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Within the framework of holographic duality, conditional mutual information (CMI) is often understood
as a correlation between “region pairs” and is closely related to the concept of partial entanglement entropy
(PEE). The main theme of this paper is to try to understand the rigorous physical meaning of such a region-
pair correlation. This relies on the idea of holographic bit threads and the recently developed thread-state
correspondence. In a sense, this effort also prompted us to give a definition of PEE based on the density
matrices of the holographic distilled states. Specifically, drawing from experience with the locking
multiflow configuration, we first provide a bipartite entanglement explanation for the PEE = CMI scheme,
but it leads to difficulties in characterizing the entanglement entropy of disconnected regions. We then
introduce multipartite entanglement through the generalized n-thread/perfect tensor state correspondence
to solve this problem and explain the coincidence between CMI and tripartite information in the

holographic quantum systems.
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I. INTRODUCTION

Entanglement entropy, which characterizes the degree
of entanglement in quantum systems, has become an
important concept for studying the interesting and pro-
found relationship between quantum entanglement and
spacetime geometry. At least in the framework of holo-
graphic duality [1-3], the Ryu-Takayanagi formula states
that the holographic entanglement entropy characterizes
the information of the area of a minimal surface in the
higher-dimensional spacetime [4—6]. However, generally
speaking, given a pure state system and some subsystem
A, the entanglement entropy S(A) is a highly nonlocal
quantity that characterizes the quantum entanglement
between the subregion A and its complement A,.. Faced
with this property, a natural (maybe naive but proven
useful) method is to use the idea of “whole equals the sum
of its parts,” and regard the entanglement entropy of A as
the sum of contributions from the various parts A; that
make up A, subject to the constraints that UA; = A and
A; N A; = @. Indeed, this is the basic idea of the so-called
partial entanglement entropy (PEE) proposed in [7].
Formally, one can define f,(x) (named entanglement
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contour) as a density function of S(A) with respect to
the spatial coordinate x of A:

ﬂm:Amww. (1)

Then the partial entanglement entropy is defined as
sald) = [ falw)a, ©)

which represents the contribution of a component A; in A
to the entanglement entropy of A. How can we write down
the explicit expression of PEE? One way is to constrain it
by its physical meaning, requiring it to satisfy a series of
reasonable conditions such as additivity, invariance under
local unitary transformations, positivity, and permutation
symmetry, etc. [7,8]. On the other hand, a scheme that can
be called a PEE = CMI scheme [9-12]," especially in the
framework of the holographic principle, has attracted
some research attention (see, e.g., [8,10,11,13—-16] and
its interesting application in the study of the black hole
island problem [17-19]). Conditional mutual information
(CMI) is a quantity in (quantum) information theory used
to measure the information correlation involving three
objects X, Y, Z. It is defined as

"It is also called the PEE proposal in the early context.
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I(X.Y|Z) = S(XZ) + S(YZ) — S(XYZ) - $(Z). (3)

In particular, when Z is taken to be empty, it reduces to
the mutual information /(X,Y). The PEE = CMI scheme
suggests that PEE can be given by the expression of CMI.
However, the fundamental definition of PEE in terms of
the reduced density matrix has not yet been established.
This paper is an attempt to explore this direction. The first
key point is to realize that, under the framework of
PEE = CM]I, for analyzing entanglement structure, it is
more natural to take pairs of points, rather than the local
points [as in (1)] as the basic objects. In other words, the
kinematic space perspective [20,21] is more appropriate
than the original space perspective for analyzing the
entanglement structure in this context. However, it should
be emphasized that this does not mean that PEE or CMI
should be understood as a kind of bipartite entanglement.
In fact, this is what we want to make clear in this paper.

The insights rely on the recently proposed thread-state
perspective, which was proposed independently in [22,23]
and [24] for different motivations and applications, origi-
nating from the study of bit threads [25-27].% Bit thread is a
language that can equivalently describe the RT formula and
arose from an analogy with the flow optimization theory in
network theory. Within the framework of the holographic
principle, let us consider a time slice and liken the bulk
manifold to a network, and the boundary to the terminals of
the network. We can then consider the flows between two
boundary regions, as in a traffic system with flows between
cities. Simply put, bit threads are defined as a kind of special
unoriented bulk curve subject to a density constraint and, in
simple cases, can be described by the field lines of a weak
magnetic field. In this language, the entanglement entropies
are related to the fluxes in the so-called locking bit thread
configurations, due to the maxflow/min-cut theorem in
mathematics [25-27]. In the original PEE = CMI proposal,
the entanglement contour has been attempted to be under-
stood as the bit thread density [9]. In [12], the concept of
multiflow in the bit thread description was further used to
more clearly show that partial entanglement entropies can be
identified with the component flow fluxes in the locking bit
thread configurations, which precisely appear as CMIs. In a
sense, this can be viewed as a derivation of the PEE = CMI
scheme from a thread perspective. More recently, the
physical meaning of bit threads or “threads” in a more
general graph-theoretical sense has been more explicitly
explored. Inspired by the entanglement structure between a
set of extremal surfaces in the surface/state correspondence

[49,50], [22] proposed that each thread in a locking bit thread
configuration corresponds to a quantum superposition of two
orthogonal states (“red” state and “blue” state). On the other
hand, inspired by the holographic entropy cone model
[51-54], [24] proposed that the so-called n-hyperthreads

For more research on bit threads see, e.g., [9,12,17,22-48].

[47] can correspond to perfect tensor states. In fact, forn = 2,
the two proposals are essentially the same. It is natural to ask
whether the thread-state correspondence will bring new
insights into the holographic PEE scheme. We will answer
this question in this paper.

We will show that the thread-state correspondence allows
us to provide an explicit definition for the holographic PEE
based on the density matrices of the distilled state of a
holographic quantum system. Of course, this definition
depends on the specific distillation scheme, in other words,
the specific model of our thread-state correspondence.
However, these concise distillation schemes help us clarify
the meaning and limitations of the PEE scheme. Finally, we
will find that the PEE = CMI scheme cannot fully char-
acterize the entanglement information of a quantum sys-
tem, especially regarding the entanglement information of
disconnected regions. We propose an improved approach to
thinking about PEE, which involves studying the entangle-
ment structure of a system with multipartite entanglement,
rather than the simple bipartite entanglement picture, to
investigate how the various components of a chosen region
A (whether it is connected or disconnected) contribute to
the von Neumann entropy of A by entangling with other
regions of the system.

The structure of this article is as follows: In Sec. II, we
reviewed the PEE = CMI scheme from two perspectives,
which will reveal its close connection with bipartite
entanglement. In Sec. III, we first reviewed the concept
of thread-state correspondence and applied it to explain
PEE = CMI as bipartite entanglement, and present a
definition of PEE based on the reduced density matrices
of the holographic distilled state. Then, we analyzed the
limitations of the bipartite entanglement interpretation when
applied to disconnected regions, and pointed out a note-
worthy coincidence between CMI and another quantum
information theoretical quantity, tripartite information. In
Sec. IV, we solved the limitations of the bipartite entangle-
ment interpretation by introducing multipartite entangle-
ment, which was achieved by introducing the extended
n-thread/perfect tensor state correspondence. We also gave
a definition of PEE based on the reduced density matrices of
the holographic distilled state in the context of multipartite
entanglement interpretation. Section V is a reflection and
discussion on the concept of PEE, and discusses how to
further develop the concept of thread-state correspondence
when dividing the holographic quantum systems into more
constituent parts. The final section is the conclusion and
discussion.

