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Investigating the quantum nature of gravity is an important issue in modern physics. Recently, studies
pertaining to the quantum superposition of gravitational potential have garnered significant interest.
Inspired by Mari et al. [Sci. Rep. 6, 22777 (2016)] and Baym and Ozawa [Proc. Natl. Acad. Sci. U.S.A.
106, 3035 (2009)], Belenchia et al. [Phys. Rev. D 98, 126009 (2018)] considered a gedanken experiment
involving such a quantum superposition and mentioned that the superposition renders causality and
complementarity inconsistent. They resolved this inconsistency by considering the quantized dynamical
degrees of freedom of gravity. This suggests a strong relationship between the quantum superposition of the
gravitational potential and the quantization of the gravitational field. In our previous study [Phys. Rev. D
106, 125002 (2022)], we have shown that the quantum uncertainty of a field guarantees the consistency
between causality and complementarity. In this study, we focus on the entanglement between two particles’
states due to the electromagnetic/gravitational potential and investigate its relationship with quantum
uncertainty, causality, and complementarity. Our numerical analyses show that the quantum uncertainty of
the electromagnetic/gravitational field results in vacuum fluctuations and prohibits the entanglement
between two particles’ states when causality is satisfied. We further demonstrate that complementarity
holds when the particles do not get entangled. The uncertainty relation does not cause the entanglement
between two particles’ states, which guarantees complementarity.

DOI: 10.1103/PhysRevD.108.105019

I. INTRODUCTION

The unification of gravity and quantum mechanics is
essential for understanding extreme phenomena, such as
the early universe and the singularity of a black hole, but it
is still unclear how the two theories should be unified in a
consistent way. One of the reasons for the difficulty is that
any quantum aspects of gravity have not yet been exper-
imentally tested at all. Therefore, testing the quantum nature
of gravity is increasingly important in the development of the
quantum theory of gravity. Authors in Refs. [1,2] predicted
that two particles, each in a superposition of two spatially
localized states, become entangled due to the gravitational
potential mediating between the particles. They suggested
that the entanglement originates from the quantum super-
position of the gravitational potential, which might exhibit

the quantum superposition of the spacetime curvature in the
context of general relativity. The experimental observation
of the gravitationally induced entanglement between two
particles is expected to be of great help in clarifying the
quantum aspects of gravity. Recently, various studies
pertaining to the quantum nature of gravitational potentials
have been conducted (e.g., [3–21]), which were inspired by
the studies [1,2]. However, the relationship between the
quantum nature of the gravitational potential and the
quantization of the gravitational field in quantum gravity
is debatable. A gedanken experiment involving the quan-
tum superposition of a massive object, as discussed in
Refs. [22–27], has garnered considerable attention. In the
gedanken experiment, the quantum superposition of the
gravitational potential induced by the object results in
inconsistency between causality and complementarity. This
inconsistency is resolved by considering the quantized
dynamical degrees of freedom of gravity [24–27]. A deep
understanding of the gedanken experiment may allow one
to clarify the manner by which the quantum nature of the
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gravitational potential correlates with the quantization of
the gravitational field.
The goal of the present study is to analyze the gedanken

experiment similar to that presented in Refs. [22–27] based
on quantum electrodynamics (QED)/quantum theory of
linearized gravity. In this study, we extensively apply
the results of our previous studies [28,29] on electromag-
netic fields to a gravitational field within the framework of
the linear perturbation theory. Researchers [29–31] have
shown that causality is satisfied by the property of the
retarded Green’s function. Furthermore, the uncertainty
relation satisfied for the quantum field has been shown
to guarantee the consistency between causality and com-
plementarity [29]. In the present study, we focus on the
entanglement between two particles due to the electromag-
netic/gravitational potential and discuss the role of entan-
glement in maintaining the consistency. Our numerical
findings show that the uncertainty relation in electromag-
netic/gravitational field prohibits the entanglement between
particles provided that causality holds. In addition, it is
shown that the nonentangling feature results in inequality,
which implies complementarity. These clearly demonstrate
the importance of quantized electromagnetic/gravitational
fields in guaranteeing the consistency between causality
and complementarity.
This paper is organized as follows. In Sec. II, we briefly

review the gedanken experiment discussed in Refs. [24–26].
In Sec. III, we present the setup for the electromagnetic/
gravitational version of the gedaneken experiment in the
present paper. In Sec. IV, we discuss the relationship
between the uncertainty relation of the electromagnetic/
gravitational field, the entanglement of two massive par-
ticles, and the inequality of complementarity. Section V
presents the summary and conclusions. Appendix A briefly
reviews the QED formulation presented in [28,29]. In
Appendix B, we demonstrate that the condition (20)
holds. Throughout the present paper, we adopt the natural
units c ¼ ℏ ¼ 1.

II. BRIEF REVIEW OF THE GEDANKEN
EXPERIMENT

We consider two quantum systems (Alice’s particle
and Bob’s particle) separated by a distance D inter-
acting through the electromagnetic/gravitational potential
(Fig. 1). In Alice’s system, her particle is prepared in a
quantum superposition of two locations and starts to
recombine during time TA. At t ¼ TA, Alice performs
an interference experiment and assesses whether it will be
successful (whether the interference pattern of her particle
will be observed). If the superposition state of Alice’s
particle is preserved, then the interference experiment will
be successful; however, if the superposition state is not
preserved, then the experiment will not be successful. In
Bob’s system, Bob chooses whether he releases his
particle or not at t ¼ 0. When he releases his particle,

it is affected by the electromagnetic/gravitational potential
due to Alice’s particle and is thus displaced. Because
Alice’s particle is in the superposition of the two paths, the
magnitude of the potential perceived by Bob’s particle
changes depending on the path traversed by her particle.
Thus, Bob can use his particle to measure which path
Alice’s particle took.
Let us assume that Alice’s interference experiment

during the time TA and Bob’s choice and measurement
during the time TB are performed in a spacelike separated
region satisfying D > TA and D > TB (Fig. 1). If Bob
releases his particle and can measure the position of Alice’s
particle, then, by complementarity, the superposition state
of Alice’s particle collapses and the particle decoheres.
Thus, the interference experiment is not successful. By
contrast, when Bob decides not to release his particle and
does not measure the path undertaken by Alice’s particle,
then her particle will preserve the superposition state and
her interference experiment will be successful. This indi-
cates that causality is violated because Bob’s choice is
known by Alice when her particle is in a region where his
actions have no influence causally. However, if the cau-
sality holds, then Alice’s interference experiment is suc-
cessful (she observes the interference pattern of her
particle). In this case, without decohering Alice’s particle,
Bob can use his released particle to obtain the which-path
information of her particle. This results in a violation in
complementarity. The inconsistency between causality and
complementarity can be resolved by considering the
vacuum fluctuations of the electromagnetic/gravitational
field and the emissions of photons/gravitons, which was
demonstrated as an order estimation in Refs. [24,25,27].
Bob’s measurement to acquire the which-path information
of Alice’s particle is limited by the vacuum fluctuations of a
quantized electromagnetic/gravitational field, and Alice’s
interference experiment fails because of the decoherence
induced by the entangling radiation of photons/gravitons.

