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Defect extremal surfaces for entanglement negativity
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We propose a doubly holographic version of the semiclassical island formula for the entanglement
negativity in the framework of the defect AAS/BCFT correspondence where the anti—de Sitter (AdS) bulk
contains a defect conformal matter theory. In this context, we propose a defect extremal surface (DES)
formula for computing the entanglement negativity modified by the contribution from the defect matter
theory on the end-of-the-world brane. The equivalence of the DES proposal and the semiclassical island
formula for the entanglement negativity is demonstrated in AdS;/BCFT, framework. Furthermore, in the
time-dependent AdS;/BCFT, scenarios involving eternal black holes in the lower dimensional effective
description, we investigate the time evolution of the entanglement negativity through the DES and the
island formulas and obtain the analogs of the Page curves.
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I. INTRODUCTION

From the past few decades, the study of the black hole
information loss paradox has led to several key insights
about semiclassical and quantum gravity. Recently, tremen-
dous progress has been made towards a possible resolution
of this paradox which involves the appearance of regions
termed “islands” in the black hole geometry at late times
[1-6]. This leads to the Page curve [7-9], which indicates
that the process of black hole formation and evaporation
follows a unitary evolution. The appearance of the islands
stems from the late time dominance of the replica wormhole
saddles in the gravitational path integral for the Rényi
entanglement entropy. The resultant island formula was
inspired by the advent of quantum extremal surfaces (QES)
introduced earlier, to compute the quantum corrections to
the holographic entanglement entropy [10-13]. In this
connection, in [1,3,5,6] a quantum dot [e.g. the Sachdev-
Ye-Kitaev (SYK) model] coupled to a CFT, on a half line
was regarded as the holographic dual to a 2-dimensional
conformal field theory (CFT) coupled to semiclassical
gravity on a hybrid manifold." For such 2-dimensional
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'In such holographic dual theories, the hybrid manifold on
which the CFT is defined consists of a flat bath along with a
curved geometry with dynamical gravity.
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conformal field theories coupled to semiclassical gravity,
the island formula involves the fine-grained entropy of the
Hawking radiation in a region R, obtained through the
extremization over the entanglement entropy island region
I(R) and is expressed as follows:

S[R] = min ext Arcalol (R))

RUI(R
ext| 2EE S SR UIR)) |,

(1.1)

where Gy is the Newton’s constant and S, (X) corresponds
to the effective semiclassical entanglement entropy of
quantum matter fields located on X. For recent related
works, see Refs. [14—121].

A natural description for the island formulation was
provided through a double-holographic framework [ 1] where
the d-dimensional conformal field theory coupled to semi-
classical gravity may be interpreted as a lower-dimensional
effective description of a bulk (d + 1)-dimensional theory of
gravity. In this scenario, the d-dimensional conformal field
theory is considered to possess a dual bulk (d + 1)-dimen-
sional gravitational theory in the AdS,.;/CFT, framework.
In the double holographic picture the computation of the
entanglement entropy through the island formula in the
lower-dimensional theory reduces to its holographic charac-
terization through the Ryu-Takayanagi (RT) formula [10,11]
in the bulk dual AdS,;, ; geometry. This may be understood as
a realization of the ER = EPR proposal [122] where the
island region in the black hole interior is contained within the
entanglement wedge of the radiation bath through the double-
holographic perspective.

On a separate note, CFT,s on a manifold with a boundary,
termed as boundary conformal field theories (BCFT,s)
[123] have received considerable attention in the recent
past. The holographic dual of such BCFT,s [124—128]
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involves an asymptotically AdS; spacetime truncated by an
end-of-the-world (EOW) brane Q@ with Neumann boundary
condition. An extension of this AdS;/BCFT, duality
studied in [45], involved additional defect conformal matter
on the EOW brane Q which resulted in the modification of
the Neumann boundary condition. The entanglement
entropy of an interval in this defect BCFT, was also
computed in [45,94] through a modification of the quantum
corrected RT formula. This was termed as the defect
extremal surface (DES) formula as it involved contributions
from the defect conformal matter fields. Interestingly, this
DES formula has been proposed to be the doubly holo-
graphic counterpart of the island formula in the context of
the defect AdS;/BCFT, scenario [45]. The authors in [45]
compared the entanglement entropy computed through the
DES formula in the 3d bulk geometry with that computed
through the island formula in the effective 2d description
and found an exact agreement. Subsequently, the time
dependent AdS;/BCFT, scenario was studied in [94],
where in the effective 2d description, an eternal black hole
emerges on the EOW brane. The entanglement entropy for
the Hawking radiation from the eternal black hole, obtained
through the DES formula reproduced the Page curve and
was consistent with the island proposal.

The fine grained entanglement entropy is a viable
measure of entanglement for bipartite pure states. For
configurations involving bipartite pure states in black hole
geometries, the island proposal in the effective picture or
the DES formula in the doubly holographic scenario
correctly encode the entanglement structure of the
Hawking radiation. However, entanglement entropy fails
to characterize the structure of entanglement for bipartite
mixed states as it receives contributions from irrelevant
classical and quantum correlations. For such cases involv-
ing bipartite mixed states, it is required to consider
alternative mixed-state correlation or entanglement mea-
sures. Several of such correlation and entanglement mea-
sures like the reflected entropy [129,130], the entanglement
negativity [131,132], the entanglement of purification
[133,134] and the balanced partial entanglement entropy
[135,136] have been studied in the literature.

In this context, the crucial issue of characterization of the
entanglement structure of bipartite mixed states was
addressed in [63] through the computation of the reflected
entropy in the time dependent framework involving an
eternal black hole in the AdS;/BCFT, scenario. The
authors proposed a 3d bulk DES formula for the reflected
entropy and compared their results with the 2d effective
field theory computations involving islands. They obtained
the analogs of the Page curves for the reflected entropy and
demonstrated the appearance of islands at late times.

The above developments bring into sharp focus the
crucial issue of the characterization of the mixed-state
entanglement structure of the Hawking radiation from
black holes. In this context, the nonconvex entanglement

monotone termed the entanglement negativity [131,132]
serves as a natural candidate to investigate the entangle-
ment structure of such mixed states. The entanglement
negativity has been explored in conformal field theories
[137-139] through appropriate replica techniques.2
Subsequently several holographic constructions for com-
puting the entanglement negativity in the context of the
AdS/CFT correspondence was advanced in a series
of interesting works® in [143-156] which reproduced the
field theoretic results in the large central-charge limit
[141,157,158]. Interestingly, in [159-163], an alternative
holographic proposal based on the bulk entanglement
wedge cross section (EWCS) was also investigated. In
this connection, an island formulation for the entanglement
negativity was recently established in [164] following a
similar island construction for the reflected entropy devel-
oped in [26,27].* Furthermore, a geometric construction
based on the double holographic framework was discussed
qualitatively in [164] and subsequently investigated in
[165] through a partial dimensional reduction [103] of
the 3d bulk space time. In this article, we generalize these
doubly holographic scenarios to the framework of AdS/
BCFT with defect conformal matter on the EOW brane. We
propose a DES formula for computing the bulk entangle-
ment negativity in asymptotically AdS; geometries trun-
cated by an EOW brane. Furthermore, we demonstrate the
equivalence of the DES results with the corresponding
island computations for the entanglement negativity of
bipartite mixed states in both static and time-dependent
configurations involving black hole/bath systems in the
effective lower dimensional theory.

The rest of the article is organized as follows. In Sec. II,
we recollect various aspects of the DES formula for the
entanglement entropy and the corresponding effective
lower dimensional picture involving the entanglement
islands. In Sec. III, we provide the island construction
for the entanglement negativity [164], and propose the DES
formulas for computing the bulk entanglement negativity
for disjoint and adjacent subsystems on the conformal
boundary of asymptotically AdS; geometries with defect
conformal matter on the EOW brane. In Sec. IV, we
compute the entanglement negativity for disjoint and
adjacent intervals in a static time slice of the conformal
boundary. Beginning with a brief review of the eternal
black hole configuration in the 2d effective semiclassical
picture, we describe DES and island computations for the
entanglement negativity between interior regions of the

“For an extension of this replica technique in the Galilean
conformal field theories, see Ref. [140].

3For analogs of these proposals in the context of flat holog-
raphy, see Refs. [141,142].

*Note that, [164] also provided an alternative island formu-
lation for the entanglement negativity which generalizes the
proposals in [159-163] in terms of the generalized Rényi
reflected entropy of order one half.
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black hole, between the black hole and radiation in the bath
region, and between radiation segments, and demonstrate
the equivalence of the two formulations in Sec. V. In
Sec. VI, we summarize our results and comment on
possible future directions. Additionally, in Appendix, we
have obtained the entanglement negativity in the effective
semiclassical description utilizing the alternative island
proposal (cf. footnote 4) advanced in [164] for certain
bipartite configurations in the static AdS/BCFT model.

II. REVIEW OF EARLIER LITERATURE

In this section, we will briefly recall the salient features
of the holographic model under consideration. We first
review the AdS/BCFT scenario [124] modified through the
inclusion of conformal matter on the end-of-the-world
(EOW) brane which was proposed in [45,94]. Following
this, we describe the defect extremal surface formula [45]
for computing the entanglement entropy in the bulk
AdS geometry truncated by the EOW brane. We will also
briefly elucidate the effective 2d description of the model
and the semiclassical island formula for computing the
entanglement entropy of a subsystem in the effective
description.

A. AdS;/BCFT,

As described in [124,125] the bulk dual of a BCFT,
defined on the half line x > 0 is given by an AdS; geometry
truncated by an EOW brane Q with Neumann boundary
conditions. The gravitational action of the bulk manifold A/
is given by

I:/N\/—_g(R—2A)+2A\/—_h(K—T), (2.1)

where h,;, is the induced metric, K is the trace of the
extrinsic curvature K ,;, on the EOW brane Q with a tension
T. The Neumann boundary condition on the EOW brane is
given as K, = (K — T)h,,,. The 3d bulk geometry may be
described by two sets of relevant coordinate charts, (z, x, z)
and (¢, p,y), which are related through

x =y tanh <§> z = —ysech (g) (2.2)

The bulk metric in these coordinates is given by the
standard Poincaré slicing, as follows:

—dr* + dy?
ds®> = dp* + cosh? <;) #
y
2

4
== (=d?> + dx* + dz?),

where 7 is the AdS; radius. In the Poincaré slicing5
described by the (¢, p,y) coordinate chart the EOW brane
is situated at a constant p = p, slice and the induced metric
on the brane is given by that of an AdS, geometry [124].

An extension to this usual AdS;/BCFT, framework was
proposed in [45] where one essentially begins with an
orthogonal brane with zero tension and through the
addition of conformal matter onto it, turns on a finite
tension. The Neumann boundary condition on the EOW
brane Q is modified by the stress tensor of this defect CFT,.
The EOW brane Q is then treated as a defect in the bulk
geometry.

B. Defect extremal surface

For the modified bulk picture with defect conformal
matter on Q, the entanglement entropy of an interval A in
the original BCFT, involves contributions from the defect
matter, and the usual RT formula [10] is modified to the
DES formula [45,94] given as

R A(Ty)
SDES(A)_m{_I;gXt 1G,

+ Sdefect(D) ’

X=I'ynD, (2.4)
where I'4 is a codimension two extremal surface homolo-
gous to the subsystem A and D is the defect region along
the EOW brane Q as depicted in Fig. 1.

For an interval A = [0, L] in the BCFT,, the generalized
entanglement entropy corresponding to a defect D =
[—a, 0] on the brane CFT, may be computed through the
DES formula as follows® [45]:

AT
Sgen(a) = 4(G;:) + Sdefect([_av 0])
£ o [(Lasin 60 + (a cos 002
4Gy 2ea cos b

c 27
+6log <€y o8 90>, (2.5)
Note that the defect contribution to the generalized entropy
is a constant which implies that the defect extremal surface
is same as the RT surface for the subsystem A.
Extremization with respect to the position a of the defect

leads to the entanglement entropy of the subsystem A as
follows:

A convenient choice for a polar coordinate is 6=
arccos [sech(%)], which determines the angular position of the
brane from the vertical as shown in Fig. 1.

Note that we are using the standard geodesic length formula
for Poincaré AdS; instead of the AdS/BCFT techniques em-
ployed in [45,94] as both the procedures lead to the same answer
and are therefore complementary.

