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We explore TT deformations of warped conformal field theories (WCFTs) in two dimensions as
examples of TT deformed nonrelativistic quantum field theories. WCFTs are quantum field theories with a
Virasoro x U(1) Kac-Moody symmetry. We compute the deformed symmetry algebra of a 77T deformed
holographic WCFT, using the asymptotic symmetries of AdS; with TT deformed Compére, Song, and
Strominger boundary conditions. The U(1) Kac-Moody symmetry survives provided one allows the
boundary metric to transform under the asymptotic symmetry. The Virasoro sector remains but is now

deformed and no longer chiral.
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I. INTRODUCTION

A warped conformal field theory (WCFT) is a quantum
field theory with an SL(2,R) x U(1) global symmetry in
two dimensions, which breaks Lorentz invariance. Such
QFTs have translation invariance, but scaling invariance is
restricted to only one coordinate. Finite warped symmetry
transformations take the form [1,2]

2= f(2). (1.1)
However, despite not being Lorentz invariant, this class
of two-dimensional quantum field theories still possesses
an infinite-dimensional symmetry algebra, namely, a
Virasoro x U(1) Kac-Moody current algebra. WCFTs are
interesting, as they appear in a number of holographic
systems with an SL(2,R) x U(1) symmetry, such as
warped AdS; [3], the near-horizon geometry of extremal
rotating black holes [4,5], and AdS; with Dirichlet-
Neumann boundary conditions [6]. Holographic WCFTs
have passed a number of consistency checks, such as
a Cardy formula [2], holographic entanglement entropy
[7-10], and one-loop determinants [11].

Since WCFTs are nonrelativistic, they do not couple to
standard (pseudo-)Riemannian manifolds. One approach is
to couple WCFTs to “warped geometries” [3], a variant
of Newton-Cartan geometries. These geometries can be
found at the boundary of warped AdS; spacetimes.
Unfortunately, these geometries have certain pathologies,

7= 7+ 9g(2).
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such as a degenerate metric, which make some calculations
untenable. Another way to couple WCFT to a background
manifold is to allow the manifold to transform with the
warped symmetry transformations. Holographically, this
requires relaxing Dirichlet boundary conditions of the bulk
metric to boundary conditions which allow for asymptotic
symmetry transformations to transform the boundary met-
ric under the warped symmetry transformation of the
boundary WCFT. The Dirichlet-Neumann boundary con-
ditions of Compére, Song, and Strominger (CSS) [6] do
exactly this. This approach bypasses the need for a warped
geometry with degenerate metrics, and we can work with
conventional techniques.

Two-dimensional translationally invariant quantum field
theories admit a class of solvable irrelevant deformations
built from conserved currents, most notable of which is the
TT deformation [12,13]. The TT operator is defined by the
determinant of the energy-momentum tensor of the quan-
tum field theory, and the deformed action obeys the
following flow equation:

1
GASQFT(A) = —E/dZX\/]?O;{])w

1
Orp =detT = Eeﬂpe”"TwT

o (12)

where the deformation parameter A is the coupling to the
TT operator Oy7. This operator is defined using point
splitting, which in the coincident limit produces a well-
defined local operator up to total derivatives. The expect-
ation value of Oz turns out to be a constant, and from this
one can derive the flow of energy eigenstates of the
quantum field theory defined on a cylinder of radius R:

OE, E oE, N P2
g "OR R’

(1.3)
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Even though the energy eigenvalues are changed, the
Hilbert space remains undeformed, since there is a
one-one correspondence between the states of the original
and deformed theory. Similarly, other observables can
be calculated in the deformed theory, for example, the
deformed Lagrangian, partition function, two-two scatter-
ing matrices, correlation functions, etc. [14-21].

There are various ways to interpret how the T7 defor-
mation acts on holographic CFTs. One proposal by [22] is
to impose Dirichlet boundary conditions for the bulk metric
at a finite radius. Another proposal given by [23] is to
treat the 77 deformation as a double-trace deformation,
which will deform the asymptotic behavior of the bulk
fields [24,25]. This approach agrees with the cutoff AdS
proposal when both are valid but has the advantage of
working when there are bulk matter fields and also for
either sign of the deformation parameter, which the former
does not. More recently, there has also been the “glue-on
AdS holography” proposal [26] which also agrees with [23]
for the positive sign of the deformation parameter in the
absence of matter fields.