II. REVIEW ON THE HOLOGRAPHIC
PEE =CMI SCHEME

A. The PEE manifestation

Here we review the PEE = CMI scheme under the
holographic framework [9-11] and its derivation based
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(a)

FIG. 1.

(b)

(a) Equation (4) represents the contribution of A; to the entanglement entropy S(A) between A and its complement A.

(b) Equation (7) represents that the entanglement entropy between A and A comes from the sum of I; ; connecting each elementary region
A; inside A and each elementary region A; inside the complement A (i.e., the green edges in the figure).

on the thread perspective [12]. To make the entire narrative
more systematic, we start with such a setup [see Fig. 1(a)]:
Consider a holographic quantum system in a pure state y
and one of its (connected) subsystems A. Decompose A into
several adjacent parts of very small size (let us assume
that they are much larger than the Planck scale), i.e.,
A=A, UA, U --UA,.’ Then we can define PEE s,(A;)
as the contribution of one of the small pieces A; to the
entanglement entropy S(A) between A and its complement
A Let L=A, UA,U---UA,_, represent the region in
front of A; (which also represents the spacing between A;
and A) in A; then the PEE = CMI scheme states that [9—11]

sa(A;) = 5 1(A;, A|L)

[S(A,L) + S(AL) — S(A,AL) — S(L)]. (4)

= N =

Utilizing the property of the pure state, if we define
R=A;,,U---UA,, one can equivalently obtain

[S(AiL) + S(AiR) = S(R) = S(L)],  (5)

N[ =

SA(Ai) =

which is more commonly seen in the literature.

It is appropriate to add our first comment here. We
believe that, so far, this characterization of quantum
entanglement for S(A) in PEE (or entanglement contour)
manifestation, which focuses on the decompositon in terms

3 . .
For convenience, we agree that the ordering follows counter-
clockwise.

of spatial components (or local points) within the A region,
is not the most natural. The limitation is reflected in the fact
that the PEEs appear to depend on the artificially selected
A. Given a specific region A, perhaps one would think that
sa(A;) characterizes the entanglement information of the
quantum system in the small block A;. The naive idea is that
it can generally be considered as some kind of entangle-
ment density p(A;). However, if we change the size of A to
A’, we will actually find that

sa(A;) # sa(A;), (6)

so the information of s4(A;) in the original A, region seems
very limited and can only be used to calculate S(A). When
we want to calculate S(A’), this information seems to be
useless.

B. The CMI manifestation

Now we want to take another perspective to view the
PEE = CMI scheme, especially in the holographic frame-
work. We will focus on describing this in terms of pairs of
points (or pairs of “elementary regions”) rather than the
collection of local points (or the collection of “elementary
regions”). We can call the former perspective the PEE
representation, and the perspective we are about to describe
as the CMI representation. This CMI representation can be
described in the formulation of kinematic space [20,21] or
in the formulation of a locking multiflow configuration in
bit thread language [12].

To do this, consider dividing the boundary quantum
system into N adjacent nonoverlapping elementary regions,
denoted as A, A,, ..., Ay, where N can be very large, so that
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the size of each elementary region is very small.* A natural
way to achieve this is to take N elementary regions that are
identical in size (which is easy to do for a one-dimensional
space in CFT,). Then, for each pair of elementary regions
A; and A j» we can define a function I, s which, in the
context of [12], is understood as the number of threads of
the component flow ¥; ; of alocking bit thread configuration.
We can describe this simply with a complete graph in graph
theory [see Fig. 1(b)], where each boundary vertex represents
an elementary region and each edge is assigned the function
I;;. Inspired by the intuitive image of bit threads, [12]
proposed a scheme to depict the PEEs equivalently with a
set {/;;} containing a total of N(N — 1)/2 I;;, where the I;;
are defined such that

J

Sa(a+1)...b = Zli/’ where
i.J

i€f{a,a+1,...b},j&{a,a+1,....b}. (7)

Here, S,(a+1)..» represents the entanglement entropy Su
of a connected composite region A=A, p =
A,UA, 1 U---UA, The equation can be intuitively
understood as the entanglement entropy between A and A
comes from the sum of /;; connecting each elementary region
A; inside A and each elementary region A; inside the
complement A [i.e., the green edges in Fig. 1(b)]. It can
be verified that considering all possible ways of selecting the
connected composite region, the system of equations (7)
includes a total of N(N — 1)/2 constraints, so that the exact
value of each I;; can be completely determined. Let L=
A(it1)...(j-1) be the region between A; and A; (which is a
composite region consisting of many elementary regions and
also represents the distance between A; and A)); then the
solution to (7) can be obtained as [12]

1 -
1;; :zl(Ai’AﬂL)- (8)

Thus, we find that each function /;; is precisely given by the
expression for CMI, which is why we have labeled it with
the letter 1. In fact, if we directly choose A = A jin (8), we
are led directly back to (5). In particular, when L is the
empty set, /;; is just half the mutual information between A;
and A;. Thus, given a specified connected region
A=A, UA, U --UA,, the thread formulation of the
PEE contribution of the subregion A; to the entropy S(A) is

*However, for physical reasons, we will make sure that each
small area is much larger than the Planck length so that the RT
formula can be applied effectively.

sa(A;) = Zlij’ where
J
ie{a,a+1,....b}.j&{a,a+1,....b}. (9)

By substituting the expression (8) and redefining
L:AauAa+1U"'UAi_1, R:AiUAi+1U..'UAh7
we can immediately obtain

(A =314, AIL)=5(S(AL) + S(AR) = S(R) =S (L),
(10)

which is completely consistent with (5).

We believe that from the perspective of CMI, that is,
from the perspective of pairs of points rather than local
points, it is more natural to consider the PEE scheme. In the
previous section, we mentioned that s, (A;) seems to only
provide limited entanglement information that depends on
the specific selection of A. However, from the perspective
of CML, s4(A;) is actually /,;, which can still provide useful
data for the entanglement information of S(A’) of another
selected region A’. It is just that when calculating S(A’), the
I;; to be included are different [see (13)], but the data of
{I;;} are universal. In summary, the reason is that the
perspective of pairs of points is more natural than that of
local points when analyzing entanglement structure. In
other words, kinematic space [20,21] is more natural than
original space when analyzing entanglement structure.
A more detailed discussion of the connection between
kinematic space and the PEE = CMI scheme is presented
in [18,22].

