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Considerable attention has been paid to the study of the quantum geometry of nonrotating black holes
within the framework of loop quantum cosmology. This interest has been reinvigorated since the
introduction of a novel effective model by Ashtekar, Olmedo, and Singh. Despite recent advances in its
foundation, there are certain questions about its quantization that still remain open. Here we complete this
quantization taking as starting point an extended phase space formalism suggested by several authors,
including the proposers of the model. Adopting a prescription that has proven successful in loop quantum
cosmology, we construct an operator representation of the Hamiltonian constraint. By searching for
solutions to this constraint operator in a sufficiently large set of dual states, we show that it can be solved for
a continuous range of the black hole mass. This fact seems in favor of a conventional classical limit (at least
for large masses) and contrasts with recent works that advocate a discrete spectrum. We present an
algorithm that determines the solutions in closed form. To build the corresponding physical Hilbert space
and conclude the quantization, we carry out an asymptotic analysis of those solutions, which allows us to

introduce a suitable inner product on them.

DOI: 10.1103/PhysRevD.108.106001

I. INTRODUCTION

General relativity (GR) and quantum mechanics play a
central role in modern physics. However, these theories
are based on different physical and logical principles. To
overcome this tension, various proposals have been made to
construct a theory of quantum gravity (see e.g. Ref. [1]).
Among them, loop quantum gravity (LQG) is one of the
most solid candidates. The foundations of LQG rest upon
a canonical, nonperturbative quantization of GR that is
independent of background structures. This canonical
formulation is achieved by means of a 3 + 1 decomposition
of the spacetime. In this framework, the holonomies of the
Ashtekar-Barbero SU(2) connection along closed loops and
the fluxes of densitized triads through surfaces serve as the
fundamental (gauge-invariant) functions on phase space,
facilitating the quantization process [2,3]. The selection of
the quantum representation for these variables is a pivotal
aspect in the construction of the theory and stands out as
one of the distinctive features of LQG, notably diverging
from the representations used in other quantum field
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theories, such as the standard Fock representations [2,3].
Although there have been promising advances, the quan-
tization program posed by LQG has not yet been completed
owing to the highly intricate nature of the Hamiltonian
constraint, that encapsulates the time reparametrization
invariance of GR. Nevertheless, to progress toward this
completion, LQG techniques have been extensively applied
to cosmological studies [4—7], providing a suitable arena to
check the quantization methods and extract predictions.
This has given rise to the discipline known as loop quantum
cosmology (LQC).

High curvature scenarios, such as the early Universe or
black holes, are in fact crucial for testing quantum gravity,
as its effects are expected to become significant in these
situations. In particular, LQC has successfully been used
to investigate a variety of cosmological models, both
isotropic and anisotropic, with and without matter content,
and with and without spatial curvature [4,5]. It has also
led to predictions about the effects of LQG on the
primordial spectra of cosmological perturbations (see
e.g. Refs. [8—15]). In contrast, the application of LQG to
the study of black hole spacetimes is not so firmly
established yet, in spite of the considerable attention paid
to this problem (for a far from exhaustive list of works on
this issue, see Refs. [16-31]).

© 2023 American Physical Society
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The motivation for investigating the quantum behavior of
black holes is manifold. It is expected to be important in
order to elucidate the nature of Hawking radiation in
dynamical black holes beyond semiclassical approxima-
tions, and eventually to shed light on their evaporation and
possible information loss [32]. Moreover, it has been argued
that quantum phenomena can leave observable traces in
gravitational waves emitted by black holes, via tidal heating,
echoes, or by modifying the ringdown of perturbed black
holes (see e.g. Refs. [33,34]). Another important problem
(not unrelated to the previous ones) is the quantum fate of
the essential singularities that are inherent to the interior of
black holes in GR. It is expected that these singularities can
be resolved by quantum processes, and in particular by a
loop quantization. This resolution by loop techniques would
be similar to the removal of the big bang singularity that
occurs in LQC [4,6].

The interest in this question was recently revitalized
when Ashtekar, Olmedo, and Singh (AOS) introduced an
effective model to describe LQC modifications to a Kruskal
geometry [35-37]. This model satisfactorily includes small
quantum corrections near the horizon of the black hole for
large mass values, predicts upper bounds for the curvature
invariants that are mass independent, and truly resolves the
classical singularity, which is substituted by a transition
surface that connects a trapped region with an anti-trapped
one. Nonetheless, the model has received different kinds of
criticisms [38], e.g. questioning the role of general covari-
ance [28,39] (see also the recent proposal of Ref. [40]),
or remarking the fact that its equations of motion seem
in conflict with a straightforward derivation from a
Hamiltonian formalism [41-43]. Focusing our attention
on this last issue, we notice that it poses an important
obstacle on the route to quantization. The absence of a
well-defined Hamiltonian formulation prevents a canonical
quantization (even by nonperturbative techniques).
Furthermore, since the appealing physical properties of
the AOS model arise as a consequence of its dynamics,
changing its equations of motion is not a desirable alter-
native. To circumvent this problem, the proposers of the
model considered an extended phase space formulation
[36], in which the parameters that encode the quantum
effects are treated as variables that are constrained to be
functions of the black hole mass. This mass is a phase space
function that remains constant throughout the evolution,
i.e. on dynamical solutions. The extended formulation
includes the aforementioned parameters as configuration
degrees of freedom, introducing suitable momenta for
them. Then, in order to preserve the number of degrees
of freedom that are physical, one imposes as constraints the
relations between those parameters and the phase space
functions that determine them in terms of the black hole
mass. The Hamiltonian dynamics of this extended formu-
lation reproduces the original equations of motion of the
AOS model. Recent studies have confirmed that such

dynamics is indeed maintained under reduction of the
system [44]. However, an important subtlety appears in the
reduction process that had been initially overlooked [36]:
the reduced phase space has a symplectic structure that is
not equivalent to that of the original AOS model in GR [44].
Actually, the nonstandard symplectic structure of the
reduced space is what ensures the correct derivation of
the dynamics, by changing the Poisson brackets into
nonequivalent Dirac brackets [45]. This intricate reduced
symplectic structure makes practically unviable a direct
quantization of the AOS model using loop techniques. On
the contrary, the formalism in the extended phase space
emerges as a promising candidate to carry out the quan-
tization of the interior region of the black hole by employ-
ing nonperturbative canonical methods.

The aim of this work is to achieve a complete quantiza-
tion of the extended phase space version of the AOS model.
We will follow the strategy outlined in Ref. [44], where a
formal quantum analysis was first presented. However, we
will modify the density weight of the Hamiltonian con-
straint analyzed in that reference, and discuss in full detail
the construction of the quantum counterpart of this con-
straint and the specification of its solutions. Specifically, we
will adopt a densitization of the Hamiltonian constraint like
the one that is usually employed in LQG [2], and which has
been suggested in other scenarios of LQC [46]. In this way,
we will avoid recurring to the inverse of certain geometric
operator in the construction of such constraint (see
Ref. [44]). This inverse complicates the determination of
a suitable domain of definition for the constraint operator
and of a conveniently large set of dual states to search for
its solutions. Actually, the densitization we will use has
previously been employed in other works that have con-
sidered the quantization of nonrotating black holes in
LQC [47,48]. In addition to the fact that, in principle, those
works do not contemplate an extension of the phase space of
the model, an important difference with respect to them is
that we will manage to consider a single kinematic Hilbert
space for the geometric part of the system in the con-
struction of the Hamiltonian constraint operator, obtaining
the corresponding space for the full extended system as a
tensor product. This will be possible by rescaling the
geometric variables in such a way that the action of the
relevant operators becomes independent of the value of
the parameters that regulate the quantum effects [44].

