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We study Unruh phenomena for a qudit detector coupled to a quantized scalar field, comparing its
response to that of a standard qubit-based Unruh-DeWitt detector. We show that there are limitations to the
utility of the detailed balance condition as an indicator for Unruh thermality of higher-dimensional qudit
detector models. This can be traced to the fact that a qudit has multiple possible transition channels between
its energy levels, in contrast to the 2-level qubit model. We illustrate these limitations using two types of
qutrit detector models based on the spin-1 representations of SU(2) and the non-Hermitian generalization
of the Pauli observables (the Heisenberg-Weyl operators).
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I. INTRODUCTION

The Unruh effect is one of the most remarkable pre-
dictions in quantum field theory: it says that accelerating
observers do not perceive the Minkowski vacuum state as
empty but rather as a thermal bath with temperature
proportional to the proper acceleration of the observer
[1]. It can be equivalently stated as the fact that the bifurcate
Killing horizon of Rindler observers with proper accel-
eration a can be assigned a temperature—the Unruh
temperature T = a/(2x). At the level of quantum field
theory, the Unruh effect is the statement that the pullback of
the Wightman two-point functions with respect to the
Minkowski vacuum state along a constant-acceleration
trajectory is stationary and (anti-)periodic in the imaginary
time direction, with period equal to the inverse Unruh
temperature 8 = T;'—this is an example of the Kubo-
Martin-Schwinger (KMS) condition. It has been argued
that the effect persists even for interacting theories [2].

From the perspective of relativistic quantum information
(RQI), the Unruh effect can be viewed as the statement that
a uniformly accelerating two-level system (“qubit”) inter-
acting with a quantum field initialized in the Minkowski
vacuum state thermalizes to a Gibbs state with temperature
equal to the Unruh temperature. These results rely on
the fact that the problem can be formulated “quantum-
optically” using the so-called Unruh-DeWitt (UDW)
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particle detector model [3—8]. Sometimes this is understood
as the detailed balance condition [9], which says that the
excitation-to-deexcitation ratio (EDR) of the detector is
equal to exp(—pQ), where Q is the energy gap of the
detector. The detailed balance condition exploits the KMS
condition and under some mild technical assumptions is a
necessary and sufficient condition of thermalization for
initial states that have no coherence in the Hamiltonian
eigenbasis of its free Hamiltonian. Consequently, the
detailed balance condition is often taken as a diagnostic
for thermalization (see also [10,11] for some generalization
on this front).

In this paper, we are interested in a more thorough study
of the Unruh effect using a generalization of the UDW
detector model where the detector is a three-level system
(“qutrit”) or higher. There are at least three reasons why this
generalization merits investigation:

(a) In many situations, qubits exhibit certain coincidences
that the higher-dimensional qudits or harmonic oscil-
lators [12,13] do not share. For example, in a model
where a qubit interacts with a bosonic environment (as
is the case for Unruh phenomena), at leading order in
perturbation theory all qubit states that are diagonal in
the energy eigenbasis cannot generate coherence. This
will not be the case for higher-dimensional qudits,
which in turn has implications on how we deal with the
ultraviolet (UV) behavior of the environment.

(b) More importantly, unlike qubits, which are essentially
uniquely defined through their free Hamiltonian

H~Qih-c [for some energy gap Q, 7 a unit vector
and 6 = (6,,6,.6,)], there are multiple inequivalent

definitions of a d-level quantum system depending on
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the allowed transitions. For example, the spin-1
representation of an SU(2) qutrit does not have the
same internal dynamics as the qutrit constructed
as a defining representation of SU(3), or using the
Heisenberg-Weyl operators.

(c) Qudit detector models have not been investigated
much in the RQI context, with some rare exceptions
(such as [14]). Most studies consider two extremes,
employing either qubit detector models or harmonic
oscillator detectors. A more complete understanding
of the various possibilities would allow for extending
known relativistic quantum information protocols to
higher-dimensional detectors.

We are particularly interested in the definition, meaning,
and mechanism of thermalization for qutrits. If the Unruh
effect is to be taken operationally as a generic thermalization
of a quantum-mechanical system moving along a uniformly
accelerated trajectory, it is necessary that we understand the
circumstances under which thermalization of an accelerated
detector occurs for generic detector models. Note that this
generalization is distinct from the one studied in [10], where
the dynamics of the generalized detector model were
restricted to a two-dimensional subspace.

Here we analyze the role of the detailed balance
condition as a diagnostic/indicator for thermalization due
to the Unruh effect. We show that there are strong
limitations placed on the value of the detailed balance
condition when we allow for higher-dimensional detector
models. This can be traced to the fact that there are many
possible types of three-level systems with different kinds of
allowed transitions and degeneracies, while there is only
essentially one type of qubit detector. We map out these
limitations by constructing two types of qudit detector
model, based on the spin-j representations of SU(2) and
the non-Hermitian generalization of the Pauli observables
of the qubit detector (the Heisenberg-Weyl operators
[15,16]). We provide some connections to the detailed
balance property associated with the Fourier transform of
the Wightman functions.

Our paper is organized as follows. In Sec. II we establish
the general setup for the physical situation we will analyze. In
Sec. III we study the SU(2) qutrit detector and infer some
properties of a higher dimensional SU(2) qudit. In Sec. IV,
we analyze the Heisenberg-Weyl qutrit detector model. In
Sec. V we discuss the general results and provide some future
directions. In Appendix A we include technical details of our
calculations and in Appendix B we present the more general
expression for our calculation in Sec. III A. We use natural
units ¢ = 7 = 1 and the mostly-plus signature for the metric
and we write X to denote spacetime events.