106005-3



BASU, PARIHAR, RAJ, and SENGUPTA

PHYS. REV. D 108, 106005 (2023)

Q v X=DnNnIy
Yy z
FIG. 1. Schematics of the defect extremal surface for the

entanglement entropy of a subsystem A. Figure modified
from [45].

Cc

2L
log( — tanh~! (sin 6,
6[og(€>+an (sin8y)

+1 20
0
g e,cos6y) |’

where both the central charges of the original BCFT and the
defect CFT, are taken to be equal7 to c.

We would like to note that the model discussed in this
article differs from the typical Karch-Randall (KR) models.
In the usual KR braneworld models, the EOW brane has a
high tension and is therefore pushed towards the asymptotic
boundary of the bulk spacetime, causing the AdS isome-
tries on the brane to act as conformal transformations
[35,36,51]. For such cases, the brane contains a copy of the
same CFT (defined by the Polyakov action for the gravity
theory on the brane) as that on the asymptotic boundary. In
the present work, we have instead maintained the EOW
brane at a finite tension, and as a result, it has no inherent
CFT. The defect conformal matter has been incorporated on
the EOW brane, to provide a 2d perspective consistent with
the QES formulation. Subsequently, the effective 2d brane-
world description is achieved by combining a partial
Randall-Sundrum reduction and the typical AdS/BCFT
duality [45], which leads to a BCFT on a half line coupled
to a dynamical EOW brane containing defect matter.

SDES([O» L]) =

(2.6)

C. Effective description and boundary
island formula

The lower-dimensional effective semiclassical theory for
the bulk configuration described above may be obtained
through a combination of a partial Randall-Sundrum

"Note that the equality of the two central charges is essential to
relate the present bulk description to the effective 2d island
scenario which involves a single CFT, on the complete hybrid
manifold. On the other hand, for different central charges of the
BCFT on the asymptotic boundary and the defect CFT, on the
brane, a generalization of the island formula will be required even
when two interacting CFTs are considered.

reduction [166,167] and the usual AdS/BCFT duality
[168]. As described in [45,63,94], this is implemented
by dividing the AdS; bulk into two parts through the
insertion of an imaginary codimension one surface Q'
orthogonal to the asymptotic boundary, with transparent
boundary conditions. The portion of the bulk enclosed
between Q and @' is dimensionally reduced along the p
direction using a partial Randall-Sundrum reduction
thereby obtaining a effective 2d gravitational theory
coupled with the matter CFT, on Q. On the other hand,
the rest of the bulk is dual to the original BCFT, on the half
line x > 0 from the usual AdAS/BCFT duality. The trans-
parent boundary conditions along Q' naturally glues the
gravity theory on Q and the BCFT, on the half line x > 0,
leading to an effective 2d semiclassical theory on a hybrid
manifold, similar to that considered in [1,3].

In the effective semiclassical description described
above, one may utilize the island formula [1,3] to compute
the entanglement entropy. For a subsystem A = [0, L] in the
flat CFT, on the asymptotic boundary, an island region
I, = [—a, 0] appears in the gravitational sector on the EOW
brane Q. The entanglement entropy is obtained by extrem-
izing the generalized entropy functional as

dey = e()l(then (a) = ezz(t['A(y = _a) + Smalter([_a7 LD]

c c 4L?
= —tanh™!(sin 6, —log( ———|. 2.7
6" (sinfo) + 6 ¢ (6 €, COS 90> 27)

The first term in the above expression is due to the constant
area of the quantum extremal surface in the AdS;/BCFT,
framework, given as [45]

¢
A(3l,) = 4% - mtanh-l (sin ),

(2.8)
where 6 is the angle of the EOW brane with the vertical. It
is observed from the above that the island formula leads to
the same expression for the entanglement entropy as the
DES result in Eq. (2.6). In other words, the DES formula
may be considered as the doubly holographic counterpart
of the island formula in the defect AAS/BCFT framework.

D. Entanglement negativity

In this subsection, we will briefly review the salient
features of the mixed-state entanglement measure termed
the entanglement negativity and its holographic characteri-
zation in the context of AdS;/CFT, scenario. In a seminal
work [131], Vidal and Werner introduced the computable
mixed-state entanglement measure, the entanglement neg-
ativity which is defined as the trace norm of the density
matrix partially transposed with respect to one of the
subsystems. In [137-139], replica techniques were devel-
oped to obtain the entanglement negativity for subsystems
in CFT, s which involved the even parity n, of the replica
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index. The entanglement negativity was obtained through
the analytic continuation of the replica index n, — 1 as
follows:

€ = lim log Tr(p%)", (2.9)

where the superscript 7'z denotes partial transposition with

respect to the subsystem B. The trace Tr(pi%)”f may be
expressed as a twist-field correlator in the CFT,, corre-
sponding to the bipartite state under consideration. As an
example, we consider the generic bipartite mixed state of
two disjoint intervals A = [u;,v;] and B = [u,, v,] in a
CFT,. The trace Tr(pi%)”f is then given by the following
four-point correlator of twist fields,

Tr(pah)™
= <Tnﬂ (ul)Tng (Ul)Tne (MZ)Tne (02)>CFT®”6 ’

where the twist fields 7, and ’]_’nﬂ are primary fields with
conformal dimensions

c 1
A, =— - .
" 12 (ne ne)

Subsequently, in a series of works [144—146,151], several
holographic proposals for the entanglement negativity were
proposed for specific bipartite mixed states. These propos-
als involved appropriate algebraic sums of the lengths of
codimension two bulk-static minimal surfaces homologous
to various subsystems describing the mixed state. In
particular, for two disjoint intervals A and B sandwiching
another interval C in a CFT,, the holographic entanglement
negativity may be obtained geometrically in the context of
the AdS;/CFT, correspondence as follows [151]:

(2.10)

(2.11)

3
E(A:B) = ——(Lac + Lpc — Lc = Lage)

2.12
16Gy (2.12)

where Ly denotes the length of the extremal curve
homologous to subsystem X. The configuration of two
adjacent intervals A and B may be obtained through the
limit C — @ of the above, and the holographic entangle-
ment negativity is given as [146]

3
5(AB) = —(EA + ‘CB — EAB)'

2.13
16G (2.13)

Note that, these proposals have further been extended to
various other holographic frameworks including flat holog-
raphy [141], anomalous AdS/CFT [156] as well as higher-
dimensional scenarios [147,153-155].

We would also like to mention here that an alternative
holographic proposal for entanglement negativity was
forwarded by the authors of [159] based on the bulk
entanglement wedge cross section. This proposal was

further refined and was stated in terms of the Rényi
reflected entropy as follows [160]:

E(A:B) = %ng(A:B). (2.14)
For the special class of subsystems in holographic CFT s
involving spherical entangling surfaces, the backreaction
on the geometry is accounted for by a dimension dependent
constant X'y, which for a 3-dimensional bulk is given by
X 2 = %

On a related note, the authors in [169] established an
inequality between the reflected entropy and the mutual
information in terms of the fidelity of a Markov recovery
process related to the purification of the mixed state under
consideration. This difference between the reflected
entropy and the mutual information was termed as the
Markov gap which turned out to be constant at the leading
order. It was geometrically shown to be described in terms
of the numbers of nontrivial boundaries® of the EWCS. In
several earlier works [145,146,151], the holographic entan-
glement negativity has also been related to the holographic
mutual information which implies that the above alternative
proposal for the holographic entanglement negativity in
terms of the Rényi reflected entropy should also be
modified to incorporate this Markov gap.

III. DEFECT EXTREMAL SURFACE
FOR ENTANGLEMENT NEGATIVITY

In this section, we propose the defect extremal surface
formula for the entanglement negativity in the AdS/BCFT
models which include defect conformal matter on the EOW
brane [45,63,94]. To begin with, we recall the semiclassical
QES formula for the entanglement negativity involving
entanglement islands in the lower-dimensional effective
picture discussed earlier. As described in [164,165], the
QES proposal for the entanglement negativity between two
disjoint intervals in the effective boundary description is
given by”"°

EY(A:B)

= min

3
5 | (AL + AQL) = AQL)

+EMAUI,: BUIB)], (3.1)

¥Note that trivial boundaries of the bulk EWCS are those
which end on the boundary of the spacetime [169].

Note that, in this article, we use the nomenclature boundary
description and lower-dimensional effective description inter-
changeably.

See Appendix for discussion about the island prescription for
entanglement negativity through the alternative proposal de-
scribed in Eq. (2.14).
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Yy

FIG. 2. Schematics of the quantum extremal surface for the
entanglement negativity between two disjoint intervals A and B,
where /4 and I are the entanglement negativity islands satisfying the
constraint I, U Iz = I(A U B). The island cross section is given by
I' = 0I, n 0l . In the double holographic picture described in [164],
the 3d bulk entanglement wedge cross section ending at the point I"
on the EOW brane Q splits the entanglement wedge corresponding to
A U B into two parts A and B. Figure modified from [63].

where [, and Iy are the entanglement negativity islands
corresponding to subsystems A and B, respectively. The
entanglement negativity islands obeys the condition
I, Ulg =1(A U B), where I(A U B) denotes the entangle-
ment entropy island for A U B, as illustrated in Fig. 2.
Furthermore, the extremization in the QES formula is
performed over the location of the island cross section
I'=0l, N dlg. In this context, utilizing the constraint
I, Ulg =1(AU B), the algebraic sum of the area con-
tributions in Eq. (3.1) may be reduced to that corresponding
to the island cross section I'. Hence, the QES formula may
be expressed as [164]
£5495 (A B) — min Ext|—— A(T' = oI, ol )

r |8Gy

+EMAUI: BUIR)|. (3.2)

Inspired by the holographic characterizations for the
entanglement negativity described earlier, we now propose
DES formulas to obtain the entanglement negativity in the
doubly holographic framework of the defect AdS;/BCFT,
scenario. In the presence of the bulk defect theory, the
entanglement negativity for a bipartite mixed state p,p in
the dual BCFT, involves corrections from the bulk matter
fields. Following [12,13], the effective matter contribution
is given by the bulk entanglement negativity between the
regions A and B which are obtained by splitting the
codimension one region dual to p,p via the entanglement
wedge cross section.!" For the bipartite mixed-state

"Note that a defect extremal surface formula for the reflected
entropy was developed in [63] utilizing a similar construction.
Furthermore, the authors in [63] demonstrated the equivalence of
the DES and QES formulas for the reflected entropy in the
framework of defect AdS;/BCFT,.

A B

Ia
r
I
Q
y
FIG. 3. Schematics of the defect extremal surfaces for the

entanglement negativity between two disjoint intervals A and B.
I, and I denote the entanglement negativity islands correspond-
ing to A and B, respectively. The interval C sandwiched between
A and B does not have an island.

configuration described by two disjoint intervals A and
B in the dual CFT,, the 3d bulk dual DES formula for the
entanglement negativity is therefore given by

EPIK(A: B) = min Ext

166y (L(yac) + L(rsc)

= L(rc) = L(ranc)) + ET(AB)|. (3.3)

where L(yy) is the length of the bulk extremal curve
homologous to the interval X on the boundary CFT, as
illustrated in Fig. 3 and £(A:B) denotes the effective
entanglement negativity between the quantum matter fields
inside the bulk regions .4 and B. The bulk effective term in
Eq. (3.3) reduces to the effective entanglement negativity
between the entanglement negativity islands 7, and /3 on
the EOW brane as the conformal matter is present only on
the EOW brane.'* Note that if the intervals are far away
such that their entanglement wedges are disconnected, the
contributions coming from the combination of bulk
extremal curves vanishes identically due to phase transi-
tions to other entropy saddles [152].

The DES formula for two adjacent intervals A and B in
the bulk description may be obtained from Eq. (3.3)
through the limit C - @ as follows:

9K (A: B) = min Ext[ (L(ra) + Lrs) - L(7az)

3
r |16Gy

+ EM(A: B)} : (3.4)

"Note that due to the localization of the quantum matter only
on the EOW brane for the present scenario of defect
AdS;/BCFT,, the choice of the bulk regions .4 and B is not
unique. However any difference with the present proposal is only
expected to be observed at the subleading order in c. See also the
discussion in Sec. VL.
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In the following we will compute the entanglement
negativity for various bipartite mixed states in a defect
BCFT, through the island and the DES formulas and find
exact agreement between the bulk and the boundary
results.