FIG. 1. Setup for the gedanken experiment. D represents the
distance between Alice’s system and Bob’s system. TA is a time
scale for recombining particle A, and TB is a time scale that
particle B in Bob’s system will be superposed when he released it.
Here, we assume D > TA and D > TB, in which Alice and Bob
perform their actions in spacelike separated regions.
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Here, the entangling radiation refers to the radiation emitted
from and entangled with Alice’s particle. This suggests
that a quantized electromagnetic/gravitational field is suf-
ficient to avoid the inconsistency between causality and
complementarity.
In our previous study [29], we discovered that the

uncertainty relation represented by Robertson’s inequality
for a quantized field guarantees the consistency between
causality and complementarity. In the following sections,
based on the QED/quantum theory of linearized gravity,
we provide a detailed discussion regarding consistency by
focusing on the entanglement between two charged/massive
particles.

III. ANALYSIS OF THE QED/QUANTUM THEORY
OF LINEARIZED GRAVITY VERSION

In this section, we consider the electromagnetic and
gravitational versions of a similar gedanken experiment
based on QED and the quantum theory of linearized
gravity, respectively. In our analysis, we consider two
charged/massive particles, A and B, which are non-
relativistic and obey the framework of quantum mechan-
ics; the electromagnetic/gravitational field coupled to the
particles is assumed to be a quantum field. We focus on
the similarity between the electromagnetic field and
gravitational fields, and extend the results obtained from
the analysis of an electromagnetic field in a previous
study [28,29] to a gravitational field. In this exten-
sion, we introduce several important assumptions. We
consider a linearized regime of gravity by expanding the
metric of spacetime around the Minkowski spacetime
metric ημν. The full spacetime metric is given by gμν ¼
ημν þ hμν, where hμν is the metric perturbation satisfying
jhμνj ≪ 1.1 The initial state of the particles is assumed
to be each in spatially localized superposition (Fig. 2),
which might be realized via the Stern-Gerlach effect, as
explained in Appendix A. Additionally, we assume that
no initial entanglement occurs between the particles and
the electromagnetic/gravitational field.2 Furthermore, the

wave packets of these particles are sufficiently far apart
to form local paths within each device.
Then, we can define the current of particle A (B) as

JμAPðxÞ [JμBQðxÞ] localized around their paths of P
ðQÞð¼ R;LÞ. Under the assumptions above, as shown
in Appendix A, the decoherence and the entanglement
between the two particles for the electromagnetic version
can be described by the following quantities (1)–(3):

ΓEM
i ¼ 1

4

Z
d4x

Z
d4yΔJμi ðxÞΔJνi ðyÞhfÂI

μðxÞ; ÂI
νðyÞgi

¼ 1

4
hfϕ̂EM

i ; ϕ̂EM
i gi ¼ 1

2
h0jðϕ̂EM

i Þ2j0i; ð1Þ

FIG. 2. Configuration of our model. We specify regimes
D > TA and D > TB, in which the retarded Green’s function
propagating from particle B to A vanishes. Particle A traverse via
the right or left path jRiAðjLiAÞ and induces an electromagnetic/
gravitational field along each path (as shown by the dashed red or
blue line). The retarded field caused by particle A affects particle
B traversing via the left (jLiB) or right (jRiB) path.

1Let us now consider the gravitational interaction of two
particles with the same masses m. Based on the linearized
gravity theory [32], the energy-momentum tensor of a particle
Tμν induces the fluctuation component of the metric hμν ∼
G
R
d3yTμνðtr; yÞ=jx − yj with the gravitational constant G.

Here, tr ¼ t − jx − yj is the retarded time, which represents the
delay with respect to the propagation from the source point y to a
spacetime point x. The components of hμν are evaluated as
h00 ∼ Gm=R; h0i ∼ h00ðL=TÞei, and hij ∼ h00ðL=TÞ2eiej, where
T is the total time scale when particle A is spatially superposed,
and L is the separation of spatial superposition of particles A
and B. R characterizes the typical size of each particle satisfying
R≲ L. ðL=TÞei denotes the characteristic velocity of the system
in the i direction of the unit vector ei. Considering the non-
relativistic condition L=T ≪ 1, the condition jhμνj ≪ 1 is valid
when Gm=L ≪ 1 is satisfied.

2In the case of gravity, Alice’s particle may be entangled with
her apparatus because of the conservation of energy-momentum.
For a rigorous description, we must consider the effects induced
in a laboratory, as discussed in [33]. However, the authors
of [24] argued that laboratory effects need not be considered
because the state of the laboratory does not produce a significant
decoherence. The authors of [34,35] discussed the effect of the
gravitational potential arising from the apparatus in a laboratory
on the relative phases that cause entanglement between two
particles. If the laboratory apparatus is sufficiently heavy, then it
does not shift significantly. Thus, the apparatus will not be
superposed state and not contribute to the relative phases.
Moreover, if the gravitational field created by the apparatus is
homogeneous, then the phase shift due to its field will also not
affect the relative phase.
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ΓEM
c ¼ 1

2

Z
d4x

Z
d4yΔJμAðxÞΔJνBðyÞhfÂI

μðxÞ; ÂI
νðyÞgi

¼ 1

2
hfϕ̂EM

A ; ϕ̂EM
B gi; ð2Þ

ΦEM ¼ 1

2

Z
d4xd4yfΔJμAðxÞΔJνBðyÞ

þ ΔJμBðxÞΔJνAðyÞgGr
μνðx; yÞ ¼

1

2
ðΦEM

AB þΦEM
BA Þ;

ð3Þ
where we definedΔJμi ¼ JμiR − JμiL with i¼ A;B. Similarly,
we can define the energy-momentum tensors of particle A
(B) as Tμν