II. GENERAL SETUP

In this section we give the general construction for the
detector-field interaction needed to study Unruh phenom-
ena. We will then specialize to some natural choice of
detector-field coupling.

A. Scalar field theory in Minkowski spacetime

Let M be an (n + 1)-dimensional Minkowski spacetime
and consider a real scalar field ¢ obeying the Klein-Gordon
equation

(0,0" — m2)p = 0. (1)

Quantization gives rise to the scalar field operator ¢(x) that
defines an operator-valued distribution: it can be expressed
as a mode decomposition

B(x) = / d"kfagin (x) + aju (). @)

where {u;(X)} are the positive-frequency modes, and the
ladder operators satisfy the canonical commutation relation
[ay, &L] = §"(k — k). For the Unruh effect, we are inter-
ested in the quantization with respect to the global inertial
frame associated with Minkowski coordinates X = (¢,x).
The corresponding ground state from this quantization is
the Minkowski vacuum |0y) associated with the plane-
wave mode

1 . .
(X)) = e—l(uerrIk-x’ 3
k(X) oo (3)

such that a;|0y) =0 for all k, wy = \/|k|> + m?. The
modes are normalized with respect to the Klein-Gordon
inner product

(f. Do =1 / Ex(fog —gaf). @)
%
so that

(s up ) = 0"k —k'),  (ug, up)gg = —6"(k—K'),
(”kv ”;;/)KG =0. (5)

We will be interested in two states: the Minkowski
vacuum state Py, := |0)(0|y; and the thermal state' pp- These
two states are examples of quasifree states—states that are
completely characterized by their Wightman two-point
functions,

A

W(x.X) = (d(X)$(X)), = Tr(p p(x)h(X)).  (6)

'Strictly speaking, in the Hilbert space built from the Minkowski
vacuum, the thermal state cannot be written in terms of the density
matrix pg. Hence the density matrix p; should be understood as
formal expression, but the Wightman two-point functions are
always well defined through the KMS construction—see [17]
for details.
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For the vacuum state, the Wightman two-point function is
given by

ek
WM(X, X/) = /me—lwk(t—l)ﬂk-(x—x)’ (7)

where this is to be understood as a bidistribution. This can
be written as the closed-form expression

n—1

T 1
WM(X’ X/) = hm m 2n+] . n=1
=0 (27)'7 (—(Ar =€) + |Ax[?)'T

X K (m\/—(At —ie)? + |AxP?), (8)

where Ar =1 —1, Ax =x —x’ and K,(z) is the modified
Bessel function of the second kind of order a. For the
thermal state, it can be shown that (see, e.g., [18])

Wﬂ(x, X') = Wy (x,xX') + Wﬁ,reg(x, X',

d"k e—iwk(t—t’)+ik-(x—x’) +c.c.
W oo (X, X)) == , 9
g (%, X) / 2(27)ay ePor — 1 ®)

where f#=Ty! is the inverse Unruh temperature. The
splitting of W, into the singular (distributional) vacuum
piece Wy and the regular thermal piece Wy, follows
directly from the fact that all physically reasonable states
are Hadamard states [19,20]. This observation will be of
importance in our subsequent analysis.

B. Detector-field coupling for a pointlike
accelerating detector in vacuum
Consider a pointlike qudit detector moving along an
accelerated trajectory X(z) = (#(r), x(r),x, (7)) parame-
trized by proper time z, with

1 1
t(r) = —sinhar, x(r) = —coshar, (10)
a a

and x| (7) = 0. The parameter « is the proper acceleration
along the trajectory. For studying the Unruh phenomenon,
we prescribe the following interaction Hamiltonian (in the
interaction picture):

A

H(7) = 22(2)0(7) ® p(x(v)). (11)

where O is a Hermitian observable of the detector. The
time-dependent operator O() is obtained from free evo-
lution via the free Hamiltonian of the system §:

O(7) = e O, (12)

The usual UDW detector model [1,21] corresponds to a
qubit detector with

0 =6"=le) (gl +lg)el. (13)

where |g), |e) are the eigenstates of the free Hamiltonian
with energy 0, €, respectively.

Since we are considering qudit detector models, the
natural form of the interaction Hamiltonian is given by
(11), with different detector models corresponding to
different specifications of f) and O. The unitary time
evolution for a generic interaction (11) is given by

0 =T exp [—i /_: dfﬁ,(f)]. (14)

If the joint detector-field state is initially prepared in the
uncorrelated state p_o, = Pp o ® Py —0» then the final
state of the joint system is given by

Poo = U,a—oofj-r' (15)

Perturbatively, up to second order in 1, we have

U=1+0Y+0% 40, (16a)
o = —i/°° de 1, (7), (16b)

0o = _ / ®dr / L AWH (R, (160)

where UV) are corrections of order A/.

The final state of the detector can be obtained by tracing
out the field’s degrees of freedom. However, since the
quasifree states have vanishing odd-point functions, the
leading-order perturbative corrections occur at A*> and
corrections with odd powers of 4 are absent. Hence we write

Poco = Poos + PP + O(4), (17)

where p) =37, , pk) includes all the perturbative
corrections of order A2, with each p*!) defined to be
(traceless) perturbative corrections to the density matrix of
the detector of order A**/:

P =ty (0Wpy, _UT). (18)

The perturbative correction to the detector’s density matrix
depends on the pullback of the Wightman two-point
function along the trajectory X(z), denoted W(z,7') =
W(x(z),x(z")). For an accelerating detector with constant
proper acceleration a, we have [22]

L\
o (B) Retnz. (19)
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where

to=2(t—) = Dsinh <g (r—7 - ie>>. (20)

a

For a massless scalar field (m = 0) the dispersion relation

wy = +/|k|* + m? reduces to w; = |k|, and the Wightman
two-point function simplifies to

g (21)

where I'(z) is the Gamma function. For simplicity we will
henceforth specialize to the massless scalar field in (3 + 1)-
dimensional Minkowski spacetime that is commonly stud-
ied in the literature. Since the Wightman function is
stationary, i.e., W,(z,7") = W,(z = 7), we can write

a? 1

Wa(u) = - 167% sinh?(§ (u — ie))’

(22)

where u =7 — 7.

