Eq. (6.27). There is also a method to obtain HðbÞ in the
μ representation; however it is merely a limiting case of the
solution to γBI and as such we postpone presenting this
method until the next subsection.
One might have expected that the TT̄ flow would yield

the Born-Infeld theory in the auxiliary field formulation.
However, one can also define flows that are driven by other
operators. One example is rescaling the variable b by a
dimensionless parameter r in the interaction term,

Hðb; λ; rÞ ¼ 1

λ

2rb
rb − 1

: ð6:31Þ

One can repeat the same steps that led to Eq. (6.23) and find
that the Lagrangian satisfies the flow equation,

∂L
∂r

¼ Θð8 − λΘÞ
32r

: ð6:32Þ

The example given above of rescaling the variable b is a
simpler version of the

ffiffiffiffiffiffiffi
TT̄

p
-like deformation. A simple
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example of
ffiffiffiffiffiffiffi
TT̄

p
in this formalism can be seen using

another well studied theory, this being ModMax. In the
standard presentation, without any auxiliary fields, the
ModMax theory [57] is described by the Lagrangian,

LMMðφ; φ̄Þ ¼ −
coshðγÞ

2
ðφþ φ̄Þ þ sinhðγÞ ffiffiffiffiffiffi

φφ̄
p

: ð6:33Þ

The ModMax theory is the unique duality-invariant and
conformally invariant extension of the Maxwell theory
(see [57] and Appendix A of [58]). Due to conformal
invariance, the μ representation is not the correct setting
to study ModMax. The auxiliary field Lagrangian for
ModMax in the ν representation is [58]

LMMðφ; νÞ ¼
1

2
ðφþ φ̄Þ þ νþ ν̄ − 2ðV · F þ V̄ · F̄Þ

þ 2 tanh

�
γ

2

� ffiffiffiffiffi
νν̄

p
: ð6:34Þ

As it is already well known that ModMax arises as a
ffiffiffiffiffiffiffi
TT̄

p
deformation ofMaxwell theory [49,69], it is natural to check
whether this remains true in the auxiliary field formulation.
Indeed, the following flow equation is satisfied:

∂LMM

∂γ
¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TμνTμν −

1

4
ðTμ

μÞ2
r

: ð6:35Þ

Once again, initially, this was not found by using the
auxiliary field machinery, but this can also be derived by
solving the following flow equation:

∂Eða; γÞ
∂γ

¼ ffiffiffi
a

p ð1 − aðEaÞ2Þ; ð6:36Þ

with the ansatz,

Eða; γÞ ¼ fðγÞ ffiffiffi
a

p
; fð0Þ ¼ 0: ð6:37Þ

The factorization of Eða; γÞ in the ansatz above is due to the
conformal invariance of the model, which restricts Eða; γÞ
to be homogeneous of degree 1

2
in the variable a, meaning:

aEa ¼ 1
2
E. This can be seen by setting the trace of the

energy-momentum tensor to zero in Eq. (4.7). Note that
Eq. (6.36) is simply Eq. (6.35) without knowing the exact
form of Eða; γÞ. Solving the above equation for fðγÞ, one
finds

fðγÞ ¼ 2 tanh

�
γ

2

�
; ð6:38Þ

as expected from Eq. (6.34).
We note in passing that the auxiliary field representation

of the ModMax theory presented here, as well as its
definition via a stress tensor flow equation, are well-defined
for either sign of the deformation parameter γ. However, it

was already pointed out in [57] that the ModMax theory
allows for superluminal propagation when γ < 0 and only
has physically sensible, causal plane wave solutions when
γ > 0. This restriction on the sign of γ is an additional
physical input which is not visible at the level of the
analysis that we are pursuing here. The asymmetrical
behavior of the theory between the two sign choices for
γ is reminiscent of the TT̄ deformation of a 2d CFT, which
has a sensible spectrum for a range of positive deformation
parameters λ, but for λ < 0 has infinitely many complex
energy levels.17

C. γ-Born-Infeld

We now turn our attention to the amalgamation of the
previous two examples (ModMax and Born-Infeld). It is
known in the literature that γBI simultaneously obeys a TT̄
and a

ffiffiffiffiffiffiffi
TT̄

p
flow equation [68–70]. Furthermore, these two

flows are commuting, which means that γBI is connected
with ModMax and Born-Infeld as per Fig. 1. Although the
limiting theories of γBI have been well understood in the
auxiliary formalism for some time, γBI itself had not yet
been successfully elevated to an auxiliary field theory.
Here, we will remedy this fact and fully explore the
different facets of γBI in the auxiliary formulations. The
difficulty with this model is that it does not appear to be
possible to get an explicit expression for Eða; λ; γÞ or
Hðb; λ; γÞ by trying to use the equations coming from
the auxiliary field approaches. This means that one must
resort to other methods of attacking the problem. One such
method could be to take inspiration from the previous
section and attempt to derive the interaction function via the
TT̄ and

ffiffiffiffiffiffiffi
TT̄

p
flow equations. As we will now describe, this

turns out to be a successful approach. Firstly, we look at theffiffiffiffiffiffiffi
TT̄

p
flow equation,

∂H
∂γ

¼
ffiffiffi
b

p
Hbð1 − bÞ: ð6:39Þ

Clearly, the only solution satisfying the initial condition
Hðb; 0Þ ¼ 0 is

Hðb; γÞ ¼ 0; ∀ γ; b: ð6:40Þ

FIG. 1. Flow diagram relating theories of electrodynamics.

17In some situations, these complex energies can be removed by
performing sequentialTT̄ flowswith a combination of negative and
sufficiently large positive deformation parameters [75].
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This is a signature of the fact that the μ representation
is singular for conformal theories; if we begin with
Hð0; γÞ ¼ 0 then this is a fixed point of the

ffiffiffiffiffiffiffi
TT̄

p
flow, and one would never reach the ModMax theory. If
instead, we assumed that Hð0; γÞ ≠ 0, then using the
method of characteristics, the general solution to
Eq. (6.39) is given by

Hðb; γÞ ¼ gðBÞ;

B ¼ ð1þ bÞ coshðγÞ þ 2
ffiffiffi
b

p
sinhðγÞ

1 − b
: ð6:41Þ

Whilst this does restrict the functional form ofHðb; γÞ, any
function g of the composite variable B given above is a
valid solution. This is all the mileage one can get from theffiffiffiffiffiffiffi
TT̄

p
flow. We now turn our attention to the TT̄ flow, under

which H obeys the differential equation,

Hðb; λÞ
∂λ

¼ −
1

2
H2 þ 1

2
bH2

bð1 − bÞ2: ð6:42Þ

As we have seen previously, given that λ is the only scale in
the problem, one can factorize the interaction function in
the following way:

Hðb; λÞ ¼ 1

λ
HðbÞ: ð6:43Þ

Substituting this into the previous differential equation, we
find that the general solution is