III. THE BIPARTITE ENTANGLEMENT
EXPLANATION OF THE PEE =CMI SCHEME

As we mentioned in the Introduction, the fundamental
definition of PEE based on the reduced density matrix has
not yet been given. Our article is an attempt to construct a
density matrix representation of PEE (at least within the
holographic framework). This relies on the visualization
tool of bit threads. References [9,12] first pointed out that
the CMI representation of holographic PEE is very similar
to the locking multiflow configuration of bit threads. In a
locking bit thread configuration, each bit thread can be
understood as corresponding to a specific (distilled) quan-
tum state [22,23]. In this section, we will systematically
restate these contents, leading to a density matrix repre-
sentation of holographic PEE, at least in the sense of
distilled states. However, we will also discuss the limi-
tations of this distillation scheme and use an updated
version to fix it later.

A. Distilled density matrices of holographic PEE

To start with, note that in the context of bit threads, if we

interpret /;;, which is related to two elementary regions A;
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(a)

FIG. 2.

(b)

(a) A locking multiflow configuration in the simplified case of N = 4, satisfying (11). And in the sense of thread/state

correspondence, this presents a special quantum state corresponding to (16). (b) A simplified diagram corresponding to (a), where each
edge now represents a thread bundle with capacity F;;. And each edge explicitly corresponds to state (19).

and A j» as the number of threads in a locking multiflow
configuration that only connects A; and A;, then a corre-
sponding locking bit thread configuration can be used to
characterize the entanglement structure containing the
information of {/;;} [12]. A simple explanation:
Multiflow (or multicommodity flow) is a term analogous
to network flow theory. Dividing the boundary quantum
system into N adjacent and nonoverlapping elementary
regions, the multiflow is defined as the set of a total of
N(N — 1)/2 component flows v;;, each describing a bundle
of uninterrupted threads whose endpoints are constrained
on A; and A; respectively.5 A locking multiflow configu-
ration refers to such a configuration in which the numbers
of threads passing through the RT surfaces corresponding
to a given set of boundary subregions are exactly equal to
the areas of these RT surfaces (up to a factor of 4G), and
thus equal to the entanglement entropies of the boundary
subregions by RT formula [see Fig. 2(a)].

Let us explain how to describe the PEE = CMI scheme
using a locking bit thread configuration in the simplified
case of N =4, where there are only four elementary
regions. As shown in Fig. 2(a), we explicitly draw all
threads in each component flow v;; of the locking multi-
flow (this oversimplified figure assumes that all F;; are
equal to 2). Let F;; (named component flow flux) denotes
the number of threads in the bundle v;;, then we can
construct a locking multiflow configuration where {F;;}
satisfies

*Note that for the purposes of this discussion, these threads do
not need to be strictly understood as bit threads, which require
more nontrivial constraints on the density of threads in the bulk.
More detailed discussions can be found in [12].

Sa(qu])...h = ZFU’ where
i.j
i€a,a+1,...b;j¢a,a+1,...b. (11)

Obviously, this is consistent with (7), and we obtain a one-
to-one correspondence between /;; and F;;. In this model,
the CMI (or PEE) can be simply understood as the flux of
bit thread bundles, i.e.,

Furthermore, for a connected region A=A, ,UA, U---UA,,
whose von Neumann entropy is given by (11), the PEE
contribution of a component A; to the entropy S(A) can be
expressed in the thread formulation as

SA (Al) = ZF”, where
J

i€a,a+1,...b;j¢a,a+1,....b. (13)

A more explicit physical interpretation is crucial.
Inspired by the study of the corresponding states of RT
surfaces in the surface/states correspondence [49,50], [22]
proposed the instructive thread/state correspondence,
which assumes that in a locking multiflow configuration,
each thread corresponds to a quantum superposition state of
J orthogonal states with equal probabilities. In particular,
we can assume that J =2 and label the two orthogonal
states as the red state |r) and the blue state |b), i.e.,

1
|thread) = 7§(|r> +1b)). (14)

In the context of the surface/state correspondence, the
thread state (14) provides the quantum states corresponding
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to the RT surfaces of all elementary regions and connected
composite regions, as well as their entanglement structures
with each other. For example, as shown in Fig. 2(a),
consider the closed surface I' = y; U y, U y3 U y4 consist-
ing of the four RT surfaces corresponding to all elementary
regions A, A,, As, A4. According to the surface/state
correspondence, it should correspond to a pure state |¥r),
which can be expressed as a quantum superposition
formally

|TF>:ZCQ|Q>7 where |Q) =171) ®[r2) ®r3) ®|r4).
0

(15)

Reference [22] proposed the thread/state rules, which state
that (1) the red state of the thread corresponds to a basis
state |0) in the surface/state context, while the blue state
corresponds to a basis state |1), and (2) when measuring,
the same thread is always in the same color state, and
different threads are simply assumed not to affect each
other. Then according to this prescription, the states of a
series of RT surfaces in the surface/state correspondence
can be given by the state of a locking thread configuration.
Let us show in principle how to use the thread/state rules to
give the state of |¥-). Suppose we measure the probability
amplitudes for the thread configurations to be in various
color states. Figure 2(a) shows a special case where we
measure the thread configuration and find that all threads
connecting A; to A, are in the red state, while all other
threads are in the blue state. Then, the I" surface is in such a
state:

10) = [111100) ® [001111) @ |111111) @ |111111).
(16)

And we can obtain from the thread/state rules that

w6 @

The situation could also be described as follows: For a
specified closed surface, each thread corresponds to a state
expressed as

1
V2

where the 2 qubits correspond to the ingoing and outgoing
intersections of the thread with the closed surface respec-
tively.® Therefore, a thread can also be understood as
corresponding to a Bell pair. Anyway, the same method

|thread) = —= (]00) + |11)), (18)

®This interpretation of thread state also appears in [24],
although in a slightly different form.

can be used to completely write out each term in (21), thus
fully constructing the specific expression of |¥r). In the
simplified example presented here, the entire holographic
quantum system is divided into four parts, and |Wr) can be
considered as the distilled state of the entire quantum
system at this level, while the density matrix corresponding
to each RT surface corresponds to the distilled density
matrix of its corresponding boundary subregion [33,55—
57]. It is not difficult to directly generalize this procedure to
the case of large N, as in the previous subsection, and then
we will obtain a more refined distilled state.

Within this framework of understanding a holographic
quantum system with a distilled state, it is straightforward
to write the density matrix representation of PEE. The
simplified diagram as shown in Fig. 2(b) is still useful,
where each edge now represents a thread bundle with
capacity F;;. By (14) and (18), each edge explicitly
corresponds to a state, which is the direct product state
of all the states of the threads contained in the bundle:

1 ®F

7 = (50 + )

_ (%uo» ®[0), + 1) ® |1>j>) o (19)

where, for example, |0); represents that a “distilled qubit”
in the elementary region A; is in the O state indicated by
thread/state rules, etc. Alternatively, (19) can be written as

Fy= S (55) 1o (20)

q;;=0

where each |g;;) represents a basis state of the overall
configuration of all the threads in the bundle v;;, and there
are a total of 24 such states. Now, by thread/state rules and
(11), we can write the distillated state of the entire quantum
system, which is the direct product of the states of all the
threads corresponding to the locking thread configuration,
or equivalently, the direct product of the states of all the
edges in the complete graph of Fig. 2(b), given by

1 Fij
|qu>: ®,|Fij>: ®(—
allij alli,

| \/5<|o>,~®|o>,+|1>,~®|1>,~>)