C. Thermalization of particle detectors

The Unruh phenomenon can also be viewed as follows:
the pullback of the vacuum Wightman two-point function
along the accelerated trajectory (22) is equal to the pullback
of the thermal Wightman two-point function associated
with an inertial trajectory X(z) = (z,0), which reads

1 1
Wi (u) = _Tﬂzm (23)

Therefore an accelerated observer experiences thermal
excitation even in the (Minkowski) vacuum environment,
with Unruh temperature given by T, ="' = a/(2n).
How do we make precise such a statement in an operational
manner?

In general, to say that a qudit detector thermalizes to the
Unruh temperature means that the final state of the detector
approaches a steady state that is a Gibbs state, i.e.,

e_ﬂf)

limpp o = —, 24
T_)oopD,oo tro—P ( )
where | is the free Hamiltonian of the detector” and T is the
effective duration of interaction. However, to prove that this
steady state is achieved is tricky for several reasons.

First of all, thermalization of the detector should be
independent of its initial state. Consider for instance a qubit

detector model interacting with a thermal environment: in

This should also mean, implicitly, that we are in the weak
coupling regime [23].

the limit of switching for adiabatically long times® T — oo,
the EDR satisfies the detailed balance condition

Pr(Q)
oo Pr(-Q)

e (25)

but this is not sufficient unless one proves that the off-
diagonal terms in the energy eigenbasis vanish at long
interaction times. That said, the detailed balance condition
is often taken as an indicator of thermalization [8,9];
alternatively, one can typically show using, e.g., master
equations in open system dynamics, that at late times the
detectors do have vanishing coherences under some con-
ditions [5-7]. Clearly, the Gibbs state obeys the detailed
balance condition but extended to all energy levels:

M = ¢ PEE), E; > E,. (26)

Pr(E j e El) /
Thus we expect that if the qudit detector thermalizes,
then at the very least Eq. (26) should hold for sufficiently
long interaction times and all coherences should decay
appropriately.

In the next section we will study how the Unruh
phenomenon is captured in the qudit generalization of
the UDW detector model and study the value of the detailed
balance condition in these models.

III. UNRUH EFFECT FOR SU(2) QUDIT
DETECTOR MODELS

The interaction for the SU(2)-qudit detector is obtained
by replacing the monopole operator for the spin-1/2 qubit
&, with the generic angular momentum operator J, for
spin-j qudit representation of SU(2) with d = 2j + 1. For
the accelerated pointlike qudit model, we can write the
interaction Hamiltonian density as

A

Hi(7) = i (1)](2) ® P(x(x)), (27)

where X(7) is given by (10). The free Hamiltonian of the
detector can be taken to be

h=Q(J, +j1), (28)

where j is the orbital angular momentum number. The energy
eigenstates are therefore naturally expressed in terms of the
Dicke basis {|j,m):m=—j,—j+1,....j—1,j}, with
energy spectrum {0,Q,..., (2 —1)Q,2jQ}. As before,
the identity operator is just a global shift to set the ground
state energy equal to zero. The final state of the qudit detector
is computed according to Eq. (17).

The Gaussian switching guarantees this limit to be adiabatic; in
the usual approach where sharp switching is used, it is necessary
that the coupling strength is “weakened” at long times [9,24].
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A. SU(2) qutrit detectors

For concreteness, in what follows we focus on a spin-1
qutrit (j = 1); we will discuss the generalization later. We
will use the shorthand |m) = |j = 1, m). In the usual Dicke
basis ordered as {|1),]0),| — 1)}, we have

oo 10 0
Jo=—=|1 0 1|, J.=[00 0 29
7 . (29)
01 0 00 -1
|
be—Qt=1)
12
ﬁmzz/“m%WMW@ﬁ 0
be—iQ(t+t’)
/12
pC = 2 [ ddr®(r — )y (0 ()W (. 1)
p(o,z) _ p(z,O)%.

By defining the following integrals:
T / dr dr'y (D) (1) =AW (1, 1),
Ly = AQ/dtdt;(() (1)eHU=IW(2, 1),

Q:= Az/dtdt’(a(t—t’);((t);((t’)ei‘Q(f+">W(t, ),

R, = A2 / drdrO(t — )y (t)y(¢)e ="IW(z, 7)), (32)
the final state takes the form of an X-state
a+p) 0 P
Do = 0 b+ 0 +0(2%),  (33)
Py 0 c+ply

where

1 0
T = P2l <4— + v2ﬂaT/
v _

o fm(l_ T
2 4z 4ze(e* + T?)

Suppose the detector is initially in a diagonal state
, a+b+c=1.

