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Duality-invariant nonlinear electrodynamics and stress tensor flows
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Given a model for self-dual nonlinear electrodynamics in four spacetime dimensions, any deformation of
this theory which is constructed from the duality-invariant energy-momentum tensor preserves duality
invariance. In this work we present new proofs of this known result and also establish a previously
unknown converse: any parametrized family of duality-invariant Lagrangians, all constructed from an
Abelian field strength F,, but not its derivatives, is related by a generalized stress tensor flow, in a sense
which we make precise. We establish this and other properties of stress tensor deformations of theories of
nonlinear electrodynamics using both a conventional Lagrangian representation and using two auxiliary
field formulations. We analyze these flows in several examples of duality-invariant models including the
Born-Infeld and ModMax theories, and we derive a new auxiliary field representation for the two-
parameter family of ModMax-Born-Infeld theories. These results suggest that the space of duality-invariant
theories may be characterized as a subspace of theories of electrodynamics with the property that all tangent
vectors to this subspace are operators constructed from the stress tensor.
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I. INTRODUCTION

A deeper understanding of the phenomenon of duality has
been a remarkable source of progress in theoretical physics.
Broadly speaking, a duality is any correspondence in which
there exist two—seemingly different—descriptions of the
same physical system.

One general mechanism by which such correspondences
emerge is strong-weak duality. This term often refers to the
S-duality of type IIB string theories [1-3] in which the
axio-dilaton 7 = C, + L transforms via an SL(2, Z) trans-
formation; the closely related Montonen-Olive duality [4]
involves a similar transformation on the complex coupling
T = % + % in 4d supersymmetric gauge theories. This
class of strong-weak or electric-magnetic dualities general-
ize the electromagnetic duality of Maxwell’s equations,
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which form the simplest and earliest example within this
class, and which will be the focus of the present work.
The basic observation of electromagnetic duality is that,
in the presence of both electric sources j& and magnetic
sources ji, the equations of motion for the Maxwell
theory are
d,F* = jk, o,Fm = jh., (1.1)
where F#w =1lemr?F, is the Hodge dual of F,,.
The Eq. (1.1) are invariant under the simultaneous
replacements,
Fw— Frv o Frvs v gE gl s =gk (1.2)
This duality transformation (1.2) exchanges both electric
and magnetic fields, along with electric and magnetic
sources. For instance, point electric charges are traded
for magnetic monopoles, and vice versa, under this map.
This makes it straightforward to see why such a trans-
formation is also referred to as a strong-weak duality. By
the Dirac quantization condition, the magnetic coupling
constant is the inverse of the electric coupling; the latter is
the usual fine structure constant. Thus we conventionally
think of an electric charge as a weakly coupled particle
and a magnetic monopole as a strongly coupled soliton.

Published by the American Physical Society
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The duality (1.2) therefore interchanges a weak-coupling
object with a strong-coupling object.

In general, a duality relates a pair of descriptions in two
different theories. Because the couplings are part of the data
that define a physical theory, the strong-weak duality
exchanging electrically charged particles and magnetic
monopoles can be viewed as a correspondence beween a
theory with coupling g and a theory with coupling é.l

However, in special cases a duality transformation relates
two instances of the same physical theory. Such a theory is
said to be self-dual. One example is the vacuum Maxwell
theory, which corresponds to the equations of motion (1.1)
with jo = jm = 0. In this case, there are no coupling
constants for either electrically charged particles or mag-
netically charged monopoles, and thus the duality trans-
formation (1.2) simply exchanges the electric and magnetic
fields with no further modifications.

Self-duality is a form of enhanced symmetry that a
particular theory might enjoy which imposes additional
constraints. For instance, the electric-magnetic duality of
the Maxwell theory implies a certain statement of helicity
conservation [7]. A great deal of previous work has been
devoted to studying the self-duality of theories of nonlinear
electrodynamics; see for instance [8—15] and references
therein. It is therefore of great interest to characterize which
other theories exhibit self-duality, and to better understand
the interplay between self-duality and other properties.

More precisely, by “self-dual nonlinear electrodynam-
ics” we understand U(1) duality-invariant nonlinear exten-
sions of Maxwell’s theory. Self-duality under U(1) duality
rotations implies self-duality under a Legendre transforma-
tion [11]. In order for a theory with Lagrangian L(F) to
possess U(1) duality invariance, the Lagrangian must
satisfy the so-called self-duality equation [9-11,16],

oL

G =20

F"F,, +G"G,, =0, (1.3)

The formalism of [8—11] was extended to duality-invariant
theories with higher derivatives [13],3 as well as to the
case of general U(1) duality-invariant N" =1 and N =2
supersymmetric theories [13,21]. For a comprehensive
review of these and related developments, see [13,17]. In
this paper our analysis is restricted to self-dual models for
nonlinear electrodynamics without higher derivatives.
Quite generally, a useful way to understand any desirable
feature of a physical system is to study its behavior
under deformations. For instance, one might begin with

'Likewise, the Montonen-Olive duality of super-Yang-Mills
relates a theory with one choice of the coupling g and theta angle
6 to a theory with different values of these two parameters [5,6].

The terminology “self-duality equation” was introduced by
Gaillard and Zumino [11].

Further aspects of duality-invariant theories with higher
derivatives were studied, e.g., in [17-20].

a self-dual theory of electrodynamics such as Maxwell—
we will also refer to such theories as duality-invariant—and
ask whether the property of duality-invariance is preserved
under some class of deformations.

This brings us to the second broad topic of this work,
which is deformations of field theories that are constructed
from the energy-momentum tensor. At the classical level,
we define such a deformation via a differential equation of
the form,

oL W ;
- =O(Td: ),

(1.4)

where the object (’)(Tf,’,z);l) is any Lorentz scalar con-
structed from the Hilbert stress tensor” associated with the

theory £, The latter is defined by

oL@
T\ = -2
agt

+ g LY. (1.5)

Beginning from an initial condition £#=% = £, which
we refer to as the seed theory, the solution to the differential
equation (1.4) produces a one-parameter family of
Lagrangians labeled by a flow parameter A.

The most famous flow equation of this form is the 77
deformation of two-dimensional quantum field theories,
which was introduced in [22] and further explored in
[23,24]. This TT operator, which in two dimensions is
proportional to the determinant of the energy-momentum
tensor, has the remarkable property that it can be used to
define not only a classical flow equation for the
Lagrangian, but even a fully quantum mechanical defor-
mation of a 2d QFT. The definition of the quantum 7T
deformation relies on the fact that the coincident point
limit,

Orz(x) = Iim(T* (x) T, (v) = T#,(x)T*,(¥)).

y—ox

(1.6)

defines a local operator in the spectrum of any translation-
invariant two-dimensional quantum field theory, up to total
derivative ambiguities, as shown in [22].

Although the combination of stress tensors appearing
in (1.6) has dimension 4, and is thus irrelevant in the
Wilsonian sense, surprisingly this deformation is still
solvable in that one can often compute quantities in the
deformed theory at finite 1. Examples include the deformed
finite-volume spectrum [23,24], S-matrix [25], and torus
partition function [26-28]; each of these observables
admits some relation between the quantity in the deformed
theory at finite 1 and the seed theory at 4 = 0. Another

‘We will use the terms “energy-momentum tensor,”
“stress-energy tensor,” and “stress tensor” interchangeably to
refer to this object.
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property of the TT flow is that it often preserves sym-
metries and other desirable features of the seed theory,
such as integrability [23,29] and supersymmetry [30-38].
See [39] for a review of other results concerning TT
deformations.

In spacetime dimensions d > 2, it is not known how to
define an analogue of the local T'T operator at the quantum
level; discussions of possible generalizations can be found
in [40,41]. However, one might hope to find clues about
potentially interesting operators by investigating purely
classical flows for the Lagrangian which take the form
(1.4). One reason to expect that this might be useful is that
the analogous classical flows in d = 2 also exhibit inter-
esting structures. For instance, the classical TT flow
equation deforms the seed theory of a single free scalar
field in d = 2 into the theory of a gauge-fixed Nambu-Goto
string in a three-dimensional target space [24]. Likewise, in
four spacetime dimensions, the classical flow equation,

oLw 1 1
=—(1mT, —=(T",)?
oA 8< H 2( ")>’

with a seed theory corresponding to the Maxwell
Lagrangian, L, = _%F wF", has a solution which is
the Born-Infeld theory describing the effective gauge
dynamics on a brane [42]. This is a hint that stress tensor
deformations appear to be related to theories of strings and
branes.’

A similar classical flow equation can be defined which
deforms the Maxwell theory into the Born-Infeld theory in
d = 3, or which deforms a free scalar into the Nambu-Goto
action in any spacetime dimension [48]. However, these
more general flow equations require a new ingredient: one
must also introduce an object of the form,

(1.7)

1 1
R = \/2 T"Tu =25 (T*,)2. (1.8)

When d = 2, this combination (1.8) reduces to the root-7'T
operator introduced in [49]; related work can be found
in [50-52]. Unlike the irrelevant 7T operator, the root-72
operator R is classically marginal. It appears to enjoy some
of the desirable features of the 77 deformation, such as
preserving classical integrability for certain 2d models [53],
although it is not known whether the 2d root-TT operator
can be defined at the quantum level.® However, our primary

There is another connection between little string theory and
the single trace TT operator of [43—45], whose properties such as
the deformed spectrum can be understood holographically via a
gravity analysis [46,47].

A proposed flow equation for the finite-volume spectrum of a
2d CFT deformed by root-7'T, which would represent a quantum
result, was presented in [54] based on a holographic analysis
similar to that of [55,56].

motivation for studying the combination (1.8) is that it
can be used to build flow equations which lead to
interesting classical actions. For instance, solving the flow
equation,

oL) 1\/ 1
=—\/T"T,, ——(T",)%
o 2 w 4( 2

with a Maxwell seed, which is a deformation by R in
d = 4, gives a solution,

(1.9)

1
[’ModMax = _ZCOSh(Y)F”yFyu

1 -
o+ sinh(r)\ (PYF, + (FPF,)% - (1.10)

which is the Modified Maxwell or ModMax theory
introduced in [57]. This ModMax theory is of considerable
interest because it is the unique conformally invariant
and electromagnetic duality-invariant extension’ of the
4d Maxwell theory.® Several related ModMax-like theories
have also been studied, including a supersymmetric
extension [58,60], a two-parameter family of ModMax-
Born-Infeld theories and 6d tensor analogues [61], a
(0 4 1)-dimensional ModMax-like harmonic oscillator
[62-64], and a supersymmetric nonlinear sigma model
whose Lagran§ian has a structure similar to that of
ModMax [65].

The relationship between stress tensor flows and these
various theories of nonlinear electrodynamics has, to some
degree, already been explored in several works [66—70].
However, one point merits further investigation, which
brings us back to our preceding discussion on duality
invariance. All of the theories of electrodynamics that
we have discussed here—Born-Infeld, ModMax, and
ModMax-Born-Infeld—are special insofar as they are
invariant under electric-magnetic duality transformations.
One might have expected this property because all of these
theories can be realized as stress tensor deformations of the
Maxwell theory. Because the Maxwell theory is electro-
magnetic duality invariant, and the energy-momentum
tensor of a self-dual theory is also a duality-invariant
quantity, it seems natural that any stress tensor flow will
also preserve duality invariance. Indeed this is the case,

"The program to combine U(1) duality invariance with A" = 2
superconformal symmetry was put forward in 2000 [21]. It was
completed in [58], where the N =2 superconformal U(1)
duality-invariant model was proposed to describe the low-energy
effective action for A/ =4 super-Yang-Mills theory. In the
N =0 and N =1 cases, nonlinear U(1) duality-invariant
(super)conformal theories do not possess a weak field limit.

8See [59] for an instructive set of lectures on theories of
nonlinear electrodynamics, including ModMax.

*This duality-invariant supersymmetric o-model is known as
the MadMax o-model [65].
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as was pointed out in [68] and will be reviewed in the
present work.

This motivates a more detailed study of the relationship
between the two topics that we have discussed in this
Introduction, namely duality invariance and stress tensor
deformations. For example, one might ask whether every
duality-preserving deformation of a self-dual theory of
electrodynamics is also a stress tensor deformation. We will
see that this is the case, at least for theories without higher-
derivative interactions. It is also natural to wonder whether
the interplay between stress tensor flows and duality
invariance can be made more transparent using an auxiliary
field formulation which makes self-duality manifest, and
we will explore this topic as well. Together these results
paint a picture which suggests a deeper connection between
deformations driven by conserved quantities and various
notions of self-duality, and one might hope that some of
these insights generalize to other instances of strong-weak
duality.

The layout of this paper is as follows. In Sec. II, we
review various properties of 77 flows in 4d duality-
invariant theories of electrodynamics and prove that defor-
mations of such theories by duality-invariant functions
(such as those constructed from the stress tensor) preserve
duality invariance. Section III reviews the two auxiliary
field formulations, referred to as the v and y representa-
tions, which were introduced by Ivanov and Zupnik in [71]
and that we employ in this paper. In Sec. IV, we obtain
expressions for components of the stress tensor of duality-
invariant theories in the v and p representations; these
expressions can be used to define generic flow equations.
Section V shows that parametrized families of duality-
invariant theories in the auxiliary field representations
satisfy stress tensor flow equations “almost everywhere”
(that is, away from a set of measure zero). We collect
several examples of flows for duality-invariant theories in
Sec. VI, and present a new u-frame definition of the
ModMax-Born-Infeld theory. Finally, in Sec. VII we
conclude and identify directions for future research. The
details of various technical computations have been
included in the Appendix.

II. SELF-DUAL NONLINEAR
ELECTRODYNAMICS AND TT-LIKE FLOWS

In this section we consider a generic theory of nonlinear
electrodynamics described by a Lagrangian £ = L(F,)
with F,, = (9,A, — d,A,) being the field strength for an
Abelian gauge field A,. Note that we do not consider
higher-derivative Lagrangians where £ could have func-
tional dependence on derivatives of F,,. One of the main
aims of our paper is to understand how electric-magnetic
duality invariance behaves in general under the flow
equation (1.4). Our analysis links this problem to 77-like
flows.

A. Generalities

Generic models of our interest can be parametrized
in terms of Lorentz invariant Lagrangians of the form
L= L(S,P) with"

1 1

. —_—
S=—FFu,  P=—2F, P, P =St

(2.1)

It is well-known that only two independent real Lorentz
invariant combinations of F',, can be constructed, and these
can be efficiently described by the two quadratic combi-
nations S and P given above.'! Alternatively, one could use
the following two Lorentz invariant combinations of F,:

x; = F, F* = t(F?), xy = FFF,YF /F,, = tr(F*),

(2.2)
which are related to S and P as
1
x1:4S, X2:4P2+852©S:Z}C1,
1 2
P::I:— .XZ—E(Xl) . (23)

It is clear that one could use £ = L(S, P) or L = L(xy,x,)
as long as one imposes the physical conditions x, > % (x1)?%,
x; € R.

We are interested in families of Lorentz invariant
Lagrangians that can be parametrized as L) = £(S, P; 1)
or equivalently L) = L£(x,, x,; 1), with 1 being, in general,
a dimensionful coupling constant and with £(* being
differentiable with respect to 4, so that there exists a flow
equation,

@
LY _ 0y,

= (2.4)

Once more, we stress that the operator O could be expressed
as OW = O(S, P; 1) or OW = O(x,x,;A).

The equation above can be interpreted geometrically as
the statement that the operator O is the tangent vector to a

Gaillard and Zumino [11] worked with the invariants @ = —S
and / = —P, and the same variables were also used in [13]. Our
notation (2.1) follows [57].

"For the matrices F = (F*,) and F = (F*,), the following
identities hold [72]: FF=FF =Pl and FF-FF =251,
which allow one to express any invariant of the electromagnetic
field in terms of S and P. In particular, these identities imply that
F*—28F? — P21 =0and (F.)? = 3(S 4 iP)1, where we have
introduced F =1 (F + iF). Therefore, the eigenvalues of F are:

+ 1 (VS+iP+VS—iP) and + & (VS+iP - v/S—iP).
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curve in the space of theories, where the points on this
curve are the Lagrangians £, Given a specific choice of
OW, the same equations can, in principle, be integrated to
obtain £, This is the same logic used to define models
through 77-like flows. These are formally defined as flow
equations of the form (2.4) in the special case where the
operator is only a function of the energy-momentum tensor

T,,. so that OW O(T,([},) ;4). In fact, a parametrization in
terms of the energy-momentum tensor is preferable: it
allows us to interpret the tangent vector to the curve as a
function only of a particular theory L@, rather than
depending on the Lorentz invariant kinematic combina-
tions of the electromagnetic field strength in a theory-
independent way.