Using the mixed boundary conditions and Dirichlet
boundary conditions at finite radius, the asymptotic sym-
metry algebra of the bulk dual to 77 deformed holographic
CFT was calculated in [23,27,28]. Despite losing conformal
invariance, the asymptotic symmetry algebra turns out to
still have a Virasoro x Virasoro structure. However, either
the central charge becomes state dependent, or one loses the
holomorphic factorization of the symmetry algebra, which
can also be expressed as a nonlinear deformation of the
standard Virasoro algebra.

In this work, we explore TT deformations of WCFTs
from a holographic perspective. To establish what a TT
deformation of a WCFT is, one must first define what the
energy-momentum tensor of a WCFT is. Canonically, for
WCFTs defined on a warped geometry, energy-momentum
tensors are not symmetric, and a determinant is harder to
define, since the metric is degenerate and noninvertible.
The energy-momentum tensor turns out to be a tensor with
components being a chiral stress tensor and a U(1) current.
For WCFTs dual to warped AdS;, it is also not possible to
use the Fefferman-Graham expansion to compute the
energy-momentum tensor for the same reason; the boun-
dary metric is not invertible. However, if we study WCFTs
dual to AdS; with CSS boundary conditions, for the price
of a boundary metric which is not invariant under warped
transformations, we have an invertible metric, a symmetric
energy-momentum tensor, and a conventional definition for
a determinant. Given these considerations, it is possible to
propose a definition for a TT deformed WCFT which is
dual to AdS; with TT deformed CSS boundary conditions.

This paper is organized as follows. We first briefly
review the mixed boundary conditions of [23] in Sec. IT A.
Then, in Sec. II B, we review the CSS boundary conditions
and derive the Virasoro x U(1) Kac-Moody algebra. In
Sec. III, we derive the TT deformed CSS boundary

conditions to compute the deformed symmetry algebra
of a TT deformed WCFT. We will see that if one imposes
deformed boundary conditions equivalent to Dirichlet
boundary conditions at the radial cutoff surface, we recover
a deformed Virasoro algebra, but we lose the U(1) Kac-
Moody algebra. However, if we allow the Dirichlet-
Neumann boundary conditions to remain at the cutoff
surface, which is what the mixed boundary conditions
suggests is the correct approach, we recover an undeformed
Kac-Moody symmetry. We then conclude and discuss
future directions in Sec. IV.

II. REVIEW

A. Mixed boundary conditions from TT

We begin by briefly reviewing the mixed boundary
conditions derived in [23] from the variational principle.
The variation of the boundary QFT action with respect to
the boundary metric sources the energy-momentum tensor
of the QFT and of the bulk dual. The flow of the variation of
the QFT action is equal to the variation of the deformation
which generates the flow. So we have

0,08 = 50,S.

] ..
9 (E / dzx\/ny.j)(swa) =35 / Ex 7O (21)
oM oM

From this, we can compute the flow equations for the
boundary metric and the energy-momentum tensor with
respect to the deformation parameter A. Expressing the
equations in terms of the trace-reversed energy-momentum
tensor 7;; = T;; — y;;T', we have

0vij = —2?1‘,‘7
5,1Tij = _Tille7
0,(TyT;" = 0. (2.2)

Solving these equations, we can express the deformed
metric and energy-momentum tensor in terms of the
undeformed metric and energy-momentum tensor:

vij(A) = vij — 2/1711'; + /IZTiijlykl’
?ij(/l) = Tij - lTikTm/kl, (2-3)
where everything on the right-hand side is undeformed
quantities. The new deformed quantities are now the new
boundary conditions for the bulk fields. To see this, let us
consider pure Einstein gravity.

For pure Einstein gravity in three dimensions, the
Fefferman-Graham expansion of the metric truncates at
second order in 1/r> [29]:
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d 2
ds* = lzr—’; + gapdz®dz?