(30)

Our task is to calculate the leading-order perturbative
corrections pU%) for j+ k = 2. We have

0 beiQ(t+t’)
aeiQ(z—t’) + Ce—iQ(t—t’) 0 , (313)
0 el
aeiQ(r—t’) 0 ceiQ(r+t’)
0 b(eiQ(t—t’) 4 e—iQ(t—t’)) 0 , (31]3)
ae—iQ(H—t’) 0 Ce—ig(z—t’)
(31c)
@ _1
Pt =5 (bL_—aLy),
1
P =5 (@l +cLo=b(L+L.)).
1
Pg23) ) (DL, —cL),
1
Py =5 (bT - aQ" - cQ). (34)

Observe that unlike the qubit detector model, starting from
an initially diagonal state generically produces nonzero
coherence.

At this stage, if we were to interpret the detailed balance
condition as taking place in the adiabatic longtime limit

T — oo, we would also need to show that p%) — 0 in the
longtime limit. By direct computation via the Sokhotsky

formula, we have (see Appendix A)

2 ytapy (1 — u?esch?u)
due 2u?/( T)z W 5 (3521)
0 1— 2 h2
+ V2rzaT / du o2 /(e (L= 1oschu)y (35b)
0 167u
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where € > 0 is a fixed UV cutoff. From these expressions it
can be shown for fixed €, Q > 0 that

limZ = 1limQ =20 (36)
T—o T—o

for any fixed Q, a > 0. Note that unlike the qubit scenario,
even for an initially diagonal state the time evolution gives
rise to a UV divergence contained in the integral Q for the
pointlike model. For our purposes, we have used a UV
regulator ¢ by smoothing the Dirac delta function by its
Gaussian nascent delta family (cf. Appendix A). However,
the physical prediction is largely independent of the UV
divergences so long as we are in the sufficiently late time
regime—that is, for fixed Q, ¢ such that Q7 > 1 and
aT Z 1. Therefore, the coherence term does not obstruct us
from relying on the detailed balance condition for probing
thermalization.

For the qubit scenario, the EDR is unambiguously
defined since the diagonal entries only have one free
parameter (due to the unit trace condition). However, the
qutrit case is slightly trickier. For the SU(2) qutrit, we have
| —1),|0),|1) as the energy eigenstates, and we might
expect the EDR to have the detailed balance property

The small subtle distinction between the qubit and qutrit
cases has to do with the well-known fact that the EDR is
defined for two different initial conditions. Classically, the
detailed balance condition is defined by comparing two
processes in which one is the reverse of the other: in this
case, we have the deexcitation process as a reverse of the
excitation process [25-27]. Following this strategy, an
analogous construction for qutrits can be done as follows.
For the | — 1) — |0) transition, we set b=c =0, a =1
and for |0) > | —1) weseta=c =0, b =1 and we get

. Pr(E_; - Ey)
lim ——
T-oPr(Ey - E_;)

which agrees with the qubit scenario since £ are precisely
the transition probabilities for the qubit detector with
energy gap Q. Similarly, for the |0) — |1) transition, we
seta=c=0,b=1andfor 1) - |0) weseta=b =0,
¢ =1 obtaining

im Pr(Eo > E1) = lim = =9, (39)
T—oo Pr(El - Eo) T—oo L

This again agrees with the qubit scenario.
The last case, associated with the transition | — 1) <> |1),
is subtle: for the | — 1) — |1) transition, we need to set

b=c=0,a=1landfor|l) - |—1)weneeda=b =0,
¢ = 1. However, for this qutrit model, at leading order in
perturbation theory we have

Pr(E_, — E;), Pr(E, —» E_;) ~ 0%, (40)

so at the level of this computation the detailed balance
condition between |+ 1) is indeterminate. From the
perspective of the model, this problem arises because the
SU(2) qutrit model does not allow for a “direct” transition
from | — 1) <> |1) with a single application of the monop-
ole operator J ; consequently, the detailed balance can only
hold at the level of the detector dynamics for the “nearest-
neighbor” energy level allowed by the monopole operator.
This is to be contrasted with the generalized qubit model in
[10], where the monopole operator allows for any (fixed)
two-level subspace of a qudit detector.

It is reasonable, in light of the above results, to posit that
the detailed balance condition makes sense in some
restricted way by excluding the | — 1) <> |1) transitions,
i.e., the detailed balance condition is still valid in the “qubit
subspace” where the direct transition via J, is allowed at
leading order in perturbation theory. However, as we will
show next, once the initial state contains nonvanishing
coherence, on its own the detailed balance condition is not a
useful diagnostic for thermalization within the standard
Dyson perturbative expansion without further assumptions
or approximations.

When working with an SU(2) quitrit, it is convenient to
decompose the initial density matrix into two distinct
subspaces that we call the X-block and the O-block in
the energy eigenbasis, i.e.,

,b—oo :,5—00,)( +,b—oo.0’

it 0 pi3 0 pin O
ﬁ—oo,X: 0 P22 0 ) ﬁ—oo,O: P21 0 P23 |- (41)
P31 0 pis 0 p32 O

This decomposition is convenient when the field is in a
quasifree state since, due to the vanishing of odd-point
functions of the field, each block will evolve independently
in the sense that if we initialize the state in an X-state (with
zero component in the O-block), then the final state will
remain in the X-block subspace.

Now consider instead the following initial state’:

1
lw) ZE(ID +10)),

“The expression for the second-order corrections for general
initial states are given in Appendix B.
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so that

1

. 1

Po—o = W) (W] = 5| ! (42)
0

O =
o O O

Then, using the integrals (32) the leading-order corrections
that are second order in A are

E__£+
I-L,-R_
7-9

I-L,-R: I-0QF
L. L.-0Q|. (43)
£,-0 c,

1
so) 1
Py

Notice that in the longtime limit, some of the corrections of
the decoherence terms in the final state are not only nonzero
but are also divergent in the limit 7 > oo. To see this,
observe that at fixed Q and a we have

lim £ o A%aT, (44)

al>1

so the (de)excitation probabilities increase linearly with the
duration of interaction 7. Crucially, this means that for
sufficiently long interaction times, the perturbative calcu-
lation breaks down and becomes unreliable essentially due
to the secular growth (the phenomenon where A>aT viewed
as a time-dependent coupling constant is unbounded as
T — o) [7].

