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4D N ¼ 2 superconformal field theories and their invariants can be often enriched by nonlocal
Bogomol'nyi-Prasad-Sommerfield operators. In this paper we study the flavored Schur index of several
types of N ¼ 2 superconformal field theories with and without line operators, using a series of new
integration formula of elliptic functions and Eisenstein series. We demonstrate how to evaluate analytically
the Schur index for a series of A2 class-S theories and theN ¼ 4 SOð7Þ theory. For all A1 class-S theories
we obtain closed-form expressions for SUð2Þ Wilson line index, and ’t Hooft line index in some simple
cases. We also observe the relation between the line operator index with the characters of the associated
chiral algebras. The Wilson line index for some other low rank gauge theories is also studied.

DOI: 10.1103/PhysRevD.108.106002

I. INTRODUCTION

Any 4D N ¼ 2 superconformal field theory (SCFT)
contains a nontrivial protected subsector of Schur operators
that form an associated two-dimensional chiral algebra [1],
providing an important invariants of N ¼ 2 SCFTs. These
operators are defined as the cohomology class of some
well-chosen supercharge of the N ¼ 2 superconformal
algebra. The index that counts these Bogomol'nyi-Prasad-
Sommerfield operators is called the Schur index IðqÞ,
which happens to be a special limit t → q of the fullN ¼ 2
superconformal index Iðp; q; tÞ [2]. The Schur index plays
a central role in the SCFT/vertex operator algebra corre-
spondence, as it coincides with the vacuum character of the
associated chiral algebra.
Similar to the S4 supersymmetric partition functions [3],

the superconformal index [4,5], and in particular, the Schur
index [2] is an exactly computable quantity. For theories
with a Lagrangian, the Schur index can be computed as an
S3 × S1 partition function and localizes to a multivariate
contour integral along the unit circles [6–10]. Alternatively
for theories of class-S [11], the index can be identified
as the partition function the 2D q-deformed Yang-Mills
theory [12–17]. There are also instances where the asso-
ciated chiral algebras are known from other methods, whose
module characters have already existed in the literature [18].
There are also other methods to compute the Schur index in
different scenarios [19–22]. Many of these results, although

exact, are not given in closed-form in terms of finite
combinations of special functions with well-controlled
periodic and modular properties. This problem is tackled
in several recent works. The unflavored and later the
flavored Schur index for the N ¼ 4 SUðNÞ theories are
computed in closed-form using the Fermi-gas formalism
in [23–25] and modular anomaly equation [26]. In [27], the
unflavored Schur index for many class-S theories are
computed in terms of quasi-modular forms. In [28], several
integration formula are proposed to compute analytically the
index for a wide range of Lagrangian theories (and some
non-Lagrangian ones) in terms of finite combination of
twisted Eisenstein series and Jacobi theta functions.
Line operators can be introduced into 4D N ¼ 2 SCFTs

that preserve some amount of supersymmetry [29–32],
and the corresponding S4 partition function and super-
conformal index in their presence have been computed
exactly [3,33–37]. In the context of the AGT-correspon-
dence, the line operators correspond to the Verlinde net-
work operators in the Liouville/Toda CFT [38–42]. In [31],
the Schur index of supersymmetric Wilson lines and the
S-dual ’t Hooft lines in different gauge theories are studied,
incorporating the monopole bubbling effects. In [32], the
authors propose an infrared computation method using the
infrared Seiberg-Witten description and compute the line
operator index for Argyres-Douglas theories and SUð2Þ
SQCD. The papers [43,44] further studied the Schur index
of Wilson-’t Hooft line operators in terms the punctured
networks.
In this work, we focus on computing analytically the

Schur index with or without line defects in 4D N ¼ 2
SCFTs, generalizing the work in [28]. See also [45] for
extensive analytic results on Wilson line index for the N ¼
2� UðNÞ theories. The key tools for our purpose are a new
set of integration formula that can be applied to a wide range
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of 4D N ¼ 2 Lagrangian SCFTs, expressing multivariate
integrals of elliptic functions in terms of Eisenstein series
and rational functions of flavor fugacities. Concretely, we
propose integration formula for integrals with the following
types (and some variants) of integrand,
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where fðzÞ denotes an elliptic function in z, and z ¼ e2πiz.
These formula can be used to compute the standard Schur
index of some A2-type theories of class-S, Wilson line index
in A1-type theories of class-S, SUðNÞ SQCD and N ¼ 4
theories of gauge group SOðNÞ. We also compute the
’t Hooft line index in some simplest cases.
Let us explain the A1 case in a bit more detail. Recall that

an SUð2Þ Wilson line operator1 in a A1 class-S theories
T ½Σg;n� is dual to a line operator on the Σg;n, and in
particular, such a line operator resides at some long tube in
the pants-decomposition of Σg;n which provides a gauge
theory description for T ½Σg;n�. We find that for A1-type
theories T ½Σg;n�, there are two major types of Wilson line
operators: if the relevant tube separates Σg;n into two
disconnected parts, the index is called type-2, and other-
wise type-1. Note that type-1 line operators exist only when
genus g ≥ 1. It turns out that the type-1 Wilson index is
easy to compute and we are able to obtain an elegant
compact closed-form,

hWj∈Zið1Þg≥1;n ¼ Ig;n−
�Yn
i¼1

iηðτÞ
ϑ1ð2biÞ
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Note that given a Σg;n, as long as the Wilson operator is of
type-1, the index is independent of the specific tube it
resides. Generalizing the observation in [32], the type-1
index can be viewed as a linear combination of the vacuum
character Ig;n of the associated chiral algebra of T ½Σg;n�
and a nonvacuum module character ηðτÞ2g−2Qn

i¼1
iηðτÞ
ϑið2biÞ,

where the coefficient is a rational function

Xþj
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1�
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bmi − b−mi
qm=2 − q−m=2 : ð1:4Þ

For the type-2 Wilson line, the closed-form index takes a
less elegant form. Still, we are able to identify a similar
structure of finite linear combination of characters for the
SUð2Þ SQCD, T ½Σ2;1�, and all T ½Σg;0�. In particular, the
type-2 Wilson index in T ½Σ2;1� provides two new linearly
independent (combinations of) characters of the associated
chiral algebra, which were previously not visible from
analyzing surface defects in T ½Σ1;2�.
This paper is organized as follows. In Sec. II, we

demonstrate that the generalized integration formula can
be used to compute analytically the Schur index of a series
of A2-type class-S theories with or without Lagrangian,
and of SOð7Þ N ¼ 4 SYM. In Sec. III, we compute
both type-1 and type-2 line operator index for A1-type
class-S theories. In Sec. IV, we further compute line
operator index for some other higher rank gauge theories.
The Appendix A contains a quick review of the relevant
special functions, and Appendix B contains a series of new
integration formula that help compute Schur index or and
without line operators.

II. MORE ON SCHUR INDEX

Several integration formula were proposed in [28], which
can be used to analytically compute some multivariate
contour integral of elliptic functions. Those formula were
enough to compute exactly the Schur index of A1 class-S
theories and some low rankN ¼ 4 theories. However, they
were insufficient for more general AN class-S theories. In
this section, with the help from some new integration
formula, we explore the exact computation the Schur
index of a series of A2 theories and the N ¼ 4 SOð7Þ
theory, generalizing the results in [28]. The computation in
this section is relatively technical, and uninterested readers
may skip to Sec. III for the computation of line opera-
tor index.

A. A2 theories of class-S

First we recall the Schur index of the SUð3Þ SQCD. It
can be computed as a contour integral

ISQCD ¼ −
1

3!
ηðτÞ16

I Y2
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daA
2πiaA

Q
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3
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Q
6
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I Y2
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where a3 ¼ −a1 − a2, a3 ¼ ða1a2Þ−1, and ai ¼ e2πiai ,
mi ¼ e2πimi . See also Appendix A for the definitions and
properties of the Eisenstein series Ek½ϕθ� and the Jacobi theta
functions. The integral can be performed by applying the

1We consider the simplest Wilson lines charged under one
SUð2Þ gauge group, and leave more general Wilson lines and
their correlators to future work.
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integration formula in Appendix A, which yields the exact
(albeit slightly complicated) result,2
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From the computation of SUð3Þ SQCD index, we already
see that the complexity is far above the A1 type. Therefore,
we shall focus on arguing that the index can be computed
using the existing integration formula. The complexity
could decrease once more optimized integration formula is
found, which we leave to future work.
As a class-S theory, the SQCD has manifest flavor

symmetry SUð3Þð1Þ × SUð3Þð2Þ ×Uð1Þð1Þ ×Uð1Þð2Þ. We
shall denote the fugacities of SUð3ÞðαÞ as cðαÞ, and those
of Uð1ÞðαÞ as dðαÞ. They are related to mj by

cð1Þ1 ¼ m1=dð1Þ; cð1Þ2 ¼ m2=dð1Þ; dð1Þ ¼ ðm1m2m3Þ1=3;
ð2:3Þ

cð2Þ1 ¼ m4=dð2Þ; cð2Þ2 ¼ m5=dð2Þ; dð2Þ ¼ ðm4m5m6Þ1=3:
ð2:4Þ

Starting from SUð3Þ SQCD, one can build SUð3Þ linear
quiver theories by successively gauging in 9 hypermultip-
lets one after another. Let us perform one such computa-
tion. The gauging procedure multiplies to ISQCD factors

IVM ∼
Y3
A;B¼1
A≠B

ϑ1ðaA − aBÞ;

IHM ¼
Y3

A;B¼1

ηðτÞ
ϑ4
�
−aA þ cð3ÞB þ dð3Þ

� ; ð2:5Þ

where again a3 ¼ −a1 − a2, c
ð3Þ
3 ¼ −cð3Þ1 − cð3Þ2 . The gaug-

ing also identifies cð2ÞA with aA, and a contour integral of a1,
a2 should be performed,

I ¼
I

da1
2πia1

da2
2πia2

ISQCD

�
cð1Þ; a; dð1Þ; dð2Þ

�
IVMðaÞ

× IHM

�
a; cð3Þ; dð3Þ

�
: ð2:6Þ

Let us look at the various terms in this integral. First of
all, we have an integral of

X6
j2¼1

R0j2IVMIHME1

� −1
mj2

�
: ð2:7Þ

It is straightforward to verify that, as a function of a1;2,
the factor R0j2IVMIHM is elliptic with respect to both a1;2.
Moreover, after the replacing m with the c, d fugacities
and a,

ðm1;…; m6Þ

¼
 
cð1Þ1 dð1Þ; cð1Þ2 dð1Þ;

dð1Þ

cð1Þ1 cð1Þ2

; a1dð2Þ; a2dð2Þ;
dð2Þ

a1a2

!
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ð2:8Þ

and similarly mj1mj2≠j1 ∼ ðð…Þ; a�1
1 ð…Þ; a�1

2 ð…Þ;
ða1a2Þ�1ð…ÞÞ where ð…Þ denotes combinations of
cð1Þ; dð1Þ; dð2Þ. Therefore, one can perform the a1 integral
using (B4) or (B7). For all j2, there are several types of
poles from R0j2IVMIHM,

a1 ¼ ½1; 2�; ½3�; −a2 þ ½1; 2�; −a2 þ ½3�: ð2:9Þ

Here [1, 2] and [3] denote respectively linear combinations
of cð1Þ; dð1;2Þ and cð3Þ; dð3Þ. The Eisenstein series E1½ −1

mj2¼1;2;3
�

are independent of a1, a2, and will never participate in
subsequent integrations or gauging. The variables a1, a2 in
E1½ −1

mj2¼4;5;6
� appear in the form a1, or a2, or a product a1a2.

The a1 integral using the integration formula will produce
E1½ �1

½1;2��; E1½�1
½3� �, E2½ �1

a2½1;2�� or E2½ �1
a2½3��, where [1, 2] and ½3�

denote respectively combinations of the flavor fugacities
cð1Þ; dð1Þ; dð2Þ, and of cð3Þ; dð3Þ. The a2-integration of these
terms can be further carried out, and we have Eisenstein
structure,

2Here the prefactors Rj1j2 are given by
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Q
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Rj1 ¼ Rj10 ≔
iηðτÞ13ϑ1ð2mj1 Þϑ4ðmj1 Þ3Q

i≠jϑ1ðmj þmiÞϑ1ðmj −miÞϑ4ðmiÞ
¼ R0j1:
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where ½1; 2; 3� denotes products of cð1Þ; cð3Þ; dð1;2;3Þ.
Next we have Rj1ða2 ¼ 0ÞIVMIHME1½−1mj1

� integral.

Again, the prefactor Rj1ða2 ¼ 0ÞIVMIHM is separately
elliptic with respect to both a1;2. This factor again has
a1-poles of the form

a1 ¼ ½1; 2�; ½3�; −a2 þ ½1; 2�; −a2 þ ½3�: ð2:11Þ

Therefore, the a1, a2 integral can also be straightforwardly
performed with a reference point a1 ¼ 0. The Eisenstein
structure is the same as that of the previous term.
Let us also look at the last two terms in (2.2),
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We note that Rj1j2 ¼ 0 when j1 ¼ j2. One can also directly
verify that Rj1j2IVMIHM is elliptic, with a1 poles of the
same simple form as the above. Hence, one can also
proceed with both a1, a2 integral using the integration
formulas (B4) and (B7). The Eisenstein structure of the
result involves
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We are now ready to deal with the middle two terms in
(2.2). Again, the factor in front of the Eisenstein series is
suitably elliptic. But now this elliptic function is multiply-
ing with

E1

� −1
mj2

�
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� −1
mj1
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� −1
mj1mj2q

−1=2

�
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When substituting in the a, c, d fugacities we will need to
integrate

fða1; a2ÞE1
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aA½1; 2�

�
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We can carry out the a1 integral which involves poles of the
same form as the above, a1 ¼ expressions of c; d and
a1 ¼ −a2 þ expressions of c; d. The integral can be per-
formed using the integration formula (B4). After the a1
integral, we will have the following type of integrand left to
integrate (factors independent of a2 are omitted),

fða2ÞEk¼1;2
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a2ð…Þ
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To illustrate this, we can look at a term in the sum, for
example,

fða1; a2ÞE1

� −1
a1a2ð…Þ

�
E1

� −1
a1a2ð…Þ0

�
: ð2:17Þ

Since fða1; a2Þ has poles only of the form a1 ¼ ð…Þ and
a1 ¼ a−12 ð…Þ, the integral of the above will produce
Eisenstein series with arguments

a2ð…Þ
a2ð…Þ0 ; e2πi0a−12 ð…Þ; e2πi0ð…Þ;

a2ð…Þa−12 ð…Þ; a2ð…Þð…Þ; etc: ð2:18Þ

Here we have chosen the reference point as a1 ¼ 0.
Therefore, although tedious, the leftover a2 integral can
be dealt with, and it produces the exact Schur index for the
SUð3Þ × SUð3Þ linear quiver theory. In the end, the exact
index contains Eisenstein structures
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�
; E1
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�
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� �1

ð…Þ

�
: ð2:19Þ

The above analysis can be repeated for longer linear
SUð3Þ quiver theories, where we will encounter integrals in
the presence of

En

� �1

zð…Þ

�
; E1

� �1

zð…Þ

�
En

� �1

zð…Þ

�
: ð2:20Þ

These integrals can be treated using the integration formula
in the Appendix B, and therefore Schur index of all linear
SUð3Þ-quiver are computable, though rather tedious, with
the current method.
Now that gauging a SUð3Þ symmetry with fugacities cð2Þ

can be carried out using the integration formula, we are able
to also compute Schur index of some non-Lagrangian
theories. Consider the E6 superconformal field theory of
Minahan and Nemeschansky [46], whose index can be
computed by exploiting the Argyres-Seiberg duality [47]
and an inversion formula [20,48],

GUO, LI, PAN, and WANG PHYS. REV. D 108, 106002 (2023)

106002-4



IE6

�
cð1Þ; cð2Þ; ðwr; w−1r; r−2Þ�

¼
ISQCD

�
cð1Þ; cð2Þ; w

1
3

r ;
w−1

3

r

	
w→q

1
2w

θðw2Þ

þ
ISQCD

�
cð1Þ; cð2Þ; w

1
3

r ;
w−1

3

r

	
w→q−

1
2w

θðw−2Þ ; ð2:21Þ

where the denominator is related to ϑ1 by

θðzÞ≡ ϑ1ðzÞ
iz

1
2q

1
8ðq; qÞ : ð2:22Þ

With the known closed-form expression of ISQCD, the
above formula also provides a closed-form IE6

.3 Note that
two of the SUð3Þ flavor symmetries of the E6 theory share
identical fugacities cð1Þ; cð2Þ with those of the SUð3Þ
SQCD. The above formula allows one to directly compute
the Schur index of, for instance, a theory of class-S with
three maximal and one minimal punctures (see Fig. 1),

I ¼
I

da
2πia

X
�

ISQCD

�
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1
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r ;
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3

r

	
w→q�

1
2w

θðw�2Þ
× IVMðaÞIHM

�
a; cð3Þ; dð3Þ

�
: ð2:23Þ

As we have argued, this can be computed exactly with the
currently available formula in the Appendix B.

B. N = 4 SOð7Þ SYM
The Schur index of theN ¼ 4 SOð7Þ theory is a contour

integral of the following integrand,

Zða1; a2; a3Þ ¼
�
ϑ01ð0Þ
ϑ4ð0Þ

�
3Y
α;β

Y
i<j

ϑ1ðαai þ βaj; qÞ
ϑ4ðαai þ βaj þ b; qÞ

×
Y
α

Y3
i¼1

ϑ1ðαai; qÞ
ϑ4ðαai þ b; qÞ ; ð2:24Þ

which is separately elliptic with respect to all three
variables a1;2;3.
The integral can be performed analytically by integrating

a1, a2, a3 one after another using the integration formula
collected in the Appendix B. The a1 integration involves
the following simple poles which are all imaginary,

αbþ τ

2
; αa2 þ βbþ τ

2
; αa3 þ βbþ τ

2
: ð2:25Þ

The residues of these simple poles are denoted by Pα, Qαβ,
and Q̃αβ. Using the integration formula (B1), the a1
integration leaves an integrand

Z1ða2; a3Þ ¼
I
ja1j¼1

da1
2πia1

Zða1; a2; a3Þ

¼
X
α

PαE1

�−1
bα
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QαβE1
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aα2b

β

�

þ
X
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Q̃αβE1

� −1
aα3b

β

�
: ð2:26Þ

The poles and residues of P;Q; Q̃ are listed in Table I,
which are used in the a2-integration.
Using the integration formula (B4), the a2 integration

leaves a final integrand

Z2ða3Þ ¼
I

da2
2πia2

Z1ða2; a3Þ ¼ I1 þ I2 þ I3; ð2:27Þ

where

FIG. 1. An SUð3Þ-type class-S theory at genus-zero with three
maximal (circle) and a minimal puncture (dot).

TABLE I. Poles and residues of Pα, Qαβ, and Q̃αβ with respect
to the variable a2. Here α; β; γ ¼ �1.

Poles Residues

Pα 2γb Pαγ
1
2
ð2γa3 þ 2βbþ τÞ Pαβγ

Qαβ
k
2
þ l

2
τ, ðk;lÞ ¼ fð0; 1Þ; ð1; 0Þ; ð1; 1Þg Qðk;lÞ

αβ

−αβbþ k
2
þ l

2
τ, fðk;lÞg ¼ fð0; 0Þ; ð1; 0Þ; ð1; 1Þg −Qðk;lþ1Þ

αβ

αβbþ τ
2

γPαγ

γa3 þ αβbþ τ
2

Qαβγ

γa3 − 2αβb Qαβ−γ

Q̃αβ γbþ τ
2

−Pγβα

−γa3 þ αβγbþ τ
2 Q̃αβγ

γð−a3 − 2αβbÞ −γQαβ1

3Unfortunately, the current closed-form IE6
only makes

manifest the SUð3Þa × SUð3Þb ⊂ E6 symmetry. It would be
interesting to further explore a better formula with explicit E6

Weyl-invariance.
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I1 ¼
X
α¼�1

I
da2
2πia2

PαE1

�−1
bα

�
¼
X

α;γ¼�1

PαγE1

� −1
b2γ−1q

1
2

�
E1

�−1
bα

�

þ
X

α;β;γ¼�1

PαβγE1

� −1
aγ3b

β−1

�
E1

�−1
bα

�
: ð2:28Þ

and

I2 ¼
X
α¼�1

I
da2
2πia2

QαβE1

� −1
aα2b

β

�

¼
X
α¼�1

X1
k;l;m;n¼0

ð−1ÞnαQðk;lÞ
αβ Sm

× E1

" ð−1Þm

ð−1Þkbðn−mÞαβq
nþð−1Þnl

2

#
−

X
α;β;γ¼�1

X1
k¼0

αQαβγ

× Sk

 
E2−k

� ð−1Þk
a−γ3 b−ðkþ1Þαβq1

2

�
þ E2−k

� ð−1Þk
aγ3b

ð2−kÞαβ

�!