HðbÞ ¼ b − 1þ ð1þ bÞ coshðcÞ � 2
ffiffiffi
b

p
sinhðcÞ

b − 1
; ð6:44Þ

wherec is a constant of integration.Remarkably, by choosing
the positive branch we obtain a candidate in the family of
functions predicted by Eq. (6.41). Specifically, identifying
c ¼ γ, this solution corresponds to the choice,

gðBÞ ¼ 1

λ
ð1 − BÞ → HγBIðb; γÞ

¼ 1

λ

b − 1þ ð1þ bÞ coshðγÞ þ 2
ffiffiffi
b

p
sinhðγÞ

b − 1
: ð6:45Þ

The interaction functionHγBI of Eq. (6.45) is our final result
for the novel μ-frame representation of the ModMax-Born-
Infeld theory. Note that the γ ¼ 0 case correctly reproduces
theBorn-Infeld interaction function.With this, one can check
that this solution indeed reproduces γBI after integrating out
the auxiliary field in the μ frame.
Of course, one is free to convert this to the ν represen-

tation, which can be done at least perturbatively. The
defining relations in the ν representation are

EðaÞ ¼ 1

λ

ðb− 1Þ2þðbð4þbÞ− 1ÞcoshðγÞþ 4b3=2 sinhðγÞ
ðb− 1Þ2 ;

ð6:46Þ

where b ¼ bðaÞ is a solution of the following equation
(which is no longer quartic):

λ2a ¼ ð2 ffiffiffi
b

p
coshðγÞ þ ð1þ bÞ sinhðγÞÞ2

ðb − 1Þ4 : ð6:47Þ

The perturbative solution for Eða; λ; γÞ is then given by

Eða; λ; γÞ ¼ 2
ffiffiffi
a

p
tanh

�
γ

2

�
þ λ

2
asech4

�
γ

2

�

−
1

2
λ2a3=2sech6

�
γ

2

�
tanh

�
γ

2

�
þ � � � : ð6:48Þ

Note that the initial condition for expansion is no longer
b ¼ 0 and a ¼ 0. Maintaining that we want to obtain
expressions for weak field strengths (small a), then one
actually has to expand around b ¼ tanh2ðγ

2
Þ as it is at this

point that a ¼ 0. For completeness, one can also obtain the
above solution by solving the respective flow equations
perturbatively with the interaction function EðaÞ instead of
HðbÞ. Following the claim in Sec. V, it is worth pointing
out that one can again express the flow equations purely in
terms of Θ,

∂HðΘ; λ; γÞ
∂λ

¼ −
1

4λ
Θ; ð6:49aÞ

and

∂Hðb; λ; γÞ
∂γ

¼ ð4 coshðγÞ − λΘþ 4Þ2ðKðΘ; γÞ þ 2 cothðγÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KðΘ; γÞp þ 1Þ

8λð− ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λΘðλΘ − 8Þp þ cothðγÞðλΘ − 4Þ − 4Þ ; ð6:49bÞ

KðΘ; γÞ ≔ −8
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λΘ sinh2ðγÞðλΘ − 8Þ

p
þ 16 sinh2ðγÞ þ λΘðλΘ − 8Þ

ð4 coshðγÞ − λΘþ 4Þ2 : ð6:49cÞ
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Whilst the expression above is unwieldy, it provides yet
another example that these flows can always be written in
terms of stress tensor structures, and not necessarily in a
unique way. One can obtain the flow equation for the
rescaling parameter b → rb by merely making this variable
replacement when solving for bðΘÞ.

D. Some other examples

The simplest interaction (SI) model first appeared in
this context in [76] and is aptly named as both the
interaction functions are merely linear in the interaction
variable,

Hðb;L4Þ¼ 1

L4
b; EðyÞ¼−

1

L4
y; y¼L8a: ð6:50Þ

We have already discussed this model when we discussed a
function H up to quadratic in b. Here, we seek a ModMax
extension of the case which is purely linear in b. As we
have already discussed before, despite having such a simple
interaction function, it is not possible to obtain a closed
form expression for the nonauxiliary model as this involves
solving a fifth order polynomial. Naturally, we have the
trace-flow equation for the parameter L4,

∂HðbðΘÞ;L4Þ
∂L4

¼ −
Θ
4L4

: ð6:51Þ

Interestingly, as an explicit nonauxiliary Lagrangian can-
not be found for the SI model, it is only possible to
formulate the

ffiffiffiffiffiffiffi
TT̄

p
deformed or modified SI model using

the auxiliary formulation. Solving the
ffiffiffiffiffiffiffi
TT̄

p
flow equation

with appropriate initial condition,

∂Hðb;L4;γÞ
∂γ

¼
ffiffiffi
b

p
Hbð1−bÞ; Hðb;L4;γÞ ¼ 1

L4
Hðb;γÞ;

Hðb;0Þ ¼ b; ð6:52Þ

yields the interaction function for the modified SI model,

Hðb;L4; γÞ

¼ b − 1þ cosh2ðγ
2
Þ þ 2

ffiffiffi
b

p
coshðγ

2
Þ sinhðγ

2
Þ þ bsinh2ðγ

2
Þ

L4ðcoshðγ
2
Þ þ ffiffiffi

b
p

sinhðγ
2
ÞÞ2 :

ð6:53Þ

One can of course consider rescaling the interaction
variable as done in the previous section; however, due to
the simple nature of the interaction function, this is simply
equivalent to scaling the trace.
The natural progression from the previous example is to

include higher degree polynomial terms in the interaction
function. One can consider the same quadratic interaction
function as in Sec. VI A,

Hðb;L4Þ ¼ 1

L4
ðγ1bþ γ2b2Þ: ð6:54Þ

One can of course transition to the ν frame; however, the
form does not carry over as transparently as in the linear
case and hence is not very instructive. Unlike in Sec. VI A,
we now consider rescaling the variable b → rb by a
dimensionless parameter r. This gives the following inter-
action function:

Hðb;L4; rÞ ¼ 1

L4
ðγ1rbþ γ2r2b2Þ: ð6:55Þ

From this, one can obtain the following flow equation for
the parameter r∶

∂Hðb;L4; rÞ
∂r

¼ � γ1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2ðγ21 þ γ2L4ΘÞ

p
2γ2L4r2

þ γ21
2γ2L4r

þ Θ
2r

: ð6:56Þ

We note that in all cases thus far the flows can be written in
terms of stress tensor structures as per the conclusion
in Sec. V.
Finally, one can consider an interaction function that is

homogeneous of degree n in the interaction variable,

Hðb;L4Þ ¼ 1

L4
bn;

Eða; L4Þ ¼ 1

L4
ð1 − 2nÞ

�
L8a
4n2

� n
2n−1

: ð6:57Þ

Similarly to the linear case (n ¼ 1) we will ignore the
rescaling flow, as this again amounts to a rescaling of the
trace. Instead, we will look for the modified version of this
theory by solving the

ffiffiffiffiffiffiffi
TT̄

p
flow equation for a dimension-

less parameter γ,

∂Hðb;L4; γÞ
∂γ

¼
ffiffiffi
b

p
Hbð1 − bÞ;