More importantly, a moment’s consideration would
inform us that at this level of perturbative computation
we will not be able to have a diagnostic of thermalization
even if the detailed balance condition can be satisfied: by
inspecting the coherence term p, of the full state, we
see that

_I_

N =
=

in the longtime limit 7 — oo (which we argued is divergent
in the naive longtime limit). The problem is threefold:

(i) We do not have an analogous EDR-type statement
for off-diagonal matrix elements. Therefore, the only
clue to thermalization behavior for these compo-
nents is to require them to vanish at late times as
required by the Gibbs state.

(ii) However, since the perturbative correction suffers
from secular growth due to the presence of L
[cf. Eq. (44)], the late-time limit is not reliable at this
stage of the computation.

(iii) From the nature of the perturbative calculation, it is
impossible to reliably make the coherence term
vanish since by construction the corrections are
small. This is analogous to requiring that e™ =
1 —x — 0, which is outside the validity of the
approximations.

From a physical perspective, we expect that the Unruh
effect should properly thermalize the detector to the Unruh
temperature T, = a/(2z). This naive example demon-
strates the difficulty of probing thermalization of even
simple systems armed with only the bare Dyson series
expansion and the detailed balance condition. It is also not
hard to see that the same problem would arise for qubits the
moment the initial state is allowed to have coherence: in
this case, it is not automatic that detailed balance is, on its
own, sufficient for thermalization.

In other investigations of the qubit detector model,
thermalization of an accelerating qubit detector interacting
with a relativistic scalar bath are worked out using open
master equations [5-7,28]. There it can be shown that the
detector thermalizes properly in the sense of approaching
an appropriate Gibbs state, provided additional approxi-
mations and assumptions to avoid the secular growth are
satisfied. Essentially, by restricting our attention to some
“high-temperature” regimes, it is possible to perform late-
time resummations of the second-order corrections [7,28],
which is precisely what the master equations [29,30] are
designed for. The point is that there are additional tech-
niques within perturbation theory that one can use to study
thermalization due to the Unruh effect (or Hawking effect
in the case of black holes).

B. Some features of SU(2) qudit detectors

The decomposition of the SU(2) quantum state into
X- and O-blocks generalizes to higher spin systems with
recognizable patterns. Consider the spin-2 qudit, initialized
in the |0)(0| state with respect to the ordered Dicke basis

{]2),[1),]0),| = 1),| — 2)}. The ensuing perturbed state is
given by
00—\, 0 0 ]
0 3L 0 3T 0
Pl0y(0].c0 = \/§Qi 0 1-3(L,+L£) 0 —\/gg*_
0 37, 0 3L, 0
L 0 0 —\/39_ 0 0 |
+00(24). (46)

Observe that within the second-order perturbative expan-
sion, starting from the middle state |0) (0| only allows us to
perturb the state at most two entries away from the center of
the density matrix (46). The reason is simple—the Dyson
series truncated at second order can only contain at
most two products of the angular momentum operators
J()J(7'); thus it can only map basis elements to at most
|)Y(k| = |j £ &)(k+m|, where £+ m=2 are non-
negative integers. Consequently, the detailed balance argu-
ment will only work well between nearest-neighbor energy
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levels using the same kind of arguments for the qutrit case.
Note that in the above example, the coherences can be
shown to vanish in the longtime regime, so again for a
generic SU(2) qudit detector model initialized in diagonal
states, the detailed balance condition will still be a useful
(partial) indicator for the thermalization due to Unruh effect
as we have shown for the qutrit model.

We stress that thermalization is not a purely nonpertur-
bative effect just because the detailed balance condition
alone does not suffice for diagnosing thermalization in the
standard Dyson series approach. Indeed, the standard
open quantum systems approach involves weak coupling
regimes (see, e.g., [31,32]) that must be amenable to
perturbative techniques. The real problem is that of
extracting reliable late-time predictions from perturbative
calculations. The master equation approach furnishes one
way to do so. Certainly, the general problem of thermal-
ization of (possibly strongly) interacting systems is both
difficult and an active area of research [23,33-37].

Last, but not least, we mention that in the context of the
UDW model, the calculations we have done to diagnose
thermalization are clearly model-dependent. In the qubit
scenario, there is not much freedom in varying the model
since there is only one possible free Hamiltonian that
describes (nondegenerate) two-level systems and the qubit
observables are very restrictive, i.e., there are no selection
rules that forbid some direct transitions between energy
levels. In contrast, once we consider qudit detectors with
Hilbert space dimension of at least three, the story changes:
there are several ways to define a three-level system and it
is possible to design interaction Hamiltonians that forbid
some direct transitions. In the SU(2) model, we have the
situation where the free Hamiltonian is nondegenerate with
equal energy spacing and the direct transition between |£1)
is not allowed. We will see in Sec. IV that indeed some
conclusions can change by allowing for other kinds of
three-level systems.