IV. ENTANGLEMENT NEGATIVITY
ON A FIXED TIME SLICE

A. Two disjoint intervals

In this subsection we focus on the computation of the
entanglement negativity for the bipartite mixed state of two
disjoint intervals A = [b;, b,] and B = [b3, oo] on a static
time slice in the defect AdS;/BCFT, framework. There are
three possible phases for the entanglement negativity for

|

geff(A:B U IB) = r}él—H}l log[(eyﬂ(—b3))A"e <Tnp (bl)TnF (bZ)Tn” (bS)Tn” (_b3)>

this mixed-state configuration based on the subsystem
sizes, which we investigate below.

1. Phase-1

Boundary description. In this phase, the interval C sepa-
rating the two disjoint intervals A and B is large"” and the
interval A is small enough such that it does not possess an
entanglement entropy island. Consequently, there is no
nontrivial island cross section on the EOW brane as shown
in Fig. 4. Hence I' = @, and the area term in the QES
formula Eq. (3.2) vanishes, namely A(I") = 0.

The effective semiclassical entanglement negativity in
this phase may be obtained through a correlation function
of twist operators located at the endpoints of the intervals as
follows:

CFT®"e ]

~ lim log[(e,Q(=b3))*(T, (b:1)T,, (b2)), (T,,(b3)T,,(=b3)), ]

n,—1

=0,

where €, is the UV cutoff on the EOW brane Q and the
warp factor Q is given by [45]

b cos 0,

y (4.2)

A5t = Q20)dshy,  Q(=by) =]

In the second equality of Eq. (4.1), we have factorized the
given four-point function utilizing the corresponding oper-
ator product expansion (OPE) channels. Consequently, in
this phase the total entanglement negativity for the two
disjoint intervals in the boundary description is vanishing.

Bulk description. The dual bulk description for this phase
has a disconnected entanglement wedge and hence we have
I' = @ similar to the boundary description. Furthermore, as
the bulk matter fields are only localized on the EOW brane
Q and A has no corresponding island, the effective
entanglement negativity between bulk quantum matter
fields also vanishes as follows:

EM(A:B) = &M (@i 1) =0. (4.3)
Hence, in the bulk description the holographic entangle-
ment negativity is entirely given by the contribution from
the areas of the defect extremal surfaces. The lengths of the
bulk DES homologous to various subsystems are given by

Lac =Ly + L3,
;Cc - £2 + £3,

Lage = Ly + Ly. (4.4)

e ne

(4.1)

Now utilizing the bulk DES formula for the entanglement
negativity for two disjoint intervals in Eq. (3.3), we obtain

Ebulk<A:B) = (‘CAC+£BC_£C_£ABC> =0. (45)

16Gy

Therefore, the boundary and bulk description match trivi-
ally, leading to a vanishing entanglement negativity in this
phase. Disconnected entanglement wedge for this configu-
ration consequently implies a perfect Markov recovery
process and a vanishing Markov gap.

2. Phase-I1

Boundary description. Next we turn our attention towards
the phase where the interval A is small and still does not
possess an island, but unlike earlier the interval C sand-
wiched between A and B is also small and therefore does not
lead to an entanglement entropy island as well (cf. foot-
note 13). Consequently, the entanglement wedge for A U B
is connected and the boundary of the semi-infinite island
region is determined by the endpoint b, of the interval A. In
this phase, there is no nontrivial island cross section as
depicted in Fig. 5 and hence the area term in Eq. (3.2)
vanishes identically. On the other hand, the effective
semiclassical entanglement negativity is given by

“Note that, in this phase the interval C has an entanglement
island. In the bulk description, this corresponds to a disconnected
entanglement wedge for A U B.

106005-7



BASU, PARIHAR, RAJ, and SENGUPTA

PHYS. REV. D 108, 106005 (2023)

A C B

Tne (b1) Tn.(b2) Tn. (b3)

(a)

A C B

L3

(b)

FIG. 4. Schematics of the (a) QES and (b) DES perspective for the defect extremal surface for the entanglement negativity between

two disjoint intervals A and B in phase-I.

A C B
T (01) Too(b2) T, (b3)

T(=b1)

(a)

FIG. 5.
two disjoint intervals A and B in phase-IIL.

Eeff(A:B Ulp) = nhr_n)l log[<€y9(—b1))A”“ <Tne(_bl)Tng(bl),]_—ng(bZ)/]——ng<b3)>CFT®”e]'

As described in [151,152,157], for the t-channel where the
intervals A and B are in proximity of each other (cross-ratio
x — 1), in the large central-charge limit the above four-
point correlation function of the twist operators has the
following form:

where the conformal dimension A corresponding to the
dominant Virasoro conformal block, and the cross-ratio x
are given as

~ c (n, 2 (bz—b])(b3+b1)
A=—|——-—], x= . 4.8

( ) (by + by) (b3 = by) (48)
We may now obtain the entanglement negativity for this

phase in the boundary description by substituting Egs. (4.7)
and (4.8) in Eq. (4.6) to be

b A b, Coy B

[k

(b)

Schematics of the (a) QES and (b) DES perspective for the defect extremal surface for the entanglement negativity between

(4.6)

bay (4 - Ry — oo | (L1 52) (b3 — by)
E*Y(A:B) 4log 35, (bs — by)

(4.9)

Bulk description. From the bulk perspective, in this phase
the entanglement wedge corresponding to A U B is con-
nected. However, as the interval A does not have an island,
the minimal entanglement wedge cross section does not
meet the EOW brane Q resulting in a trivial island cross
section I' = @. Hence, the effective entanglement nega-
tivity between the bulk quantum matter fields vanishes
similar to Eq. (4.3). The bulk entanglement negativity
consists of the contributions from the combination of the
defect extremal surfaces as depicted in Fig. 5(b). Now
utilizing Eq. (3.3), we may obtain the entanglement
negativity between A and B in this phase as follows:

3
16Gy,

Evlk(A:B) = (L3 + (Lo + Ls) = L4y — (L1 + Ls)]

3
— 2 (Lo + Ly Ly — Ly).

_ 4.10
16Gy (4.10)

106005-8



DEFECT EXTREMAL SURFACES FOR ENTANGLEMENT ...

PHYS. REV. D 108, 106005 (2023)

In the framework of defect AdS;/BCFT, [45,63,94], it was
observed that the defect extremal surfaces have the same
structure as the corresponding RT surfaces since the
contribution from the defect matter fields turned out to
be constant. The lengths of the defect extremal surfaces L3
and £, in Eq. (4.10) are given by [10,124]

L3 =2¢log (b3 _b1>, £4:2flog<m>, (4.11)
€ €

where € is a UV cutoff in the dual BCFT,. As described
in [45,94], the length of the defect extremal surface L,
ending on the brane Q is given by

2b
Ly =7 log (—1) + ¢tanh~!(sinfy).  (4.12)
€
Furthermore, the length of the defect extremal surface £,

may be obtained as follows [10]:

(by + by sin6y)? + (b cos6)?
2¢(by cosby)

L, = ¢ cosh™! { ] (4.13)
Note that, in this phase the interval A is very small and

therefore we may approximate the above length in the
following way:

L, = £ cosh™! (b% + b? + 2b, b, sin 90>

[y

2 _ 2
+f10g<%).
1

(4.14)

Now utilizing the identity cosh™' x + cosh™! y = cosh™!

(xy + 1/ (x*> = 1)(y* = 1)) we finally obtain
L (3t b3~ bi
L, = f{cosh : (b% — b%) +10g< eb, )
1
h—l
+eos (cos Hoﬂ

2
— ¢ log (@) + ¢tanh~! (sin6,).  (4.15)
€0

Substituting Eqs. (4.11) and (4.15) in Eq. (4.10) we may
now obtain the entanglement negativity between A and B in
the bulk description as follows:

ER(A:B)

3¢ I {(lh + by) (b3 — by) (4.16)

T 4Gy 2| 2by(bs —by)

Upon employing the Brown-Henneaux formula [170], we
observe an exact matching with the island result in Eq. (4.9).
Note that the above result is consistent with the geo-
metric interpretation of the Markov gap as has explicitly
been shown in Appendix A I through computation of the

entanglement negativity by utilizing the alternative proposal
in Eq. (2.14).

3. Phase-I11

Boundary description. In the final phase both the intervals
A and B are large enough to posses entanglement islands
I, =]—a,—d| and Iz = [—d', —0], respectively. They are
also considered to be in proximity such that they have a
connected entanglement wedge as shown in Fig. 6.
The area term in Eq. (3.2) for the island cross section
I'=0I, N dly is then given as [45,63,94]

A(T) = 2 tanh~1 (sin ).

4.17
4Gy ( )

The semiclassical effective entanglement negativity may
be obtained in terms of the following five-point twist
correlator

EM(AUI,: BUly)
= lim log[(e,Q(~a))* (€,Q(—a'))™

(T, (b)T,,(=a)T,, (b)) T (=a') T, (b3))

crrene
(4.18)

where ¢, is a UV regulator on the AdS, brane Q and the
warp factor Q(—a’) is given in Eq. (4.2). The five-point
twist correlator in Eq. (4.18) has the following factorization
[164] in the corresponding OPE channel

(T, (b)T ()T, (b2)T; (=) T, (b3))
~ <Tn(, (b )Tne (—a)) <Tne (bz)Tﬁe (—a')j—ne (b3))
_ 1 C1, 13,1,
(@) (hy @)D (by ) (by — by)PBne B
(4.19)
A C B

T (b1)  Tao(b2) Ta.(b3)

FIG. 6. Schematics of the quantum extremal surface for the
entanglement negativity between two disjoint intervals A and B in
phase-II1. In this phase, we have a nontrivial island cross section
on the brane at coordinate a’'.
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where Ane and A,(Z) are the conformal dimensions of the
twist operators 7, and 73 , respectively, and are given as
[137,138]

c 1 @ _c¢(n, 2
A, =—[1-— A =——=——-—). (42
e 12< ne>’ ¢ 6(2 n, (4.20)

Note that the point a on the brane is determined by the DES
for the subsystem A to be a = b; [45]. Therefore, by
utilizing the contractions in (4.19) along with the areas term
in Eq. (4.17), we may obtain the generalized negativity in
the boundary description from Eq. (3.1) to be

f(b2 + a’)(b3 + (1/)
dl(b3 - b2)€y COS 90 '
(4.21)

28142 = fantt s ) + g

The extremization with respect to the island cross section I'
with the coordinate @’ on the brane leads to

6a/5ggl}; =0 = a/ == \/ b2b3.

Substituting this into Eq. (4.21), we may obtain the total
entanglement negativity between A and B in phase-III from
the boundary description to be

4
1 . 4.23
log (ey cos 9())] (423)

(4.22)

Bulk description. The bulk description in phase-III consists
of a connected entanglement wedge and the minimal cross
section ends on the EOW brane. The configuration is
sketched in Fig. 7. Since the bulk quantum matter is
entirely situated on the EOW brane, the effective

by A‘

,Ch B

FIG. 7. Schematics of the defect extremal surface for the
entanglement negativity between two disjoint intervals A and
B in phase-III. In this phase, the EWCS ends on the island cross
section I on the EOW brane.

entanglement negativity between the bulk quantum matter
fields in the bulk regions .4 and B reduces to the effective
matter negativity between the corresponding island regions
1 A and [ B>

EM(A:B)
= geff(IA . IB)

= 1im log[(e,Q(—a")) (T, (~=b)T2 (=d'))

n,
n,—1 BCFT®" ] ’

(4.24)

where €, is the UV cutoff on the EOW brane and Q is the
conformal factor as given in Eq. (4.2). Utilizing the
doubling trick [123,127] the above two-point function in
the defect BCFT, may be reduced to a four-point correlator
of chiral twist fields in a CFT, defined on the whole
complex plane. As described in [127], the four-point
correlator in the chiral CFT, has two dominant channels
depending on the cross-ratio as follows:
() BOE channel: In this channel the two point corre-
lator factorizes into two one-point functions in the
BCFT, as follows:

(T, (b)T5, (=d)

. e BCFT®"e
= <Tne (=bi )>BCFT®"e <Tie (_a/)>BCFT®”e

(2
et

= —y . (4.25)
(2b1) (2a)

Therefore, the effective bulk entanglement negativ-
ity in this phase is given by

c 2¢
geff(IA: IB) zzloge COSQO.
y

(4.26)
Note that this effective entanglement negativity is
equal to the Rényi entropy of order one half for the
interval 1, (or Iz) which is consistent with the
expectations from quantum information theory.