We will define the (geometric) Hamiltonian constraint
operator along lines similar to those that have been
thoroughly discussed in LQC. The rest of constraints,
restricting the quantum parameters of the extension, are
simple to impose. Focusing our attention on the nontrivial
Hamiltonian constraint, we will perform a spectral analysis
of the geometric operators that compose it. Choosing a
suitable dense set in (the geometric part of) the kinematic
Hilbert space as the common domain of definition for those
operators and seeking for solutions to the constraint in its
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algebraic dual, we will derive an algorithm to compute
them in closed form for any value of the regularization
parameters. This algorithm specifies the wave function that
describes the radial part of the metric [associated to a
canonical pair (b, p;,)] in terms of only two initial data. We
will examine the asymptotic behavior of such solutions for
large rescaled triad variables, asymptotics that is commonly
understood as a Wheeler-DeWitt (WDW) limit. This
analysis will not only assist us in solving the issue of
how to deal with the two initial values appearing in the
resolution algorithm, but it also will offer a means to
determine the possibly divergent part of our solutions with
respect to the kinematic norm. With all this information, we
will be in adequate conditions to specify the set of states
annihilated by all the constraints in our extended phase
space formalism and, moreover, endow it with a suitable
inner product. This product will provide us with the
physical Hilbert space, completing the quantization.

The paper is structured as follows. In Sec. II we
introduce the classical formalism and the kinematic
Hilbert space for the geometric degrees of freedom.
Section III contains a discussion of the extended phase
space framework analyzed in Ref. [44] and of the quan-
tization of its constraints for our choice of densitization
for the lapse function. In Sec. IV we calculate the explicit
expressions of the states annihilated by the Hamiltonian
constraint. We also study their asymptotic behavior when
the radial geometric variable becomes large. The construc-
tion of the physical states is carried out in Sec. V. Finally,
we summarize our results and present some further dis-
cussion in Sec. VI. Two Appendices are added, which
provide details about the spectral analysis of geometric
operators and about the WDW limit. Throughout the
article, we employ Planck units, with the speed of light
and the Planck and Newton constants equal to one.

II. COSMOLOGICAL MODEL FOR THE
INTERIOR GEOMETRY

In this section, we succinctly describe the classical
formulation of the model and its kinematic representation
along the lines of LQC. More information about the interior
geometry and the construction behind the AOS model can
be found in Refs. [16,19,35,36,49,50].

The interior region of a nonrotating black hole can be
modeled using a Kantowski-Sachs metric [49,50], with an
appropriate choice of coordinates [16]. Its line element is
given by

(0
ds* = —N(7)*d7? + Pt
L3|p.(7)|

where N is the lapse function, 6 € [0, ), ¢ € [0, 2x), and
x€[0,L,], with L, being a fiducial length introduced to
avoid infrared divergences. In LQC, the phase space can be
described using as coordinates the geometric degrees of

& + p,(0)1dD3.  (2.1)

freedom of the Ashtekar-Barbero connection and of the
densitized triad. Using the spatial homogeneity of the
model and a suitable gauge for the internal SU(2) freedom
[16], we can express the connection and triad variables as

Py

E%0, = 8 p.sin00, + 5%%sin 60y = 5720y, (22)
o

o

Aidx = 5, Li dx + 8,6d6 — 6 b sin Odgp + &, cos Adgp.

o

(2.3)

In these formulas, the letters a and i respectively represent
spatial and internal SU(2) indices. We call I'kg the phase
space of this geometric model, with a symplectic structure
given by the canonical pairs {b, p,} =7, {c,p.} =27,
where y is the Immirzi parameter [2,3]. The only nontrivial
constraint that remains to be satisfied is the Hamiltonian
constraint, that takes the form

b
Hys[N] = NL,——— (OXS — 0KS),  (2.4)
avara
where
oks — v (1 oks =L 0s)
b L, b)) <L, '

We will call these phase space functions the partial
Hamiltonians, since they separately generate the dynamics
of each of the two geometric canonical pairs of the system.
They are both constants of motion that become equal in
norm to the ADM mass of the black hole when we are

on-shell. Selecting a lapse function of the form Ny =

¥\ |p.|/b greatly simplifies the corresponding equations of
motion, since the constraint decouples into two indepen-
dent sectors.

The fundamental variables employed in LQG are the
holonomies of the connection and the fluxes of the
densitized triad [2,3]. Restricting our discussion to a
Kantowski-Sachs spacetime, the holonomies along the
edges in the @ and x directions contain all the relevant
information about the connection. The holonomy matrix
elements are determined by complex exponentials of the
form N = eMi/2 where uj €R is a coordinate length
parameter for the considered edge, with j = b or c. Fluxes
over surfaces, bounded by edges in either coordinate
direction, are defined in terms of the variables p It
Describing the configuration space in terms of the holo-
nomy variables leads to considering two copies of the
algebra of almost periodic functions. Homogeneous and
isotropic systems in LQC are described with just one copy
of such algebra, and the loop quantization procedure of
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these models is well established [51,52]. Following similar
techniques in the present case, the kinematic Hilbert space
is constructed in the densitized triad representation by
completing each copy of the algebra with respect to the
discrete product and taking the tensor product of the two
individual Hilbert spaces. We will call H}}. this kinematic
space. A basis of each individual space is provided by the
eigenstates |u;), with u; €R indicating the eigenvalue
of p;. These states are normalized to the unity.

In the next section we will see how the construction of
the Hamiltonian operator involves certain regularization
parameters §;. As shown in Ref. [44], when passing to the
extended phase formulation, in which such parameters
are treated as new variables, it 1S most convenient to
introduce the rescaling p; = p;/6;. Accordingly, it is
useful to relabel our basis in terms of the eigenvalue of
pj, i.e. fij = u;/8;. Note that the action of the holonomy
elements along edges of coordinate length 6; are then
independent of the value of ;. Explicitly, we have after the
rescaling that

N lij) = | +1). (2.6)
On the other hand, fluxes are given by
O (. s 1 .
pb|ﬂh> = ; ’ |/’lb>’ pc|:uc> = yﬂ060|ﬂc>' (27)

Of course, the corresponding action of p ; 1s independent
of 5j, by construction. Hence, if we define all relevant

geometric operators in terms of N’ 5, and p;, their action on

our kinematic Hilbert space of the black hole interior
becomes independent of the §-parameters of the model.