IV. HEISENBERG-WEYL QUDIT
DETECTOR MODEL AND THE
VALUE OF DETAILED BALANCE

Let us briefly consider a different generalization of the
qudit detector, using a different generalization of 6., &,
known as the clock and shift matrices, defined by

d-1 d-1
X=>"|j+1 modd)(jl. Z=> e*lj)(jl.  (47)
Jj=0 J=0

For simplicity we focus on the qutrit case, where the clock
and shift matrices are given by

0 0 1 1 0 0
X=1[1 0 0. Z=1|0 & 0], @48
010 0 0 &

where we use the {|0), |1), |2) } basis. This generalization is
not Hermitian, so we propose that the Heisenberg-Weyl
(HW) qudit model’ is given by

H(2) = (1) (X(z) + X'(2) ® p(x(2)).  (49)

with free Hamiltonian §=Q(Z+ Z%)/2. The free
Hamiltonian has degenerate ground states:

o 0 2 0 0
~(Z+Zh==10 -1 0 (50)
2 2

0 0 -1

with £, —Ey=0andenergy gap E, — Ey = E, — E; = %Q.

To simplify our work with the Heisenberg-Weyl qudits,
we must introduce two new integrals, in addition to making
some slight modifications to our previous integral notation
as follows:

£y =2 [ arary(op()de W r), (51a)

R, ::Az/dtdt@(t—t’);((t);{(t’)e“/ﬂ“‘f’)W(t,t’), (51b)

Uy= 2 [ dedex(e(e) e W(e. ), (51¢)

Vit [ dratOt- )0t e Wie. o). (s19)

where ¢ is a real number scaling the energy gap Q.
Suppose that the detector is initialized in the diagonal
state

a 0 0
pp=10 b 0f, a+b+c=1. (52)
0 0 ¢

The second-order corrections are given by

0 0 0 Ly 0 Uy
f)g’l):a 0 Ls Ls|+b] 0 0 0
0 [jJr% £+% U+% 0 U,
Ly Uy O
teluy Uy 0 (53)
0 0 0

>This is to be compared with the model studied in [14] which
constructs a different interaction Hamiltonian without using
Hermitian observables for the detector. The model, however,
has an acausal coupling.
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and
2Ly Vi Vy
Al(jz 0) + £(02) _ — V:g 0 0
V:; 0 0
_ N )
0 V% 0
bV Uy+Ly R,
2 2
L0 Ry 0]
0 0 Vo]
Vii* Ry Uo+ L
- 2 2 24

Following the same strategy as the SU(2) qutrit and using
the notation P;_,; = Pr(E; — E;), the EDRs for the HW
qutrit are given by

L L_;

Proo "5 _ e P2 "4 po

Py L Prso Lo

Py_ Zﬁ 1= —p(0)Q (55)
Py U

Observe that for this qutrit detector model, the detailed
balance condition effectively “works.” The reason is quite
straightforward: due to the nature of the shift operator X, all
the energy levels are essentially nearest-neighbors and
therefore, the EDR captures properly all the forward and
reverse processes. For exactly this reason, the HW qudits
with Hilbert space dimension > 4 will not have the detailed
balance condition work for all transitions since the direct
transition |0) — |2) is not allowed: some indeterminacy
will appear analogously to the SU(2) case.

The point of this brief analysis is to emphasize that the
value of the detailed balance condition as an indicator for
thermalization depends on the model, i.e., what we take as
the detector and its free Hamiltonian, as well as the choice
of coupling with the field observable. The latter affects the
allowed transitions at leading order in perturbation theory
and whether the detailed balance condition (26) holds for
all pairwise energy levels depends on both choices. If,
however, our goal of using a detector to probe the field is to
simply extract, say, the Unruh temperature, then in practice
we do not need the detailed balance condition to hold for all
energy levels. Yet, in this case one is left with the question
of whether the qudit coupled to the field truly thermalizes
(even if the matrix elements contain information about the
Unruh temperature).

V. DISCUSSION AND OUTLOOK

In this paper we analyzed the Unruh effect using SU(2)
and the Heisenberg-Weyl qutrit detector models. We also
expanded our analysis to understand some general features
of higher dimensional qudits in both models. We concluded
that the detailed-balance condition, commonly taken as an
indicator for thermalization of qubits, is not satisfied in
general for higher dimensional systems. In fact, we
observed that whenever there is a selection rule in the
internal dynamics of the detector, the final state of the
detector up to second order in perturbation theory will not
be thermal. It will contain coherences that do not vanish in
the longtime limit. We also noticed that the Heisenberg-
Weyl qutrit is a special case for which the detailed-balance
condition is satisfied. Indeed, because in this case there is
no selection rule, i.e., all possible jumps between states are
allowed, it behaves similarly to the qubit case.

All the considerations in this paper suggest that we
should not require the detailed balance condition for the
probe system (detector) to be the litmus test for the Unruh
effect beyond the qubit model, unless one has good control
over longtime regimes. When we couple a qubit detector
model to probe the Unruh effect, what we are really trying
to do is to probe the thermal behavior of the quantum field
as seen by an accelerating observer—that is, we are trying
to extract the properties of the pullback of the Wightman
Sfunction W, (z,7"). However, due to the stationary of the
Wightman function with respect to the proper time z, by
writing u = 7 — 7 we can compute the Fourier transform

Wa(a)) = /du Wa(u)e_i“’”, (56)
and this obeys the relation [7,22]
W, () a
A S/ —ﬁw’ -1 — 57
Wo) < T

which, as a statement about power spectra, can be regarded
as a detailed balance relation that is a consequence of the
KMS condition [22].

What the standard UDW detector model traditionally
was designed to do is to show that with an appropriate
choice of switching functions, coupling and energy gaps,
it is possible to recover (57) in appropriate limits
[3,4,8,9,11,22,38,39]. However, the full characterization
of thermality of the field state is still given by the KMS
conditions [40,41].