(21)

On the other hand, for a subregion A=A, UA,  U---UA,,
its reduced density matrix is given by

pa = trz|Pr)(Prl. (22)

Substituting in (21), we get
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1 1 ®F;
pa = @1r, [P35l = (510,00 + 510,01) 7

ij

(23)

where i€{a,a+1,....,b},j&{a,a+1,...,b}. Clearly,
from (11), we can verify that

—tr(pslogy pa) = Sy- (24)

Now, the expressions for CMI or PEE based on the
density matrix are about to be revealed. Note that the
operation —tr(p4 logp,) essentially counts the number of
threads the product state of which gives the correct density
matrix p,, since this number gives the von Neumann
entropy S(A) of A. Inspired by this, we realize that counting
the number of threads in the thread bundle v;; actually gives
the CMI contribution to S(A). Therefore, we can first define
a quantity called “the density matrix of CMI™:

1 1 ®F;
=@ 11y ) 3l =@ (310,00 +51,011)

(25)

Then, following (24), we can define the density matrix-
based definition of CMI as

I;j = —tr(p;;logs pjj). (26)

In addition, if we choose the PEE representation, for a
component A; in A=A, UA,.; U ---UA,, by (13) and
the same logic, we can define a quantity called “the reduced
density matrix of PEE”:

A4

2
(a)

FIG. 3.

1 1 ®F;

s = @1 [F3) 5l = (510,00, + 510,01)
J J

@)

where i€{a,a+1,....,b},j & {a,a+1,...,b}. Then we
obtain the expression of PEE based on the density matrix

sa(A;) = =tr(pa—a102 pa,—n). (28)
which will indeed go back to (13).

B. Limitations of the distilled bipartite
entanglement interpretation

In some sense the materials reviewed in the previous
section are sufficient to convince us that PEE or CMI should
be understood as distilled bipartite entanglement in the sense
of distillation, i.e., one should not expect it to faithfully reflect
the complete entanglement structure of a quantum system.
However, this section will point out two issues related to
PEE. The first will show that even in the sense of entangle-
ment distillation, imagining more complex multipartite
entanglement is necessary to characterize more information
about the entanglement structure of the quantum system. The
second will point out an interesting coincidence between
CMI and tripartite information (TI) in holographic duality.
These phenomena will be resolved in Sec. IV by introducing
multipartite entanglement.

1. A paradox related to disconnected regions

Here, we present the limitations of using distilled
bipartite entanglement to understand the PEE = CMI
scheme. We will demonstrate this with a crucial thought
experiment. We still use the example of the four-partite
graph from the previous subsection, but now we consider
the case where the sizes of A; and A5 are relatively small
[see Figs. 3(b) and 2(a)]. Then, we consider a disconnected
region B = A; U As, so we should have

2
(b)

(a) When the sizes of A, and A, are relatively small, we have (32). (b) When the sizes of A; and A5 are relatively small, we have

(34). The gray shaded area represents the entanglement wedge of A; U A3 in both cases.
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S(B) = S(A;) + S(As). (29)

Here, a paradox arises. The point is that, according to the
thread-state correspondence, the threads connecting A; and
A; should be considered as internal entanglement of
B = A, U A3, so they cannot contribute to S(B).

Based on experience from the locking bit thread con-
figuration, we have the following argument: In Fig. 3(b),
the entanglement entropy of A; should be equal to the
number of threads crossing the corresponding RT surface
y1 (which equals the area of y;), and similarly the
entanglement entropy of Az should be equal to the number
of threads crossing the corresponding RT surface y5 (which
equals the area of y3;). However, according to the RT
formula, mathematically we expect the entropy of B =
A U Aj to be equal to the sum of the areas of y; and y3,
which should be equal to the number of threads crossing
these two surfaces, including twice the number of threads
connecting A; and As. But according to the thread-state
interpretation, these threads connecting A; and A5 represent
internal entanglement of B; in other words, they only distill
the entanglement inside B into Bell pairs, rather than
distilling the entanglement between B and its complement
into Bell pairs, so they cannot contribute to S(B). Let us
further explicitly clarify this from the distilled state (21) of
the system. It can be verified that it will calculate

S(B) = Fi4 + Foy + Fy3 + F34 < S(Ay) + S(A3)
=Fiy+ Fy+ Foz + F3y +2F3, (30)

which is inconsistent with our expectation (29). The reason
is that, according to the thread-state viewpoint, the threads
connecting A; and A5 represent internal entanglement of B
and cannot be included in the entanglement entropy of B
and its complement. We thus find that only bipartite
entanglement cannot give the correct data for S(A;),
S(A3), and S(A; U A3) simultaneously. Using bipartite
entanglement to characterize the entanglement information
of the PEE = CMI scheme has limitations.

Therefore, this leads us to the following comments. For
our first conclusion, we must consider more complex
multipartite entanglement. For our second conclusion, since
the entire entanglement structure of a quantum system cannot
be described, the bipartite entanglement interpretation of the
PEE = CMI scheme should be merely understood in the
following sense: By approximating (reorganizing and
mapping) the quantum state of each elementary region as
some “distilled states” [33,55-57], at least the entanglement
entropy for the connected regions can be characterized
correctly.

2. A coincidence between CMI and tripartite information

This subsection will point out a noteworthy coincidence
between CMI and TI in the framework of the holographic

principle. In the next subsection, we will explain why this
coincidence occurs, which is actually related to the neces-
sary appearance of multipartite entanglement.

TI is also a fundamental quantity in (quantum) informa-
tion theory, similar to CMI, and it characterizes correlations
involving three systems. It has also been studied in the
context of holographic duality (see, e.g., [26,58-65]).
Given three subsystems A;, A,, and A, TI is defined as

I(Ar: Ar:A3) = S(A1Ay) + S(A2A3) + S(AAs)
= S(A1) = S(A2) = 5(A3) = S(A1424),
(31)

where A1A,A; = A, is defined. It can be verified that TI is
symmetric under permutations of A, A,, A3, and A4, and it
will be seen later that this is related to the fact that it is a
kind of four-partite entanglement [24,26]."

Now, in the framework of the holographic principle, let
us continue to consider a pure state quantum system
divided into four parts. More explicitly, consider two cases
as shown in Fig. 3. In the first case, since the sizes of A, and
A, are relatively small, we have

S(A1A3) = S(Ay) + S(Ay), (32)

which, when substituted into the definition of TI, leads to a
coincidence:

I(Al: Az:A:;) - I(AZ:A4|A1) - 2F24, (33)

where F,, denotes the entanglement between A, and Ay.
On the other hand, for the case where A; and A; are
relatively small, we have

S(A14;) = S(A1) + S(43). (34)
which leads to
I(A1: Az:A:;) :](A1:A3|A2) :2F13. (35)

This is an interesting coincidence that should have an
explanation. In the next subsection, we will provide an
explanation by considering distilled states involving multi-
partite entanglement.