24 o o) ggzb) 95;2 ag.b
:l 74‘11’ gab +7+7 dZ dZ R (24)

using which we can now express the boundary energy-
momentum tensor in terms of the Fefferman-Graham
expansion:

A k (2)
T,=—q5, 2.5
ab o Yab ( )
where k = 4—éN. For pure gravity, we also have
@ _1 @ @ .
9ap = Zgac ab 9(0) (2'6)

Therefore, we can express the deformed boundary metric
and energy-momentum tensor in terms of the Fefferman-
Graham expansion:

0 kY (2 k\? @
Yab() = I (92;;) - <2f1ﬂ) gflb) + <2ﬂﬂ> Qib))
2 k(@ kY @
T ==—(g? - (22— .
ab(’l) o <gah ( /12”> ga

Equating this to the Fefferman-Graham expansion (2.4), it
is easy to see that the deformed boundary metric can be
thought of as being placed at a finite radius r. = /=3
Indeed, it turns out that the Brown-York energy-momentum
tensor (with the appropriate counterterm) evaluated at this
surface reproduces the deformed energy-momentum tensor
derived here. This makes it clear that, in pure gravity, the
mixed boundary conditions and imposing Dirichlet boun-
dary conditions at r, = |/—4; are equivalent.'

For a derivation of the mixed boundary conditions from
the Chern-Simons formulation of 3D gravity, see Ref. [30].

(2.7)

B. CSS boundary conditions

Examples of constructing a holographic bulk dual to a
WCEFT are either warped AdS; or AdS; with CSS boundary
conditions. We shall use the CSS boundary conditions,
since they are amenable to the mixed boundary conditions
from the 77 deformation.

Expressing the metric in Fefferman-Graham gauge (2.4),
we have the following Dirichlet-Neumann boundary con-
ditions for the metric [6]:

P/(Z) -1 2 A
g<°>—(l ) 2=2 @8

'We will be absorbing the factor of # into the normalization of
A and Oz7 from now on to avoid clutter in the equations.

where k = ﬁ and A is a constant. These falloff conditions

are chiral, with P(z) being an undetermined holomorphic
function. This is to accommodate (1.1), which shifts P’'(z),
and, hence, we must leave it undetermined. Note that this is
unlike the warped geometry in [3], where the warped
geometry metric is invariant under (1.1).

One can compute the full bulk metric with the CSS
boundary conditions by taking the Fefferman-Graham
expansion (2.4) to be

ds®> drr A _ 2AP'(z)  AL(2) _
1—2:74‘%6&2— <r2+ X + k2r2 )dZdZ
L AP’ 2 AL(z)P
i (rr)+ LA ALOPEN

(2.9)

Here, both L(z) and P(z) are undetermined holomorphic
functions and parametrize the phase space of AdS; with
CSS boundary conditions. A special case is the Banados-
Teitelboim-Zanelli black hole when P'(z)=L'(z)=0
[6,31].

The asymptotic symmetries of this metric are interesting,
as they differ from the usual product of SL(2, R) algebras
despite being locally AdS;. To compute asymptotic Killing
vectors, we first require that they preserve radial gauge:

Leg,, = 0. (2.10)

This fixes the asymptotic Killing vector £ to have the form

ab

£=rf(z.2)0, + (V“(z,Z) - /gTabf(z,Z)dr> d,.
(2.11)

Evaluating this for the CSS metric (2.9), we get

& =rf(z,2),

= vi(ez) - KOS @D + (k2 4 AP(2))0,/(2.7)
& =V(z,2) G ALC) ’
& =Vi(z,2) —kH_kAL(Z)((krz +AP(2)0.f(2.2)

+ ((2kr* + AP'(2))P'(2) + L(2))0-f(z,2)). (2.12)

If we impose Dirichlet boundary conditions at infinity,

lim £;g,, = 0, (2.13)

we get conditions on the undetermined functions in ¢&:

1
0:Vi(z,2) =0,  f(z.2)= —Eanz(z,Z)’

Vi(z,2) = P'(2) V(2. 2), (2.14)
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and so we can write our asymptotic killing vector [where

