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The addition of mass terms in general breaks gauge symmetries which can be recovered usually via
Stueckelberg fields. The massive BF model describes massive spin-1 particles while preserving the Uð1Þ
symmetry without Stueckelberg fields. Replacing the spin-1 curvature (field strength) by the Riemann
tensor one can define its spin-2 analog (massive“BR”model). Here we investigate the canonical structure of
the free mBR model in terms of gauge invariants in arbitrary dimensions and compare with the massive BF
model. We also investigate nonlinear completions of the mBR model in arbitrary dimensions. In D ¼ 3 we
find a nonlinear completion in the form of a bimetric model which is a subcase of a new class of bimetric
models whose decoupling limit is ghost free at leading order. Their spectrum consists only of massive
spin-2 particles. In arbitrary dimensions D ≥ 3 we show that the consistency of a possible single metric
completion of the mBR model is related with the consistency of a higher rank description of massless
spin-1 particles in arbitrary backgrounds.
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I. INTRODUCTION

The universal nature of the gravitational interaction
makes the search for a possible gravitonmass a fundamental
subject. Severe problems in the consistency of massive
gravitons like the vDVZ mass discontinuity [1,2], and
the presence of ghosts [3] have been tackled by a convenient
choice of the graviton potential [4]. Such work has triggered
a huge amount of work in the subject of massive gravity,
see [5,6]. In particular, the need of viable cosmological
solutions has led to the bimetricmodel of [7]which besides a
massive spin-2 particle contains an extra massless spin-2
particle. Regarding the phenomenology and consistency
of [7], see [8,9].
The model [4] and also [7] are based on the Fierz-Pauli

massive spin-2 free theory [10] which can be defined in
terms of a symmetric rank-2 tensor. One might wonder how
robust are the physical outputs of the present massive
gravity theories against the replacement of the FP paradigm
by other descriptions of free massive spin-2 particles.
The introduction of mass terms breaks the local sym-

metries of the massless theories in general. In the case of
the metric formulation of gravity the local symmetry is
reparametrization invariance which should be preserved

also in the massive theory. This is achieved in [7] via the
introduction of a second metric which is a dynamical field
and enlarges the spectrum of the theory as compared to [4].
One might search for a phenomenologically viable massive
gravity with only massive spin-2 particles in the spectrum
this is the main motivation for the present work.
In order to preserve local symmetries in a massive theory

one could follow an approach already known in the spin-1
case. Instead of the usual Proca theory with Stueckelberg
fields, we might follow [11] where the mass for the spin-1
field is generated via a gauge invariant coupling to a two-
form field (anti-symmetric tensor). The Cremmer-Scherk or
massive BF model (mBF henceforth) can be generalized to
arbitrary dimensions and for the non-Abelian case [12].
Inspired by duality relations, a spin-2 analog of [11]
has been suggested in [13], henceforth we call it “mBR”
model since the spin-1 curvature FμνðAÞ (field strength) is

replaced by a linearized Riemann curvature RðLÞ
μναβðhÞ and

the two-form field Bμν by a Riemann like tensor Bμναβ.
Here we investigate in detail the particle content of

the mBR model in terms of gauge invariants and compare
with the mBF spin-1 model, pointing out some important
differences. We go beyond the linearized truncation of [13]
and investigate possible nonlinear completions of the mBR
model in arbitrary D-dimensions. The linearized model in
D ¼ 3 has inspired us to suggest a new class of bimetric
models where however the particle sepectrum only contains
massive spin-2 particles as we have checked at leading
order in the decoupling limit. We show that the consistency
of a possible nonlinear completion of the mBR model in
D ≥ 4 is tightly connected with a consistent coupling to
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gravity of a higher rank massless spin-1 model suggested
by Deser et al. [14].

II. LINEARIZED mBR MODEL

A. From mBF to mBR

In order to derive the linerarized massive mBR model we
start from the simpler spin-1 case by constructing a master
action with two vector fields ðAμ; fμÞ, an antisymmetric
tensor Bμν ¼ −Bνμ and an arbitrary external source1 Jμ,

SM½J� ¼
Z

dDx

�
−
1

4
F2
μνðAÞ −

m2

2
fμfμ

þm
4
BμνFμνðf − AÞ þ fμJμ

�
: ð1Þ

If we first integrate over Bμν we arrive at the functional
constraint Fμνðf − AÞ ¼ 0 whose general solution can
be written in terms of a scalar Stueckelberg field
fμ ¼ Aμ þ ∂μφ=m, now integrating over fμ we obtain
the Proca theory with a Stueckelberg field which is
invariant under the Uð1Þ gauge transformations
ðδAμ; δφÞ ¼ ð∂μΛ;−mΛÞ,

SPS½J� ¼
Z

dDx

�
−
1

4
F2
μνðAÞ −

m2

2

�
Aμ þ

∂μφ

m

�
2

þ
�
Aμ þ

∂μφ

m

�
Jμ
�
: ð2Þ

If instead, we first integrate over fμ we arrive at the
massive BF (mBF) model in D dimensions, up to quadratic
terms in the external source,

SmBF½J� ¼
Z

dDx

�
−
1

4
F2
μνðAÞ þ

1

8
∂μBμν

∂
λBλν

−
m
4
BμνFμνðAÞ þ B�

μJμ þOðJ2Þ
�
; ð3Þ

where B�
μ ≡ 1

m ∂
νBνμ. The mBF model is invariant under the

independent scalar and transverse tensor (∂μΛt
μν ¼ 0) gauge

transformations:

δAμ ¼ ∂μΛ; δBμν ¼ Λt
μν: ð4Þ

In D ¼ 3 we can write Bμν ¼ ϵμνρBρ and after rotating
and decoupling the vector fields Bμ and Aμ it follows that
the mBF model is equivalent to a couple of topologically
massive Maxwell-Chern-Simons (MCS) models [15] of
opposite helicities þ1 and −1 just like a Proca theory. In
D ¼ 4 we can write Bμν ¼ ϵμνργBργ and mBF becomes the
topologically massive BF model also known as the
Cremmer-Scherk model [11].

The master action allows us to prove the duality between
SPS and SmBF via a map between gauge invariant vectors
that we read off from the linear terms in the sources,
namely: Aμ þ ∂μφ=m ↔ B�

μ. The equations of motion
δSmBF ¼ 0 can be written as

∂
μFμν½A� ¼ m2B�

ν; Fμν½A − B�� ¼ 0: ð5Þ
From the general solution of the second equation of (5)

Aμ ¼ B�
μ þ ∂μΛ back in the first equation we have a Proca-

like equation ∂
μFμν½B�� ¼ m2B�

ν which is equivalent to the
Klein-Gordon equation ð□ −m2ÞB�

μ ¼ 0 since ∂
μB�

μ ¼ 0.
Notice however, that the transverse condition is a dynamic
equation in the Proca theory while it is a trivial identity for
the dual field B�

μ.
Now we can follow similar steps in order to derive the

spin-2 version of SmBF. First, we define a master action in
terms of two symmetric rank-2 tensors ðhμν; fμνÞ and a
rank-4 tensor Bμναβ antisymmetric by the exchange μ ↔ ν
or α ↔ β and symmetric by ½μν� ↔ ½αβ�, like the Riemann
tensor. By replacing the spin-1 curvature Fμν by the
linearized Riemann curvature tensor we have

SDM½T� ¼
Z

dDx

�
−
1

2
hμνGðLÞ

μν ðhÞ −m2

4
ðfμνfμν − f2Þ

þ 1

2
BμναβRðLÞ

μναβðf − hÞ þ fμνTμν

�
; ð6Þ

whereRðLÞ
αμβνðhÞ¼ð∂μ∂βhανþ∂α∂νhμβ−∂μ∂νhαβ−∂α∂βhμνÞ=2.