APðxÞ (Tμν
BQðxÞ) localized around their paths

of P ðQÞð¼ R;LÞ, and the gravitational field version is
presented as follows:

ΓGR
i ¼ 1

4

Z
d4x

Z
d4yΔTμν

i ðxÞΔTρσ
i ðyÞhfĥIμνðxÞ; ĥIρσðyÞgi

¼ 1

4
hfϕ̂GR

i ; ϕ̂GR
i gi ¼ 1

2
h0jðϕ̂GR

i Þ2j0i; ð4Þ

ΓGR
c ¼ 1

2

Z
d4x

Z
d4yΔTμν

A ðxÞΔTρσ
B ðyÞhfĥIμνðxÞ; ĥIρσðyÞgi

¼ 1

2
hfϕ̂GR

A ; ϕ̂GR
B gi; ð5Þ

ΦGR ¼ 1

2

Z
d4xd4yfΔTμν

A ðxÞΔTρσ
B ðyÞ

þ ΔTμν
B ðxÞΔTρσ

A ðyÞgGr
μνρσðx; yÞ ¼

1

2
ðΦGR

AB þΦGR
BAÞ;
ð6Þ

where we defined ΔTμν
i ¼ Tμν

iR − Tμν
iL with i ¼ A;B. The

operators ϕ̂EM
i and ϕ̂GR

i describe the phase shifts due to
the quantum fluctuations of the electromagnetic field and
gravitational field, respectively, which are expressed as

ϕ̂EM
i ¼

Z
d4xΔJμi ðxÞÂI

μðxÞ; ϕ̂GR
i ¼

Z
d4xΔTμν

i ðxÞĥIμνðxÞ:

ð7Þ

Here, hfÂI
μðxÞ; ÂI

μðyÞgi and Gr
μνðx; yÞ are the two-point

function of the vacuum state j0i and the retarded Green’s
function with respect to the quantized electromagnetic field
in the interaction picture, while hfĥIμνðxÞ; ĥIμνðyÞgi and
Gr

μνρσðx; yÞ are the version for the gravitational field [36].
The quantities ΦEM

AB and ΦEM
BA are defined as

ΦEM
AB ¼

Z
d4xd4yΔJμAðxÞΔJνBðyÞGr

μνðx; yÞ;

ΦEM
BA ¼

Z
d4xd4yΔJμBðxÞΔJνAðyÞGr

μνðx; yÞ: ð8Þ

The gravitational version of the quantities ΦGR
AB and ΦGR

BA
can be similarly expressed as

ΦGR
AB ¼

Z
d4xd4yΔTμν

A ðxÞΔTρσ
B ðyÞGr

μνρσðx; yÞ;

ΦGR
BA ¼

Z
d4xd4yΔTμν

B ðxÞΔTρσ
A ðyÞGr

μνρσðx; yÞ: ð9Þ

In the following, we present the inequality representing
complementarity, the uncertainty relation, and one of
the entanglement measure: negativity. The inequality, the
uncertainty relation, and the negativity for the electromag-
netic case are evaluated from the quantum state of the
charged particles determined using ΓEM

i ði ¼ A;BÞ, ΓEM
c ,

ΦEM
AB and ΦEM

BA (See Appendix A). By replacing these
quantities with ΓGR

i ði ¼ A;BÞ, ΓGR
c , ΦGR

AB, and ΦGR
BA, we

obtain the formulas for gravitational case. Subsequently,
we adopt simple notations Γiði ¼ A;BÞ, Γc, ΦAB and ΦBA
to describe the quantities above for the electromagnetic and
gravitational cases in a unified manner.
We first introduce the visibility VA of particle A and

distinguishability DB (the which-path information of par-
ticle A acquired from particle B). These two quantities are
useful for expressing complementarity. Based on previous
studies [37,38], complementarity holds if the visibility VA
and distinguishability DB satisfy the following inequality:

V2
A þD2

B ≤ 1: ð10Þ
Using the results of (A34) and (A35), the complementarity
is formulated as follows:

V2
A þD2

B ¼ e−2ΓA cos2
�
ΦAB

2

�
þ e−2ΓB sin2

�
ΦBA

2

�
≤ 1:

ð11Þ
Next, we consider the Schrödinger-Robertson uncer-

tainty relation as follows:

ðΔϕAÞ2ðΔϕBÞ2 ≥
1

4

�
hfϕ̂A; ϕ̂Bgi

�
2þ 1

4

���h½ϕ̂A; ϕ̂B�i
���2; ð12Þ

where ðΔϕiÞ2 ¼ h0jϕ̂2
i j0i − ðh0jϕ̂ij0iÞ2 (i ¼ A;B) are

the variances of the operators ϕ̂i ¼ ϕ̂EM
i ; ϕ̂GR

i defined
in Eq. (7). Subsequently, the following Schrödinger-
Robertson uncertainty relation can be obtained:

ΓAΓB ≥
Γ2
c

4
þ 1

16
ðΦAB −ΦBAÞ2; ð13Þ

where we used ðΔϕiÞ2 ¼ h0jϕ̂2
i j0i − ðh0jϕ̂ij0iÞ2 ¼ 2Γi and

hfϕ̂A; ϕ̂Bgi ¼ 2Γc, followed by Eqs. (1), (4), and (2), (5).
The expectation value of the commutator, h½ϕ̂A; ϕ̂B�i ¼
iðΦAB −ΦBAÞ, is obtained from the same calculation as
for Eq. (A19). The inequality above shows that the product
of ΓA and ΓB has a lower bound expressed by Γc, ΦAB,
and ΦBA.
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Finally, we present the formula for negativity N [39].
The negativity is convenient to determine whether two
particles A and B are entangled or not. Let us consider a
density matrix ρ of a bipartite system AB. The negativity is
defined as follows:

N ¼
X
λi<0

jλij; ð14Þ

where λi represent the negative eigenvalues of the partial
transposition ρTA with the elements hajhbjρTA ja0ijb0i ¼
ha0jhbjρjaijb0i in a basis fjaijbiga;b of the system AB.
Specifically, only one negative eigenvalue λmin of the partial
transposed density matrix of a two-qubit system exists [40].
In our system, the quantum state of two particles A and B
are regarded as a two-qubit state since each of particle is in
a superposition of the left path (jLiAðBÞ) or right path
(jRiAðBÞ), as shown in Fig. 2. Thus, we can rewrite the
negativity as N ¼ max½−λmin; 0�. If N ¼ 0 or λmin ≥ 0
holds, then the two particles are not entangled. The
minimum eigenvalue is obtained as follows:

λmin ¼
1

4

�
1 − e−ΓA−ΓB cosh½Γc� −

n
ðe−ΓA − e−ΓBÞ2

þ 4e−ΓA−ΓBsin2
�ðΦAB þΦBAÞ

4

�

þ e−2ΓA−2ΓBsinh2½Γc�
o1

2

�
: ð15Þ

In the next section, we discuss the relationship among the
uncertainty relation of the electromagnetic/gravitational
fields, the inequality representing complementarity, and
the quantity λmin.