V(z) = Vi(z,2)]
E(V) = —% V'(z)0, + <V(Z) + z(kzkf‘_/ﬁgzz(z)Q 9,

k(kr? + AP'(z))

N (P’(Z)V(Z) W INIE)

V”(z))c)z.
(2.15)

Asymptotic Killing vectors generate flow in the phase
space; i.e.,

['afg/t,v = aL(z)g/w(S«fL(z) + aP’(Z)gﬂuafp/(Z)' (216)

From this, we can compute 6L and oP. It turns out that &

transforms only L(z) and reproduces the infinitesimal
Schwarzian transformation:

5:L(2) = VIL'(2) + 2V (IL() ~ 5 V"(2). 6P =0

(2.17)

To transform P(z), we cannot allow the asymptotic
killing vector to satisfy Dirichlet boundary conditions at
infinity (2.13), since warped symmetry requires changing
the boundary metric. The “asymptotic Killing vector™
which generates transformations in P(z) is

n(o) = o(2)0:, (2.18)

and the transformations of the parametrizing functions are

6,L =0, 6,P(z) = —o(2). (2.19)
Note that # also generates the warped symmetry trans-
formation z — z + ().

We can use the Fefferman-Graham expansion to com-
pute the boundary energy-momentum tensor

k K (g0 _ gt )0y

Ty = Gab ~ 9109k Gab

2n
1 (L(z)+AP(2)* —AP(2)
_%< Lar R ) (2.20)

At this point, it should be stated that this energy-momen-
tum tensor is not the canonical energy-momentum tensor
for a warped CFT. For a warped CFT defined on a manifold
with warped geometry, the energy-momentum tensor is not

>The quotes are to indicate that, since this vector does not
satisfy Dirichlet boundary conditions, it is technically not an
asymptotic Killing vector, but, since it generates flows in the
phase space, it will continue to be referred to as such later in this

paper.

symmetric, since symmetry of the energy-momentum
tensor is a result of Lorentz invariance. However, a warped
CFT dual to AdS; with CSS boundary conditions is not
defined on a manifold with warped geometry. Rather, the
manifold is not invariant under warped transformations,
but for that price we gain the symmetry of the energy-
momentum tensor.

The conserved charges corresponding to the asymptotic
Killing vectors are

= / ATl = [ gtz

O =55 [ dinTun = 5 [~ a7 @) - 1),
(2.21)
where 0% is at r — oo, t = <= constant, ¢ = 5= € (0, 27),

and n =0, =9, + 0-.
We can now also compute the charge algebra, using the
Dirac brackets of Einstein gravity:

(2.22)

{06 Ceato)} = ¢, Qi)

So we have

1 2
{Qetr) Qeto)} = 0er)Qeto) = 7 /0 depg(z)d(s)L(2)

1 2z
:4—7124 9(z)

< (FOUE) 201 - 5770 ).
(2.23)

Expanding the functions in modes,

Z) = aneinl’ = ngeimz’
n m
L) = S Lye i
P

Replacing Dirac brackets with commutators, we obtain the
Virasoro algebra

(2.24)

[an L ] ( - n)Lm+t1 - 5”351n,—n' (225)

¢ . oy
15 gives the familiar ¢ = 6k = 3Gy

Similarly, we obtain a U(1) Kac-Moody algebra from the
commutator of the charges Q,:

Note that equating & =
[vaPn} = mAém,—n (226)

Note that the Virasoro and Kac-Moody algebra is factorized
in this basis. This is presented in this form in [32], which
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also gives the relation between this and the algebra
presented in [6].

III. TT DEFORMED CSS BOUNDARY
CONDITIONS

To compute the 7T deformed bulk metric corresponding
to the TT deformed boundary WCFT, we first compute the
deformed boundary metric using (2.7):

vij(A)dz'dz) = —(dz + (AL(z) — P'(z))dz)
X (dz + AA(dz — P'(z)dz)). (3.1)

This metric is flat, so we express it in explicitly flat
coordinates with indices a and b:

Yap(A)dudu® = —dudv. (3.2)
Equating the two, we can calculate the state-dependent

coordinate transformation for a 77T deformed WCFT,
analogous to the ones introduced in [33,34]:

du = dz + AA(dz — P'(z)dz),

dv = dz + dz(AL(z) — P'(z)),
dr — du — AAdv
CT1-2ALR)
gz — (P'(z) = AL(z))du + (AAP'(z) = 1)dv. (3.3)

1 - 22AL(z)

Furthermore, we can use the flow equations to compute the
full bulk metric dual to the TT deformed WCFT:

ds* dr’  (du(AAL + kr?)