IV. THE MULTIPARTITE ENTANGLEMENT
EXPLANATION OF THE PEE =CMI SCHEME

The previous discussion has made us realize that
introducing multipartite entanglement to construct finer
distilled states is a possible solution to overcome limita-
tions of the correct characterization of the entropies for

7Moreover, for convenience, the TI we define here differs from
the one defined in traditional literature by a minus sign.
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(a)

FIG. 4.

(b)

(a) Schematic diagram of a locking n-thread configuration and the generalized n-thread/perfect tensor state correspondence.

Each n-thread has n legs extending from an internal vertex. The original bit threads can be seen as 2-threads. (b) The simplified diagram
of (a), where the elementary regions are depicted as the boundary vertex (marked with black dots), and an “n-thread bundle” is simply
described by 7 legs extending from an n-valent internal vertex (marked with an empty dot) connected to the boundary vertex, with each

leg assigned the value of the number of n-threads.

disconnected regions. Here we provide an explicit scheme.
The materials have already been prepared in the literature
[66,24]. Reference [66] proposes the K-basis method of
holographic entropy cone theory, and [24] proposes the so-
called hyperthread/perfect state correspondence (also seen
in earlier discussions in [26,47]), which can be regarded
as a generalization of the thread/state correspondence
reviewed in Sec. III A, although it is expressed in a slightly
different way.

A. n-thread/perfect tensor state correspondence

In simple terms, an n-hyperthread is a generalization of a
bit thread [24,47]. A bit thread has two endpoints, while an
n-hyperthread is defined as having n endpoints extending
from an internal vertex, and these endpoints are tethered to
the holographic boundary. One can also add an auxiliary
internal vertex in the middle of the original bit thread and
coordinate it as a two hyperthread. We will hereafter refer to
it as an n-thread for convenience. It is proposed that an
n-thread can be associated with a perfect tensor state [24].
An n-perfect tensor state |PT,,) is defined as a pure state of
2n spins with a special property: Any set of n spins has
maximal entanglement with the complementary set of n
spins. Perfect tensor states are the important ingredients for
quantum error-correcting codes in the famous holographic
HaPPY code [67]. They are also known as absolutely
maximally entangled states in quantum information theory
68,69]].

We will restate these things in our language to fit the
purpose of revising the bipartite entanglement distillation
description of the PEE = CMI scheme. As shown in
Fig. 4(a), to solve the difficulty in Sec. III, we not only
introduce 2-threads (note that we now draw an auxiliary

internal vertex for it in the figure), but also introduce
4-threads. Intuitively speaking, similar to what one did in
the holographic tensor network model (we will explain this
from the perspective of thread state later), the entanglement
entropy of the boundary subregion (or equivalently, the area
of its corresponding RT surface) is given by the number of
legs cut off by its corresponding RT surface. Or, in terms of
bit threads, entropy is given by the number of threads passing
through the RT surface. Let the number of 2-threads, i.e., the
number of two-legged internal vertices, be denoted as F
(consistent with the convention in Sec. II), and let the number
of 4-threads, i.e., the number of four-legged internal vertices,
be denoted as K (consistent with the convention in [24]), and
use subscripts to represent the boundary elementary regions
connected by n-threads. Then we obtain the following
equation set in the locking n-thread configuration [24,66]:

S(A)) =Fpp+Fi3+Fiu+ K

S(Ay) =Fip+Foy+ Foy+ Ko

S(A3) =Fi3+Fo+ Fas+ Ko
S(A1A2A3) = Fia+ Fog + F3 + Kipsg = S(Ay)
S(A1Ay) = Fi3+ Fia + Foy + Foy + 2K 1234 = S(A3Ay4)
S(AyA3) = Fio+ Fou + Fi3 + Fay + 2K 1234 = S(A1Ag)
S(A1A3) = Fio+ Fia + Foy + Fag + 2K 1234 = S(AAy).

(36)

This set of equations has seven constraints about entropies,
which we can represent as
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8% = {S(A}).5(A,). 5(A3). S(A1A;), S(A2A5), S(A1A3). S(A1ArA3) }. (37)

In the language of the holographic entropy cone, this is called a seven-dimensional (given by 7 = 23 — 1) entropy vector
corresponding to the three boundary regions A;, A,, Az, and a “purier” A4 [S51]. At the same time, we have seven unknowns

represented as

K? = {Fy3, F13, F14, F3, Fo4, F34, K134} (38)
which is called the K basis of the entropy vector in [66]. We can then solve this equation set for a unique solution. Interestingly,
we obtain

1 1 )
Fiy =5 (S(4) + S(A)) = S(4:4,)) =5 1(A;: A)), (39)
1 1
Ky = E(S(Av‘\z) + S(Ar43) + S(A1A3) — S(A1) — S(Az) — S(A3) — S(A1A243)) = EI(AI tAyiAz). (40

The solution (40) is worth noting, as it suggests that the
revision of the PEE = CMI scheme using 4-threads may also
provide an explanation for the coincidence between CMI and
TI in the holographic context discussed in Sec. IIIB. In
particular, from the last equation in (36), we see that after
introducing the 4-threads, the locking thread configuration
can correctly give the entanglement entropies for the dis-
connected regions A; U A3 and A, U Ay. In any case, it is
important to note that even in the current situation, these
quantities should be understood in terms of entanglement
distillation, and should not be expected to provide a complete
picture of entanglement structure.

Let us now clarify this distilled state from the perspective
of thread-state correspondence. To do this, we need to
update the thread/state rules reviewed in Sec. III A to
accommodate the current situation. Since each thread is
now viewed as a 2-thread with an internal vertex, we
rewrite the rule (14) as

1
V2
which represents that when one of the legs of the 2-thread is
in the red state, the other leg must also be in the red state, and
similarly, when one leg is in the blue state, the other leg must
also be in the blue state. In fact, in this section, we adopt
another convention, namely, we assign three colors to the
states of a 2-thread, namely red, blue, and green. This does
not make a substantive difference, but it causes the loga-
rithmic base to change from 2 to 3 when computing

entropies. Therefore, in this section, we adopt the following
states:

|2 — thread) = (|rr) + |bb)), (41)

1
V3

In other words, this now represents a “qutrit thread.” On the
other hand, as pointed out by [24], actually, a general

|2 — thread) = (|rr) + |bb) + |gg))- (42)

n-thread corresponds to an n-perfect tensor state. In particu-
lar, a special four perfect tensor state has been explicitly
constructed in [67]. In the context of quantum error-cor-
recting codes, it is also known as a 3 qutrit code. Therefore,
we propose a 4-thread corresponds to the following 3-qutrit
code state®:

1
|4 — thread) = §(|rrrr> + |bbbr) + |gggr)

+ |rbgb) + |bgrb) + |grbb)
+ |rgbg) + |brgg) + |gbrg)). (43)

Similarly, we extend the thread/state rules to the case of
n-threads. An n-thread has n legs, but the states of each leg
are entangled with each other in the manner of (43). And
similarly, in the sense of surface/state correspondence or
holographic distillation, the red, blue, and green states
correspond to |0),|1), and |2) states, respectively. More
specifically, in the context of surface-state correspondence,
when we consider the state of an RT surface y, correspond-
ing to a boundary subregion R (which can now be connected
or disconnected), legs in the red, blue, and green states
respectively indicate the distilled states that can be repre-
sented by |0), |1), and |2). For convenience, in the following
discussion, we will no longer distinguish between red,
blue, and green and |0), |1), and |2). Anyway, the logic of
Sec. III A can be directly extended to this case.