−
X

α;β¼�1

X1
k¼0

αγPαγSkE2−k

� ð−1Þk
bð2−kÞαβ

�
; ð2:29Þ

and

I3 ¼
X

α;β¼�1

I
da2
2πia2

Q̃αβE1

� −1
aα3b

β

�

¼
X

α;β¼�1

Q̃αβja2¼0
E1

� −1
aα3b

β

�

−
X

α;β;γ¼�1

γQαβ1E1

� −1
a−γ3 b−2αβγq

1
2

�
E1

� −1
aα3b

β

�

−
X

α;β;γ¼�1

PγβαE1

�−1
bγ

�
E1

� −1
aα3b

β

�

þ
X

α;β;γ¼�1

Q̃αβγE1

� −1
a−γ3 bαβγ

�
E1

� −1
aα3b

β

�
: ð2:30Þ

The closed-form ofN ¼ 4 SOð7Þ Schur index is then given
by

I ¼
I
ja3j¼1

da3
2πia3

Z2ða3Þ: ð2:31Þ

At this stage we encounter the following types of integral

I
jzj¼1

dz
2πiz

fðzÞEk

��1

za

�
;

I
jzj¼1

dz
2πiz

fðzÞE1

�−1
za

�
E1

�−1
zb

�
; ð2:32Þ

which can be computed using the integration formulas (B4), (B7), and (B13). Since the computation of integrand is
somewhat technical and tedious, we will only present the final result without the details. To do so, we define I1;2;3 as some
intricate combinations of Eisenstein series,

ðI1Þαβ ≔ E1

�−1
b

� 
−
X2
k¼0

ð−1Þ⌈k2⌉ð3 − kÞE2

� ð−1Þβþkþ1

ð−1Þαbk
�
þð−1Þβ

�X
�1

∓ E1

� −1
ð−1Þαb1

2q�1
4

�
þ 1

4

�!
;

ð2:33Þ

and

ðI2Þβγ ≔ 4ð−1Þβ
�
3E3

� ð−1Þβþγþ1

ð−1Þβb2
�
− 3E3

� ð−1Þβþγ

ð−1Þβb

�
þ E3

� ð−1Þβþγ

ð−1Þβb3
��

− 2
X1
k¼0

ð−1ÞβþkE1

�−1
b

�
E2

� ð−1Þβþγ

ð−1Þβb2kþ1

�
− 4ð−1ÞβE2

�
1

b2

�
E1

� ð−1Þβþγþ1

ð−1Þβb2
�
þ 2ð−1ÞβE1

� ð−1Þβþγþ1

ð−1Þβb2
� X
k∈ f0;1;3g

ð4 − kÞð−1Þ⌈k2⌉E2

� ð−1Þβþγþk

bk

�

þ
X
�

X1
k¼0

E1

�
1

ð−1Þβb1
2
þkq�

ð−1Þk
4

��
2ð−1Þβ

�
E2

�
1

b2

�
− E2

�−1
b

��
� ð−1ÞγE1

�−1
b

��

−
5þ 4γ − 4β

2
E1

� ð−1Þβþγþ1

ð−1Þβb2
�
þ 5βγE1

� −1
−b2

�
þ
X
�

X1
k¼0

ð−1Þβ
4

E1

�
1

ð−1Þβb1
2
þkq�

ð−1Þk
4

�
; ð2:34Þ
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and

I3 ≔ −4

 
−
X1
k¼0

X
α¼�1

E1

�
1

bkþ3
2q

α
4

�
þ E1

�−1
b5

�! X2
i¼1

ð−1Þiþ1E2

� ð−1Þi
bi

�
−
1

8

!
− 2
X2
k¼1

E1

� −1
b2kþ1

�
E1

�−1
b

�
2

þ E1

�−1
b3

� X
k∈ f1;2;4g

BkE2

� ð−1Þk
bk

�
þ 4

!
þ E1

�−1
b

� X
α¼�1

2α

 X2
k¼1

kE1

� ð−1Þkþ1

b
5
2q

α
4

�
− E1

�
1

b
3
2q

α
4

�!

þ
X3
k¼1

CkE2

� ð−1Þk
bk

�
þ 9

2

!
− 2
Y2
k¼0

E1

� −1
b2kþ1

�
− 2E1

�−1
b

�
3

þ
X4
n¼1

AnE3

� ð−1Þn
bn

�
: ð2:35Þ

With the above three definitions, we can express the N ¼ 4 SOð7Þ Schur index as

IN¼4SOð7Þ ¼
i
48

X
α;β

�
RαβðI1Þαβ þ TαβðI2Þαβ

�þ i
48

WI3: ð2:36Þ

In this formula, the Greek indices ðα; βÞ sum over the set fð0; 0Þ; ð1; 0Þ; ð1; 1Þg. Note that

Rαβ ≔ b−2β
ϑ1
�
bþ αþβτ

2

�
ϑ4
�αþβτ

2

�
ϑ4ðbÞ3

ϑ1
�
3bþ αþβτ

2

�
ϑ4
�
2bþ αþβτ

2

�
ϑ1ð2bÞ3

; ð2:37Þ

Tβγ ≔ bγ−β
ϑ4
�βþðβ−γÞτ

2

�
ϑ4
�
2bþ βþðβ−γÞτ

2

�
ϑ4ðbÞ

ϑ1
�
3bþ βþðβ−γÞτ

2

�
ϑ1
�
bþ βþðβ−γÞτ

2

�
ϑ1ð4bÞ

W ≔
Y2
k¼0

ϑ4ðð2kþ 1ÞbÞ
ϑ1ðð2kþ 2ÞbÞ : ð2:38Þ

Finally, it is straightforward to check that the unflavored limit of IN¼4 SOð7Þ satisfies a monic Γ0ð2Þ modular differential
equation at order 10,

DN¼4
soð7Þ ¼ Dð10Þ

q þ
�
64169

45888
Θ1;1 −

116269

45888
Θ0;2

�
Dð8Þ

q þ
�
99455

68832
Θ0;3 −

51397

22944
Θ1;2

�
Dð7Þ

q þ
�
4531009Θ0;4

13215744

−
3779273Θ1;3

3303936
þ 5245697Θ2;2

4405248

�
Dð6Þ

q þ
�
−
1133653Θ0;5

4405248
þ 2557903Θ1;4

4405248
−
55973Θ2;3

2202624

�
Dð5Þ

q

þ
�
1190885473Θ0;6

22836805632
−
924970757Θ1;5

3806134272
þ 3937715525Θ2;4

7612268544
−
2505775369Θ3;3

11418402816

�
Dð4Þ

q þ
�
−
117336059Θ0;7

22836805632

þ2991097351Θ1;6

22836805632
−
380366011Θ2;5

2537422848
þ 930902663Θ3;4

22836805632

�
Dð3Þ

q þ
�
−
274137107749Θ0;8

26308000088064
−
3736889371Θ1;7

3288500011008

−
330134662435Θ2;6

6577000022016
þ 199201642115Θ3;5

3288500011008
þ 41820786289Θ4;4

26308000088064

�
Dð2Þ

q þ
�
240693275531Θ0;9

39462000132096

−
88992212869Θ1;8

4384666681344
−
8099874757Θ2;7

1096166670336
þ 330064570085Θ3;6

3288500011008
−
174451260571Θ4;5

2192333340672

�
Dð1Þ

q þ
�
−
256921875Θ0;10

256624295936

þ477416835Θ1;9

128312147968
−

59821335Θ2;8

256624295936
þ 559460601Θ3;7

32078036992
−
13109319531Θ4;6

128312147968
þ 10552431897Θ5;5

128312147968

�
; ð2:39Þ

and nonmonic Γ0ð2Þ equation at order 9,
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DN¼4
soð7Þ ¼ Θ0;1D

ð9Þ
q þ

�
2477Θ1;1

1912
−
3407Θ0;2

1912

�
Dð8Þ

q þ
�
6971Θ1;2

11472
−
10377Θ0;3

3824

�
Dð7Þ

q þ
�
1339781Θ0;4

275328

−
15625Θ1;3

1434
þ 1767811Θ2;2

275328

�
Dð6Þ

q þ
�
17516635Θ0;5

13215744
−
37436353Θ1;4

13215744
þ 12423443Θ2;3

6607872

�
Dð5Þ

q

þ
�
−
44438921Θ0;6

317177856
þ 24643855Θ1;5

52862976
−
177147775Θ2;4

35241984
þ 767384147Θ3;3

158588928

�
Dð4Þ

q þ
�
436377635Θ0;7

11418402816

−
2631122143Θ1;6

11418402816
þ 6486893273Θ2;5

3806134272
−
17028452303Θ3;4

11418402816

�
Dð3Þ

q þ
�
287431763Θ0;8

30449074176
þ 4632486095Θ1;7

22836805632

−
3490714387Θ2;6

2537422848
þ 19973363051Θ3;5

7612268544
−
133319985805Θ4;4

91347222528

�
Dð2Þ

q þ
�
−
247722449497Θ0;9

26308000088064

þ 663592423Θ1;8

36087791616
−
105995132111Θ2;7

243592593408
þ 2910273174797Θ3;6

2192333340672
−
439516599949Θ4;5

487185186816

�
Dð1Þ

q þ
�
49415625Θ0;10

32078036992

−
52688223Θ1;9

16039018496
−
2541812427Θ2;8

32078036992
þ 3001266891Θ3;7

4009754624
−
36356798079Θ4;6

16039018496
þ 25650617139Θ5;5

16039018496

�
: ð2:40Þ

In the above modular linear differential equations, the
operator DðnÞ

q is the so called Serre derivative given by

DðnÞ
q ≔ ∂

ð2n−2Þ
q ̊� � � ∂ð2Þq ̊∂ð0Þq ; ∂

ðkÞ
q ≔ q∂q þ kE2ðτÞ; ð2:41Þ

and the functions Θðm;nÞ ≔ ϑ4m2 ϑ4n3 þ ϑ4n2 ϑ4m3 are weight
2ðmþ nÞΓ0ð2Þ modular forms [49]. We also note that each
row vector ðR00;R10;R11Þ, and ðT00;T10;T11Þ forms the
same 3-dimensional representation ρ of Γ0ð2Þ, following
from the modularity of Jacobi-theta function. In particular,
the representation matrix of STS is given by

ρðSTSÞ ¼

0B@−1 0 0

0 0 −1
0 −1 0

1CA; ð2:42Þ

acting to these two row vectors. The factor W form a
one-dimensional representation of Γ0ð2Þ. It would be
interesting to further investigate the relation between the
many ingredients in the above closed-form of IN¼4 SOð7Þ
and the highest weight characters of the associated chiral
algebra VN¼4 SOð7Þ, which we leave for future work.

III. LINE OPERATOR INDEX OF A1-THEORIES
OF CLASS-S

In this and the following section we discuss the Schur
index in the presence of a line operator. For a Lagrangian
4D N ¼ 2 SCFT with gauge group G and flavor group f,
the Schur index in the absence of operator insertion can be
computed by a multivariate contour integral [1,2]

I ¼
I �

da
2πia

�
Zða; bÞ; ð3:1Þ

where the integrand Zða; bÞ is elliptic with respect to the
“exponent variables” ai separately, and captures contribu-
tions from the vector multiplets and hypermultiplets in a
gauge theory description. Variables b denote the flavor
fugacities with respect to the flavor symmetry f.
One can introduce half line operators in the 4D theory

that extend from the origin to infinity while preserving
certain amount of supercharges [32]. In particular, there
are line operators that preserve the supercharges used to
construct the Schur index. In the presence of such a
Bogomol'nyi-Prasad-Sommerfield half Wilson line ope-
rator in the representation R of the gauge group, the half
Wilson line index can be computed simply by4 [31,32]

hWRi ¼
I �

da
2πia

�
χRðaÞZðaÞ; ð3:2Þ

where χRðaÞ denotes the character of representation R of
G. A full Wilson line operator in representation R can be
thought of as a junction at the origin of two half Wilson line
operators in complex-conjugating representationR; R̄, and
hence the full Wilson line index can be computed by

hWfull
R i ¼

I �
da
2πia

�
χRðaÞχR̄ðaÞZðaÞ: ð3:3Þ

In our notation, we will only add the superscript “full”
when dealing with a full Wilson line operator.
One can also consider correlators of half Wilson line

operators, which take the form

hWR1
� � �WRn

i ¼
I �

da
2πia

�"Yn
i¼1

χRi
ðaÞ
#
ZðaÞ: ð3:4Þ

4For simplicity we omit the normalization factor I−1.
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One can consider applying the tensor product decom-
position ⊗n

i¼1 Ri ¼
P

j mjRðjÞ and reduce the product of
characters on the right to a sum of characters of the
irreducible representations RðjÞ of the gauge group,

hWR1
� � �WRn

i ¼
X
j

mjhWRðjÞ i: ð3:5Þ

In this sense, half Wilson line indices in irreducible
representations are the basic building blocks for correlators
of half/full Wilson line, which will be our main focus.
In the following we will study line operator index for A1

theories of class-S. We will start with some simple
examples where we are able to compute both the Wilson
line index and the S-dual ’t Hooft line index. Eventually we
will analyze in detail the half Wilson line index for general
A1 theories of class-S.
In many cases, we are able to expand the Wilson line

operator index as a linear combination of chiral algebra
module characters. At the computational level, these
characters come from residues of the elliptic integrand Z
which are related to Gukov-Witten type surface defects. As
already discussed [32,37], the appearance of nonvacuum
chiral algebra modules is somewhat expected. Recall that
the associated chiral algebra of a Lagrangian theory can be
constructed using a set of small bc ghost5 and symplectic
bosons βγ through a BRST reduction that imposes gauge-
invariance. Let us denote the vacuum character of the bcβγ
system as Zbcβγ . The Wilson line index in an irreducible
G-representation R can be written more explicitly as

I �
da
2πia

�
Haar

χRðaÞZbcβγðaÞ; ð3:6Þ

Hence the Wilson index account for the local operators
formed from the normal ordered product of the bcβγ that
are gauge-variant and can compensate the charge R at the
end of the Wilson line. These operators are acted on by the
chiral algebra VðT Þ and naturally form a reducible module
R� ⊗ MðRÞ of G × VðT Þ, since the operators in VðT Þ are
gauge-invariant under G. The Wilson index then picks up a
trace over the reducible module M,

hWRi ¼ trMðRÞqL0− c
24bf: ð3:7Þ

In general, MðRÞ may be decomposed as an infinite tower
of irreducible highest weight modules Mj of VðT Þ.
Therefore it is natural to expect that the trace returns a
weighted sum of irreducible characters chMj

hWRi ¼
X
j

Ljðb; qÞchMj; ð3:8Þ

where Ljðb; qÞ are rational functions of the flavor fugac-
ities and q. These irreducible modules often arise from
different types of surface defects in the 4D N ¼ 2
SCFT [49–54], and (linear combinations of) the module
characters correspond to the defect Schur index. For more
general line insertion, it is less obvious how the chiral
algebra modules arise in the line index. One may argue
from a pure two dimensional perspective. A temporal lineL
insertion into the trace gives a trace over the Hilbert space
HL of the line L,

trHL
qL0− c

24: ð3:9Þ

When the line is topological (or, commute with the chiral
algebra at hand), the line Hilbert space HL can be decom-
posed into chiral algebra modules. This is the case for the
Verlinde lines in rational theories, and the corresponding
trace has been shown to be expanded in characters of the
primaries [32,55]. In any case, it would be interesting to
further investigate the precise origin of the surface defect
index’s appearance in line operator index, as well as the
physical meaning of the rational functions Ljðb; qÞ.

A. N = 4 SUð2Þ theory
1. Half Wilson line index

The associated chiral algebra VN¼4 of the N ¼ 4 theory
with an SUð2Þ gauge group is given by the 2D smallN ¼ 4
superconformal algebra. The Schur index, which is iden-
tified with the vacuum character of VN¼4, can be computed
by the contour integral

IN¼4 ¼ −
1

2

ηðτÞ3
ϑ4ðbÞ

I
jaj¼1

da
2πia

ϑ1ð2aÞϑ1ð−2aÞ
ϑ4ð2aþ bÞϑ4ð−2aþ bÞ

≔
I

da
2πia

ZðaÞ ¼ iϑ4ðbÞ
ϑ1ð2bÞ

E1

�−1
b

�
: ð3:10Þ

In the following we consider the index in the presence of a
half Wilson line operator in the spin-j representation. The
index is then given by the integral

hWji ¼
I
jaj¼1

da
2πia

"Xj
m¼−j

a2m
#
ZðaÞ: ð3:11Þ

Here the spin-j character is given by χjðaÞ ¼
Pj

m¼−j a
2m,

and in particular, the adjoint character is a2 þ 1þ a−2.
To proceed, we note that there are a collection of poles

from the elliptic integrand,
5Smallness means the zero mode c0 of the c ghost is removed

from the algebra.
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a�kl ¼ � b
2
þ ð2kþ 1Þτ

4
þ l

2
; k;l ¼ 0; 1: ð3:12Þ

Due to the presence of τ=4, all these poles are imaginary,
with essentially the same residues

R�
kl ¼ ∓ i

4

ϑ4ðbÞ
ϑ1ð2bÞ

: ð3:13Þ

Applying the integral formula (B38), the index reads

hWji ¼ IN¼4δj∈Z −
i
4

ϑ4ðbÞ
ϑ1ð2bÞ

Xj
m¼−j
m≠0

X
k;l¼0;1

×
ð−1Þ2lmðbm − b−mÞqð−1

2
þkÞm

qm − q−m
: ð3:14Þ

Note that for j∈Z, the character χjðaÞ contains a constant
term 1, which upon integration leads to the original Schur
index IN¼4. On the other hand, when j∈Zþ 1

2
, the entire

expression vanishes identically thanks to the summation
over l ¼ 0, 1. Therefore, we have

hWj∈Zi ¼ þIN¼4 −
i
2

ϑ4ðbÞ
ϑ1ð2bÞ

Xj
m¼−j
m≠0

bm − b−m

qm=2 − q−m=2 ;

hWj∈Zþ1
2
i ¼ 0: ð3:15Þ

The first term IN¼4 ¼ ch0 is identified with the vacuum
character of the associated chiral algebra VN¼4. The factor
iϑ4ðbÞ
ϑ1ð2bÞ in the second term is the residue of the integrand Z

which is related to the Schur index of Gukov-Witten type
surface defect in the N ¼ 4 theory [53]. It can be shown

that the residue satisfies iϑ4ðbÞ
ϑ1ð2bÞ ¼ ch0 þ chM where M is

another irreducible module M of VN¼4 [53,56,57]. As
module characters of VN¼4, both ch0 and chM satisfy the
flavored modular differential equations arising from null
states in VN¼4 [49,53,54,58,59]. Therefore, the line index
can be written as a combination of the two irreducible
characters,

hWj∈Zi ¼
0@1 −

1

2

Xþj

m¼−j
m≠0

bm − b−m

qm=2 − q−m=2

1Ach0

−
1

2

0@Xþj

m¼−j
m≠0

bm − b−m

qm=2 − q−m=2

1AchM: ð3:16Þ

However, the coefficients of the linear combination are
rational functions of b and q. This is quite different from
the Schur index of surface defects, which are expected
to be linear combinations of characters with constant

coefficients.6 In particular, the line index does not solve
the flavored modular differential equations in [53].