III. CONSTRAINT OPERATOR
AND EXTENDED MODEL

After introducing our kinematic representation, our next
step is to promote the Hamiltonian constraint to an operator.
Let us recall that the representation of the holonomy-flux
algebra is discrete and, as a consequence, noncontinuous,
so that the connection variables cannot be defined as
derivatives of our holonomy operators. This problem,
which also arises in full LQG, is solved by means of an
established regularization procedure [53]. In brief, the
procedure assumes a minimally small but nonzero value
for the area enclosed by the basic holonomy circuits,
formed by edges with lengths that are fixed by certain
regularization parameters [54]. The curvature-holonomy
relation is then truncated at dominant order in the small
edge size. For the considered Kantowski-Sachs spacetime,
the parameters are denoted by 6;. This procedure leads to a
regularized Hamiltonian that is often understood as effec-
tive and is supposed to include quantum corrections with

respect to the Kantowski-Sachs Hamiltonian, incorporated
via its dependence on the §-parameters:

L, sin(5,b)

HY5[N] = N (0,-0.), (3.1)
rVIpel %
where
_py [sin(8,0) 7’5,
P yL, | s, sin(6,b) |’
sin(é.c)
o smoe) 3.2
= Ls e (3.2)

are the effective partial Hamiltonians [35,36,44]. Following
the same arguments as in the classical model, the constant of
motion O, is identified with the black hole mass of the
effective solutions, in absolute value. Notice that, in the limit
6; — 0, we recover the genuinely classical Hamiltonian
given in Eq. (2.2).

Several proposals have been suggested to fix the value
of the §-parameters, that go from the possibility of keeping
them as constant numbers [16,17,21] to letting them be
functions on phase space that change [19,20] or remain
constant [23,24] along dynamical trajectories. In this paper,
our emphasis is on the scheme proposed by the authors of
the AOS model. In this case, the parameters are determined
by area arguments on a transition surface where the metric
function p, finds its minimum in the model [35,36]. This
imposition fixes §; as functions of only the effective partial
Hamiltonians on-shell such that, when the value m of these
Hamiltonians is large (in norm), they satisfy

VA 1/3 1 A2\ 1/3
5,,—(7> , 56——(y2 ) . (33)
V2ry*m 2L, \4rn*m

Here, A is the area gap of LQG, i.e., the minimum
nonvanishing value allowed for the physical area by the
spectrum of the area operator [2,6]. As we have mentioned,
the justification for these expressions is based on consid-
erations of this minimal physical area on a transition
surface that replaces the essential singularity of GR in
the AOS model [35,36]. It is worth emphasizing that these
considerations lead to regularization parameters that are
given by functions of the partial Hamiltonians and therefore
become, strictly speaking, functions on the phase space of
the system. This dependence of the parameters on the
geometry is the parallel for black holes of the procedure
advocated in LQC for the quantization of homogeneous
cosmologies, which has proven successful in a variety of
scenarios [4,54,55].

As we commented in the Introduction, recent studies [44]
have shown that, in order to obtain a consistent Hamiltonian
formulation of the AOS model and base the quantization
process on it, it is necessary to extend the phase space of the
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Kantowski-Sachs cosmology. The extension consists in
including the two parameters 6; as configuration variables
into a more general space, that is endowed with a canonical
symplectic structure to transform it into a phase space. To
preserve the number of physical degrees of freedom, two
constraints are introduced in this extended system, which
impose that the parameters satisfy on-shell the functional
relations (3.3) that result from the existence of a minimal
physical area in LQG [35,36]. We will call ', this extended
phase space.

More concretely, in addition to the pairs (j, p;), Tex

contains two other canonical pairs (5;, p(;j) corresponding

to the d-parameters [36]. The availability of a Hamiltonian
formalism with manageable canonical structure allows
the passage to the quantum theory following loop
techniques [44]. The total Hamiltonian of the extended
model becomes

NL, sin(5,D)
rvVIpel O

lP] — Kj(Ob, OC) - 51,

Heff —

ext —

(Ob - OC) + j'ble + /lcqjc’
(3.4)

where ¥'; are the constraints that impose the relation between
the §-parameters and the partial Hamiltonians, namely, the
parameters must coincide with functions on phase space that
reproduce the dependence on the black hole mass (3.3) (for
large m in norm) when the partial Hamiltonians are evaluated
on-shell. We assume that K ;( Oy, O) are sufficiently smooth
functions that satisfy [44]
} VA /3
= - | ———
Kulm.m) = Koom) = ( myzn) ,
1 ¥ A2 1/3
2L, (4ﬂ2m) ’
when the absolute value of m is large. Note that, on-shell,
the constraints ‘Pj amount to imposing that §; equal the
functions K ; evaluated on the partial Hamiltonian O.. A
simple calculation (along the lines explained in Appendix A
of Ref. [36]) proves that the three constraints that appear in
Eq. (3.4) are first-class in the sense of Dirac [45].

The above total Hamiltonian indeed reproduces the
dynamics of Eq. (3.1) if the Lagrange multipliers 4; vanish
and the evolution of the geometric variables takes place
on the constraint surface defined by ¥; [45]. It is worth
commenting that this vanishing of 4; can be enforced with
a suitable gauge fixing on I, that leads to this condition
for consistency. This gauge fixing would result in a
reduced system with a symplectic structure for the geo-
metric variables that differs from that of the original
Kantowski-Sachs cosmology. A detailed analysis of this

reduction can be found in Ref. [44]. In summary, if one
wants to maintain the effective dynamics of the AOS

K.(m,m) = K.(m) - (3.5)

model, and therefore its geometric solutions with appealing
physical properties, the only manner to stay in the original
phase space is to modify the symplectic structure with
respect to that found in GR. But the modified symplectic
structure is then so intricate that the quantization of the
system is not viable. In particular, one cannot adopt a
nonperturbative canonical approach based on LQG to
quantize the model in that way.

The extension of the phase space allows one to avoid a
complicated symplectic structure for the phase space of
the geometry in terms of connection and triad variables.
Therefore, it offers a good road to the quantization of the
black hole interior. An extended kinematic representation
can be constructed by quantizing the geometric degrees
of freedom with loop techniques, as shown in Sec. II,
while the J-parameters are quantized using a continuous
Schrodinger representation, with Hilbert spaces defined as
L*(R,ds;), with the corresponding Lebesgue measure.
This choice is justified by the fact that one expects LQG
phenomena to be most important for the genuine gravita-
tional degrees of freedom. The S-parameters, on the other
hand, are real scalar quantities off-shell, and not compo-
nents of densitized triads or connections. These parameters
are only constrained by the relations that determine them
as functions of the geometric variables on-shell. Hence, we
choose to adopt a continuous representation for them, in
parallel with similar works in which the system contains a
minimally coupled scalar field [51], also described quan-
tum mechanically in a Schrodinger representation. The
resulting kinematic Hilbert space is the tensor product
HER = HESe ® L2(R.d6,) @ L*(R,d5.). A convenient
basis is given by the states |fy, fi.,5;,0.) obtained as
products of the eigenstates of the rescaled triad variables
(with |fi;) normalized to the Kronecker delta) and eigen-
states of the §-parameters (with |§;) normalized to the
Dirac delta).

Finding a representation for Eq. (3.4) is now within
reach. Let us first specify the densitization of that con-
straint. Rather than employing the same one as in Ref. [44],
it proves better to use a constraint of unit density weight
proportional to the volume of the spatial sections. This
densitization parallels the standard one in LQG [2]. It has
also been employed in different studies of homogeneous
and isotropic cosmologies [13,46], and has been applied
in recent works on nonrotating black holes [47,48]. This
alternative lapse not only solves some of the problems
encountered in Ref. [44], related with the inversion of
geometric operators, but in addition allows for the defi-
nition of the operator representing the constraint (3.4) in
terms of its action on the basis elements |fiy, fi., 8y, 5.).