If we first integrate over Bμναβ we obtain the linearized
zero curvature condition

RðLÞ
μναβðf − hÞ ¼ 0; ð7Þ

whose general solution gives rise to vector Stueckelberg
fields,

fμνðh;ψÞ ¼ hμν þ
∂μψν þ ∂νψμ

m
: ð8Þ

Back in the master action we have the Fierz-Pauli [10]
theory with Stueckelberg fields which describes massive
spin-2 particles with linearized reparametrization invari-
ance ðδhμν; δψμÞ ¼ ð∂μϵν þ ∂νϵμ;−mϵμÞ, namely,

SDFPS½T� ¼
Z

dDx

�
−
1

2
hμνGðLÞ

μν ðhÞ

−
m2

4
½fμνðh;ψÞfμνðh;ψÞ − f2ðh;ψÞ�

þ fμνðh;ψÞTμν

�
. ð9Þ

On the other hand, by first integrating over fμν in (6) one
derives the massive BR (mBR) model [13]:1We use ημν ¼ ð−;þ; � � � ;þÞ.
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SDmBR½T� ¼
Z

dDx

�
−
1

2
hμνGL

μνðhÞ −
1

2
BμναβRðLÞ

μναβðhÞ

þ 1

m2
LDTS½B� þ B�

μνTμν þOðT2Þ
�

ð10Þ

where the dual symmetric tensor is given by

B�
μν ¼ −

2

m2

�
∂
α
∂
βBμανβ −

1

ðD − 1Þ ημν∂
α
∂
βBαβ

�
ð11Þ

with Bαβ ≡ ημνBμανβ while the Lagrangian

LD
DTS½B� ¼ ð∂α∂βBμανβÞ2 − 1

ðD − 1Þ ð∂α∂βB
αβÞ2 ð12Þ

has been first obtained in [14] in D ¼ 4 and generalized to
arbitrary dimensions in [16]. It describes massless spin-1
particles like the Maxwell theory. Although of 4th order in
derivatives, it is ghost free in arbitrary dimensions as shown
in the Appendix, see [14] for a proof in D ¼ 4. The DTS
model is invariant under the following scalar and tensor
transformations:

δBμανβ ¼ ðημνηαβ − ημβηναÞπ þ Λμανβ ð13Þ

where Λμανβ must satisfy

∂
μ
∂
νΛμανβ ¼ 0: ð14Þ

The scalar transformation plays the role of the Uð1Þ
symmetry of theMaxwell theory. Comparingwith the spin-1
mBFmodel, we notice that the EH term (massless spin-2) is
the analog of the Maxwell theory (massless spin-1) while
LDTS (massless spin-1) is the analog of the antisymmetric
model (massless spin-0). The spin-1 curvature Fμν is
replaced by the linearized Riemann tensor in the “BR”
mixing term. Regarding the equations ofmotion δSmBR ¼ 0,
they can be written in close analogy with (5),

GðLÞ
μν ðhÞ ¼ −

m2

2
ðB�

μν − ημνB�Þ; ð15Þ

RðLÞ
μναβðh − B�Þ ¼ 0: ð16Þ

If we plug back in (15) the general solution of (16), i.e.,
hμν ¼ B�

μν þ ð∂μAν þ ∂νAμÞ=m we arrive exactly at Fierz-
Pauli equations for the dual field:

GL
μνðB�Þ ¼ −

m2

2
ðB�

μν − ημνB�Þ; ð17Þ

which leads to the Klein-Gordon equation ð□−m2ÞB�
μν¼0

and B� ¼ 0 ¼ ∂
μB�

μν which are typical equations for free
massive spin-2 particles. Notice that ∂μB�

μν ¼ ∂νB� holds

identically from the definition of the dual field, differently
from the usual FP theory where it follows from the
derivative of the FP equations for the fundamental field hμν.
Since the equations of motion (17) are of fourth order in

derivatives the skeptical reader may be questioning whether
we have ghosts in the spectrum. Also in the spin-1 case the
Proca-like equation in terms of the dual vector field B�

μ is of
3rd order in derivatives. In order to make sure that in both
s ¼ 1 and s ¼ 2 cases we only have the expected massive
physical particles we perform in the next subsection a
canonical analysis in terms of gauge invariant combinations
of helicity variables in both mBF and mBR models in
arbitrary D dimensions confirming our expectations.

B. Canonical structure

1. The mBF model

The canonical analysis of the mBF model via
Hamiltonian methods has appeared before in [17,18] in
D ¼ 4 and in [19] in D dimensions. In [17,19] the Dirac
method has been employed while [18] makes use of the
Faddeev-Jackiw method. However, we believe that the
purely Lagrangian approach presented here is simpler and
clarifies the role of each degree of freedom in producing the
necessary mass terms. The Lorentz invariance is not
explicit but we are able to write down the action only in
terms of gauge invariants, there is no need of gauge fixing.
Moreover, since Hamiltonian methods become cumber-
some for higher derivative theories like the mBRmodel, the
spin-1 case works like an introduction and, more impor-
tantly, it points out that the analogy between the spin-1 and
the spin-2 cases is not completely faithful.
We follow the approach used for higher order higher spin

theories in D ¼ 3 in [20]. The gauge invariants are built up
in a constructive way from the definition of the gauge
transformations. For example, in the case of the Uð1Þ
symmetry we take one of the D equations δAμ ¼ ∂μΛ for
the elimination of the gauge parameter, explicitly we have2:
Λ ¼ ∂jδAj=∇2. Plugging back in the D − 1 remaining
equations we obtain D − 1 invariants ðδI0ðAÞ; δITj ðAÞÞ ¼
ð0; 0Þ where I0ðAÞ ¼ A0 − ∂0∂jAj=∇2 and ITj ðAÞ ¼ θjkAk,
with the projection operator:

θjk ≡ δjk −
∂j∂k

∇2
. ð18Þ

The invariant I0ðAÞ comes from the divergence of the
electric field while ITj ðAÞ is given in terms of the spatially
transverse components of the magnetic field which are of
course the only nonvanishing ones. In general, the number

2We assume vanishing fields at infinity, so ∇2A≡ ∂j∂jA ¼ 0
leads to A ¼ 0, where A represents any field or its spacetime
derivatives. Moreover, we use T for space and t for spacetime
transverse quantities.
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of independent gauge invariants equals the number of
independent fields minus the number of independent gauge
parameters, symbolically,

NI ¼ NA − NΛ: ð19Þ

Thus, from the DðD − 1Þ=2 equations δBμν ¼ Λt
μν

and the D − 1 constraints ∂
μΛt

μν ¼ 0 we can find NI ¼
DðD − 1Þ=2 − ½DðD − 1Þ=2 − ðD − 1Þ� ¼ ðD − 1Þ invari-
ants3 which turn out to be ItμðBÞ≡ ∂

νBνμ. Now we return

to the mBF theory. Let us introduce an invertible decom-
position without time derivatives in order to avoid changes
in the canonical structure of the theory, namely,