(II) OPE channel: In this channel, the two-point corre-
lator of twist fields on the BCFT, reduces to a three-
point correlator of chiral twist fields on the full
complex plane as follows [63,123,127]:

<Tnl, (_bl)j—%e(_al)>3cm®ng
= <Tne(—b1)7ng(b1)73g<—a/)>cm®ne
Cr 5
T a 2 ZZQT%TW AP op (4.27)
(Cl - bl) e (2b1) e e

Therefore, the effective bulk entanglement negativ-
ity in this channel is given by
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EM(1,: Ig) =—log

c £(a” —b?)
4

} . (4.28)

a'bye, cos 6

As shown in Fig. 7, the contribution to the bulk
entanglement negativity from the defect extremal surfaces
homologous to different combinations of subsystems is
given by

3
(Lo + Ly = L)

16Gy,
_ 3¢ cosh-! (by + d'sin6y)? + (d’ cos b,)?
16Gy 2¢(a’ cos Oy)
+ cosh™! (b3 + d' sin 9(3)2 + (d’ cos 0,y)?
2¢(a’ cos 6y)

(4.29)

_210g<M>],
€

The entanglement negativity between the disjoint intervals
A and B is obtained by extremizing the generalized
negativity over the position of the island cross section I'.
For the OPE channel of the effective bulk entanglement
negativity there is no extremal solution while for the BOE
channel we obtain

0,80 — 0 = o' = \/bybs. (4.30)

Substituting this and utilizing the proximity limit b3 — b,
in the intermediate step, we obtain the entanglement
negativity between A and B in the bulk description as
follows:

ghulk _ 3¢ cosh~! by 4 bz 4 2+/byb3 sin
16Gy (b3 — by) cos O

+ E10 ‘
4 & €,c08 6
3¢ Vby++/b 1
= log 31 Vo +cosh™ | ——
16GN \/b3 - \/bz COSH()
c 4
—1 . 4.31
+ 48 <ey cos 90> (431)

The above expression for the holographic entanglement
negativity matches exactly with the QES resultin Eq. (4.23)
obtained through the island formula Eq. (3.1). This pro-
vides yet another consistency check of our holographic
construction for the entanglement negativity in the defect
AdS;/BCFT; scenario. We should also note that Eq. (4.31)
is consistent with the geometric computation of the Markov
gap as demonstrated in Appendix A 1.

B. Two adjacent intervals

Having computed the entanglement negativity for con-
figurations involving two disjoint intervals, we now turn
our attention to the mixed state of two adjacent intervals
A =[0,b;] and B = [by, b,] on a fixed time slice in the
AdS;/BCFT, model. The interval A in this case always
possess an entanglement island as it starts from the inter-
face between the EOW brane and the asymptotic boundary.
We however, have two possible phases for this case based
on the size of the interval B which are described below.

1. Phase-1

Boundary description. For this phase, we consider that the
interval B is large enough to posses an entanglement island
described as I in Fig. 8. The area term in Eq. (3.2) for the
point I' = 0l , N dl is as given in Eq. (2.8). The effective
semiclassical entanglement negativity is given by the
following two-point twist correlator

EMAUI,: BUly)

= lim log [(eyQ(—a))A(”? <T%e<b1)7—3e(—a>>cm®"e]

n,—1
Z(b 2
~ o {4( 1 +a) ] (4.32)
4 €eyacos b

where € and €, are the UV cutoffs on the asymptotic
boundary and the EOW brane Q, respectively, and the warp
factor Q(a) is as given in Eq. (4.2). The point a = b, on the
brane is determined through the entanglement entropy
computation of the interval A. Using this in Eq. (4.32)
along with the area term, we may obtain the total entan-

glement negativity in the boundary description to be

2b 20
by (A:B) =< |log( 1) +1
£ ) 4[0‘%( € log €, cos O

+ tanh~! (sin 90)} ,

(4.33)

A bl B bz

FIG. 8. Schematics of the defect extremal surface for the
entanglement negativity between two adjacent intervals A and
B in phase-I. I, and Iz on the EOW brane describe the entangle-
ment island corresponding to intervals A and B, respectively.
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where we have used the Brown-Henneaux formula in the
area term [170].

Bulk description. In the double holographic description, the
entanglement wedge corresponding to the subsystem A U
B is connected in the bulk. The contribution to the effective
entanglement negativity between the bulk matter fields in
regions 4 and B arises solely from the quantum matter
fields situated on the EOW brane as follows:

EM(A:B)
— geff(IA : IB)
= lim1 log [(6},9(_61))A'(’? (T, (-d)T},(=a))

Cl 27
=-lo .
4 g €, cos b

Utilizing Eq. (3.4), the total entanglement negativity for
this case including the contribution from the combinations
of the bulk extremal curves is obtained to be

BCFT®"e ]

(4.34)

3
16Gy,

_Clog(—2
4 g €,cos6,

3¢

2b
+E {log <Tl) +tanh™! (sinHO)} , (4.35)

EMIK(A: B) = £T(A: B) +

2L,

where we have used the fact that the entanglement entropy
computation for the interval A fixes a = b;. On utilization
of the Brown-Henneaux formula [170], the above expres-
sion matches exactly with the result obtained from the
boundary perspective in Eq. (4.33). Also note that for the
configuration under consideration, the Markov recovery
process is perfect as there are no nontrivial boundaries of
the corresponding EWCS which has also been shown in
Appendix A 2.

2. Phase-I1

Boundary description. For this phase, we now consider the
case where the interval B is small such that it lacks an
entanglement entropy island as shown in Fig. 9. This implies
that the island cross section I is a null set. The remaining
effective semiclassical entanglement negativity is obtained
through the following three-point twist correlator

EM(AUL,:BUI)
:'1111_1}l 1og[(eyQ(—a))A"« <Tn(,(—a)7%l,,(bl )T, (b))

~gor |

crrone]

(4.36)

A b, B b,

FIG. 9. Schematics of the defect extremal surface for the
entanglement negativity between two adjacent intervals A and
B in phase-II. In this phase, the island of the interval B is an
empty set.

Again, the point on the AdS, brane Q is fixed to be a = b,
through the entanglement entropy computation of the inter-
val A. Utilizing this value of a, we may obtain the total
entanglement negativity for this phase in the boundary
description to be

¢ [2b1(b2 — b))

EY(A:B) = —log by 1 b)e

7 ] (4.37)

Bulk description. For the bulk description of this phase, we
observe in Fig. 9 that the entanglement wedge for the
subsystem A U B is connected. However, since the interval
B does not have an entanglement island, the effective
entanglement negativity term in Eq. (3.4) vanishes. The
only contribution to the total entanglement negativity
comes from the lengths of the extremal curves labeled
as L; (i =1, 2, 3) in Fig. 9. To this end, we note that the
lengths of the extremal curves £; and £, have the same
form as given in Eqs. (4.12) and (4.11), respectively. Using
similar approximations as were employed for the bulk
description in Sec. IVA 2, the length of the extremal curve
L5 may be computed to be

(by + by)?

L5 :z,”log( b,

) + ¢tanh~!(sin @),  (4.38)

where we have used a = b;. We may now obtain the total
entanglement negativity for this phase using Eq. (3.4) to be

EY(A:B) =

3¢ ) [Zbl(bz - bl)]’ (4.39)
SGN <b2 + b 1)€

which on utilization of the usual Brown-Henneaux formula
[170] matches exactly with the result obtained through the
boundary description in Eq. (4.37). We also note here that
the above result differs from the corresponding reflected
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BCFT

EOW brane

.| AdS bulk
(a)

FIG. 10.

entropy by an additive constant described by the Markov
gap. This has also been discussed in Appendix A 2.

V. TIME-DEPENDENT ENTANGLEMENT
NEGATIVITY IN BLACK HOLES

In this section we investigate the nature of mixed-state
entanglement through the entanglement negativity in a
time-dependent defect AdS;/BCFT, scenario involving an
eternal black hole in the effective two-dimensional descrip-
tion [63,94]. The lower-dimensional effective model
involves the appearance of entanglement islands during
the emission of the Hawking radiation from the eternal
black hole.

A. Review of the eternal black hole in AAS/BCFT

As described in [63,94], we consider a BCFT,
defined on the half-plane (x,7>0). The correspon-
ding bulk dual is described by the Poincaré-AdS;
geometry truncated by an end-of-the-world brane
located at the hypersurface 7 = —ztan6,. Here 6, is
the angle made by the EOW brane with the vertical,
and 7 and z are the timelike' and holographic
coordinates, respectively.

Utilizing a global conformal map, the boundary of the
BCFT, is then mapped to a circle

X2+ 7% =1. (5.1)

The bulk dual of such a global conformal transformation is
given by the following Banados map [63,94,124]

“Note that in the Euclidean signature, there is no essential
difference between the timelike and spacelike coordinates and
the present parametrization is a convenient choice adapted in
[63,94].

(a) Euclidean AdS/BCFT with the BCFT defined outside the circle. (b) 2d eternal black hole in Lorentzian signature.

=3 (7 +x° 4 )

=1+ ,
l—t+3(7+x2+27)
’ X
x = ,
-4+ +x2+2%)
Z : (5.2)

:1—T+%(12—|—x2—|—z2)'

The EOW brane is mapped to a portion of a sphere under
these bulk transformations,

X2 472 + (7 + tan6y)? = secd),. (5.3)
Note that, as the above transformation is a global conformal
map, the metric in the bulk dual spacetime as well as the
metric induced on the EOW brane are preserved under the
Banados map Eq. (5.2). The schematics of this time-
dependent AdS/BCFT scenario is depicted in Fig. 10(a).

Finally employing the partial Randall-Sundrum reduc-
tion combined with the AdS;/BCFT, correspondence
discussed in [45,63,94], one obtains a two-sided (1 + 1)-
dimensional eternal black hole on the EOW brane which is
coupled to the BCFT, outside the circle [Eq. (5.1)] in the 2d
effective description. The schematics of the configuration is
depicted in Fig. 10(b). The hybrid manifold consisting of a
2d eternal black hole with a fluctuating geometry coupled
to the flat BCFT, may conveniently be described in terms
of the Rindler coordinates (X, T) defined through

x' = eX coshT, ! =—it’ = eXsinhT. (5.4)
These Rindler coordinates naturally capture the near-
horizon geometry of the 2d black hole [94].

In the following, we will compute the entanglement
negativity for various bipartite states involving two disjoint
and two adjacent intervals in the time-dependent scenario
of defect AAS/BCFT discussed above. In this regard, we
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will employ the semiclassical island formula Eq. (3.2) in
the lower-dimensional effective description as well as the
doubly holographic defect extremal surface proposals in
Egs. (3.3) and (3.4) and find exact agreement between
the two.

B. Entanglement negativity between
black hole interiors

In this subsection, we compute the time-dependent
entanglement negativity between different regions of the
black hole interior. As described in [63,94] the black hole
region B is defined as the spacelike interval from Q =
(1, —xg) to P = (1;,, x;,) as shown in Fig. 11. We perform the
computations in the Euclidean signature with 7, = iz, and
subsequently obtain the final result in Lorentzian signature
through an analytic continuation. Depending on the con-
figuration of the extremal surface for the entanglement
entropy of B, there are two possible phases for the extremal
surfaces corresponding to the entanglement negativity
between the black hole subsystems B; and Bp.

1. Connected phase

The connected phase corresponds to the scenario where
there is no entanglement island for the radiation bath in the
effective boundary description as shown in Fig. 11. From
the bulk perspective, this corresponds to a connected
extremal surface for B; U Bj. In this phase, it is required
to compute the entanglement negativity between the two
adjacent intervals B; = |0’'Q| and By = |O'P|, where the
point O’ is dynamical as it resides on the EOW brane with a
gravitational theory.