To study classical flow equations, in our paper, we will
define T,(fy) to be the Hilbert energy-momentum tensor
computed from the Lagrangian £%W. A straightforward
calculation shows that for a generic Lagrangian £ =
L(F,,) the stress tensor is

oL oL
T, =n,L—4—F2, —8—F;, (2.5)
0x, 0x,
with
F2,:=F/F,, F, =F/ F,F F,. (2.6)

Here, for convenience, we have used in Eq. (2.5) the
parametrization of £ in terms of x; and x,, though it is
trivial to express the result in terms of £(S,P) and its
derivatives with respect to S and P together with the
combinations F2, and Fj,

In class1fy1ng generic TT like operators, O(T,), it is
useful to identify a basis of Lorentz invariant real scalars
obtained from the energy-momentum tensor. For generic
Lagrangians £(F,, ), it suffices to consider the trace of 7,
and the trace of its square,

(2.7a)

2
T? = 16x, % - 8X1( - 6x2)££
o0 0x1 ()x2

1 oL
-+ 16(.}(% + x%xZ 4x1> (ax2>

—8£( oL = 42 M) + 4,2,

= (2.7b)

Here, we have introduced the notation,

®:=T¢,  T%:=T"T,,. (2.8)

For theories based on a single Abelian gauge field, traces of
more than four field strengths F,, are functions of x; and x,
only. For this reason, traces of the product of more than two
T, (eg T,/T,/,T,") are not independent structures—see
for example the discussion in Chap. 7 of [73]. This fact
shows that, for this class of Lorentz invariant models, a
TT-like flow equation is always going to be of the form,

aﬁ(w (xl ) X2)

=W =000 2
- 00(T,,) = 0¥ (0, T?)

= 0(/1) (xlv x2)’
(2.9)

indicating that these flows are always associated with
partial differential equations for functions of x;, x, and
of the parameter 4 (or of many parameters A;,7 = 1, ..., n, if
the Lagrangian has several deformations).

Equation (2.9) could equivalently be expressed as a
closed equation in S, P and 4. In fact, the Eq. (2.7) simplify
when expressed in terms of £#) = £(S, P; ). One finds

© =4(L—-PLp—SLs), (2.10a)
T? = 4(S> + P2) L2 +4(L — PLp— SLg)?,  (2.10b)
where we have stat’[ed to use the notation Lg:= %,

Lp:= #, Lgp: as dP’ etc. Interestingly, Eq. (2.10b) shows
that, for physically relevant models where Lg # 0 (such as
Maxwell theory and its deformations), 72 is a non-negative
number. Moreover, we see that there is a particularly
interesting combination given by the trace in Lorentz
indices of the square of the traceless part of the energy-
momentum tensor,

. 1
=4(S? + P*) L3, T,=T, - Z”””G)’

A A

2 . guv
72 = P,
(2.11)

which is also non-negative, 72 > 0. In the following, we will
often use ® and 77 to parametrize the operator of a general
TT-like deformation O = O(T,,;4) = O(©,T% 2).

Note that the Eq. (2.10) define the two Lorentz invariants
built from 7, as functions of S and P, so (O, T?) =
(©(S, P), T*(S, P)). This can be interpreted as a change of
variables from (S, P) to (®,T?). The Jacobian matrix for
this transformation is

20 00
oS op

J = .
o1z or?

aS oP

(2.12)

For a generic function £(S, P), J is nondegenerate, and
one can locally invert the change of coordinates as
(S,P) = (8(®,T?),P(©,T?)). This fact is however mis-
leading since the most interesting physical models

106021-5
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(including Maxwell theory, all self-dual models, and all
TT-like flows connected to Maxwell) fail to have an
invertible map of this type. In fact, it is straightforward
to show that, if the Lagrangian £(S, P) satisfies the self-
duality equation (1.3),

2
Cg—;ﬁscp—c%): 1, (213)

then the Jacobian (2.12) for this transformation satisfies

det(J) = 0. (2.14)

The details of this calculation have been relegated to the
Appendix A 3. The vanishing of this Jacobian determinant
implies that, in duality-invariant theories, there exists a
functional relation of the form,

9(®(S, P), T*(S, P)) = 0, (2.15)

for some function g. This means that, locally, one of the
functions ©, T2 can be written in terms of the other (under
mild assumptions on the partial derivatives of the function
g)- In the second part of this paper we will see more clearly
what form the function ¢ takes for self-dual nonlinear
electrodynamics formulated in terms of auxiliary fields.

Having introduced various preliminary material, we now
focus on understanding how electric-magnetic duality
invariance behaves under flows.

B. Duality-invariant theories

Electric-magnetic duality in its most basic setting is a
symmetry of the equations of motion of free Maxwell
theory which is realized as a Z, transformation that acts on
the field strength and its dual as

v s v, fuv s _puv,
= Fr 4 i(F7) = e 3 (Fr 4 i(F™)),  (2.16)
where the Hodge dual is defined as
- 1
FH = Ee””/’TFM. (2.17)

This can be elevated to a continuous U(1) transformation,
instead of a discrete Z, action. A theory with Lagrangian
L(F,,) is U(1) electric-magnetic duality invariant if
the following duality rotation preserves its equations of
motion:

~ oL
5(1F}w :aGW(F), le :2w,
1 ~
Gﬂl/ = _Eg;wp‘erTv (218)

with « being a real constant parameter. The Lagrangian is
generally not invariant under the transformation (2.18).

Once more, a prototypical example is Maxwell’s theory
with £ =S. However, the Euler-Lagrange equations
associated with a generic Lorentz invariant Lagrangian
L = L(S, P) respect electric-magnetic duality rotations if
Eq. (2.13) holds [8].

Given a duality-invariant theory, it is possible to construct
large classes of invariant functions which play an important
role in our discussion and physically describe observables of
self-dual theories. For example, the combination [10,11],

1 ~

E—ZF-G, F-G:=F"G,,

(2.19)

is duality-invariant. A short calculation shows that the
previous quantity is proportional to the trace of the energy-
momentum tensor,

1 ~ 1
E—ZF'GZE—SES—P£P21®,

(2.20)
where the reader should compare with Eq. (2.10a). In fact,
it was proven in [8—11] that the energy-momentum tensor
of a duality-invariant theory is duality invariant, a fact that
we will extensively use in the following discussion. This is
a simple corollary of the fact that the derivative of £ with
respect to a duality-invariant parameter is duality invariant
[10,11]. An instructive example is obtained as follows. If

L(F,,) is a solution of the self-duality equation (1.3), then

1
LY(F,,)==L(gF,,). geRY, (221)
g

is also a solution of the self-duality equation (1.3) in which £

is replaced with L9 [13]. According to [10,11], the operator
0L /dg is duality invariant. Direct calculations give

(9)
oL = ! ®9

dg  2g

(2.22)

Now, let L(S, P) be the Lagrangian of a U(1) duality-
invariant electrodynamics theory. We introduce a one
parameter family of deformed theories LW(S,P) =
L(S,P;4) defined to satisfy the flow (2.4) with the
boundary condition £ (S, P) = L(S, P) for some given
operator O(S, P;1). We initially do not make further
assumptions on LW(S, P). A natural question to ask is
under which conditions the whole family of theories given
by £W is duality invariant if £ is duality invariant.
Remarkably, the following theorem holds:

Theorem 1. Consider a family of theories satisfying the
differential equation and boundary condition,

oL (S, P)
A
L£O(Ss,P) = L(S, P),

= OW(S,P) = O(S,P; ),
(2.23)

106021-6
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with O(S, P;4) being a U(1) duality-invariant function,
6&4)(’)(5, P;2) = 0.2 If the Lagrangian £(S, P) describes a
U(1) duality-invariant theory satisfying (2.18), then all
theories associated with the Lagrangians £ (S, P) are
duality invariant.

The first discussion of this property was given in [68],

where it was stated that if O(S, P; 1) = (’)(T%J); 1) then the
whole flow of theories is duality invariant—said differently,
TT-like flows preserve U(1)-duality invariance. The proofin
[68] was sketched, and we provide more detail in our current

paper’s Appendix. Note that, since the stress tensor obeys

65;1) T,(,/,l,) = 0, any operator O = O(T,([},);/l) that is only a

function of the energy-momentum tensor evaluated from the
Lagrangian £ and of the parameter A is a U(1) duality-
invariant function. Here, we provide an alternative derivation
in the case in which O (S, P) = O(S, P; 1) is assumed to be
a U(1) duality-invariant function, and then later we comment
on how any invariant function has to be a function of the
energy-momentum tensor: O(S, P; 1) = O(T,%);/I).

A crucial assumption in the theorem is that O is a
duality-invariant function. This means that it has to satisfy

£yoP —2cPof + oy - Yol —o. (2.24)

Yl

This differential equation arises by imposing

. oL
6. 0(8.P:d) =0, with 5.F,, =aGy). G =27 0.
(2.25)
and explicitly computing
80N =2a(PLP O - sLYOY — s oP
—pcPoW). (2.26)

Note that Eq. (2.24) was already used in [68] (with oW
denoted by f) to analyze duality-invariance in 77-like
flows; see also the Appendix.

Proof. Let us now assume that O is a duality-invariant
function and prove the theorem. Due to this assumption and
Eq. (2.23), by construction it follows that

0=06Pa,L0 = 0,60 » = gal((;w . GW)

= ga/l((;(ﬂ) -GW 4+ F.F),

: (2.27)

and hence,

2The label 4 in 65,1) stresses the fact that the duality trans-
formation (2.18) depends on A.

0,(GW.GW + F.F) =0. (2.28)
The expression in parentheses is an integral of motion for
the A flow. Importantly, its value can be evaluated at A = 0,
where it can be shown to be equal to zero. As a result,

GY.GW L F.F=0, (2.29)
along the whole solution of (2.23). Let us compute the
previous expression explicitly,

G =F, ) —F, L (2.30a)

GW .G = 4p {(zf&))z 2L - (LE?)Z] . (2.30b)

and then,
0=GW.GW +F.F

=4pP [(C(SA))2 - %E@Lﬁf) — (LW - 1} . (231

The main point is that (2.29) is zero if and only if (2.13) is
satisfied for every A. This implies that not only the theory at
A=01is U(1) duality-invariant but the same is true for
every A. This concludes the proof of Theorem 1. [

Now, we demonstrate that any duality-invariant func-
tion f(S,P) in a self-dual theory is a function of the
energy-momentum tensor. For this we prove the following
theorem:

Theorem 2. Given a U(1) duality-invariant theory with
Lagrangian L£(S, P), any two duality-invariant functions
f(S,P) and g(S, P) are functionally dependent.

Proof. First we recall that £(S, P) is duality invariant if
and only if

(SLp—PLg)fs+ (SLs+ PLp)fp = 0. (2.32)
To analyze the implications of this condition, we introduce
a vector field on the (S, P)-plane,

’l_))(S, P) = 11505 + UPaP

= (SEP - Pﬁs)as + (Sﬁs + Pﬁp)ap (233)
This vector field is nonvanishing. Otherwise, assuming by
way of contradiction that #(S, P) = 0, we would have

SLp—PLs =0, (2.34a)

SLs+ PLp = 0. (2.34b)
Equation (2.34a) tells us that £(S,P) = L(S*> + P?), for
some function L(x) of a single variable. Equation (2.34b)
tells us that £(S, P) is a homogeneous function of degree 0,
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and therefore, £ = const. We have thus arrived at a
contradiction.
Equation (2.32) tells us that the vector field,

F(S.P) = f505+ fp0p. (2.35)
is orthogonal13 to ¥(S, P),
WS fs+ P fp=0. (2.36)
Given another duality-invariant function g(S, P),
v3gs + 0 gp =0, (2.37)
both vector fields f(S, P) and
G(S, P) = gs0s + gpop (2.38)

must be parallel, £|g. This implies that [£s. £»] = Algs. gr,
for some function A(S, P), and therefore,

@{“ ”]:a
gs gp

(2.39)

This means that the functions f(S,P) and g(S,P) are
functionally dependent,

T(f.g) =0, (2.40)
for some function of two variables Y. L]

Since the energy-momentum tensor 7, is duality
invariant, the duality-invariant functions (2.10) are func-
tionally dependent, Eq. (2.15). Another corollary of
Theorem 2 is that any duality-invariant function f(S, P)
is a function of the energy-momentum tensor. An alter-
native proof of these results, using the method of character-
istics, is given in Appendix A 2.

It is also well-known that any Lagrangian £(S, P) which
satisfies the duality-invariance condition (2.13) can also be
described in terms of a function of a single independent
variable. The logic used to demonstrate this fact is rather
different than that reasoning used to establish Theorem 2
and is also briefly reviewed at the end of Appendix A 2.

The preceding observations suggest that the analysis of
duality-invariant models of electrodynamics, which naively
appears to involve functions of two variables S and P, can
be reduced to a description which involves only functions
of a single real variable. To make this intuition and several
of these statements more precise, we can employ the

“Here we mean orthogonal with respect to the trivial metric on
R? with coordinates (S, P), namely ds®> = dS? + dP?. Alterna-
tively, one could say that the one-form df = f¢dS + fpdP
annihilates the vector v, df (¥) = 0.

auxiliary field formulation of electrodynamics. This will
be the focus of the rest of our paper.

III. AUXILIARY FIELD FORMULATION

A. Definitions of v and y representations

We begin by reviewing the auxiliary field formulation of
nonlinear electrodynamics first introduced by Ivanov and
Zupnik [71]. The two representations used in the rest of this
work are the v representation and y representation.'t
Beginning with the v representation, one starts by con-
verting the electromagnetic field strength into spinor
notation as follows':

1

1 N . N
Faﬂ = _Z(aﬂ)aﬂ(a )ﬂﬂFﬂw Fc'lﬂ = Z(aﬂ>ﬂﬂ(6 )/)’('xFﬂw
Fﬂy = 2a[ﬂAU], (31)
where (6"),,, (%)% are the Weyl matrices of the group

SL(2,C), while A, and F,, are respectively the gauge
connection and field strength of an Abelian gauge theory.
One then defines the following Lorentz invariant complex
variables:

9 =FPF,  §=F,,F (3.2)
With this, one can consider a Lagrangian for nonlinear
electrodynamics of the form,

1

L(p.p) === (¢ + )+ L"(¢.p).

. (3.3)

with the first monomials describing the Maxwell Lagrangian
while L™ is a real function which collects all higher order
terms. For instance, one could consider interaction functions
L™ which are analytic around ¢ = 0 and expand in powers
@*@™, with k> 1 and m > 1 (see [13] for the technical
details). However, we will see that there exist interesting
examples of theories for which L™ is nonanalytic.

The v representation With inspiration from the N = 3
supersymmetric extension of Born-Infeld theory [71],
Ivanov and Zupnik realized that the kinetic term in
Eq. (3.3) can be written using an auxiliary, uncon-
strained antisymmetric real two-form field V,, = =V,,.

We will also define V5 = —1 (a")aﬁ((}”)/’/’vﬂy and V=

4
1 (8 (6") 3V u» Which are the versions of the field V,,

“We decided to keep using the original nomenclatures of
Ivanov-Zupnik but the reader should keep in mind the difference
between the variables v and u given below and Lorentz indices.

For the remainder of Secs. III and IV, Latin letters represent
four valued spacetime indices, whilst Greek letters represent two
valued spinorial indices. See [74] for our notations and con-
ventions, which mostly agree with those of [71] except, e.g., for
the sign of (3.1).
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which carry spinor indices, exactly as we have done for the
field strength in Eq. (3.1). The result of this rewriting is

EZ(V,F):%(¢+¢)+U+D—2(V~F+V-F), (3.4)
where

v=V>V U= Va/;f/aﬁ, (3.5a)

V-F=VPF,,  V-F=V,F (3.5b)

After integrating out the auxiliary field V,, via its
equation of motion, one arrives back at the free Maxwell
Lagrangian. In a straightforward generalization of the
above, a large class of theories of nonlinear electrodynam-
ics can be written in the auxiliary field formulation as

L(V,F)=Ly)(V,F)+ E(v,0), (3.6)
where E(v,7) encodes self-interactions and is all that
distinguishes different models. The use of the fields
(F,V) as well as relations to come, define the v repre-
sentation. By varying Eq. (3.6) with respect to V4, one
finds the defining algebraic relation between the two fields,

E 0E(v,D)

Faﬁ = vaﬂ(l + Eu)* v ov

(3.7)

From this, one finds that the scalar combinations ¢ and @
satisfy the relations,

o =v(1+E,)>, F-V=u(l+E,), (3.8)
along with the corresponding complex conjugate relations
of (3.7) and (3.8). These equations can, in principle, be
solved for V, in terms of F,,. In particular, one obtains the
following useful relations:

v=pG?, V(F)-F = ¢G,
1 oL(p,p) 1
S - L 3.
G 2 090 2 4 ( 9)

Using the relations (3.8), one can transition from a non-
linear electrodynamics model to an auxiliary field model
via the substitution (¢,p) = (¢(v,7),@(v,0)). Conversely,
one can begin with an auxiliary field model £(F,V) and
make the substitution (v, ) = (v(¢, @), (@, p)) to recover
the nonlinear electrodynamics theory formulated only in
terms of F,,. This process is outlined further in [15].

The u representation The u representation is defined via
the complex Legendre transform of the v frame with the
identifications,

p.0)=E,  A.0)=E,
H(u,pi) = E(v,0) —VE, — DE;. (3.10)
The corresponding inverse transformations are
v(p, i) = —H,, (u, i) = —Hp,
E(v,v) = H(u, jt) — uH, — iHj. (3.11)

With this, the Lagrangian as well as the defining relation
(3.8) are transformed to

L) =53+ T e ), (120
p=~(1+p’H,. (3.12b)

Again, one can recover the nonlinear electrodynamics
model from (3.12a) via the substitution (u,n) —
(u(@, @), (@, @)). These are all the essential definitions
relevant to the auxiliary field formulation of electrodynam-
ics that we will focus on in our paper. Importantly, we will
restrict our attention to the subset of electric-magnetic
duality-invariant models. In light of this, we review how
electric-magnetic duality acts within this framework, as
well as the constraints it imposes.