To see how this thread-state scheme can provide entan-
glement distillation schemes beyond the version of bipartite
entanglement, that is, correctly provide the entanglement
entropies of connected and disconnected subregions that
satisfy Eq. (7), we first note that for each 4-thread, the
entanglement entropy between any single leg and the other

¥Let us define that the ordering follows the counterclockwise
direction.
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three legs is given by [n3, while the entanglement entropy
between any set of two legs and their complements is given
by 2/n3. In fact, this is a general property of perfect tensor
states. On the other hand, in the characterization of the state
corresponding to 2-threads (42), which can also be
regarded as a perfect tensor state, the entanglement entropy
between any single leg and the remaining leg is also given
by [n3. Therefore, as mentioned earlier, we can now
formulate the calculation of entanglement entropy in a

|

entanglement entropy of a (connected or disconnected) boundary subregion = number of cut legs x In 3.

B. Distilled density matrices of holographic PEE:
An improved version

Let us address in more detail the issue raised in Sec. IIL.
As shown in Fig. 5, the analysis will involve a phase
transition process. We still take the example of dividing the
quantum system into four parts, and the case of dividing it
into more parts will be discussed in the next section. First,
we consider the case in Fig. 5(a), where the sizes of A; and
A; are relatively small, so the entanglement entropy
between A; U A3 and A, U A, is given by the area of
the RT surface of A; and A;. At this point, according to
Eq. (39), we find that there is a special property given by

F13 — 0, (45)

A,

—

way similar to that done in holographic tensor network
models: As shown in Fig. 4, the entanglement entropy of a
(connected or disconnected) boundary subregion R is
calculated by cutting the entire locking thread configuration
into two halves using a cut, where one part is completely
adjacent to R and the other part is completely adjacent to its
complement R. The number of cut legs multiplied by the
constant /n3 gives the correct entanglement entropy:

(44)

[

which allows us to overcome the two problems discussed in
Sec. III. To see this, we write explicitly the form of the (36)
induced by (45):

0
<

A I A, = A
A,
A4

A A = A
(a)

FIG. 5.

A,

(b)

For different four-partition cases of the quantum system, some thread bundles can disappear, and if we continuously adjust the

S(A))=Fi+Fia+Kipa
S(Ay) =Fia+Fy3+ Fou+ Koz
S(A3) =Fpy+Fu+ K
S(A1A2A3) = F 4+ Fou + F3u + K234 = S(A4)
S(A1Ay) = Fi4+ Fo3 + Foy 2K 1534 = S(A3A,)
S(ArA3) = F i+ Foy + F34 +2K 534 = S(AAy)
S(A1A3) =Fp+ Fiy+ Fos + Fay + 2K 534 = S(AyAy).
(46)
AR
[ \
A, = A 0 A,
A,
A,
A, = A A,

A,
(©)

way of partition, a phase transition will occur. The upper part of the figure shows the change of the locking n-thread configuration, and

the lower part shows the corresponding simplified diagram.

106010-11



YI-YU LIN PHYS. REV. D 108, 106010 (2023)
A4 A4
. o
Al AS Al A3
(a) (b)
FIG. 6. (a) The original bipartite entanglement distillation scheme of PEE = CMI, where the 2-threads connecting A; and As, and

2-threads connecting A, and A4 are mutually unentangled with each other. (b) The improved distillation scheme after introducing
multipartite entanglement, where all F'|; threads connecting A; and Aj; are actually entangled with an equal number of threads

connecting A, and Ay.

We also write down the expression under the previous
PEE = CMI bipartite entanglement distillation scheme as a
comparison to clarify the similarities and differences. We
rename the F under the original bipartite entanglement
distillation scheme by F’ to distinguish it:

S(A)) =F|, + Fliy + F),
S(A3) = Fog + Fiyy + Fis
S(A1A2A3) = Fiy + Fyy + Fayy = S(Ay)
S(A1Ay) = Fiy + Foy + Foy + Fi3 = S(A3A4)
S(ArA3) = Fiy + Foy + Fiy + Fi3 = S(A1Ay)
S(A1A3) = S(AyAq) = Fip + Fy + Fiy + Fiyy + 2F);

(47)

The last equation is a characterization of the paradox
pointed out in Sec. III B, where we cannot give a reasonable
explanation for it in physics. Let us further point out one
thing worth noting: from the expressions of (12) and (39),
we can see that the number of 2-threads connecting
adjacent regions in both schemes is given by mutual
information, so they are the same, that is,

F/12:F12,F’14:F14,F’23:F23,F’34:F34_ (48)
Therefore, if we compare (46) and (47), we will immedi-
ately find that actually, K34 plays the role of F; in (46)!

More precisely, given (48), if we make a replacement,

Fli3 = Ky
Fy = Foy + Ko, (49)

then the scheme of (47) will exactly return to the scheme of
(46)! And the last equation of (47) also becomes physically
understandable after the replacement!

Let us draw (49) in a graphical way. As shown in Fig. 6,
the left figure represents the original bipartite entanglement
distillation scheme of PEE = CMI, and the right figure
represents the improved distillation scheme after introduc-
ing multipartite entanglement. There are originally F/,
(equals 2 in the figure) 2-threads connecting A and A3, and
F),, (equals 4 in the figure) 2-threads connecting A, and A,.
F), is larger than F'|; numerically because we are consid-
ering the case where A| and A5 are relatively small. The key
point is that in this distillation scheme, all these F%, and F',
threads are mutually unentangled with each other (the
overall state is the direct product state of the state of each
2-thread). In the new scheme, all F'|; threads connecting A
and A are actually entangled with an equal number of
threads connecting A, and Ay, so that the overall state of
these threads forms the product state of a total of K34 =
F; perfect tensor states. On the other hand, there is still a
part of the threads connecting A, and A4, the number of
which is F’, — K534, which exactly provides F,, = F), —
K34 threads connecting A, and A4 in the new scheme.

With this understanding, it is now clear how to solve
the difficulties in Sec. IIIB 1 and the coincidence in
Sec. HIB 2. In Sec. III B 2, the reason why we find that
in the case where the sizes of A; and A5 are relatively small,
TI I(A,: A,:Aj3) is just equal to the number of threads
connecting A; and A;, i.e., F; (up to a factor of 1/2) [see
(33)], is because in a more sophisticated distillation
scheme, the number of 4-threads that completely replace
these 2-threads connecting A; and A; is just given by the
tripartite information I(A;: A,:Aj3) (up to a factor of 1/2)
[see (40)]. Therefore, in fact, the coincidence in Sec. III B 2
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secretly suggests the rationality of introducing multipartite
entanglement.