Taking N = \/|p.|p,N, with N the lapse function of the
densitized constraint according to our previous comments,
and adopting a factor ordering known as the MMO
prescription [56], which has proven advantageous in the
study of homogeneous and isotropic LQC [13], we then
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obtain the following operator representation for the
Kantowski-Sachs contribution to the total Hamiltonian of
the extended system (up to multiplication by N):

~ 1 /A
Hige = =3 (Q + 8252 + 20,0, ) (3.6)

The operator Q represents the product p;sin (5;7)/7.
Calling Sln( J) = (N25 —25_,-)/(2i>’

have [44,56]

we explicitly

A | RN e N s e LT T an 12
Q= 13,1 [sin(s;)sign(7;) +signip sin(3,7) |1

(3.7)

Note that the action of the two operators Qj is

o-independent. Finally, sjg\n is the sign operator. In the
following, we will refer to the operator (3.6) as the
Hamiltonian constraint operator, or quantum Hamiltonian
constraint.

In the above definition of I:ILQC, we have used that the
o-parameters act as multiplication operators in the repre-
sentation that we have adopted. This is in consonance
with their consideration as configuration variables of the
extended phase space. At this stage, these variables are real
ones, similar to the position variables of ordinary quantum
mechanics. We still have to impose on them the constraints
that relate them to the black hole mass on-shell and that
compensate the extension of the physical phase space that
we have performed. The imposition in the quantum theory
of such remaining constraints, namely ¥, is achieved by
implementing the spectral theorem to convert the functions
K; on-shell, i.e. K j» into functions of the operator that
represents the partial Hamiltonian O, in agreement with
our previous discussion. With our representation, this
partial Hamiltonian is given by QC /L,. Let us now turn
our attention to the properties of the geometric operators
involved in the above quantum Hamiltonian constraint. In
fact, they are very similar to the operators for LQC studied
in Refs. [56,57].

A. Analysis of the operators QJZ and Qj

Examining the definition of Q2, we see that it is a
difference operator relating states that differ in 4 units in
the label fi;. This operator is (essentially) self-adjoint, with
an absolutely continuous and nondegenerate spectrum.
In fact, by construction, it is a positive operator. A proof
of these statements can be found in Appendix A. As we
have commented, the operator only relates basis elements
with label fi; in any semilattice of the form (4>£§j =
{£(¢; +4n):neN}, with & €(0,4]. The fact that one
can restrict its action to semilattices is a consequence of
the MMO factor ordering, that guarantees that triad

orientations are preserved. Let us call W’Hg the Hilbert
space obtained by completing the linear span (4)Cy1§§ =
span{|fi;) :ji; € (4)@5} with respect to the discrete product.
These Hilbert spaces do not get mixed under the action
of Q3. The parameter £; is the minimum value of |fi,| in the
considered space.

If we define w, = 1/8 and w, = 1/4, the action of Qf on
the eigenstates of p; can be expressed as

Qi) = i {f (B + 2)f 4 ()| +4)

= 3 )) + f2(8))]1m)

+ - =2)f ()l =4} (3.8)
f(R) =Ip £ 2['/[sign( & 2) + sign(@)]|a|' 2. (3.9)

Without loss of generality, we can simplify our analysis
by focusing on one of the invariant Hilbert spaces with
positive orientation. It is possible to show that the gener—

. . g
alized eigenstates |e ’,), for any positive eigenvalue m , are
n

completely determined by a single initial datum for their
coefficients at &; [56]:

&
|€Wi§> = Z

622_ (ﬁj)|ﬁj>v

ﬁ,e“)ﬁj
5 s am = |s. (0.2 F(2)S: (1.2n)] 5
emj.(gj_'— n) = |: g]_( , n)+m:|€m5 8]-).
(3.10)
Hete, F(7) = f_()/f+ (), Gy (8) = ~ilm|/ [0, 7))
and

Sz.j(u,v) = Z

O(u—v)

F(&+2r, +2) [ [Gimy (8 +25,) |
{ra) {s.}

(3.11)

where O(u — v) is the set of all possible jumps of one or
two units from u to v, with {s,} and {r,} the correspond-
ing subsets of integers followed by a jump of one or two
unit steps, respectively [56]. Our compact notation makes
use of the fact that F'(¢;) = 0 for all &; < 2. The coefficients
of these eigenstates can then be taken all real. We fix the
initial datum by letting it be positive and normalizing the

& 18 2
eyri%|eﬁ;/_> 6(m — ;).
In turn, Q ; is a difference operator that connects states
separated by 2 units in the label ji;. It is (essentially) self-

adjoint, with absolutely continuous and nondegenerate
spectrum equal to the real line. These properties are also

eigenstates so that (
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discussed in Appendix A. The action of the operator on the
eigenstates of p; is given by

Qjlfij) = iw;[f_(i;)|i; —2)
It preserves the triad orientation and, furthermore, leaves
invariant the Hilbert spaces PHI = WHE @ (4)'H§+2,

J J 7

with €; € (0,2]. Actually, these spaces are not mixed by
the repeated action of the Hamiltonian constraint operator,
and in this sense we can consider that they provide

superselection sectors of the model [2,4,56]. We restrict
our considerations, for simplicity, to a Hilbert space with

—fem)la; +2)). (3.12)

positive orientation. The generalized eigenstates |ef,{j>

of O j» with eigenvalues m; €R, can be related to eigen-
states of the squared operator in the two complementary
semilattices of points separated by four units that form the
support of the superselection sector. One can show that [57]

)= mi[) @ e

for all m; # 0. The normalization of these states is such
that <ef,f;j|ef;'1"/_) = 6(m; — ;).

)‘eszﬂ, (3.13)

B. WDW limit of Qf and Q

The normalization of our generalized eigenstates in
terms of Dirac deltas can be achieved by means of an
asymptotic analysis of their coefficients when ji; takes large
(absolute) values. In this limit, in which the discreteness of
the support of the superselection sectors becomes com-
paratively small, we expect to recover a quantum behavior
proper to wave functions of the WDW theory in geo-
metrodynamics. Once more, we focus our analysis on
superselection sectors with positive orientation.

For fljz, the limit leads to the differential operator

Q7 = —16w3[1 4 2f;0; |*. Details can be found in

Appendix B. Therefore, the real eigenstates of Qf tend to

() = R[ e, (i) + e

1€, 7)

e (i) —;eXp{ﬂF lulnu }
M= T6rak, 8w;
where we recall that fi; > 0 in our superselection sector of
positive orientation, and ¢; € S "'and R > 0 are constants.
The latter is fixed to be equal to 2 by requiring a Dirac-delta
normalization and using the relation between the LQC and
WDW norms [46,58]. The phase ¢;, on the other hand,
displays a well known dependence on m; and &; that is not

needed for the purposes of this work [56 58].
In the case of Q; ;» one would be tempted to think that the
limit is a first order differential operator that coincides with

(3.14)

the square root of Q? (up to sign). However, the reality is
that this operator does not admit a smooth limit in the whole
superselection sector (2)’H§j. The reason is that its gener-

alized eigenfunctions exhibit a very rapid oscillation in
phase whenever they vary from one to the other of the two
complementary semilattices of points separated by four
units that compose the support of the states. However, they
display a smooth asymptotic behavior for each of these two
semilattices, adopting therefore two different limits, one for
WE;; and another for Wﬁ;j +»- They are given by