12 r2

— Adv(Akr? + 1))
KPR (2AL - 1)?
x (du(Akr* + 1)L — dv(AAL + kr?)),

(3.4)

where L = L(u, v) = L(z). Note that, on doing so, we lose
the P(z) degree of freedom, since this is equivalent to
imposing Dirichlet boundary conditions at the constant

radial surface r. = \/_k%r If we are to impose Dirichlet-

Neumann boundary conditions on this surface, we can
recover the U(1) degree of freedom. To do so, we have to
perform the transformation

u—u—AAP(u,v), v—>v—Plu,v). (3.5
This is the analog of the warped symmetry transformation
but now in the state-dependent coordinates. We will explore
both types of boundary conditions, starting with the simpler

case of only imposing Dirichlet boundary conditions.

A. Asymptotic Killing vectors I:
Dirichlet boundary conditions

We will first compute the 7T deformed asymptotic
symmetries which preserve the deformed boundary con-
ditions, which is equivalent to imposing Dirichlet boundary
conditions at the radial cutoff surface.

Preserving radial gauge (2.10), we see that the asymp-
totic Killing vector in the deformed spacetime has the form

E'(A) = rf(u,v),

£4(2) = Vi(u, v) — kz% (A4 + AL + 1)d,f
+ (AAL(2 + kAr?) + kr?)o, f),

EV(A) =V (u,v) - lczr% (L(22kr* + 22AL + 1)0,f

+ (AL + k) + k), f). (3.6)

It will be convenient to define

W' (u,v) = V" (u,
W¥(u,v) = V¥ (u,

v) + kA0-f (u,v),
v) + kA0 f(u,v) + P'(u,v)0:f (u,v)),
(3.7)

where, using (3.3), the derivatives in z and Z are

0. =AAd, +0,. 0, =0, + AL(u,v)d, — P'(u,v)0;.

(3.8)

In terms of W¢, the mixed boundary condition, or,
equivalently, the Dirichlet boundary condition at r = r,,

L (l)gﬂu(ﬂﬂr:rc =0, (39)
constrains the functions in £(4) to obey
1/1-AAL
) === (222 (9, W+ 0, W),
fluv)=-3 <1+/12AL>( W)
AA
we = —(—25 ) (9, W +a,W"),
(i 8z )@+ o)
AL
W' =————|(,W*+9,W"). 3.10
(15 5az) @We o). 310

It turns out that this is not enough to solve for 6L. In the
undeformed case (2.15), the functions in the asymptotic
Killing vector are all holomorphic functions, so we apply
the holomorphicity property in the deformed case as well:

0:W(u,v) =0, 0:L(u,v) = 0. (3.11)
Combining the previous two equations,
conditions

we get the

105016-5
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flu,v) = ——(1 — 22AL(u,v))0,W"(u, v),
WL(u,v) = —AA0,L(u,v),
a, W”(u, v) = —AA0,W"(u, v),
0,W"(u,v) = —AL(u, v)0,W"(u, v). (3.12)

We can use these equations to eliminate v derivatives of all
the functions and all derivatives of W".

Now we have enough information to be able to solve for
6L. To do so, we solve

Ef(i)g/w (’1)

There are three equations, but, with the relations in (3.12),
all three equations become identical, and the r dependence
drops out. Solving for 6L, we get

= aL(u.v)g;wé‘fL(Lh U)' (313)

SeL(u,v) = (W*=2AW?)L'
1
+§(4L +22kA(1=22AL)L")(1 = 22AL)WY

k
+A2kA(1—22AL)*L'W" -5 (1 —A2AL)PWH,

(3.14)

where ' = d,. When A — 0, we recover (2.17). Note that
this depends on two arbitrary functions W* and W".