B. Electric-magnetic duality with auxiliary fields

In this subsection, we return to the topic of electric-
magnetic duality, specifically, the continuous form intro-
duced in Sec. II B. In spinor notation, the duality rotation of
the free Maxwell theory is realized as the infinitesimal

transformation,
Faﬂ —i(XFaﬂ
O, - = _ ,
a<Faﬂ> (iaFd/;>

where « is a real parameter (not to be confused with the
spinor index ). As is well known, the previous trans-
formation is a symmetry of Maxwell equations in the
vacuum.

More generally, one can characterize whether a nonlinear
electrodynamics theory is duality symmetric in the follow-
ing way. Given a theory with Lagrangian L(¢, @), the field
canonically conjugate to F; is

(3.13)

. OL .
Gop(F) = i——7 = 2iF 4L,,.

P (3.14)

This conjugate momentum G,y is related to the quantity
G,w of Eq. (2.18), although it carries spinor indices rather
than Lorentz indices.

The equations of motion and the Bianchi identities for
the field F,4 are given by
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0./Gyjy— #4Gp =0, (3.15)

0 Fyjy— 0 4F oy = 0. (3.16)

This set of equations is invariant under the transformation,

(o)~ (Tar )

if the Lagrangian L(¢p, @) satisfies the condition,

(3.17)

i _ _
Z€Wpf(Fﬂqur + GﬂI/Gp‘f) =@Q—@Q— 4<(p(L¢)2 — ¢(L¢)2)
0.

(3.18)

Here G, is defined by converting G,; of Eq. (3.14) to
Lorentz indices using the Weyl matrices of SL(2, C). In the
v representation, the equation of motion for A, is given by

dﬂa(Faﬂ(A) - 2Vaﬂ> + C.C. = 0, (319)
and is equivalent to Eq. (3.15) if one identifies
Gup(F) = i(F oy = 2V5(F)). (3.20)

Note that one must substitute V,; = V5(F) for this to be
explicit. With this identification, the realization of the U(1)
duality transformations on the independent fields F,; and
Vs 1s given by

s <Va/)’> . ( —iaVa/j )
¢ Faﬁ ia(Fa/} - 2Va/1) .

Therefore, by introducing the auxiliary field, a nonlinear
realization of U(1) on (F, G) has been transformed into a
linear realization on (F, V). A similar story holds for the u
representation for the fields (¢, u). More details can be
found in [15].

The aspect of U(1) duality with which this work is most
concerned is the constraints it imposes on the interaction
functions E(v,7) and H(u, i1). Substituting Eq. (3.15) into
(3.18) and making use of the fact that

(3.21)

1
VE, = —¢(1 — 4L§,),

J (3.22)

the duality condition can be recast as a constraint on the
interaction function E(v, D),

vE, - TE;, =0, (3.23)
as discussed in [15]. Under the transformations (3.21), the

function E(v,7) transforms exactly as above. Hence, the
electric-magnetic duality condition can transparently be

seen as the requirement that E(v, 7) be U(1) invariant. The
solution to this constraint is simply a function £(a) of a
single real variable @ = vp. By requiring £(a) to be analytic
and that £(0) = 0, one obtains a smooth weak field limit to
Maxwell’s Lagrangian. The duality invariance is almost
identical in the u frame as the U(1) invariance of E(v, 7) is
carried over to U(1) invariance of H(u, 1),

8oH =2ia(uH,—iH;) =0= H(u,i) =H(b), b= pujf.

(3.24)

Once again, we see that the solution of this constraint is a
function H(b) in a single real variable b.'® With these
identifications, the condition for invertibility of the
Legendre transform becomes a simple constraint on the
derivatives of the interaction functions,

£,(0) #0 < H,(0) £0. (3.25)

We will return to this constraint in Sec. V.

The defining relations of the two representations can
be simplified using the duality symmetric interaction
functions,

o =v(l +1&,)%, » =—(1+4 p)?iH,, (3.26a)
E(a)=H(b)-2bH,, H(b)=E(a)—2a&,, (3.26b)
v(p. i) = —fiHy,  p(v.p) = V€, (3.26¢)

It is important to note that the U(1) duality is not a
symmetry of the entire auxiliary field Lagrangian. Indeed,
the quadratic part transforms as

6, Lr(F, V) =ia(p — @). (3.27)
Therefore, the symmetry holds only for the interaction
function, and hence it is a “partial” symmetry of the entire
Lagrangian.

As stated in Sec. IIB, it is a well-known fact in the
literature that the energy-momentum tensor of a duality-
invariant theory will itself always be duality invariant.
Hence, if one can show that the energy-momentum tensor is
only a function of £(a) and vice versa, then it is a very
natural question to ask how 77T-like deformations of this
class of theories behave. This line of reasoning forms the
basis of Sec. V, and as such, we postpone the rest of the
discussion until then.

"“Ivanov and Zupnik use I(b) for H(u.fi) = H(b) in the
self-dual case.
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C. Properties of conformal vs nonconformal models

In order to discuss the dimensionality of various objects
in this formalism, we distinguish the cases of conformal
and nonconformal models. As will be seen later, the pu
frame is not defined for conformal models as H(b) is
identically zero and the Eqs. (3.12a) and (3.12b) are
singular. Therefore, it makes sense to treat the conformal
and nonconformal models separately.

One might notice that in the i frame, the auxiliary field u
should be dimensionless in order to not disturb the
dimensions of ¢. This would imply that the interaction
function H(u,j) is also dimensionless. This is clearly
inconsistent as all objects in the Lagrangian must in total
have mass dimension D = 4, such that, overall, the action
has units of energy multiplied by time (or be dimensionless
in natural units). This means that there is an inherent length
scale present in H(u,ji) in the form of a dimensionful
coupling. Indeed, one can see from the Legendre transform
that the dimension of H(u, 1) is the same as E(v, ). This
detail is not present in the v representation as the field v
appears independently in its kinetic part and therefore, has
the same units as ¢. Explicit examples of this will be seen in
Sec. VI; however, now we discuss the case of conformal
models.

Conformal case Scale transformations are a subset of
conformal transformations, and thus any conformal model
must be scale invariant. Due to this, there cannot be any
dimensionful parameters present in the Lagrangian. In
other words, be it a deformation, or an interaction, all
couplings must be marginal. This means that any inter-
action function £(a) of a real variable a for a conformal
model must be of the form,

E(a) =E(a;r1. .o 7n), (3.28)
where {y;} for i=1,...,n is a set of dimensionless
parameters. One well known example of how conformal
symmetry can aid this approach is the case of ModMax
electrodynamics. Requiring conformal symmetry restricts
the interaction function £(a) to be homogeneous of degree
1 [58]. Specifically,

&(a) = kv/a,

where « is a constant that will need to be determined after
integrating out the auxiliary field. For the case of ModMax,

one finds
14
= 2tanh|( =
K an (2>

where y is the parameter that moves through the family of
theories described by ModMax.

Nonconformal case In the case when the model is not
conformal, couplings of any dimension are allowed. If a

(3.29)

(3.30)

theory has parameters {4;} for i =1,...,m with mass
dimension, [4;] with at least one [4;] # 0, one might always
choose a single dimensionful coupling and rescale all the
others to be dimensionless. The same is true for the a
variable. Then one can choose to parametrize the inter-
action functions as follows:

1
Ela) = 7€y ram), L=,
ril=0, y=L%. (3.31)

Here £(y) on the right-hand side is a dimensionless
function of y and the couplings y; which can in principle
have arbitrary dependence upon all its variables, in contrast
to the conformal case which is highly constrained.

One can then track how this factor carries through to the
definition of H(b). From the Legendre transform, one
obtains

1

H(b) = I

(E0) - 296,) = H(b).  (332)

=i
Therefore, in order for this definition not to intrinsically
change the Legendre transform, one must also make the
change H(b) — H(b;L*) = s H(b). In the case of Born-
Infeld and yBI, the parameter L is related to the flow
parameter that drives the TT-like flow equation. This is
special to these two theories. In order to discuss T7T-like
deformations of these theories one clearly needs to under-
stand their energy-momentum tensors, a process that we
now address.

IV. ENERGY-MOMENTUM TENSORS
IN v AND g REPRESENTATIONS

A. Results for duality-invariant theories
In order to derive the energy-momentum tensor for
duality-invariant auxiliary field models, we work predomi-
nantly with the vector form of the Lagrangian and start in
the v frame,
L=-8§-2C-V"WF,, +&(a), (4.1)

where we define the following scalar combinations of F
and V:

1

1 _

S= =3¢ FypFu  P=—7F " (42)
1 -

C=— 30" ViV D==3VuV"  (43)

Note that we have introduced a generic metric g, and its
inverse ¢* that will be used to compute the energy-
momentum tensor. In order to perform the variation as
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well as conversion to spinor components later in the
calculation, one will need the following useful relations:
(4.4a)

vy, =2(v+1), vV, =2i(-v),

1 - 1 Y
= p= Z(VWVW _ iV”,,V””), v :Z(V”DVW + iVﬂ,,V””),

(4.4b)

with identical relations involving F,, and ¢. A generic
variation of the Lagrangian (4.1) with respect to ¢*¥ is
given by

oL 1 . r
yﬂﬂy - Ego FupFve + Vo Ve =20V o Fuye

+E(=9""V,,,V,.C + g,tz). (4.5)

It is then straightforward to compute the Hilbert stress-
energy tensor via the definition,

ro—_ 2 dv=9L)
Hv \/_—g 59141/
= g,m/£ - ngFﬂ/)FUT - zglnvﬂpvyr + 4ngV(ﬂ|p\Fy)‘r
+ 28,9V ,)V1eC = g, D?). (4.6)

If one uses the Eq. (3.26), the trace of the stress tensor is
particularly simple,

0 :=T,/ =4E(a) — 8al, = 4H(b), (4.7)
where the last equality is obtained by recalling that the
interaction functions H(b) and &(a) are related via a
Legendre transform. Note that if the model contains a

dimensionful parameter L as per Sec. III C, the above
relation becomes

© = 4H(b;L*) = %H(b). (4.8)

This is important for obtaining the correct trace flow
equations in Sec. VI. Now, we decompose the vector
objects into spinorial components,

Fuw = %((”ﬂ)w(avWFﬂa = (3,)%(0,),5Fa).  (4.9a)
Vi = % ((Gu)ay((}y)?/fVﬁ" - (5*,)‘*V(ay)y,;‘7/”(-,). (4.9b)

Doing this, and choosing the background metric to be
Minkowski (g,, = 1,,), the stress tensor for a general
electromagnetic duality-invariant auxiliary field model is
given by

1 A
T;w = _’7/4D® + T/,w’

4 7T, =0,

(4.10)
with
T = (1= a(€,))(3,)%(5,)PV 4y V

- <2((ﬂ1:rlﬂ)) * >(~ﬂ)‘*“(6p)ﬁ”FaﬁFaﬁ. (4.11)

(z—1)

2(1+p)
In the above, we have split the stress tensor into a traceful
and traceless part, and we have conveniently used the
auxiliary field equations of motion that relate V4, V5 and

Fop, F, j; to simplify the expressions. With this, we have the

essential building blocks necessary to construct T7-like
deformations.

In Sec. V we will argue that there exists a 77-like flow
(which is not necessarily unique) for any parameter in an
electric-magnetic duality-invariant theory, at least those
constructed by using Ivanov-Zupnik’s auxiliary field for-
malisms. However, as discussed in the Introduction, two
specific stress tensor operators have played a predominant
role in previous works since they are associated to Born-
Infeld (BI), ModMax, and y-BI. The two such deformations
of interest are the usual four-dimensional AT T flow and the

y\/ﬁ flow. When discussing such deformations there is
always a flow equation associated with the parameters
(4,7). Since the auxiliary field Lagrangians are split into a
free part (£,) and an interaction function, it is natural to
assume that all of the dependence upon the flow parameters
sits within the interaction functions only. Explicitly,

oL(p.v) 0E(ashy)  OL(p.u) OH(biA.y)

oA,y oLy oAy oA,y

(4.12)

With this, the exact forms of the two deformations in the v
representation that would appear in Egs. (1.7) and (1.9) are
given in the v representation by

1
OTT — T”I/T”U - 5@2

=4a(l —a(&,)?*)* - 4(€ - 2a&,)?, (4.13)
1 /=
Oz =y VI = Vall —a(€,)).  (4.14)
In the p representation the operators are given by
Opp = —4H? + 4b(H,,)*(1 — b)?, (4.15)
O 77 = VbH,(1 - b). (4.16)

Note that one can obtain the results in both representations
by either repeating the process beginning from both
auxiliary Lagrangians (3.12a) and (3.6) separately, or, by
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completing the process once and converting the results
using the relations introduced with the Legendre trans-
formation (3.10) and (3.11). Reassuringly, both methods
produce the same result. To conclude, it is worth comment-
ing again on the fact that Eq. (4.7) implies that the y frame
has issues with being well defined for conformal models, as
in this case ® = 0 and hence H(b) is identically zero.

V. AUXILIARY FIELD APPROACH: DUALITY-
INVARIANT FAMILIES AS TT-LIKE FLOWS

So far, we have established several facts about duality-
invariant deformations in Sec. II. Let us briefly review three
statements.

(I) Any deformation of a duality-invariant theory L,
which is driven by a duality-invariant function O®,
produces a one-parameter family of duality-invariant
theories £*) which obey the differential equation
0,L£% = OW_ This is Theorem 1.

(II) The stress-energy tensor of a duality-invariant theory
is itself duality-invariant [8—11].

() In a duality-invariant theory, any two duality-
invariant functions are functionally dependent. This
is Theorem 2.

Taken together, observations (I)—(III) imply that any
deformation of the form 9,£% = OW can generically be
recast as a stress tensor flow 9,£% = f (T,(,/},); 1), using the
functional dependence between the duality-invariant func-
tion OW and the energy-momentum tensor, and that the
solution to this differential equation is a collection of
duality-invariant theories £*),

In this section, we will use the v and p auxiliary field
representations to investigate the converse of this result.
That is, we ask whether any parametrized family of duality-
invariant theories £ can be understood as satisfying some
generalized stress tensor flow equation. We will refer to this
converse as statement (IV):

(IV) Any family of duality-invariant theories with
Lagrangians £ (S, P) obeys a stress tensor flow
equation 9,L% = f (T,(,/,l,);/l).

There is a simple way to see intuitively why such a
converse should be true. We have mentioned above that the
derivative of the Lagrangian for a duality-invariant theory,
taken with respect to a duality-invariant quantity, is itself
duality invariant. Therefore, assuming that the parameter A
labeling a family of duality-invariant theories £ does not
transform under duality rotations, we must have

oL@
— OW(S. P
oA OIS, P),

(5.1)

for some family of functions OW, each of which is
invariant with respect to the duality transformation asso-
ciated with the corresponding theory £*). Again appealing

to observation (III), we expect that these duality-invariant

quantities O satisfy functional relations involving the

respective stress tensors T,(,i), so that the differential

equation (5.1) can be recast in the form,

oL@

_ ().
o f(T;w 9/1)-

(5.2)

Thus we expect that the converse (IV) should indeed be
true, which leads to a one-to-one correspondence: all stress
tensor deformations yield duality-invariant families, and all
duality-invariant families are stress tensor flows.

The preceding argument is morally correct. However, to
be precise, we should keep in mind that a functional
dependence of the form f(x,y) =0 only allows us to
express y = y(x) locally around a particular point, and only
under the assumption that the appropriate Jacobian deter-
minant is nonzero. In order to give a more careful statement
of the converse (IV), we should enumerate the possible
singular points at which this Jacobian condition fails, and
restrict ourselves to a local analysis away from this
collection of singular points.

We can see why this is necessary by considering known
examples of stress tensor flows for duality-invariant the-
ories, such as the one for the Born-Infeld and ModMax
theories. In terms of the electric and magnetic fields, the
Born-Infeld Lagrangian can be written as

-

1 - =g -
Lo =7 (1-/1-A0BP - BP) - 2(E-BF).  (53)
which exhibits a critical value of the electric field,

S
E|? <—.
BP <)

Therefore, although we have claimed that the Born-Infeld
Lagrangian satisfies a 77-like flow equation,

(5.4)

oLy 1 1
B (T (T )2
04 8 ( m 2( ”) )

to be more precise we should say that this differential
equation—with an initial condition given by the Maxwell
Lagrangian—converges to the Born-Infeld Lagrangian for
field configurations within some open set that satisfies the
constraint (5.4).

A similar caveat applies to the flow for the ModMax
theory whose Lagrangian is

(5.5)

1
'CModMax = _ZCOSh(}/)FﬂuFﬂU

+ %sinh(y) \/ (FuWF"™)? + (F, F*)*  (5.6)

Clearly the ModMax Lagrangian is not an analytic function
of the field strength F,, and its dual around the point,
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F,=F,=0. (5.7)

Therefore, when we say that the ModMax Lagrangian
obeys a flow equation,

1 1
9Lvoavn _ 1 \/ T, = (T4, (5.8)

dy 2

we mean that this holds for field configurations away from
F,, = 0, on an interval where the Lagrangian is an analytic
function. This example illustrates that flow equations may
hold at generic points but fail at a discrete collection of
exceptional points where singularities occur.

However, if we are willing to restrict ourselves to a local
analysis motivated by the examples of Lg; and Lyioamax
described above, the desired converse (IV) holds away
from a set of discrete singular points which we can identify
explicitly. We will state the precise version of this claim for
theories that admit a v representation. As explained in [15],
any Lagrangian L£(S, P) satisfying the duality-invariant
condition can be described in the v frame, so there is no
loss of generality in using this representation.