VR[eWel  + e e 1T, , (3.15)
where T, =1 when ﬂje(“)ﬁg and T, = —isign(m;)
when fi; € 6 T 591

IV. QUANTUM HAMILTONIAN CONSTRAINT
ON THE GEOMETRY

After studying the operators that appear in Eq. (3.6), we
are ready to analyze this Hamiltonian constraint operator as
a whole. From our definition of all the involved geometric
operators, we immediately see that the linear span of the
eigenstates of the rescaled triad variables p; is an accept-
able domain of definition for this quantum Hamiltonian
constraint for any given value of §,, or, equivalently, on any
generalized eigenspace of Sb. In the following, we con-
centrate our analysis on a superselection sector for the
geometry of the type (2)7'@: ® (2)7'(5. Moreover, since Q.
commutes with the constraint, we can further focus the
discussion on any generalized eigenstate of this operator,
with eigenvalue m,, which is directly related to the mass
|m| of the black hole by m, = mL,. Then, the quantum
Hamiltonian constraint can be reexpressed as the following
equation on any quantum state of the geometry of the

b-sector, |y/6”> e @H;:

A,

Qy(me)lwsy) = [(Qy +me)* + me|yy).

(4.1)

be”W5,>

The operator Qb(a) can be proven to have a discrete
spectrum, o(a), and each of its eigenvalues p€o(a)
describes an analytic curve as a function of the
parameter a. These issues are discussed in Appendix A.
Actually, a very similar operator was considered in
Ref. [48], demonstrating that the corresponding spectrum
is discrete. Hence, solutions to the Hamiltonian constraint
equation above can be obtained as eigenstates of Q,,(a)
with eigenvalues that satisfy the condition p = a®. The
intersection between the analytic curves of the eigenvalues
of Qb(a) and the also analytic curve a’ only occur at
isolated points, resulting in a discrete set of possible
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solutions. While a similar study to that of Ref. [48] could be
undertaken following this approach with a discrete spec-
trum, here we will follow a different path. We will seek for
solutions to Eq. (4.1) for all real values of the mass m,.. This
can only be possible if we search for them in a set much
larger than the kinematic Hilbert space of the b-sector.
The main idea is to take a domain of definition for our
Hamiltonian constraint operator sufficiently small as to
allow for a considerably large algebraic dual, and then
impose the constraint by its dual action. A motivation for
this is that, ideally, if one manages to construct solutions to
the constraint for all values of the black hole mass, the
resulting physical states would favor a continuous classical
limit, at least for large masses, and one would not expect to
encounter obstacles for transitions between very massive
black holes, e.g. in evaporation processes.

In this spirit, let us now consider states |l//§]b) in the
algebraic dual (in spite of the ket notation) of the dense set
defined by the linear span of the eigenstates of p, in our
superselection sector. This allows for solutions that would
not have found a place in the previous spectral analysis.
Expressing those states in terms of the basis elements |fi; ),
we conclude that, to solve the constraint, their correspond-
ing coefficients ng’b’ (f1,) must fulfill the recurrence relation

l//fsz (& +2n) = Ag, +2(n - 1)]‘//2 (€ +2(n —4)]

+ 3, [&, +2(n = Dy &, +2(n = 3)]

+ G5, (& + 2(n = Dy (e, +2(n —2)]
+ D, [6 +2(n = Dy§ &, +2(n - 1)),

c

(4.2)
where
I B VAT )
MW=Tm Lw
S f@=2) 16m,
BB =5 3
o, 7) = gy 6= 2703 + 2= D)+ ),
16m,.

(4.4)

The above relation implies that all the coefficients are
determined by four pieces of initial data. Nevertheless,
Eq. (4.2) for n =3 and n =4 provides two constraints
between those four values, reducing the number of inde-
pendent initial data to two. Using these constraints between
the initial values, we obtain the following closed expression
for the coefficients of the solution:

Wfsi, (€ +2n) = [A(E +6)T¢,(4,n)
+ B, (€, +4)T;(3.n)
+ €5, (& +2)7, (2, n)]V/gZ (&)

+Te, (L.n)ys (8 +2), (4.5)
with
Téb(u’ 1)) = Z H @m‘ (éb + 26]14)
@(u—»v) {q.}
< [ €8 +2(r, + 1)]
{ra}
X H%m( [Eb + 2(5‘” + 2)]
{50}
x [ [2l& +2(t, +3)]. (4.6)

{tll}

Here, O(u — v) is the collection of all possible paths
connecting u to v by integer steps of no more than four
units. For each element in this collection, the sets {g,},
{r.}, {s.}, and {z,} denote the respective subsets of
integers followed by a jump of one, two, three, or
four units.

The constructed solutions do not admit a smooth limit for
large i, for the same reason explained before in the case
of the operator Qj, namely, they split into two functions
with support on different semilattices that display a rapidly

varying relative phase. Expressing our state as \y/g’) =
|'//(€SZ, @i |ng’;y2>, where |‘/’z€3l;,1> has support on (4>£§b and
|y/§i’2> on (4)[,;; 42> We can analyze the limit separately for

each of these two semilattices. Substituting this decom-
position into Eq. (4.1) and solving carefully the resulting

system for |y |), we obtain

A

(6282, + 55 pi, + 53 (15) 2 P7, + Q2 (P1) 2
— 4m2Q,(py) 2l lwy 1) = 0. (4.7)
To arrive to this equation, we have only inverted the

operator f)i, something that is always possible in our
semilattices. In particular, the above equation implies that

|y/§’; 1) has real coefficients in the basis given by |i) (up to
a constant, global phase). Although we will focus our
discussion on |1//§Z’1>, it should be noted that, for all 5, # 0,

the other part of our state is completely fixed via the
following relation:

i

T (By) 72 [QF + 835 — 4m2y3! ).
cb

|‘l’(€si,2> =

(4.8)
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Work experience leads us to propose a smooth limit of
the form

giz,l(i) (fip) = x(fip) explafip),

1
a) = 5n <\/1 + 82+ |5,,|>. (4.9)

The exponents a(.) are the two real roots that remove
the otherwise dominant, quadratic contribution in f, for
large values of this quantity in the WDW counterpart of
Eq. (4.7). Note that a(, is positive for all values of &, and
ay = —a(). The procedure for obtaining the WDW
equation is explained in Appendix B. Substituting the
ansatz y(fi,) = fi{ (up to subdominant terms) in the
equation resulting for y in this WDW limit, we conclude
that, for any nonzero value of §,, the exponent d can be
either of the following complex conjugate constants':

| om2
dy=—-1+1is T s=1 or —-1. (4.10)

Taking into account that the solutions to Eq. (4.7) are
real, modulo a constant phase, we conclude that, out of
the four complex WDW behaviors that we have presented
[given by the two possible values of the labels (3) and s],
only real linear combinations obtained with complex
conjugate pairs of powers d, are admissible:

1 (i) + Cp-1(fp)] explacefip). - (4.11)

Sy (p) + Si_ypr-1 ()] explacyfip],  (4.12)

where {(.) are complex constants and y(f,) = ﬂi". In
principle, any real linear combination of these two con-
tributions could be valid, allowing for two real independent
pieces of data up to normalization. Nonetheless, we note
that the second contribution is subdominant for large fi;
with respect to the first one (in the considered super-
selection sector with positive orientation), and furthermore
exponentially damped, because we have seen that a(,) >
0> a._). Consequently, except for a critical case, all
solutions display an asymptotic limit of the form (4.11).
We have seen that the construction of our solutions on
the b-sector depends on two initial data. The above analysis
indicates that any attempt to restrict the choice of these data
by imposing a specific asymptotic behavior would not be
feasible, because this behavior is essentially unique (except
for a case with exponentially subdominant behavior with

'We can ignore from all considerations the value 5, = 0, e.g.
by demanding that the function K,, with which §, coincides on
physical solutions, be nowhere zero. In any case, §,, = 0 is a point
of zero Lebesgue measure.

respect to any other solution, no matter how small the
amplitude of the latter in a linear superposition). However,
it is possible to reduce the number of independent data to
only one by the following method. If we consider the direct
classical counterpart of the constraint (4.1), we obtain two
possible roots,

Qy (Py) = —m £ \/m — 5, pj.