Now, following the same logic as in Sec. III A, it is not
difficult to write down the description of various physical
quantities based on density matrices in this context.
Similarly, we can design simplified graphs to describe
thread-state models. As shown in Fig. 4(b), we define the
elementary region as the boundary vertex (marked with a
black dot in the figure), and an “n-thread bundle” is simply
described by n legs extending from an n-valent internal
vertex (marked with an empty dot in the figure) connected
to the boundary vertex, with each leg assigned the value of
the number of n-threads contained in the thread bundle to
which it belongs. The meaning expressed here is that each
n-valent component in the simplified graph 4(b) represents
the direct product state of the states of all the n-threads
contained in the thread bundle. Note that in the simplified
graph 4(b), we present seven thread bundles, including six
two-thread bundles V2, V13, Vig4, V23, V4, U34 with the
number of threads they contain being Fi,, Fi3, Fi4, Fa3,
F,, Fay, respectively, and a four-thread bundle v,3, with
the number of 4-threads it contains being K,34. However,
as shown in Fig. 5, we find that for different four-partition

|

1
3

cases of the quantum system, some thread bundles can
disappear, and if we continuously adjust the way of
partition, a phase transition will occur. Initially, when
the separation distance between A; and A5 is relatively
large compared with their own sizes, we find that for two-
thread bundles connecting two disconnected regions, F'5 is
0 and F»4 has a nonzero (positive) value. Then, if we adjust
it to the case where the sizes of A;, A,, Az, and A, are all
identical, we find that F;3 and F,4 are both 0. If the
separation distance between A; and Aj; is relatively small,
F>, becomes 0, and F3 has a nonzero (positive) value.

Now we write a unified density matrix description of
various physical quantities. However, it should be noted
that in the three situations mentioned above, the null state
corresponding to the disappeared thread bundle needs to be
taken in the expression. First, we write down the states
associated with these thread bundles by thread/state cor-
respondence:

1 ®F;
wm—(vgmmw+wmwfummw) . (50)

|K1234) = (—(|r>1|r)2|r)3|r>4—|—b)1|b)2|b>3|r>4+|g)1|g)2|g>3|r)4+|r>1|b)2|g>3|b>4+|b)1|g>2r>3|b>4+g)1|r)2|b>3|b>4

+vmmmmwﬂ+bmwmmMM+gmwwwgm)m”“ (51)

Once again, for example, |r); represents the state of the
“distilled qutrit” in the elementary region A; indicated
by the thread/state rules associated with the state of
the red thread, etc. According to the thread/state rules, the
distilled state of the entire quantum system, which is
the direct product of the states corresponding to all
the threads in the locking thread configuration, is now
given as

|‘Pr> = |F12> ® |F13> ® |F14> ® |F23> ® |F24>

® [F34) ® [Ki234)- (52)
Now, we are interested in the expression of PEE under
this distillation scheme, based on reduced density ma-

trices. Let us take A = A; UA, U A3, A = A,; then, we
can define the PEE by

sa(Ar) + 54(Az) + 54(A3) = S(A), (53)
or equivalently, using the CMI representation (7),

Ly + Iy + I34 = S(A). (54)

[

From (5), we can calculate that under the current
distillation scheme,

Ly =s55(A) =Fuy

Iy = 55(Ay) = Faoy + Kipay

I3y = 54(A3) = Fg. (55)
Therefore, following the same logic as in Sec. III, we can

define the distilled density matrices of PEE, which are
respectively

P14 = Pa,—a = 114, |F14)(F 4

= (310l -+ 31600el + 5lahtal ), (59

P34 =Pay—a = 1Ty, |F34) (F34]

= <%|r>3<r|3+%|b>3<b|3 +%|g>3<9|3>®F> . (57)

and
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P24 = Payon = 174, ([F24) ® |K1234)) ((Fas] ® (K1234])-
(58)

Thus, we have

I;; = —tr(p;;logs p;;) (59)

and correctly obtain (55) as a result. Note that from (58),
we can see that I, = s,(A,) will undergo a significant
phase transition during the process as shown in Fig. 5.

V. DISCUSSION: BEYOND THE
PEE =CMI SCHEME

A. Limitations of the PEE = CMI scheme

From the perspective of the thread/state correspondence,
the previous sections have made us aware that to fully
analyze the entanglement structure of a holographic quan-
tum system, especially in cases involving disconnected
regions, multipartite entanglement is actually a necessary
and more natural element. On the other hand, the PEE =
CMI scheme stubbornly implies a focus on pairs of points.
Although we did not conclude that the PEE = CMI scheme
is ineffective in the previous section and instead tend to
consider the newly introduced multipartite entanglement as
a contribution to the CMI, this section will explicitly point
out the limitations of the PEE = CMI scheme.

These limitations are essentially related to the charac-
terization of von Neumann entropy for disconnected
regions. For example, as an extension of the previous
section, we naturally consider a situation involving six
elementary regions, as shown in Fig. 7(a). Now, let us
consider a disconnected subregion A = A;A,A3 U As, with
it complement A=A, UAs. Then we encounter an
obvious difficulty: If we want to consider the contribution
of region A, to the von Neumann entropy of A, that is, the

FIG. 7.
nontrivial ways of entangling threads.

PEE s5,4(A,), we cannot write an appropriate expression for
the CMI. The reason is that we cannot uniquely determine
which region should be chosen as L in the expression of
CMI (4). When As is an empty set, it is obvious that L can
be taken as A, as we commented there, because in this
case, L represents the separation distance between A, and
A, and accordingly, the remaining part of A (after removing
A, and L), i.e., A5 can be labeled as R. Importantly, due to
the properties of pure states, in this case, L can also be
taken as As, because it can equally well characterize the
separation distance between A, and A, with R chosen as A;.
It is not difficult to prove that the results obtained by these
two symmetric choices are exactly the same. However, now
that A5 is not an empty set, we face at least two equally
reasonable possible choices (which can return to the correct
limit when As is an empty set), respectively: L = A, R =
A3 UAsorL = A, UAs, R = Aj, butit can be verified that
these two choices cannot lead to the same expression!

Actually, even if we still consider the four-partition case
(see Fig. 4), the problem of characterizing the von
Neumann entropy of disconnected regions cannot be solved
by the PEE = CMI scheme. In the previous section, we
found expressions for 4, 154, and I3, by examining the
contributions of each component of the region A = A; U
A, U Aj to the entropy S(A). If we apply the PEE = CMI
scheme to all the connected regions, including A;, A,, As,
A1A2, A2A3, and A1A2A3, we can obtain

I, =Fpp

Iy = Fa3

I3 = F34

Iy =Fyy

I3 =Fi3+ Ky

Iy = Foy + K34 (60)

(a) A situation involving six elementary regions, and a disconnected subregion A = A;A,A3 U As. (b) Various possible
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Then, using Eq. (7), which we will rewrite below for
convenience,

Sa(a+1)..b = Zlii where

i.j
i€{a,a+1,....,b},j&{a,a+1,....,b}, (61)

we can correctly determine the von Neumann entropy of all
connected regions. However, the problem now is that we
cannot use (61) in conjunction with (60) to correctly
calculate the von Neumann entropy of disconnected regions
such as A; U Aj or A, U Ay, since this would result in again

S(A1A3) = S(AxAy) =Ly +1ig + I3 + I3y
=Fiy+ Foy + Fo3 + Fay, (62)

which contradicts the last equation in (46). In fact, we have
returned to the dilemma in Sec. III B 1.