2. ’t Hooft line index

In the 4D N ¼ 4 SYM (and in general N ¼ 2 super-
conformal gauge theories), one can define ’t Hooft line
operators by specifying certain singular profile for the
gauge fields and scalars in the path integral. By the Dirac
quantization condition, the magnetic charge B of a ’t Hooft
operator is valued in the cocharacter lattice Λcochar inside
the Cartan h of the gauge group G. This lattice Λcochar
corresponds to the weights of the Langland dual group G∨,
and therefore a dominant integral element B corresponds to
a G∨-representation R∨

B . The cocharacters as weights in
R∨

B are obtained from B by subtracting suitable coroot
element α∨, and weights related by the Weyl group W of
the gauge group G are identified. A weight v in R∨

B that is
not Weyl-related to B can screen the ’t Hooft operator and
signals monopole bubbling effect [29,30,60,61].
Under the S-duality, a full Wilson line in a N ¼ 4 SYM

is mapped to a ’t Hooft line. If the magnetic charge of a ’t
Hooft operator corresponds to a minuscule representation
ofG∨, then its index is safe frommonopole bubbling effect,
and the index can be computed by a relatively simple
contour integral [31]. In particular, For the N ¼ 4 Uð2Þ
theory, the ’t Hooft line with minimal magnetic charge (1,0)
corresponds to a minuscule representation, and is dual to
the full Wilson operator in the fundamental representation.
The ’t Hooft index can be written as a contour integral [31],



Hfull

ð1;0Þ
� ¼ −

I
da
2πia

ða − bÞð−1þ abÞ
ð ffiffiffi

q
p − aÞð−1þ ffiffiffi

q
p

aÞb

×
ηðτÞ6ϑ4ðaÞ2

ϑ1ða − bÞϑ1ðaþ bÞϑ4ðbÞ2
: ð3:17Þ

Note that the parameters and integration variables have
been renamed and reorganized compared to the double
contour integral in [31]. In series expansion,



Hfull

ð1;0Þ
� ¼ 1þ 2ðbþ b−1Þ ffiffiffi

q
p þ ð1þ 3b2 þ 3b−2Þq

þ 4ðb3 þ b−3Þq3=2 þ � � � : ð3:18Þ

The ratio of ϑ functions in hHfulli are essentially identical
to the original integrand that computes IN¼4, up to a shift
from ϑ1;4 → ϑ4;1. It is therefore elliptic in a, with real poles
a ¼ �b. The rational factor in the integrand can also be
expanded in the SUð2Þ characters,

6Possibly up to some overall factors of q [52].
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−
ða − bÞð−1þ abÞ� ffiffiffi
q

p − a
��
−1þ ffiffiffi

q
p

a
�

¼ ð1þ b2Þ
Xþ∞

n¼0

q
n
2χj¼n

2
ðaÞ − b

Xþ∞

n¼0

qn=2χj¼1
2
ðaÞχj¼n

2
ðaÞ

ð3:19Þ

¼ ð1þ b2Þ
Xþ∞

n¼0

qn=2χj¼n
2
ðaÞ − b

Xþ∞

n¼0

qn=2χj¼n
2
þ1

2
ðaÞ

− b
Xþ∞

n¼0

qn=2χj¼n
2
−1
2
ðaÞ: ð3:20Þ

Hence, the integral hHfulli can be computed directly and
exactly using (B45). In this case, the residues of two real
poles a ¼ b� are given by

R� ¼ � iηðτÞ3
ϑ1ð2bÞ

: ð3:21Þ

After some algebra, we have

hHfull
ð1;0Þi ¼ iηðτÞ3

ϑ1ð2bÞ
�
q

1
2 þ q−

1
2 − b − b−1

�Xþ∞

n¼0

Xþn=2

m¼−n=2
m≠0

× q
n
2
b2m − b−2m

1 − q−2m
þ 2
�
bþ b−1 − 2q

1
2

�
1 − q

×
iηðτÞ3
ϑ1ð2bÞ

E1

�−1
b

�
; ð3:22Þ

where in the second line we applied

I
da
2πia

ηðτÞ6ϑ4ðaÞ2
ϑ1ða − bÞϑ1ðaþ bÞϑ4ðbÞ2

¼ 2iηðτÞ3
ϑ1ð2bÞ

E1

�−1
b

�
:

ð3:23Þ

After stripping off the free contribution ηðτÞ=ϑ4ðbÞ, here we
see explicitly a combination of two characters iϑ4ðbÞ

ϑ1ð2bÞ and

vacuum character iϑ4ðbÞ
ϑ1ð2bÞE1½−1b �. However, the physical

meaning of the prefactors is unclear to the authors.
The dual Wilson operator index can be computed a lot

more easily with (B38),



Wfull

j¼1=2

�¼ −
1

2

ηðτÞ6
ϑ4ðbÞ2

I
jaj¼1

da
2πia

�
aþ 1

a

�
2

×
ϑ1ð2aÞϑ1ð−2aÞ

ϑ4ð2aþ bÞϑ4ð−2aþ bÞ
¼ hWj¼1iUð2Þ þ IN¼4Uð2Þ

¼ q−
1
2
iηðτÞ3
ϑ4ðbÞ

ϑ4ðbÞ
ϑ1ð2bÞ

�
2E1

�−1
b

�
−

b− b−1

q1=2 − q−1=2

�
:

ð3:24Þ

As required by S-duality, hWfull
j¼1=2i ¼ hHfull

ð1;0Þi. This equal-
ity indeed follows analytically from the identity (A37).
Let us also consider ’t-Hooft operators with nonminimal

charge B ¼ ð2; 0Þ. In this case, the index receives con-
tribution from monopole bubbling with v ¼ ð1; 1Þ, and is
expected to equal the Uð2Þ Wilson index in the tensor
product of fundamental representation. The ’t Hooft index
reads



Hfull

ð2;0Þ
�¼ q−1=2

I
da
2πia

ZðaÞ ηðτÞ6
ϑ4ðbÞ2

ϑ1ðaÞ2
ϑ4ð�aþ bÞ ; ð3:25Þ

where

ZðaÞ ¼
�
1−

ffiffi
q

p
ab

	�
1− a

ffiffi
q

p
b

	
�
1− 1

a

�ð1− aÞ

�
1− b

ffiffi
q

p
a

	�
1− ab

ffiffiffi
q

p ��
1− q

a

�ð1− aqÞ

þ 1

2

�ðq− 1Þ2 þ �bþ 1
b

� ffiffiffi
q

p ð1þ qÞ − 2q
�
aþ 1

a

��
1− q

a

�ð1− aqÞ
�2
:

ð3:26Þ

Note that

1�
1 − q

a

�ð1 − aqÞ ¼
X
j∈ 1

2
N

q2jχjðaÞ;

�
1 −

b�
ffiffiffi
q

p
a

��
1 − ab�

ffiffiffi
q

p � ¼ ð1þ b�2q
�
− b�q1

2χ1
2
ðaÞ:

Inserting these expansions, we have

Z ¼ 1

ð1 − zÞð1 − 1=zÞ


A − Bχ1=2ðaÞ þ qχ1ðaÞ

�
×
X
j∈ 1

2
N

q2jχjðaÞ þ


4q2ð1þ χ1ðaÞÞ − C2 − 2Cqχ1

2
ðaÞ�

×
X

j;j0;j00 ∈ 1
2
N

q2ðjþj0ÞNj00
jj0χj00 ðaÞ ð3:27Þ

≔
1

ð1−aÞð1−1=aÞ
X
j∈1

2
N

ZjχjðaÞþ
X
j∈1

2
N

Z0
jχjðaÞ; ð3:28Þ
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where

A ≔ ð1þ b2qÞ
�
1þ q

b2

�
þ q;

B ≔ ðbþ b−1Þ ffiffiffi
q

p ð1þ qÞ ð3:29Þ

C ≔ ðq − 1Þ2 þ
�
bþ 1

b

� ffiffiffi
q

p ð1þ qÞ;

χJðaÞχJ0 ðaÞ ¼
X
J00

NJ00
JJ0χJ00 ðaÞ; ð3:30Þ

and Zj, Z0
j are polynomials of b, q from applying the

tensor product rule for the SUð2Þ characters,X
j∈ 1

2
N

ZjχjðaÞ ¼


A − Bχ1=2ðaÞ þ qχ1ðaÞ

�X
j∈ 1

2
N

q2jχjðaÞ

ð3:31ÞX
j∈ 1

2
N

Z0
jχjðaÞ ¼



4q2ð1þ χ1ðaÞÞ − C2 − 2Cqχ1

2
ðaÞ�

×
X

j;j0;j00 ∈ 1
2
N

q2ðjþj0ÞNj00
jj0χj00 ðaÞ; ð3:32Þ

while their explicit expressions will be left implicit.
Plugging this expansion into the integral, we have



Hfull

ð2;0Þ
� ¼ iηðτÞ3

ϑ1ð2bÞ
X
j∈ 1

2
N

Zj

�
−
��

jþ 1

2

�
2
�
2E1

�−1
b

�

þ
Xþj

m¼−j

Xþ∞

k¼0
kþ2m≠0

kðbkþ2m − b−k−2mÞ
q

k
2
þm − q−

k
2
−m

�
þ iηðτÞ3
ϑ1ð2bÞ

×
X
j∈ 1

2
N

Z0
j

 
δj∈Z2E1

�−1
b

�
−
Xþj

m¼−j
m≠0

b2m − b−2m

qm − q−m

!
:

ð3:33Þ

Unfortunately, we are unable to recast the expression to a
more elegant form, therefore we do not prove hWfull

2⊗2iUð2Þ ¼
hHfull

ð2;0Þi analytically.

B. SUð2Þ theory with four flavors

Next we consider the N ¼ 2 SUð2Þ gauge theory with
four fundamental flavors. In terms of the class-S descrip-
tion, the theory is associated to the four-punctured sphere
Σ0;4 and it admits three weak coupling limits corresponding
to three different pants-decompositions. For any such limit,
we can insert a half or full Wilson line operator of the
SUð2Þ gauge group in the spin-j representation, which is
illustrated in Fig. 2. The half Wilson index can be computed
by the following integral,

hWji0;4 ¼ −
1

2

I
da
2πiz

"Xj
m¼−j

a2m
#

da
2πia

ϑ1ð2aÞϑ1ð−2aÞ

×
Y4
j¼1

ηðτÞ2
ϑ1ðaþmjÞϑ1ð−aþmjÞ

: ð3:34Þ

The poles of the integrand are all imaginary, given by a�i ¼
�mi þ τ

2
with residues

Ri;� ¼ � i
2

ϑ1ð2miÞ
ηðτÞ

Y
l≠i

ηðτÞ
ϑ1ðmi þmlÞϑ1ðmi −mlÞ

≔ �Ri

ð3:35Þ
Applying the integration formula (B38), we have

hWji0;4 ¼ I0;4δj∈Z −
Xþj

m¼−j
m≠0

X
�

X4
i¼1

Ri;�
1

q2m − 1
ðb�i q1

2Þ2m

¼ I0;4δj∈Z −
X4
i¼1

0@Xþj

m¼−j
m≠0

M2m
i −M−2m

i

qm − q−m

1ARi; ð3:36Þ

where Mi ≔ e2πimi . The theory is of class-S associated to
the four-punctured sphere. The SUð2Þ4 fugacities bi are
related to the mi by

M1 ¼ b1b2; M2 ¼ b1=b2; M3 ¼ b3b4;

M4 ¼ b3=b4: ð3:37Þ

In [32], several Wilson line index in SUð2Þ SQCD were
computed, and the results can be organized as linear
combinations of the infinitely many highest weight char-
acters χ½m;n;0;0;0� of csoð8Þ−2 which were obtained from the
Kazhdan-Lusztig formula [62]. Our new computation
improves the result and relates all hWji0;4 to just five
highest weight characters, with respect to finite weights
λ ¼ 0;−2ω1;−ω2;−2ω3;−2ω4, of the simple vertex oper-
ator algebra csoð8Þ−2 [63,64]. Indeed, the four residues Ri
in the above are related to the Schur index of Gukov-
Witten type surface defects, and also to the module
characters [28,65–68],

FIG. 2. SUð2Þ SQCD, a weak coupling limit of the A1 theory of
genus-zero and four punctures. The black arc denotes the half
Wilson operator associated to the SUð2Þ gauge group.
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ch−2ω̂1
¼ ch0 − 2R1 ð3:38Þ

ch−ω̂2
¼ −2ch0 þ 2R1 þ 2R2 ð3:39Þ

ch−2ω̂3
¼ ch0 − R1 − R2 − R3 − R4 ð3:40Þ

ch−2ω̂4
¼ ch0 − R1 − R2 − R3 þ R4; ð3:41Þ

where ch0 is the vacuum character of csoð8Þ−2, identified
with the Schur index I0;4. Therefore, one may write the half
Wilson line index as a linear combination of the five
module characters,

hWji0;4 ¼
�
δj∈Z −

1

2
M1j −

1

2
M2j

�
ch0

þ 1

2
ðM1j −M2jÞch1 þ

1

2
ðM3j −M2jÞch2

þ 1

2
ðM3j þM4jÞch3 þ

1

2
ðM3j −M4jÞch4;

where we define the rational functions

Mij ≔
Xþj

m¼−j
m≠0

M2m
i −M−2m

i

qm − q−m
: ð3:42Þ

With the half-Wilson index, the index of a full Wilson
line operator in the fundamental representation is then
given byD
Wfull

j¼1
2

E
0;4

¼ 
Wj¼1
2
Wj¼1

2

�
0;4 ¼ I0;4 þ hWj¼1i0;4: ð3:43Þ

By S-duality, this Wilson operator is mapped to the ’t Hooft
operator with a minimal magnetic charge B ¼ ð−1; 1Þ
which receives contribution from monopole bubbling [31].
The ’t Hooft index is given by a slightly more involved
contour integral,

hH1;−1i0;4¼
I

da
2πia

2q
5
12

Q
4
i¼1ða−MiÞð−1þaMiÞ

ð−1þa2Þ2ða2−qÞð−1þa2qÞQ4
i¼1Mi

×

�
−
1

2
ϑ1ð�2aÞ

�Y4
i¼1

ηðτÞ2
ϑ1ð�aþMiÞ

þq−
7
12

I
da
2πia

Zmono

�
−
1

2
ϑ1ð�2aÞ

�
×
Y4
i¼1

ηðτÞ2
ϑ4ð�aþMiÞ

; ð3:44Þ

where

Zmono ¼
1

q
Q

4
i¼1Mi

�
−
�
qþ

Y4
i¼1

Mi

�

þ
X

�

Q
4
i¼1ðq

1
2a� −MiÞ

ð1 − a�2Þð1 − qa�2Þ
�
2

: ð3:45Þ

We can rewrite

2q
5
12

Q
4
i¼1ða −MiÞð−1þ aMiÞ

ð−1þ a2Þ2ða2 − qÞð−1þ a2qÞQ4
i¼1Mi

¼ 2q
5
12

ð1 − a2Þð1 − a−2Þ

"X
J∈N

qJ
XJ
j¼0

ð−1ÞjχJ−jðaÞ
#

×
Y4
i¼1

�
χ1=2ðaÞ − χ1=2ðMiÞ

�
≔

2q
5
12

ð1 − a2Þð1 − a−2Þ
X
J∈ 1

2
N

ZJχJðaÞ; ð3:46Þ

Zmono ¼
1

q
Q

4
i¼1Mi

�X
j∈ 1

2
N
ð−1Þ2jþ1χjðaÞgjðMÞq1þj

�
2

≔
X
J∈ 1

2
N

Z0
JχJðaÞ; ð3:47Þ

where

gJ∈NðMÞ ≔ 1þ
X4
i;j¼1
i<j

MiMj þ
Y4
i¼1

Mi;

gJ∈Nþ1
2
ðMÞ ≔

X4
i¼1

Mi þ
X4
i;j;k¼1
i<j<k

MiMjMk; ð3:48Þ

and ZJ and Z0
J are rational functions of q and fugacitiesM

which simply follow from expanding tensor product of
SUð2Þ irreducible representations; their explicit form will
be left implicit. Therefore, we have the exact formula for
the ’t-Hooft index,

hH1;−1i0;4 ¼
X
J∈ 1

2
N

ZJ

XþJ

m¼−J

Xþ∞

k¼1
2kþ2m≠0

×

"X
i;�

Ri
k
�
M2kþ2m

i −M−2k−2m
i

�
q

2kþ2m
2 − q−

2kþ2m
2

þ 2m
2

δ2m
2
∈Z<0

I0;4

#
þ
X
J∈ 1

2
N

Z0
J

XþJ

m¼−J

X4
i¼1

× Ri
M2m

i −M−2m
i

qm − q−m
: ð3:49Þ
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Unfortunately we are unable to reorganize the expression
into a more elegant form. Therefore we do not further
compare analytically between this ’t-Hooft index with the
corresponding Wilson index.

C. Genus-one theory with two punctures

Let us consider a higher rank theory with g ¼ 1 and
n ¼ 2, which can be obtained by gauging a diagonal
SUð2Þ × SUð2Þ subgroup of the flavor symmetry of two
copies of trinion theories T 0;3. There are essentially two
different weak-coupling frames one can consider, and here
we focus on the frame illustrated in Fig. 3. In this frame, the

original Schur index is given as a contour integral

I1;2 ¼
I Y2

i¼1

dai
2πiai

Y2
j¼1

Y
��

ηðτÞ
ϑ4ðbj � a1 � a2Þ

×
Y2
i¼1

�
−
1

2
ϑð�2aiÞ

�
≔
I �

da
2πia

�
Z1;2ðaÞ: ð3:50Þ

Let us consider a half Wilson line operator associated to
one of the SUð2Þ gauge groups, whose index is given by the
integral

hWjið1Þ1;2 ¼
I Y2

i¼1

dai
2πiai

 Xj
m¼−j

a2m1

!Y2
j¼1

Y
��

×
ηðτÞ

ϑ4ðbj � a1 � a2Þ
Y2
i¼1

�
−
1

2
ϑð�2aiÞ

�
: ð3:51Þ

The integral can be evaluated in two different orders: first
a1 or first a2. We choose to integrate over a1 first, where
the relevant poles are a1 ¼ αbj þ βa2 þ τ

2
with residues

(where α; β ¼ �1)

Riαβ ¼
iηðτÞ5ϑ1ð2βa2Þϑ1ð2βa2 þ 2αbiÞ

4ϑ1ð2αbiÞϑ1ðαbi − βb3−iÞϑ1ðαbi þ βb3−iÞϑ1ð2a2 þ αβbi − b3−iÞϑ1ð2a2 þ αβbi þ b3−iÞ
;

The a1 integral leaves integrals of the form

I
da2
2πia2

fða2Þan2; ð3:52Þ

which can be carried out using formula (B38). Finally, the
index in the presence of the Wilson line operator gives

hWj∈Zi1;2 ¼ I1;2 þ
ηðτÞ2

2
Q

2
i¼1 ϑ1ð2biÞ

Xþj

m¼−j
m≠0

Q
2
i¼1ðbmi − b−mi Þ

ðqm=2 − q−m=2Þ2 ;



Wj∈Zþ1

2

� ¼ 0: ð3:53Þ

The result is symmetric in b1, b2 as expected. Note that the
first term is clearly the vacuum character of the associated
chiral algebra of T ½Σ1;2�. The factor ηðτ2Þ=Q2

i¼1 ϑ1ð2biÞ
arises as the unique7 nested residue of Z1;2ðaÞ,

Res
a2¼−b1−b2

2

Resa1¼a2þb1þτ
2
Z1;2ða1;2Þ ¼

ηðτÞ2
8ϑ1ð2b1Þϑ1ð2b2Þ

;

ð3:54Þ

and is also expected to be a linear combination of non-
vacuum module character, since it has been shown to
satisfy a set of flavored modular differential equations that
should annihilate all module characters [54,69]. For exam-
ple, at weight-two there are two equations

0 ¼
�
Dð1Þ

q −
1

4

X
i¼1;2

D2
bi
−
1

4

X
αi¼�

E1

�
1

bα11 bα22

�X
i¼1;2

αiDbi

−
X
i¼1;2

E1

�
1

b2i

�
Dbi ð3:55Þ

þ 2

�
E2 þ

1

2

X
αi¼�

E2

�
1

bα11 bα22

�
þ
X
i¼1;2

E2

�
1

b2i

���
I1;2;

ð3:56Þ

FIG. 3. An A1 class-S theory of genus one and two punctures,
where a half Wilson operator (indicated by the black arc) is
inserted at one of the tubes which denotes an SUð2Þ gauge group
in this particular weak coupling limit.