Theorem 3. Consider a family of theories of duality-
invariant electrodynamics which are labeled by a collection
of parameters 4;, i = 1, ..., n, and which admit a descrip-
tion using the v representation introduced in Eq. (3.6). That
is, the entire parametrized family of Lagrangians is deter-
mined by an interaction function,

E(as Ay s dy), (5.9)
where a = vp. Let a* € dom(E)\S, that is, let a* be a point
in the domain of £ which does not belong to the discrete
(possibly empty) set of points S defined by

o (80 =g M Eule)==7) } (510

2a a

Then for each i there exists an open interval U; around a*
such that, on the set U;, one has

% Ry

EY) /,w;ll""’/ln)?

(5.11)

where F; is a Lorentz scalar constructed from the stress
tensor 7', and which may depend on the parameters 4;.

The interpretation of this theorem is that, at least locally,
every tangent vector to a space of theories of duality-
invariant electrodynamics is an operator constructed from
the stress tensor. This result is the precise version of
statement (IV), the desired converse to the result that stress
tensor deformations preserve duality invariance.

Proof. The proof of this claim is a simple application of
the inverse function theorem. We begin by parametrizing
the most general Lorentz scalar function which can be
constructed from the energy-momentum tensor 7,,. A
convenient basis for the ring of scalars that can be built
from the stress tensor of a duality-invariant theory in the v
frame is

0 =4& - 8a&,,

12 = 4a(1 —a&,)*.  (5.12)

Any other Lorentz scalar built from 7', can be written as a

function of ® and 7. Although ® and 72 implicitly depend
on the 4; that determine &, let us hold these parameters
fixed for the moment and consider the invariants (5.12) as
univariate functions of the real variable a. The derivatives
of these functions are

o

o=
i(AZ):4(1—aS)(1—3aE —-2a*&,,)
da a a aa-

—4(&, +2a&,,),
(5.13)

Let us consider the conditions under which both of the
derivatives in (5.13) can vanish simultaneously at a point
a = a. First, there are two ways for % to vanish at a,

de a=0, &,(a)=0
—| =0 { (@) e - (5.14)
da a=a Q#O’ Eaa:—ﬁ

If a =0 and &,(a) = 0, we have %2 = 4, so this is not a
point at which both derivatives can vanish. Therefore
suppose that we are in the second case of (5.14). We then
have

di?
—_— =4(1 - 1-2 5.15
A R (AL
which means either
1 1
8a(g) = é9 5ua(g) = _ng or
Eula) =2, Eala) == (5.16)
a) = — a) = —— .
= 2a’ aar= 4a?

It is not possible for either of the pairs of conditions (5.16)
to hold on an open set. If £, = 1 on some open set U, then
Eoa = — ﬁ on this set, which does not agree with the
condition &£,, = — 5. Likewise, if £, = 5- for all a € U,
then &,, = —55 within U, which disagrees with the
condition &,, = —4—(112. Therefore, either pair of conditions
(5.16) can hold only on a discrete set of points, and at any
other point off this set we have that either % #0or ‘%2 + 0.
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Therefore, given any value a* of the auxiliary variable
which is on the complement of a discrete set S of excep-
tional points introduced in Eq. (5.10), we can define a
function f(a) which is a Lorentz scalar constructed from
the stress tensor and such that f'(a*) # 0. Explicitly,
let f(a)=0O(a) if 9|, #0 and let f(a)=T?(a) if

42 . . .
‘% « # 05 if both derivatives are nonzero, we can choose

f atrandom (in this case, since ® and 7 can be expressed in
terms of one another by Theorem 2, these choices are
equivalent).

By the inverse function theorem, there exists an open
interval U containing a* such that the restriction of the
function f to U is a bijection, and there exists a differ-
entiable inverse function f~'. This means that, locally, the
variable a can be written as a differentiable function of the
variable f, which again is either ® or 72. By composing
with £~!, we conclude that any function of @ can be written
as a function of the stress tensor in a neighborhood of a*. In
particular, this conclusion applies to each of the functions,

o€
PYEE) 5 . 17
viewed as univariate functions of a with the parameters 4;
held fixed. This demonstrates that each of the derivatives
(5.17) can locally be written as a function of ® or 72, along
with the parameters 4;, which establishes the claim. [
As a simple example of one of the discrete points a € S
at which the claim can fail, consider the interaction
function,
E(a) = A+ ha + ha®. (5.18)

Other quadratic examples of interaction functions will be
explored in Sec. VI A. At the point,

3 1
— —_— —_ :1 .1
/11 2, /12 47 a ’ (5 9)
we find
3 . de dr?
O=-=+44, T1T*’=1, —=0, —=0. 5.20
2+ 0 da da ( )

Near this point, it is not possible to locally express a as a
function of ® and 72, and thus we cannot write flow
equations of the form g—i = f(0, Tz). However, because
such exceptional points are isolated, given any € > 0, there
exists some a’ within distance € of a, with the property that
we may express these derivatives in terms of the stress
tensor near the point a’. Said differently, the tangent vector
to a family of duality-invariant theories can be written as a
function of the stress tensor “almost everywhere” (that is, at

all points a except on a set of measure zero). We will
elaborate more on this simple example in Sec. VI A.

A. Proof in y frame

One can present an analogous argument, showing that
families of duality-invariant theories can generically be
interpreted as stress tensor flows, using the other auxiliary
field representation, which was referred to as the ¢ frame in
Sec. III.

This proof is less general because not all duality-invariant
theories admit a description in the p representation.
For instance, we have pointed out above that conformal
models such as the Maxwell and ModMax theories cannot be
written in the y frame.

It is easy to see why there is an obstruction to describing
certain models in the p representation if we recall the
relationship between quantities in the p and v frames.
Consider a duality-invariant theory of electrodynamics
which is described by an interaction function £(a), where
a = vy, in the v representation. The corresponding inter-
action function H(b), where b = pji, in the u representa-
tion satisfies the relation,

1

Eo=—7.
a Hb

(5.21)

This equation admits solutions only if £, # 0 and H,, # 0;
we have already seen this additional condition on H in
Eq. (3.25). On the other hand, the two invariants con-
structed from the stress tensor in the u frame take the forms,

© =4H(b),  T*>=4bH}(1-b)%. (5.22)
For a conformal model, ® = 0 which means that H(b) is
identically zero. But if H(b) = 0, then H; =0 and the
relation (5.21) is not well-defined. We conclude that the u
representation is only suitable for describing theories with
H, #0 and thus ©, # 0, which excludes conformal
models with ® = 0.

This allows us to give a very simple proof of the analogue
of Theorem 3 for theories with a u-frame representation.

Corollary 4. Consider a family of theories of duality-
invariant electrodynamics which are labeled by a collection
of parameters 4;, i = 1,...,n, and which admit a well-
defined description using the u representation introduced in
Eq. (3.12b). That is, the entire parametrized family of
Lagrangians is determined by an interaction function,

H(biAr s ), (5.23)

where b = uji. Then for each i any for any point b = b*,
there exists an open interval U; around b* such that, on the
set U;, one has
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oH
a_/ll._ Fi(®;4y,...,4,),

(5.24)
where F; is a Lorentz scalar constructed from the trace ® of
the stress tensor and which may depend on the parameters y;.

We point out that Corollary 1 differs from the corre-
sponding v-frame statement, Theorem 3, in two ways. First,
in the y frame we need not make any additional assumption
about being away from a discrete set of exceptional points.
Second, in the u frame we can always express the
deforming operators which drive the flows in Eq. (5.24)
in terms of only the trace of the stress tensor, rather than as
a function of the two invariants © and 72. Of course, as we
have emphasized, these two scalars are functionally de-
pendent in any duality-invariant theory; the only new
feature in the u frame is that cases with 9,0 =0 are
excluded.

Proof. By assumption, the family of theories that we are
considering admit a well-defined pu-frame description,
which implies that H, # 0 as we pointed out around
Eq. (5.21). On the other hand, we have the relation,

© = 4H(D). (5.25)
Since ‘H,;, # 0, we also have fi—(,? # 0, and thus by the inverse
function theorem we may always locally invert this relation
to write b = b(®) on a sufficiently small open set U around
any particular point b = b*.

It follows that any function of b can locally be expressed
as a function of ®, and thus,

0
aﬂ — Fibidy o h) = Fi(@: 2y, h), (5.26)
Vi
on an open set U; containing any point b*. [

VI. EXAMPLES

We have seen that there is a one-to-one correspondence
between parametrized families of duality-invariant theories
and stress tensor flows. This correspondence is summarized
in the facts (I)-(IV) of the previous section and in the
statements of the various theorems where these results are
proved.

In one sense, this means that the primary task of the present
work has been completed. However, we find it instructive to
examine several examples where this one-to-one correspon-
dence can be described explicitly in both directions. It is
especially interesting to see how one can determine the stress
tensor operator which forms the tangent vector to a given
family of duality invariant theories, which gives a concrete
realization of statement (IV).

In the following subsections, we will carry out this
procedure in several examples using the v and g frame
auxiliary field representations. This will allow us to build
further intuition for the singular points, belonging to the set

S of Eq. (5.10), where the inversion map between the
duality-preserving deformation and the energy-momentum
tensor breaks down. We will see that such points often arise
from nonanalyticity in the interaction function.

We will also revisit the flow equations which produce the
ModMax and Born-Infeld theories from stress tensor flows
from the perspective of the auxiliary field formalism. As an
extension of this analysis, in Sec. VIC, we will obtain a
new auxiliary field representation of the two-parameter
family of ModMax-Born-Infeld theories, which we also
call yBIL

A. Quadratic interaction functions

We begin with the simplest two-parameter family of
models described by

5((1;21,/12) :/1161-1—12(12. (61)

We have already discussed this model around Eq. (5.18),

though, for simplicity, we set here 4, = 0. The trace of the

stress tensor is

O = —861(/11 + 261],2) + 4(/1161 + /12612). (62)

Treating the two A; as constants for the moment, we can

view this as a simple univariate function ©(a) and utilize

the inverse function theorem. In this case, there is a single

point at which the assumption of the inverse function
theorem fails because ®(a) has zero derivative,

d
G)*O

s M
da

64,

*

at a* = (6.3)

Away from this point, one can simply solve to express a as
a function of ®, finding

L ThE 2 —304
N 64, '

(6.4)

From this, it is easy to see why the point (6.3) is
problematic. This value of a occurs when the argument
of the square root vanishes, A% = 304,, and the square root
function is not analytic around zero. If we assume that
A% > 301,, and choose the positive root of (6.4) so that
a > 0 (which is expected since a = vp), then there are no
such issues, and we can write

0, € = g—g (—/11 Ty 3@12).

Note that the second stress tensor invariant 72 was not
needed at all for this procedure. However, we could
have made a similar argument as above, viewing 72 as a
function of a and using the inverse function theorem again.
In this case,

(6.5)
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1%(a) = 4a(1 — a(A, + 2ak,))?, (6.6)

and the inverse function theorem fails due to a vanishing
derivative d—“; 77 at four points,

g ThE 23+ 82, 0 — /922 + 404,
b2 42, ’ i 204, ’

(6.7)

2
34+ /922 + 404,

Away from these four points a;, a,, as, a4, we see that T2 is
a smooth function of a, and we are guaranteed by the
inverse function theorem that we can invert to write a(7?)
on an open interval that does not include any of the roots
(6.7). We cannot write this inverse function explicitly
because it involves the root of a fifth-order polynomial,
but it is sufficient to know that it exists in order to claim that
40,

0, € = F(T* 1. 4y), (6.8)

for some function F. Nothing was special about choosing

A1 in the above analysis. If we had focused on 4,, we could
invert for a in the same way. For instance, one has

2
0,6 = (—/11 /22— 3@12) .

The above arguments then generalize as we described
in Sec. V.

The situation is even simpler in the y representation. The
simplest model in this case is given by

(6.9)

1
H(b; L4, 71, 7,) = G (y1b + 1r2b?). (6.10)

Here y,, y, are arbitrary constants which have no relation to
the 4;, 4, of the previous example. In the y representation,
we always have the trace relation,

As stated in Sec. V, the main conditions for using the u

representation are that 7, # 0 and ®, # 0. We can look for
the points at which this assumption fails by computing

4
0O, = — (r1 +2r2b).

3 (6.12)

One can straightforwardly see that there is only one point
(b = b*) at which the derivative vanishes,

7

b* = — .
2y,

(6.13)

Again, the meaning of this point becomes clear by solving
for b(0),

p_ 1 + /17 +L',0©
2y,

(6.14)

The issue of invertability is linked to the vanishing of the
expression inside the square root. If we assume that
y? > —L*%,0, then the issue is avoided, and the flow
equations for the parameters (L*,y,,7,) are

OH(b; L% y1.72) 1

b e (6.15a)

OH(b;L%y1,72) _ 1 (—71 £Vri+LY,0 (6.15b)
dy L* 2y, ’ '

IH(D: LY y1.72) 1 (=1 £/ +L0\? |

— o D 2 . (6.15¢)

Just as in the v frame, we could have inverted the
expression for 72 instead of ©, given by

. 1
T2 = bHZ(1 - b)? = i+ 2y,b)2(1 - b)?, (6.16)

,_ntnE \/(71 +72)? £ 8LV
47, '

—

(6.17)

The points where the derivative of (6.16) vanishes are

N

1
=1, b= ==
’ 2]/2’ 2

71
- 6.18
™ (6.18)

With this, we can now look at examples that are more
complex than polynomial interactions. The first point
appears due to the (1 —b)? factor in (6.16), whilst the
later two points are linked to the vanishing of the square
root. Once again, if this does not occur, then we can at least

locally write the inverse b(7?) away from these points.

B. Born-Infeld and ModMax

One of the most well studied examples of this formalism
is Born-Infeld theory. The formulation of this theory with
one auxiliary field was first introduced by Ivanov and
Zupnik [71] and is the model which we will start by
reviewing. In four spacetime dimensions, the Born-Infeld
Lagrangian is given by

Lgi(0. 9) 2/11(1 —\/1 +1(¢+¢)+f(¢_¢)2>.

(6.19)
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This theory is best studied in the u frame, due to
the simplicity of the resulting interaction function H(b).
The defining relations for Born-Infeld in the u representa-
tion are

2a(1 + p)? __ 2u(1 +p)?
_ , - b 6.20a
A1 = upn)? T e (6:200)

2 1 2b

In the above, one notices the factorization mentioned in
Sec. III C for a nonconformal model with 1 = L*. Using
the previous expressions for the interaction function,
one obtains the following auxiliary field Lagrangian for
Born-Infeld:

L(p.p) =

olu—1) f(ﬁ—l) L2

20+p) 200+R) Ab-1

Using the results of Sec. IV, the trace of the stress tensor is
given by

4 2b 01’

O(b) =51~ bO) =~ —or- (6.22)

The flow equation relating to A is simply the 7T flow
equation,

0L(p.p) _

1
5/1 OTT _4_/16

(6.23)
From this example, we can see explicitly that the operator
associated to the flow is not unique. However, we stress that
only the flow driven by the Q7 operator can be used if
one would like to interpret the Born-Infeld Lagrangian as a
TT-like flow with a boundary condition at A = 0 being free
Maxwell. The trace flow is indeterminate in this limit, since
both the numerator ® and denominator 4 of the right side of
(6.23) vanish. As stated in Sec. V, the trace flow equation is
something we will always have for the dimensionful
parameter due to the relationship between H(b) and ©.

At this point, one can pass to the v representation by
solving for b(a) through the following algebraic relation,
which can be derived using Eq. (3.11):

4b

:b 2:7_
@ = b, = oy

(6.24)

Introducing ¢ = (b — 1)~!, then one can find a closed form
expression for #(a) which solves the following quartic
equation:

2

A
t4+t3—za:0, tla=0)=—1. (6.25)

The solution #(a) is fairly involved, and, for brevity, we
present the first terms in its power series,

T (6.26)

Finally, one can use the Legendre transform to find the
interaction function in the v representation, for which, due
to the nature of 7(a), we also present only the first few terms
in its series expansion,

Epi(y) = 2((a) + 3t(a) + 1)
2 3
y oy 3y 2
=T 4 4. = )2a. 2
573 + 33 +-- y = Aa (6.27)

So far, this is all just described using the machinery of the
auxiliary field construction. Interestingly, the interaction
function (6.27) can also be found by solving the T7-like
flow equation,

o(a;4) 1 -
on 8o
1 1
= Ea(l —a(&,)?)? —5(5 —2a&,)?%, (6.28)
with the ansatz,
1
E(a) = ES( ) (6.29)
The solution for the function &(y) is
fp)=2-L LI o6 (630)
V=T T T s s '

This solution exactly reproduces the solution given in
Eq. (6.27). There is also a method to obtain H(b) in the
u representation; however it is merely a limiting case of the
solution to yBI and as such we postpone presenting this
method until the next subsection.

One might have expected that the TT flow would yield
the Born-Infeld theory in the auxiliary field formulation.
However, one can also define flows that are driven by other
operators. One example is rescaling the variable b by a
dimensionless parameter r in the interaction term,

1 2rb

Hbdr) =200

(6.31)

One can repeat the same steps that led to Eq. (6.23) and find

that the Lagrangian satisfies the flow equation,
oL O(8- /IG))

—_— 32

or 32r (6.32)

The example given above of rescaling the variable b is a
simpler version of the v TT-like deformation. A simple
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example of VTT in this formalism can be seen using
another well studied theory, this being ModMax. In the
standard presentation, without any auxiliary fields, the
ModMax theory [57] is described by the Lagrangian,

cosh(y)
2

(¢ + @) + sinh(y)vVop.  (6.33)

Ly (@, p) = —
The ModMax theory is the unique duality-invariant and
conformally invariant extension of the Maxwell theory
(see [57] and Appendix A of [58]). Due to conformal
invariance, the y representation is not the correct setting
to study ModMax. The auxiliary field Lagrangian for
ModMax in the v representation is [58]

1 _
EMM(%V):§(¢+¢)+V+17—2(V-F+V-F)

~+ 2tanh (g) .