In the limit in which §, is asymptotically small (keeping p,,
fixed), Q; is equal to —2m,. at dominant order, while Q;
becomes negligible. Taking into account that, up to a
constant multiplicative factor, €, equals the partial
Hamiltonian O, at dominant order, and therefore the black
hole mass on-shell, we see that €, is the physically
preferred solution to the constraint equation. We can try
and impose a similar relation between our two pieces of

(4.13)

initial data for the coefficients of |w§’; ). Namely, we can

demand that (£,|Q, — Q,;(f),,)|y/§’b’> = 0 on our solutions.
In this way, we obtain a condition on the first two
coefficients of the state in the superselection sector for b
characterized by €&,. This condition can be written as

A NP
1+ 1—(2mc W, (8),

(4.14)

& s 1 ~
Wy (& +2) = Egmﬁ(%)

where ®,, is given by Eq. (4.3). When we substitute this
relation into Eq. (4.5), our algorithm for the construction of
solutions gives

llffsz (& +2n) 1
l//fsz (&) 2
+G;5, (€, +2)T,(2,n)

+3,, (€, +4)7T (3.n)

+A(E, +6)T;, (4.n).

5 = 2
14+4/1- (;7’61,) ]gmc(gb)Tgb(l,n)

me

(4.15)

Thus, the coefficients of |1//§”> are determined by a single
b
initial value.

V. PHYSICAL STATES

To construct physical states, we will follow the approach
developed in Ref. [44], adapted to our specific case. Recall
that we have searched for solutions to the geometric part
of the Hamiltonian constraint in the algebraic dual of the
eigenstates of p j» for each generalized eigenspace of the
operators Sj. We can therefore express the resulting states
|£,) in terms of the basis elements |fi;, fi.. 6;., 6,) (adopting
again a ket notation). Together with our results, that
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determine the solution 1//?; (fip) in the b-sector for each
value of 9§, and m,, we then obtain

1&,) = /dab/da /dmep 8p. 5,

Fipfic
X efrfL,, (ﬁL) ‘ﬁb’ ﬂc’ 5177 5c>

The sum over fi; is taken over all points in the semilattice
of our superselection sector for the geometry, determined
by €;, and we have changed integration variables from m,. to
m = m./L,. The integral over m runs over the whole real
axis because this is the continuous interval of definition for
m,. (the generalized eigenvalue of QC) and because we have
succeeded in finding solutions to the Hamiltonian con-
straint for all values of this mass by permitting a sufficiently
broad habitat for them. The integrals over the §-parameters
correspond to the expansion of the quantum state in the
basis with elements that are generalized eigenstates of the

|

m)ys! (jiy,)

(5.1)

|§p /dng(m Wab ‘ =K, (m) )

HpsHe

We recall that the limit of large black hole masses
corresponds to negligibly small values of the 6-parameters.
We can construct states in this context by considering
wave functions &(m) that are peaked on the region of large
masses. Those profiles exist, because m is a continuous
variable in that region.

Finally, let us discuss how we can endow our set of
physical states with a Hilbert space structure. From the
form of these states in Egs. (5.1) and (5.2), it is clear that,
for each of the J-parameters, we have to eliminate two
redundant (squared) Dirac deltas from the kinematic inner
product. This leads us to consider instead the norm in the
geometric part of the kinematic Hilbert space. According to
Eq. (5.3), and using that the eigenstates of QC are
normalized to the Dirac delta in m, = mL,, this gives

<gl7|‘j=:ﬁ>geom = %Admg*(m)é(m)

&0 s n 2
1 (ﬂb) |5,,:I~(,7(m) ’

(5.4)

where ¢(m) is the mass wave function of the physical state
;). Our asymptotic analysis in Sec. IV [and, in particular,
Egs. (4.9) and (4.10)] proves that the squared complex
norm of y/?; generally grows for large fi;, as

fip % exp [ﬁb 1n<\/ 1465 + |5b|>]-

The sum over ji;, would then diverge. We can remove this
divergence in different manners. The simplest way is to
absorb the whole divergent sum by a redefinition of &£(m),
taking then as physical inner product for the redefined mass
wave functions that of square integrable functions over

(5.5)

e;iLo (ﬁc) By e, 5b =

operators 3 ;- In general, states of the form (5.1) do not yet
satisfy the constraints on 6; introduced when extending the
phase space (they only satisfy the quantum Hamiltonian
constraint).

The generalized function &, in the above expansion
totally determines the state. Ultimately, in order to satisfy
the commented constraints on §; in our extended phase
space formalism, it must have the specific form

gp(éb’ 50’ m) - g(m)é[éb - kb(m)}é[éc - i{c(m)] (52)

Apart from the product of Dirac deltas that identify the
regularization parameters ; with the functions K;(m)
introduced in Eq. (3.5), we see that the state is characterized
by the wave function of the black hole mass &(m). So, after

having imposed all the constraints, the final expression of
any state is

kb(’")’ 0. = f(c(m» (53)

|

the real line. A less obvious possibility is to modify the
kinematic inner product in the b-sector. We can change the
normalization of the basis of eigenstates |fi,) from a
Kronecker delta to its product by the inverse of the
exponential factor in Eq. (5.5), making the considered
sum convergent. However, the required factor depends on
85, which equals K,(m) on physical states. Hence, the
suggested change of inner product in the b-sector would
depend on the mass. An interesting situation is found when
|K,| is a function bounded from above (which is the case
for large m in the AOS model). Let us call this bound B.
Then, for all values of the black hole mass, the exponential
term in Eq. (5.5) grows always less rapidly than
(V1 + B> + B)P. So, we can introduce a physical inner
product by defining

{Spl€p pnys :Llo/dmg (m)&( Z(\/H—BQJrB) 7

w5 ) s,k (5.6)

The solutions constructed at the beginning of this section
form a Hilbert space with the discussed inner product.
Linear operators in this Hilbert space provide the physical
observables. Clearly, one such observable is the black
hole mass.