Our final comment is as follows: the PEE = CMI
scheme cannot characterize all the entanglement informa-
tion of a quantum system, especially the entanglement
information of disconnected regions. Let us summarize our
efforts and attempts. First, in Sec. III B 1, we found that to
describe the entanglement structure of a four-partition
system in a physically consistent way, it is not possible
to simply interpret the CMI as bipartite entanglement, or in
other words, it can only be understood as bipartite
entanglement in the sense of entanglement distillation.
Then, we attempted to solve this problem by introducing
four-partite entanglement, and in this case, a self-consistent
description of the entanglement structure of the entire four-
partition system can be obtained. We then tried to rephrase
this description in terms of the CMI language, which led us
to (60) and ultimately to the incorrect result (62).

However, in reality, we do not need to dwell on this. Our
efforts do not mean that the concept of PEE is useless. In
fact, looking at (46), if we replace the basic objects that
characterize entanglement with multipartite entanglement
itself, we can still discuss the entanglement structure of the
system and indicate how each component in a specified
region A (whether it is connected or disconnected) con-
tributes to the von Neumann entropy of A through
entanglement with other regions of the system. It just
becomes more nontrivial, and we should not expect to be
able to simply understand partial entanglement entropy as a
simple picture of entanglement between two regions.

B. Entanglement structure from
thread/state correspondence

A good way is to further develop the thread/state
correspondence picture to characterize the entanglement
structure of the holographic quantum system at the level of
dividing it into more elementary regions, so as to obtain a
more refined understanding of the partial entanglement

entropy. We believe that Fig. 7(b) provides an inspiring
attempt in this direction: we can first construct a locking
multiflow for the multipartite system that satisfies (11)
using the method of Sec. III A, where each component flow
is characterized by a two-thread bundle. However, we
should then find a way, like in Fig. 6, to entangle some of
the threads belonging to different two-thread bundles at
“crossing points” to form new n-threads, while giving these
new n-threads a more refined distilled state, such as the
perfect tensor state in Sec. IV.”

Figure 7 is a simplified schematic diagram of this idea,
showing various possible nontrivial ways of entangling
threads: For example, it can be imagined that three threads
belonging to different three-thread bundles intersect at a
point in the bulk, and then these three threads are integrated
and entangled to form a six thread. More generally, three
threads can be allowed to intersect at multiple points rather
than just one, forming a six thread with internal edges.

In summary, we have clearly stated a nontrivial problem:
how to construct these thread entanglement schemes more
generally when dividing the quantum system into more and
more elementary regions, and how to properly characterize
the distilled state dual to these n-threads, so that not only the
correct von Neumann entropy of these elementary regions
themselves, but also that of every connected and discon-
nected composite region involved can be given by the
distilled density matrices in this framework? We believe
that stating this problem clearly is a meaningful step in
exploring the entanglement structure of holographic quan-
tum systems, and our approach provides an inspiring
direction. However, we will leave the more specific schemes
to future work.

VI. CONCLUSIONS AND DISCUSSIONS

This article is a reflection and commentary on the idea of
PEE for fine-graining the holographic entanglement
entropy. It is apparent that the idea of PEE is a typical
product of the philosophy of “the whole equals the sum of
its parts,” while quantum entanglement inherently pos-
sesses the peculiar feature of “the sum of its parts not
equaling the whole.” Specifically, we focus on the CMI
formulation of PEE. As shown in the kinematic space
representation [18,20-23], a more natural way to express a
CMI of the holographic quantum system is to relate it to a
pair of elementary regions in the original space represen-
tation, which is dual to a wedge-shaped region in the
kinematic space. Therefore, our topic can also be reduced

Here, it is appropriate to add a comment. Actually, the scheme
of constructing the complete entropy vector using the “K basis”
described by Eq. (36) is universal for any number of elementary
regions (monochromatic regions) [66]. However, as pointed out
in [24], interpreting a general K ,....o5) component as the number
of threads in a 2s-hyperthread buncgle faces a problem: there is a
possibility of negative values, which forces us to imagine
n-threads with a “negative” number of threads.
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to how to understand the actual physical meaning of such a
kind of correlation of “region pair.” Meanwhile, this work
also provides a tentative definition of PEE based on density
matrices. To our knowledge, the density matrix-based
definition of PEE has not yet been established.

Our work is inspired by the concept of locking bit thread
configurations [25-27,31] and the subsequently developed
thread-state correspondence [22—24]. Since the CMIs one-
to-one match the component flow fluxes in a locking
bit thread configuration [12], our first direct result is to
interpret CMI as bipartite entanglement obtained from the
distillation of the holographic quantum system. However,
we discovered a paradox related to disconnected regions.
Through the picture of thread-state correspondence, we
found that even in the sense of entanglement distillation, if
CMI is simply understood as bipartite entanglement, it is
impossible to consistently characterize the entanglement
entropies of a series of connected and disconnected regions
at the same time. This led us to overcome this difficulty by
introducing multipartite entanglement. In the picture of
thread-state correspondence, this amounts to the introduc-
tion of n-hyperthreads [24,47]. Each n-hyperthread corre-
sponds to a perfect tensor state. Through this introduction
of n-thread/perfect tensor state correspondence, we realized
that in order to characterize the entanglement informa-
tion of disconnected regions, the scheme containing
merely “bipartite correlation“(i.e., the so-called “compo-
nent flows”) must be further refined, such as by modifying
the states of different bundles of 2-threads (which charac-
terize the correlation between two elementary regions) from
direct product states to entangled states.

The introduction of multipartite entanglement can indeed
solve the problem of characterizing the entanglement
entropies of disconnected regions at least in the sense of
entanglement distillation. However, we still found in the

end that trying to integrate this multipartite entanglement
into the PEE = CMI scheme would still lead to a contra-
diction at the whole level, as shown in Eq. (62). Therefore,
we finally reexamined the limitations of the idea of “the
whole equals the sum of its parts.” The idea of decom-
posing the entanglement entropy of a region A into the
contributions of its various components A; may not be
globally applicable to analyzing the entanglement structure
of the entire system and should be viewed as an effective
description of the entanglement structure of local subre-
gions. On the other hand, the concept of CMI, which
represents the “region pair correlation,” is still useful in the
holographic duality, and our exploration suggests that it can
be used as the first step of the holographic entanglement
distillation scheme that can characterize a set of entangle-
ment entropies for all elementary regions and all connected
composite regions. However, we then need to entangle the
different bundles of “pair correlations” to form more
refined multipartite entanglement in order to achieve the
ultimate goal of characterizing all disconnected regions. In
the process of achieving this goal, the idea of the thread-
state correspondence is very useful and enlightening. In
addition to developing the idea of n-thread/quantum error-
correcting code state duality, in fact, in our next series of
preparatory work, we will try to develop the thread-state
duality along another path, that is, to introduce the concept
of quantum superposition of locking multiflow configura-
tion states, in order to further solve the problems indicated
in this paper.
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