IV. ROLE OF ENTANGLEMENT
ON UNCERTAINTY RELATION

OF FIELD AND COMPLEMENTARITY

In this section, we reveal how the uncertainty relation
relates to complementarity, using the entanglement
between two particles A and B. In our gedanken experi-
ment, we consider the region where Bob’s effect does not
propagate to Alice’s system. Using the retarded Green’s
function, which describes the causal influence of a source,
this is quantified as ΦAB ¼ 0 [28–31]. This result reflects a
general property of the retarded Green’s function, which
holds for both electromagnetic and gravitational fields.
Therefore, the complementarity inequality, Schrödinger-
Robertson uncertainty relation, and λmin are expressed as
follows, respectively:

e−2ΓA þ e−2ΓB sin2
�
ΦBA

2

�
≤ 1; ð16Þ

ΓAΓB ≥
Γ2
c

4
þΦ2

BA

16
; ð17Þ

λmin ¼
1

4

�
1 − e−ΓA−ΓB cosh½Γc� −

n
ðe−ΓA − e−ΓBÞ2

þ 4e−ΓA−ΓBsin2
�
ΦBA

4

�
þ e−2ΓA−2ΓBsinh2½Γc�

o1
2

�
:

ð18Þ
In our recent study [29], we discovered that the inequality
presented in (17) is the sufficient condition for the com-
plementarity inequality [Eq. (16)] in the electromagnetic
case [strictly, we used the Robertson uncertainty relation
ΓAΓB ≥ Φ2

BA=16, which follows by (17)]. To reveal the
relationship between the inequality (17) and complementar-
ity inequality (16), we consider the role of entanglement.We
first focus on the relationship between the uncertainty
relation of the electromagnetic/gravitational field [Eq. (17)]
and λmin. Let us consider the limit of small coupling constants
for the electromagnetic/gravitational cases. The quantitiesΓi,
Γc, andΦBA depending on the coupling constants are small,
and the approximate form of λmin can be expressed as

λmin ≈
1

4

"
ΓA þ ΓB

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΓA þ ΓBÞ2 − 4

�
ΓAΓB −

Γ2
c

4
−
Φ2

BA

16

�s #
; ð19Þ

which is valid for Γi ≪ 1 (i ¼ A;B), jΓcj ≤ ΓA þ ΓB ≪ 1,
and jΦBAj ≪ 1. The inside of the square root is always posi-
tive because of ðΓAþΓBÞ2−4ðΓAΓB−Γ2

c=4−Φ2
BA=16Þ¼

ðΓA−ΓBÞ2þΓ2
cþΦ2

BA=4≥0. On the other hand, the sign of
ΓAΓB − Γ2

c=4 −Φ2
BA=16 inside of the square root in Eq. (19)

determines the sign of λmin, i.e., appearance of entanglement
between two particles. From the Schrödinger-Robertson
uncertainty relation (17), ΓAΓB − Γ2

c=4 −Φ2
BA=16 must be

non-negative. Therefore, the Schrödinger-Robertson uncer-
tainty relation and the entanglement between the particles A
and B appear to be correlated. This observation, which is
obtained on the basis of the approximation, is extended
to more general relationship among the complementarity
inequality, Schrödinger-Robertson uncertainty relation, and
the nonentanglement property between the two particles.
Namely, we can demonstrate the following relationship
of the sufficient conditions numerically (for a more detailed
explanation, see Appendix B):

ΓAΓB ≥
Γ2
c

4
þΦ2

BA

16
⇒ λmin ≥ 0 ⇒ e−2ΓA

þ e−2ΓBsin2
�
ΦBA

2

�
≤ 1: ð20Þ

The relationship of the above sufficient conditions (20) are
depicted in Fig. 3, which are obtained under the causality
condition that the Bob’s action is spacelike separated from
Alice, i.e., ΦAB ¼ 0. The relationship presented in (20)
mean as follows: The Schrödinger-Robertson uncertainty
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relation implies the existence of the vacuum fluctuations of
electromagnetic/gravitational field because ΓA and ΓB must
be nonzero since ΦBA is nonzero. The origin of the nonzero
values ofΓA andΓB is the decoherence of the superposition of
eachparticle,which is supposed to come from the entanglement
between the particles and the electromagnetic/gravitational
field. This entanglement causes no generation of the entangle-
ment between particles A and B, i.e., λmin ≥ 0. Because
particles A and B are not entangled, Bob is not able to
sufficiently get the which-path information of Alice’s particle.
Therefore, the complementarity inequality holds.

V. CONCLUSION

The gedanken experiment discussed in Refs. [22–26]
indicated that the quantum superposition of gravitational
potential may result in inconsistency between causality
and complementarity. The authors of [24–26] argued the
inconsistency is resolved by the vacuum fluctuations and
entangling radiation of electromagnetic/gravitational field.
In the present study, based on the QED/quantum theory of
linearized gravity, we analysed the gedanken experiment
in connection with the Schrödinger-Robertson uncertainty
relation, complementarity inequality, focusing on the
entanglement between two particles. We have discovered
that the Schrödinger-Robertson uncertainty relation in
the electromagnetic/gravitational field prohibits the gen-
eration of entanglement between two particles when the
causality is fulfilled, which is consistent with the result of
our previous study [28]. Additionally, we have numerically
demonstrated that the condition, under which two particles
are not entangled, guarantees complementarity. The essence
of this inconsistency is the assumption that the entanglement
between Alice and Bob occurs in the region where Bob’s
information cannot causally propagate to Alice. Our results
have shown that the two particles can not be entangled
because of the quantized electromagnetic/gravitational field,
which resolved the paradox and preserved the consistency
between causality and complementarity.
Thus, the essence of the resolution for paradox in this

gedanken experiment is the existence of the vacuum fluctua-
tion and entangling radiation, which cause the decoherence.