1. Deformed charge algebra

To compute the symmetry algebra of the 77 deformed
holographic WCFT, we must compute the conserved
charge algebra of the dual spacetime. We first compute
the deformed boundary energy-momentum tensor using the
flow equations, which also coincides with the AdS; Brown-
York energy-momentum tensor evaluated on the constant
radial surface r = r,:

/ L 12+,1k+/122AL
g 1-2’AL 2k(1-22AL)
W=__ . (3.15)
J 2 \ 14+k+22AL A
2k(1-22AL) 1-22AL

Conserved charges are defined with respect to a constant
time coordinate ¢, which is defined in terms of # and » by
|

I(1+ A 24
(000} = 6y 0; = LF )) / " dp

8722(1 — AA)? J,

1
1 - 22AL(g)

u=-_t+q, v="t—¢. (3.16)

Since L is holomorphic in z, we can express the ¢ derivative
in terms of the ¢ derivative:

1+2A

L=
% 1-JA

= 0,L. (3.17)

So we can express the u derivatives of holomorphic
functions only in ¢ derivatives as well:
1 1

O = 1—JA

(3.18)

For constant 7, we can now eliminate W" in (3.14), using
Egs. (3.12) and (3.18):

0,W" = —=AL(¢)o,W" = 9,W" = —AL(¢)o,W". (3.19)
Integrating over ¢, we have
¢
wig) = [ apL@ro ). 620)

Now we can label the variation of the conserved charges
with only one arbitrary function W*. Using (2.21) but with
the deformed energy-momentum tensor, the conserved
charge is

Qr = #K” d¢f(¢)%. (3.21)
We can now compute the charge algebra:
{Qw. Or} = w0y
é Cagf
: <1 :iv;iL T —A/;ALL)Z WMW”)'
(3.22)

Using (3.14) and (3.20), substituting f(¢) = "¢ and
W(¢) = e, and removing ¢ derivatives from L using
integration by parts, we have

[2m3k(1 — AA)3eilmtme (1 — J2AL(g))

+ ™ L(¢) <2mn/1A(1 —JA)? / " e L(g)dd — i (ni2kA(1 — 2AL($))

x (n*AA(3 — AA(3 — 2A)) — m?))

—2(1 = 2A)*((m —

n) — mu@p)))] . (3.23)
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Since L is not independent of #, only the zero modes are
conserved in time. In this choice of basis of functions and
Fourier modes, the central charge term is state dependent.
This is similar to what was found in [23] for a 7T deformed
CFT. It is straightforward to verify that, on taking the 1 — 0
limit and expressing L in Fourier modes, one recovers the
Virasoro algebra.

B. Asymptotic Killing vectors II:
Dirichlet-Neumann boundary conditions

If we want to impose the same boundary conditions
at the radial cutoff in the 77 deformed metric as the
undeformed Dirichlet-Neumann CSS boundary conditions
at infinity of the undeformed metric, we have to find a
global Killing vector which corresponds to translations on
the boundary. It is easy to verify that AAd, + 0, is such a
global Killing vector of (3.4). To generate transforma-
tions in the boundary metric, we then promote this global
Killing vector to an “asymptotic Killing vector” analogous
to (2.18):

u— u—AAh(u,v), v— v—h(u,v), (3.25)

which is generated by the asymptotic Killing vector (3.24)

as the analog to the warped transformation 7 — z — h(z).

The state-dependent coordinate transformation is now

du — AAd(h(u,v)) = dz + AAd(Z — P(2)),
dv—d(h(u,v)) =dz+ (AL(z) — P'(2))dz,

dz — du — AAdv
1-A2AL
&5 — dv —ALdu + (du + AAdv)P'(z)
1 - A2AL
— (d(h(u,v)), (3.26)

where d is the exterior derivative. Note that, since both A
and P are arbitrary functions of (u, v), we can choose the
gauge where h = P. The coordinate transformation now
becomes much simpler:

Nk o) = —o(u, v)(AA0, + 0,). (3.24) du=dz+2Az,  dv=di+IL(z)dz,
_ du—AAdv __dv—ALdu