Hðb;L4; 0Þ ¼ 1

L4
bn: ð6:58Þ

The solution to this equation gives the modified homo-
geneous model,

Hðb;L4;γÞ¼ 1

L4
tanh

�
1

2

�
−γ−2arctanhð

ffiffiffi
b

p
Þ
��2n

: ð6:59Þ

The four solutions for bðΘÞ are as follows:

b ¼
	
tanh2

�
γ

2
� tanh−1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4−1=nðL4ΘÞ1=n

q ��
;

tanh2
�
−
γ

2
þ tanh−1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4−1=nðL4ΘÞ1=n

q ���
; ð6:60Þ
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where the positive branch of the first solution occurs with
multiplicity two. With this, the flow equation for the
parameter γ is given by

∂Hðb;L4; γÞ
∂γ

¼ 2ntanh2nðzÞcschð2zÞ
L4

; ð6:61aÞ

z ¼ γ þ tanh−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4−1=nðL4ΘÞ1=n
q �

: ð6:61bÞ

If not obvious from the preceding discussion of the linear
case, obtaining on shell models for these higher-order
models is also not possible. However, it should by now be
clear how the claim of Sec. V is realized explicitly in
several examples.

VII. CONCLUSION

In this work, we have investigated the relationship
between duality invariance and stress tensor deformations
in theories of electrodynamics in four spacetime dimen-
sions. We have found that these two ideas are closely
linked, and that one can think of any family of duality-
invariant theories as obeying some generalized TT̄-like
flow equation. A related fact, as we have seen, is that any
duality-invariant function fðS; PÞ, in a given theory
LðS; PÞ which enjoys electric magnetic duality-invariance,
can be expressed as a function of the energy-momentum
tensor for that fixed theory, which we express as
fðS; PÞ ¼ fðTμνÞ. Furthermore, the two Lorentz scalars
that one may construct from the stress tensor are in fact
dependent, so that such a function fðS; PÞ is secretly a
function of only one real variable.
Although we have made some arguments using only

the differential equation obeyed by a Lagrangian LðS; PÞ
for a duality-invariant theory, the hidden reduction to a
univariate problem is made most transparent in an
auxiliary field formulation, which was the focus of our
Secs. III–VI. There are at least two other scenarios, in
spacetime dimensions other than four, in which an
auxiliary field formalism of this type might be useful
to make a similar reduction to a one-variable problem
manifest. Here, we will briefly describe these two
scenarios below. We will then conclude by commenting
about the interplay between TT̄-like flows and their
geometric engineering by means of coupling to auxiliary
gravitational sectors. We believe these are all interesting
directions for future research.

A. Integrable sigma models in d = 2

Many of the structures which appear in 4d theories of
electrodynamics also appear in certain two-dimensional
models. Some of the overlap between these classes of
theories was discussed in [68] following analysis in [53],
which we now very briefly review.

We consider a class of 2d theories which resemble the
principal chiral model associated with a Lie groupG and its
Lie algebra g. The fundamental degree of freedom is a
group-valued field gðxþ; x−Þ ∈ G where x� are light cone
coordinates in the two-dimensional spacetime. It is con-
venient to define the left-invariant Maurer-Cartan form and
its pull-back,

j ¼ g−1dg; jμ ¼ g−1∂μg: ð7:1Þ
The Lagrangian of the usual principal chiral model can be
written in light-cone coordinates as

LPCM ¼ −
1

2
trðjþj−Þ: ð7:2Þ

However, we can consider a larger class of models which
depend on the two independent Lorentz invariants that can
be constructed from the matrixMμν ¼ trðjμjνÞ. By analogy
with the two real scalars that can be constructed from a field
strength Fμν in four dimensions, we define these invariants
by the relations,

S ¼ −
1

2
trðjþj−Þ;

P2 ¼ 1

4
ðtrðjþjþÞtrðj−j−Þ − ðtrðjþj−ÞÞ2Þ: ð7:3Þ

One can then consider a generic Lagrangian LðS; PÞ which
depends on these two invariants, much as we have done for
theories of electrodynamics in 4d.
The ordinary principal chiral model,L ¼ S, is classically

integrable; its equations of motion are equivalent to the
flatness of a Lax connection for any value of a spectral
parameter z. One might ask whether other models LðS; PÞ
share this property. If the Lagrangian satisfies

L2
S −

2S
P

LSLP − L2
P ¼ 1; ð7:4Þ

then the model is also classically integrable, and its
equations of motion are equivalent to flatness of a Lax
connection which can be written in light cone coordinates
x� as

L� ¼ j� � zJ�
1 − z2

; ð7:5Þ

for any z ∈ C, where Jμ is the Noether current for
invariance of the theory under right-multiplication of
(7.1) by an element g ∈ G.
We therefore see that the condition (7.4) for the model to

be classically integrable, with Lax connection given
by (7.5), is identical to the differential equation obeyed
by a Lagrangian for a 4d theory of duality-invariant
electrodynamics.
It would be very interesting to construct auxiliary field

formulations, much like the Ivanov-Zupnik μ and ν
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representations, for this class of 2d integrable sigma
models. Because the structures are so similar, one might
expect that many of the results in the present work would
have analogues in the 2d setting. For instance, one can
check that any deformation of a PCM-like model LðS; PÞ
obeying (7.4) by a function of the stress tensor preserves
classical integrability; the case of root-TT̄ deformations
was investigated in [53].
It is also known [77] that 2d integrable sigma models can

be constructed from the 4d Chern-Simons theory which
was initially studied in [78,79]; see [80] and references
therein for a review. The relationship between the TT̄
deformation and 4d Chern-Simons has been investigated in
[81]. It would be interesting to see whether there is a 4d
Chern-Simons construction of the 2d PCM-like models
satisfying (7.4) and whether an auxiliary field representa-
tion exists in this setting. Perhaps one could use this to
establish other properties of these sigma models, such as
their one-loop structure and behavior under renormaliza-
tion group flows [82,83].

B. Tensor theories in d = 6

Another setting in which many of the structures of 4d
nonlinear electrodynamics have natural analogues is among
the class of six-dimensional theories of a two-form poten-
tial A2 with a three-form field strength F3 ¼ dA2. For
instance, the two-parameter family of 4d ModMax-Born-
Infeld theories—which are relevant for the present context,
in part, because they are duality invariant and satisfy
commuting TT̄-like and root-TT̄-like flow equations—lifts
to a related family of 6d tensor theories [61].
It is of particular interest to focus on chiral theories of

2-form electrodynamics, such as the one describing the
M5-brane theory. Although one can formulate such theories
using a Lorentz-invariant Lagrangian [84–86], it is conven-
ient to use theHamiltonian formalism. In the notation of [87],
let us define the magnetic two-form Bij ¼ 1

2
ϵijklm∂kAlm,

where Latin indices like i, j run over spatial directions
1;…; 5. Then a generic Hamiltonian density H for such a
theory can be written as Hðs; p2Þ,18 where

s¼ 1

4
BijBij; p2¼pipi; pi¼

1

8
ϵijklmBjkBlm: ð7:6Þ

Lorentz invariance is not manifest in this formulation, but
will be respected if the Hamiltonian density obeys