This decoherence is supposed to be induced by the entan-
glement between the particle and field. However, determin-
ing whether a particle and a field are entangled or not is
nontrivial. It will be important to discuss the condition that
the particle and field are generally entangled. Furthermore,
the structure of the entanglement between particle and field
can be further investigated using various quantities of
quantum information. These studies are left for future work.
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APPENDIX A: SUMMARY OF QED
FORMULATION

The discussion presented herein of the gravitational
field is analogous to the results obtained in our previous
study [28,29]. Here, we briefly summarize the formulation
of the QED.We introduce a model of two charged particles,
A and B, coupled to an electromagnetic field. The total
Hamiltonian of the proposed system comprises the local
Hamiltonians of charged particles ĤA and ĤB, the free
Hamiltonian of the quantized electromagnetic field ĤEM,
and the interaction term V̂ as

Ĥ ¼ ĤA þ ĤB þ ĤEM þ V̂;

V̂ ¼
Z

d3xðĴμAðxÞ þ ĴμBðxÞÞÂμðxÞ; ðA1Þ

where ĴμA and ĴμB are the current operators of each particle
coupled with the gauge field operator Âμ.
We consider that each particle is in a superposition of

two trajectories

jΨð0Þi ¼ 1

2
ðjLiA þ jRiAÞðjLiB þ jRiBÞjαiEM; ðA2Þ

which is described by the localized states jLij and jRij of
particle j ¼ A;B. The electromagnetic field is in a coherent
state jαiEM with jαiEM ¼ D̂ðαÞj0iEM. j0iEM is the vacuum
state satisfying âμðkÞj0iEM ¼ 0 for the annihilation oper-
ator of the electromagnetic field âμðkÞ; and D̂ðαÞ is the
unitary operator known as a displacement operator, which
is defined as

D̂ðαÞ ¼ exp

�Z
d3kðαμðkÞâ†μðkÞ − H:c:Þ

�
; ðA3Þ

where the complex function αμðkÞ characterizes the ampli-
tude and phase of initial electromagnetic field. The form of

FIG. 3. Inclusion relationship of the uncertainty relation (blue
region), the condition of the nongeneration of entanglement
(orange region), and the complementarity inequality (green
region) are inclusive.
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the complex function αμðkÞ is restricted by the auxiliary
condition in the Becchi-Rouet-Stora-Tyutin (BRST) formal-
ism [28]. The coherent state jαiEM is interpreted as a state
in which an electromagnetic field mode exists following
Gauss’s law due to the presence of charged particles
(see Appendix A of Ref. [28]). In QED, the current operator
is given by the Dirac field. Since we only focus on the
localized state in the present analysis, the current operator of
the field is given by the localized current of each particle,

ĴμjIðxÞjRij ≈ JμjRðxÞjRij; ĴμjIðxÞjLij ≈ JμjLðxÞjLij: ðA4Þ

The explicit forms of JμjRðxÞ and JμjLðxÞ are

JμjRðxÞ ¼ ej

Z
dτ

dXμ
jR

dτ
δð4Þðx − XjRðτÞÞ

JμjLðxÞ ¼ ej

Z
dτ

dXμ
jL

dτ
δð4Þðx − XjLðτÞÞ; ðA5Þ

where Xμ
jRðτÞ and Xμ

jLðτÞ with j ¼ A;B representing the
paths of each particle with coupling constants eA and eB.
Hence, we can proceed with our computation without
treating the field degrees of freedom. In detail, the above
equations are valid [28,29,41–43] when:
(1) The de Brogile wavelength is smaller than the width

of the particle wavepacket.
(2) The Compton wavelength of the charged particle is

much shorter than the wavelength of photon emitted
from the charged particle.3

The first condition justifies that the state of particle is
localized. The second one neglects the process of a pair
creation and annihilation. This means that we do not need to
consider a larger Hilbert space. The initial state evolves as
follows:

jΨðTÞi ¼ exp½−iĤT�jΨð0Þi

¼ e−iĤ0TT exp

�
−i
Z

T

0

dtV̂IðtÞ
�
jΨð0Þi

≈ e−iĤ0T
1

2

X
P;Q¼R;L

jPiAjQiBÛPQjαiEM

¼ 1

2

X
P;Q¼R;L

jPfiAjQfiBe−iĤEMTÛPQjαiEM; ðA6Þ

where T is the total time scale, and particles A and B
are spatially superposed. We used the approximations pro-
vided in (A4) in the third line. jPfiA ¼ e−iĤAT jPiA and
jQfiB ¼ e−iĤBT jQiB with P;Q ¼ R;L are the states of
charged particles A and B, which moved along the paths P
and Q, respectively. The unitary operator ÛPQ is expressed as

ÛPQ ¼ T exp

�
−i
Z

T

0

dt
Z

d3xðJμAP þ JμBQÞÂI
μðxÞ

�
; ðA7Þ

where T denotes the time ordering, and ÂI
μ is the gauge field

operator in the interaction picture.

1. Density matrix of charged particles
and its eigenvalues

Herein, we use the negativity N ¼ max½−λmin; 0� to
quantify the entanglement between two particles. We derive
the minimum eigenvalue λmin of the partially transposed
density matrix of the particles, ρTA

AB. By tracing out the
degrees of freedom of the electromagnetic field to focus on
the quantum state of the charged particles, we obtain the
reduced density matrix of particles A and B as follows:

ρAB ¼ TrEM½jΨðTÞihΨðTÞj�

¼ 1

4

X
P;Q¼R;L

X
P0;Q0¼R;L

EMhαjÛ†
P0Q0ÛPQjαiEMjPfiA

× hP0f j ⊗ jQfiBhQ0
f j

¼ 1

4

X
P;Q¼R;L

X
P0;Q0¼R;L

e−ΓP0Q0PQþiΦP0Q0PQ jPfiA

× hP0f j ⊗ jQfiBhQ0
f j; ðA8Þ

where jPfiA ¼ e−iĤAT jPiA and jQfiB ¼ e−iĤBT jQiB are the
states of the charged particles A and B, which move along
the paths P and Q, respectively. The quantities ΓP0Q0PQ and
ΦP0Q0PQ are expressed as

3Note that we have to take the coupling between the spin
and external magnetic field to create a spatially superposed state
of a charged particle, though we ignored the coupling between
the vacuum fluctuation of the electromagnetic field, induced by
the charged particle, and spin degrees of freedom. However, we
might need to consider the coupling between the spin and the
fluctuation of magnetic field. The magnitude of the electric force
due to vacuum fluctuation is evaluated as