Boundary description. In the 2d boundary description, the
effective semiclassical entanglement negativity between B,
and By may be computed through the three-point corre-
lation function of twist operators as follows:

EM(BL: Bg)
= lim log[(e,Q0) (7,,(@)T}.(0)T,,(P))].  (55)

Itis convenient to perform the computations in the unprimed
coordinates (y, x) given in Eq. (2.2), where y measures the
distance along the EOW brane and x is the spatial coordinate

BL BR 771@

Tn
* o >
J=

Q(79, —p) 72 P(79, )

e

FIG. 11. Schematics of the quantum extremal surface for the
entanglement negativity between black hole interiors in the
connected phase at a constant time slice.

describing the BCFT,. In these coordinates, the conformal
factor associated with the dynamical point O’ on the EOW
brane Q is given by [45,63,94]

ycos
7|

(5.6)

2() -]

where 7 is the AdS; radius inherited from the bulk geometry.
The form of the CFT, three-point function in Eq. (5.5) is
given by

(T,.(Q)T; (0T, (P))
(2) (2) 2)
= Cr, 13,7, |0'P| |0’ Q"2 |PQ| 2800 (5.7)

where C7 72 7 is the constant OPE coefficient which is
neglected henceforth. Substituting Egs. (5.6) and (5.7) in
Eq. (5.5), we may obtain the following expression for the
generalized entanglement negativity between B; and By in
the boundary description

+y)?2+x3] ¢ ¢

£ (g 2y~ Clog| TN e

en(BL: Br) =7 log 2% 1%\ 6y cost,
—|—§tanh"(sin90), (5.8)

where we have added the area term Eq. (2.8) corresponding to
the point O’ on the EOW brane in the QES formula. The
above expression is extremized over the position y of the
dynamical point O’ to obtain

Yo = \/T%‘i‘xg.

Substituting the above expression in Eq. (5.8), the semi-
classical entanglement negativity in the 2d effective boun-
dary description is obtained as follows:

c +VTh+x]
EY (B, . Bg) zilog [TOXTOO} +410g(
0

(5.9)

€, CO8 90)

+%tanh"(sint90). (5.10)
Now transforming back to the primed coordinates using
Eq. (5.2) and analytically continuing to the Lorentzian
signature, the above expression reduces to

£ (B, :B) = log {X@_t@_ L+ /41§ + (x5 — 15— 1)?

+£10
I g

/
2x;

c
—tanh~!(sin6,).
6},0059()) +4 anh™ (sin6)

(5.11)
In terms of the Rindler coordinates (X, T'), the final result for

the entanglement negativity between the black hole interiors
becomes
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by (B, 1 Bp) = -1
£ (BL.:Br) 4 2¢X0cosh T

where X, describes the boundary of the black hole region ata
fixed Rindler time 7. Note that the above expression for the
entanglement negativity between B; and Bp is a decreasing
function of the Rindler time 7 in this phase.

Bulk description. Next we focus on the three-dimensional
bulk description for the connected phase of the entangle-
ment negativity between the black hole interiors. To
compute the holographic entanglement negativity, we note
that the mixed-state configuration described by B; and By
corresponds to the case of two adjacent intervals |O’P| and
|O’'Q|. The configuration of the bulk extremal curves
homologous to various subsystems under consideration
is depicted in Fig. 12. Now employing the DES formula
given in Eq. (3.4), we may obtain

glg)gllqk(BL: Bg) = — (L + £, = L3)

16GN

+ EM(B, 1 Bg), (5.13)
where L, £, and L5 are the lengths of the bulk extremal
curves homologous to |O'P|, |0’Q| and |PQ|, respectively,
and £(B, : Bg) denotes the effective entanglement neg-
ativity between bulk quantum matter fields residing on the
EOW brane.

In the unprimed coordinates, the Cauchy slice on the
EOW brane is in a pure state as described in [63]. Hence,
the effective entanglement negativity in Eq. (5.13) may be
obtained through the Rényi entropy of order one half for a
part of matter fields on the EOW brane. Consequently,
similar to Eq. (4.26), the effective entanglement negativity
is a constant given by

27
e,cos6y’

£ (B, : By) = Slog

7 (5.14)

Q P

B, 9 Br

L3

z

FIG. 12. Schematics of the defect extremal surface for the
entanglement negativity between black hole interiors in the
connected phase. The bulk extremal curves homologous to B;,
By and B; U By are given by £, £, and L5 respectively.

c, [0 =14 \/4eocosh®T + (e —1)2] ¢ 4 c cos 6
—1 —log| ———— ). 5.12
o8 } goe (QV cos 90> T 0g<1 - sin90> (5:12)

4

As the effective entanglement negativity turns out to be a
constant, the entanglement negativity in this phase is
determined entirely through the algebraic sum of the
lengths of the extremal curves in Eq. (5.13). To obtain
the lengths of these extremal curve, we employ the
unprimed coordinate system with the Poincaré-AdS; metric
[63]. Under the bulk map in Eq. (5.2), the coordinates of P
and Q may be mapped to (7, xy,0) and (7, —x, 0) where

2(x2 + 72— 1) ax!

ey SR e

(5.15)
Utilizing the left-right Z, symmetry of the configuration,
we may set the coordinates of the dynamical point O’ on the
brane as O': (—ztan,,0,z), where z is determined
through the extremization of the generalized negativity
functional in Eq. (5.13). The lengths of the extremal curves
may now be obtained in the unprimed coordinates through
the standard Poincaré-AdS; result as follows [10,11]:

£ — peosh] (1o + ztan6y)? + x3 + 22
1= 2
de
—Clog|—————| = Ly,
gLr TV ] ’

4e
Ly =20 log(2xy) — 26 log| —————|. (5.16
3 g( 0) g|:(76 + 1)2 +x62:| ( )

In the above expression, € is the UV cutoff for the original
BCFT, in the primed coordinates and the second loga-
rithmic term arises due to the cutoff in the unprimed
coordinates [cf. the Banados map in Eq. (5.2)]. Now
extremizing the generalized negativity with respect to z
we may obtain the position of O’ to be

0,E08K =0 = z = \/x§ + 75 cosbp.

Substituting the above value of z in Eq. (5.13), we may
obtain the bulk entanglement negativity between B; and
B as follows:

EOIK(B, 1 By) = : |:COSh <\/x0 + 173 + 70 sin 90>

X cos 6

(5.17)

log ] (5.18)

€, cos 8,

where the effective contribution from the quantum matter
fields given in Eq. (5.14) has been included. Now utilizing
the hyperbolic identity
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cosh-! (\/X(z) + 75 4 70 sin 60)

Xo cos 0,

= log <T<)+— W) + cosh™!(secfy), (5.19)
Eq. (5.18) may be expressed as
£, By) = & [log (“— W) rlog o
+log %} : (5.20)

Transforming to the primed coordinates using Eq. (5.2) and
subsequently to the Rindler coordinates Eq. (5.4) via the
analytic continuation 7/ = i/, we may obtain the bulk
entanglement negativity between 3; and By to be

(B, ¢ By)
c |:e2X0 — 1+ /4e*0 cosh®T + (¥ — 1)2}

4
c 4 c cos 0,

Slog[— ) + Stog[-2270 ) (521
+4Og<€ycosﬁo>+40g<1—sin90) (5:21)

The above expression matches identically with the boun-
dary QES result in Eq. (5.12) which provides a strong
consistency check of our holographic construction. Also
note that the above result for the entanglement negativity
differs from the corresponding reflected entropy computed
earlier in [63] by a constant factor of {log2 which is
consistent with the geometric interpretation of the Markov
gap as discussed in Sec. I D.

)
o8 2¢%0 cosh T

2. Disconnected phase

In this subsection, we concentrate on the disconnected
phase for the extremal surface for B; U Bp, depicted in
Fig. 13. In this case, there are entanglement islands
corresponding to the radiation bath on the EOW brane,
and a part of the entanglement wedge for the radiation bath
is subtended on the brane. This splits the black hole regions
into two disjoint subsystems, namely B = |PP’| and

B; =|QQ’|, where the points P’ and Q' are determined
by the extremal surface for B; U Bg.
T.. Br Br T
o > T
@ &% P
Q/ P/

FIG. 13. Schematics of the quantum extremal surface for the
entanglement negativity between black hole interiors in the
disconnected phase.

Boundary description. In the two-dimensional effective
boundary description, the area term for the generalized
entanglement negativity vanishes since there is no non-
trivial island cross section, 0B; N 0Br = @. The effective
semiclassical entanglement negativity between B; and By
may be computed through the following four-point corre-
lator of twist operators placed at the endpoints of the
intervals,

geff(BL: BR) = lim log[(e),Qp/)Ane (EyQQl)A”I’

x(T,,(Q)T,, (0T, (P)T,, (P)).
(5.22)

As indicated by the disconnected extremal surfaces shown
in Fig. 13, the above four-point correlator factorizes into the
product of two 2-point correlators as follows:

(T,.(Q)T,.(2)7T,,(P)T,,(P))

e

M T QT (N, (PT, (P).  (523)
Now utilizing Eq. (4.20), we may observe that, in the
replica limit n, — 1, the above correlation function van-
ishes identically. Hence, in this phase the total entangle-
ment negativity between the black hole interiors is also
vanishing.

Bulk description. As depicted in Fig. 14, the entanglement
wedges corresponding to the subsystems B; and By are
naturally disconnected and hence, the configuration corre-
sponds to two disjoint intervals on the boundary which are
far away from each other. In this case, the area contribution
to the bulk entanglement negativity vanishes [151,152].
The effective entanglement negativity between portions of
bulk quantum matter on the EOW brane is given by the
BCFT correlation function of twist fields inserted at P’ and
Q' as follows:

&M = lim log (T, (P))T, (Q")) (5.24)

n,—1

BCFT®"e *

Q

s

FIG. 14. Schematics of the defect extremal surface for the
entanglement negativity between black hole interiors in the
disconnected phase.
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The coordinates of P’ and Q' are obtained via extremizing
the generalized entropy functional for B; U By which,
in the (y, x) coordinates, are given by (g, Xo) and (zq, —x)
respectively [94]. Now employing the doubling trick
[123,127], the correlation function in Eq. (5.24) may be
expressed as a chiral four-point function on the full
complex plane as

<Tn() (P/)Tne (Q,)>BCFT®”€

= <Tne (P/)Tne(Ql)Tne(Q”>Tne(PN)>CFT®nev (5.25)
where P": (—7¢,xy) and Q": (—7¢, —x() are the image
points of P’ and Q" upon reflection through the boundary at
7 = 0. The above four-point correlator is again factorized
into two two-point functions in the dominant channel and
similar to the previous subsection, the effective semi-
classical entanglement negativity vanishes. Hence, the
boundary QES result is reproduced through the bulk
computations. Note that for this disconnected phase, we
observe a perfect Markov recovery process as the bulk
entanglement wedge is disconnected.

3. Page curve

From the results of the last two subsections, we may infer
that the time evolution of the entanglement negativity
between the black hole interiors is governed by the two
phases of the extremal surfaces corresponding to the
entanglement entropy of B; U Bp. It is well-known that
the unitary time evolution of the entanglement entropy for a
subsystem in the Hawking radiation flux from a black hole
is governed by the Page curve [7-9]. Hence the transition

& (BL H BR)

between the two different phases of the entanglement
negativity between B; and B occurs precisely at the
Page time Tp, given by [63,94]

20

. =1 (i
Tp = cosh™!  sinh X, e (sinf%)
€, cos 6

). (5.26)

In the first phase the entanglement negativity is a decreas-
ing function of the Rindler time given by Eq. (5.12). At the
Page time Tp the extremal surface for the entanglement
entropy transits to the disconnected phase and an entan-
glement entropy island corresponding to the radiation bath
appears inside the gravitational regions on the EOW brane
Q. At this time, the entanglement negativity also transits to
the corresponding disconnected phase and vanishes iden-
tically. The variation of the entanglement negativity
between black hole interiors with the Rindler time 7 is
plotted in Fig. 15.

C. Entanglement negativity between the black hole
and the radiation

In this subsection, we now proceed to the computation of
the entanglement negativity between the black hole region
and the radiation region in the time-dependent scenario of
defect AdS;/BCFT, framework. To this end, we consider
the black hole region to be described by a spacelike interval
B; on the left half of the two-sided eternal black hole and
the radiation region to be described by a semi-infinite
interval R; adjacent to B; as shown in Fig. 16. Similar to
the previous case, there are two phases possible in this case
which are investigated below.

1 " " " 1

2 4

FIG. 15.

X . — T
6 8 10

The Page curve for entanglement negativity between black hole interiors for three different values of the EOW brane angle 6.

Here the variation of the entanglement negativity with respect to the Rindler time 7 is shown in units of § with Xy = 1,¢, = 0.1, =1

and 6y =%.1.%.
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Th. Ry 722 By,

o - xT
A(rg—zs) Q1. —x0) N\ T, S

FIG. 16. Schematics of the defect extremal surface for the
entanglement negativity between the black hole and the radiation
in the connected phase.