In short, our work shows that in general the only reliable
way to probe thermal behavior of the field is to show that
the probe thermalizes to the Gibbs state in appropriate limit,
unless one restricts to only using two-level detectors. This
is because only in the context of qubit detectors (or
restricting to two-level subspaces of a qudit detector) that
the lhs of Eq. (57) can be faithfully mapped to the EDR
of the qubit detector, from which the detailed balance
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condition of the detector is equivalent in appropriate
(adiabatic) limit to the detailed balance coming from the
field-theoretic calculations.

Our work constitutes one of the few investigations in to
higher-dimensional detector models in the context of RQI,
and so several future directions arise naturally from our
analysis. For example, the well-known entanglement har-
vesting protocol [42,43] remains largely unexplored in
higher dimensional system. This is not surprising, since
there is a lack of good measures of entanglement beyond
negativity and concurrence for mixed states of two qudits
(with local dimension >3). We leave these questions for the
future.
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APPENDIX A: INTEGRAL COMPUTATIONS
FOR ACCELERATING DETECTOR

In this appendix we compute the following integrals that
appear in the matrix elements of the detector:

T:= /12/dTdT/)((T)Z(T/)eiiQ(T+T/)Wa(T, ), (Ala)

Ly=1 / drddy (t)x(¢)eHU=IW (7, 7'), (Alb)

Q:=)? / drde'®(z — o)y () (7)) eHHIW, (7, 7),

(Alc)
Ry =212 / drd?O(r — o)y (z)y () e IW, (7, 7),
(Ald)

where the pullback of the Wightman function along the
accelerated trajectory is given by

a? 1

W, (2.7) =—
o(7.7) 1672 sinh? (3 (r— 7 —ie))

=W, (z—7). (A2)

The Wightman function is stationary with respect to the
proper time 7 since it is a function of 7 — 7’. It will be very
useful to formally split the Wightman function into two
pieces, the singular piece that carries the distributional
singularities and the regular piece that is a proper function
(and not a tempered distribution). The way to do this is to
expand around a = 0, so that in fact the singular contri-
bution is given by the pullback of the vacuum Wightman
function along the inertial trajectory:

Wa(7,7) = Wi (7, 7) + Wo e (7. 7),
1 1

_W(r—’r’—ie)z‘

Wy (r. ) = (A3)

In what follows we will also make extensive use of the
following change of variable:

1
u=t=t-"r, v=t+7, drdr’zidudv. (A4)

We will also use Gaussian switching function y(z) = ¢=*/7",
Finally, a very useful tool for us is the Sokhotsky formula:

1 1 (=)
=pv.— =+ izo=1(s),
(s ie)" PV (n—1)! " (s)

(AS)

where p.v. denotes Cauchy principal value and 5" denotes
the nth weak derivative of the Dirac delta distribution. The
general strategies here would also work for variants of the
above integrals when one considers higher-dimensional
qudits [e.g., the ones in Eq. (51)].

1. Computation of 7
Using the change of variable (A4), we have

_1e vru) (v-u\ g,
I—zﬂ /dudv)(( 7 );{( 7 )e W, (u)

=32 [ dudug(u/ V2o VD)W, (1)

—%/12/dv)((v/\/i)eim”/du)((u/\/i)Wa(u)

_ /12\/§Te-iz“2 / Ay (/v 2)W, (1), (A6)

In the second equality we have used the fact that the
switching is Gaussian and observe that the + sign in the
phase does not matter, hence we write Z instead of 7.
Next, using the splitting (A3), we have
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[ e VW, )= [ drtu/ V2 W)
+ [ Qe VDWW, (AT

The second term corresponds to the finite-acceleration term
that comes from the regular piece W, ;, and vanishes in the
limit @ — 0. It turns out that the regular piece does not
admit a closed-form expression but it is straightforward to
calculate numerically due to the nondistributional nature of
the integrand. The first term can be computed exactly via
the Sokhotsky formula.® Together, we get

1 o0 1 —s%csch?
T=p2e3 ——l—\/2ﬂaT/ dse‘zsz/(“nzi( il C28C2 ) )
¥ oo 167=s

(A8)

2. Computation of L

First, it is worth noting that £, corresponds exactly to
the transition probabilities for the qubit detector in the
standard UDW model. In our convention, £_ 1is the
excitation probability from the ground state, while £ is
the deexcitation probability. The calculation proceeds
almost identically to the one for Z except for the phase

L, —%/12/dudv;((u/\/i))((v/\@)eiig“wa(u)
:;Az/dv)((v/\/i)/du)((u/\/i)eiig“wa(u)
:ﬂz\/gT/du;((u/\/i)eiiQ“Wa(u). (A9)

The integral over u can be viewed as the Fourier transform
of y(u//2)W,(u). Using the splitting (A3), we get

2?2 2a? 7 FQT
L.o=— e £4/QTerfc| ——
(e ()

vacuum contribution

N 22aT [  cos(2Qs/a)e 25"/(@T) (sinh2s — s2)
a2 Jo s%sinh’s '

(A10)

The value for £_ is equal to L;;/ 2% calculated in [44]. Note
that only the vacuum contribution is sensitive to the =+ sign
while the regular finite-acceleration piece is symmetric

®We can also evaluate it by rewriting the Wightman function
Wi (z,7') in momentum space, i.e., as a distributional integral

o d%k .
W N —ilk|(s—)
wee)= | 20 K]

under the exchange Q — —Q. The regular part can also be
shown to vanish as a — 0.