ΔF ¼ eΔE ∼
e
T2

;

where T is the time scale of the particle in the superposition state.
On the other hand, the magnetic force due to the fluctuation,
which acts a spin-1

2
particle, is estimated as

ΔF ¼ 1

2
gfμB∂xðΔBÞ ∼

e
T2

;

where μB ¼ e=2m is the Bohr magneton with the electric charge
e and the mass m, and gf ∼ 2 is the electronic g-factor. ΔB is the
vacuum fluctuation of the magnetic field, which satisfies ΔB ¼
ΔE=c ¼ ΔE ∼ 1=T2 with the natural units. ∂xðΔBÞ is the field
gradient in the x-direction, and we estimated the scale of the
spatial derivative by the Compton wavelength of the charged
particle ∂x ∼m. This means that the coupling between the
vacuum fluctuation of the electromagnetic field and spin degrees
of freedom could be an additional effect of the same order of the
effect of the vacuum fluctuation of the magnetic force.
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ΓP0Q0PQ ¼ 1

4

Z
d4x

Z
d4yðJμP0Q0 ðxÞ − JμPQðxÞÞðJνP0Q0 ðyÞ − JνPQðyÞÞhfÂI

μðxÞ; ÂI
νðyÞgi; ðA9Þ

ΦP0Q0PQ ¼
Z

d4xðJμP0Q0 ðxÞ − JμPQðxÞÞAμðxÞ −
1

2

Z
d4x

Z
d4yðJμP0Q0 ðxÞ − JμPQðxÞÞðJνP0Q0 ðyÞ þ JνPQðyÞÞGr

μνðx; yÞ: ðA10Þ

The field AμðxÞ in (A10) is given by

AμðxÞ ¼
Z

d3k

ð2πÞ3=2
ffiffiffiffiffiffiffi
2k0

p ðαμðkÞeikνxν þ c:c:Þ; ðA11Þ

and the complex function αμðkÞ satisfies

kμαμðkÞ ¼ −
J̃0ðkÞffiffiffiffiffiffiffi
2k0

p ðA12Þ

to ensure the BRST condition (see Appendix in [28]). J̃0ðkÞ ¼ J̃0AðkÞ þ J̃0BðkÞ is the eigenvalue of the Fourier transform of

the charged current ˆ̃J
0ðkÞ ¼ ˆ̃J

0
AðkÞ þ ˆ̃J

0
BðkÞ at the initial time t ¼ 0. The density matrix ρAB is decomposed by using the

unitary operator U as follows:

ρAB ¼ Uρ̃ABU† ¼
�
U O

O U

��
W Z

Z† W

��
V O

O V

�
; ðA13Þ

where we defined 2 × 2 matrices W and Z as

W ¼ 1

4

�
1 e−Γ

EM
B

e−Γ
EM
B 1

�
; Z ¼ 1

4

�
e−ΓAþiΘEM

e−ðΓEM
A þΓEM

B þΓEM
c Þ

e−ðΓEM
A þΓEM

B −ΓEM
c Þ e−ΓA−iΘEM

�
ðA14Þ

with

U ¼
 
e

i
2
ð
R

d4xd4yΔJμBJ
ν
ARG

r
μν−ΦEM

B Þ
0

0 e−
i
2
ð
R

d4xd4yΔJμBJ
ν
ARG

r
μν−ΦEM

B Þ

!
; ðA15Þ

and

V ¼
 
e

i
2
ð
R

d4xd4yΔJμBJ
ν
ALG

r
μν−ΦEM

B Þ
0

0 e−
i
2
ð
R

d4xd4yΔJμBJ
ν
ALG

r
μν−ΦEM

B Þ

!
: ðA16Þ

Here, the quantities ΓEM
i ði ¼ A;BÞ and ΓEM

c are introduced in Eqs. (1) and (2), respectively, and ΦEM
B is expressed as

ΦEM
B ¼

Z
d4xΔJμBðxÞAμðxÞ −

1

2

Z
d4xd4yΔJμBðxÞðJνBRðyÞ þ JνBLðyÞÞGr

μνðx; yÞ: ðA17Þ

In particular, the quantity ΘEM is related to ΦEM
AB and ΦEM

BA as follows:

ΘEM ¼ −
i
2

Z
d4x

Z
d4yΔJμAðxÞΔJνBðyÞ½ÂI

μðxÞ; ÂI
νðyÞ� ¼ −

i
2
½ϕ̂EM

A ; ϕ̂EM
B � ðA18Þ

with

½ϕ̂EM
A ; ϕ̂EM

B � ¼
Z

d4xd4yΔJμAðxÞΔJνBðyÞ½ÂI
μðxÞ; ÂI

νðyÞ�

¼
Z

d4xd4yΔJμAðxÞΔJνBðyÞ½ÂI
μðxÞ; ÂI

νðyÞ�θðx0 − y0Þ þ
Z

d4xd4yΔJμAðxÞΔJνBðyÞ½ÂI
μðxÞ; ÂI

νðyÞ�θðy0 − x0Þ

¼ i
Z

d4xΔJμAðxÞΔJνBðyÞGr
μνðx; yÞ − i

Z
d4xΔJμBðxÞΔJνAðyÞGr

μνðx; yÞ

¼ iðΦEM
AB −ΦEM

BA Þ; ðA19Þ
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where we inserted the step functions θðx0 − y0Þ þ θðy0 − x0Þ in the second line and changed the variable xμ to yμ and
indices μ to ν of the second term in the third line. In the fourth line, the retarded Green’s function Gr

μνðx; yÞ ¼
−i½ÂI

μðxÞ; ÂI
νðyÞ�θðx0 − y0Þ was used. Because the entanglement is invariant under a unitary operation, U, the eigenvalue of

ρTA
AB and ρ̃TA

AB are equal. Thus, we obtain the following eigenvalues

λ�½ρTA
AB� ¼

1

4

�
1− e−Γ

EM
A −ΓEM

B cosh½ΓEM
c ��



ðe−ΓEM

A − e−Γ
EM
B Þ2þ 4e−Γ

EM
A −ΓEM

B sin2
�
ΦEM

2

�
þ e−2Γ

EM
A −2ΓEM

B sinh2½ΓEM
c �
�1

2

�
; ðA20Þ

λ0�½ρTA
AB� ¼

1

4

�
1þ e−Γ

EM
A −ΓEM

B cosh½ΓEM
c � �



ðe−ΓEM

A − e−Γ
EM
B Þ2þ 4e−Γ

EM
A −ΓEM

B cos2
�
ΦEM

2

�
þ e−2Γ

EM
A −2ΓEM

B sinh2½ΓEM
c �
�1

2

�
; ðA21Þ

where ΦEM is expressed as in Eq. (3). Note that λ−½ρTA
AB� is the minimum eigenvalue λEMmin