As it is already well known that ModMax arises as a VTT
deformation of Maxwell theory [49,69], it is natural to check
whether this remains true in the auxiliary field formulation.
Indeed, the following flow equation is satisfied:

(6.34)

aEMM — l \/TIH/T L= l (Tﬂ )2.
oy 2 o4

Once again, initially, this was not found by using the
auxiliary field machinery, but this can also be derived by
solving the following flow equation:

(6.35)

MU _ Vit -a€®). (630
with the ansatz,
E(asy) = f(r)Va,  f(0)=0. (6.37)

The factorization of £(a; y) in the ansatz above is due to the
conformal invariance of the model, which restricts £ (a; 7)
to be homogeneous of degree % in the variable a, meaning:
a&, = %5. This can be seen by setting the trace of the
energy-momentum tensor to zero in Eq. (4.7). Note that
Eq. (6.36) is simply Eq. (6.35) without knowing the exact
form of £(a;y). Solving the above equation for f(y), one
finds
_ 14
f(y) =2tanh <§> . (6.38)
as expected from Eq. (6.34).
We note in passing that the auxiliary field representation
of the ModMax theory presented here, as well as its

definition via a stress tensor flow equation, are well-defined
for either sign of the deformation parameter y. However, it

0 =
LM ax ” [’BI
Ovrr Oyrr
Lym Lypr

Or7

FIG. 1. Flow diagram relating theories of electrodynamics.
was already pointed out in [57] that the ModMax theory
allows for superluminal propagation when y < 0 and only
has physically sensible, causal plane wave solutions when
y > 0. This restriction on the sign of y is an additional
physical input which is not visible at the level of the
analysis that we are pursuing here. The asymmetrical
behavior of the theory between the two sign choices for
y is reminiscent of the 7T deformation of a 2d CFT, which
has a sensible spectrum for a range of positive deformation
parameters 4, but for 4 < 0 has infinitely many complex
energy levels."’

C. y-Born-Infeld

We now turn our attention to the amalgamation of the
previous two examples (ModMax and Born-Infeld). It is
known in the literature that yBI simultaneously obeys a TT

and a VTT flow equation [68—70]. Furthermore, these two
flows are commuting, which means that yBI is connected
with ModMax and Born-Infeld as per Fig. 1. Although the
limiting theories of yBI have been well understood in the
auxiliary formalism for some time, yBI itself had not yet
been successfully elevated to an auxiliary field theory.
Here, we will remedy this fact and fully explore the
different facets of yBI in the auxiliary formulations. The
difficulty with this model is that it does not appear to be
possible to get an explicit expression for £(a;A,y) or
H(b;A,y) by trying to use the equations coming from
the auxiliary field approaches. This means that one must
resort to other methods of attacking the problem. One such
method could be to take inspiration from the previous
section and attempt to derive the interaction function via the

TT and VTT flow equations. As we will now describe, this
turns out to be a successful approach. Firstly, we look at the

VTT flow equation,

5 (6.39)

Clearly, the only solution satisfying the initial condition
H(b;0) =0 is
H(b;y) =0,

vV 7.b. (6.40)

""In some situations, these complex energies can be removed by
performing sequential 77 flows with a combination of negative and
sufficiently large positive deformation parameters [75].
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This is a signature of the fact that the u representation
is singular for conformal theories; if we begin with
H(0;7) =0 then this is a fixed point of the V7T
flow, and one would never reach the ModMax theory. If
instead, we assumed that H(0;y) # 0, then using the
method of characteristics, the general solution to
Eq. (6.39) is given by

H(by) = 9(B),

(1 + b) cosh(y) + 2v/bsinh(y)
1-b ’

B =

(6.41)

Whilst this does restrict the functional form of H(b; y), any
function g of the composite variable B given above is a
valid solution. This is all the mileage one can get from the

VTT flow. We now turn our attention to the 7T flow, under
which H obeys the differential equation,

H(b; )
oA

1 1
= —§H2 + 5bH,%(l —-b)2  (6.42)
As we have seen previously, given that 4 is the only scale in

the problem, one can factorize the interaction function in
the following way:

H(b:2) = %H(b). (6.43)

Substituting this into the previous differential equation, we
find that the general solution is

b —1+ (1 + b)cosh(c) 4 2v/bsinh(c)
bh—1 ’

H(b) = (6.44)

where c is a constant of integration. Remarkably, by choosing
the positive branch we obtain a candidate in the family of
functions predicted by Eq. (6.41). Specifically, identifying
¢ =y, this solution corresponds to the choice,

The interaction function H, gy of Eq. (6.45) is our final result
for the novel u-frame representation of the ModMax-Born-
Infeld theory. Note that the y = O case correctly reproduces
the Born-Infeld interaction function. With this, one can check
that this solution indeed reproduces yBI after integrating out
the auxiliary field in the u frame.

Of course, one is free to convert this to the v represen-
tation, which can be done at least perturbatively. The
defining relations in the v representation are

(g = | (b—1)%+ (b(4+ b) — 1) cosh(y) + 4b>/*sinh(y)
(@)=7 (b—1) ’

(6.46)

where b = b(a) is a solution of the following equation
(which is no longer quartic):

(2v/b cosh(y) + (1 + b) sinh(y))? .

2. _
Ata = (b—1)4

(6.47)

The perturbative solution for £(a;4,y) is then given by

) _ ry_ 4 afr
E(a; A, y) = 2ﬁtanh(2> + 2asech <2)

1
5/12 a’/?sech® <2) tanh <2> + e

Note that the initial condition for expansion is no longer
b =0 and a =0. Maintaining that we want to obtain
expressions for weak field strengths (small @), then one
actually has to expand around b = tanh?(%) as it is at this
point that a = 0. For completeness, one can also obtain the
above solution by solving the respective flow equations
perturbatively with the interaction function £(a) instead of
H (D). Following the claim in Sec. V, it is worth pointing
out that one can again express the flow equations purely in
terms of ©,

(6.48)

9(B) :%(1 —B) = H,pi(b:y) M__i@ (6.49a)
04 4] '
~ 1b—1+4(1+ b)cosh(y) + 2v/bsinh(y)
=2 - - (645
|
OH(b; A7)  (4cosh(y) — 20 + 4)2(K(0,7) + 2 coth(y)/K(©.7) + 1 (6.49b)
a 8A(—/10(10 — 8) + coth(y) (10 — 4) — 4) ’ '
K(®.7) = —8+/20 sinh?(y) (40 — 8) + 16sinh?(y) + 1O(10 — 8) (6.49¢)

(4 cosh(y) —

A0 + 4)2
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Whilst the expression above is unwieldy, it provides yet
another example that these flows can always be written in
terms of stress tensor structures, and not necessarily in a
unique way. One can obtain the flow equation for the
rescaling parameter » — rb by merely making this variable
replacement when solving for b(®).

D. Some other examples

The simplest interaction (SI) model first appeared in
this context in [76] and is aptly named as both the
interaction functions are merely linear in the interaction
variable,

1 1
H(b;L*) :Fb’ Ely)= —Ey, y=L

8a.  (6.50)

We have already discussed this model when we discussed a
function H up to quadratic in b. Here, we seek a ModMax
extension of the case which is purely linear in b. As we
have already discussed before, despite having such a simple
interaction function, it is not possible to obtain a closed
form expression for the nonauxiliary model as this involves
solving a fifth order polynomial. Naturally, we have the
trace-flow equation for the parameter L*,

oH(b(®); L* (O]
IH(BO):L7) a(L4) )I‘m~ (6.51)

Interestingly, as an explicit nonauxiliary Lagrangian can-
not be found for the SI model, it is only possible to
formulate the V7T deformed or modified SI model using

the auxiliary formulation. Solving the V7T flow equation
with appropriate initial condition,

OH(b;LYy)
T— \/EHb(l —-b),

H(b,0) =0,

1
H(b;L*.y) =iy,
(6.52)
yields the interaction function for the modified SI model,

H(b; L4, y)
b — 1+ cosh?(5) + 2v/b cosh(%) sinh(}) + bsinh? (%) .
L*(cosh(}) + v/bsinh(%))?

(6.53)

One can of course consider rescaling the interaction
variable as done in the previous section; however, due to
the simple nature of the interaction function, this is simply
equivalent to scaling the trace.

The natural progression from the previous example is to
include higher degree polynomial terms in the interaction
function. One can consider the same quadratic interaction
function as in Sec. VI A,

1
H(b; L*) = i (y1b + y,b?). (6.54)

One can of course transition to the v frame; however, the
form does not carry over as transparently as in the linear
case and hence is not very instructive. Unlike in Sec. VI A,
we now consider rescaling the variable b — rb by a
dimensionless parameter r. This gives the following inter-
action function:

1
H(b; L*, r) :F(h"b-"}’zr%z)- (6.55)

From this, one can obtain the following flow equation for
the parameter r:

IH(bi LY r) _ i/ (ri +1L*0)
or N 2y,L4r?
2
71 S
— . 6.56
" 2y,L4r + 2r ( )

We note that in all cases thus far the flows can be written in
terms of stress tensor structures as per the conclusion
in Sec. V.

Finally, one can consider an interaction function that is
homogeneous of degree n in the interaction variable,

1
H(b,L4) = an,
1 L3a\ =

Similarly to the linear case (n = 1) we will ignore the
rescaling flow, as this again amounts to a rescaling of the
trace. Instead, we will look for the modified version of this

theory by solving the V'TT flow equation for a dimension-
less parameter y,

oH(b; L*,y)
_——— ] —_
5 VbH,(1 - b),

H(b;L*,0) = ib".

= (6.58)

The solution to this equation gives the modified homo-
geneous model,

1 1 2n
H(b;L*y) :Ftanh <§ (—y—Zarctanh(\/E))) . (6.59)
The four solutions for »(®) are as follows:

b= {tanh2 <g + tanh‘1< 4-1/n (L4®)1/n)>,

tanh2<—g+tanh‘1< 4—1/"(L4®)1/")>}, (6.60)
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where the positive branch of the first solution occurs with
multiplicity two. With this, the flow equation for the
parameter y is given by

OH(b;L*y)  2ntanh®(z)csch(2z)
oy N L*

. (6.61a)

z:y+mm4( ¢Uwy®ym) (6.61b)

If not obvious from the preceding discussion of the linear
case, obtaining on shell models for these higher-order
models is also not possible. However, it should by now be
clear how the claim of Sec. V is realized explicitly in
several examples.

VII. CONCLUSION

In this work, we have investigated the relationship
between duality invariance and stress tensor deformations
in theories of electrodynamics in four spacetime dimen-
sions. We have found that these two ideas are closely
linked, and that one can think of any family of duality-
invariant theories as obeying some generalized T7-like
flow equation. A related fact, as we have seen, is that any
duality-invariant function f(S,P), in a given theory
L(S, P) which enjoys electric magnetic duality-invariance,
can be expressed as a function of the energy-momentum
tensor for that fixed theory, which we express as
f(S,P) = f(T,,). Furthermore, the two Lorentz scalars
that one may construct from the stress tensor are in fact
dependent, so that such a function f(S,P) is secretly a
function of only one real variable.

Although we have made some arguments using only
the differential equation obeyed by a Lagrangian L(S, P)
for a duality-invariant theory, the hidden reduction to a
univariate problem is made most transparent in an
auxiliary field formulation, which was the focus of our
Secs. III-VI. There are at least two other scenarios, in
spacetime dimensions other than four, in which an
auxiliary field formalism of this type might be useful
to make a similar reduction to a one-variable problem
manifest. Here, we will briefly describe these two
scenarios below. We will then conclude by commenting
about the interplay between TT-like flows and their
geometric engineering by means of coupling to auxiliary
gravitational sectors. We believe these are all interesting
directions for future research.

A. Integrable sigma models in d =2

Many of the structures which appear in 4d theories of
electrodynamics also appear in certain two-dimensional
models. Some of the overlap between these classes of
theories was discussed in [68] following analysis in [53],
which we now very briefly review.

We consider a class of 2d theories which resemble the
principal chiral model associated with a Lie group G and its
Lie algebra g. The fundamental degree of freedom is a
group-valued field g(x*, x~) € G where x* are light cone
coordinates in the two-dimensional spacetime. It is con-
venient to define the left-invariant Maurer-Cartan form and
its pull-back,

(7.1)

i=g'dg,  j.=9"'99

The Lagrangian of the usual principal chiral model can be
written in light-cone coordinates as

Lpcm = _%tr(j-‘rj—)' (7.2)
However, we can consider a larger class of models which
depend on the two independent Lorentz invariants that can
be constructed from the matrix M, = tr(j,j,). By analogy
with the two real scalars that can be constructed from a field
strength F',, in four dimensions, we define these invariants
by the relations,

|
§ = —suljyj-).

L. . .
P = Z(tr(J+J+)tr(J—J—) = ((jj-))?).  (7.3)
One can then consider a generic Lagrangian £(S, P) which
depends on these two invariants, much as we have done for
theories of electrodynamics in 4d.

The ordinary principal chiral model, £ = S, is classically
integrable; its equations of motion are equivalent to the
flatness of a Lax connection for any value of a spectral
parameter z. One might ask whether other models £(S, P)
share this property. If the Lagrangian satisfies

28
E%—?ﬁsﬁp—ﬁ% - 1, (74)
then the model is also classically integrable, and its
equations of motion are equivalent to flatness of a Lax
connection which can be written in light cone coordinates
x* as

Q :jiizsi
+ 1—Z2 B

(7.5)
for any z € C, where 33, is the Noether current for
invariance of the theory under right-multiplication of
(7.1) by an element g € G.

We therefore see that the condition (7.4) for the model to
be classically integrable, with Lax connection given
by (7.5), is identical to the differential equation obeyed
by a Lagrangian for a 4d theory of duality-invariant
electrodynamics.

It would be very interesting to construct auxiliary field
formulations, much like the Ivanov-Zupnik u and v
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representations, for this class of 2d integrable sigma
models. Because the structures are so similar, one might
expect that many of the results in the present work would
have analogues in the 2d setting. For instance, one can
check that any deformation of a PCM-like model L(S, P)
obeying (7.4) by a function of the stress tensor preserves
classical integrability; the case of root-TT deformations
was investigated in [53].

It is also known [77] that 2d integrable sigma models can
be constructed from the 4d Chern-Simons theory which
was initially studied in [78,79]; see [80] and references
therein for a review. The relationship between the TT
deformation and 4d Chern-Simons has been investigated in
[81]. It would be interesting to see whether there is a 4d
Chern-Simons construction of the 2d PCM-like models
satisfying (7.4) and whether an auxiliary field representa-
tion exists in this setting. Perhaps one could use this to
establish other properties of these sigma models, such as
their one-loop structure and behavior under renormaliza-
tion group flows [82,83].

B. Tensor theories in d=6

Another setting in which many of the structures of 4d
nonlinear electrodynamics have natural analogues is among
the class of six-dimensional theories of a two-form poten-
tial A, with a three-form field strength F3; = dA,. For
instance, the two-parameter family of 4d ModMax-Born-
Infeld theories—which are relevant for the present context,
in part, because they are duality invariant and satisfy
commuting 7'7-like and root-77-like flow equations—Iifts
to a related family of 6d tensor theories [61].

It is of particular interest to focus on chiral theories of
2-form electrodynamics, such as the one describing the
M5-brane theory. Although one can formulate such theories
using a Lorentz-invariant Lagrangian [84—86], it is conven-
ient to use the Hamiltonian formalism. In the notation of [87],
let us define the magnetic two-form BY = 1ekimg,A;, .
where Latin indices like i, j run over spatial directions
1,...,5. Then a generic Hamiltonian density H for such a
theory can be written as (s, p2),18 where

1 .. . 1 .
SZZB”BU” pr=pip. pizgeijklmBJkBlm- (7.6)
Lorentz invariance is not manifest in this formulation, but
will be respected if the Hamiltonian density obeys

HZ +4sHH 2 +4p*H . = 1. (7.7)
Equation (7.7) has the structure of the equation for duality
invariance in 4d electrodynamics. Just as one can introduce
an auxiliary field to make 4d duality invariance manifest, it

Do not confuse the Hamiltonian 7 here with the function
H(b) in the 4d auxiliary field p-frame.

is well-known that one can introduce an auxiliary field to
make 6d Lorentz invariance manifest using the PST
formalism. In this case, much like the 4d setting, theories
which obey (7.7) can also be described by interaction
functions of a single variable rather than two variables
(s, p?), and the energy-momentum tensor for such theories
has been studied [88]. By analogy with the 4d setting, one
might expect that families of Lorentz-invariant 6d theories
of chiral 2-form electrodynamics may also be related by
generalized stress tensor flows."?