7One can try different nested residues, but they are either zero
or proportional to ηðτ2Þ=Q2

i¼1 ϑ1ð2biÞ.
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and

0 ¼
�
D2

b1
þ 4E1

�
1

b21

�
− 8E2

�
1

b21

��
I1;2

¼
�
D2

b2
þ 4E1

�
1

b22

�
− 8E2

�
1

b22

��
I1;2: ð3:57Þ

D. Type-1 half Wilson line index in T ½Σg;n�
Now we are ready to consider more general type A1

class-S theories T ½Σg;n�. Any such theory usually admits
several weak-coupling limits as different supersymmetric
gauge theories. With respect to each gauge theory descrip-
tion, we can introduce a half Wilson operator associated to
one of the SUð2Þ gauge groups. In general one can
introduce Wilson line charged under multiple SUð2Þ gauge
groups in the weak-coupling description, however, we
leave the study of their index and correlation functions
to future work.
Let us build on top of the previous hWji1;2 by extending

the corresponding Riemann surface to the left and right,
while maintaining the location of the Wilson line operator.
We simply refer to such a construction of Wilson line
operator as type-1. The resulting configuration is shown in
Fig. 4, and it is clear from the figure that type-1 Wilson line
operator encircles a tube that when cut the Riemann surface
Σg;n remain connected. Put differently, a type-1 Wilson
operator can be constructed from a single connected
Riemann surface Σg;nþ2 by gluing two existing punctures
and simultaneously inserting a Wilson operator at the
tube. In this subsection we will prove that the index of
type-1 Wilson line operator in the spin-j representation is
given by

hWj∈Zið1Þg≥1;n¼Ig;n−
1

2

�Yn
i¼1

iηðτÞ
ϑ1ð2biÞ

�Xþj

m¼−j
m≠0

�
ηðτÞ

qm=2−q−m=2

�
2g−2

×
Yn
i¼1

bmi −b−mi
qm=2−q−m=2 ; ð3:58Þ



Wj∈Zþ1

2

�ð1Þ
g≥1;n ¼ 0: ð3:59Þ

In particular, when n ¼ 0, the products
Q

n
i¼1 simply

return 1.
Before discussing the proof, here are a few remarks.

Although in any given gauge theory description of T ½Σg;n�
there may be different choices of SUð2Þ gauge groups to
support a half Wilson line, the final index is actually
independent of the choice, as long as they are all type-1.
Also we emphasize that type-1 Wilson line exists only for
genus g ≥ 1.

The factor ηðτÞ2g−2Qn
i¼1

ηðτÞ
ϑ1ð2biÞ can be shown to be the

unique8 nested residue of the integrand Zg;n that computes
the original Schur index. The uniqueness is only true for
g ≥ 1, as we have already encountered four different
residues Ri in the T ½Σ0;4� computation; in this sense,
class-S theories at g ≥ 1 seem to enjoy some nicer proper-
ties than the g ¼ 0 counterparts.9 Extrapolating from the
discussions in [53,54], it is natural to expect that this
factor is a solution to the set of flavored modular diffe-
rential equations that annihilate the Schur index, namely,
the vacuum character of the associated chiral algebra
χðT ½Σg;n�Þ of T ½Σg;n�, and therefore a linear combination
(with constant coefficients) of the vacuum and nonvacuum
module characters. For example, when n ¼ 0, the relevant
factor is simply ηðτÞ2g−2, and it has been explicitly checked
for g ¼ 2, 3, 4 that ηðτÞ2g−2 and the original Schur index
Ig;n¼0 solve the same modular differential equations. For
general g ≥ 2, ηðτÞ2g−2 is a particular linear combination of
the vortex defect indices Idef

g;n¼0ðkÞ. These observations
suggest that the Wilson line index of type-1 is also a linear
combination of χðT ½Σg;n�Þ characters, with rational coef-
ficient

Xþj

m¼−j
m≠0

�
1

qm=2 − q−m=2

�
2g−2Yn

j¼1

bmj − b−mj
qm=2 − q−m=2 : ð3:60Þ

Moreover, the closed-form expression hWjið1Þg;n is essen-
tially a finite sum (over m) of products of contributions

FIG. 4. Some (half) Wilson line operators of type-1. When the
tube where the loop resides is cut, the Riemann surface remains
connected.

8Up to some numerical factors.
9See also [70], where Landau-Ginzburg description can be

found for g ≥ 1 N ¼ ð0; 2Þ and (0,4) class-S theories in two
dimensions. It might suggest some subtle difference in the
representation theory of associated chiral algebras of the g ¼ 0
and g ≥ 1 cases. It will be interesting to clarify this issue in the
future.
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bmi −b
−m
i

qm=2−q−m=2 from the n punctures and a “three point function”

contribution ηðτÞ
qm=2−q−m=2, which closely resembles that of the

q-deformed Yang-Mills partition function on Σg;n. It would
be interesting to match our result in detail with those from
the punctured network [43,44], and understand our formula
from the perspective of 2D q-deformed Yang-Mills.
The proof of the index formula (3.58) can be done

recursively by assuming at some g ≥ 1, n ≥ 0 the index

hWjið1Þg;n is given by the ansatz (3.58). We already know that
the ansatz works for the g ¼ 1, n ¼ 2 case which provides a

good starting point. We can compute hWjið1Þg;nþ1 by gauging,

hWjið1Þg;nþ1 ¼
I

da
2πia

hWjið1Þg;nðb1;…; bn−2; aÞ

× IVMðaÞI0;3ð−a; bn−1; bnÞ: ð3:61Þ

Let us compute

hWj∈Zig;nþ1 ¼
I

da
2πia

�
Ig;nðb1;…;bn−1;aÞIVMðaÞ

×I0;3ð−a;bn;bnþ1Þ−
inηðτÞn

2ϑ1ð2aÞ
Q

n−1
j¼1 ϑ1ð2bjÞ

×
Xþj

m¼−j
m≠0

�
ηðτÞ

qm=2 −q−m=2

�
2g−2

Q
n−1
j¼1ðbmj −b−mj Þ

ðqm=2−q−m=2Þn

× ðam−a−mÞIVMðaÞI0;3ð−a;bn;bnþ1Þ
�
:

ð3:62Þ

The first term clearly gives Ig;nþ1. The second integral is of
the form (up to irrelevant factors pulled out of the integral)I

da
2πia

am − a−m

ϑ1ð2aÞ
IVMðaÞI0;3ð−a; bn; bnþ1Þ: ð3:63Þ

It is easy to check that

IVMðaÞ
ϑ1ð2aÞ

I0;3ð−a; bn; bnþ1Þ ð3:64Þ

is elliptic in a. Therefore (B38) implies thatI
da
2πia

ðam − a−mÞ IVMðaÞ
ϑ1ð2aÞ

I0;3ð−a; b1; b2Þ

¼ iηðτÞQ
2
j¼1 ϑ1ð2bjÞ

Q
2
j¼1ðbmj − b−mj Þ

ðqm=2 − q−m=2Þ : ð3:65Þ

In other words we have verified hWjið1Þg;nþ1 also
satisfies (3.58),

hWj∈Zig;nþ1 ¼ Ig;nþ1 −
inþ1ηðτÞnþ1

2
Qnþ1

j¼1 ϑ1ð2bjÞ
Xþj

m¼−j
m≠0

×

�
ηðτÞ

qm=2 − q−m=2

�
2g−2

Qnþ1
j¼1 ðbmj − b−mj Þ

ðqm=2 − q−m=2Þnþ1
:

ð3:66Þ

In the direction of increasing genus g, one can glue pairs

of punctures to obtain Wilson line operator index hWjið1Þgþ1;n

for theories of higher genus gþ 1,

hWjið1Þgþ1;n ¼
I

da
2πia

IVMðaÞhWjið1Þg;nþ2ðb1;…; bn; a;−aÞ:

ð3:67Þ

Assuming the ansatz holds at genus g, we have

hWjið1Þgþ1;n ¼ Igþ1;n −
I

da
2πia

1

2

inηðτÞnQ
n
j¼1 ϑ1ð2bjÞ

i2ηðτÞ2
ϑ1ð�2aÞ

×

�
−
1

2
ϑ1ð�2aÞ

�
×
Xþj

m¼−j
m≠0

�
ηðτÞ

qm=2 − q−m=2

�
2g−2

×
ðam − a−mÞða−m − aþmÞ

ðqm=2 − q−m=2Þ2
Yn
j¼1

bmj − b−mj
qm=2 − q−m=2 :

ð3:68Þ

The two ϑ1ð�2aÞ factors are canceled, while

ðam − a−mÞða−m − aþmÞ ¼ −a2m − a−2m þ 2: ð3:69Þ

Only theþ2 survives the a-integration sincem ≠ 0. Hence,

hWjið1Þgþ1;n ¼ Igþ1;n −
1

2

Yn
j¼1

iηðτÞ
ϑ1ð2bjÞ

Xþj

m¼−j
m≠0

×

�
ηðτÞ

qm=2 − q−m=2

�
2ðgþ1Þ−2Yn

j¼1

bmj − b−mj
qm=2 − q−m=2 ;

ð3:70Þ

proving the index formula (3.58).

The type-1 Wilson index hWjið1Þg≥1;n can be computed in a
different approach, by gluing two existing punctures and
simultaneously insert a half Wilson operator,

hWjig≥1;n ¼
I

da
2πia

χjðaÞIg−1;nþ2ðb1;…; bn; a;−aÞ

× IVMðaÞ: ð3:71Þ
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Recall that for g ≥ 0, n > 0, the A1 Schur index is given
by [28]

Ig;n ¼
in

2

ηðτÞnþ2g−2Q
n
j¼1 ϑ1ð2bjÞ

X
α⃗¼�

�Yn
j¼1

αj

� Xnþ2g−2

k¼1

λðnþ2g−2Þ
k

× Ek

" ð−1ÞnQ
n
j¼1 b

αj
j

#
: ð3:72Þ

After identifying bnþ1 ¼ a, bnþ2 ¼ −a and multiplying the
vector multiplet contribution IVMðaÞ, all the ϑ1ð2aÞ factors
cancel out, and the integration variable a is only present
inside the Eisenstein series. When j∈Z, the constant term
in χjðaÞ leads to an additive term Ig;n. For the terms in
χjðaÞ with nonzero m, we proceed with the integration,

I
da
2πia

a2m
inþ2

2

ηðτÞ2g−2þnQ
n
j¼1 ϑ1ð2bjÞ

X
α⃗¼�1

 Ynþ2

j¼1

αj

!

×
X2g−2þn

k¼1

λð2g−2þnÞ
k Ek

" ð−1ÞnQnþ2
j¼1 b

αj
j

#
bnþ1¼a
bnþ2¼1=a

: ð3:73Þ

Only the terms with αnþ1 ¼ −αnþ2 ≔ β, such that
bαnþ1

nþ1b
αnþ2

nþ2 ¼ a2β, survives the integration since 2m ≠ 0.
Let us look at cases with even n, where the integral

becomes

¼ −
in

2

ηðτÞ2g−2þnQ
n
j¼1 ϑ1ð2bjÞ

X2g−2þn

k¼1

λð2g−2þnÞ
k

qm

ðk − 1Þ!
Euk−1ðqmÞ
ð1 − qmÞk

×
Yn
j¼1

�
bmj − b−mj

�
;

where we applied integration formula (B16). Note that
since n is even, k must also be even in order for the rational
numbers λ to be nonzero, and

X
α⃗¼�

 Yn
j¼1

αj

! 
1Q

n
j¼1 b

mαj
j

þ
Yn
j¼1

b
mαj
j

!
¼ 2

Yn
j¼1

ðbmj − b−mj
�
:

ð3:74Þ

Therefore,

hWjið1Þg;n ¼ Ig;nδj∈Z −
Xþj

m¼−j
m≠0

in

2

ηðτÞ2g−2þnQ
n
j¼1 ϑ1ð2bjÞ

Yn
j¼1

�
bmj − b−mj

�

×
X2g−2þn

k¼1

λð2g−2þnÞ
k

qm

ðk − 1Þ!
Euk−1ðqmÞ
ð1 − qmÞk

¼ Ig;nδj∈Z −
1

2

Yn
i¼1

iηðτÞn
ϑ2ðbjÞ

Xþj

m¼−j
m≠0

ηðτÞ2g−2�
qm=2 − q−m=2

�
2g−2

×
Yn
j¼1

bmj − b−mj
qm=2 − q−m=2 ; ð3:75Þ

where in the second equality we apply the identity (for
even n)

X2g−2þn

k¼1

λð2g−2þnÞ
k

qm

ðk−1Þ!
Euk−1ðqmÞ
ð1−qmÞk ¼ 1�

qm=2−q−m=2
�
2g−2þn :

ð3:76Þ

A similar computation can be carried out with odd n.
Again, an m ≠ 0 term integrates to

¼ þ in

2

ηðτÞ2g−2þnQ
n
j¼1 ϑ1ð2bjÞ

X2g−2þn

k¼1

λð2g−2þnÞ
k

×
qm=2

ðk − 1Þ!Φ
�
qm; 1 − k;

1

2

�Yn
j−1

�
bmj − b−mj

�
; ð3:77Þ

where we used for odd n,

X
α⃗¼�

 Yn
j¼1

αj

! Yn
j¼1

b
−mαj
j −

Yn
j¼1

b
mαj
j

!
¼ −2

Yn
j¼1

�
bmj − b−mj

�
:

ð3:78Þ

For odd nwe continue to have the same formula as the even
n case,

hWjið1Þg;n ¼ Ig;nδj∈Z −
1

2

Yn
i¼1

iηðτÞn
ϑ1ðbjÞ

Xþj

m¼−j
m≠0

ηðτÞ2g−2�
qm=2 − q−m=2

�
2g−2

×
Yn
j¼1

bmj − b−mj
qm=2 − q−m=2 ; ð3:79Þ

thanks to the curious identity for odd n,

X2g−2þn

k¼1

λð2g−2þnÞ
k

qm=2

ðk − 1Þ!Φ
�
qm; 1 − k;

1

2

�
¼ −

1�
qm=2 − q−m=2

�
2g−2þn : ð3:80Þ
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E. Type-2 half Wilson line index in T ½Σg;n�
Next we consider another type of half Wilson operator

index, which can be built on top of that of the SUð2Þ SQCD
by extending the relevant Riemann surface on either sides
(but not further connecting the two sides). Put differently,
we consider a half Wilson operator sitting at a tube that
separates the Riemann surface into two disconnected pieces
Σg1;n1 and Σg2;n2 . See Fig. 5. Let us denote such a Wilson

index by hWjið2Þg1;n1;g2;n2. In this notation, the previous
Wilson index hWji0;4 of the SUð2Þ SQCD can be denoted

as hWið2Þ0;3;0;3.

1. Simple type-2 examples

We begin our analysis by looking at a simple genus-one
configuration in Fig. 6. It can be constructed from the
SUð2Þ SQCD by gauging the diagonal of the SUð2Þb1×
SUð2Þb2 . The Wilson index can be computed by

hWjið2Þ1;2 ¼
I

da
2πia

hWið2Þ0;3;0;3

��� b1¼a
b2¼1=a

�
−
1

2

�
ϑ1ð�2aÞ: ð3:81Þ

Recall that (3.36)

hWið2Þ0;3;0;3 ¼ I0;4δj∈Z −
X4
i¼1

0@Xþj

m¼−j
m≠0

M2m
i −M−2m

i

qm − q−m

1ARi;

ð3:82Þ
where M1 ¼ b1b2, M2 ¼ b1=b2, M3 ¼ b3b4, and
M4 ¼ b3=b4. Obviously as b1 ¼ a; b1 ¼ 1=a, the i ¼ 1
term does not contribute. Therefore, the Wilson index reads
(where we have renamed b3; b4 → b1; b2),

hWjið2Þ1;1;0;3 ¼ δj∈ZI1;2 −
ηðτÞ2Q

2
i¼1 ϑ1ð2biÞ

Xþj

m¼j
m≠0

ðqm þ q−mÞ

×
Y
i¼1;2

b2mi − b−2mi

qm − q−m
−

ηðτÞ2
2
Q

i¼1;2ϑ1ð2biÞ
X
α¼�

×

 
αE1

�
1

b1bα2

�Xþj

m¼−j
m≠0

ðb1bα2Þ2m − ðb1bα2Þ−2m
qm − q−m

!
:

ð3:83Þ

There are four major terms in this half Wilson index, which
are proportional respectively to four linearly independent
expressions,

I1;2;
ηðτÞ2Q

2
i¼1 ϑ1ð2biÞ

;
ηðτÞ2Q

2
i¼1 ϑ1ð2biÞ

E1

�
1

b1b�2

�
;

ð3:84Þ

with rational coefficients in bi; q. The first two expressions
have appeared previously in Sec. III C, both being solutions
to the flavored modular differential equations [54]. It turns
out that the two new expressions containing E1 are also
additional solutions to the same set of differential equa-

tions, and therefore the type-2 index hWjið2Þ1;1;0;3 should also
be a linear combinations of χðT ½Σ1;2�Þ characters with
rational coefficients.
Next we consider a Wilson operator as demonstrated

in Fig. 7. There are different ways to compute the index,
and the most straightforward way is through the contour
integral

hWjið2Þ1;2;0;3 ¼
I Y3

i¼

dai
2πiai

"Xþj

m¼−j
a2m3

#Y
��

ηðτÞ
ϑ4ðb1 � a1 � a2Þ

×
Y
��

ηðτÞ
ϑ4ða3 ∓ a1 ∓ a2Þ

×
Y
��

ηðτÞ
ϑ4ð−a3 � b2 � b3Þ

Y3
i¼1

�
−
1

2
ϑ1ð�2aiÞ

�
:

ð3:85Þ

FIG. 5. A half Wilson operator of type 2, where it is inserted at a
tube which separates the Riemann surface into the left and right
pieces, respectively with ðg1 ¼ 2; n1 ¼ 4Þ and g2 ¼ 1, n2 ¼ 4.

FIG. 6. A type-2 Wilson line operator in the genus-one theory
with two punctures.