λEMmin ¼
1

4

�
1 − e−Γ

EM
A −ΓEM

B cosh½ΓEM
c � −



ðe−ΓEM

A − e−Γ
EM
B Þ2 þ 4e−Γ

EM
A −ΓEM

B sin2
�
ΦEM

2

�
þ e−2Γ

EM
A −2ΓEM

B sinh2½ΓEM
c �
�1

2

�
: ðA22Þ

The gravitational version of the minimum eigenvalue λGRmin can be obtained by replacing ΓEM
i , ΓEM

c , and ΦEM in the result
above (A22) with ΓGR

i , ΓGR
c , and ΦGR, respectively, as shown:

λGRmin ¼
1

4

�
1 − e−Γ

GR
A −ΓGR

B cosh½ΓGR
c � −



ðe−ΓGR

A − e−Γ
GR
B Þ2 þ 4e−Γ

GR
A −ΓGR

B sin2
�
ΦGR

2

�
þ e−2Γ

GR
A −2ΓGR

B sinh2½ΓGR
c �
�1

2

�
; ðA23Þ

where ΓGR
i , ΓGR

c , andΦGR are defined as shown in Eqs. (4)–
(6). The results of Eqs. (A22) and (A23) are extended as
λmin presented as Eq. (15) herein.

2. Complementarity inequality in QED

Here, we present the QED results for the comple-
mentarity inequality. First, we computed the visibility
(VEM

A ) and the distinguishability (DEM
B ). The visibility

VEM
A describes the extent to which the coherence of charged

particle A remains when Alice performs an interference

experiment. The distinguishability DEM
B characterizes how

particle B can distinguish the path of particle A from the
state of particle B. The visibility VEM

A of charged particle A
is expressed as

VEM
A ¼ 2jAhLf jρEMA jRfiAj: ðA24Þ

The quantum state of particle A ρA is obtained by tracing
out the degrees of freedom of particle B and the electro-
magnetic field:

ρA ¼ TrB;EM½jΨðTÞihΨðTÞj�

¼ 1

2

 
1 1

2
e−Γ

EM
A þiΦEM

A

�
e−i
R

d4xΔJμAðxÞABRμðxÞ þ e−i
R

d4xΔJμAðxÞABLμðxÞ
�

� 1

!
; ðA25Þ

where we used the basis fjRfiA; jLfiAg to represent the density matrix, and � is the complex conjugate of the ðR;LÞ
component. Aμ

iPðxÞ ¼
R
d4yGr

μνðx; yÞJνiPðyÞ is the retarded potential with i ¼ A;B and P ¼ R;L. The quantity ΦEM
A is

expressed as

ΦEM
A ¼

Z
d4xΔJμAðxÞAμðxÞ −

1

2

Z
d4xd4yΔJμAðxÞðJνARðyÞ þ JνALðyÞÞGr

μνðx; yÞ: ðA26Þ

From the definition of the visibility (A24) and (A25), we obtain the visibility as follows:

VEM
A ¼ e−Γ

EM
A

���� cos
�
ΦEM

AB

2

�����: ðA27Þ
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Next, we compute the distinguishability DEM
B . The

definition of the distinguishability DEM
B is expressed as

DEM
B ¼ 1

2
TrBjρBR − ρBLj; ðA28Þ

where we defined ρBP ¼ TrEM½jΩPiB;EMhΩPj� with P ¼
R;L and, TrjÔj ¼Pi jλij is given by the eigenvalues λi
of a Hermitian operator Ô. The density operator ρBP
characterizes the state of particle B when particle A moves
along the path P. The vector jΩPiB;EM describes the
composite state of particle B and the electromagnetic field
when particle A moves along the path P and is introduced
by rewriting the state (A6) as

jΨðTÞi ¼ 1

2

X
P;Q¼R;L

jPfiAjQfiBe−iĤEMTÛPQjαiEM

¼ 1ffiffiffi
2

p jRfiAjΩRiB;EMþ 1ffiffiffi
2

p jLfiAjΩLiB;EM; ðA29Þ

where we defined

jΩPiB;EM ¼ 1ffiffiffi
2

p
X
Q¼R;L

jQfiBe−iĤEMTÛPQjαiEM: ðA30Þ

The eigenvalues of the density matrix ρBR − ρBL are

λ� ¼�1

2
je−ΓEM

B þiΦEM
B −i
R
d4xΔJμBARμ −e−Γ

EM
B þiΦEM

B −i
R
d4xΔJμBALμ j

¼�e−Γ
EM
B

����sin
�
1

2

Z
d4xΔJμBðxÞΔAAμðxÞ

�����: ðA31Þ

Thus, the distinguishability is expressed as

DEM
B ¼ 1

2
ðjλþj þ jλ−jÞ ¼ e−Γ

EM
B

���� sin
�
ΦEM

BA

2

�����: ðA32Þ

According to Refs. [37,38], there is a trade-off relationship
between the visibility VEM

A and the distinguishability DEM
B ,

as indicated by the following inequality:

ðVEM
A Þ2 þ ðDEM

B Þ2 ≤ 1: ðA33Þ

Therefore, the electromagnetic version of the complemen-
tarity inequality is written as

ðVEM
A Þ2 þ ðDEM

B Þ2 ¼ e−2Γ
EM
A cos2

�
ΦEM

AB

2

�

þ e−2Γ
EM
B sin2

�
ΦEM

BA

2

�
≤ 1: ðA34Þ

By replacing the quantities ΓEM
i , ΓEM

c , and ΦEM in the
above result with ΓGR

i , ΓGR
c , and ΦGR, respectively;

the inequality (A34) in the gravitational version is
written as

ðVGR
A Þ2 þ ðDGR

B Þ2 ¼ e−2Γ
GR
A cos2

�
ΦGR

AB

2

�

þ e−2Γ
GR
B sin2

�
ΦGR

BA

2

�
≤ 1: ðA35Þ

APPENDIX B: DEMONSTRATION
OF THE RELATIONSHIP EXPRESSED

IN RELATIONSHIP (20)

In this appendix, the relationship expressed in relation-
ship (20) is demonstrated in a numerical manner. For
convenience, we rewrite λmin as