To introduce the P(z) degree of freedom back into dz = 1 — 22AL ST RAL (3.27)
the metric (3.4), one can make the coordinate transforma-
tion (3.5): The metric now reads
ds* = l2ﬁ + L ((kr*(PAL = 1)0,h — (1 + 2kr*)L)du + (kr*0,h(A>AL — 1) + AAL + kr?)dv)

r? kP (1—-22AL)? " !
X ((A0,h(A2AL — 1) — AAL — kr?)du + A(0,h(A2AL — 1) + Akr? + 1)dv). (3.28)

This metric still has the asymptotic Killing vector (3.24), and when ¢ = 1 it is a global Killing vector. Computing the

flow in phase space generated by (3.24), we have

'Cr](/l,a)g/w()“; L(I/t, 1)), auh(u’ U)) = angwéL + ahg/wéh’

(3.29)

which, on solving, we see that we recover the undeformed U(1) symmetry:

oL =0,

Sh=o. (3.30)

Now we will see if on performing the warped transformation (3.25) we lose the deformed Virasoro symmetry (3.14). The

vector field which preserves radial gauge is

& = rf(uv),

k
& =V"'(u,v) +

(AL = k2r*)(1 — AA0,h — 0,h)?

[0,f (AAL(AZ0,h(=20,h + kAr* 4+ 1)

+(1 = 2kr?)d,h — 2kr* = 2) + Ad,h(d,h — Akr? — 1) + kr?(d,h — 1) + B3 A%L?9,h(AA0,h — 1))
— A0, f(2(Akr* + 1)(22AL = 1)0,h + (0,h)?(A2AL — 1)? + AL + 22kr* + 1)],

k

v — VU ,
g W 0) AL (1 = Aboh — 00

[auf(_

0,h(A2L — 1)(AAL + kr?)

+ A0, h(AAPL — 1)(0,h(AA’L — 1) + kAr? + 1) — AAL(Akr? + 2) — kr?)

+0,f(20,h(2AL — 1)(AAL + kr?) — A(9,h)*(A22L — 1)? — L(ARPL + 2kAr? + 1))].

(3.31)
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To have solutions which preserve the mixed boundary
conditions, we are required to impose holomorphicity of &
in z,Z coordinates:

0:h =0 = 0d,h = —AA9,h. (3.32)

To simplify the equations, one can introduce the following
definitions:

W4 = V4 — B3kA%(1 — A*AL)0,f0,h,
WY = V" + 2k(1 = A2AL)0,f(1 — 1A0,h),

X =W"—=1AW". (3.33)
To compute the variation of the functions L and £, it will be
necessary to impose holomorphicity in z for the functions
W, X, and f. We can now compute the variation of the
metric which preserves the mixed boundary conditions or,
equivalently, impose Dirichlet boundary conditions at the
constant radial surface:

(3.34)

Ef(ﬂ.()’).gﬂl/(/l; L(u’ 1}), auh(u’ /U))|r=r{ =0.

5:h =0,

6§L = 2®2h//

This is a set of three equations; however, only two are
linearly independent. The conditions we get from solving
the above equations are

1 (1-22ALY ,
sl == (1 g ) ¥ o)
W (u,v)  h'(u,v) = AL(1—AAN (u, )X (u,v)
h'(u,v) B (u,v)(1+A*AL) '
(3.35)

X(u,v)=

where ' = 0,,.

We are now in a position to compute the flow of the
metric in phase space generated by this vector field subject
to the above constraints:

Ef(ﬂ,a)gﬂb(’l; L(”? U)’ auh(u’ ’U)) = aLg;w5L§ + ahgﬂyéhf-
(3.36)

As before, this set of three equations subject to the
constraints reduces to two equations and removes any
dependence on the radial coordinate r. The variations of the
functions /# and L are

((2AkL'L2,L,(2AAR — 1)R" + 3kL3, L2 (h")*)W" — k®OL;,L ,h"W"

+ X' (=22%k(L")* L2 K" (1 = 3AAR + 222A%(h')?) — 6kL3, L% (h")* + h"(—OL,,(AkL" (1 — 2AAh")
+4AL*(1 — AAK') + L(=2PkAL" — 2(2 = 2*kA?L")h')) + 6kOL; L ,h"") — L'(20°
+ AkL2, (=7 + 8AAR — A2AL(1 = 8AAR'))(h")? + 22kOL2,(1 — 2AAR )W) — k@>L3,h'"")