FIG. 7. A simple example of type-2 Wilson operator for a
genus-one theory with three punctures.
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We choose to evaluate first the a3-integral, and then a1, a2-integral. The computation is fairly tedious, and we only show the
end result,

hWjið2Þ1;2;0;3 ¼ Iδj∈Z þ
X
α;β¼�

Xj
m¼−j
m≠0

iηðτÞ3
8
Q

3
i¼ ϑ1ð2biÞ

�
−
4αβb2mα

2 b2mβ
3

qm − q−m
X
γ;δ¼�

δE2

�
1

q
γ
2bδ1b

α
2b

β
3

�
ð2τÞ

þ αβb2mα
2 b2mβ

3

qm − q−m
X
γ;δ¼�

δγE1

�
1

q
γ
2bδ1b

α
2b

β
3

�
ð2τÞ − 2αβb2mα

2 b2mβ
3

qm − q−m
X
δ¼�

δE2

� −1
bδ1b

α
2b

β
3

�

þ 1

qm − q−m
1

1 − q−2mα

X
κ;γ;δ¼�

b2mγα
2 b2mδα

3 αγδκE1

� −1
bκ1b

γαβ
2 bδαβ3

��

þ
X
α;β¼�

X
m
0 b2mα

1 þ b−2mα
1

ðqm − q−mÞðqmα − q−mαÞ
αηðτÞ6

8
Q

��ϑ4ðb1 � b2 � b3Þ
: ð3:86Þ

Note that the Eisenstein series in the first two lines depend
on 2τ instead of just τ, a price to pay for simplifying the
result using the following identities,

X
�
Ek

�
ϕ

�z

�
ðτÞ ¼ 2Ek

�
ϕ

z2

�
ð2τÞ;

X
�

� Ek

�
ϕ

�z

�
ðτÞ ¼ −2Ek

�
ϕ

z2

�
ð2τÞ

þ 2Ek

�
ϕ

z

�
ðτÞ;

Ek

�þ1

z

�
ð2τÞ þ Ek

�−1
z

�
ð2τÞ ¼ 2

2k
Ek

�þ1

z

�
;

X
��

Ek

��1

�z

�
ðτÞ ¼ 4

2k
Ek

�þ1

z2

�
ðτÞ: ð3:87Þ

2. General type-2 Wilson index

From the above two examples, it is somewhat clear that
the Wilson index of type-2 is significantly more complex
than the type-1 index. Moreover, unlike that in type-1, the
Wilson index with spin j∈Zþ 1

2
is nontrivial. Let us

compute the type-2 index from another perspective. We
consider gluing two Schur indices Igi;ni and insert a Wilson
operator at the connecting tube,

hWið2Þg1;n1;g2;n2 ¼
I

da
2πia

χjðaÞIg1;n1ðb1;…; bn1−1; aÞIVMðaÞ

× Ig2;n2

�
−a; b̃1;…; b̃n2−1

�
: ð3:88Þ

For this we can apply the closed-form expressions (3.72)
for Ig;n [28], and the above becomes

−
1

2

I
da
2πia

χjðaÞ
in1þn2

4

ηðτÞn1þ2g1−2Qn1−1
j¼1 ϑ1ð2bjÞ

ηðτÞn2þ2g2−2Qn2−1
j¼1 ϑ1ð2b̃jÞ

×
X
α⃗;β⃗

�Yn1
j¼1

αj

��Yn2
j¼1

βj

� Xn1þ2g1−2

k¼1

Xn2þ2g2−2

l¼1

× λðn1þ2g1−2Þ
k λðn2þ2g2−2Þ

l Ek

� ð−1Þn1
aαn1

Qn1−1
j¼1 b

αj
j

�

× El

� ð−1Þn2
a−βn2

Qn2−1
j¼1 b̃

βj
j

�
: ð3:89Þ

Note that the vector multiplet factor has canceled the
ϑ1ð2aÞϑ1ð−2aÞ in the denominator. Therefore, the integra-
tion boils down to computing

I
da
2πiz

χjðzÞEk

��1

za

�
El

��1

zb

�
: ð3:90Þ

For the special case of n1 ¼ n2 ¼ 1, g1 ¼ g2 ¼ 1 cor-
responding to a Wilson line in the genus-two theory as
illustrated in Fig. 8, we can easily compute the type-2
Wilson index by applying the two identities

FIG. 8. A type-2 Wilson operator in the genus-two theory
T ½Σ2;0�.
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I
dz
2πiz

E1

�þ1

z

�
2

¼ qnððn − 2Þ − nqnÞ
ð1 − qnÞ2 ;I

dz
2πiz

E1

�−1
z

�
2

¼ qn=2ððn − 1Þ − ðnþ 1ÞqnÞ
ð1 − qnÞ2 :

The index then reads,

hWjið2Þ1;1;1;1 ¼
I

da
2πia

χjðaÞ
iηðτÞ
ϑ1ð2aÞ

iηðτÞ
ϑ1ð−2aÞ

×

�
−
1

2
ϑ1ð�2aÞ

�
E1

�−1
a

�
E1

� −1
a−1

�

¼ 1

2

 
δj∈ZηðτÞ2

�
E2ðτÞ þ

1

12

�

− ηðτÞ2
Xþj

m¼−j
m≠0

ð2m − 1Þq−m − ð2mþ 1Þqm
ðqm − q−mÞ2

!
:

We note that the two factors ηðτÞ2 and ηðτÞ2ðE2 þ 1
12
Þ

appearing in the above index are solutions to the modular
differential equation that annihilates the genus two Schur
index I2;0 [49,54],

0 ¼ 
Dð6Þ
q − 305E4D

ð4Þ
q − 4060E6D

ð3Þ
q þ 20275E2

4D
ð2Þ
q

þ 2100E4E6D
ð1Þ
q − 68600ðE2

6 − 49125E3
4Þ
�
I2;0;

ð3:91Þ

and therefore the above Wilson index hWjið2Þ1;1;1;1 is also
expected to be a linear combination of characters of the
chiral algebra χðT ½Σ2;0�Þ.
The same structure of linear combination actually holds

true for all type-2 index hWjið2Þg1;1;g2;1
illustrated in Fig. 9.

Indeed, the relevant integrals are of the form (ki ≤ 2gi − 1)I
da
2πia

Ek1

�−1
a

�
Ek2

�−1
a

�
∼ linear combination of E2; E4;…; E2g−2; ð3:92Þ

where we have used (B29) and (B30). In the end, the

Wilson index hWjið2Þg1;1;g2;1
is a linear combination of

ηðτÞ2g−2; ηðτÞ2g−2E2ðτÞ;…; ηðτÞ2g−2E2g−2ðτÞ with the coef-
ficients being rational functions of q. This series of
functions are conjectured to be solutions to the modular
differential equations annihilating the Schur index Ig;0, as
they are simply the Schur index of the vortex surface
defects in the 4D theory T ½Σg;0� [54,71].
For more general ni, gi, we need to apply the integration

formula (B29) and (B30) and their variants. For example,
with both n1, n2 even, we have

hWjið2Þg1;n1;g2;n2 ¼ Ig1þg2;n1þn2−2δj∈Z

þ ηðτÞ2ðg1þg2Þþðn1þn2−2Þ−2

2
Qn1þn2−2

i¼1 ϑ1ð2biÞ
Xj
m¼−j
m≠0

X
α⃗

×

 Yn1þn2−2

i¼1

αi

! Xmaxðniþ2gi−2Þ

l¼0

Λðg1;n1;g2;n2Þ
l

×
�
b2m; q2m

�
El

�
1Qn1þn2−2

i bαii

�
: ð3:93Þ

Here we have merged the two sets of flavor fugacities
ðb1;…; bn1−1Þ and ðb̃1;…; b̃n2−1Þ into a larger set b ¼
ðbi;…; bn1þn2−2Þ, and the corresponding signs ðα1;…;
αn1−1; β1;…; βn2−1Þ into ðα1;…; αn1þn2−2Þ. Finally, the Λ
are a set of rational functions of bi and q coming from
applying the integration formula (B31),

Λðg1;n1;g2;n2Þ
l

�
b2m; q2m

� ¼ Xniþ2gi−2

ki¼0

1

l!
ð−1Þk2þ1q2mQn2−1

i¼1 b̃2mβi
i

λðn1þ2g1−2Þ
k1

× λðn2þ2g2−2Þ
k2

Ek1;k2;l

�
b2mα; q2m

�
:

Although it is a finite sum, unlike the beautiful result for the
type-1 index formula, we are unable to reorganize the
above type-2 result into a more elegant form. It would be
interesting to further explore the relation between the type-
2 Wilson line index and the characters of the associated
chiral algebra χðT ½Σg;n�Þ, and it is likely that the Wilson
line index has access to new characters besides those from
the surface defects index [54].

IV. LINE OPERATOR INDEX IN
OTHER GAUGE THEORIES

A. N = 4 SUð3Þ theory
The flavoredN ¼ 4 SUðNÞ Schur index in the presence

of Wilson line operators is studied in [45] using the Fermi-
gas formalism. In the following we also compute some
simple examples using our integration formula. The rele-
vant integral is of the form

FIG. 9. A generic type-2 Wilson line in a genus g ¼ g1 þ g2
theory without any puncture.
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hWRi ¼ −
1

N!

ηðτÞ3N−3

ϑ4ðbÞN−1

I YN−1

A¼1

daA
2πiaA

χRðaÞ

×
YN
A;B¼1
A≠B

ϑ1ðaA − aBÞ
ϑ4ðbþ aA − aBÞ

: ð4:1Þ

We will focus on N ¼ 3. The SUð3Þ character χRðaÞ is a
sum of monomials an11 an22 . Note that the ratio of the Jacobi
theta functions is symmetric in a1 ↔ a2 and aA → −aA,
and therefore we can focus on monomials of the form
an1>01 an22 ; trivial monomial a01a

0
2 insertion simply integrates

to the original N ¼ 4 Schur index. Now we compute

−
1

N!

ηðτÞ3N−3

ϑ4ðbÞN−1

I YN−1

A¼1

daA
2πiaA

an11 an22
YN
A;B¼1
A≠B

ϑ1ðaA − aBÞ
ϑ4ðbþ aA − aBÞ

;

ð4:2Þ

by first integrating a1 and then a2. The a1 integration is
easy, leaving an a2 integration of

− an22
X
�
Rð1Þ
1;�

an12 b�n1

qn1=2 − q−n1=2
− an22

X
�
Rð1Þ
2;�

a−2n12 b�n1

qn1=2 − q−n1=2

− an22
X

�;k;l¼0;1

Rð1Þ
3;�;kl

a−n1=22 b�n1=2qn1=4q
k−1
2
n1ð−1Þln1

qn1=2 − q−n1=2
;

ð4:3Þ

where the poles are all imaginary with residues given in the
following table.

ða1Þð1Þ1;� a2 � bþ τ=2

Rð1Þ
1;�

i
6
ηðτÞ3 ϑ4ð3a2�bÞϑ1ð3a2�2bÞ

ϑ1ð�2bÞϑ1ð3a2Þϑ4ð3a2�3bÞ

ða1Þð1Þ2;� a1 ¼ −2a2 � bþ τ=2

Rð1Þ
2;�

i
6
ηðτÞ3 ϑ4ð3a2∓bÞϑ1ð3a2∓2bÞ

ϑ1ð�2bÞϑ1ð3a2Þϑ4ð3a2∓3bÞ ¼ −Rð1Þ
1;∓

ða1Þð1Þ3;�;kl
− a2

2
� b

2
þ τ

4
þ kτ

2
þ l

2

Rð1Þ
3;�;kl

i
12

ηðτÞ3
ϑ1ð�2bÞ

Q
γ¼�

ϑ1ð32γa2�1
2
bþ1

4
τþk

2
τþl

2
Þ2

ϑ4ð32γa2�3
2
bþ1

4
τþk

2
τþl

2
Þϑ4ð32γa2∓1

2
bþ1

4
τþk

2
τþl

2
Þ

It can be shown that,

−
I

da2
2πia2

an2R
ð1Þ
1;� ¼ 0; if n ∉ 3Z: ð4:4Þ

Therefore, we only focus on n1 þ n2 ¼ 3p ≥ 0. Note also that n2 − 2n1 ¼ 3ðp − n1Þ in the second sum is also a multiple
of 3. With this assumption,

−
X
�

b�n1

qn1=2 − q−n1=2

I
da2
2πia2

a3p2 Rð1Þ
1;� ¼ −

X
�

b�n1

qn1=2 − q−n1=2

I
da2
2πia2

ap2


Rð1Þ
1;�
�
3a2→a2

¼ −δn1þn2¼0

X
�

b�n1

q
n1
2 − q−

n1
2

1

6

ϑ4ðbÞ
ϑ4ð3bÞ

�
E1

� −1
b�2q

1
2

�
− E1

�−1
b∓

��

− δn1þn2≠0

X
�

b�n1

q
n1
2 − q−

n1
2

1

6

ϑ4ðbÞ
ϑ4ð3bÞ

�
q

1
2
p − b∓3p

qp=2 − q−p=2

�
: ð4:5Þ

Similarly

−
I

da2
2πia2

an22
X
�
Rð1Þ
2;�

a−2n12 b�n1

qn1=2 − q−n1=2
¼ −δn2−2n1¼0

1

6

ϑ4ðbÞ
ϑ4ð3bÞ

X
�

b�n1

qn1=2 − q−n1=2

�
E1

� −1
b∓2q

1
2

�
− E1

�−1
b�

��

þ δn2−2n1≠0
1

6

ϑ4ðbÞ
ϑ4ð3bÞ

X
�

b�n1

qn1=2 − q−n1=2

 
q

n2−2n1
6 − b�ðn2−2n1Þ

q
n2−2n1

6 − q−
n2−2n1

6

!
: ð4:6Þ

Lastly, one can also check that I
da2
2πia2

an2R
ð1Þ
3;�;kl ¼ 0; if n ∉

3

2
Z: ð4:7Þ

Therefore, since n1 þ n2 is an integer, we may assume n2 − n1=2 ¼ n1 þ n2 − 3
2
n1 ¼ 3p − 3n1

2
with p∈Z in order for the

integral to be nonzero,
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−
X
�;k;l

b�n1=2qn1=4q
k−1
2
n1ð−1Þln1

qn1=2 − q−n1=2

I
da2
2πia2

Rð1Þ
3;�;kla

n2−
n1
2

2

¼ δn2≠1
2
n1

ϑ4ðbÞ
12ϑ4ð3bÞ

X
α;γ¼�

X
k;l¼0;1

× γ
b

α
2
ðð1þγÞn1−2γn2Þq− 1

12
ð2k−1Þððγ−1Þn1−2γn2Þ�

q
n1
2 − q−

n1
2

��
q

1
6
ð2n2−1Þ − q−

1
6
ð2n2−1Þ�

− δn2¼1
2
n1

ϑ4ðbÞ
12ϑ4ð3bÞ

X
α;γ¼�

X1
k;l¼0

γ
bα

n1
2 q

1
4
n1ð2k−1Þð−1Þln1

qn1=2 − q−n1=2

× E1

� −1
b−

1
2
αð3γþ1Þq−1

4
ð2kðγ−1Þ−ðγþ1ÞÞ

�
: ð4:8Þ

In the above we have used the poles and residues of the
R-factors listed in the following table.

Factor Poles Residues

Rð1Þ
1;� a2 ¼ 0 − i

6ηðτÞ
ϑ4ðbÞ
ϑ4ð3bÞ

a2 ¼∓ 3bþ τ
2 þ i

6ηðτÞ
ϑ4ðbÞ
ϑ4ð3bÞ

Rð1Þ
2;� a2 ¼ 0 þ i

6ηðτÞ
ϑ4ðbÞ
ϑ4ð3bÞ

a2 ¼ �3bþ τ
2 − i

6ηðτÞ
ϑ4ðbÞ
ϑ4ð3bÞ

Rð1Þ
3;�;kl

a2 ¼∓ 3
2
γbþ τ

2
þ 1

4
ð2k− 1Þγτþ l

2
, γ ¼ �1 γ ϑ4ðbÞ

12ϑ4ð3bÞ

Putting all the above together, we have

−
1

N!

ηðτÞ3N−3

ϑ4ðbÞN−1

I YN−1

A¼1

daA
2πiaA

an11 an22
YN
A;B¼1
A≠B

ϑ1ðaA − aBÞ
ϑ4ðbþ aA − aBÞ

¼ 0 if n1 þ n2 ≠ 0 mod 3;

else ¼ þδn1þn2¼0

1

6

ϑ4ðbÞ
ϑ4ð3bÞ

X
�

b�n1

q
n1
2 − q−

n1
2

�
E1

� −1
b�2q

1
2

�
− E1

�−1
b∓

��
− δn1þn2≠0

1

6

ϑ4ðbÞ
ϑ4ð3bÞ

X
�

b�n1

q
n1
2 − q−

n1
2

�
q

1
2
p − b∓3p

qp=2 − q−p=2

�
− δn2¼2n1

1

6

ϑ4ðbÞ
ϑ4ð3bÞ

X
�

b�n1

qn1=2 − q−n1=2

�
E1

� −1
b∓2q

1
2

�
− E1

�−1
b�

��
þ δn2≠2n1

1

6

ϑ4ðbÞ
ϑ4ð3bÞ

X
�

b�n1

qn1=2 − q−n1=2

×

 
q

n2−2n1
6 − b�ðn2−2n1Þ

q
n2−2n1

6 − q−
n2−2n1

6

!
− δn2¼1

2
n1

ϑ4ðbÞ
12ϑ4ð3bÞ

X
α;γ¼�

X1
k;l¼0

γ
bα

n1
2 q

1
4
n1ð2k−1Þð−1Þln1

qn1=2 − q−n1=2
E1

� −1
b−

1
2
αð3γþ1Þq−1

4
ð2kðγ−1Þ−ðγþ1ÞÞ

�

þ δn2≠1
2
n1

ϑ4ðbÞ
12ϑ4ð3bÞ

X
α;γ¼�

X
k;l¼0;1

γ
b

α
2
ðð1þγÞn1−2γn2Þq− 1

12
ð2k−1Þððγ−3Þn1−2γn2Þ�

q
n1
2 − q−

n1
2

��
q

1
6
ð2n2−n1Þ − q−

1
6
ð2n2−n1Þ� : ð4:9Þ

The formula above implies the following symmetry which can be used to simplify computations,

Iðn1; n2Þ ¼ Iðn2; n1Þ ¼ Ið−n1;−n2Þ; ð4:10Þ
Iðn1; n2Þ ¼ Iðn1; n1 − n2Þ ¼ Iðn2 − n1; n2Þ: ð4:11Þ

With this formula, one can compute any Wilson line index in any SUð3Þ representation R in closed-form. For example,

hW½1;1�i ¼ 2IN¼4SUð3Þ þ 6I1;2

¼ 2IN¼4SUð3Þ þ
ϑ4ðbÞ
ϑ4ð3bÞ

�
b
ffiffiffi
q

p − ð1þ b4Þqþ b3q
3
2

b2ð1 − qÞ2 þ ðb2 − 1Þ ffiffiffi
q

p
bðq − 1Þ

�
E1

�−1
b

�
þ E1

� −1
b2q

1
2

���
: ð4:12Þ

hW½2;2�i ¼ 3IN¼4SUð3Þ þ 12I1;2 þ 6I2;4 þ 6I3;0

¼ 3IN¼4SUð3Þ þ
ϑ4ðbÞ
ϑ4ð3bÞ

� ffiffiffi
q

p ðb3q1
2 − 1Þð−b5q − 2b4q

1
2ðqþ 1Þ − b3ðqðqþ 4Þ þ 2ÞÞ

b4ðq2 − 1Þ2
�

þ ϑ4ðbÞ
ϑ4ð3bÞ

� ffiffiffi
q

p ðþb2ð2qðqþ 2Þ þ 1Þq1
2 þ 2bðqþ 1Þqþ q3=2Þ

b4ðq2 − 1Þ2
�

þ ϑ4ðbÞ
ϑ4ð3bÞ

ffiffiffi
q

p ðb2 − 1Þ½ðb2 þ 1Þ ffiffiffi
q

p þ 2bqþ 2b�
b2ðq2 − 1Þ

�
E1

�−1
b

�
þ E1

� −1
b2

ffiffiffi
q

p
��

: ð4:13Þ
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hW½3;3�i ¼ 4IN¼4SUð3Þ þ 18I1;2 þ 12I2;4 þ 12I3;0

þ 12I4;5 þ 6I3;6: ð4:14Þ

B. N = 2 SUð3Þ SQCD

Let us also consider Wilson operator in the SUð3Þ
SQCD. The relevant integral reads

ISUð3ÞSQCD ¼ −
1

3!
ηðτÞ16

I Y2
A¼1

daA
2πiaA

χRðaÞ

×

Q
A≠Bϑ1ðaA − aBÞQ

3
A¼1

Q
6
i¼1 ϑ4ðaA −miÞ

≔
I Y2

A¼1

daA
2πiaA

χRðaÞZða;mÞ: ð4:15Þ

1. Fundamental representation

As the simplest example, we consider the fundamental
representation

χðaÞ ¼ a1 þ a2 þ
1

a1a2
: ð4:16Þ

First we note that

I Y2
A¼1

daA
2πiaA

a1Zða;mÞ ¼
I Y2

A¼1

daA
2πiaA

a2Zða;mÞ:

ð4:17Þ

Therefore we simply compute the one with a1 insertion.
The relevant poles when performing the a1 integration are
all imaginary given by

a1 ¼ mj1 þ
τ

2
; a1 ¼ −a2 −mj1 þ

τ

2
; ð4:18Þ

with the respective residues

Rj1 ≔ −
1

6

ηðτÞ13q1
8

Q
A≠Bϑ1ðaA − aBÞja1¼mj1

þτ
2Q

iϑ4ða2 −miÞ
Q

iϑ4ða2 þmj1 þmi þ τ
2
ÞQi≠j1ϑ4ðmi −mj1 −

τ
2
Þ ; −Rj1 :