Another way to see that theories of a chiral 2-form in six
dimensions should be described by a Lagrangian that
depends on one real variable, much like duality-invariant
theories of 4d electrodynamics, is via the approach of [89].
There the authors show that there exists only one func-
tionally independent scalar that can be constructed from a

self-dual three-form in six dimensions, which in their

notation is called Iffd). A general interacting theory of a

chiral 2-form is therefore specified by an interaction term in

the Lagrangian which depends on Iffd), much like the
interaction functions £(a) or H(b) in the Ivanov-Zupnik
formalism. In this language, one can describe the ModMax-
like chiral tensor theory using an interaction function with
the same schematic form as (6.34) in the 4d electrody-

namics setting, namely an interaction proportional to

tanh(%) Ifd). It seems likely that one can also develop

a pu-frame version of this formalism and write an auxiliary
field representation of the two-parameter family of
ModMax-Born-Infeld like chiral tensors using an interac-
tion function of the form (6.44). We hope to revisit this
direction in future work.

C. Geometric realisation of TT-like deformations
ind>2

Above, we have commented about two avenues where an
auxiliary field sector is implemented to make manifest
dynamical properties of interesting models. In two space-
time dimensions, the 77 deformation has been proven in
various works to possess different types of geometric
interpretations. Early in 2018 Cardy noticed that the 7T
deformation can be interpreted as coupling the original two-
dimensional quantum field theory to a random geometry
[26]. A related connection between 7T deformations and 2d
gravity was pushed forward in [25,90] where it was
proposed that 77 deforming a 2d QFT is equivalent to
coupling the theory to a Jackiw-Teitelbolm (JT) like gravity.

One of the main results of [87] is a second condition on
H(s, p?) to guarantee that the theory exhibit zero trirefringence.
It is natural to expect that, unlike the condition (7.7) which should
be preserved by all stress tensor deformations, the condition that a
stress tensor flow preserve the zero-trirefringence condition
should uniquely fix a single 77-like flow, as in the 4d zero-
birefringence context [68].
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In [91], the deformation was interpreted as arising from a
coupling to 2d massive gravity. See also [92] and references
within for further developments of these ideas. Geometric
approaches were then used to implement algorithms to
integrate several flow equations, including the Lagrangian
flows [34,42,93,94]. Moreover, in a series of papers, it was
proven that 77 flows can be derived by gauge fixing and TsT
transformations of string actions [30,95-97]. For the so-
called “good-sign” (positive sign) of a 2d TT deformation,
one can investigate the density of states at arbitrarily high
energies obtaining an asymptotic Hagedorn behavior [25].
This indicates that the T7 deformed theory is notalocal QFT
and is expected to describe the so-called little string theories
that are dual to gravity theories on linear dilaton back-
grounds [43]. Interestingly, all these works indicate how the
use of an auxiliary gravitational sector leads to 77-like
deformed quantum field theories.

To the best of our knowledge, geometric engineering of
TT-like flows in dimensions other than two has not been
systematically pursued yet. An inspiring first analysis has
been done in [94], where the ModMax-Born-Infeld theory
of electrodynamics was constructed in four dimensions
as a geometric TT-like flow. Another interesting recent
Ref. [98] showed how the same models of nonlinear
electrodynamics that we have discussed in our paper result
from integrating out massive gravitons. The known rela-
tionship between 2d TT and massive gravity [91], and
these recent papers, might indicate a link between general
TT-like flows and coupling to (massive) gravity in four
dimensions which waits to be unravelled—at least for
general theories of nonlinear electrodynamics. It is then an
interesting avenue to explore more geometric formulations
of general TT-like flows in d > 2.

ACKNOWLEDGMENTS

C.F. is supported by U.S. Department of Energy Grant
No. DE-SC0009999 and by funds from the University of
California. The work of S. M. K. is supported in part by the
Australian Research Council, Project No. DP230101629.
L.S. is supported by a postgraduate scholarship at the
University of Queensland. The work of G.T.-M. is sup-
ported by the Australian Research Council (ARC) Future
Fellowship FT180100353, and by the Capacity Building
Package of the University of Queensland. C.F. and
G. T.-M. thank the participants of the Filicudi workshop
on Integrability in lower-supersymmetry systems for stimu-
lating discussions.

APPENDIX: DETAILS OF COMPUTATIONS
FOR DUALITY-INVARIANT THEORIES

In order to streamline the discussion in the main body of the
paper, here we collect the details of a few calculations whose
results were quoted without proof in Sec. II. These results all
concern theories of duality-invariant electrodynamics whose

Lagrangians £(S, P) are written in the conventional form, in
terms of the two Lorentz invariant S and P of Eq. (2.1), rather
than in one of the representations using auxiliary fields that
are discussed in later sections of the paper. All of the
observations in this appendix follow from elementary con-
siderations of the partial differential equation (2.13) obeyed
by the Lagrangian of such self-dual theories.

1. Proof that TT-like flows preserve
U(1)-duality invariance

The goal of this appendix is to review and expand upon
the proof that any deformation of a duality-invariant
Lagrangian by a function of the energy-momentum tensor
preserves duality invariance. The idea of this proof was
sketched in [68] which explained the result at leading order
in the deformation parameter: if a duality-invariant seed
theory L, is deformed as

Lo— L' = Lo+ Af(TW). (A1)
where f (Tﬁg)) is a function of the stress tensor for the
seed theory, then the deformed theory £! remains duality-
invariant to order A.

In fact, a similar conclusion holds to all orders in A.
Roughly speaking, this is because the leading-order argu-
ment can be iterated, since now the deformed theory L]
can be viewed as a new seed theory, and similar reasoning
shows that a further deformation by a function of the
first-order deformed stress tensor Tf,:,) will preserve
duality-invariance at O(4?). This intuition that the duality
invariance of the deformation can be “bootstrapped up”
order-by-order will be made quantitative in Eq. (A13)
shortly. Continuing in this way, one concludes that the
solution to the differential equation,

LW
— =), (A2)
yields a one-parameter family of functions £ which
satisfy the duality-invariance condition to all orders in A.
However, a more careful proof of this statement requires an
inductive argument that the deformed Lagrangian £ sat-
isfies the duality-invariance condition to all orders in . We
now state this claim more precisely and spell out the reasoning
in some detail. Note the following theorem is a particular case
of Theorem 1 and an alternative, and simpler, proof was given
there. The reader should intend this subsection to be self-
contained and extend on the original analysis of [68]
Theorem 5. Let Ly(S, P) be a Lagrangian which satisfies
the duality-invariance condition given in Eq. (2.13). Suppose
that there is a one-parameter family of Lagrangians

LA (S, P) which obey the flow equation,

oLW P

TR (Tw), (A3)
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where f (Tf,’},)) is a Lorentz scalar constructed from the stress
tensor of £, and with the initial condition £#) = £, when
4 = 0. Then the entire family of Lagrangians £ satisfy the
same duality-invariance condition at any value of A.

We note that a stronger version of this theorem is also
true: one may replace the deforming operator on the right
side of Eq. (A3) with a more general function f(T;4).
However, for simplicity we will restrict ourselves to the
case where the function depends on A only implicitly
through the stress tensor.

Proof. We assume that the Lagrangian has a convergent
Taylor series expansion in 4,

L) = Lo+ ALy + 2Ly + - (A4)

We use the symbols £; with a lower index for the Taylor
coefficients in the Lagrangian, in contrast to the variables
L* with an upper index, which we define as the approxi-
mation to £ which is accurate up to O(%),

k

Lh=> "L,

i=0

(AS)

Likewise, we let T/’jv be the energy-momentum tensor

constructed from L. By virtue of the differential

equation (A3), the approximate Lagrangians £* satisfy
/Ik+1

L1 — pk
Tk

(T8 ] (A6)

where the notation [f(7T%,)] . means to extract the Taylor

coefficient proportional to A* in the series expansion of
f(T%,). Explicitly,

1 d*g

[9(A)]x = K|,y (A7)

for any function g(4).
It is convenient to parametrize a general Lorentz scalar
function f* = f(T%,) in terms of the two variables,
Of = (1M, TR =TT,  (A3)

Hv

where T }’jp is the traceless part of T,’j,,. In this parametriza-
tion, we write

f(T}) = F(O4,T42),
O = 4(Lk - PLh — SLY),

Th? = 4(8% + P?)(L£L)2. (A9)

We will also collect some formulas involving derivatives of

fk = f(TI;L/)’

oft _oftoe  oft of*?
S 00%aS  oTk? oS
afk
= _4@ (PU§P + Sﬁgs)
k
+4 of (2S(L£K)? +2(82 + P?) ckcky)
o7k2 ) S~SS)»
aft  ofkee  of oI
P 00F P ' 7% 0P
afk
= _4@(P£];’P - S£§P>
afk
+ 4W (2P(LY)? +2(82 + PY)LkLK,).  (A10)

For any function A(S, P) and any non-negative integer k,
we also define the functions,20

F(R) = (hs)? =5 hshp — (hp)? = 1.
F* = F(LF),

2
GK(h) = 2LEhg — FS (Lhhp + LEhg) —2L5hp. (A1)

The function F* measures the failure of the Lagrangian £*
to satisfy the duality invariance condition, whereas the
function G¥(h) measures the failure of the function (S, P)
to be invariant under the duality transformation associated
with the Lagrangian L. It is easy to see that every F" obeys
a recursion relation,

28
Fl'= (L 4+ 2L, 5)° — F(gg-l + 2Ly ) (LE ALy p) = (LE+ AL, p) =1

28

= [(cwz - - <£:zr1>2] 2 {ﬁﬁ.s = LasLay - ﬁi,P}

P

2
+a {2%-' Los =2 (L5 L + L7 L) = 2£7:'cn,p}

=F"' 4+ FQ"L,) + G (A" L,,).

(A12)

*The functions F and G are not to be confused with the field strength F,, and the quantity G,, introduced in Eq. (2.18), both of

which carry Lorentz indices.
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The key technical step in our proof is to establish the
relation,

k—1

FF 4+ G Ly ) =0 (A13)
i=0

We will prove this by induction on k. When k = 0, there are
no terms in the sum, so the claim reduces to the statement
that F* = 0, which is automatically true by the assumption
that the undeformed theory is duality invariant.

a. Base case: k=1

Let us consider the first nontrivial case, which is k = 1.
In this case the claim is
F'+G°(22L,) =0 (A14)

Using the recursive relation (A12), we have F!' = FO +

F(AL)) + G°(AL;), and again we have F°=0 by
assumption. So we would like to show that

Note that F(AL;) and G°(A*L,) are both of order 1*
while G°(AL,) is linear in 4, so we will first show that
|

S 2O
318~ 5 193+ £379) - £33 = 234

0°

S
of°
+‘C <_ a@O (P‘C(I)JP
of°
Y ( 42 pey, -

After substituting the constraints (Al7) into Eq. (A18),
simplifying using the condition that FO =0 due to the
duality invariance of the seed theory £°, and performing
some algebra, one finds that all dependence on the
derivatives of f° drops out, and

L3735 (F3Lh+ L373) ~ L2 =0 (A19)

holds identically, regardless of the value of ')f >0 and 2 07"2
This establishes that the terms of order 4 in (A14) vanish.

Let us now consider the terms of order A2. We must now
show that F(AL) + G°(A*L,) =0, or

(PLYp + SLY) +

-5 K(— e (PLY, 4+ SLY) +4

G°(AL,) = 0. Using the expression (A6) for £, in terms of
f(T9,) = f°, this means that we must show

L9735 (F3Lh+ L37%) ~ L372 =0, (Al6)

where [0 = f(T9,). Equation (A16) expresses the con-
dition that the function f(7T9,) is duality invariant with
respect to the duality transformation in the undeformed
theory L, To prove this, we use that F°(S,P) =0
identically, which means that both the function and its
derivatives with respect to S and P are equal to zero. The
conditions dgF® = 0 and 0, F° = 0 give the constraints,

1 S
L3Lss — —Egﬁ% P (‘CgSL?’ + L3L3p) — LpLgp =0,
LILYp —|— £°£0 ——(ﬁgpﬁo + LILYp) = 2L9LY, =0
(A17)

Equation (A17) give conditions which allow us to eliminate
some of the second derivative terms which arise when
substituting the expressions (A10) for f*, with k = 0, into
(A16). Explicitly, we compute

4 SR + 28+ Py )

f i 5 (28(L£8)* +2(5* + P2)£2£§S)>>£(},

0f0
SLY,) + 4 702 (2P(L9)* 4+ 2(8* + Pz)ﬁgﬁgp))]
0 afo 0 2 2 0,0
SLYp) +4 (2P(£ )2 +2(S2+ P VLILY) | (ALS)
I
28
0 == E%S - ?E],SEI,P - E%P -

S
29605 - 5 (Ess + £hLss) - 2032 )
(A20)

To do this we must use the facts that

1
=fT). L= UfTLL. (A21)
along with our formula (A10) for derivatives of the function
f- In particular, it is important that the argument 7T, of the
function f in £, is itself determined in terms of the same

function f,
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F(Tu) = fITo + 2T, (L1)]

= fIT0, + T, (F(TR))].  (A22)
This is because the Hilbert stress tensor is a linear function
of the Lagrangian, so in general for a sum £ = £, + Lp,
the total stress tensor is 7, (L) = T,,(La) + Ty (Lp).

Our calculation only requires us to extract the term in
f(T},) which is proportional to A', or

1d

L) =——
2T 2d

0
T AT P ico (A23)
We note that all of these quantities are ultimately deter-
mined in terms of L, which satisfies the exact duality-
invariance condition.

We may therefore evaluate derivatives of £, with respect
to S and P using the expression (A23) along with our
previous results (A10). After doing this and simplifying
using the duality invariance of £°, one finds that

F(AL)) + G°(A2L,) = 0, (A24)
which completes the proof that our claim (A13) holds in the
case k = 1.

b. Inductive step
We now suppose that Eq. (A13) holds for k=1,...,n—1
and show that it also holds when k = n. Using the recursion

relation (A12) for the F* and our induction hypothesis,
we have

n—2

Fr == G0 Ly ) L)+ G (2L,
i=0

(A25)

We would like to eliminate the last two terms in (A25) and
express the result entirely in terms of a sum of G’ with
various arguments. To do this, we must again rely on the
recursive definition of the Taylor coefficients £; in the
Lagrangian,

1 .
L; :j[f(T;/wl)hi-"
Thy = T, (Lo) + AT, (L1) + -+ HT,,(L;).  (A26)

Extracting the term of order A1 in an expression (A26),

1 a!
T

[f(T{t:l)]zH = [f(T/];] )]4:07 (A27)

then generates a series of terms involving lower £; which are
all defined in terms of the same expansions (A26). It turns
out that this recursive definition, along with the duality

invariance condition for the undeformed Lagrangian L,
implies the relation,

n—1
[Z G <z2"-fcz,,_,~>] L FWL,) + G (L)
i=0

LSS}

n—

Gi(/12<”_1>_i£2(n—1)—i)- (A28)

Il
=3

i

Combining this formula with the result (A25) of our
inductive hypothesis and the recursion relation for F”, we
find

n—1

F' = — Z Gi (Azn_i[:Zn—i)’

i=0

(A29)

which establishes that (A13) also holds when k& = n. This
formula therefore holds for all integers £ > 0 by induction.

¢. Proof of original claim

Now that we have established Eq. (A13) by induction, let
us return to the proof of the main theorem. We would like to
show that the full solution £ to the flow equation is
duality invariant, which in the notation developed above is
expressed by the statement,

(A30)

Using the Taylor series expansion for £, we may write

F(LW) = kﬁka. (A31)
However, from (A13) we see that
Fk = Ok, (A32)

This expresses the fact that, at each order k in the Taylor
series expansion £¥ of £, the theory is duality invariant to
order A, and the failure of duality invariance begins only at
order A¥*1, Therefore, taking the k — oo limit in (A32), we
conclude that

(A33)
which proves Theorem 4. m

2. Method of characteristics
and U(1)-duality invariance

In this appendix we will prove that, in a duality-invariant
theory described by a Lagrangian £(S, P), any function
f(S, P) which is invariant under duality transformations
can be expressed as a function of a single variable. This
single variable can be chosen to be any nontrivial Lorentz
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scalar constructed from the stress tensor 7',,. Our proof will
rely on the method of characteristics, which is a standard
technique for solving first-order partial differential equa-
tions. See also [99] for another application of this method to
study TT-like flows.

In order for a function f(S, P) to be invariant under the
duality transformations associated with the Lagrangian
L(S, P), this function must satisfy the differential equation,

(PLs = SLp)fs— (SLs+ PLp)fp = 0. (A34)

We will first seek characteristic curves for this differential
equations, which are one-parameter families of points,

(S(2), P(2), (S(2), P(1))), (A35)

described by a parameter ¢ which labels points along the

curve. The characteristic curves satisfy the system of
ordinary differential equations,

ds

— =P —

= PLs— L.
dp

_ = —_ P

dt S‘CS ‘CP’

af
= =0, A36
” (A36)
which guarantees that the tangent vector to the curve is also
a tangent vector to the plane of solutions to the differential
equation (A34). Clearly solutions to the system (A36) have
the property that

f(1) =u (A37)
for some constant # which is independent of the parameter
t. It will be helpful to look for other functions v(S(t), P(z))
which are independent of ¢, so that

dv
0=—
dt
_ovds_ ovds
~0Sdt  OPdt
ov ov

where in the last step we have substituted (A36) for S'(¢)
and P’(¢). Any such function v will be constant along the
characteristics curves for which (A36) holds.