H2
s þ 4sHsHp2 þ 4p2Hp2 ¼ 1: ð7:7Þ

Equation (7.7) has the structure of the equation for duality
invariance in 4d electrodynamics. Just as one can introduce
an auxiliary field to make 4d duality invariance manifest, it

is well-known that one can introduce an auxiliary field to
make 6d Lorentz invariance manifest using the PST
formalism. In this case, much like the 4d setting, theories
which obey (7.7) can also be described by interaction
functions of a single variable rather than two variables
ðs; p2Þ, and the energy-momentum tensor for such theories
has been studied [88]. By analogy with the 4d setting, one
might expect that families of Lorentz-invariant 6d theories
of chiral 2-form electrodynamics may also be related by
generalized stress tensor flows.19

Another way to see that theories of a chiral 2-form in six
dimensions should be described by a Lagrangian that
depends on one real variable, much like duality-invariant
theories of 4d electrodynamics, is via the approach of [89].
There the authors show that there exists only one func-
tionally independent scalar that can be constructed from a
self-dual three-form in six dimensions, which in their

notation is called Ið6dÞ4 . A general interacting theory of a
chiral 2-form is therefore specified by an interaction term in

the Lagrangian which depends on Ið6dÞ4 , much like the
interaction functions EðaÞ or HðbÞ in the Ivanov-Zupnik
formalism. In this language, one can describe the ModMax-
like chiral tensor theory using an interaction function with
the same schematic form as (6.34) in the 4d electrody-
namics setting, namely an interaction proportional to

tanhðγ
2
Þ

ffiffiffiffiffiffiffiffiffi
Ið6dÞ4

q
. It seems likely that one can also develop

a μ-frame version of this formalism and write an auxiliary
field representation of the two-parameter family of
ModMax-Born-Infeld like chiral tensors using an interac-
tion function of the form (6.44). We hope to revisit this
direction in future work.

C. Geometric realisation of TT̄-like deformations
in d > 2

Above, we have commented about two avenues where an
auxiliary field sector is implemented to make manifest
dynamical properties of interesting models. In two space-
time dimensions, the TT̄ deformation has been proven in
various works to possess different types of geometric
interpretations. Early in 2018 Cardy noticed that the TT̄
deformation can be interpreted as coupling the original two-
dimensional quantum field theory to a random geometry
[26]. A related connection between TT̄ deformations and 2d
gravity was pushed forward in [25,90] where it was
proposed that TT̄ deforming a 2d QFT is equivalent to
coupling the theory to a Jackiw-Teitelbolm (JT) like gravity.

18Do not confuse the Hamiltonian H here with the function
HðbÞ in the 4d auxiliary field μ-frame.

19One of the main results of [87] is a second condition on
Hðs; p2Þ to guarantee that the theory exhibit zero trirefringence.
It is natural to expect that, unlike the condition (7.7) which should
be preserved by all stress tensor deformations, the condition that a
stress tensor flow preserve the zero-trirefringence condition
should uniquely fix a single TT̄-like flow, as in the 4d zero-
birefringence context [68].
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In [91], the deformation was interpreted as arising from a
coupling to 2dmassive gravity. See also [92] and references
within for further developments of these ideas. Geometric
approaches were then used to implement algorithms to
integrate several flow equations, including the Lagrangian
flows [34,42,93,94]. Moreover, in a series of papers, it was
proven thatTT̄ flows can be derived by gauge fixing andTsT
transformations of string actions [30,95–97]. For the so-
called “good-sign” (positive sign) of a 2d TT̄ deformation,
one can investigate the density of states at arbitrarily high
energies obtaining an asymptotic Hagedorn behavior [25].
This indicates that theTT̄ deformed theory is not a localQFT
and is expected to describe the so-called little string theories
that are dual to gravity theories on linear dilaton back-
grounds [43]. Interestingly, all these works indicate how the
use of an auxiliary gravitational sector leads to TT̄-like
deformed quantum field theories.
To the best of our knowledge, geometric engineering of

TT̄-like flows in dimensions other than two has not been
systematically pursued yet. An inspiring first analysis has
been done in [94], where the ModMax-Born-Infeld theory
of electrodynamics was constructed in four dimensions
as a geometric TT̄-like flow. Another interesting recent
Ref. [98] showed how the same models of nonlinear
electrodynamics that we have discussed in our paper result
from integrating out massive gravitons. The known rela-
tionship between 2d TT̄ and massive gravity [91], and
these recent papers, might indicate a link between general
TT̄-like flows and coupling to (massive) gravity in four
dimensions which waits to be unravelled—at least for
general theories of nonlinear electrodynamics. It is then an
interesting avenue to explore more geometric formulations
of general TT̄-like flows in d > 2.
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APPENDIX: DETAILS OF COMPUTATIONS
FOR DUALITY-INVARIANT THEORIES

Inorder to streamline the discussion in themainbodyof the
paper, here we collect the details of a few calculations whose
results were quoted without proof in Sec. II. These results all
concern theories of duality-invariant electrodynamics whose

LagrangiansLðS; PÞ are written in the conventional form, in
terms of the two Lorentz invariant S andP of Eq. (2.1), rather
than in one of the representations using auxiliary fields that
are discussed in later sections of the paper. All of the
observations in this appendix follow from elementary con-
siderations of the partial differential equation (2.13) obeyed
by the Lagrangian of such self-dual theories.

1. Proof that TT̄-like flows preserve
Uð1Þ-duality invariance

The goal of this appendix is to review and expand upon
the proof that any deformation of a duality-invariant
Lagrangian by a function of the energy-momentum tensor
preserves duality invariance. The idea of this proof was
sketched in [68] which explained the result at leading order
in the deformation parameter: if a duality-invariant seed
theory L0 is deformed as

L0 → L1 ¼ L0 þ λfðTð0Þ
μν Þ; ðA1Þ

where fðTð0Þ
μν Þ is a function of the stress tensor for the

seed theory, then the deformed theory L1 remains duality-
invariant to order λ.
In fact, a similar conclusion holds to all orders in λ.