Therefore, after the a1 integral we are left withI
da2
2πia2

"
−
X6
j1¼1

Rj1

1

q1 − 1

�
mj1q

1
2

�
þ
X6
j1¼1

Rj1

1

q1 − 1

�
a−12 m−1

j1
q

1
2

�#
: ð4:19Þ

Next we perform the a2 integral. Each residue Rj1 is an
elliptic function with respect to a2, with imaginary and real
poles

a2 ¼ þmj2 þ
τ

2
; j2 ≠ j1 ð4:20Þ

or; ¼ −mj1 −mj2 ; j2 ≠ j1: ð4:21Þ

The corresponding residues are, respectively,

Rj1j2 ¼
ηðτÞ10ϑ4ð2mj1 þmj2Þϑ4ðmj1 þ 2mj2Þ

6
Q

i≠j1;j2ϑ1ðmj1 −miÞϑ1ðmj2 −miÞ
Q

i≠j1;j2ϑ4ðmj1 þmj2 þmiÞ
; −Rj1j2 : ð4:22Þ

We also set Rj1j2 ¼ 0 when j1 ¼ j2. With this, we have by
applying (B1)I

da2
2πia2

Rj1 ¼ Rj1ða2 ¼ 0Þ þ
X6
j2¼1

Rj1j2E1

� −1
mj2

�

þ Rj1j2E1

� −1
mj1mj2q

−1
2

�
; ð4:23Þ

where we have picked a2 ¼ 0 as the reference point, and

I
da2
2πia2

a−12 Rj1 ¼ þ
X6
j2¼1

Rj1j2

1

1 − q
mj1mj2

−
X6
j2¼1

Rj1j2

1

q−1 − 1

�
mj2q

1
2

�
−1 ð4:24Þ
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¼ þ
X6
j2¼1

Rj1j2

mj1mj2 −m−1
j2
q

1
2

1 − q
: ð4:25Þ

Collecting the results, the integral with a1-insertion reads

I Y2
A¼

daA
2πiaA

a1Z ð4:26Þ

¼ q
1
2

1 − q

X6
j1¼1

mj1

�
Rj1ða2 ¼ 0Þ þ

X6
j2¼1

Rj1j2E1

� −1
mj2

�

þ Rj1j2E1

� −1
mj1mj2q

−1
2

��
ð4:27Þ

−
1

ð1 − qÞ2
X6
j1¼1

X6
j2¼1

Rj1j2

�
mj2q

1
2 −m−1

j1
m−1

j2
q
�
: ð4:28Þ

Next we compute the integral

I Y2
A¼1

daA
2πiaA

1

a1a2
Z: ð4:29Þ

Similar to the previous computation, we first integrate a1
with poles a1 ¼ mj1 þ τ

2
and a1 ¼ −a2 −mj2 þ τ

2
,

I
da2
2πia2

1

a2

"
−
X6
j1¼1

Rj1

1

q−1 − 1

�
mj1q

1
2

�−1
þ
X6
j1¼1

Rj1

1

q−1 − 1

�
a−12 m−1

j1
q

1
2

�
−1

#
ð4:30Þ

¼
I

da2
2πia2

"
−
X6
j1¼1

Rj1

1

q−1 − 1

�
a−12 m−1

j1
q−

1
2

�
þ
X6
j1¼1

Rj1

1

q−1 − 1
mj1q

−1
2

#
: ð4:31Þ

Carrying out the a2 integration, we haveI
da1
2πia1

da2
2πia2

1

a1a2
Z ð4:32Þ

¼ þ q
1
2

1 − q

X6
j1¼1

mj1

 
Rj1ða2 ¼ 0Þ þ

X6
j2¼1

Rj1j2E1

� −1
mj2

�

þ Rj1j2E1

� −1
mj1mj2q

−1=2

�!
ð4:33Þ

−
1

ð1−qÞ2
X6
j1¼1

X6
j2¼1

Rj1j2

�
mj2q

þ1
2 −m−1

j1
m−1

j2
q
	
: ð4:34Þ

Actually, this is identical to the previous result,I
da1
2πia1

da2
2πia2

1

a1a2
Z ¼

I
da1
2πia1

da2
2πia2

a1Z

¼
I

da1
2πia1

da2
2πia2

a2Z: ð4:35Þ

Combining the integration of all three terms in the
fundamental characters, we therefore have a fairly simple
result,

hW3iSUð3ÞSQCD ¼ 3q
1
2

1 − q

X6
j1¼1

 
Rj10 þ

X6
j2¼1

Rj1j2

�
E1

� −1
mj2

�

þ E1

� −1
mj1mj2q

−1
2

��!
ð4:36Þ

−
3

ð1−qÞ2
X6

j1;j2¼1

Rj1j2

�
mj2q

1
2−m−1

j1
m−1

j2
q
�
;

ð4:37Þ

where we abbreviate

Rj10 ≔ Rj1ða2 ¼ 0Þ: ð4:38Þ

2. General representation

The above computation can be generalized to insertion
of all half Wilson operators in any representation of the
gauge group SUð3Þ. The basic building block is of course
a monomial an11 an22 . Let us therefore compute the basic
integral I

da1
2πia1

da2
2πia2

an11 an22 Z: ð4:39Þ

Note thatI
da1
2πia1

da2
2πia2

an22 Z ¼
I

da1
2πia1

da2
2πia2

an21 Z: ð4:40Þ

Therefore, without loss of generality we assume n1 ∈Z≠0,
and we first perform a1 and then a2 integration. The first
step picks up the imaginary poles a1 ¼ mj1 þ τ

2
and

−a2 −mj1 þ τ
2
, which produces
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I
da2
2πia2

an22

"
−
X6
j1

Rj1

1

qn1 − 1

�
mj1q

1
2

�
n1 −

X6
j1¼1

ð−Rj1Þ
1

qn1 − 1

�
a−12 m−1

j1
q

1
2

�
n1

#

¼
I

da2
2πia2

"
−
X6
j1

an22 Rj1

1

qn1 − 1

�
mj1q

1
2

�
n1 −

X6
j1¼1

ð−Rj1Þan2−n12

1

qn1 − 1

�
m−1

j1
q

1
2

�
n1

#
: ð4:41Þ

Depending on whether n2 ¼ 0 or n2 − n1 ¼ 0 or a generic
n2, the a2-integration of the two terms take different form.
For the first term, if n2 ¼ 0, then the integral picks up

contributions from the imaginary polesmj2 þ τ
2
and the real

poles −mj1 −mj2 , which reads

I
da2
2πia2

"
−
X6
j1

an2¼0
2 Rj1

1

qn1 − 1
ðmj1q

1
2Þn1
#

ð4:42Þ

¼ −
X6
j1¼1

�
mj1q

1=2
�
n1

qn1 − 1

 
Rj10 þ Rj1j2E1

� −1
mj2

�

þ Rj1j2E1

� −1
mj1mj2q

−1=2

�!
: ð4:43Þ

However, if n2 ≠ 0, thenI
da2
2πia2

"
−
X6
j1

an22 Rj1

1

qn1 − 1

�
mj1q

1
2

�
n1

#

¼ −
X6
j1¼1

�
mj1q

1
2

�
n1

qn1 − 1

 
−
X6
j2¼1

Rj1j2

1

qn2 − 1

�
mj2q

1
2

�
n2

−
X6
j2¼1

ð−Rj1j2Þ
1

1 − q−m2

�
m−1

j1
m−1

j2

�
n2

!
: ð4:44Þ

For the second term, if n2 − n1 ¼ 0, then

I
da2
2πia2

"X6
j1¼1

Rj1a
n2−n1
2

1

qn1 − 1

�
m−1

j1
q

1
2

�
n1

#
ð4:45Þ

¼
X6
j1¼1

m−n1
j1

q
n1
2

qn1 − 1

�
Rj10 þ Rj1j2E1

� −1
mj2

�

þ Rj1j2E1

� −1
mj1mj2q

−1=2

��
: ð4:46Þ

On the other hand, if n2 − n1 ≠ 0 then

I
da2
2πia2

"X6
j1¼1

Rj1a
n2−n1
2

1

qn1 − 1
ðm−1

j1
q

1
2Þn1
#

ð4:47Þ

¼
X6
j1¼1

m−n1
j1

q
n1
2

qn1 − 1

 
−
X6
j2¼1

Rj1j2

mn2−n1
j2

q
1
2
ðn2−n1Þ

qn1−n2 − 1

þ
X6
j2¼1

Rj1j2

�
m−1

j1
m−1

j2

�
n2−n1

1 − q−ðn2−n1Þ

!
: ð4:48Þ

Putting all terms together, we have

I
da1
2πia1

da2
2πia2

an1≠01 an22 Z ¼ −δn2¼0

X6
j1¼1

mn1
j1
q

1
2
n1

qn1 − 1

�
Rj10 þ Rj1j2E1

� −1
mj2

�
þ Rj1j2E1

� −1
mj1mj2q

−1=2

��

þ δn2≠0
X6

j1;j2¼1

Rj1j2

mn1
j1
q

1
2
n1

qn1 − 1

�
mj2q

1
2

�
n2 −

�
m−1

j1
m−1

j2

�
n2qn2

qn2 − 1

þ δn2¼n1

X6
j1¼1

m−n1
j1

q
n1
2

qn1 − 1

�
Rj10 þ Rj1j2E1

� −1
mj2

�
þ Rj1j2E1

� −1
mj1mj2q

−1=2

��

− δn2≠n1
X6

j1;j2¼1

Rj1j2

m−n1
j1

q
n1
2

qn1 − 1

mn2−n1
j2

q
1
2
ðn2−n1Þ −

�
m−1

j1
m−1

j2

�
n2−n1qn2−n1

qn2−n1 − 1
: ð4:49Þ
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For example, for the Wilson operator in the antifunda-
mental representation,

hW 3̄iSUð3ÞSQCD ¼ 3

I
da1
2πia1

da2
2πia2

a−11 Z

¼ −3
q

1
2

1 − q

X6
j1¼1

m−1
j1

�
Rj10 þ Rj1j2E1

� −1
mj2

�

þ Rj1j2E1

� −1
mj1mj2q

−1=2

��

þ 3
1

1 − q

X6
j1;j2¼1

Rj1j2

m−1
j2
q

1
2 −mj1mj2q

q − 1

ð4:50Þ

C. N = 4 SOð4Þ SYM
The Lie algebra soð4Þ is isomorphic to suð2Þ2. The

Schur index of a Lagrangian theory is only sensitive to the
gauge Lie algebra, and therefore the N ¼ 4 SOð4Þ and
SUð2Þ2 gauge theory share an identical Schur index,

ISUð2Þ2 ¼ ISOð4Þ ¼
1

4
ηðτÞ4 ηðτÞ2

ϑ4ðbÞ2
I Y2

A¼1

daA
2πiaA

×
Y

α;β¼�

Y
A<B

ϑ1ðαaA þ βaBÞ
ϑ4ðαaA þ βaB þ bÞ

≔
I Y2

A¼1

daA
2πiaA

Zða1; a2Þ: ð4:51Þ

In the following wewill compute a few full Wilson operator
index and compare it with the S-dual ’t Hooft operator
index using the formula in [31].
We first analyze the index of a full Wilson operator

associated to the vector representation 4 and its S-dual. The
full Wilson index reads

hWfull
4 iSOð4ÞN¼4 ¼

I Y2
A¼1

daA
2πiaA

�
a1 þ

1

a1
þ a2 þ

1

a2

�
2

Z:

ð4:52Þ

By a change of variables a01 ≔ a1 þ a2 and a02 ≔ a1 − a2,
the Wilson index factorized into a product of two identical
integrals,

hWfull
4 iSOð4ÞN¼4

¼
�
−
1

2

I
da0

2πia0
ða0 þ 1Þ2

a0
ϑ1ð�a0Þ

ϑ4ð�a0 þ bÞ
ηðτÞ3
ϑ4ðbÞ

�
2

; ð4:53Þ

which is identical to

�hWfull
j¼1=2iSUð2ÞN¼4

�
2: ð4:54Þ

The vector representation of SOð4Þ is minuscule, and the
S-dual ’t Hooft index is safe from monopole bulling,
given by

hHiSOð4ÞN¼4 ¼
I Y2

A¼1

daA
2πiaA

4q
1
4ðba1 − a2Þð−a1 þ ba2Þðb − a1a2Þð−1þ ba1a2Þ

b2ð ffiffiffi
q

p
a1 − a2Þð ffiffiffi

q
p

a2 − a1Þð ffiffiffi
q

p − a1a2Þð−1þ ffiffiffi
q

p
a1a2Þ

Z0;

where

Z0 ¼ 1

4
ηðτÞ4 ηðτÞ2

ϑ4ðbÞ2
Y

α;β¼�

ϑ4ðαa1 þ βa2Þ
ϑ1ðαa1 þ βa2 þ bÞ : ð4:55Þ

In terms of the a0 variables, the above factorizes into

hHiSOð4ÞN¼4 ¼
�I

da0

2πia01

q
1
8ðb − a01Þð−1þ ba01Þ

bð ffiffiffi
q

p − a01Þð−1þ
ffiffiffi
q

p
a01Þ

ηðτÞ3
ϑ4ðbÞ

ϑ4ð�a0Þ
ϑ1ð�a0 þ bÞ

�2
: ð4:56Þ

Up to the square and some simple factors, the result is identical to that of theUð2Þminimal ’t Hooft operator index (3.17) in
Sec. III A, and naturally

hHiSOð4ÞN¼4 ¼ hWfull
4 iSOð4ÞN¼4: ð4:57Þ
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Next we consider the index of a full Wilson operator
in chiral spinor representation 2. The corresponding char-
acter is

χ2ðaÞ ¼
1ffiffiffiffiffiffiffiffiffiffi
a1a2

p þ ffiffiffiffiffiffiffiffiffiffi
a1a2

p
; ð4:58Þ

and the relevant index is given by

hWf
2iSOð4ÞN¼4 ¼

I Y2
A¼1

daA
2πiaA

χ2ðaÞ2Zða1; a2Þ ð4:59Þ

¼
I Y2

A¼1

daA
2πiaA

�
1þ 1þ a1a2 þ

1

a1a2

�
× Zða1; a2Þ: ð4:60Þ

In terms of the a0 variable, the above factorizes

hWf
2iSOð4ÞN¼4 ¼

�I
da01
2πia01

ðχj¼0 þ χj¼1Þða01Þ
�
−
1

2

�
×
ηðτÞ3
ϑ4ðbÞ

ϑ1ð�a01Þ
ϑ1ð�a01 þ bÞ

�
ISUð2ÞN¼4

¼ �IN¼4SUð2Þ þ hWfull
j¼1iN¼4SUð2Þ

�
ISUð2ÞN¼4:

ð4:61Þ

The S-dual ’t Hooft line index is given by

hHi ¼
I Y2

A¼1

daA
2πiaA

2ðb − a1a2Þð−1þ ba1a2Þ
bq

1
4ð ffiffiffi

q
p − a1a2Þð−1þ ffiffiffi

q
p

a1a2Þ
Z0;

where

Z0 ¼ 1

4
ηðτÞ4 ηðτÞ2

ϑ4ðbÞ2
ϑ4ð�ða1 þ a2ÞÞ

ϑ1ð�ða1 þ a2Þ þ bÞ

×
ϑ1ð�ða1 − a2ÞÞ

ϑ4ð�ða1 − a2Þ þ bÞ : ð4:62Þ

In terms of the a0 variables,

hHi ¼
�
−
I

da01
2πia01

ðb − a01Þð−1þ ba01Þ
bq1=4ð ffiffiffi

q
p − a01Þð−1þ

ffiffiffi
q

p
a01Þ

×
ϑ4ð�a1Þ

ϑ1ð�a1 þ bÞ
ηðτÞ3
ϑ4ðbÞ

�
IN¼4SUð2Þ: ð4:63Þ

The equality from S-duality also follows from the dis-
cussion in Sec. III A.

D. N = 4 SOð5Þ SYM
Let us now consider N ¼ 4 SOð5Þ SYM with insertion

of a half Wilson operator in the fundamental representation

I
da1
2πia1

da2
2πia2

χ5ðaÞZða1; a2Þ; ð4:64Þ

where

Zða1; a2Þ ¼
1

8

ηðτÞ6
ϑ4ðbÞ2

−ϑ1ða1Þ2ϑ1ða2Þ2ϑ1ða1 þ a2Þ2ϑ1ða1 − a2Þ2
ϑ4ða1 � bÞϑ4ða2 � bÞϑ4ða1 þ a2 � bÞϑ4ða1 − a2 � bÞ ; ð4:65Þ

and

χ5ðaÞ ¼ a1 þ
1

a1
þ a2 þ

1

a2
þ 1: ð4:66Þ

From the symmetry Zða1; a2Þ ¼ Zða2; a1Þ, we only
need to compute

I
da1
2πia1

da2
2πia2

a�1
1 Zða1; a2Þ: ð4:67Þ

Moreover, the symmetry Zða1; a2Þ ¼ Zð−a1; a2Þ also
implies

I
da1
2πia1

da2
2πia2

a1Zða1;a2Þ ¼
I

da1
2πia1

da2
2πia2

a−11 Zða1;a2Þ:

ð4:68Þ

The a1-integration picks up imaginary poles

a1 ¼ αbþ τ

2
; a1 ¼ βa2 þ γbþ τ

2
; α; β; γ ¼ �;

ð4:69Þ

with residues respectively

Rα ≔
i
8
ηðτÞ3 ϑ4ða2 þ αbÞϑ4ða2 − αbÞ

ϑ1ð2αbÞϑ1ða2 þ 2αbÞϑ1ða2 − 2αbÞ ; ð4:70Þ
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Rβγ ≔
i
8
ηðτÞ3 ϑ4ða2 þ βγbÞϑ1ða2Þϑ4ð2a2 þ βγbÞ2

ϑ1ða2 þ 2βγbÞϑ4ða2 − βγbÞϑ1ð2a2Þϑ1ð2γbÞϑ1ð2a2 þ 2βγbÞ : ð4:71Þ

The a1-integration leaves us withI
da2
2πia2

�
−
X
α¼�

Rα
1

q� − 1
ðbαq1

2Þ�

−
X
βγ¼�

Rβγ
1

q� − 1

�
aβ2b

γq
1
2

���: ð4:72Þ

The residues Rα and Rβγ are all elliptic with respect to a2,
and therefore the a2-integration of both terms can be carried
out. In Rα, there are poles and residues

a2 ¼ 2αδb; Res
a2¼2αδb

Rα ¼ −
δ

8

ϑ4ð3bÞϑ4ðbÞ
ϑ1ð2bÞϑ1ð4bÞ

:

ð4:73Þ

Hence

−
I

da2
2πia2

X
α¼�

Rα
1

q� − 1
ðbαq1

2Þ� ð4:74Þ

¼ −
X
α¼�

b�αq�1
2

q� − 1

�
Rαða ¼ 0Þ þ

X
δ¼�

−δ
8

ϑ4ð3bÞϑ4ðbÞ
ϑ1ð2bÞϑ1ð4bÞ

× E1

� −1
b2αδq

1
2

��
: ð4:75Þ

By direct computation, one sees that the above is actually
independent of � sign in the a�1 insertion, consistent with
the symmetry Zða1; a2Þ ¼ Zð−a1; a2Þ.
The term with Rβγ can be carried using (B38),I

da2
2πia2

Rβγa
�β
2 ¼ −

X
real j

Rβγj

�
aðβγjÞ2 q

��β

q�β − 1

−
X
img j

Rβγj

�
aðβγjÞ2

��β

q�β − 1
: ð4:76Þ

Here aðβγjÞ2 denotes the simple poles of Rβγ with respect to
a2, with the corresponding residue Rβγj. We list the poles
and their residues in Table II.
Performing the sum over β, γ,

−
I

da2
2πia2

X
βγ¼�1

Rβγ
1

q� − 1

�
aβ2b

γq
1
2

�� ¼
ffiffiffi
q

p ðb2ðqþ 1Þ − 4b
ffiffiffi
q

p þ qþ 1Þ
2

ϑ4ðbÞ2
8bðq − 1Þ2ϑ1ð2bÞ2

ϑ2ð0Þ
ϑ2ð2bÞ

þ ðb2q − b
ffiffiffi
q

p ðqþ 1Þ þ qÞ ϑ4ðbÞ2
8bðq − 1Þ2ϑ1ð2bÞ2

�
ϑ3ð0Þ
ϑ3ð2bÞ

þ ϑ4ð0Þ
ϑ4ð2bÞ

�
þ

ffiffiffi
q

p ð−2b4 ffiffiffi
q

p þ b3ðqþ 1Þ þ bðqþ 1Þ − 2
ffiffiffi
q

p Þ
8b2ðq − 1Þ2

ϑ4ð3bÞϑ4ðbÞ
ϑ1ð2bÞϑ1ð4bÞ

; ð4:77Þ

which is independent of the � in a�2 , consistent with the
symmetry Zða1; a2Þ ¼ Zð−a1; a2Þ.
To summarize,I

da1
2πia1

da2
2πia2

a1Zða1; a2Þ ð4:78Þ

¼ iðb2 − 1Þ ffiffiffi
q

p
8bðq − 1Þ

ηðτÞ3ϑ4ðbÞ2
ϑ1ð2bÞ3

ð4:79Þ

þ
ffiffiffi
q

p ð1 − 4b
ffiffiffi
q

p þ qþ b2ð1þ qÞÞ
16bðq − 1Þ2

ϑ4ðbÞ2
ϑ1ð2bÞ2

ϑ2ð0Þ
ϑ2ð2bÞ

ð4:80Þ

þ
ffiffiffi
q

p ðb− ffiffiffi
q

p Þðb ffiffiffi
q

p −1Þ
8bðq−1Þ2

ϑ4ðbÞ2
ϑ1ð2bÞ2

�
ϑ3ð0Þ
ϑ3ð2bÞ

þ ϑ4ð0Þ
ϑ4ð2bÞ

�
ð4:81Þ

TABLE II. Poles and residues of the elliptic functions Rβγ .