1. Connected phase

The connected phase corresponds to the case where R
does not posses an entanglement island and thus B; covers
the complete left black hole region on the EOW brane as
shown in Fig. 16. From the doubly holographic perspective,
this corresponds to an extremal surface for R; U B
extending from the dynamical endpoint O' of B; on the
EOW brane to spatial infinity. We compute the entangle-
ment negativity between the two adjacent intervals B; =
|O'Q| and R; =|QA| in this phase where we have
regularized the semi-infinite interval R; to end at some
point A: (z(,, —x/,) which is later taken to infinity.

Boundary description. For the connected phase, the
absence of the entanglement island for the radiation region
R; implies that the generalized entanglement negativity
does not receive any area contribution in the 2d effective
boundary description. The remaining effective semiclass-
ical entanglement negativity between B; and R; may be
computed through the following three-point twist correlator

EM(BL:Ry)
= lim log[(e,Q0)*< (T, (0T (Q)T, (A)]. (5.27)

n,—1

where €, is a UV cutoff on the dynamical EOW Q and Q
is the warp factor as given in Eq. (5.6). In the unprimed
coordinates, the points O’ and Q are located at (—y, 0) and
(79, —x¢), respectively. Using Eq. (5.2), we may locate
the spatial infinity A in the unprimed coordinates at
(z,x) = (2,0). Now, by utilizing the usual form of a
CFT, three-point twist correlator given in Eq. (5.7), we
may obtain the total generalized entanglement negativity in
the boundary description for this case to be

2% = S llog ((m +¥)* + x(z))(x(z); (2-%)%)
8 (y+2)
4e

—2log—————1,
MGy

(5.28)

where € is the UV cutoff in the primed coordinates. The
above expression is then extremized over the position y of
the dynamical point O’ on the EOW brane to obtain

2
X0

y = — Tg. (5.29)

2—‘[0

It may be checked through Egs. (5.2) and (5.4) that 7 < 2
for the Rindler time 7 > 0 which guarantees the non-
negativity of y for large x,. We may now compute the
entanglement negativity by substituting the above value of
y in Eq. (5.28) to be

c de

log ——————. 5.30
4 S+ 1 (5:30)

EXYY = glog Xy —

Transforming this result to the Rindler coordinates (X, T')
through Egs. (5.2) and (5.4), we may obtain the final
expression for the entanglement negativity between the
black hole region B; and the radiation region R; in the
boundary description to be

coshT
€

£ (B, R,) = Elog +Xo  (5.31)
where X, corresponds to the endpoint Q of the black hole
region B; at the fixed Rindler time 7. We note here that the
entanglement negativity in the above expression is an
increasing function of the Rindler time 7 in this connected
phase.

Bulk description. In the bulk description for this phase as
depicted in Fig. 17, the generalized entanglement negativity
between the black hole region B; =|0'Q| and the radi-
ation region R; =|QA| is computed by employing the
following formula

Enn(Br: Ry)
3
= 16Gy (Lg, +Lp, —Lp,ur,)
[(z0 + ztan 6)* + x5 + 2] (x5 + (2 = 79)?)
[(2 + ztan 6y)? + 2°]

—2log (5.32)

de >
(o +1)* +x5/)°

A
Rr
Lp,
Lr :
: ‘CBLURLE
FIG. 17. Schematics of the defect extremal surface for the

entanglement negativity between the black hole and the radiation
in the connected phase.
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where O': (—ztan6,,0,z) and Q:(zp,—x(,0) are the
endpoints of By, and A: (2,0, 0) is the regularized endpoint
of the semi infinite radiation region R; in the unprimed
coordinates. We have also used the Brown-Henneaux
formula [170] in the second equality of the above expres-
sion. Note that the semiclassical effective entanglement
negativity appearing as the second term in Eq. (3.4)
vanishes in this case as R; does not posses an entanglement
island. We may extremize Eq. (5.32) over the position of
the dynamical point O’ to obtain

2
_ xgcotf

0.80k =0 = ¢ , (5.33)

2—70

where we have used the approximation that x; is large. The
total entanglement negativity between the black hole region
B; and the radiation region R; in the Rindler coordinates
(X,T) for this phase may now be obtained by utilizing
Egs. (5.33), (5.32), (5.2), and (5.4) to be

c10 coshT
4 £ €

(C/‘bulk(BL: RL) - + Xo, (534)

where X, corresponds to the point Q at the fixed Rindler
time 7. Remarkably, the above expression for the entan-
glement negativity matches exactly with the boundary
description result in Eq. (5.31). We should also note here
that the above result for the entanglement negativity is
exactly same as the corresponding reflected entropy [63]
and is consistent with the geometric interpretation of the
Markov gap as the EWCS has trivial boundaries in
this case.

2. Disconnected phase

The disconnected phase is described by the case where
the semi-infinite radiation region R; has an entanglement
island labeled as I; = |0’Q’| as depicted in Fig. 18. From
the bulk perspective, this corresponds to an extremal
surface for R; to end on some point Q' on the EOW
brane. The entanglement negativity between the black hole
region B; and the radiation region R, for this case will thus
receive contribution from the island region I; on the
EOW brane.

Boundary description. In the boundary description, the area
contribution to the entanglement negativity corresponding

7;( RL Tr?p BL
. * xr
A Q \T. 7,/

QIILO/

FIG. 18. Schematics of the defect extremal surface for the
entanglement negativity between the black hole and the radiation
in the disconnected phase.

to the point Q' = dB; N dl; is as given in Eq. (2.8). The
remaining effective semiclassical entanglement negativity
between B; and R; may be computed through the
following four-point twist correlator,

EM(B,: R, UIL)
= lim log[(,Q0)** (¢,20/)*
(T, (AT (QT2(Q)T, (0))].  (535)

where Q are the warp factors as given in Eq. (5.6), A is the
regularized endpoint of the semi-infinite interval R; and the
point Q' and Q are at position (—y,—x) and (zg, —xg),
respectively in the unprimed coordinates. For the bipartite
configuration under consideration, the above four-point
twist correlator factorizes into two two-point twist corre-
lators in the following way:

(T,,(A)T;(Q)T;.(Q)T,,(0)

~ (T, (AT, (ODUTL(QT;,(Q).  (536)

Utilizing the above factorization in Eq. (5.35) along with
the area term in Eq. (2.8), the generalized entanglement
negativity for this case may be expressed as

€2 = (tanh~" (sin 6y) + log————
o 7 Lan (sin6y) + Og(—,’yyCOSQO

+log((y 4 79)* + (x — x0)?)

4e
—log—m——~ ], 5.37
%uM4y+w> (5-37)

where again € is the UV cutoff in the primed coordinates.
Interestingly, the regularized point A does not enter the
computation in this case. We may now extremize the above
generalized entanglement negativity over the position of
the dynamical point Q' i.e., 0},52231 =0 and axsgg‘z =0
to obtain

Y = 70, (5.38)

X = Xp-
Using the above values of the coordinates y and x in
Eq. (5.37) and transforming the result to the primed
coordinates Eq. (5.2) and subsequently to the Rindler
coordinates (5.4) via the analytic continuation 7 = if/,
we may obtain the total entanglement negativity between
the black hole region B; and the radiation region R; to be

EY(BL: Ry)

2X0 — 1 20
<tanh‘1 (sin6y) + log ¢ + log > .
€

&
4 €, cos bt

(5.39)
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Here X, corresponds to the endpoint Q of the black hole
region B;. Note that the above expression for the entan-
glement negativity is independent of the Rindler time 7" and
only depends on the position of the point Q.

Bulk description. In the 3d bulk description for the
disconnected phase, the entanglement negativity between
the black hole region B; and the radiation region R; is
computed by employing the DES formula in Eq. (3.4) as
follows:

3
=~ 16G,, (Lp, +Lg, = Lp,ur,)

+E&M(BLiRL)

Egtn (Bt Ry)

£2 +58ff(BL:IL), (540)

:E

where L, is the extremal curve between points
Q' (—ztan 6y, —xy,z) and Q: (79, —xo,0) and I; is the
island region corresponding to the radiation region R; as
depicted in Fig. 19. In the second term of the above
expression we have also utilized the fact that bulk matter
fields are only localized on the EOW brane (2. We note here
that, consistent with the boundary description, the regu-
larized point A does not enter the computation in this phase.
The length of the extremal curve £, in the unprimed
coordinates may be expressed as [10,11]

Ly=Log

— 7 log [(To +ztany)® + (xo —x;)* + ZZ]
z

4e
— ¢ log| — ). 5.41
g(% T ) 5:41)

The semiclassical effective entanglement negativity appear-
ing as the last term in Eq. (5.40) may be obtained to be

c 20

eff . _ =
& (BL' IL) = 410g €y cos 90 s (542)
A Q
& - T
L
RL
Ly

FIG. 19. Schematics of the defect extremal surface for the
entanglement negativity between the black hole and the radiation
in the disconnected phase.

where ¢, is the UV cutoff on the dynamical EOW brane.
Extremizing the generalized entanglement negativity
obtained by substituting Eqgs. (5.41) and (5.42) in
Eq. (5.40), with respect to the position of Q' i.e.,
0,E5F = 0 and 0, 54k = 0, we may obtain

Z = 70 €08 Oy, x| = Xp. (5.43)
The total entanglement negativity between the black hole
region B; and the radiation region R; in the primed
coordinates may then be obtained through Egs. (5.43)
and (5.2) to be

ENNB T Ry) :2 {log( + tanh~!(sin ;)

2¢
1 , 5.44
log (e), cos 90) ] (5.44)

where the Brown-Henneaux formula [170] has been used.
On transformation to the Rindler coordinates Eq. (5.4) via
the analytic continuation 7" = i, the above expression
matches exactly with the boundary perspective result in
Eq. (5.39) which serves as a strong consistency check for
our proposals. Once again we note that the above result
consistently match with the corresponding reflected
entropy [63] as the Markov gap is vanishing for this
configuration.

R 1)

3. Page curve

We now analyze the results of the last two subsections
where we have computed the entanglement negativity
between the black hole region B; and the radiation region
R, for the two possible phases. In the connected phase, the
entanglement negativity computed in Eq. (5.31) is an
increasing function of the Rindler time 7. In contrast,
for the disconnected phase, the entanglement negativity
given in Eq. (5.39) is independent of 7" and only depends on
the size of the black hole region B;. A transition from the
connected phase to the disconnected phase is observed at
the Page time for the entanglement entropy given in
Eq. (5.26). In Fig. 20, we show the variation of the time
dependent entanglement negativity between the black hole
region B; and the radiation R; with the Rindler time 7 for
three different values of the EOW brane angle 6.

D. Entanglement negativity between subsystems
in the radiation bath

In this subsection, we compute the entanglement neg-
ativity between the right-subsystem Ry and the left-sub-
system R; in the radiation region as shown in Fig. 21. In the
Rindler coordinates (X, T), the right-radiation subsystem
Ry extends from (X, T) to (X;,T) and the left-radiation
subsystem R; extends from (X,—7+ix) to (X,,—T +in).
In the primed coordinates, the subsystems Rz = |[NQ| and
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£(B.:Ry)
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o
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/ .
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FIG. 20. The Page curve for the entanglement negativity
between the black hole region and the radiation region for three
different values of the EOW brane angle 6. Here the variation of
the entanglement negativity with respect to the Rindler time 7 is
shown in units of § with Xy =1, ¢ =0.01, ¢, =0.1, £ =1

and 0y =%.7.%.

P R m N Rr @
> T
T T \/ T Tn
FIG. 21. Schematics of the quantum extremal surface for the

entanglement negativity between intervals in the radiation region
in the connected phase.

R; = |PM| are mapped to the intervals [(z(,x(), (7}, x})]
and [(7], —x} ). (7}, —x{)], respectively. Similar to the earlier
subsections, we perform the computation in the Euclidean
signature and subsequently transform the results to Rindler
coordinates in the Lorentzian signature. Depending on the
phase transition of the extremal surfaces corresponding to
R; U Rp, the DES corresponding to the entanglement
negativity between them crosses from a connected phase
to a disconnected phase. In the following, we investigate
the time evolution of the entanglement negativity between
R; and Ry from both the bulk and the boundary
perspective.

1. Connected phase

In the connected phase, there are no entanglement
entropy islands corresponding to R; and Ry, in the effective
boundary description as illustrated in Fig. 21. In this phase,
we compute the entanglement negativity between the
disjoint radiation subsystems R; and Rg.