VI. CONCLUSIONS

We have presented a complete quantization of the
extended phase space formulation of the AOS model that
provides a description of the interior geometry of a non-
rotating black hole in LQC. In particular, we have
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represented the constraints of the system as quantum
operators. Two of these constraints impose conditions on
the regularization parameters of the model and the other
one accounts for the Hamiltonian constraint on the geom-
etry. For this last constraint, and in contrast with previous
studies [44], we have adopted a densitization similar to the
most standard one in LQG. In this way we have avoided
handling with inverse operators that would not admit a
straightforward definition in the usual basis of triad
eigenstates for LQC. With this representation, we have
discussed the existence of solutions to all of the constraints.
The quest for solutions to the Hamiltonian constraint has
led us to consider a habitat for them much broader than the
kinematic Hilbert space of the geometry. We have focused
the attention on the linear span of the eigenstates of some
suitably rescaled triad variables and searched for solutions
in its algebraic dual. Thanks to this, we have been able to
construct solutions for all possible values of the black hole
mass. This mass is a Dirac observable of the quantum
system. The availability of solutions for a continuous range
of masses favors the validity of a semiclassical regime of
large black hole masses and facilitates the consideration of
the limit of negligibly small regularization parameters,
as this occurs in the AOS model when the mass tends to
infinity. This limit can be approached in our quantum
model with no intrinsic discreteness. The consideration and
determination of solutions allowing for black hole masses
in the whole real line is a distinctive feature of our
quantization in comparison to the noteworthy proposal
of Refs. [47,48], for which this mass presents a discrete
spectrum. A real interval of masses dissipates the expect-
ation of black hole remnants at the end of evaporation
processes, justified by the existence of a minimum nonzero
mass when this quantity has a discrete nature.

For all real masses, we have analyzed the asymptotics
of our solutions to the Hamiltonian constraint in the
WDW limit of large (rescaled) triad variables. We have
determined their divergent behavior with respect to the
kinematic inner product, and suggested some possible
ways to absorb it, at least in some cases. Based on this
asymptotic analysis, we have discussed how we can
introduce an inner product in our set of solutions,
obtaining in this way a physical Hilbert space. Among
the possible operators that can be defined in this space,
which are the observables of the quantum theory, the black
hole mass is certainly a notable one.

An important property of our quantization is that our
kinematic representation of the extended phase space,
after a convenient rescaling of the triad variables, decou-
ples the geometric Hilbert space from that of the regu-
larization parameters. More concretely, the total kinematic
Hilbert space for the representation of the constraints is a
tensor product of spaces, in which the geometric one is
always the same, regardless of the values of the regulari-
zation parameters in the quantum system. This fact

extremely simplifies the spectral analysis of the geometric
operators that are needed in the quantum constraints
(e.g. compared to Ref. [48]), because their domains of
definition and basic properties do not change from one to
another of the generalized eigenspaces of those parame-
ters. Moreover, our algorithm for the construction of
solutions to the Hamiltonian constraint depends very
mildly on those parameters, and always by means of
analytic functions of them.

For any real value of the black hole mass, this algorithm
fixes the whole solution in terms of some initial data. The
dependence on the c-sector is totally specified by the mass
of the black hole (up to normalization). With respect to the
b-dependence, on the other hand, we have first determined
the solution using two initial data, which have been chosen
as the values at the two points that are closer to the origin in
the semilattice of the considered superselection sector. We
have then reduced the number of free data to only one, that
can be given by normalization. This reduction has been
possible by requiring a relation between the two otherwise
independent data that parallels the classical relation that
has a correct physical behavior for small regularization
parameters. This procedure determines the solutions (up to
irrelevant global factors) once the black hole mass is
known. The most general solution, which is simply a
superposition formed with different values of this black
hole mass, can then be characterized by its mass profile,
i.e., by the mass wave function.

In a future research, it would be interesting to include
matter in the model and discuss its use as an internal clock.
An even more appealing possibility is to introduce metric
and/or matter perturbations in these quantum black holes,
exploring if the system allows for transitions between black
hole states and studying the evolution of the perturbations.
This perturbed system could be treated using the hybrid
formalism for LQC [13]. The ultimate idea would be to
apply this kind of analysis to Hawking radiation (see e.g.
Ref. [60]) or to quasinormal modes [61], investigating the
role that a continuous interval of black hole masses plays in
the theory. Quasinormal modes describe the gravitational
waves emitted during ringdown [62] in the last stages of
black hole mergers. Our work could open a door to the
study and estimation of LQG modifications to their
gravitational emission.
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APPENDIX A: SPECTRAL ANALYSIS
OF THE OPERATORS

Let us first demonstrate that the operator Q? is essentially
self-adjoint. We choose its domain of definition as

D;=D (Qi ) = Dz, <(4)Cy1§+j U WCYH—@-),

(4>Cylgj = span{|/7j> i€ (4)5555}. (A1)
Its action on the Hilbert space is decomposed into two
symmetric operators, I:IJ1 =N 45/_@? + N _45jé‘;4 and C‘?,
with

Cjﬂ(ﬂj) = _wjz'fi(ﬁj)fi(ﬂj +2),

CHa;) = w3 [f2 (A) + f2(y). (A2)
and their corresponding operators defined as functions of
the multiplicative operator ji » proportional to p - We recall
that f, (fi;) is given in Eq. (3.9) and w, = 1/8, o, = 1/4.
It is straightforward to see that ﬁ ; and, therefore, C‘?, with
domain D;, are essentially self-adjoint operators. Based on
this, if the inequality ||} < [[C9%% + o2|¥|]* holds

for certain positive constant a% and any ¥ €D, then the

Kato-Rellich theorem [63] ensures that fzf is essentially
self-adjoint. Using the triangle inequality, we get
|H})? < NV 4 CHP|? + Ny C7*P|”. On the other
hand, the functions C5*(f;) and C9(;), for all the allowed
values of fi; in R, satisty the inequality

CHE)P + G R < [P ~ 4oz (i), (A3)
4 (7)) = 3 P2 ) 2 Ry

+ (||| £ 2] — |y £ 2|7 £ 4)fL (7). (A4)

We then arrive at an inequality of the desired type for
|H}¥|? by taking a; = 4@} |Zpin|, Where z.;, denotes the
coincident minimum value of the functions z (ji;), which
can be shown to be z.;, ®—887. Our proof of self-

adjointness has followed in part the analysis carried out
in Refs. [64,65] in the context of LQC.

Actually, it can be shown that Q? is essentially self-
adjoint in each domain (4>Cylg'§. This can be proven by
contradiction. Consider the deficiency index equation
(Q?T —p)|®) =0 in the considered domain, where p is
an arbitrary complex number with nonvanishing imaginary
part. We recall that the dimension of the subspace of
solutions to this equation is constant in each half-plane of
the complex numbers p with the same sign of the imaginary

part. Now, any nontrivial solution immediately provides a
solution to the deficiency index equation in the total
domain, by letting it vanish outside the original semilattice.
However, this cannot be true because, with this total
domain, the operator is known to be essentially self-adjoint,
so that its deficiency indices vanish. Therefore the only
solution in each of the restricted domains <4)Cy1§5 must be
the trivial one, ensuring self-adjointness also in these cases.

The great similarity between Q?, with domain D ;, and
the geometric part of the Hamiltonian constraint in homo-
geneous and isotropic cosmologies [56] leads us to antici-
pate that their essential and absolutely continuous spectra
coincide and are equal to [0,00). This can be actually
proven by combining the results of Refs. [46,56].
Specifically, if we identify fi; with the values of the volume
variable v in LQC, the action of Qf in our model coincides
with that of the operator defined in flat homogeneous
and isotropic cosmological spacetimes using the so-called
simplified MMO prescription (sSMMO) [46], up to a
multiplicative factor. This cosmological operator differs
from a particular case analyzed in Ref. [64] (the so-called
sLQC prescription [58]) by a compact perturbation only
supported around » = 0. Since that case presents an
absolutely continuous and positive definite spectrum,
equal to the essential one, in (4>Cylg; U (4>Cylz_g,j, the same
holds for Q? Finally, following the same arguments as in
LQC [56], we also arrive at these spectral properties for the
restriction of &7 to the domain (4>Cyl§.