+ W/ (L'(20°L,, 4+ 2AkLZ,L,(1 = 2AAR )" + k®L;,L k") — 3kL;,L2h"h")),

where
©® = d,h — AL(1 — 1Ad,h), W=Ww,
L, =1-2AL, L,=1+AAL. (3.38)

We see that we still preserve a deformed Virasoro generator
and do not generate a transformation in the U(1) generator.
However, the algebra produced the modes of the charges
will not be closed, as the variation of L depends on the
U(1) generator h. We will not compute a charge algebra
for this, since it is not illuminating but, in principle, can
be computed using the same procedure outlined in the
previous section.

Let us compare the results of this section with Sec. IIT A.
We find that the TT deformation does not affect the spin 1
currents, and, therefore, the deformed theory should retain
whatever Kac-Moody algebra the undeformed theory has.
This suggests that the results in Sec. III A are only a special
case of this section, where the bulk dual is dual to a state
with zero momentum in the boundary deformed WCFT.

(3.37)

IV. DISCUSSION

In this paper, we computed the TT deformed generators
of a warped CFT, using holographic techniques developed
in [23,27]. Previously, holographic TT techniques have
been used to compute 77 deformations of holographic
CFTs. Since the TT deformation is a double-trace defor-
mation, the boundary conditions of the holographic bulk
dual are modified. For the 7T deformation, this can be
interpreted as imposing Dirichlet boundary conditions at a
finite radial surface for the bulk metric. However, when
considering a holographic WCFT dual to AdS;, one has to
employ the CSS boundary conditions [6], which are
Dirichlet-Neumann boundary conditions for the bulk metric.

We, therefore, computed the TT deformed CSS boun-
dary conditions, by imposing either only Dirichlet
boundary conditions at the cutoff radial surface or
Dirichlet-Neumann boundary conditions at the same sur-
face. Using this, we computed the 77 deformed asymptotic
symmetry algebra for both cases and found that, for a 7T
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deformed holographic WCFT, the U(1) Kac-Moody gen-
erators are not affected, but the Virasoro generators are
deformed in a nonlinear way. In fact, when considering the
Dirichlet-Neumann boundary conditions at the finite radial
surface, we see that the deformed Virasoro generator will
no longer create a closed algebra with itself, but the full
deformed asymptotic algebra is still closed. This suggests
that the symmetry algebra of the 77 deformed WCFT still
contains the U(1) Kac-Moody algebra, which follows from
the fact that the TT deformation preserves translation
invariance.

A natural question to ask now is which of the two
boundary conditions corresponds to the correct T7 flow of
the boundary field theory. Since the 77 deformation does
not effect spin 1 currents, the deformed theory should not
lose the U(1) Kac-Moody algebra, which suggests that the
second approach yields the correct deformed theory.

This result strengthens and extends the proposals of
[22,23,27] to the case of an example of bottom-up
holography where the boundary theory is not a conformal
field theory but instead a nonrelativistic theory. It will be
interesting to explore how the holographic 7T dictionary
extends to other examples of holography and, in particular,
non-AdS holography.

There are many directions one can take from here.
Another starting point for a bulk dual to a nonrelativistic
QFT would be a JT deformation of a CFT dual to AdS;
with a U(1) Chern-Simons matter field, to generate CSS-
like boundary conditions [35]. Since warped CFTs can also
be formulated as dual to modified gravity theories with a
warped AdS bulk, it would also be interesting to use the
Chern-Simons formalism of holographic TT [30] to com-
pute the 7T deformations of WCFT dual to warped AdS; as
a solution to lower spin gravity [3] or as a solution to
massive gravity [36,37]. Stepping away from holography, it
would be interesting to compute the 7T deformed WCFT
partition function and explore the deformations of other
nonrelativistic QFTs such as the quantum Lifshitz model in
2 + 1D, which will require understanding 77 deformations
in higher dimensions.
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