Boundary description. As there are no island contributions
in this phase, we observe from Eq. (3.2) that the entangle-
ment negativity between the radiation subsystems in 2d
effective boundary description reduces to the effective
entanglement negativity between two disjoint intervals as
follows:

EY(RL: Rg)
= EM(R, :RR)
= lim 1og((T,, (P)T,,, (M) T, (N)T (@) cronc -
(5.45)

As described in Sec. IV A 2, for the two disjoint subsystems
in the 7-channel, the above four-point twist correlator may be
computed in the large central-charge limit as follows [151]:

¢, (IPNI[MQ]

i = ey iy
e (eXo + eX1)2 — (%o — X1)%tanh?T
T3 8 4eXotX ’

(5.46)

Note that the entanglement negativity between the radiation
subsystems R; and Ry is a monotonically decreasing
function of the Rindler time 7 in this phase.

Bulk description. In the 3d bulk description, the effective
entanglement negativity in Eq. (3.3) vanishes as the
corresponding entanglement wedges contain no quantum
matter fields as illustrated in Fig. 22. The entanglement
negativity between R; and Ry is then given entirely by the
combination of the lengths of the defect extremal surfaces
as follows:

3
EMNRy: Re) = —~ (Lpy + Lyg — Lun — Lpo)

16Gy
_ 3¢ log (x} +x()* + (¢ = 7p)?
SGN 62

2x; 2x,
—log <ﬁ> —log <i>}, (5.47)
€ €
where we have used the fact that the length of an extremal
curve L, connecting two points (7, x,) and (7}, x),) on the
boundary is given by [11]

P R m N Rr @

X

FIG. 22. Schematics of the defect extremal surface for the
entanglement negativity between intervals in the radiation region
in the connected phase.
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(x6 = x,)* + (1, = 7,)°
b 2 bo 1. (5.48)

L, =7 log

Now analytically continuing to the Lorentzian signature
and transforming to the Rindler coordinates in Eq. (5.4), we
obtain the entanglement negativity between R; and Ry in
the bulk description to be

. _ c. (X0 +eX1)? —(eXo —eX1)2tanh®T
EMN(RL: Rg) ZZIOg JeXoT Xi )

(5.49)

which matches exactly with the result from the boundary
description, given in Eq. (5.46). Note that in the limit of
large X; where the two disjoint intervals R; and Ry are in
proximity, the above expression reduces to

EMIN(R, 1 Rp) = = (X, — Xy — 2log(cosh T)) — glog 4.

o

(5.50)

The last term in the above expression describes the geo-
metric Markov gap as compared to the corresponding
reflected entropy [63].

EM(R, UIL: RyUIy)

= lim log|(e, Q) (6,Qu)* (6,20 (T,,,(P) T, ()T, (M) T, (0)T,,,(N)T,, (N)T,, (),

In the large central-charge limit, the above twist correlator
may be factorized in the dominant channel as follows:'®

(T, (M)T, (M)NT, (P)T; (0T, (Q))

x (T, (N)T, (N)). (5.52)

Now, employing the replica limit n, — 1, the effective
semiclassical entanglement negativity Eq. (5.51) in the
disconnected phase reduces to

EM(R,UIL: RpUIR)
. () =
~ lim log[(e,Q0) (T, (P)T3,(0')T,,.(0))]

c 4 c. [G+n)+x
~ log[— L) 4 Clog| TN 555
48 <€yy cos 90> * Og[ 20, (5:53)

“Note that the entanglement negativity islands together
constitute the entanglement entropy island for R; U Rp.

"“The correlators are factorized into their respective contrac-
tions as depicted by the choice of the extremal surfaces in Fig. 24.

P Rp M N Rr Q

T
\v/ (04
/ /

I; I

FIG. 23. Schematics of the quantum extremal surface for the
entanglement negativity between intervals in the radiation region
in the disconnected phase. /; and I denote the entanglement
negativity islands corresponding to R; and Ry, respectively.

2. Disconnected phase

For the disconnected phase, the entanglement entropy
corresponding to the radiation subsystems receives island
contributions as depicted in Fig. 23. The entanglement
negativity islands corresponding to the radiation subsys-
tems R; and Rp, located on the EOW brane, are denoted as
I, =|M'0'| and Iz =|O'N'|, respectively.” We now
proceed to compute the entanglement negativity between
the radiation subsystems in the boundary and bulk descrip-
tions in this phase.

Boundary description. In the 2d boundary perspective, the
area term corresponding to the point O’ = dl; N dly is a
constant given by Eq. (2.8). The remaining effective
semiclassical entanglement negativity in Eq. (3.2) may
be expressed as

(5.51)

e e ne

I

where the coordinates for P, Q and O’ are given by
(71, —x1), (71, x) and (—y, 0) respectively. The generalized
entanglement negativity between R; and Rp in the 2d
boundary description may now be obtained using
Egs. (5.53) and (3.2) as follows:

£ c. [r+r)*+x3
EN (R, : Ry) = log( —— ) +log [ LT
sen(R1* Re) =7 log evoosty) 4T 2

+ %tanh‘1 (sinfy). (5.54)

Extremizing the above generalized entanglement negativity
with respect to y we obtain

0,Eon(RL:Rg) =0 =y = /7] +x}.  (5.55)

Now, substituting the value of y in Eq. (5.54), the
entanglement negativity between the radiation subsystems
for the disconnected phase in the boundary description is
given by
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(5.56)

EY (R, :Rg) = 1 [ Vatatn +x1 +Tl og( ) +tanh‘1(sin60)].

€, cos

Finally, transforming to the primed coordinates in Eq. (5.2), performing the Lorentzian continuation and utilizing Eq. (5.4)
we obtain the entanglement negativity between the radiation subsystems in terms of the Rindler coordinates (X, T') in the 2d

effective boundary description as follows:

£ (R, :Ry) =< 1
(R.:Rp) 4|08 2¢Xicosh T

Bulk description. In the disconnected phase, due to the
presence of entanglement islands, a portion of the EOW
brane Q is contained within the entanglement wedge of the
radiation in the 3d bulk description. As depicted in Fig. 24,
|[M'N’| denotes the entanglement entropy island corre-
sponding to R; U Rz. The bulk EWCS ends on the
EOW brane at the point O’ and splits the entanglement
wedge corresponding to R; U Ry into two codimension-
one regions R; and Rp, respectively. For this phase, the
entanglement negativity between R; and Ry corresponds to
the configuration of disjoint subsystems |PM| U |O'M’|
and [NQ| U |O’N’|, sandwiching the region [MM'| U [NN'|
in between. Therefore, we may employ the DES formula in
Eq. (3.3) to obtain

ENN(RL: Rg) = 16Gy (L1 + L4) + (L + L3)
— (L34 Ly) = Ls] + EM(R:Rp)
3

= 16Gy (Ly + Ly — Ls) 4 EM(1, 1 1),

(5.58)
where as earlier, the effective entanglement negativity

between bulk matter fields reduces to that between the
adjacent intervals I, =|O'M’'| and I =|O'N’| on the

FIG. 24. Schematics of the defect extremal surface for the
entanglement negativity between intervals in the radiation region
in the disconnected phase.

eXX1 — 1 + /4eXXicosh?T + (e2X1 — 1)2
v L

(5.57)

4 o cos 0,
4 €0s 6 g 1—sin6,) |

EOW brane. The lengths of the extremal surfaces in
Eq. (5.58) are given by [10,11,94]

£, = ¢ log [(11 + ztan6p)? + x3 + 22}

Z

4e ] L,

—Clogl—5—>5»
sl

4e
Ls =2 log(2xy) —2¢ log|——+——|, 5.59
5 0g(2x;) 0og [(7/1 n 1)2 +x’12] ( )

where the second logarithmic term corresponds to the UV
cutoff in the unprimed coordinates [63,94]. The effective
entanglement negativity in Eq. (5.58) between the island
regions /; and I may be computed through a three-point
correlator of twist fields inserted at the endpoints of the
intervals as follows:

EM(I: 1g)= liml log[(e5Qur Q1) e (eyQO/)Ai‘z“)
n,— /

X(T,,, (M) T (0T ,,(N)) gcprenc ) (5.60)
The above three-point twist correlator on the half plane
describing the BCFT may be expressed as a six-point
correlator of chiral twist fields on the whole complex plane

using the doubling trick [123,127] as follows:

—~

T, (M) (0T, (N

")) pcrren
=(T,,(M"T, (M)T; (0T} (0)T, (N')T, (N")

e n, n, CFT®"ne?

(5.61)

where M, N and O are the image of the points M’, N" and
O’ on the EOW brane respectively. In the large central-
charge limit, the six-point correlator may be further
factorized in the dominant channel similar to Eq. (5.52)
as follows:

(T,,(M)T, (M){T7 (0T} (A)(T,,(N')T,, (N)).

(5.62)
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FIG. 25.

Now, reversing the doubling trick and subsequently
employing the replica limit n, — 1, we may obtain the
effective entanglement negativity between /; and Iy as

. @), =
EM(IL: Ig) = lim log[(e,Q0)* (T3, (0"))pcpren]
~Clog— 2
4 g €

(5.63)

y €08 O

We may obtain the generalized entanglement negativity by
substituting Eqgs. (5.59) and (5.63) in Eq. (5.58) to be

SR, 1Ry) = & {10g<(11 +ztan )’ +x + ZZ)
gen . 4

leZ
2¢
1 5.64
+log <€y cos 00> } ’ (5.64)

where we have used the Brown-Henneaux formula [170] in
the first term. The location of the dynamical point O’ in the
above expression is fixed through extremization at

7=/} + x} cos 6.

Substituting the above value of z in Eq. (5.64) and
subsequently transforming the result to the Rindler coor-
dinates using Eqgs. (5.2) and (5.4), we may obtain the
entanglement negativity between the radiation subsystems
R; and Ry to be

(5.65)

30 40

The Page curve for entanglement negativity between the radiation and the radiation with respect to the Rindler time 7" in units
of ¢. Here we choose Xy =1, X; =30, ¢, =0.1, =1 and 0, =%,%.

6

EWK(R, : Rg)

<[, X1 — 1 4+ \/4e*Xicosh?T + (X1 —1)?
=—|lo
4|08 2¢X1 cosh T

‘o 4 o cos 0,
& €, cos 6 g 1 —sin6,) |

We again observe that the above result in the bulk
description matches exactly with the entanglement nega-
tivity from the boundary description in Eq. (5.57) for the
disconnected phase. Also note that the above expression for
the entanglement negativity differs from the corresponding
reflected entropy by a constant amount given by {log?2
which is consistent with the geometric interpretation of the
Markov gap as discussed in Sec. I D.

(5.66)

3. Page curve

We now analyze the behavior of the time-dependent
entanglement negativity between radiation subsystems as
discussed in last two subsections. We observe that the
entanglement negativity decreases with the Rindler time T
in both phases and eventually plateaus out. In the limit
when both the radiation subsystems R; and Ry extends to
spatial infinity, namely X; — oo, the asymptotic behavior
of the entanglement negativity is given as

gbulk(RL . RR)

$(X; =Xy —2log(2coshT)) T<Tp
B %(Xl —log coshT—l-loglC_O:iggo —i—loge)?cfsg()) T>Thp,
(5.67)

where T'p is the Page time for the entanglement entropy as
given in Eq. (5.26). Hence, the entanglement negativity
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shows a sudden jump at 7'p, and in the limit X; — oo this
jump is given by

c 2¢ cos 6,
AE=—|21 2 log| ————
4 [ o8 (ey cos 90> * Og(l — sin 00>

+ log(e**o — 1)] )

(5.68)

Note that this jump in the entanglement negativity differs
from a similar jump observed in the context of the reflected
entropy [63] by a constant {log2 which arises due to
unequal Markov gap between the connected and the
disconnected phase. The analog of the Page curve for
the entanglement negativity for this bipartite configuration
is shown in Fig. 25.

VI. SUMMARY AND DISCUSSION

To summarize, in this article, we have proposed a defect
extremal surface prescription for the entanglement nega-
tivity of bipartite mixed-state configurations in the
AdS;/BCFT, scenarios which include defect conformal
matter on the EOW brane. Furthermore, we have extended
the island formula for the entanglement negativity to the
framework of the defect AdS;/BCFT,, utilizing the lower
dimensional effective description involving a CFT,
coupled to semiclassical gravity. Interestingly, the bulk
DES formula may be understood as the doubly holographic
counterpart of the island formula for the entanglement
negativity.