A0 ¼ γ; Aj ¼ vTj þ ∂jθ ð20Þ

B0j ¼ bTj þ ∂jψ ; Bij ¼ bTij þ ∂icTj − ∂jcTi ð21Þ

where ∂jvTj ¼0¼∂jbTj ¼ ∂jcTj ¼∂jbTij¼0 and bTij ¼ −bTji.
So we have

LmBF ¼
1

2
vTj□vTj −

1

2
ðγ − θ̇Þ∇2ðγ − θ̇Þ

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{−1
4
F2
μν

−
1

2
∇2ψ□ψ þ 1

2
ð∇2cTj − ḃTj Þ2

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{þ1
2
ð∂μBμνÞ2

þmðγ − θ̇Þ∇2ψ þmð∇2cTj − ḃTj ÞvTj|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
−m

2
BμνFμν

. ð22Þ

The free Lagrangian is a bilinear function of the
previously found invariants: ðI0ðAÞ; ITj ðAÞÞ ¼ ðγ − θ̇; vTj Þ
and ðI0ðBÞ; ITj ðBÞÞ ¼ ð∇2ψ ;∇2cTj − ḃTj − ∂jψ̇Þ. In the
Maxwell theory we have D − 2 massless propagating
modes (vTj ) and 1 nonpropagating one (γ − θ̇), while in
the antisymmetric tensor we have the opposite, 1 massless
propagating mode (ψ) and D − 2 nondynamic gauge
invariants (∇2cTj − ḃTj ). In the BF term we have a perfect
match. The nondynamic modes of one theory couple to the
propagating ones of the other one in order to generate the
mass terms. After diagonalizing the Lagrangian, the now
massive D − 1 propagating fields ðvTj ;ψÞ decouple from
the nonpropagating ones giving rise to a massive spin-1
particle without extra fields or ghosts,

LmBF ¼
1

2
vTj ð□ −m2ÞvTj þ 1

2
ψð−∇2Þð□ −m2Þψ

þ CT
j

2
−
1

2
Γ∇2Γ; ð23Þ

where ðCT
j ;ΓÞ≡ ð∇2cTj − ḃTj þmvTj ; γ − θ̇ −mψÞ are the

nondynamic invariants.

2. The mBR model

Turning off the sources and redefining Bμανβ →
mBμανβ=2, the Lagrangian for the linearized mBR
model (10) is given by:

LmBR ¼ 1

2

�
1

2
hμν□hμν −

1

2
h□hþ h∂μ∂νhμν − hμν∂μ∂λhλν

�

þ 1

4
ð∂μ∂νBμανβÞ2 − 1

4ðD − 1Þ ð∂α∂βB
αβÞ2

−
m
4
BμανβRðLÞ

μανβðhÞ. ð24Þ

The linearized EH theory, first line of (24), is invariant
under linearized reparametrizations δhμν ¼ ∂μξν þ ∂νξμ.We
use D of those DðDþ 1Þ=2 equations to determine the
gauge parameters ξμ in terms of δhμν and plugging back the
result in the transformations the remaining equations furnish
NI ¼ DðDþ 1Þ=2 −D ¼ DðD − 1Þ=2 gauge invariants.
Using ðξ0; ξjÞ ¼ ðω; ξTj þ ∂jξÞ and the decomposition:

hμν→

8>><
>>:
h00¼ρ

h0i¼ γTi þ∂iθ

hij¼hTTij þ∂iψ
T
j þ∂jψ

T
i þθij∇2ψþ∂i∂jφ

ð25Þ

where the superscript TTmeans transverse and traceless, i.e.
∂ihTTij ¼ 0 ¼ δijhTTij , we can write down the linearized EH
theory in terms of gauge invariants,4 up to total derivatives
we have:

LLEH ¼ 	 ffiffiffiffiffiffi
−g

p
R
�
hh ¼

1

4
hTTij □hTTij −

1

2
Γj∇2Γj

þ ðD − 1ÞðD − 2Þ
4

Φ□Φþ ðD − 2Þ
2

ΦRðLÞ ð26Þ

where the DðD − 3Þ=2 invariants hTTij represent the propa-
gating degrees of freedom of the graviton while the next
ðD − 2Þ þ 2 invariants:

3Specifically, we have decomposed a general antisymmetric
field as ðΛ0i;ΛijÞ ¼ ðλTi þ ∂iϕ;ΛT

ij þ ∂iω
T
j − ∂jω

T
i Þ and used the

transversality condition ∂
μΛt

μν ¼ 0 to get rid of redundant
components ðϕ;ωT

i Þ ¼ ð0; λ̇Ti =∇2Þ. 4Compare with [21] for D ¼ 4.
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ΓT
j ¼ γTj − ψ̇T

j ; Φ ¼ ∇2φ ð27Þ

RðLÞ ¼ ∂
μ
∂
νhμν −□h ¼ ∇2½ρ − 2θ̇ þ φ̈þ ð2 −DÞ□ψ �

ð28Þ

are nonpropagating. In total we have the expected
DðD − 1Þ=2 gauge invariants. Notice that (27) and (28)

make clear that each invariant can be indeed associated with
an independent field. In particular δSLEH=δρ ¼ 0 establishes
that the “would be” propagating mode Φ vanishes.
Consequently, from δSLEH=δΦ ¼ 0 we have vanishing
scalar curvature (RðLÞ ¼ 0) as expected from the Einstein
equations in the vacuum.
Regarding the rest of the Lagrangian (24), we introduce

the general decomposition:

Bμανβ →

8>>><
>>>:

B½0i�½0j� ¼ BT
ij þ ∂iBT

j þ ∂jBT
i þ 2∂i∂jZ

B½0i�½jk� ¼ BpT
i½jk� þ ∂jC

pT
ik − ∂kC

pT
ij

B½ij�½kl� ¼ BT
½ij�½kl� þ ½∂iDT

j½kl� þ ∂kDT
l½ij� þ ∂ið∂kWT

jl − ∂lWT
jkÞ þ ði ↔ j; k ↔ lÞ�

ð29Þ

where ðBT
ij;W

T
ijÞ ¼ ðBT

ji;W
T
jiÞwhile CpT

ij ≠ CpT
ji . All spatial

tensor fields are transverse in all indices except the ones in
the second line of (29) which are only partially transverse
(pT), namely, ∂jB

pT
i½jk� ¼ 0 ¼ ∂jC

pT
ij but ∂iB

pT
i½jk� ≠ 0 and

∂iC
pT
ij ≠ 0. In the Appendix we show that LDTS in (12) can

be written in terms of ðDþ 1ÞðD − 2Þ=2 gauge invariants,
see (A14), which split into a transverse vector VT

j

representing D − 2 propagating massless modes, in
agreement with a massless spin-1 field, plus ðD − 1Þ
ðD − 2Þ=2 nonpropagating modes represented by a trans-
verse symmetric spatial tensor WT

ij, which we further
decompose into its trace W ¼ δijWT

ij and its traceless

and transverse piece WTT
ij ≡WT

ij − θijW=ðD − 2Þ, see
(A11) and (A13).
Regarding the BR term, there is an important difference

with the spin-1 case. Namely, the BF term does not break
any of the symmetries (4) of the rest of the model while the
BR term breaks the scalar symmetry in (13). Since we
have one less gauge parameter we end up with one more
gauge invariant besides ðVT

j ;W
T
ijÞ. We find it by noticing

that ∂i∂jδB½0i�½0j� ¼ ∂
i
∂
jΛ½0i�½0j� ¼ ∂

μ
∂
νΛ½0μ�½0ν� ¼ 0 by vir-

tue of (14). Back in the first line of (29) we have our last
invariant δZ ¼ 0, which only appears in the BR term.
Finally, from (26) and (A14) and working out the BR term,
we have for the whole mBR model:

LmBR ¼ 1

4
hTTij □hTTij −

1

2
ΓT
j∇2ΓT

j þ ðD − 1ÞðD − 2Þ
4

Φ□Φþ ðD − 2Þ
2

ΦRðLÞ

þ 1

4
ðWTT

ij Þ2 þ
1

2
VT
j ð−∇2Þ□VT

j þ W2

4ðD − 1ÞðD − 2Þ
þm

2
WTT

ij h
TT
ij þmΓT

j∇2VT
j þm

2
WΦþmZ∇2RðLÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

−m
4
BμανβRL

μανβðhÞ

: ð30Þ

Integrating over the nonpropagating fields WTT
ij ;ΓT

j , and W we generate mass terms for the helicities �2;�1, 0 of the
massive spin-2 particle respectively,

LmBR ¼ 1

4
hTTij ð□ −m2ÞhTTij þ 1

2
VT
j ð−∇2Þð□ −m2ÞVT

j þ ðD − 1ÞðD − 2Þ
4

Φð□ −m2ÞΦ; ð31Þ

while the integral over Z produces the constraint RðLÞ ¼ 0
which eliminates h00. We have not written down the
nonpropagating modes in (31). They correspond to
quadratic terms in field redefinitions of WTT

ij ;ΓT
j , and W.

Thus, we have the same number of propagating and
nonpropagating gauge invariant modes in the final

Lagrangian just like in the spin-1 case. However, the
analogy between the mBF (22) and the mBR model (30)
is not totally faithful. Although one might think at first sight
of a perfect match between propagating and nonpropagat-
ing modes ðhTTij ; VT

j ;ΦÞ ↔ ðWTT
ij ;ΓT

j ;WÞ, we recall that Φ
is a nonpropagating gauge invariant in the LEH theory, it
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only becomes a dynamic field because of the last term
in (30) which annihilates the effect of the termΦRðLÞ which
sets Φ ¼ 0. So in the spin-2 case the role of the BR term is
not only to couple dynamic with nondynamic fields but
also to turn a nonpropagating mode into a propagating one
and this is only possible because the scalar symmetry (Uð1Þ
symmetry) of the DTS model is broken giving rise to the Z
invariant.
Since the linearized mBR model is a consistent ghost

free description of massive spin-2 particles with linearized
reparametrization invariance, it is natural to try to go
beyond the free theory and develop a consistent nonlinear
version of the model invariant under general coordinate
transformation. In order to prepare the ground for an

analysis via decoupling limit, see [5,6], in the next
subsection we take a closer look at the pure massless limit
starting with the simpler D ¼ 3 case.

C. The D= 3 case and the massless limit

Since the mBR model describes massive spin-2
particles with reparametrization invariance, it might be
related with the new massive gravity (NMG) theory
of [22] for D ¼ 3. Indeed, see [13], in D ¼ 3 we can
write the Riemann tensor in terms of the Einstein tensor
Rμναβ ¼ ϵμνλϵαβσGλσ. So one can write down the mBR
model (6) in D ¼ 3, without sources, in terms of three
symmetric rank-2 tensors:

SD¼3
mBR ¼

Z
d3xf− 1

2
hμνGðLÞ

μν ðhÞ −m2

4
ðf2μν − f2Þ þ B̃μνGðLÞ

μν ðf − hÞ
�

ð32Þ

¼
Z

d3x

�
−
1

2
hμνþGðLÞ

μν ðhþÞ þ
1

2
B̃μνGðLÞ

μν ðB̃Þ −m2

4
ðf2μν − f2Þ þ fμνGðLÞ

μν ðB̃Þ
�
; ð33Þ

where ðhþÞμν ≡ hμν þ B̃μν and we have introduced the
following symmetric tensor which has the same number of
independent components of Bαβλσ in D ¼ 3:

B̃μν ≡ 1

2
ϵμαβϵνλσBαβλσ ¼ B̃νμ. ð34Þ

Integrating over fμν in (33) and neglecting the first EH
term which decouples and has no particle content inD ¼ 3,
we obtain the linearized version of the NMG theory [22]:

SD¼3
mBR ¼

Z
d3x

�
þ 1

2
B̃μνGðLÞ

μν ðB̃Þ þ 1

m2
LK½B̃�

�
ð35Þ

with

LK ¼ 1

4
□B̃μν□B̃μν −

1

2
□B̃μν∂

μ
∂αB̃αν þ 1

8
ð∂μ∂νB̃μνÞ2

þ 1

4
□B̃∂μ∂νB̃μν −

1

8
ð□B̃Þ2 ð36Þ

¼
�
R2
μνðγÞ −

3

8
RðγÞ2

�
B̃ B̃

. ð37Þ

We have considered B̃μν as the fluctuation of a metric
about the flat space: γμν ¼ ημν − B̃μν. The first term in (35)
becomes the linearized version of the EH theory with the
sign opposite to the usual one. As a first step to check the
particle content of the NMG model beyond the linearized
theory (35) one might try to look at the leading order in the
decoupling limit where m → 0 and mp → ∞ as we later

explain, see [23]. Notice however, that the fourth order
theory (35) is singular at m → 0. This is also the case
of the D-dimensional mBR model in (10). If instead, we
simply abandon the canonical mass dimension and
redefine Bμανβ → mBμανβ, when m → 0 we will be left
only with Lk which is equivalent to the Maxwell theory in
D ¼ 3 and has D − 2 ¼ 1 degree of freedom instead
of two degrees of freedom as expected for a parity
doublet of spin-2 in D ¼ 3. If we try m → 0 directly in
the 2nd order theories (32) or (33) we have zero degrees of
freedom. So without the extra fields, we do not have a
smooth massless limit. This point has been investigated
in [23]. Going back to the second order version5 (33),

SðD¼3Þ
mBR ¼

Z
d3x

�
þ 1

2
B̃μνGðLÞ

μν ðB̃Þ − fμνGðLÞ
μν ðB̃Þ

−
m2

4
ðf2μν − f2Þ

�
; ð38Þ

we notice that the mass term breaks the symmetry
ðδfμν; δhμνÞ ¼ ð∂μζν þ ∂νζμ; 0Þ. In order to recover it
one introduces auxiliary compensating (Stueckelberg)
fields via:

fμν → fμν þ
∂μAν þ ∂νAμ

m
þ 2∂μ∂νφ

m2
. ð39Þ

5We have neglected the first term of (33) which has no particle
content.
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After taking m → 0 one has:

SðD¼3Þ
mBR ðm → 0Þ ¼

Z
d3x

�
þ 1

2
B̃μνGðLÞ

μν ðB̃Þ − fμνGðLÞ
μν ðB̃Þ

−
1

4
F2
μνðAÞ − fμνð∂μ∂νφ − ημν□φÞ

�
:

ð40Þ

Integrating over fμν one obtains:

GðLÞ
μν ðB̃Þ ¼ ημν□φ − ∂μ∂νφ ð41Þ

whose general solution is given by

B̃μν ¼ 2ημνφþ pure gauge. ð42Þ

Back in (40) one finds [23]:

SðD¼3Þ
mBR ðm → 0Þ ¼

Z
d3x

�
−
1

4
F2
μνðAÞ þ 2φ□φ

�
: ð43Þ

The Maxwell theory in D ¼ 3 has only one degree of
freedom, it is dual to a scalar field, we end up with a total of
two degrees of freedom which is the expected number of
degrees of a parity invariant massive spin-2 field in D ¼ 3
(parity doublet). So we have a smooth massless limit. This
is similar to the spin-1 master action (1) after fμ → fμ þ
∂μφ=m and m → 0 which leads to Maxwell plus a scalar
field again, corresponding to D − 2þ 1 ¼ D − 1 degrees
of freedom, in agreement with the Proca theory.
Now we go back to the mBR model in D-dimensions in

its second order version (6). After inserting Stueckelberg
fields we have

SDBRStuec ¼
Z

dDx

�
−
1

2
hμνGðLÞ

μν ðhÞ − 1

2
BμναβRðLÞ

μναβðhÞ þ
1

2
BμναβRðLÞ

μναβðfÞ −
1

4
F2
μνðAÞ

−
m2

4
ðfμνfμν − f2Þ −mfμνð∂μAν − ημν∂αAαÞ − fμνð∂μ∂νφ − ημν□φÞ

�
. ð44Þ

After m → 0 we obtain up to total derivatives,

SDBRðm → 0Þ ¼
Z

dDx
�
−
1

2
hμνGðLÞ

μν ðhÞ þ hμν∂α∂βBμανβ − fμν∂α∂βBμανβ −
1

4
F2
μνðAÞ − fμνð∂μ∂νφ − ημν□φÞ

�
: ð45Þ

Integrating over the field Bμανβ we have

RðLÞ
μναβðfÞ ¼ RðLÞ

μναβðhÞ ð46Þ
whose general solution is given by fμν ¼ hμν þ
∂μχν þ ∂νχμ, where χμ are arbitrary pure gauge vector
fields. Back in (45) we get:

SDm→0 ¼
Z

dDx

�
−
1

2
hμνGðLÞ

μν ðhÞ þ hμνðημν□φ − ∂μ∂νφÞ

−
1

4
F2
μνðAÞ

�
: ð47Þ

After a conformal redefinition hμν → h̄μν þ 2
ðD−2Þ ημνφ

we have a diagonal form which splits into spin-2, spin-1,
and spin-0 sectors,

SDm→0¼
Z

dDx

�
−
1

2
h̄μνGðLÞ

μν ðh̄Þ−1

4
F2
μνðAÞþ

ðD−1Þ
ðD−2Þφ□φ

�
.

ð48Þ

In D dimensions the linearized Einstein-Hilbert term
possess DðD − 3Þ=2 degrees of freedom which altogether
with ðD − 2Þ þ 1 degrees of freedom of the vector and
scalar sectors lead to ðDþ 1ÞðD − 2Þ=2 which is the
same number of independent modes of the massive spin-
2 Fierz-Pauli [10] theory described by a symmetric rank-2
tensor (DðDþ 1Þ=2) constrained by the (Dþ 1) FP con-
ditions: ∂

μhμν ¼ 0 ¼ ημνhμν. At D ¼ 4 we end up with
5 ¼ 2sþ 1 degrees of freedom as expected. In summary,
the D-dimensional mBR model with Stueckelberhg fields
via (39) has a smooth massless limit like the FP theory with
Stueckelberg fields.

III. NONLINEAR mBR MODELS

Before we search for nonlinear extensions of the
D-dimensional mBR model we have found convenient
again to first address the D ¼ 3 case in the next subsection
which is simpler and has allowed us to suggest a new class
of bimetric models.
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A. A new class of D= 3 bimetric models

A closer look at the linearized D ¼ 3 mBR model (32)

SD¼3
BR ðB̃; h; fÞ ¼

Z
d3x

�
−
1

2
hμνGðLÞ

μν ðhÞ − B̃μνGðLÞ
μν ðhÞ

−
m2

4
ðf2μν − f2Þ þ fμνGðLÞ

μν ðBÞ
�
; ð49Þ

inspires us to introduce two metrics ðgμν; γμνÞ ¼
ðημν þ hμν; ημν þ BμνÞ. While the last two terms give rise,
after integrating over fμν, to LK which on its turn can be
nonlinearly completed in terms of squares of curvatures, the
first and second terms can be written as linearizations of
linear combinations of

ffiffiffiffiffiffi−gp
RðgÞ and ffiffiffiffiffiffi−gp

γμνGμνðgÞ where
γμν ¼ gμαgνβγαβ. The field fμν remains an auxiliary field.
In fact we can go beyond (49) and suggest a quite
general Ansatz for a new class of bimetric models in
D ¼ 3, namely, restoring the Planck mass in the action we
have

Sg−γ ¼ MP

Z
d3x

�
a

ffiffiffiffiffiffi
−g

p
RðgÞ þ b

ffiffiffiffiffiffi
−γ

p
RðγÞ

þ c
ffiffiffiffiffiffi
−g

p
γμνGμνðgÞ þ d

ffiffiffiffiffiffi
−γ

p
gμνGμνðγÞ

þ k
ffiffiffiffiffiffi
−γ

p
f̂μνGμνðγÞ −

m2

4

ffiffiffiffiffiffi
−γ

p ðf̂2μν − f̂2Þ
�
; ð50Þ

where a, b, c, d, and k are arbitrary constants and f̂μν are
auxiliary fields such that f̂μν ¼ γμαγνβf̂αβ and f̂ ¼ γμνf̂μν.
The simultaneous flat space solution: gμν ¼ γμν ¼ ημν;
f̂μν ¼ 0 solves in general the equations of motion of (50).
Introducing

gμν¼ημνþ
hμνffiffiffiffiffiffiffi
MP

p ; γμν¼ημνþ
bμνffiffiffiffiffiffiffi
MP

p ; f̂μν¼
fμνffiffiffiffiffiffiffi
MP

p . ð51Þ

At quadratic order in D ¼ 3 we have:

MP
ffiffiffiffiffiffi
−g

p
RðgÞ → −

1

2
hμνGðLÞ

μν ðhÞ ð52Þ

MP
ffiffiffiffiffiffi
−γ

p
RðγÞ → −

1

2
bμνGðLÞ

μν ðbÞ ð53Þ

MP
ffiffiffiffiffiffi
−g

p
γμνGμνðgÞ → −bμνGðLÞ

μν ðhÞ þ 5

4
hμνGðLÞ

μν ðhÞ ð54Þ

MP
ffiffiffiffiffiffi
−γ

p
gμνGμνðγÞ → −hμνGðLÞ

μν ðbÞ þ 5

4
bμνGðLÞ

μν ðbÞ ð55Þ

MP
ffiffiffiffiffiffi
−γ

p
f̂μνGμνðγÞ → fμνGðLÞ

μν ðbÞ ð56Þ

MP
ffiffiffiffiffiffi
−γ

p ðf̂2μν − f̂2Þ → ðf2μν − f2Þ. ð57Þ

On the right side all indices are raised with the Minkowisky
metric ημν. Using (52)–(57) in (50), we obtain at quadratic
order:

S ¼
Z

d3x
�
−
r
2
hμνGðLÞ

μν ðhÞ − s
2
bμνGðLÞ

μν ðbÞ − tbμνGðLÞ
μν ðhÞ

þ kfμνGðLÞ
μν ðbÞ −m2

4
ðf2μν − f2Þ

�
; ð58Þ

where:

r ¼ a −
5

2
c; s ¼ b −

5

2
d; t ¼ cþ d. ð59Þ

Since the EH theory has no content in D ¼ 3 we must have
k ≠ 0 in order to avoid the empty content of the first three
terms of (58). If s ¼ 0 ¼ t the first term decouples from the
bμν field and becomes the quadratic truncation of the EH
term and the last two terms are equivalent to the “K” term
of (37) which is equivalent to the Maxwell theory as shown
in [24] with only one degree of freedom in D ¼ 3. So
henceforth we assume that k ≠ 0 and s or t must be
nonvanishing. If r ¼ 0 we must have t ¼ 0 otherwise the
hμν equation of motion leads to bμν pure gauge and we
would have no content again. Moreover if r ¼ 0 ¼ t we
must have s < 0 in order that the EH term for the b-field
has the “wrong sign,” typical of the NMG model [22],
which guarantees a physical massive spin-2 particle. If
r ≠ 0 we can diagonalize the first three terms and write

S ¼
Z

d3x

�
−
r
2
HμνGðLÞ

μν ðHÞ þ 1

2

�
t2

r
− s

�
bμνGðLÞ

μν ðbÞ

þ kfμνGðLÞ
μν ðbÞ −m2

4
ðf2μν − f2Þ

�
ð60Þ

where Hμν ≡ hμν þ t
r bμν. Since the first term (linearized

Einstein-Hilbert) has no particle content, we may keep only
the remaining ones which have the form of a second order
formulation of the NMG model, namely,

S ¼
Z

d3x

�
þ 1

2

�
t2

r
− s

�
bμνGðLÞ

μν ðbÞ

þ kfμνGðLÞ
μν ðbÞ −m2

4
ðf2μν − f2Þ

�
: ð61Þ

The particle content of (61) corresponds to a physical
massive spin-2 particle with two helicity states �2 when-
ever the EH coefficient has the “wrong sign” and k ≠ 0,�

t2

r
− s

�
> 0; k ≠ 0. ð62Þ

Comparing with (50) we identify the linearized mBR
model (49) corresponds to a ¼ 7=2; c ¼ 1; b ¼ d ¼ 0; and
k ¼ 1 which implies ðr; s; tÞ ¼ ð1; 0; 1Þ.
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Now in order to go beyond the linearized approximation
we investigate now the decoupling limit of (50) at leading
order. Namely, following [23] we will take the following
double limit while keeping the scale Λ5=2 fixed,

m → 0; MP → ∞; Λ5=2 ≡ ð
ffiffiffiffiffiffiffi
MP

p
m2Þ2=5: ð63Þ

Regarding the notation, we use e∇μ for the covariant
derivative with respect to the metric γμν while ∇μ corre-
sponds to the metric gμν. Similarly to [23], we first notice

that the term
ffiffiffiffiffiffi−γp

f̂μνGμνðγÞ is invariant under δf̂μν ¼e∇μζν þ e∇νζμ which is broken by the mass term for the
auxiliary fields f̂μν. In order to restore the symmetry we
substitute in (50):

f̂μν →
fμνffiffiffiffiffiffiffi
MP

p þ
e∇μAν þ e∇νAμffiffiffiffiffiffiffi

MP
p

m
þ 2

e∇μ
e∇νφffiffiffiffiffiffiffi

MP
p

m2
: ð64Þ

Up to total derivatives we obtain:

Sg−γ ¼
Z

d3x

�
aMP

ffiffiffiffiffiffi
−g

p
RðgÞ þ bMP

ffiffiffiffiffiffi
−γ

p
RðγÞ þ cMP

ffiffiffiffiffiffi
−g

p
γμνGμνðgÞ

þ dMP
ffiffiffiffiffiffi
−γ

p
gμνGμνðγÞ þ k

ffiffiffiffiffiffiffi
MP

p ffiffiffiffiffiffi
−γ

p
fμνGμνðγÞ −

m2

4

ffiffiffiffiffiffi
−γ

p ðf̂2μν − f̂2Þ

−m
ffiffiffiffiffiffi
−γ

p
fμνðe∇μAν − γμνe∇αAαÞ − ffiffiffiffiffiffi

−γ
p

fμνðe∇μ
e∇νφ − γμνe∇2φÞ

−
1

2

ffiffiffiffiffiffi
−γ

p �e∇μAν
e∇μAν − e∇μAμe∇νAν



þ 1

2

ffiffiffiffiffiffi
−γ

p
RμνðγÞAμAν

þ 2

ffiffiffiffiffiffi−γp
m

RμνðγÞAμe∇νφþ
ffiffiffiffiffiffi−γp
m2

RμνðγÞe∇μφe∇νφ

�
; ð65Þ

where we have used ½e∇μ; e∇ν�Vμ ¼ RμνðγÞVμ with Vμ ¼ Aμ and e∇μφ.
Using (51) and taking the decoupling limit we have:

S0g−γ ¼
Z

d3x

�
−
r
2
hμνGðLÞ

μν ðhÞ − s
2
bμνGðLÞ

μν ðbÞ − tbμνGðLÞ
μν ðhÞ − 1

4
F2
μνðAÞ

þ kfμνGðLÞ
μν ðbÞ − fμνð∂μ∂νφ − ημν□φÞ þ 1

Λ5=2
5=2

RðLÞ
μν ðbÞ∂μφ∂νφ

�
: ð66Þ

Integrating over fμν which appears linearly we obtain

kGðLÞ
μν ðbÞ ¼ ∂μ∂νφ − ημν□φ ð67Þ

whose general solution is:

bμν ¼ −
2

k
ημνφþ ∂μζν þ ∂νζμ. ð68Þ

Back in (66),

S0g−γ ¼
Z

d3x

�
−
r
2
hμνGðLÞ

μν ðhÞ − 2s
k2

φ□φ

−
t
k
hμνð∂μ∂νφ − ημν□φÞ − 1

4
F2
μνðAÞ

þ 1

kΛ5=2
5=2

�
□φ∂μφ∂

μφþ ∂μ∂νφ∂
μφ∂νφ


�
: ð69Þ

After a conformal field redefinition:

hμν → hμν þ
2t
kr

ημνφ: ð70Þ

We have a diagonal action:

S0g−γ ¼
Z

d3x

�
−
r
2
hμνGðLÞ

μν ðhÞ − 1

4
F2
μνðAÞ

þ 2

k2

�
t2

r
− s

�
φ□φþ 1

2kΛ5=2
5=2

□φ∂μφ∂
μφ

�
: ð71Þ

So, as in [23], we have a smooth massless limit where the
scalar field has Galileon self-interaction and quadratic
kinetic term with the correct sign in agreement with (62).
The EH term has no content while the Maxwell theory has
one degree of freedom. So the decoupling limit of the
bimetric model at leading order is free of ghosts as far
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as (62) holds true. Clearly, a complete nonlinear analysis
including a detailed study of the Hamiltonian structure of
the model (50), as the one carried out in [7] for the Hassan
and Rosen 4D bimetric model, is required for a full
consistency proof.
In a more general setting we can add cosmological terms

to (50) like Λg
ffiffiffiffiffiffi−gp þ Λγ

ffiffiffiffiffiffi−γp
and look for AdS solutions.