Poles aðβγjÞ2 Residues Rβγj

Real a2 ¼ −2βγb þ β
8

ϑ4ðbÞϑ4ð3bÞ
ϑ1ð2bÞϑ1ð4bÞ

a2 ¼ −βγbþ 1
2 þ βϑ4ðbÞ2ϑ3ð0Þ

16ϑ1ð2bÞ2ϑ3ð2bÞ
a2 ¼ 1

2 − βϑ4ðbÞ2ϑ2ð0Þ
16ϑ1ð2bÞ2ϑ2ð2bÞ

a2 ¼ −βγb − βϑ4ðbÞ2ϑ4ð0Þ
16ϑ1ð2bÞ2ϑ4ð2bÞ

Imaginary a2 ¼ βγbþ 1
2 − β

8

ϑ4ðbÞϑ4ð3bÞ
ϑ1ð2bÞϑ1ð4bÞ

a2 ¼ τ
2

βϑ4ðbÞ2ϑ4ð0Þ
16ϑ1ð2bÞ2ϑ4ð2bÞ

a2 ¼ 1
2
þ τ

2 − βϑ4ðbÞ2ϑ3ð0Þ
16ϑ1ð2bÞ2ϑ3ð2bÞ

a2 ¼ −βγbþ 1
2
þ τ

2 þ βϑ4ðbÞ2ϑ2ð0Þ
16ϑ1ð2bÞ2ϑ2ð2bÞ
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þ ϑ4ðbÞϑ4ð3bÞ
ϑ1ð2bÞϑ1ð4bÞ

� ffiffiffi
q

p ðb − ffiffiffi
q

p Þð1 − b3
ffiffiffi
q

p Þ
4b2ðq − 1Þ2 þ ðb2 − 1Þ ffiffiffi

q
p

4bðq − 1Þ E1

� −1
b2q

1
2

��
: ð4:82Þ

Therefore,

hW5iN¼4SOð5Þ ¼ IN¼4SOð5Þ þ
iðb2 − 1Þ ffiffiffi

q
p

2bðq − 1Þ
ηðτÞ3ϑ4ðbÞ2
ϑ1ð2bÞ3

þ
ffiffiffi
q

p ð1 − 4b
ffiffiffi
q

p þ qþ b2ð1þ qÞÞ
4bðq − 1Þ2

ϑ4ðbÞ2
ϑ1ð2bÞ2

ϑ2ð0Þ
ϑ2ð2bÞ

þ
ffiffiffi
q

p ðb − ffiffiffi
q

p Þðb ffiffiffi
q

p − 1Þ
2bðq − 1Þ2

ϑ4ðbÞ2
ϑ1ð2bÞ2

�
ϑ3ð0Þ
ϑ3ð2bÞ

þ ϑ4ð0Þ
ϑ4ð2bÞ

�
þ ϑ4ðbÞϑ4ð3bÞ
ϑ1ð2bÞϑ1ð4bÞ

� ffiffiffi
q

p ðb − ffiffiffi
q

p Þð1 − b3
ffiffiffi
q

p Þ
b2ðq − 1Þ2 þ ðb2 − 1Þ ffiffiffi

q
p

bðq − 1Þ E1

� −1
b2q

1
2

��
; ð4:83Þ

where the IN¼4SOð5Þ is the original Schur index of the
SOð5Þ N ¼ 4 SYM.

1. General representation

Let us consider the soð5Þ representations whose char-
acters can be written as polynomials of a1, a2 with integral
powers,

χRðaÞ ¼
X
n1;n2

cn1n2a
n1
1 an22 : ð4:84Þ

In particular, using the symmetry a1 ↔ a2, ai ↔ a−1i , we
can focus on the integrals of the following form

I
da1
2πia1

da2
2πia2

an1>01 an2≥02 Z: ð4:85Þ

The a1-integration leaves (recall that the a1-integral picks
up 6 imaginary poles)

I
da2
2πia2

an22

"
−
X
α¼�

Rα
bαn1q

1
2
n1

qn1 − 1
−
X
βγ¼�

Rβγ
an1β2 bn1γq

1
2
n1

qn1 − 1

#
:

ð4:86Þ

Depending on whether n2 ¼ 0 or n2 ≠ 0 in the first term,
and whether n2 � n1 ¼ 0 in the second term, the integral
leads to different closed-form result. When n2 ¼ 0, the first
term integrates to

¼ δn2¼0

1

4

ϑ4ðbÞ
ϑ1ð2bÞ

�
iηðτÞ3ϑ4ðbÞ
2ϑ1ð2bÞ2

þ ϑ4ð3bÞ
ϑ1ð4bÞ

E1

�
1

b2

��
×

bn1 − b−n1

qn1=2 − q−n1=2
; ð4:87Þ

while when n2 > 0, it integrates to

−δn2>0
X
α¼�

bn1αq
1
2
n1

qn1 −1

X
δ¼�1

�
−
δ

8

ϑ4ð3bÞϑ4ðbÞ
ϑ1ð2bÞϑ1ð4bÞ

� ðb2αδq1
2Þn2

qn2=2−q−n2=2

¼−δn2>0
ϑ4ðbÞϑ4ð3bÞ
8ϑ1ð2bÞϑ1ð4bÞ

ðbn1 −b−n1Þðb2n2 −b−2n2Þ
ðqn1=2−q−n1=2Þð1−q−n2Þ :

ð4:88Þ

In the second term, when 0 < n1 ≠ n2, we have n2 þ
n1β ≠ 0 for either β ¼ �1. In this case,

−δn1≠n2

I
da2
2πia2

X
βγ¼�

bn1γq
1
2
n1

qn1 − 1
Rβγa

n2þn1β
2 ð4:89Þ

¼ þδn1≠n2
X
βγ¼�

bn1γq
1
2
n1

qn1 − 1

X
real=img j

Rβγj

�
aðβγjÞ2 q�1

2

�
n2þn1β

q
1
2
ðn2þn1βÞ − q−

1
2
ðn2þn1βÞ

:

ð4:90Þ

On the other hand, when n1 ¼ n2 > 0, we have n2 þ n1β ¼
0 for β ¼ −1, and n2 þ n1β ¼ 2n1 ≠ 0 for β ¼ 1. In this
situation,

−
I

da2
2πia2

X
βγ¼�

Rβγ
an2þn1β
2 bn1γq

1
2
n1

qn1 − 1

¼ δn1¼n2

X
γ¼�

" X
real=imgj

Rþγj

�
aðþγjÞ
2

�
2n1q�1

2
2n1

qn1 − q−n1

#
bn1γq

1
2
n1

qn1 − 1

− δn1¼n2

X
γ¼�

bn1γq
1
2
n1

qn1 − 1

 
R−γ
�
a2 ¼ að0Þ2

�
þ

X
real=imgj

R−γjE1

" −1
að−γjÞ
2

að0Þ
2

q�1
2

#!
; ð4:91Þ

where að0Þ2 is a generic reference value, for example,

að0Þ2 ¼ b3. In the above, we have used the poles and
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residues in Table II. Putting all the contributions together,
we deduce that for n1 > 0, n2 ≥ 0,I Y2

i¼

dai
2πiai

an11 an22 Z ð4:92Þ

¼ δn2¼0

1

4

ϑ4ðbÞ
ϑ1ð2bÞ

�
iηðτÞ3ϑ4ðbÞ
2ϑ1ð2bÞ2

þ ϑ4ð3bÞ
ϑ1ð4bÞ

E1

�
1

b2

��
×

bn1 − b−n1

qn1=2 − q−n1=2
ð4:93Þ

− δn2>0
ϑ4ðbÞϑ4ð3bÞ
8ϑ1ð2bÞϑ1ð4bÞ

ðbn1 − b−n1Þðb2n2 − b−2n2Þ
ðqn1=2 − q−n1=2Þð1 − q−n2Þ

ð4:94Þ

þ δn1≠n2
X
βγ¼�

bn1γq
1
2
n1

qn1 − 1

X
real=img j

Rβγj

×

�
aðβγjÞ2 q�1

2

�
n2þn1β

q
1
2
ðn2þn1βÞ − q−

1
2
ðn2þn1βÞ

ð4:95Þ

þ δn2¼n1

X
γ¼�

" X
real=img j

Rþγj

�
aðþγjÞ
2

�
2n1q�1

2
2n1

qn1 − q−n1

#
bn1γq

1
2
n1

qn1 − 1

ð4:96Þ

− δn2¼n1

X
γ¼�

bn1γq
1
2
n1

qn1 − 1

 
R−γ
�
a2 ¼ að0Þ2

�
þ

X
real=img j

R−γjE1

" −1
að−γjÞ
2

að0Þ
2

q�1
2

#!
: ð4:97Þ

The Wilson index corresponding to the SOð5Þ representa-
tions with Dynkin labels ½n; 0� can be computed using the
above integration formula by simple substitution, since the
corresponding character can be written as a sum of simple
monomials,

χ½n;0�ða1; a2Þ ¼
Xn
m¼0

Xm
j¼0

Xm
i¼0

aj−i1 aiþj−m
2 ð4:98Þ

¼ ⌈
nþ 1

2
⌉þ

Xn
m¼0

Xm
i¼0

i≠m=2

a2i−m2 þ
Xn
m¼1

Xn
i;j¼0
i≠j

aiþj−m
2 aj−i1

ð4:99Þ

∼ ⌈
nþ 1

2
⌉þ

Xn
m¼0

Xm
i¼0

i≠m=2

aj2i−mj
1 þ

Xn
m¼1

Xm
i;j¼0
i≠j

ajiþj−mj
2 ajj−ij1 :

ð4:100Þ

Here in the last line we have rewritten the expression using
the symmetries a1 ↔ a2, ai ↔ a−1i of the integral, so that
each term can be easily computed with the above integra-
tion formula. Although the Wilson line index can be
computed straightforwardly simply by substitution, we
are unfortunately unable to reorganize the final result in
an elegant form, so we will refrain from presenting the final
expression of hW½n;0�iN¼4SOð5Þ here.
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APPENDIX A: SPECIAL FUNCTIONS

Throughout this appendix and the paper, we adopt the
convention that fraktur letters a, b, etc., are related to the
standard letters by

a ¼ e2πia; b ¼ e2πib; …; z ¼ e2πiz: ðA1Þ

except for the standard notation q ¼ e2πiτ.

1. The Weierstrass ζ-function

The Weierstrass ζ-function is defined by

ζðzÞ ≔ 1

z
þ
X

ðm;nÞ∈Z2

ðm;nÞ≠ð0;0Þ

�
1

z −m − nτ
þ 1

mþ nτ
þ z
ðmþ nτÞ2

�
:

ðA2Þ

In the following and in the main text we will often
abbreviate

X
ðm;nÞ∈Z2

ðm;nÞ≠ð0;0Þ

→
X0
m;n

;
X
m∈Z
m≠0

→
X0
m

: ðA3Þ

The ζ function is not elliptic, and under full period shift of z,

ζðzþ 1jτÞ − ζðzjτÞ ¼ 2η1ðτÞ ðA4Þ

ζðzþ τjτÞ − ζðzjτÞ ¼ 2η2ðτÞ≡ 2τη1ðτÞ − 2πi; ðA5Þ

where η1 and η2 are independent of z and are both related to
the Eisenstein series E2. Note that ζ has a simple pole at each
lattice point mþ nτ with unit residue. The fact that ζ is not
fully elliptic is due to the fact that meromorphic function on
T2 with only one simple pole does not exist.
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2. Jacobi theta functions

The standard Jacobi theta functions can be defined as
infinite products of the q-Pochhammer symbol ðz; qÞ ≔Qþ∞

k¼0ð1 − zqÞ,

ϑ1ðzÞ ≔ −iz1
2q

1
8ðq; qÞðzq; qÞðz−1; qÞ;

ϑ2ðzÞ ≔ z1=2q
1
8ðq; qÞð−zq; qÞð−z−1; qÞ; ðA6Þ

ϑ3ðzÞ ≔ ðq; qÞð−zq1=2; qÞð−z−1q1=2Þ;
ϑ4ðzÞ ≔ ðq; qÞðzq1=2; qÞðz−1q1=2; qÞ: ðA7Þ

From the definition it is easy to read off their simple zeros,
for example,

ϑ1ðmþ nτÞ ¼ 0; ϑ4

�
mþ nτ þ τ

2

�
¼ 0; m; n∈Z:

ðA8Þ

The Jacobi theta functions can also be rewritten in infinite
series in q, or Fourier series in z,

ϑ1ðzÞ ¼ −i
X

r∈Zþ1
2

ð−1Þr−1
2e2πirzq

r2
2 ;

ϑ2ðzÞ ¼
X

r∈Zþ1
2

e2πirzq
r2
2 ; ðA9Þ

ϑ3ðzÞ ¼
X
n∈Z

e2πinzq
n2
2 ; ϑ4ðzÞ ¼

X
n∈Z

ð−1Þne2πinzqn2
2 :

ðA10Þ

The functions ϑiðzÞ share similar shift properties under
the full period shifts,

ϑ1;2ðzþ 1Þ ¼ −ϑ1;2ðzÞ; ϑ3;4ðzþ 1Þ ¼ þϑ3;4ðzÞ;
ðA11Þ

ϑ1;4ðzþ τÞ ¼ −λϑ1;4ðzÞ; ϑ2;3ðzþ τÞ ¼ þλϑ2;3ðzÞ;
ðA12Þ

where λ ≔ e−2πize−πiτ, while under half-period shifts which
can be summarized as in the Fig. 10, where μ ¼ e−πize−

πi
4 ,

and f!a g means

either f

�
zþ 1

2

�
¼ agðzÞ or f

�
zþ τ

2

�
¼ agðzÞ;

ðA13Þ

depending on whether the arrow is horizontal or (slanted)
vertical respectively.

Finally, we will frequently encounter residues of the ϑ
functions. In particular,

Res
a→b

1
nq

k
nþ 1

2ne2πi
l
n

1

a
1

ϑ4ðna− bÞ ¼
1

n
1

ðq;qÞ3 ð−1Þ
kq

1
2
kðkþ1Þ; ðA14Þ

Res
a→b

1
nq

k
ne2πi

l
n

1

a
1

ϑ1ðna − bÞ ¼
1

n
i

ηðτÞ3 ð−1Þ
kþlq

1
2
k2 : ðA15Þ

Note that the ð−1Þl in the second line is related to the
presence of a branch point at z ¼ 0 according to (A6).

3. Eisenstein series

The twisted Eisenstein series are defined by the follow-
ing infinite sum,

Ek≥1

�
ϕ

θ

�
≔ −

BkðλÞ
k!

ðA16Þ

þ 1

ðk − 1Þ!
X0
r≥0

ðrþ λÞk−1θ−1qrþλ

1 − θ−1qrþλ

þ ð−1Þk
ðk − 1Þ!

X
r≥1

ðr − λÞk−1θqr−λ
1 − θqr−λ

; ðA17Þ

where the parameter ϕ ≔ e2πiλ with λ∈ ½0; 1Þ, BkðxÞ
denotes the kth Bernoulli polynomial, and the prime 0 in
the summation means that the term with r ¼ 0 should be
omitted whenever ϕ ¼ θ ¼ 1. We also define E0½ϕθ� ¼ −1.
The standard Eisenstein series E2n are the θ;ϕ → 1 limit

of the above Eisenstein series. When k is odd, θ ¼ ϕ ¼ 1
gives zero except for the special instance with k ¼ 1, where
there is a simple pole z → 0,

E2n

�þ1

þ1

�
¼ E2n; E2nþ1≥3

�þ1

þ1

�
¼ 0

E1

�þ1

z

�
¼ 1

2πi
ϑ01ðzÞ
ϑ1ðzÞ

: ðA18Þ

The Eisenstein series exhibit several useful properties.
For example, the symmetry property

FIG. 10. Half shifts of the Jacobi theta functions.
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Ek

��1

z−1

�
¼ ð−1ÞkEk

��1

z

�
: ðA19Þ

When shifting the argument z of the Eisenstein series
by half or full periods of τ, or equivalently, shifting z by q

n
2,

one has

Ek

��1

zq
n
2

�
¼
Xk
l¼0

�
n
2

�
l 1

l!
Ek−l

� ð−1Þnð�1Þ
z

�
; n∈Z:

ðA20Þ
A simple consequence is that10

Ek

��1

zq
1
2

�
− Ek

� �1

zq−
1
2

�
¼
Xbk−12 c

m¼0

1

22mð2mþ 1Þ!Ek−1−2m

�∓1

z

�
;

ðA21Þ
or more generally

Ek

� �1

zq
1
2
þn

�
− Ek

� �1

zq−
1
2
−n

�
¼ 2

Xbk−12 c

m¼0

�
2nþ 1

2

�
2mþ1

×
1

ð2mþ 1Þ!Ek−1−2m

�∓1
z

�
:

ðA22Þ

4. Elliptic function

In this paper we frequently encounter elliptic functions
with respect to a complex structure τ. They are meromorphic
functions on C satisfying the doubly periodic condition,

fðzÞ ¼ fðzþ τÞ ¼ fðzþ 1Þ: ðA23Þ

Here τ∈C with Imτ > 0. Exploiting the periodicity, one
may restrict the domain of z to the fundamental parallelo-
gram in C with vertices 0, 1, τ, 1þ τ. Equivalently, an
elliptic function f is a meromorphic function on the torus T2

τ

with complex structure τ. Using z ¼ e2πiz, fðzÞ is sometimes
written as fðzÞ.
As a meromorphic function, fðzÞ may have poles in the

parallelogram. In this paper we mainly focus on elliptic
functions fðzÞ with only simple poles. We classify the
poles zj into two types by the following criteria: we call zj
real if Imzj ¼ 0, or imaginary if Imzj > 0. The residues at
the simple poles zj are captured by Rj,

Rj ≔ Res
z→zj

1

z
fðzÞ: ðA24Þ

Using the well-known Weierstrass ζ function and the
Eisenstein series, any elliptic function fðzÞ with only
simple poles11 can be expanded in various ways,

fðzÞ ¼ Cf þ
1

2πi

X
j

Rjζðz − zjÞ ¼ fðz0Þ þ
X
j

Rj

�
E1

�þ1
zj
z0

�
− E1

�þ1
zj
z

��

¼ fðz0Þ þ
X
j

Rj

�
E1

� −1
zj
z0
q

1
2

�
− E1

� −1
zj
z q

1
2

��

¼ fðz0Þ þ
X
j

Rj

�
E1

� −1
zj
z0
q−

1
2

�
− E1

� −1
zj
z q

−1
2

��

¼ fðz0Þ þ
X

real=img zj

Rj

�
E1

� −1
zj
z0
q�1

2

�
− E1

� −1
zj
z q

�1
2

��
: ðA25Þ

Here z0 ¼ e2πiz0 is an arbitrary and generic reference value.
Note that the above expansions are valid for all types of
pole combinations, real or imaginary, where the last line
incorporates explicitly the realness of the poles to deter-
mine the � 1

2
. These expansions lead to useful integration

formula that we will review later.

5. Useful identities

The Eisenstein series are related to the Jacobi theta
functions,

Ek

�þ1

z

�
¼
Xbk=2c
l¼0

ð−1Þkþ1

ðk − 2lÞ!
�

1

2πi

�
k−2l

E2l
ϑðk−2lÞ1 ðzÞ
ϑ1ðzÞ

;

ðA26Þ

10In fact, these equalities remain true even after replacing 1 by
e2πiλ and −1 by e2πiðλþ1

2
Þ.