3. Computation of Q
Using the change of variable (A4), we have

Q= ;ﬂz/du dv@(u);((u/\/i))((v/\/i)eiinWa(”)

=57 [ autor Ve [ ety VI, w)

:zz\/gre—ﬂz‘* / duy (1u/V2)O ()W, (u).

(Al1)

Again, using the split (A3),
Qu = 22\/§Te_rzz_ﬂz/du;((M/\/i)@(u)WM(u),

Qureg = ﬁf— [ Q120 W, ),
(A12)

so that @ = Qy + Q- Observe from Eq. (A8) that the
regular piece is an integral over a symmetric function:

T e = /12e_izﬂz\/2_”aT/ dse=252/(aT)? (157(;2502}'15) .
| —o 167°s

(A13)

Therefore, the Heaviside function in Q,, ., cuts the integral
by half, so we have

1

Qa,reg = _Ia,reg‘

: (Al4)

The vacuum piece Oy, however, is problematic because it
is UV divergent: this is due to the common distributional
singularity along 7 — 7/ = 0. In order to regularize the UV
singularity, let us first use the Sokhotsky formula and better
flesh out the singularity. From the Sokhotsky formula, we
have

1 1
Qy = __z/du(a(u)e_“z/(ﬂz) <—2 - iﬂ5(1)(u))
4z u
1 1 i

— —u?)2T? 5(1
e _2E3T2—E/ds®(u)e 72750 (u).

(A15)

In the second equality, the first term can be calculated in
two ways, either via the Fourier transform or by direct
integration over R\ [0, a) and subtraction of the divergent
contribution. The second term is the origin of the singular
behavior as it contains products of Dirac delta functions.
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To see this, we can define the inner product between some
distribution f and a test function g of f such that

(f.g) = pov. / “duf(u) o). (AL6)

Noting that test functions must have vanishing support at the
boundaries (as they are defined to have compact supports),
this inner product has the property that (f’, g) = —(f,¢). In
particular, the definition of weak derivative of Dirac delta
distribution is given in terms of the inner product as

(3. g) = (~1)'g"(0) = (-1)"

0).  (A17)

Applying these to ® and &), we have (@®,5)) =
—(®),8) = —(5,6) and we know that (6, 5) is divergent.
This is the statement that () is not in the space of test
functions of the Heaviside function (viewing Heaviside as a
distribution), and vice versa.

UV regularization essentially resolves the issue above by
putting a cutoff and forcing the integral defined through the
inner product to be finite. There are at least two natural
ways we can apply the UV regularization:

(1) Regularize the delta function in the Sokhotsky

formula, e.g., using Gaussian nascent family

1

\/2ma}

e—xz/(Zaf]) .

ay(x) = (AI8)

(1)
0

We can either compute the nascent derivative J,, or
use the inner product: we get
Qu — 1 1
N Ar e T
iT?
- . (A19)
V32riay(ag? + T?)

(2) Regularize the Heaviside function, e.g., using tanh:

_ 1+ tanh(x/ay)

®ao (X) = 2 ' <A20)

In this case we get, after using the inner product
formula for distributions,

1 1 [

= R irT Snay’

(A21)

Hence, depending the choice of the UV regulator we
see that

-1r2g2 3 A2
2T -t s)  (Method 1)

QM = ) e_%TZQZ iTe_%TZSZZ (A22)
A ( gt 8\/2—”%) (Method 2).

For our purposes, the important feature of the regularization
procedure is that in the longtime regime 7 > a, the two
methods give the same scaling behavior Qy ~ —i/ay.
Furthermore, the ajy-dependent term is very strongly sup-
pressed at large 7Q > 1 for fixed a; (in units of €).

4. Computation of R .
Using the change of variable (A4), we have

Ry =37 / dug(v/v/2) / du® () (/V2)W, (1)
:ﬂz\/gT/du)((u/\/i)é)(u)eiiQ“Wa(u). (A23)

Regularizing R, is less straightforward than the rest of the
integrals due to the extra phase factor. Again, using the
splitting (A3), let us write

Rim = AZ\/;;T/dux(u/\/i)G(u)eiiQ“WM(u),

T az\/’;’r [ a0 W),
(A24)

so that R = Ry + Rgree- The regular piece is straight-

forward and follows the same steps as Qe

Ria,reg _ \/ﬂizaT[) ds *2i9s/a ,=25%/(aT)?

(1 — s%csch?s)
—_ A25

162252 (A25)
The singular part is much less straightforward. However,
instead we can also compute this numerically by using the
approximate Heaviside step function (A20): that is, we
compute instead

Ri’M—nﬁ\/%?T/du;((u/x/i)@ao(u)eiiQ”WM(u). (A26)

For any finite a, > 0, one can show that the real part is well
behaved and the UV divergence is completely contained in
the imaginary part (analogous to the UV divergence in Qyy).
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APPENDIX B: FINAL STATE OF THE SU(2)-QUTRIT DETECTOR INITIALIZED
IN THE MOST GENERAL STATE

Suppose the detector is initialized in the state

A

P~ =

d e
b fl, (B1)
froc

where a + b 4+ ¢ = 1. Following the same notation as for Sec. III, we find for the leading-order corrections:

—al,+bL_—2ReleQ|

—aQ+bI —cQ* —e*(RL+R.)

dT—d(L,+R)+fL—fQ
dI —d* (L +R)+fL_—fQ" al —b(L_+L,)+cL_+2TIRele] dL, —d*Q* —f(L_+R,)+ T
AL, —dO—f*(L_+RL)+fT

—aQ*+DbIT —cQ—-e(RE4+R,)

bL, —cL_—2Re[eQ)]
(B2)
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