Let us now demonstrate that the operator Q ; 1s also
essentially self-adjoint in D;. A proof by contradic-
tion shows that it is so in the domain (2>Cy1§ =
(4)Cy1€ij U <4)Cyl§§ +». It suffices to consider the deficiency

index equation for this domain, (Q]r —0)|®) = 0, where ¢
is an arbitrary complex number with nonvanishing imagi-
nary part. If a nontrivial solution exists, this would imply
that (Qi’r — 6%)|®) = 0 for any such 6. On the other hand,
we have proven that the square operator is essentially self-

adjoint in any of the domains <4)Cylfj. Then, there is no way
to satisfy the equality, and we conclude that Q ; has to be
essentially self-adjoint in (2)Cy1§j. With similar arguments,
it can be shown that the operator is also essentially self-
adjoint in the domain D;. Indeed, taking the direct sum of
the partial domains (Z)Cylgif, self-adjointness must hold,
otherwise there would exist a nontrivial solution for the
deficiency index equation of Q ; in at least one of the partial
domains, leading to a contradiction.

The similarity between Q ; and the geometric operators
that appear in the Hamiltonian constraint of Bianchi I
spacetimes in LQC [57] indicates that the spectrum of Q.
with domain <2)Cy1§5, 1s the entire real line. This conclusion
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is supported by the results about the operator j3, studied in
Ref. [48], which plays there the same role as flj here.

Finally, let us prove that the operator Qb(a) introduced
in the left-hand side of Eq. (4.1) has a discrete spectrum.
Direct inspection shows that (Qb(a»w > 57 f)i)w for all
states |y) in its domain, dense in the kinematic Hilbert
space of the b-sector. Therefore, the operator has a lower
bound independent of the value of a as long as 9, does not
vanish. According to the min-max principle (see e.g.
Ref. [66]), the pure discreteness of the spectrum of
Q,,(a) is then guaranteed for any value of a except when
0, becomes equal to zero.

Moreover, each of its eigenvalues p describes an analytic
curve as a function of a. This is a consequence of the
analyticity of the operator in a, in the sense of Kato [63].
Our demonstration is based on the proof of analyticity
of the operator H"™ defined in Ref. [48]. Owing to the
similarities between these two operators, we will only
outline the most relevant steps of the proof. Consider the
sesquilinear form T, (', @) = (w|Q,(a)|¢), defined for all
states |y) and |@) of the kinematic Hilbert space for the
b-sector belonging to the domain D,, of the operator Q, (a).
One can easily see that the form 7', is symmetric, bounded
from below, and closable. We call its closure T_a and it is the
extension of T, to the closure of D, with respect to the
graph norm. Since the graph norm depends on a, in general,
the closure of D;, could also depend on it. However, this is
not the case, because the graph norm, for any value of a, is
equivalent to the norm |jy||2 = (w|pi|w) + (w|w), and the
latter does not depend on a. This result allows us to prove
that 7, (y, w) is an analytic function of a for any |y) € D,,
with the closure taken with respect to the norm || - ||,. That
this is so follows from the fact that

To(y.y) = (Wl + @ +2aQ, + G pilw)  (AS)
is a linear combination of terms with analytic coefficients
in a, where the values_(fa,%)v,, <Qb>w, and <Q%,)y, are well
defined for all |y) € D,. Thus, we conclude that 7, is a
holomorphic family of type (a) in the sense of Kato [63].

Additionally, since T, is symmetric and closed, there exists
|

(fp £ 2) 72 f 1 (i) [ (fip £ 2) f o (fip £4)f (1 £6) = 1615 = 123, + 32] + O(j1 "),

an essentially self-adjoint operator Qb(a) associated with
it. In fact, this operator is the Friedrichs extension of @b(a),
and it forms a holomorphic family of type (B) in the sense
of Kato [63]. The analyticity of its eigenvalues with respect
to a is a direct consequence of this fact [67].

APPENDIX B: WDW LIMIT

In this appendix we will derive the counterpart of
Egs. (3.8) and (4.7) in the WDW theory, understood as
the limit for large values of ji;, in which the separation
between points in the semilattices where the states have
support become comparatively small. Our approach
involves an asymptotic expansion, up to order O(ﬂ;l),
of the coefficients of the difference equations that deter-
mine the action of the studied operators.

From this perspective, the action of fZJZ contains three
contributions. The asymptotic expansion of their coeffi-
cients is given by

fe(iy £2)f (i) = 4/1? + 16f; +8 + 0(/7;1)’

fi(a) = 407 + 84, (B1)

In addition, the generalized eigenfunctions of the operator
are expanded in the series

€, i £4) = €, (7)) 40y €, () + 80 €, () + -

(B2)

By substituting the previous expansions into the eigenvalue
equation of Q? and neglecting all the contributions of order
O(fi7"), with powers of fi 0z, assumed to be of order one,

we arrive at the following differential equation for the
WDW limit e, (ji;) of the eigenfunctions:
7

mjz-gmjz_ () = —16w3[4fi50; + 8fi;0p, + e, (#;).  (B3)
The expression used in Sec. III B follows from this one.

On the other hand, the action of the operator considered
in Eq. (4.7) has five contributions. The asymptotic expan-
sion of their coefficients is given by

(B4)

(fp £ 2) 72 f 2 (p) 2 (i £2) + fL(p £ 4) o (i £2) + FL () f o (B £ 2)] + (1 F 2)72f (1 £ 2) f o (i) f5 (fip)

= 64[f1;, + 6fi, + 10] + O(7,"),

(B5)

(B = 2)72Lf 2 () + 2 )13 () + 2 () £2 (B — 2)] + (B + 2) 7214 () + £3 () 2 () + £% () £3 (i + 2))

= 323, + 8] + O(7,").

(B6)
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Introducing these asymptotic values into Eq. (4.7) we get a difference equation for the coefficients of |y/§’;’1> of the form

16(267 — 8m?2 + 1)yt | () — 8(857 — 8m2 + S)A[ () + 3248 (Jip) + 12715 (A5 (i) — 2(285 + 1) A (jip)]
+ 3 [2(88% + 887 + 3w | (i) — 4(253 + 1)A] () + Ag (i1)] + O(i") = 0,

(B7)

where we have defined AF(ji;,) = 1//?; Ay +r) £ wii (i, = r) for the values r = 4, 8. Substituting our ansatz (4.9) for

wii 4 (fip) into the above equation and assuming that y(j,) admits a series expansion

» - I
Xy, £ 1) = x(fi,) £ 15, x5, + jaﬁbﬂm +o

- (B8)

where each derivative with respect to fi;, decreases the asymptotic order in a unit, we finally obtain the following differential

equation for any &, # 0, up to terms of order O(f;'):

(14 63) 307, x (itp) + x(p)] + 3(1 + 83 )iy 0, 1 (i) + my (i) = O.

(B9)

If we introduce in this expression the power law y(fi,) = ﬁg, we obtain for d the two solutions given in Eq. (4.10).
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