11For functions with higher order poles, one needs to include
derivatives of ζ-function or Eisentein series.
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where we define

E2 ≔ E2; E4 ≔ E4 þ
1

2
ðE2Þ2; E6 ≔ E6 þ

3

4
E4E2 þ

1

8
ðE2Þ3;… ðA27Þ

E2l ≔
X
fnpgP

p≥1
ð2pÞnp¼2l

Y
p≥1

1

np!

�
1

2p
E2p

�
np
: ðA28Þ

Similar formula for Ek½−1�z�, Ek½�1
−z� can be obtained by replacing ϑ1 with ϑ2;3;4. For the reader’s convenience we list the first

few conversions here.

E1

�þ1

z

�
¼ 1

2πi
ϑ01ðzÞ
ϑ1ðzÞ

; ðA29Þ

E2

�þ1

z

�
¼ 1

8π2
ϑ1

00ðzÞ
ϑ1ðzÞ

−
1

2
E2; ðA30Þ

E3

�þ1

z

�
¼ i

48π3
ϑ0001 ðzÞ
ϑ1ðzÞ

−
i
4π

ϑ01ðzÞ
ϑ1ðzÞ

E2; ðA31Þ

E4

�þ1

z

�
¼ −

1

384π4
ϑ00001 ðzÞ
ϑ1ðzÞ

þ 1

16π2
E2

ϑ001ðzÞ
ϑ1ðzÞ

−
1

4

�
E4 þ

1

2
ðE2Þ2

�
ðA32Þ

E5

�þ1

z

�
¼ −

i
3840π5

ϑð5Þ1 ðzÞ
ϑ1ðzÞ

þ i
96π3

E2

ϑð3Þ1 ðzÞ
ϑ1ðzÞ

−
i
8π

�
E4 þ

1

2
ðE2Þ2

�
ϑ01ðzÞ
ϑ1ðzÞ

ðA33Þ

E6

�þ1

z

�
¼ 1

46080π6
ϑð6Þ1 ðzÞ
ϑ1ðzÞ

−
1

768π4
E2

ϑð4Þ1 ðzÞ
ϑ1ðzÞ

þ 1

32π2

�
E4 þ

1

2
ðE2Þ2

�
ϑð2Þ1 ðzÞ
ϑ1ðzÞ

−
1

6

�
E6 þ

3

4
E4E2 þ

1

8
E3
2

�
: ðA34Þ

Moreover, the Eisenstein series satisfy the following relations which are generalization of the so-called duplication
formula of the Jacobi theta functions,

X
�
Ek

�
ϕ

�z

�
ðτÞ ¼ 2Ek

�
ϕ

z2

�
ð2τÞ;

X
�

� Ek

�
ϕ

�z

�
ðτÞ ¼ −2Ek

�
ϕ

z2

�
ð2τÞ þ 2Ek

�
ϕ

z

�
ðτÞ;

Ek

�þ1

z

�
ð2τÞ þ Ek

�−1
z

�
ð2τÞ ¼ 2

2k
Ek

�þ1

z

�
;

X
��

Ek

��1

�z

�
ðτÞ ¼ 4

2k
Ek

�þ1

z2

�
ðτÞ: ðA35Þ

E1

�
ϕ

zq−1=2

�
ð2τÞ þ E1

�
ϕ

zq
1
2

�
ð2τÞ ¼ E1

�
ϕ

z

�
ðτÞ; ϕ ¼ �1: ðA36Þ

The E1 function also has some alternative expansions besides its definition, for example,

E1

�−1
b

�
¼ b−1q

1
2

1 − b−1q
1
2

−
bq

1
2

1 − bq
1
2

þ
Xþ∞

k¼1

qn
bn − b−n

q
n
2 − q−

n
2

ðA37Þ
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¼ 1

2

�
b−1q

1
2

1 − b−1q
1
2

−
bq

1
2

1 − bq
1
2

�
þ 1 − q

2

Xþ∞

n¼1

qn=2
Xn=2
m¼−n=2
m≠0

b2m − b−2m

1 − q−2m
: ðA38Þ

APPENDIX B: INTEGRATION FORMULA

In this appendix we collect integration formula for
contour integrals containing an elliptic function, some
products of Eisenstein series and some monomial factors.

1. Integration formula without monomial

We begin with the simplest formula. Consider an elliptic
function fðzÞ with only simple poles. Denoting z ¼ e2πiz,
then the contour integral of f along the unit circle can be
computed analytically,I
jzj¼1

dz
2πiz

fðzÞ ¼ fðz0Þ þ
X

real=img zj

RjE1

� −1
zj
z0
q�1

2

�
: ðB1Þ

Here, z0 (and z0 ¼ e2πiz0) denotes an arbitrary and generic
reference value, and zj (with zj ¼ e2πizj) are the simple
poles of f. Recall that zj is real if Imzj ¼ 0, or imaginary
if Imzj > 0. This formula follows directly from the
decomposition

fðzÞ ¼ fðz0Þ þ
X

real=img zj

Rj

�
E1

� −1
zj
z0
q�1

2

�
− E1

� −1
zj
z q

�1
2

��
:

ðB2Þ

Note that only the last term depends on z, and upon
integration,

I
dz
2πiz

E1

�−1
za

�
¼ 0: ðB3Þ

Only the z-independent terms survives the contour inte-
gration, yielding (B1).
In computing Schur index, we often encounter more

complicated contour integrals involving the product of an
elliptic function and several Eisenstein series. For example,
for the class-S A1 index, we need the following integration
formula,

I
jzj¼1

dz
2πiz

fðzÞEk

�−1
za

�
ðB4Þ

¼ −Sk

�
fðz0Þ þ

X
real=img zj

RjE1

� −1
zj
z0
q�1

2

��
−

X
real=img zj

Rj

Xk−1
l¼0

SlEk−lþ1

�
1

zjaq�
1
2

�
: ðB5Þ

Here Sk are rational numbers defined through the series expansion

1

2

y
sinhðy=2Þ ¼

X
l≥0

Slyl: ðB6Þ

Explicitly, we list a few instances of Sl below.

l 0 1 2 3 4 5 6 7 8 9 10 11 12

Sl 1 0 − 1
24

0 7
5760

0 − 31
967680

0 127
154828800

0 − 73
3503554560

0 1414477
2678117105664000

Similarly, we also have

I
jzj¼1

dz
2πiz

fðzÞEk

�þ1

za

�
¼ −Ak

 
fðz0Þ þ

X
real=img zj

RjE1

� −1
zj
z0
q�1

2

�!

−
X

real=img zj

Rj

 
−BkE1

� −1
zjaq�

1
2

�
þ
Xk−1
l¼0

SlEkþ1−l

� −1
zjaq�

1
2

�!
; ðB7Þ
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where

A2n ¼
B2n

ð2nÞ! ; A2nþ1 ¼
δn;0
2

; B2n ¼
B2n

ð2nÞ! − S2n; B2nþ1 ¼
δn;0
2

: ðB8Þ

To compute the Schur index of the some class-S A2 with 2 or 3 maximal punctures and an arbitrary number of minimal
punctures, we need the following type of integrals,I

dz
2πiz

fðzÞE1

��1

za

�
Ek

��1

zb

�
: ðB9Þ

As simplest cases, when fðzÞ ¼ 1 we have the following integration formula,I
dz
2πiz

Ek

�−1
za

�
El

�−1
zb

�
ðB10Þ

¼ ð−1Þkþlþ1

 
−Ck

kþlSkþl þ
Xl
r¼2

Xl
s¼r

ð−1ÞrþsClþ1−r
kþl−sSkþl−sEs

�
1

a=b

�
ðB11Þ

þ
Xkþl

r¼lþ1

ð−1ÞrCl−1
kþl−1−rEr

�
1

a=b

�!
: ðB12Þ

One can also utilize this formula to derive or understand the structure of the other ones we introduce in this appendix. For
example, to compute (B4), one can begin by decomposing f as in (A25), and apply (B10).
When fðzÞ is a nontrivial elliptic function, we have the following series of integration formula,

I
dz
2πiz

fðzÞE1

�−1
za

�
E2k

�−1
zb

�
¼
�I

dz
2πiz

fðzÞ
�Xk−1

l¼0

S2lE2kþ1−2l

�
1

a=b

�
−

X
real=img zj

RjE1

�
1

azjq�
1
2

�

×
Xk−1
l¼0

S2lE2kþ1−2l

�
1

bzjq�
1
2

�
−

X
real=img zj

RjE1

�
1

azjq�
1
2

�Xk−1
l¼0

S2lE2kþ1−2l

�
1

a
b

�

−
X

real=img zj

Rj

Xk
l¼0

ð1 − 2lÞS2lE2kþ2−2l

�
1

bzjq�
1
2

�
þ S2k

�
E2

�
1

azjq�
1
2

�
þ E2

�
1

bzjq�
1
2

��
;

ðB13Þ

and

I
dz
2πiz

fðzÞE1

�−1
za

�
E2kþ1

�−1
zb

�
¼
�I

dz
2πiz

fðzÞ
��

−ð2kþ 1ÞS2kþ2 þ
Xkþ1

l¼0

S2lE2kþ2−2l

�
1

a=b

��

−
X

real=img zj

RjE1

�
1

azjq�
1
2

�Xk
l¼0

S2lE2kþ2−2l

�
1

bzjq�
1
2

�

þ
X

real=img zj

RjE1

�
1

azjq�
1
2

�Xk
l¼0

S2lE2kþ2−2l

� þ1

a=b

�

−
X

real=img zj

Rj

Xk
l¼0

ð1 − 2lÞS2lE2kþ3−2l

�
1

bzjq�
1
2

�
: ðB14Þ
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Variants of these integration formula with E1½�1
za �, E1½�1

zb �
can be obtained by applying (A20).

2. Integration formula with monomial

In the previous discussions, we have encountered inte-
grals involving products of elliptic functions and Eisenstein
series. In the following, we further enrich the integration
formula by including a monomial of the integration
variable,I

dz
2πiz

znfðzÞ;
I

dz
2πiz

znfðzÞEk

��1

za

�
; n∈Z≠0;

ðB15Þ

where fðzÞ is again an elliptic function in z. These formula
will be important when dealing with loop operator index.

a. One Eisenstein and monomial

In the presence of an Eisenstein series, we have the
following integration formula for a generic a independent
of q,I

dz
2πiz

znEk

�
1

za

�
¼ 1

ðk − 1Þ!
qn

an
Euk−1ðqnÞ
ð1 − qnÞk ; ðB16Þ

I
dz
2πiz

znEk

�
1

z−1a

�
¼ ð−1Þk

ðk − 1Þ! ðaqÞ
n Euk−1ðqnÞ
ð1 − qnÞk : ðB17Þ

Here EunðtÞ denotes the Eulerian polynomial defined by
the equation

Xþ∞

n¼0

EunðtÞ
xn

n!
¼ t − 1

t − eðt−1Þx
: ðB18Þ

Similarly, we have the following parallel integration for-
mulaI

dz
2πiz

znEk

�−1
za

�
¼ 1

ðk − 1Þ!
qn=2

an
Φ
�
qn; 1 − k;

1

2

�
;

ðB19Þ
I

dz
2πiz

znEk

� −1
z−1a

�
¼ ð−1Þk

ðk − 1Þ! a
nqn=2Φ

�
qn; 1 − k;

1

2

�
;

ðB20Þ

where the Φ denotes the Lerch transcendent function
Φðz; s; aÞ given by

Φðz; s; aÞ ≔
Xþ∞

p¼0

zp

ðpþ aÞs : ðB21Þ

Recall that the Eisenstein series enjoy shift property (A20).
When inserted into the above integration formula, the shift
property translates to

1

ð1 − qnÞk Euk−1ðq
nÞ ¼

Xk
l¼0

�
1

2

�
l ðk − 1Þ!
l!ðk − 1 − lÞ!Φ

�
qn; 1 − kþ l;

1

2

�
: ðB22Þ

For readers’ convenience, we list a few instances of Eu and Φ,

n 1 2 3 4 5

EunðtÞ 1 1þ q 1þ 4qþ q2 1þ 11qþ 11q2 þ q3 1þ 26qþ 66q2 þ 26q3 þ q4

n 6

EunðtÞ 1þ 57qþ 302q2 þ 302q3 þ 57q4 þ q5

n 7

EunðtÞ 1þ 120qþ 1191q2 þ 2416q3 þ 1191q4 þ 120q5 þ q6

In the presence of certain amount of q-shift, the above formula need some modifications. For example, with generic a,
0 < α < 1, l∈N>0I

dz
2πiz

znE1

�
1

z−1aq

�
¼ ðaÞn

1 − q−n
¼
I

dz
2πiz

znE1

�
1

z−1a

�
; ðB23Þ

I
dz
2πiz

znEk

�
1

z−1aqα

�
¼ ð−1Þk

ðk − 1Þ! ðaq
αÞnqn Euk−1ðq

nÞ
ð1 − qnÞk − δk¼1ðaqαÞn; ðB24Þ
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I
dz
2πiz

znE1

� −1
z−1aql

�
¼ −2þ 2qn

1þ qn
ð−1Þk
ðk − 1Þ! a

nqn=2Φ
�
qn; 1 − k;

1

2

�
; ðB25Þ

I
dz
2πiz

znE2

� −1
z−1aql

�
¼ −ð2l − 1Þ þ ð2lþ 1Þqn

1þ qn
ð−1Þk
ðk − 1Þ! a

nqn=2Φ
�
qn; 1 − k;

1

2

�
; ðB26Þ

I
dz
2πiz

znE3

� −1
z−1aql

�
¼ ð2l − 1Þ2 − 2ð−3þ 4l2Þqn þ ð2lþ 1Þ2q2n

1þ qn
ðB27Þ

×
ð−1Þk
ðk − 1Þ! a

nqn=2Φ
�
qn; 1 − k;

1

2

�
: ðB28Þ

b. Two Eisenstein series

With two factors of Eisenstein series, the integration
formula become much more tedious. For n∈Z≠0 and
k1 ≥ k2, we have

I
dz
2πiz

znEk1

�þ1

z

�
Ek2

�þ1

za

�

¼
Xk1
l¼0

1

l!
qn

an
Euk2þl−1ðqnÞ
ð1 − qnÞk2þl

�ð−1Þk1−l
ðk2 − 1Þ!

þ l!an

ðk1 − 1Þ!ðk2 − k1 þ lÞ!
�
Ek1−l

�þ1

a

�
; ðB29Þ

and when k1 ≤ k2,

I
dz
2πiz

znEk1

�þ1

z

�
Ek2

�þ1

za

�

¼
Xk2
l¼0

1

l!
qn

an
Euk1þl−1ðqnÞ
ð1 − qnÞk1þl

�
an

ðk1 − 1Þ!

þ ð−1Þk2−ll!
ðk2 − 1Þ!ðk1 − k2 þ lÞ!

�
Ek2−l

�þ1

a

�
: ðB30Þ

It may be convenient to merge the two identities into

I
dz
2πiz

znEk1

�þ1

z

�
Ek2

�þ1

za

�

¼
Xmaxðk1;k2Þ

l¼1

1

l!
qn

an
Ek1;k2;lðan; qnÞEmaxðk1;k2Þ−l

�þ1

a

�
;

ðB31Þ

where E can be read off from (B29) and (B30). Note also
that

I
dz
2πiz

znEk1

�þ1

za

�
Ek1

�þ1

zb

�
¼ b−n

I
dz
2πiz

znEk1

� þ1

za=b

�
Ek2

�þ1

z

�
¼ a−n

I
dz
2πiz

znEk1

�þ1

z

�
Ek2

� þ1

zb=a

�
: ðB32Þ

The other integration formula variants of (B29) and (B30)
of involving Ek½−1za �, Ek½−1zb � can be straightforwardly derived
using the shift property (A20). For example, solving the
system of equations

q−
n
2

I
dz
2πiz

znEk1

�þ1

z

�
Ek2

�þ1

z

�

¼
Xk1
l1¼0

Xk2
l2¼0

1

2l1þl2

1

l1!l2!

I
dz
2πiz

Y2
i¼1

Eki−li

�−1
z

�
;

ðB33Þ

produces the integration formula for znE1≤l1≤k1 ½−1z �×
E1≤l2≤k2 ½−1z � in terms of a linear combination of the known
results for znE1≤l1≤ki ½−1z � and znE1≤l1≤k1 ½�1

z �E1≤l2≤k2 ½�1
z �.

Combining the above results, one can write down
integration formula for m∈Z≠0

I
dz
2πiz

zmfðzÞEk

��1

za

�
¼
�I

dz
2πiz

fðzÞ
� I

dz
2πiz

zmEk

��1

za

�
−

X
real=img zj

Rj

I
dz
2πiz

zmE1

� −1
zj
z q

�1
2

�
Ek

��1

za

�
; ðB34Þ
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which follows easily from the decomposition

fðzÞ ¼ fðz0Þ þ
X

real=img zj

Rj

�
E1

� −1
zj
z0
q�1

2

�
− E1

� −1
zj
z q

�1
2

��
:

ðB35Þ

c. Elliptic functions and monomial

We proceed with the first integral by recalling that

fðzÞ ¼ CfðτÞ þ
1

2πi

X
j

Rjζðz − zjÞ; ðB36Þ

where ζ can be expanded in Fourier series,

ζðzÞ ¼ −4π2zE2ðτÞ − ð2mþ 1Þπi

þ π
X0
n

1

sin nπτ
q−

n
2e2πinðz0þλτÞ; ðB37Þ

for z ¼ z0 þ λτ þmτ, λ∈ ½0; 1Þ and m∈Z. The integral in
the presence of zn with n ≠ 0 can be carried out easily,

which givesI
dz
2πiz

znfðzÞ ¼ −
X
real zj

Rj
1

1 − q−n
znj −

X
imgzj

Rj
1

qn − 1
znj

¼ −
X

real=img zj

Rj

�
zjq�

1
2

�
n

qn=2 − q−n=2
: ðB38Þ

Summing over n with suitable coefficients, we further
obtain some useful formulas. For example,I

dz
2πiz

X0
n∈Z

znfðzÞ ¼ −
X

real=img zj

RjE1

� −1
zjq�

1
2

�
: ðB39Þ

This is simply a special case of (B1), since

fðz ¼ 1Þ ¼
I

dz
2πiz

δðzÞfðzÞ ¼
I

dz
2πiz

�
1þ

X0
n

zn
�
fðzÞ:

ðB40Þ

Also, for n∈N,

I
dz
2πiz

ðq − 1Þz
ð1 − zÞð1 − qzÞ fðzÞ ¼ −

X
real zj

Rj
qzj

1 − qzj
−
X
img zj

Rj
zj

1 − zj
ðB41Þ

¼ −
X
real zj

Rj
1

1 − qzj
−
X
img zj

Rj
1

1 − zj
; ðB42Þ

I
dz
2πiz

1

ð1 − zpÞ�1 − 1
zp
� znfðzÞ ¼ X

real=img zj

Rjðzjq�1
2Þn
X
k≥0

kþn≠0

k
�
zjq�

1
2

�
pk

q
pkþn
2 − q−

pkþn
2

ðB43Þ

þ n
p
δn
p∈Z<0

I
dz
2πiz

fðzÞ: ðB44Þ

When z is the SUð2Þ fugacity, then we have with the insertion of a spin-J character χJðzÞ ≔
P

J
m¼−J z

2m,I
dz
2πiz

χJðzÞfðzÞ ¼ δJ∈Z

I
dz
2πiz

fðzÞ −
XþJ

m¼−j
m≠0

 X
real zj

Rj
1

1 − q−2m
z2mj þ

X
img zj

Rj
1

q2m − 1
z2mj

!
; ðB45Þ

andI
dz
2πiz

χJðzÞ
ð1 − zpÞð1 − 1=zpÞ fðzÞ ¼

XJ
m¼−J

X
real=img zj

Rj

�
zjq�

1
2

�
2m
X
k≥0

pkþ2m≠0

k
�
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�
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pkþ2m

2 − q−
pkþ2m
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þ
"XþJ

m¼−J

2m
p

δ2m
p ∈Z<0

#I
dz
2πiz

fðzÞ:

ðB46Þ

Note that for p ¼ 1, J∈ 1
2
N,
PþJ

m¼−J 2mδ2m<0 ¼ ⌈J⌉ð⌈J⌉ − 2J − 1Þ ¼ −bðJ þ 1
2
Þ2c.
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