Roughly speaking, this is because the leading-order argu-
ment can be iterated, since now the deformed theory L1

can be viewed as a new seed theory, and similar reasoning
shows that a further deformation by a function of the

first-order deformed stress tensor Tð1Þ
μν will preserve

duality-invariance at Oðλ2Þ. This intuition that the duality
invariance of the deformation can be “bootstrapped up”
order-by-order will be made quantitative in Eq. (A13)
shortly. Continuing in this way, one concludes that the
solution to the differential equation,

∂LðλÞ

∂λ
¼ fðTðλÞ

μν Þ; ðA2Þ

yields a one-parameter family of functions LðλÞ which
satisfy the duality-invariance condition to all orders in λ.
However, a more careful proof of this statement requires an

inductive argument that the deformed Lagrangian LðλÞ sat-
isfies the duality-invariance condition to all orders in λ. We
now state this claimmore precisely and spell out the reasoning
in some detail. Note the following theorem is a particular case
of Theorem 1 and an alternative, and simpler, proof was given
there. The reader should intend this subsection to be self-
contained and extend on the original analysis of [68]
Theorem 5. Let L0ðS; PÞ be a Lagrangian which satisfies

the duality-invariance condition given in Eq. (2.13). Suppose
that there is a one-parameter family of Lagrangians
LðλÞðS; PÞ which obey the flow equation,

∂LðλÞ

∂λ
¼ fðTðλÞ

μν Þ; ðA3Þ
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where fðTðλÞ
μν Þ is a Lorentz scalar constructed from the stress

tensor ofLðλÞ, and with the initial conditionLðλÞ ¼ L0 when
λ ¼ 0. Then the entire family of LagrangiansLðλÞ satisfy the
same duality-invariance condition at any value of λ.
We note that a stronger version of this theorem is also

true: one may replace the deforming operator on the right

side of Eq. (A3) with a more general function fðTðλÞ
μν ; λÞ.

However, for simplicity we will restrict ourselves to the
case where the function depends on λ only implicitly
through the stress tensor.
Proof. We assume that the Lagrangian has a convergent

Taylor series expansion in λ,

LðλÞ ¼ L0 þ λL1 þ λ2L2 þ � � � : ðA4Þ
We use the symbols Li with a lower index for the Taylor
coefficients in the Lagrangian, in contrast to the variables
Lk with an upper index, which we define as the approxi-
mation to LðλÞ which is accurate up to OðλkÞ,

Lk ¼
Xk
i¼0

λiLi: ðA5Þ

Likewise, we let Tk
μν be the energy-momentum tensor

constructed from Lk. By virtue of the differential
equation (A3), the approximate Lagrangians Lk satisfy

Lkþ1 ¼ Lk þ λkþ1

kþ 1
½fðTk

μνÞ�λk ; ðA6Þ

where the notation ½fðTk
μνÞ�λk means to extract the Taylor

coefficient proportional to λk in the series expansion of
fðTk

μνÞ. Explicitly,

½gðλÞ�λk ¼
1

k!
dkg
dλk






λ¼0

; ðA7Þ

for any function gðλÞ.
It is convenient to parametrize a general Lorentz scalar

function fk ¼ fðTk
μνÞ in terms of the two variables,

Θk ¼ ðTkÞμμ; T̂k;2 ¼ ðT̂kÞμνðT̂kÞμν; ðA8Þ

where T̂k
μν is the traceless part of Tk

μν. In this parametriza-
tion, we write

fðTk
μνÞ ¼ fðΘk; T̂k;2Þ;
Θk ¼ 4ðLk − PLk

P − SLk
SÞ;

T̂k;2 ¼ 4ðS2 þ P2ÞðLk
SÞ2: ðA9Þ

We will also collect some formulas involving derivatives of
fk ¼ fðTk

μνÞ,

∂fk

∂S
¼ ∂fk

∂Θk

∂Θ
∂S

þ ∂fk

∂T̂k;2

∂T̂k;2

∂S

¼ −4
∂fk

∂Θk ðPLk
SP þ SLk

SSÞ

þ 4
∂fk

∂T̂k;2 ð2SðLk
SÞ2 þ 2ðS2 þ P2ÞLk

SL
k
SSÞ;

∂fk

∂P
¼ ∂fk

∂Θk

∂Θ
∂P

þ ∂f

∂T̂k;2

∂T̂2

∂P

¼ −4
∂fk

∂Θk ðPLk
PP − SLk

SPÞ

þ 4
∂fk

∂T̂k;2 ð2PðLk
SÞ2 þ 2ðS2 þ P2ÞLk

SL
k
SPÞ: ðA10Þ

For any function hðS; PÞ and any non-negative integer k,
we also define the functions,20

FðhÞ ¼ ðhSÞ2 −
2S
P

hShP − ðhPÞ2 − 1;

Fk ¼ FðLkÞ;

GkðhÞ ¼ 2Lk
ShS −

2S
P

ðLk
ShP þ Lk

PhSÞ − 2Lk
PhP: ðA11Þ

The function Fk measures the failure of the Lagrangian Lk

to satisfy the duality invariance condition, whereas the
function GkðhÞ measures the failure of the function hðS; PÞ
to be invariant under the duality transformation associated
with the LagrangianLk. It is easy to see that every Fn obeys
a recursion relation,

Fn ¼ ðLn−1
S þ λnLn;SÞ2 −

2S
P

ðLn−1
S þ λnLn;SÞðLn−1

P þ λnLn;PÞ − ðLn−1
P þ λnLn;PÞ2 − 1

¼
�
ðLn−1

S Þ2 − 2S
P

Ln−1
S Ln−1

P − ðLn−1
P Þ2

�
þ λ2n

�
L2
n;S −

2S
P

Ln;SLn;p − L2
n;P

�

þ λn
�
2Ln−1

S Ln;S −
2S
P

ðLn−1
S Ln;P þ Ln−1

P Ln;SÞ − 2Ln−1
P Ln;P

�
¼ Fn−1 þ FðλnLnÞ þ Gn−1ðλnLnÞ: ðA12Þ

20The functions F and G are not to be confused with the field strength Fμν and the quantity Gμν introduced in Eq. (2.18), both of
which carry Lorentz indices.
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The key technical step in our proof is to establish the
relation,

Fk þ
Xk−1
i¼0

Giðλ2k−iL2k−iÞ ¼ 0: ðA13Þ

Wewill prove this by induction on k. When k ¼ 0, there are
no terms in the sum, so the claim reduces to the statement
that F0 ¼ 0, which is automatically true by the assumption
that the undeformed theory is duality invariant.

a. Base case: k= 1

Let us consider the first nontrivial case, which is k ¼ 1.
In this case the claim is

F1 þ G0ðλ2L2Þ ¼ 0: ðA14Þ

Using the recursive relation (A12), we have F1 ¼ F0 þ
FðλL1Þ þG0ðλL1Þ, and again we have F0 ¼ 0 by
assumption. So we would like to show that

FðλL1Þ þG0ðλL1Þ þ G0ðλ2L2Þ ¼ 0: ðA15Þ

Note that FðλL1Þ and G0ðλ2L2Þ are both of order λ2

while G0ðλL1Þ is linear in λ, so we will first show that

G0ðλL1Þ ¼ 0. Using the expression (A6) for L1 in terms of
fðT0

μνÞ ¼ f0, this means that we must show

L0
Sf

0
S −

S
P
ðf0SL0

P þ L0
Sf

0
PÞ − L0

Pf
0
P ¼ 0; ðA16Þ

where f0 ¼ fðT0
μνÞ. Equation (A16) expresses the con-

dition that the function fðT0
μνÞ is duality invariant with

respect to the duality transformation in the undeformed
theory L0. To prove this, we use that F0ðS; PÞ ¼ 0
identically, which means that both the function and its
derivatives with respect to S and P are equal to zero. The
conditions ∂SF0 ¼ 0 and ∂PF0 ¼ 0 give the constraints,