It is possible to show that there is always a region in the
parameters space of the model for which AdS solutions
with proportional metrics gμν ∝ γμν do exist.

B. Searching for a single metric mBR model

Now we come back to the linearized D ¼ 3 mBR model
in (49) and consider the B̃μν field as an extra field appearing
linearly in the action instead of a second metric fluctuation
in order to prepare the ground for D > 3. The only metric
now is gμν ¼ ημν þ hμν. We arrive at the natural nonlinear
generalization:

SD¼3
NLBR ¼ MP

Z
d3x

ffiffiffiffiffiffi
−g

p �
RðgÞ − B̃μνGμνðgÞ

þ B̃μνGμνðf̂Þ −
m2

4
ðf̂2μν − f̂2Þ

�
ð72Þ

where

Gμνðf̂Þ≡ 1

2

�
−∇2f̂μν þ

1

2
∇μ∇αf̂αν þ

1

2
∇α∇μf̂αν

þ 1

2
∇ν∇αf̂αμ þ

1

2
∇α∇νf̂αμ

−∇μ∇νf̂ þ gμν∇2f̂ − gμν∇α∇βf̂
αβ

�
. ð73Þ

The symbol ∇μ stands for the usual covariant derivative
with respect to gμν and we use the notation ∇2 ¼ ∇μ∇μ.
The Einstein-like tensor Gμν satisfies:

B̃μνGμνðf̂Þ ¼ f̂μνGμνðB̃Þ þ total derivative: ð74Þ

The equations of motion δSD¼3
NLBR ¼ 0 are satisfied by the

flat space solution: gμν ¼ ημν; f̂μν ¼ B̃μν ¼ 0. Expanding
about it, using

gμν¼ημνþ
hμνffiffiffiffiffiffiffi
MP

p ; f̃μν¼
fμνffiffiffiffiffiffiffi
Mp

p ; B̃μν¼
bμνffiffiffiffiffiffiffi
MP

p ð75Þ

we recover the linearized D ¼ 3 mBR model (49) at
MP → ∞. Now if we go beyond the linearized approxi-
mation and try to examine the decoupling limit as we
have done in the bimetric model of the previous section
there will be an important difference. First, notice the
expansion

GμνðB̃Þ ¼ GðLÞ
μν ðbÞ þ Gð2Þ

μν ðb; hÞ þ Gð3Þ
μν ðb; h2Þ þ… ð76Þ

where GðnÞ
μν ðbÞ is of order n in the fields. The tensor GðLÞ

μν ðbÞ
coincides with the linearized Einstein tensor for the field

bμν, i.e., GðLÞ
μν ðbÞ ¼ GðLÞ

μν ðbÞ. Thus, ∂
μGðLÞ

μν ðbÞ ¼ 0, but

∂
μGð2Þ

μν ðb; hÞ ≠ 0. If we substitute the Stueckelberg covar-
iant decomposition (64) in (72), after taking m → 0 and
MP → ∞ while keeping Λ5=2 ¼ ð ffiffiffiffiffiffiffi

MP
p

m2Þ2=5 fixed, we
obtain the following term at cubic order in the fields

∂
μ
∂
νφGð2Þ

μν ðb; hÞ
Λ5=2
5=2

ð77Þ

which comes from
ffiffiffiffiffiffi−gp

f̂μνGμνðB̃Þ. The term (77) has more
than two time derivatives and apparently introduces new
degrees of freedom in the theory which will probably cause
instabilities. The root of the problem is the noninvariance of
the integral of

ffiffiffiffiffiffi−gp
f̂μνGμνðB̃Þ under δf̂μν ¼ ∇μχν þ∇νχμ

due to ∇μGμνðB̃Þ ≠ 0. Basically, the same problem appears
in the general D-dimensional case for which we turn now.
A natural nonlinear completion of (10) is given by

SDBR ¼ 1

κ2

Z
dDx

ffiffiffiffiffiffi
−g

p �
RðgÞ − 1

2
B̂μναβRμναβðgÞ

þ 1

2
B̂μναβRμναβðf̂Þ −

m2

4
ðf̂μνf̂μν − f̂2Þ

�
ð78Þ

where

Rμναβðf̂Þ¼
1

4

�
∇ν∇αf̂μβ−∇ν∇βf̂μα−∇μ∇αf̂νβþ∇μ∇βf̂να



þ1

4

�
∇β∇μf̂αν−∇β∇νf̂μα

−∇α∇μf̂νβþ∇α∇νf̂μβ


: ð79Þ

Notice that

ffiffiffiffiffiffi
−g

p
B̂μναβRμναβðf̂Þ ¼ −2

ffiffiffiffiffiffi
−g

p
f̂μνSμνðB̂Þ þ total derivative

ð80Þ

where we have introduced the symmetric field:

SμνðB̂Þ≡ 1

2

�
∇α∇βB̂αμβν þ∇α∇βB̂ανβμ



. ð81Þ

InD ¼ 3 the role of the symmetric tensorSμνðB̂Þ is played
byGμνðB̃Þ. As in theD ¼ 3 case, the symmetric tensor is not
conserved in general∇μSμν ≠ 0. Consequently, new degrees
of freedomshowupwhichmay destroy stability. In particular,
if we apply ∇μ on the equation of motion of f̂μν coming
from (78): m2ðf̂μν−gμνf̂Þ¼−2SμνðB̂Þ, because of the
higher time derivatives on the right side we lose the curved
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space version of the flat space vector constraint ∂μfμν −
∂νf ¼ 0which is essential for a correct counting of degrees of
freedom.The sameproblemcan be seen fromadifferent point
of view, if we Gaussian integrate over f̂μν in (78) we obtain a
curved space version of theDTSmodel (12), equivalent to the
Maxwell one on the flat space [14], namely,

LDTSðB̂Þ ¼
ffiffiffiffiffiffi−gp
m2

�
SμνðB̂ÞSμνðB̂Þ − S2ðB̂Þ

D − 1

�
ð82Þ

withS ¼ gμνSμν. The reader can check that part of the curved
space version of the local symmetries (13) are lost. Indeed, on
the flat space the restrictions (14) on the tensor gauge
parameter correspond to a symmetric transverse rank-2 tensor
but after replacing ∂μ → ∇μ and symmetrizing, the restriction
is just a symmetric tensor, so we have extraD restrictions on
the curved space which meansD less symmetries. Moreover,
the curved space version of the scalar symmetry: δπB̂μναβ ¼
ðgμβgνα − gμαgνβÞπ is also broken since δπ½SμνSμν −
S2=ðD − 1Þ� ¼ 2Sμν∇μ∇νπ and the integration by parts will
not vanish.So theviability of themodel (78) is relatedwith the
consistency of the DTS model on curved spaces. In [14] a
preliminary study of the curved space extension of gauge
symmetries has been carried out without definite conclusion.
Inspired by the procedure of [25] in the definition of a
nonlocal gravitational model, we recall [26,27] that any
symmetric tensor can be decomposed as Sμν ¼ STμν þ
∇μSν þ∇νSμ where ∇μSTμν ¼ 0. So we might replace
SμνðBÞ → ST

μνðBÞ ¼ SμνðBÞ −∇μSν −∇νSμ in (80) where
the vector field Sμ must satisfy the vector condition∇αSαμ −
∇2Sμ −∇α∇μSα ¼ 0 which can be implemented by a vector
Lagrange multiplier. This is currently under investigation.