To begin with, we computed the entanglement negativity
in the time independent scenarios involving adjacent and
disjoint intervals on a static time slice of the conformal
boundary of the 3d braneworld. To this end, we have
demonstrated that the entanglement negativity for various
bipartite states obtained through the DES formula matches
exactly with the results from the corresponding QES
prescription involving entanglement negativity islands.
Subsequently we obtained the entanglement negativity in
various time-dependent scenarios involving an eternal
black hole coupled to a radiation bath in the effective
lower-dimensional picture. In such time-dependent scenar-
ios, we have obtained the entanglement negativity between
subsystems in the black hole interior, between subsystems
involving black hole and the radiation bath, and between
subsystems in the radiation bath utilizing the island as well
as the bulk DES formulas. In this connection, we have
studied the time evolution of the entanglement negativity
for the above configurations and obtained the analogs of the
Page curves. Interestingly, the transitions between different
phases of the defect extremal surfaces corresponding to the
entanglement negativity for the above configurations occur
precisely at the Page time for the corresponding entangle-
ment entropy. Remarkably, it was observed that the
entanglement negativity from the boundary and bulk

proposals are in perfect agreement for the time-dependent
cases, thus demonstrating the equivalence of both formu-
lations. This serves as a strong consistency check for our
proposals.

We would like to emphasize that the entanglement
negativity for a bipartite mixed state is characterized by
the reduced density matrix p,z which in the bulk descrip-
tion corresponds to the entanglement wedge of A U B.
Therefore, a prescription for the bulk construction for the
entanglement negativity should naturally involve the com-
plete entanglement wedge of A U B and its subsequent
bipartition. In this work, we propose obtaining this bipar-
tition via the entanglement wedge cross section. The
application of our proposal for all the cases considered
in this article matches with the corresponding QES results
at leading order in ¢. However, a nontrivial cross-check for
the uniqueness of our proposal will possibly require the
addition of quantum matter fields situated in the interior of
the spacetime in addition to the matter fields located on the
brane. We expect the results to differ only at the sub-leading
orders in ¢ for any alternate choice of the bulk regions A
and B. It is an interesting but nontrivial issue to check this
by the explicit computations and is left for the future.'”

There are several possible future directions to investigate.
One such issue would be the extension of our proposals to
higher-dimensional defect AAS/BCFT scenarios. One may
also generalize our doubly holographic formulation for the
entanglement negativity with the defect brane at a constant
tension to arbitrary embeddings of the brane in the 3d bulk
geometry. Furthermore, it would also be interesting to derive
the bulk DES formula for the entanglement negativity
through the gravitational path integral techniques utilizing
the replica symmetry breaking wormhole saddles. We leave
these open issues for future investigations.
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APPENDIX: ISLANDS FOR ENTANGLEMENT
NEGATIVITY THROUGH THE
ALTERNATIVE PROPOSAL

In this appendix we will investigate the entanglement
negativity for various bipartite mixed states in the lower-
dimensional effective picture through the alternative pro-
posal involving Rényi reflected entropy of order one half
described in [160,164] and briefly reviewed in Sec. II D. To
proceed, we recall that the QES formula for the Rényi
reflected entropy of order one half between two subsystems
A and B may be written as [27,164]

"We thank the anonymous referee for raising this crucial
point.
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Sy/?(A:B)

/2T
= min Ext A ()

1/2 .
K= Sk (AU TR(A): B U Tx(B))

(A1)

where I (A) and Ix(B) denote the reflected entropy islands
for A and B respectively, and the extremization is per-
formed over the reflected entropy island cross section
I'r = 0Ix(A) N 0Ig(B). Furthermore, as described in
[164], the order one half area contribution from the
island cross section I', may be rewritten as follows
[cf. Eq. (4.17)]:

3 37 .
= EA(FR) = Etanh_l (Sln 90)

AU (Ig) (A2)

In the following, we will compute the Rényi reflected entropy
of order one half for various bipartite mixed states involving
two disjoint and two adjacent intervals on a static time slice in
the defect AdS;/BCFT, model. Subsequently, we will
|

1/2 . 1

SRt J(A:BU Iz(B)) = lim lim log

compute the entanglement negativity for such bipartite states
by utilizing the alternative proposal in Eq. (2.14) and
comment on the corresponding Markov gaps.

1. Two disjoint intervals

We consider two disjoint intervals A = [b, b,] and B =
[b3, 0] in the bath CFT, coupled to the gravity theory on
the EOW brane Q. Similar to the discussion of the
entanglement negativity in Sec. IVA, there are three
possible phases for the Rényi reflected entropy.

a. Phase-1

When the two disjoint intervals A and B are far apart,
there is no nontrivial island cross section for reflected
entropy and the area term in Eq. (Al) vanishes. The
schematics of the configuration in sketched in Fig. 4(a).
The effective Rényi reflected entropy of order one half is
computed in terms of a correlation function of twist
operators ¢, and o, at the endpoints of the intervals as
follows:

9a 9B

m—>ln_>%1 —-n

1
~ lim lim log

<0gA (bl)O'gXl (bz)GgB bs oy (= b’;)
(<Gg,n(bl)dg’ )

m—>ln_>%1 —-n

=0.

As a result, the Rényi reflected entropy of order one half
and consequently the entanglement negativity is vanishing
in this phase. This is consistent with the geometric
description of the Markov gap as the bulk entanglement
wedge is disconnected.

b. Phase-11

In this phase, A still does not acquire an island while the
bulk entanglement wedge is connected and the correspond-
ing wedge cross section lands on the extremal surface of
A U B [63]. As depicted in Fig. 5(a), in this phase, once
again there is no nontrivial reflected island cross section.
The effective Rényi reflected entropy of order one half is
given by [27,164]

S (A:BUI(B))
<5gA(—b1)<’g;' (b1)oy, (bz)%; (b3)>mn

((O-gm (_bl)ﬂg;ll (bl)dg,,, (b2>o-g;,] (b3>>m)n ’
(A4)

1
=limli 1
ml—rPl ,}E;l —n o8

where the conformal weights of the twist fields ¢, , 6, and

o, are given by

Im

(A3)

nc 1 c 1
th:th:ﬁ<m—a>, hgm:ﬂ<m—a> (AS)

The computation is similar to [27,164], and in the prox-
imity limit b, — b3 we obtain

(1/2) 4 . ¢ 2(by +b,)(b3—by)
SReff(A.BUIR(B))_—log{ bl(b3_b32) ] (A6)

2
and correspondingly the entanglement negativity between
A and B, obtained through the alternative proposal in
Eq. (2.14), reads

E(A:B) =

c 2(by + by) (b3 — by)
4log{ by(bs —;2) ] (A7)

Note that, the above expression differs from Eq. (4.16) by

an additive constant {log4 = %%,
the imperfect Markov recovery process. Furthermore, this
constant gap is consistent with the geometric interpretation
of the Markov gap in terms of the number of nontrivial

boundaries of the bulk EWCS.

which is reminiscent of
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c. Phase-III

In this phase, we consider A to be large enough to
possess its own entanglement island and the bulk entan-
glement wedge is once again connected. As sketched in
Fig. 6, there is a nontrivial island cross section denoted by
|

Syt (A U Tr(A):B U In(B))
1 (e,Q(

)" (0,1 (=510, (51)0y, (2)0 1 (b3)0 15, (—a))

the point ¢’ and hence the area contribution for the reflected
entropy island cross section in Eq. (Al) is given by
Eq. (A2). On the other hand, the effective Rényi reflected
entropy is given by [27,164]

= 1
l—nOg

where €, is a UV regulator on the AdS, brane Q and Q(—a’)
is given in Eq. (4.2). In the above equation, the composite-

twist operator Oyigy gives the dominant contribution to the
OPE of Oy and o,

c 1
hg:xlgB = ﬁ <n - I’l> = 2hn'

The correlation functions of the twist operators appearing in
Eq. (A8) may be factorized in the respective channel in the
large central-charge limit [27,164]. In the replica limitm — 1,

n— % we obtain the generalized reflected entropy as

and has the conformal dimension

(A9)

1/2
Siien (A1 B)

c 20(bs+d')(by+d')
log—;
a (b3 - b2)€y COSQ()

+tanh‘1(sin90)] . (A10)

Extremizing over the island cross section a’, we obtain
b, b5 and the corresponding Rényi reflected entropy
of order one half is given by

b b
sW2(A:B) = 5 [tanh‘l(sin 60o) + log <M)

((0g, (=b1)og (b1)oy, (b2)oy,i1(b3)),,)"

mn , (AS)

[

The entanglement negativity between A and B in this phase,
computed through the alternative proposal in Eq. (2.14),
differs from the expression in Eq. (4.31) in the main body by
an additive Markov gap {log?2 owing to a single nontrivial
boundary of the bulk EWCS.

2. Two adjacent intervals

Next we consider the mixed-state configuration of two
adjacent intervals A = [0, b;] and B = [b, b,] in the bath
CFT, coupled to the gravity theory on the EOW brane Q.
Similar to the discussion of the entanglement negativity in
Sec. IV B, there are two possible phases for the Rényi
reflected entropy which we investigate below.

a. Phase-I

As the interval A is adjacent to the interface of the bath
and the brane CFT, it always possess an entanglement
island. In phase-I, the interval B is large enough to acquire
its entanglement island as depicted in Fig. 8. There exists a
nontrivial reflected island cross section'® I'z at the point
a = by and the corresponding area contribution to the
generalized Rényi reflected entropy of order one half is
given in Eq. (A2). The effective semiclassical Rényi
reflected entropy of order one half may be obtained through
correlators of twist operators as follows:

5 (=0)04,9,., (=01))

N>
20
1 . All
log <€y cos 6?0)} (All)
|
1 €,Q(—
SUZ(A UIR(A):B U IR(B)) = lim lim log( A
m=1p-i 1 — n

)5 (6,1, (b1)o,, (b>)o

)> E mn o (A12)

({6, (b2)e,, (-

In the large central-charge limit, the twist correlator in the numerator factorizes in the corresponding OPE channel as

follows [27,164]:

<Ggglgg (bl )0!}3 (bZ)GgEI (_a/)g!lg.ﬁlA—l (_bl )>

mn

~ <692193(b1)6!13!}A—1 (_b1)> <6g;1 (_a/)agg(bZ»mn

(A13)

mn

"Note that, in this phase the island cross section is determined solely thorough the entanglement entropy computation of the interval

A, which fixes its location at a = b.

106005-27



BASU, PARIHAR, RAJ, and SENGUPTA PHYS. REV. D 108, 106005 (2023)

After taking the replica limits m — 1,n — % and adding the area contribution, the total Rényi reflected entropy of order one
half may be written as follows:

vy el (2by 2/ L
SI(Q/ J(A:B) =3 {10g<7) +10g<m + tanh™' (sin ) |

The entanglement negativity obtained through the proposal in Eq. (2.14) matches exactly with Eq. (4.33) since there are no
nontrivial boundaries of the bulk EWCS and the corresponding Markov gap vanishes.

(Al14)

b. Phase-1I

In phase-II, the interval B is so small to possess an entanglement island and correspondingly there is no island cross
section of the brane, as depicted in Fig. 9. In this phase, the bulk EWCS ends on the extremal surface for A U B. The
effective semiclassical Rényi reflected entropy of order one half is given by

(04,(=b1)ogg, (D)o (b))
(o1 (=b1)ay, (b2)),,)"
(zm)—4h,, (2b, (b, — bl))“”’n(bl + b2)4h,,—4th
(by + by)~*han

1
Sgéfzf) (A:B U IR(B)) = lim lim log

m—»ln_>%1 -n

1
= lim lim log{
-n

m—1 n—»%
c 4b1(b2 - bl)

=—log|—= 1| AlS
2 0g|: (bz"‘bl)é‘ ( )

where £, is defined in Eq. (A9) and we have used the usual form of the three-point correlator in the numerator [129]. The
entanglement negativity between A and B in this phase may now be obtained through Eq. (2.14) as follows:

2o C 2b(by—Dy)] ¢
E(A:B) ——log[m] +3

1 log 2. (A16)

Note that the above expression involves an additive constant §log 2 compared to Eq. (4.37) in the main text. Once again, this
constant Markov gap is consistent with the geometric interpretation described in [169].
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