L0
SL

0
SS −

1

P
L0
SL

0
P −

S
P
ðL0

SSL
0
P þ L0

SL
0
SPÞ − L0

PL
0
SP ¼ 0;

L0
SL

0
SP þ S

P2
L0
SL

0
P −

S
P
ðL0

SPL
0
P þ L0

SL
0
PPÞ − 2L0

PL
0
PP ¼ 0:

ðA17Þ

Equation (A17) give conditions which allow us to eliminate
some of the second derivative terms which arise when
substituting the expressions (A10) for fk, with k ¼ 0, into
(A16). Explicitly, we compute

L0
Sf

0
S −

S
P
ðf0SL0

P þ L0
Sf

0
PÞ − L0

Pf
0
P ¼ L0

S

�
−4

∂f0

∂Θ0
ðPL0

SP þ SL0
SSÞ þ 4

∂f0

∂T̂0;2 ð2SðL0
SÞ2 þ 2ðS2 þ P2ÞL0

SL
0
SSÞ

�

−
S
P

���
−4

∂f0

∂Θ0
ðPL0

SP þ SL0
SSÞ þ 4

∂f0

∂T̂0;2 ð2SðL0
SÞ2 þ 2ðS2 þ P2ÞL0

SL
0
SSÞ

��
L0
P

þ L0
S

�
−4

∂f0

∂Θ0
ðPL0

PP − SL0
SPÞ þ 4

∂f0

∂T̂0;2 ð2PðL0
SÞ2 þ 2ðS2 þ P2ÞL0

SL
0
SPÞ

��

− L0
P

�
−4

∂f0

∂Θ0
ðPL0

PP − SL0
SPÞ þ 4

∂f0

∂T̂0;2 ð2PðL0
SÞ2 þ 2ðS2 þ P2ÞL0

SL
0
SPÞ

�
: ðA18Þ

After substituting the constraints (A17) into Eq. (A18),
simplifying using the condition that F0 ¼ 0 due to the
duality invariance of the seed theory L0, and performing
some algebra, one finds that all dependence on the
derivatives of f0 drops out, and

L0
Sf

0
S −

S
P
ðf0SL0

P þ L0
Sf

0
PÞ − L0

Pf
0
P ¼ 0 ðA19Þ

holds identically, regardless of the value of ∂f0

∂Θ0 and ∂f0

∂T̂0;2.
This establishes that the terms of order λ in (A14) vanish.
Let us now consider the terms of order λ2. We must now

show that FðλL1Þ þG0ðλ2L2Þ ¼ 0, or

0 ¼ L2
1;S −

2S
P

L1;SL1;P − L2
1;P − 1

þ 2

�
L0
SL2;S −

S
P
ðL0

SL2;S þ L0
PL2;SÞ − 2L0

PL2;P

�
:

ðA20Þ
To do this we must use the facts that

L1 ¼ fðT0
μνÞ; L2 ¼

1

2
½fðT1

μνÞ�λ; ðA21Þ

along with our formula (A10) for derivatives of the function
f. In particular, it is important that the argument T1

μν of the
function f in L2 is itself determined in terms of the same
function f,
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fðT1
μνÞ ¼ f½T0

μν þ λTμνðL1Þ�
¼ f½T0

μν þ λTμνðfðTð0Þ
μν ÞÞ�: ðA22Þ

This is because the Hilbert stress tensor is a linear function
of the Lagrangian, so in general for a sum L ¼ LA þ LB,
the total stress tensor is TμνðLÞ ¼ TμνðLAÞ þ TμνðLBÞ.
Our calculation only requires us to extract the term in

fðT1
μνÞ which is proportional to λ1, or

L2 ¼
1

2

d
dλ

ff½T0
μν þ λTμνðfðTð0Þ

μν ÞÞ�gjλ¼0: ðA23Þ

We note that all of these quantities are ultimately deter-
mined in terms of L0, which satisfies the exact duality-
invariance condition.
We may therefore evaluate derivatives of L2 with respect

to S and P using the expression (A23) along with our
previous results (A10). After doing this and simplifying
using the duality invariance of L0, one finds that

FðλL1Þ þ G0ðλ2L2Þ ¼ 0; ðA24Þ

which completes the proof that our claim (A13) holds in the
case k ¼ 1.

b. Inductive step

We now suppose that Eq. (A13) holds for k¼1;…;n−1
and show that it also holds when k ¼ n. Using the recursion
relation (A12) for the Fk and our induction hypothesis,
we have

Fn¼−
Xn−2
i¼0

Giðλ2ðn−1Þ−iL2ðn−1Þ−iÞþFðλnLnÞþGn−1ðλnLnÞ:

ðA25Þ

We would like to eliminate the last two terms in (A25) and
express the result entirely in terms of a sum of Gi with
various arguments. To do this, we must again rely on the
recursive definition of the Taylor coefficients Li in the
Lagrangian,

Lj ¼
1

j
½fðTj−1

μν Þ�λj−1 ;

Tj
μν ¼ TμνðL0Þ þ λTμνðL1Þ þ � � � þ λjTμνðLjÞ: ðA26Þ

Extracting the term of order λj−1 in an expression (A26),

½fðTj−1
μν Þ�λj−1 ¼

1

ðj − 1Þ!
dj−1

dλj−1
½fðTj−1

μν Þ�λ¼0; ðA27Þ

then generates a series of terms involving lowerLiwhich are
all defined in terms of the same expansions (A26). It turns
out that this recursive definition, along with the duality

invariance condition for the undeformed Lagrangian L0,
implies the relation,

�Xn−1
i¼0

Giðλ2n−iL2n−iÞ
�
þ FðλnLnÞ þ Gn−1ðλnLnÞ

¼
Xn−2
i¼0

Giðλ2ðn−1Þ−iL2ðn−1Þ−iÞ: ðA28Þ

Combining this formula with the result (A25) of our
inductive hypothesis and the recursion relation for Fn, we
find

Fn ¼ −
Xn−1
i¼0

Giðλ2n−iL2n−iÞ; ðA29Þ

which establishes that (A13) also holds when k ¼ n. This
formula therefore holds for all integers k ≥ 0 by induction.

c. Proof of original claim

Now that we have established Eq. (A13) by induction, let
us return to the proof of the main theorem. Wewould like to
show that the full solution LðλÞ to the flow equation is
duality invariant, which in the notation developed above is
expressed by the statement,

FðLðλÞ ¼ 0Þ: ðA30Þ

Using the Taylor series expansion for LðλÞ, we may write

FðLðλÞÞ ¼ lim
k→∞

Fk: ðA31Þ

However, from (A13) we see that

Fk ¼ Oðλkþ1Þ: ðA32Þ

This expresses the fact that, at each order k in the Taylor
series expansionLk ofLðλÞ, the theory is duality invariant to
order λk, and the failure of duality invariance begins only at
order λkþ1. Therefore, taking the k → ∞ limit in (A32), we
conclude that