λmin ¼
1

4

�
1 − e−ΓA−ΓB cosh½Γc� −



ðe−ΓA − e−ΓBÞ2

þ 4e−ΓA−ΓBsin2
�ðΦAB þΦBAÞ

4

�

þ e−2ΓA−2ΓBsinh2½Γc�
�1

2

�

¼ C

�
sinh½ΓA� sinh½ΓB� − sinh2

�
Γc

2

�
− sin2

�
ΦBA

4

��
;

ðB1Þ

where the coefficient C is expressed as

C ¼ e−ΓA−ΓB

�
1 − e−ΓA−ΓB cosh½Γc� þ



ðe−ΓA − e−ΓBÞ2

þ 4e−ΓA−ΓBsin2
�ðΦAB þΦBAÞ

4

�

þ e−2ΓA−2ΓBsinh2½Γc�
�

1=2
�
−1
: ðB2Þ

The coefficient C is always positive because 1 −
e−ΓA−ΓB cosh½Γc� > 0 since ΓA þ ΓB ≥ jΓcj. Therefore,
the condition λmin ≥ 0 is equivalent to

sinh½ΓA� sinh½ΓB� − sinh2
�
Γc

2

�
− sin2

�
ΦBA

4

�
≥ 0: ðB3Þ

Hereinafter, we regard the inequality (B3) as λmin ≥ 0 and
demonstrate the relationship shown in the relationship (20).
The relationship (20) can be divided into two components
[(B4) and (B5)] as follows:

ΓAΓB ≥
Γ2
c

4
þΦ2

BA

16
⇒ sinh½ΓA� sinh½ΓB� − sinh2

�
Γc

2

�

− sin2
�
ΦBA

4

�
≥ 0; ðB4Þ
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sinh½ΓA� sinh½ΓB� − sinh2
�
Γc

2

�
− sin2

�
ΦBA

4

�
≥ 0

⇒ e−2ΓA þ e−2ΓBsin2
�
ΦBA

2

�
≤ 1: ðB5Þ

In the following two subsections, we examine whether the
relationships above (B4) and (B5) are satisfied.

1. Demonstration of the relationship expressed in (B4)

First, we demonstrate the relationship expressed in (B4).
Substituting the left-hand side of the inequality expressed
in (B4) into the right-hand side, we obtain the following
inequality:

sinh½ΓA� sinh½ΓB� − sinh2
�
Γc

2

�
− sin2

�
ΦBA

4

�

≥ sinh½ΓA� sinh
�
Γ2
c

4ΓA
þ Φ2

BA

16ΓA

�
− sinh2

�
Γc

2

�
− sin2

�
ΦBA

4

�
:

ðB6Þ

The goal of this subsection is to demonstrate that the
right-hand side of the above inequality is always positive.
Next, we define variables X1 ≔ e−ΓA ; Y1 ≔ e−Γ

2
c=4ΓA , and

Z1 ≔ e−Φ
2
BA=16ΓA . Note that the ranges of X1, Y1, Z1 are

limited to 0 < X1 < 1, 0 < Y1 < 1, and 0 < Z1 < 1,
respectively. Therefore, we compute the minimum of the
following function:

FðX1; Y1; Z1Þ ≔
1

4

�
1

X1

− X1

��
1

Y1Z1

− Y1Z1

�

− sinh2½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logX1 logY1

p
�

− sin2½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
logX1 logZ1

p
�: ðB7Þ

The function log½FðX1; Y1; Z1Þ� is depicted in Fig. 4. The
minimum value of the function FðX1; Y1; Z1Þ is zero at
X1 ¼ 1 based on a numerical program written using
Mathematica. These result shows that the minimum of
the function FðX1; Y1; Z1Þ is larger than zero, i.e.,

FðX1; Y1; Z1Þ ≥ 0. Thus, the relationship shown in (B4)
is proven.

2. Demonstration of the relationship expressed in (B5)

Next, we also demonstrate the relationship expressed in
(B5). The strategy used is the same as that used for (B4),
i.e., we demonstrated that the minimum of the right-most
side of the inequality is greater than zero. The left-hand-
side of (B5) can be rewritten as

sinh½ΓB� ≥
sinh2½Γc=2�
sinh½ΓA�

þ sin2½ΦBA=4�
sinh½ΓA�

; ðB8Þ

where sinh½ΓA� > 0 because of ΓA > 0. Solving the
inequality above with respect to eΓB yields

eΓB ≥ Cþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ C2

p
; ðB9Þ

where C≔ ðsinh2½Γc=2�sinh½ΓA� þ sin2½ΦBA=4�Þ=sinh½ΓA�.
Substituting the inequality in (B9) into the right-hand side
of (B5) leads to the following inequality

1 − e−2ΓA − e−2ΓBsin2
�
ΦBA

2

�
≥ 1 − e−2ΓA

−
sin2½ΦBA=2�

ðCþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ C2

p
Þ2 ≕GðX2; Y2; Z2Þ; ðB10Þ

where we defined the function GðX2; Y2; Z2Þ as

GðX2; Y2; Z2Þ ≔ 1 − X2
2 −

sin2½2 sin−1½Z2��
ðC̃þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ C̃2

p
Þ2
: ðB11Þ

Here, X2≔e−ΓA ;Y2≔e−Γc=2, Z2≔ sin½ΦBA=4� (0<X2<1,
0 < Y2 < 1, 0 < Z2 < 1), and

C̃ ≔
ð1=Y2 − Y2Þ2
2ð1=X2 − X2Þ

þ 2Z2
2

ð1=X2 − X2Þ
: ðB12Þ

Therefore, we focus on the minimum of the function
GðX2; Y2; Z2Þ and show that the minimum value is greater
than zero. Figure 5 shows the behavior of the function

FIG. 4. Behavior of the functions of log½FðX1; Y1; 1=2Þ� (left), log½FðX1; 1=2; Z1Þ� (center), and log½Fð1=2; Y1; Z1Þ� (right).
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GðX2; Y2; Z2Þ. The minimum value of the function
GðX2; Y2; Z2Þ is zero in the limit X2 → 1 based on a
numerical program written using Mathematica; because the
function GðX2; Y2; Z2Þ is always positive, the inequality

GðX2; Y2; Z2Þ ≥ 0 is satisfied. Thus, the relationship
expressed in (B5) is proven. Furthermore, based on the
relationship shown in (B4) and (B5), the relationship (20) is
proven.
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