We first claim that any function of the energy-momen-
tum tensor associated with £(S, P) provides us with such a
function (S, P), assuming that the theory enjoys duality
invariance. As we mentioned in Sec. Il A, any function of
the stress tensor can be written as a function of the two
Lorentz scalars ® and T2,

f(T/w) = f(®’ Tz)’
® — 4(L — PLp — SL),

T?> =4(S* + P)L3+4(L— PLp — SLg)?. (A39)

Therefore, it suffices to show that the two functions ©(S, P)

and T2(S, P) satisfy the condition (A38) which means that

they are constant along characteristic curves. We first
) dr?

compute the derivatives ¢2 and -, assuming that S(z)

and P(1) satisfy (A36),

il—(?:4(P2(EP£PP—£s£SP)
+PSQ2LpLsp+Ls(Lpp—Lss))
+8*(LsLsp+LpLss)).

dd_T:—_S(SZ+P2)£§£p
+8(82+P*)Ls(Lss(PLs—SLp)—Lsp(SLs+PLp))
+8(L—PLp—SLg) (P> (LpLpp—LsLsp)
+PSQLpLsp+Lg(Lpp—Lss))

+S*(LsLsp+LpLss)). (A40)

After imposing the duality invariance condition (2.13), as
well as the derivatives of this equation with respect to S and
P, the combinations appearing in (A40) collapse to

@ _
e

dr?
YT 0. (A41)
This means that ® and 72, and therefore a general Lorentz
scalar function of the stress tensor, is constant along the
characteristic curves. Such functions are said to be integrals
of the characteristic system.

It is a general theorem that, if two integrals u, v of the
characteristic system are known for a first-order linear
partial differential equation for a function f(S, P) of two
variables S, P, then the general solution to this differential
equation is described implicitly by

g(u,v) =0, (A42)
where ¢ is an arbitrary function of two independent
variables. We have already seen in Eq. (A37) that, since
% =0, the function f(7) = u is one such integral of the
characteristic system. In order to write down the general
solution to the differential equation (A34), we therefore
only need to identify one other integral of the characteristic
system—and indeed, we are guaranteed that at most one
other functionally independent quantity of this type exists.
In particular, this implies that for any duality-invariant
Lagrangian and any two quantities v1(7,), v2(7T,,) which
are constructed from the stress tensor, one of the two
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quantities v, v, can be locally expressed as a function of
the other. For instance, if the trace © is a nontrivial function
of § and P (i.e. if ® is not a constant), then it must be
possible to express it as a function of 72. We already
expected that this should be true from the arguments around
Eq. (2.15) which demonstrate that there exists some func-
tional relation of the form h(®,T?) =0 in any duality-
invariant model.

Therefore, let us choose v to be any function of the
energy-momentum tensor which is a nontrivial function of
S and P. To be concrete, we can choose v = T2 since this
combination 7#T,, is nontrivial in all of the models which
we will consider (unlike the trace ®, which vanishes in
conformal models such as the Maxwell and ModMax
theories). The general solution to the (A34) is therefore,

g(u,v) =0, (A43)

for some function g of two variables. By the inverse
function theorem, this means that u = f(S, P) can locally
be expressed as a function of », which means that

f(S.P) = h(v),

for some function /. For the choice v = T2, we conclude
that any duality-invariant function can be written as a
function of the single variable 7% = ™T,,.

A simple example is the Maxwell Lagrangian £ = S, for
which one has

(A44)

0 =0, T? = 4(S° + P?). (A45)
In this case, our general argument shows that any duality-
invariant function can be written as f(7?) or equivalently
f(S? + P?). Note that the trace © is indeed functionally
dependent on the other invariant 72, albeit in a trivial way

because it vanishes.

a. Solution to differential equation for the Lagrangian

The preceding argument shows that any duality-invariant
function f(S, P) can be written as a function of a single
variable; for instance, this variable can be taken to be T2.
A similar statement holds for the Lagrangian of a theory of
duality-invariant electrodynamics. As we have mentioned,
a Lagrangian £(S, P) which described a duality-invariant
theory must satisfy the partial differential equation (2.13).
This differential equation is similar, but not identical, to the
condition (A34) satisfied by a duality-invariant function.
This reflects the fact that the Lagrangian itself need not
be invariant under duality rotations in order for the
equations of motion to be duality-invariant; the Maxwell
theory £ = S is a counterexample.

Another difference between (2.13) and (A34) is that the
differential equation for f(S, P) is linear, which allows one
to solve it using the method of characteristics, whereas

the equation for £(S,P) is nonlinear. Nonetheless, this
equation can be solved and the general solution to this
duality-invariance condition for £ is also described by a
function of a single variable—see also previous discussions
in [11,12,15].

For completeness, we now briefly review the standard
argument for this conclusion. It is first convenient to rewrite
Eq. (2.13) in new variables. Recalling the definitions,

@ = F7PF,, § = FypFP, (A46)
introduced in Sec. III, let us define
1 _ 1 _
p :Z(fP‘H”) +t3 V.
1 _ 1 _
q=7(9+8)~5V0p. (A47)

In terms of these variables, the differential equation for the
Lagrangian becomes

(A48)

which is known as the Courant-Hilbert equation [100]. The
general solution to this differential equation is

2p
v'(s)’

where v(s) is an arbitrary function of one variable, and the
auxiliary variable s is related to the dynamical quantities p,

g by

L(p.q) = v(s) + (A49)

15 G A3

This makes it clear that theories of duality-invariant
electrodynamics, without higher derivative interactions—
so that the Lagrangian depends on S, P but not invariants
involving 9d,F,, and so forth—are in one-to-one corre-
spondence with functions of a single real variable »(s).

One might have expected this fact from the discussion of
the auxiliary field representations of Sec. III. Indeed, any
solution to the duality-invariance condition (A48) also
admits an auxiliary field description in the v frame in
terms of an interaction function £(a) where a = v, as
mentioned in [15]. Therefore, duality-invariant theories
(again, without higher-derivative terms) may be viewed as
being in one-to-one correspondence with univariate func-
tions in two ways: each such theory is described by either a
function v(s) as in (A49) or by a function £(a) in the v
representation.

3. Vanishing of Jacobian determinant

In this appendix we will explain the brief computa-
tion which leads to the vanishing of the Jacobian
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determinant (2.14) for theories of self-dual electrodynam-
ics. We aim to compute the determinant of the matrix,

90 00
oS oP
- |:de 0T2:|’ (AS1)
oS  oP
where we repeat the expressions for ® and 72 = ™T,,
that were given in Sec. IT A,
=4(L—-PLp—SLy),
T? =4(S* + PY)L3+4(L— PLp — SLg)%. (A52)

It is straightforward to compute the four elements of the
Jacobian matrix J by taking derivatives of (A52) with
respect to S and P,

de®
Jo, — <= —4(PLsp + SLss),
de®
JOp =5 =—4(PLpp+ SLsp).
g ar? _ 8SL2 + 8(S% 4 P2 LyL
5= = 2 skss
—8(L = PLp — SLs)(PLsp + SLss).
) T
Jr = ‘i_P _ 8PC§ + g(S2 + PZ)ESESP
—8(£—P£P—Sﬁs)(PEPP+S£SP)' <A53)

We can then write out the Jacobian determinant explicitly,

det(J) = JOGJT p — JOpJTg
= —32(PLsp + SLss)(PLE+ (S* + P2)LsLgp
—(L—=PLp = SLs)(PLpp + SLsp))
+32(PLpp + SLsp)(SLZ + (S* + P?)LsLss
— (L= PLp—SLs)(PLsp + SLss)). (A54)

For a generic theory of nonlinear electrodynamics, the
function L£(S, P) will not satisfy any particular differential
equation relating its derivatives with respect to S and P, and
the Jacobian determinant (A54) will be nonvanishing.

However, for a theory of nonlinear electrodynamics, the
Lagrangian satisfies the partial differential equation (2.13).
As we used in Appendix A 1 above, this duality-invariance
condition also implies constraints on the second derivatives
of the Lagrangian, which are obtained by differentiating the
constraint (2.13) with respect to S and P. These additional
relations were presented in Eq. (A17), which we repeat for
convenience,

1 S
LsLss— ;ﬁsﬁp P (LssLp+ LsLsp) = LpLsp =0
S S
LsLsp+ ﬁﬁsﬁp ~p (LspLp+ LsLpp) —2LpLpp =0
(A55)

After substituting the constraints (2.13) and (A55) into the
expression (A54) for the determinant and simplifying, one
finds
det(J) =0, (A56)
which means that this change of variables is singular.
We have therefore shown that, in a theory of nonlinear
electrodynamics, there is a functional relation between the
two invariants ® and 7 that can be constructed from the
stress tensor. Of course, it immediately follows that any
other pair of independent Lorentz scalars constructed from
the stress tensor will also be dependent in such theories. For
instance, in the main text of this paper we have sometimes
parametrized functions of the stress tensor in terms of the
two scalars (O, Tz), where T is the traceless part of the
stress tensor, rather than in terms of (®,72). The same
conclusion det(J) = 0 applies to the change of variables
from (S, P) to (@, 7?), or indeed to any other two variables.

X,(T

;w)’ XZ(T

m/)'

(A57)

To see this, we can simply enact a change of variables from
(S,P) to (X;,X,) in two steps,
(S, P) -

(©(S,P), T*(S,P)) = (X,(0,T?),X,(0,T?)).

(AS8)
The Jacobian for the combined transformation (A58) is
then given by the product,
J((8,P) = (X1.X,)]

=J(($.P) = (0.T?)]- J[(0.T*) - (X,.X,)].  (A59)

and by the
determinants,

property det (AB) = det(A) det(B) of

det{J[(S.P) = (X,.X5)]}

=det{J[(S,P) = (©,T?)]}-det{J[(©,T?) - (X, X,)]}.

(A60)

But we have already seen that the first determinant on the
right side of Eq. (A60) vanishes, so the Jacobian determi-
nant for the combined change of variables also vanishes.
Therefore any two Lorentz scalars X, X, constructed from
the energy-momentum tensor of a theory of duality-
invariant electrodynamics are functionally dependent.

106021-30



DUALITY-INVARIANT NONLINEAR ELECTRODYNAMICS AND ...

PHYS. REV. D 108, 106021 (2023)

[1] J.H. Schwarz and A. Sen, Duality symmetric actions,
Nucl. Phys. B411, 35 (1994).

[2] A. Sen, Dyon—monopole bound states, self-dual har-
monic forms on the multi—monopole moduli space,
and SL(2,Z) invariance in string theory, Phys. Lett. B
329, 217 (1994).

[3] J.H. Schwarz, An SL(2,Z) multiplet of type IIB super-
strings, Phys. Lett. B 360, 13 (1995); 364, 252 (1995).

[4] C. Montonen and D.I. Olive, Magnetic monopoles as
gauge particles?, Phys. Lett. 72B, 117 (1977).

[5] E. Witten and D.I. Olive, Supersymmetry algebras that
include topological charges, Phys. Lett. 78B, 97 (1978).

[6] H. Osborn, Topological charges for N = 4 supersymmetric
gauge theories and monopoles of spin 1, Phys. Lett. 83B,
321 (1979).

[7] M. G. Calkin, An invariance property of the free electro-
magnetic field, Am. J. Phys. 33, 958 (1965).

[8] M. K. Gaillard and B. Zumino, Duality rotations for
interacting fields, Nucl. Phys. B193, 221 (1981).

[9] G. W. Gibbons and D. A. Rasheed, Electric—magnetic
duality rotations in non-linear electrodynamics, Nucl.
Phys. B454, 185 (1995).

[10] M. K. Gaillard and B. Zumino, Self-duality in non-linear
electromagnetism, Lect. Notes Phys. 509, 121 (1998).

[11] M. K. Gaillard and B. Zumino, Non-linear electromagnetic
self-duality and Legendre transformations, in A Newton
Institute Euroconference on Duality and Supersymmetric
Theories (Cambridge, UK, 1997), pp. 33-48.

[12] M. Hatsuda, K. Kamimura, and S. Sekiya, Electric
magnetic duality invariant Lagrangians, Nucl. Phys. B561,
341 (1999).

[13] S. M. Kuzenko and S. Theisen, Nonlinear self-duality and
supersymmetry, Fortschr. Phys. 49, 273 (2001).

[14] E. A. Ivanov and B. M. Zupnik, New representation for
Lagrangians of self-dual non-linear electrodynamics, in
Supersymmetries and Quantum Symmetries. Proceedings,
16th Max Born Symposium, SQS’01: Karpacz, Poland,
2001 (Karpacz, Poland, 2002), pp. 235-250, arXiv:hep-th/
0202203.

[15] E. A. Ivanov and B. M. Zupnik, New approach to non-
linear electrodynamics: Dualities as symmetries of inter-
action, Phys. At. Nucl. 67, 2188 (2004).

[16] I. Bialynicki-Birula, Nonlinear electrodynamics: Varia-
tions on a theme by Born and Infeld, in Quantum Theory
of Particles and Fields, edited by B. Jancewicz and J.
Lukierski (World Scientific, Singapore, 1983), pp. 31-48.

[17] P. Aschieri, S. Ferrara, and B. Zumino, Duality rotations in
nonlinear electrodynamics and in extended supergravity,
Riv. Nuovo Cimento 31, 625 (2008).

[18] W. Chemissany, R. Kallosh, and T. Ortin, Born-Infeld with
higher derivatives, Phys. Rev. D 85, 046002 (2012).

[19] P. Aschieri and S. Ferrara, Constitutive relations and
Schroedinger’s formulation of nonlinear electromagnetic
theories, J. High Energy Phys. 05 (2013) 087.

[20] P. Aschieri, S. Ferrara, and S. Theisen, Constitutive rela-
tions off shell duality rotations and the hypergeometric form
of Born-Infeld theory, Springer Proc. Phys. 153,23 (2014).

[21] S.M. Kuzenko and S. Theisen, Supersymmetric duality
rotations, J. High Energy Phys. 03 (2000) 034.

[22] A.B. Zamolodchikov, Expectation value of composite
field T anti-T in two-dimensional quantum field theory,
arXiv:hep-th/0401146.

[23] F. A. Smirnov and A.B. Zamolodchikov, On space of
integrable quantum field theories, Nucl. Phys. B915, 363
(2017).

[24] A. Cavaglia, S. Negro, I. M. Szécsényi, and R. Tateo,
TT-deformed 2D quantum field theories, J. High Energy
Phys. 10 (2016) 112.

[25] S. Dubovsky, V. Gorbenko, and M. Mirbabayi, Asymptotic
fragility, near AdS, holography and TT, J. High Energy
Phys. 09 (2017) 136.

[26] J. Cardy, The TT deformation of quantum field theory as
random geometry, J. High Energy Phys. 10 (2018) 186.

[27] S. Datta and Y. Jiang, TT deformed partition functions,
J. High Energy Phys. 08 (2018) 106.

[28] O. Aharony, S. Datta, A. Giveon, Y. Jiang, and D. Kutasov,
Modular invariance and uniqueness of TT deformed CFT,
J. High Energy Phys. 01 (2019) 086.

[29] B. Chen, J. Hou, and J. Tian, Lax connections in 77-
deformed integrable field theories, Chin. Phys. C 45,
093112 (2021).

[30] M. Baggio, A. Sfondrini, G. Tartaglino-Mazzucchelli,
and H. Walsh, On 7T deformations and supersymmetry,
J. High Energy Phys. 06 (2019) 063.

[31] C.-K. Chang, C. Ferko, and S. Sethi, Supersymmetry and
TT deformations, J. High Energy Phys. 04 (2019) 131.

[32] H. Jiang, A. Sfondrini, and G. Tartaglino-Mazzucchelli,
TT deformations with A/ = (0,2) supersymmetry, Phys.
Rev. D 100, 046017 (2019).

[33] C.-K. Chang, C. Ferko, S. Sethi, A. Sfondrini, and G.
Tartaglino-Mazzucchelli, TT flows and (2,2) supersym-
metry, Phys. Rev. D 101, 026008 (2020).

[34] E. A. Coleman, J. Aguilera-Damia, D.Z. Freedman, and
R.M. Soni, TT -deformed actions and (1,1) supersym-
metry, J. High Energy Phys. 10 (2019) 080.

[35] C.Ferko, H.Jiang, S. Sethi, and G. Tartaglino-Mazzucchelli,
Non-linear supersymmetry and 77-like flows, J. High
Energy Phys. 02 (2020) 016.

[36] S.Ebert, C. Ferko, H.-Y. Sun, and Z. Sun, 7T deformations
of supersymmetric quantum mechanics, J. High Energy
Phys. 08 (2022) 121.

[37] K.S. Lee, P. Yi, and J. Yoon, TT-deformed fermionic
theories revisited, J. High Energy Phys. 07 (2021) 217.

[38] K.S. Lee and J. Yoon, TT deformation of A = (1, 1) off-
shell supersymmetry and partially broken supersymmetry,
arXiv:2306.08030.

[39] Y. Jiang, A pedagogical review on solvable irrelevant
deformations of 2D quantum field theory, Commun. Theor.
Phys. 73, 057201 (2021).

[40] M. Taylor, TT deformations in general dimensions,
arXiv:1805.10287.

[41] G. Bonelli, N. Doroud, and M. Zhu, T7T-deformations in
closed form, J. High Energy Phys. 06 (2018) 149.

[42] R. Conti, L. Iannella, S. Negro, and R. Tateo, Generalised
Born-Infeld models, Lax operators and the TT perturba-
tion, J. High Energy Phys. 11 (2018) 007.

[43] A. Giveon, N. Itzhaki, and D. Kutasov, TT and LST,
J. High Energy Phys. 07 (2017) 122.