FðLðλÞÞ ¼ 0; ðA33Þ

which proves Theorem 4. ▪

2. Method of characteristics
and Uð1Þ-duality invariance

In this appendix we will prove that, in a duality-invariant
theory described by a Lagrangian LðS; PÞ, any function
fðS; PÞ which is invariant under duality transformations
can be expressed as a function of a single variable. This
single variable can be chosen to be any nontrivial Lorentz
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scalar constructed from the stress tensor Tμν. Our proof will
rely on the method of characteristics, which is a standard
technique for solving first-order partial differential equa-
tions. See also [99] for another application of this method to
study TT̄-like flows.
In order for a function fðS; PÞ to be invariant under the

duality transformations associated with the Lagrangian
LðS; PÞ, this function must satisfy the differential equation,

ðPLS − SLPÞfS − ðSLS þ PLPÞfP ¼ 0: ðA34Þ

We will first seek characteristic curves for this differential
equations, which are one-parameter families of points,

ðSðtÞ; PðtÞ; fðSðtÞ; PðtÞÞÞ; ðA35Þ

described by a parameter t which labels points along the
curve. The characteristic curves satisfy the system of
ordinary differential equations,

dS
dt

¼ PLS − SLP;

dP
dt

¼ −SLS − PLP;

df
dt

¼ 0; ðA36Þ

which guarantees that the tangent vector to the curve is also
a tangent vector to the plane of solutions to the differential
equation (A34). Clearly solutions to the system (A36) have
the property that

fðtÞ ¼ u ðA37Þ

for some constant u which is independent of the parameter
t. It will be helpful to look for other functions vðSðtÞ; PðtÞÞ
which are independent of t, so that

0 ¼ dv
dt

¼ ∂v
∂S

dS
dt

þ ∂v
∂P

dS
dt

¼ ∂v
∂S

ðPLS − SLPÞ þ
∂v
∂P

ð−SLS − PLPÞ; ðA38Þ

where in the last step we have substituted (A36) for S0ðtÞ
and P0ðtÞ. Any such function v will be constant along the
characteristics curves for which (A36) holds.
We first claim that any function of the energy-momen-

tum tensor associated with LðS; PÞ provides us with such a
function vðS; PÞ, assuming that the theory enjoys duality
invariance. As we mentioned in Sec. II A, any function of
the stress tensor can be written as a function of the two
Lorentz scalars Θ and T2,

fðTμνÞ ¼ fðΘ; T2Þ;
Θ ¼ 4ðL − PLP − SLSÞ;
T2 ¼ 4ðS2 þ P2ÞL2

S þ 4ðL − PLP − SLSÞ2: ðA39Þ

Therefore, it suffices to show that the two functionsΘðS; PÞ
and T2ðS; PÞ satisfy the condition (A38) which means that
they are constant along characteristic curves. We first
compute the derivatives dΘ

dt and dT2

dt , assuming that SðtÞ
and PðtÞ satisfy (A36),

dΘ
dt

¼4ðP2ðLPLPP−LSLSPÞ
þPSð2LPLSPþLSðLPP−LSSÞÞ
þS2ðLSLSPþLPLSSÞÞ;

dT2

dt
¼−8ðS2þP2ÞL2

SLP

þ8ðS2þP2ÞLSðLSSðPLS−SLPÞ−LSPðSLSþPLPÞÞ
þ8ðL−PLP−SLSÞ ·ðP2ðLPLPP−LSLSPÞ
þPSð2LPLSPþLSðLPP−LSSÞÞ
þS2ðLSLSPþLPLSSÞÞ: ðA40Þ

After imposing the duality invariance condition (2.13), as
well as the derivatives of this equation with respect to S and
P, the combinations appearing in (A40) collapse to

dΘ
dt

¼ 0;
dT2

dt
¼ 0: ðA41Þ

This means that Θ and T2, and therefore a general Lorentz
scalar function of the stress tensor, is constant along the
characteristic curves. Such functions are said to be integrals
of the characteristic system.
It is a general theorem that, if two integrals u, v of the

characteristic system are known for a first-order linear
partial differential equation for a function fðS; PÞ of two
variables S, P, then the general solution to this differential
equation is described implicitly by

gðu; vÞ ¼ 0; ðA42Þ

where g is an arbitrary function of two independent
variables. We have already seen in Eq. (A37) that, since
df
dt ¼ 0, the function fðtÞ ¼ u is one such integral of the
characteristic system. In order to write down the general
solution to the differential equation (A34), we therefore
only need to identify one other integral of the characteristic
system—and indeed, we are guaranteed that at most one
other functionally independent quantity of this type exists.
In particular, this implies that for any duality-invariant
Lagrangian and any two quantities v1ðTμνÞ, v2ðTμνÞ which
are constructed from the stress tensor, one of the two
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quantities v1, v2 can be locally expressed as a function of
the other. For instance, if the trace Θ is a nontrivial function
of S and P (i.e. if Θ is not a constant), then it must be
possible to express it as a function of T2. We already
expected that this should be true from the arguments around
Eq. (2.15) which demonstrate that there exists some func-
tional relation of the form hðΘ; T2Þ ¼ 0 in any duality-
invariant model.
Therefore, let us choose v to be any function of the

energy-momentum tensor which is a nontrivial function of
S and P. To be concrete, we can choose v ¼ T2 since this
combination TμνTμν is nontrivial in all of the models which
we will consider (unlike the trace Θ, which vanishes in
conformal models such as the Maxwell and ModMax
theories). The general solution to the (A34) is therefore,

gðu; vÞ ¼ 0; ðA43Þ
for some function g of two variables. By the inverse
function theorem, this means that u ¼ fðS; PÞ can locally
be expressed as a function of v, which means that

fðS; PÞ ¼ hðvÞ; ðA44Þ
for some function h. For the choice v ¼ T2, we conclude
that any duality-invariant function can be written as a
function of the single variable T2 ¼ TμνTμν.
A simple example is the Maxwell Lagrangian L ¼ S, for

which one has

Θ ¼ 0; T2 ¼ 4ðS2 þ P2Þ: ðA45Þ
In this case, our general argument shows that any duality-
invariant function can be written as fðT2Þ or equivalently
fðS2 þ P2Þ. Note that the trace Θ is indeed functionally
dependent on the other invariant T2, albeit in a trivial way
because it vanishes.

a. Solution to differential equation for the Lagrangian

The preceding argument shows that any duality-invariant
function fðS; PÞ can be written as a function of a single
variable; for instance, this variable can be taken to be T2.
A similar statement holds for the Lagrangian of a theory of
duality-invariant electrodynamics. As we have mentioned,
a Lagrangian LðS; PÞ which described a duality-invariant
theory must satisfy the partial differential equation (2.13).
This differential equation is similar, but not identical, to the
condition (A34) satisfied by a duality-invariant function.
This reflects the fact that the Lagrangian itself need not
be invariant under duality rotations in order for the
equations of motion to be duality-invariant; the Maxwell
theory L ¼ S is a counterexample.
Another difference between (2.13) and (A34) is that the

differential equation for fðS; PÞ is linear, which allows one
to solve it using the method of characteristics, whereas

the equation for LðS; PÞ is nonlinear. Nonetheless, this
equation can be solved and the general solution to this
duality-invariance condition for L is also described by a
function of a single variable—see also previous discussions
in [11,12,15].
For completeness, we now briefly review the standard

argument for this conclusion. It is first convenient to rewrite
Eq. (2.13) in new variables. Recalling the definitions,