IV. CONCLUSIONS

The addition of mass terms usually breaks the gauge
symmetry of massless theories which can be recovered by
means of Stueckelberg fields. One exception to this rule is
the 4D Cremmer-Scherck model [11] which describes
massive spin s ¼ 1 particles while preserving the Uð1Þ
symmetry, which can be generalized to the non-Abelian
case [12], without Stueckelberg fields. In Sec. II we have
written the D-dimensional version of [11], the massive BF
model (mBF) model, in terms of some Lorentz non-
covariant gauge invariants. Likewise, we have written
the D-dimensional generalization of the massive spin-2
model of [13], which we call the mBR model, in terms of
the corresponding gauge invariants and argued that the
mBR model is very much, though not exactly, a spin-2
analog of the mBF model. In both models a spin-s massless
theory is coupled to a spin-(s-1) higher rank massless
model by means of a gauge invariant mass term involving a
spin-s curvature. We believe that there should be higher
spin (s > 2) version of those massive models. In the s ¼ 1

case the mass term (BF term) couples the massless theories
without breaking any gauge symmetry while in the s ¼ 2
case the BR term breaks the corresponding Uð1Þ symmetry
of the higher rank spin-1 massless theory.
The mBR model is a consistent description of massive

free spin-2 particles. The D ¼ 3 case is rather special
because the rank-4 Riemann-like tensor Bμναβ is equivalent
to a symmetric rank-2 tensor via (34) which may be
interpreted as a second metric fluctuation about flat space
which has inspired us to suggest a new class of bimetric
models, see (50). Following [23] we have gone beyond the
linearized truncation and checked that the model is ghost
free at leading order in the decoupling limit if the
conditions (62) are satisfied. We can also add cosmological
terms with independent cosmological constants for both
metrics which leads to a rather general room to investigate
the discrepancy between bulk and boundary unitarity of
D ¼ 3 gravity in the context of AdS3=CFT2 duality [24] in
a purely metric formalism, differently from [28–30]. Now
we are investigating a certain region in the parameters space
of the model where we have found AdS solutions with
proportional metrics gμν ∝ γμν (in progress). In a future
work we wish to study the stability of those solutions.
If, on the other hand, we stick to a single metric

interpretation of a possible nonlinear completion of the
D ¼ 3 mBR model, see (72), it turns out that the decou-
pling limit reveals the appearance of extra ghostlike degrees
of freedom, see (77). Basically the same problem goes
thorough the D ≥ 4 cases. We have shown that the
consistency of the nonlinear model (78) is tightly connected
with the consistency of the higher rank massless spin-1
model of [14] on curved backgrounds. The key point is the
nonconservation of the symmetric tensor (81) on arbitrary
backgrounds. We are currently investigating the replace-
ment of SμνðBÞ by a transverse version ST

μνðBÞ as explained
at the end of last section along the lines of [25].
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APPENDIX

1. Deser-Townsend-Siegel (DTS) model inD dimensions

The D-dimensional generalization of the D ¼ 4 DTS
model [14] has been suggested in [16],

LDTS ¼ ð∂μ∂νBμανβÞ2 − 1

ðD − 1Þ ð∂α∂βB
αβÞ2 ðA1Þ

where Bαβ ¼ ημνBμανβ.
The DTS model is invariant under the transformations

(13) with the restrictions (14). The number of gauge
invariants built up from the field Bμανβ and its derivatives
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via (13) is the number of independent components of Bμανβ

minus the number of independent gauge parameters
ðΛμανβ; πÞ. Since Λμανβ has the same index properties of
Bμανβ, the number of gauge invariants (NI) is the number of
restrictions (14) minus 1 (due to π). The restrictions (14)
correspond to a symmetric transverse tensor, thus we have
NI ¼ DðD − 1Þ=2 − 1 ¼ ðDþ 1ÞðD − 2Þ=2. In order to
derive those invariants we start with the general

decomposition (29) and decompose the gauge parameter
in a similar way. After requiring (14) we obtain

Λ½0i�½0j� ¼ ΦT
ij þ ∂iλ

T
j þ ∂jλ

T
i ðA2Þ

Λ½0i�½jk� ¼ ΨpT
i½jk� þ ∂jΘ

pT
ik − ∂kΘ

pT
ij ðA3Þ

Λ½ij�½kl� ¼ΛT
½ij�½kl� þ

�
∂iΩT

j½kl� þ∂kΩT
l½ij�−

∂i

∇4

�
∂kΦ̈T

jl−∂lΦ̈T
jk

�þ ∂i

∇2

�
∂k

	
Θ̇pT

jl þ Θ̇pT
lj

�
−∂l

	
Θ̇pT

jk þ Θ̇pT
kj

���þði↔ j;k↔ lÞ ðA4Þ

with the constraint

λ̇Ti ¼ ∂jΘ
pT
ji . ðA5Þ

From (13) we have δB½0i�½0j� ¼Λ½0i�½0j�−δijπwhich leads to

π ¼ −δ½2∇2ρ� ðA6Þ

λTi ¼ δbTi ðA7Þ

ΦT
ij ¼ δ½BT

ij − 2ð∂i∂j − δij∇2Þρ� ðA8Þ

while from δB½0i�½jk� ¼ Λ½0i�½jk� we have

ΘpT
ij ¼ δCpT

ij ðA9Þ

ΨpT
i½jk� ¼ δBpT

i½jk�: ðA10Þ

Applying ∂i in (A9) and using the constraint (A5) we find:
λ̇Tj ¼ δ½∂iCpT

ij �. Combining this result with (A7), we obtain
δVT

j ¼ 0 where

VT
j ¼ ḃTk − ∂jC

pT
jk . ðA11Þ

On the other hand, applying ∂j∂l on δB½ij�½kl� ¼ Λ½ij�½kl� þ
ðδikδjl − δilδjkÞπ we have

Φ̈T
ikþθij∇2Θ̇pT

jk þθkjΘ̇
pT
ji þθik∇2Þπ¼−δ½∇4WT

ik�. ðA12Þ

Substituting (A6), (A8), and (A10) in (A12) we obtain
δWT

ij ¼ 0 where

WT
ij ¼ ∇4WT

ij þ B̈T
ij þ θik∇2ĊpT

kj þ θjk∇2ĊpT
ki − 2θij∇2

□ρ

.ðA13Þ

The invariant (A11) has D − 2 components while in
(A13) we have ðD − 1ÞðD − 2Þ=2, they add up to a total of
ðDþ 1ÞðD − 2Þ=2 gauge invariants as expected. After
introducing the traceless and transverse tensor invariant
WTT

ij ¼ WT
ij − θijW=ðD − 2Þ where W ¼ δijWT

ij, the DTS
Lagrangian density in D dimensions can be written in a
canonically simple way:

LDTS ¼
1

4
ðWTT

ij Þ2 þ
W2

4ðD − 1ÞðD − 2Þ þ
1

2
VT
j ð−∇2Þ□VT

j

.ðA14Þ

Sowe haveD − 2 propagating massless degrees of freedom
ðVT

j Þ as expected for a massless spin-1 particle and ðD − 1Þ
ðD − 2Þ=2 nonpropagating modes represented by WT

ij.
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