106021-31


https://doi.org/10.1016/0550-3213(94)90053-1
https://doi.org/10.1016/0370-2693(94)90763-3
https://doi.org/10.1016/0370-2693(94)90763-3
https://doi.org/10.1016/0370-2693(95)01138-G
https://doi.org/10.1016/0370-2693(95)01405-5
https://doi.org/10.1016/0370-2693(77)90076-4
https://doi.org/10.1016/0370-2693(78)90357-X
https://doi.org/10.1016/0370-2693(79)91118-3
https://doi.org/10.1016/0370-2693(79)91118-3
https://doi.org/10.1119/1.1971089
https://doi.org/10.1016/0550-3213(81)90527-7
https://doi.org/10.1016/0550-3213(95)00409-L
https://doi.org/10.1016/0550-3213(95)00409-L
https://doi.org/10.1007/BFb0105222
https://doi.org/10.1016/S0550-3213(99)00509-X
https://doi.org/10.1016/S0550-3213(99)00509-X
https://doi.org/10.1002/1521-3978(200102)49:1/3%3C273::AID-PROP273%3E3.0.CO;2-0
https://arXiv.org/abs/hep-th/0202203
https://arXiv.org/abs/hep-th/0202203
https://doi.org/10.1134/1.1842299
https://doi.org/10.1393/ncr/i2008-10038-8
https://doi.org/10.1103/PhysRevD.85.046002
https://doi.org/10.1007/JHEP05(2013)087
https://doi.org/10.1007/978-3-319-03774-5
https://doi.org/10.1088/1126-6708/2000/03/034
https://arXiv.org/abs/hep-th/0401146
https://doi.org/10.1016/j.nuclphysb.2016.12.014
https://doi.org/10.1016/j.nuclphysb.2016.12.014
https://doi.org/10.1007/JHEP10(2016)112
https://doi.org/10.1007/JHEP10(2016)112
https://doi.org/10.1007/JHEP09(2017)136
https://doi.org/10.1007/JHEP09(2017)136
https://doi.org/10.1007/JHEP10(2018)186
https://doi.org/10.1007/JHEP08(2018)106
https://doi.org/10.1007/JHEP01(2019)086
https://doi.org/10.1088/1674-1137/ac0ee4
https://doi.org/10.1088/1674-1137/ac0ee4
https://doi.org/10.1007/JHEP06(2019)063
https://doi.org/10.1007/JHEP04(2019)131
https://doi.org/10.1103/PhysRevD.100.046017
https://doi.org/10.1103/PhysRevD.100.046017
https://doi.org/10.1103/PhysRevD.101.026008
https://doi.org/10.1007/JHEP10(2019)080
https://doi.org/10.1007/JHEP02(2020)016
https://doi.org/10.1007/JHEP02(2020)016
https://doi.org/10.1007/JHEP08(2022)121
https://doi.org/10.1007/JHEP08(2022)121
https://doi.org/10.1007/JHEP07(2021)217
https://arXiv.org/abs/2306.08030
https://doi.org/10.1088/1572-9494/abe4c9
https://doi.org/10.1088/1572-9494/abe4c9
https://arXiv.org/abs/1805.10287
https://doi.org/10.1007/JHEP06(2018)149
https://doi.org/10.1007/JHEP11(2018)007
https://doi.org/10.1007/JHEP07(2017)122

CHRISTIAN FERKO et al.

PHYS. REV. D 108, 106021 (2023)

[44] A. Giveon, N. Itzhaki, and D. Kutasov, A solvable
irrelevant deformation of AdS;/CFT,, J. High Energy
Phys. 12 (2017) 155.

[45] M. Asrat, A. Giveon, N. Itzhaki, and D. Kutasov, Holog-
raphy beyond AdS, Nucl. Phys. B932, 241 (2018).

[46] L. Apolo, S. Detournay, and W. Song, TsT, TT and black
strings, J. High Energy Phys. 06 (2020) 109.

[47] C.K. Chang, C. Ferko, and S. Sethi, Holography and
irrelevant operators, Phys. Rev. D 107, 126021 (2023).

[48] C. Ferko, Y. Hu, Z. Huang, K. Koutrolikos, and G.
Tartaglino-Mazzucchelli, TT-like flows and 3d non-linear
supersymmetry, arXiv:2302.10410.

[49] C. Ferko, A. Sfondrini, L. Smith, and G. Tartaglino-
Mazzucchelli, Root-7T deformations in two-dimensional
quantum field theories, Phys. Rev. Lett. 129, 201604
(2022).

[50] P. Rodroguez, D. Tempo, and R. Troncoso, Mapping
relativistic to ultra/non-relativistic conformal symmetries
in 2D and finite /77 deformations, J. High Energy Phys.
11 (2021) 133.

[51] A. Bagchi, A. Banerjee, and H. Muraki, Boosting to BMS,
J. High Energy Phys. 09 (2022) 251.

[52] D. Tempo and R. Troncoso, Non-linear automorphism of

the conformal algebra in 2D and continuous VTT defor-
mations, J. High Energy Phys. 12 (2022) 129.

[53] R. Borsato, C. Ferko, and A. Sfondrini, On the classical
integrability of root-TT flows, Phys. Rev. D 107, 086011
(2023).

[54] S. Ebert, C. Ferko, and Z. Sun, Root-77 deformed
boundary conditions in holography, Phys. Rev. D 107,
126022 (2023).

[55] M. Guica and R. Monten, 77 and the mirage of a bulk
cutoff, SciPost Phys. 10, 024 (2021),

[56] S. Ebert, C. Ferko, H. Y. Sun, and Z. Sun, 77 in JT gravity
and BF gauge theory, SciPost Phys. 13, 096 (2022),

[57] 1. Bandos, K. Lechner, D. Sorokin, and P. K. Townsend,
A non-linear duality-invariant conformal extension of
Maxwell’s equations, Phys. Rev. D 102, 121703 (2020).

[58] S.M. Kuzenko, Superconformal duality-invariant models
and N = 4 SYM effective action, J. High Energy Phys. 09
(2021) 180.

[59] D.P. Sorokin, Introductory notes on non-linear electrody-
namics and its applications, Fortschr. Phys. 70, 2200092
(2022).

[60] I. Bandos, K. Lechner, D. Sorokin, and P. K. Townsend,
ModMax meets Susy, J. High Energy Phys. 10 (2021) 031.

[61] 1. Bandos, K. Lechner, D. Sorokin, and P. K. Townsend,
On p-form gauge theories and their conformal limits,
J. High Energy Phys. 03 (2021) 022.

[62] J. A. Garcia and R. A. Sanchez-Isidro, V/TT-deformed
oscillator inspired by ModMax, Eur. Phys. J. Plus 138,
114 (2023).

[63] C. Ferko and A. Gupta, ModMax oscillators and root-
TT-like flows in supersymmetric quantum mechanics,
Phys. Rev. D 108, 046013 (2023).

[64] C. Ferko, A. Gupta, and E. Iyer, Quantization of the
ModMax oscillator, arXiv:2310.06015.

[65] S.M. Kuzenko and I.N. McArthur, A supersymmetric
non-linear sigma model analogue of the ModMax theory,
J. High Energy Phys. 05 (2023) 127.

[66] H. Babaei-Aghbolagh, K. Babaei Velni, D. M. Yekta, and
H. Mohammadzadeh, TT-like flows in non-linear electro-
dynamic theories and S-duality, J. High Energy Phys. 04
(2021) 187.

[67] H. Babaei-Aghbolagh, K. Babaei Velni, D. M. Yekta, and H.
Mohammadzadeh, Manifestly SL(2, R) duality-symmetric
forms in ModMax theory, J. High Energy Phys. 12 (2022)
147.

[68] C. Ferko, L. Smith, and G. Tartaglino-Mazzucchelli, Stress
tensor flows, birefringence in non-linear electrodynamics,
and supersymmetry, arXiv:2301.10411.

[69] H. Babaei-Aghbolagh, K.B. Velni, D.M. Yekta, and
H. Mohammadzadeh, Emergence of non-linear electro-
dynamic theories from TT-like deformations, arXiv:
2202.11156.

[70] C. Ferko, L. Smith, and G. Tartaglino-Mazzucchelli, On
current-squared flows and ModMax theories, SciPost
Phys. 13, 012 (2022).

[71] E. A. Ivanov and B.M. Zupnik, N = 3 supersymmetric
Born-Infeld theory, Nucl. Phys. B618, 3 (2001).

[72] J. S. Schwinger, On gauge invariance and vacuum polari-
zation, Phys. Rev. 82, 664 (1951).

[73] C. Ferko, Supersymmetry and irrelevant deformations,
Ph.D. thesis, Chicago University, 2021, arXiv:2112.14647.

[74] 1. L. Buchbinder and S. M. Kuzenko, Ideas and Methods of
Supersymmetry and Supergravity: Or a Walk Through
Superspace (10P, Bristol, United Kingdom, 1998), p. 656.

[75] C. Ferko and S. Sethi, Sequential flows by irrelevant
operators, SciPost Phys. 14, 098 (2023).

[76] E. A. Ivanov and B. M. Zupnik, Bispinor auxiliary fields in
duality-invariant electrodynamics revisited, Phys. Rev. D
87, 065023 (2013).

[77] K. Costello and M. Yamazaki, Gauge theory and integra-
bility, III, arXiv:1908.02289.

[78] N. Nekrasov, Four dimensional holomorphic theories,
Ph.D. thesis, Princeton University, 1996, http://media
.scgp.stonybrook.edu/papers/prdiss96.pdf.

[79] K. Costello, Supersymmetric gauge theory and the
Yangian, arXiv:1303.2632.

[80] S. Lacroix, Four-dimensional Chern—Simons theory and
integrable field theories, J. Phys. A 55, 083001 (2022).

[81] V. Py, TT deformations in curved space from 4D Chern-
Simons theory, J. High Energy Phys. 08 (2022) 101.

[82] N. Levine, Integrability and RG flow in 2d sigma models,
arXiv:2112.03928.

[83] N. Levine, Universal 1-loop divergences for integrable
sigma models, J. High Energy Phys. 03 (2023) 003.

[84] P. Pasti, D. P. Sorokin, and M. Tonin, Duality symmetric
actions with manifest space-time symmetries, Phys. Rev. D
52, R4277 (1995).

[85] P. Pasti, D. P. Sorokin, and M. Tonin, On Lorentz invariant
actions for chiral p forms, Phys. Rev. D 55, 6292 (1997).

[86] P. Pasti, D. P. Sorokin, and M. Tonin, Covariant action for a
D = 11 five-brane with the chiral field, Phys. Lett. B 398,
41 (1997).

[87] 1. Bandos, K. Lechner, D. Sorokin, and P. K. Townsend,
Trirefringence and the M5-brane, J. High Energy Phys. 06
(2023) 171.

[88] 1. A. Bandos, K. Lechner, A. Nurmagambetov, P. Pasti,
D.P. Sorokin, and M. Tonin, On the equivalence of

106021-32


https://doi.org/10.1007/JHEP12(2017)155
https://doi.org/10.1007/JHEP12(2017)155
https://doi.org/10.1016/j.nuclphysb.2018.05.005
https://doi.org/10.1007/JHEP06(2020)109
https://doi.org/10.1103/PhysRevD.107.126021
https://arXiv.org/abs/2302.10410
https://doi.org/10.1103/PhysRevLett.129.201604
https://doi.org/10.1103/PhysRevLett.129.201604
https://doi.org/10.1007/JHEP11(2021)133
https://doi.org/10.1007/JHEP11(2021)133
https://doi.org/10.1007/JHEP09(2022)251
https://doi.org/10.1007/JHEP12(2022)129
https://doi.org/10.1103/PhysRevD.107.086011
https://doi.org/10.1103/PhysRevD.107.086011
https://doi.org/10.1103/PhysRevD.107.126022
https://doi.org/10.1103/PhysRevD.107.126022
https://doi.org/10.21468/SciPostPhys.10.2.024
https://doi.org/10.21468/SciPostPhys.13.4.096
https://doi.org/10.1103/PhysRevD.102.121703
https://doi.org/10.1007/JHEP09(2021)180
https://doi.org/10.1007/JHEP09(2021)180
https://doi.org/10.1002/prop.202200092
https://doi.org/10.1002/prop.202200092
https://doi.org/10.1007/JHEP10(2021)031
https://doi.org/10.1007/JHEP03(2021)022
https://doi.org/10.1140/epjp/s13360-023-03679-x
https://doi.org/10.1140/epjp/s13360-023-03679-x
https://doi.org/10.1103/PhysRevD.108.046013
https://arXiv.org/abs/2310.06015
https://doi.org/10.1007/JHEP05(2023)127
https://doi.org/10.1007/JHEP04(2021)187
https://doi.org/10.1007/JHEP04(2021)187
https://doi.org/10.1007/JHEP12(2022)147
https://doi.org/10.1007/JHEP12(2022)147
https://arXiv.org/abs/2301.10411
https://arXiv.org/abs/2202.11156
https://arXiv.org/abs/2202.11156
https://doi.org/10.21468/SciPostPhys.13.2.012
https://doi.org/10.21468/SciPostPhys.13.2.012
https://doi.org/10.1016/S0550-3213(01)00540-5
https://doi.org/10.1103/PhysRev.82.664
https://arXiv.org/abs/2112.14647
https://doi.org/10.21468/SciPostPhys.14.5.098
https://doi.org/10.1103/PhysRevD.87.065023
https://doi.org/10.1103/PhysRevD.87.065023
https://arXiv.org/abs/1908.02289
http://media.scgp.stonybrook.edu/papers/prdiss96.pdf
http://media.scgp.stonybrook.edu/papers/prdiss96.pdf
http://media.scgp.stonybrook.edu/papers/prdiss96.pdf
http://media.scgp.stonybrook.edu/papers/prdiss96.pdf
http://media.scgp.stonybrook.edu/papers/prdiss96.pdf
https://arXiv.org/abs/1303.2632
https://doi.org/10.1088/1751-8121/ac48ed
https://doi.org/10.1007/JHEP08(2022)101
https://arXiv.org/abs/2112.03928
https://doi.org/10.1007/JHEP03(2023)003
https://doi.org/10.1103/PhysRevD.52.R4277
https://doi.org/10.1103/PhysRevD.52.R4277
https://doi.org/10.1103/PhysRevD.55.6292
https://doi.org/10.1016/S0370-2693(97)00188-3
https://doi.org/10.1016/S0370-2693(97)00188-3
https://doi.org/10.1007/JHEP06(2023)171
https://doi.org/10.1007/JHEP06(2023)171

DUALITY-INVARIANT NONLINEAR ELECTRODYNAMICS AND ...

PHYS. REV. D 108, 106021 (2023)

different formulations of the M theory five-brane, Phys.
Lett. B 408, 135 (1997).

[89] Z. Avetisyan, O. Evnin, and K. Mkrtchyan, Non-linear
(chiral) p-form electrodynamics, J. High Energy Phys. 08
(2022) 112.

[90] S. Dubovsky, V. Gorbenko, and G. Hern4ndez-Chifflet, 7T
partition function from topological gravity, J. High Energy
Phys. 09 (2018) 158.

[91] A.J. Tolley, TT deformations, massive gravity and non-
critical strings, J. High Energy Phys. 06 (2020) 050.

[92] P.Caputa, S. Datta, Y. Jiang, and P. Kraus, Geometrizing 77,
J. High Energy Phys. 03 (2021) 140; 09 (2022) 110(E).

[93] R. Conti, S. Negro, and R. Tateo, The TT perturbation and
its geometric interpretation, J. High Energy Phys. 02
(2019) 085.

[94] R. Conti, J. Romano, and R. Tateo, Metric approach to a
TT-like deformation in arbitrary dimensions, J. High
Energy Phys. 09 (2022) 085.

[95] M. Baggio and A. Sfondrini, Strings on NS-NS back-
grounds as integrable deformations, Phys. Rev. D 98,
021902 (2018).

[96] S. Frolov, TT deformation and the light-cone gauge, Proc.
Steklov Inst. Math. 309, 107 (2020).

[97] A. Sfondrini and S.J. van Tongeren, 7T deformations as
TsT transformations, Phys. Rev. D 101, 066022 (2020).

[98] T. Floss, D. Roest, and T. Westerdijk, Non-linear electro-
dynamics from massive gravity, arXiv:2308.04349.

[99] J. Hou, TT flow as characteristic flows, arXiv:2208.05391.

[100] R. Courant and D. Hilbert, Methods of Mathematical
Physics Vol. Il (Interscience, New York, 1962).

106021-33


https://doi.org/10.1016/S0370-2693(97)00784-3
https://doi.org/10.1016/S0370-2693(97)00784-3
https://doi.org/10.1007/JHEP08(2022)112
https://doi.org/10.1007/JHEP08(2022)112
https://doi.org/10.1007/JHEP09(2018)158
https://doi.org/10.1007/JHEP09(2018)158
https://doi.org/10.1007/JHEP06(2020)050
https://doi.org/10.1007/JHEP03(2021)140
https://doi.org/10.1007/JHEP09(2022)110
https://doi.org/10.1007/JHEP02(2019)085
https://doi.org/10.1007/JHEP02(2019)085
https://doi.org/10.1007/JHEP09(2022)085
https://doi.org/10.1007/JHEP09(2022)085
https://doi.org/10.1103/PhysRevD.98.021902
https://doi.org/10.1103/PhysRevD.98.021902
https://doi.org/10.1134/S0081543820030098
https://doi.org/10.1134/S0081543820030098
https://doi.org/10.1103/PhysRevD.101.066022
https://arXiv.org/abs/2308.04349
https://arXiv.org/abs/2208.05391