φ ¼ FαβFαβ; φ̄ ¼ F̄α̇ β̇F̄
α̇ β̇; ðA46Þ

introduced in Sec. III, let us define

p ¼ 1

4
ðφþ φ̄Þ þ 1

2

ffiffiffiffiffiffi
φφ̄

p
;

q ¼ 1

4
ðφþ φ̄Þ − 1

2

ffiffiffiffiffiffi
φφ̄

p
: ðA47Þ

In terms of these variables, the differential equation for the
Lagrangian becomes

LpLq ¼ 1; ðA48Þ

which is known as the Courant-Hilbert equation [100]. The
general solution to this differential equation is

Lðp; qÞ ¼ vðsÞ þ 2p
v0ðsÞ ; ðA49Þ

where vðsÞ is an arbitrary function of one variable, and the
auxiliary variable s is related to the dynamical quantities p,
q by

q ¼ sþ p
ðv0ðsÞÞ2 : ðA50Þ

This makes it clear that theories of duality-invariant
electrodynamics, without higher derivative interactions—
so that the Lagrangian depends on S, P but not invariants
involving ∂ρFμν and so forth—are in one-to-one corre-
spondence with functions of a single real variable vðsÞ.
One might have expected this fact from the discussion of

the auxiliary field representations of Sec. III. Indeed, any
solution to the duality-invariance condition (A48) also
admits an auxiliary field description in the ν frame in
terms of an interaction function EðaÞ where a ¼ νν̄, as
mentioned in [15]. Therefore, duality-invariant theories
(again, without higher-derivative terms) may be viewed as
being in one-to-one correspondence with univariate func-
tions in two ways: each such theory is described by either a
function vðsÞ as in (A49) or by a function EðaÞ in the ν
representation.

3. Vanishing of Jacobian determinant

In this appendix we will explain the brief computa-
tion which leads to the vanishing of the Jacobian
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determinant (2.14) for theories of self-dual electrodynam-
ics. We aim to compute the determinant of the matrix,

J ¼
� ∂Θ

∂S
∂Θ
∂P

∂T2

∂S
∂T2

∂P

�
; ðA51Þ

where we repeat the expressions for Θ and T2 ¼ TμνTμν

that were given in Sec. II A,

Θ ¼ 4ðL − PLP − SLSÞ;
T2 ¼ 4ðS2 þ P2ÞL2

S þ 4ðL − PLP − SLSÞ2: ðA52Þ

It is straightforward to compute the four elements of the
Jacobian matrix J by taking derivatives of (A52) with
respect to S and P,

JΘS ¼
dΘ
dS

¼ −4ðPLSP þ SLSSÞ;

JΘP ¼ dΘ
dP

¼ −4ðPLPP þ SLSPÞ;

JT
2

S ¼
dT2

dS
¼ 8SL2

S þ 8ðS2 þ P2ÞLSLSS

− 8ðL − PLP − SLSÞðPLSP þ SLSSÞ;

JT
2

P ¼ dT2

dP
¼ 8PL2

S þ 8ðS2 þ P2ÞLSLSP

− 8ðL − PLP − SLSÞðPLPP þ SLSPÞ: ðA53Þ

We can then write out the Jacobian determinant explicitly,

detðJÞ ¼ JΘSJT
2

P − JΘPJT
2

S

¼ −32ðPLSP þ SLSSÞðPL2
S þ ðS2 þ P2ÞLSLSP

− ðL − PLP − SLSÞðPLPP þ SLSPÞÞ
þ 32ðPLPP þ SLSPÞðSL2

S þ ðS2 þ P2ÞLSLSS

− ðL − PLP − SLSÞðPLSP þ SLSSÞÞ: ðA54Þ

For a generic theory of nonlinear electrodynamics, the
function LðS; PÞ will not satisfy any particular differential
equation relating its derivatives with respect to S and P, and
the Jacobian determinant (A54) will be nonvanishing.
However, for a theory of nonlinear electrodynamics, the

Lagrangian satisfies the partial differential equation (2.13).
As we used in Appendix A 1 above, this duality-invariance
condition also implies constraints on the second derivatives
of the Lagrangian, which are obtained by differentiating the
constraint (2.13) with respect to S and P. These additional
relations were presented in Eq. (A17), which we repeat for
convenience,

LSLSS −
1

P
LSLP −

S
P
ðLSSLP þLSLSPÞ−LPLSP ¼ 0;

LSLSP þ
S
P2

LSLP −
S
P
ðLSPLP þLSLPPÞ − 2LPLPP ¼ 0:

ðA55Þ

After substituting the constraints (2.13) and (A55) into the
expression (A54) for the determinant and simplifying, one
finds

detðJÞ ¼ 0; ðA56Þ

which means that this change of variables is singular.
We have therefore shown that, in a theory of nonlinear

electrodynamics, there is a functional relation between the
two invariants Θ and T2 that can be constructed from the
stress tensor. Of course, it immediately follows that any
other pair of independent Lorentz scalars constructed from
the stress tensor will also be dependent in such theories. For
instance, in the main text of this paper we have sometimes
parametrized functions of the stress tensor in terms of the
two scalars ðΘ; T̂2Þ, where T̂ is the traceless part of the
stress tensor, rather than in terms of ðΘ; T2Þ. The same
conclusion detðJÞ ¼ 0 applies to the change of variables
from ðS; PÞ to ðΘ; T̂2Þ, or indeed to any other two variables.

X1ðTμνÞ; X2ðTμνÞ: ðA57Þ

To see this, we can simply enact a change of variables from
ðS; PÞ to ðX1; X2Þ in two steps,

ðS; PÞ → ðΘðS; PÞ; T2ðS; PÞÞ → ðX1ðΘ; T2Þ; X2ðΘ; T2ÞÞ:
ðA58Þ

The Jacobian for the combined transformation (A58) is
then given by the product,

J½ðS;PÞ→ ðX1;X2Þ�
¼ J½ðS;PÞ→ ðΘ;T2Þ� ·J½ðΘ;T2Þ→ ðX1;X2Þ�; ðA59Þ

and by the property det ðABÞ ¼ detðAÞ detðBÞ of
determinants,

detfJ½ðS;PÞ→ ðX1;X2Þ�g
¼ detfJ½ðS;PÞ→ ðΘ;T2Þ�g · detfJ½ðΘ;T2Þ→ ðX1;X2Þ�g:

ðA60Þ

But we have already seen that the first determinant on the
right side of Eq. (A60) vanishes, so the Jacobian determi-
nant for the combined change of variables also vanishes.
Therefore any two Lorentz scalars X1, X2 constructed from
the energy-momentum tensor of a theory of duality-
invariant electrodynamics are functionally dependent.
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