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We provide a systematic derivation of cluster alphabets of finite types. The construction is based on a
geometric realization of the generalized worldsheets by gluing and folding a pair of polygons. The cross
ratios of the worldsheet z variables are evolved using the Y-system equations. By a new gauge choice, we
obtain a simpler set of cluster alphabets than the known ones.
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I. INTRODUCTION AND SUMMARY

The search for a geometric description and a simple set
of variables has guided the study of scattering amplitudes in
quantum field theory and string theory. Historically, the
Veneziano amplitude consistent with the Regge poles and
crossing symmetry was written down first, then extended to
n-point amplitudes, and the notion of a worldsheet swept
out by the motion of strings emerged only later.

The generalization of the Veneziano amplitude to n
mesons is expressed as [1-3]

n—3 1 U n X
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Here the integral is over the n — 3 compatible resonances,
o is the Regge slope, and X;; are functions of the
Mandelstam variables s; ;. It was soon realized that the
u variables may be written as cross ratios of the Koba-
Nielsen z variables [4].
Zi-1 —%; Zi—Z3j—1
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This leads to the expression of the integration measure in
the Parke-Taylor form [ [, dz;/(z; — z;41) and the Koba-
Nielsen factor |z; — z;|* familiar in modern textbooks,

with the residual gauge symmetry used to fix the positions
|

3<i<n—

of three points, e.g., z; = —1,z, = 0,z, = . It is now
recognized that this integral describes the tree-level ampli-
tude of open strings, whose worldsheet is a disc with n
marked points at the boundary. The string amplitude enjoys
properties such as crossing symmetry, factorization, and
Regge behavior.

More recently, the factorization property of the string
integral was put on the center stage to define a class of
generalized string integrals associated with Dynkin dia-
grams [5]. The so-called cluster string integrals factorize
at the poles that correspond to the boundaries of the
configuration space of u variables [6,7]. For example, the
A, _3 integral (1) factorizes into an A,_;_, integral and an
A;_, integral at its poles. The factorization property
is reflected in the geometry of the generalized associa-
hedra [8] and the integrals are interpreted as volume
forms. However, like the multimeson amplitudes, the
integrals are written in terms of the u variables as a
generalization of (1). It was not clear what the underlying
worldsheet picture is.

A second motivation for this work comes from the
structure of field-theory amplitudes. The amplitudes are
expressed in terms of generalized polylogarithms. The
cluster bootstrap program attempts to constrain the form
of the amplitude using a set of symbol alphabets [9-11]. In
a related development [12], a class of alphabets based on
cluster algebras of finite type was proposed using birational
maps from the kinematic variables:
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(I)D,, = q)A,,,1 (237 -0 Zns Zn+2) U {Zn+3v 1+ Zn+3} U 3<lL£n{Zi —Zng3, % T Zn+2zn+3}

xU U {~z+2+ 22— 2izus2 — 2i2us3 + Zusazuss}- (3)

3<i<j<n

It was shown that the Feynman integral for the one-loop
Bhabha scattering correspond to the A5 cluster alphabet, a
certain six-dimensional hexagon integral to the D, cluster
alphabet, etc. However, the cluster alphabets were found by
a clever choice of birational maps, and it was not clear how
to derive them for other finite-type cluster algebras. The
A-type alphabet is the set of gauge-fixed factors in the u
variables (2), as string amplitudes reduce to field-theory
amplitudes in the @ — 0 limit. It was also not clear whether
the other alphabets have any geometric origin or if there is
an underlying worldsheet at all.

In [13], a systematic derivation of such variables was
proposed based on Y systems, and the results for D types
were presented in detail. The strategy is to construct the
generalized worldsheets through a “gluing” construction.
We solve the u variables in terms of the worldsheet
coordinates. Like in the A type, the elements of an alphabet,
called letters, are the factors that appear in the u variables.
As it stands, there are more ungauged letters than the
number of cluster variables. Upon a choice of gauge, the
alphabets are then read off from the factors. The number of
letters in a cluster alphabet is shown in Table 1.

This paper aims to derive the cluster alphabets for all the
finite types. Our main results are as follows:

(1) Systematic construction of the generalized world-
sheet for all finite types. We provide a systematic
derivation of the gluing construction of the excep-
tional types. We begin by reviewing the gluing
construction of the D, worldsheet. We show how
the construction extends to the exceptional types,
and derive an explicit cross-ratio representation of
all the Eg u coordinates. For the nonsimply laced
types, we present the folding map that identifies the
worldsheet coordinates. Our results may also be seen
as an explicit verification of Zamolodchikov’s perio-
dicity conjecture for Y systems [14].

(2) New cluster alphabets. In the standard gauge choice,
one may obtain the cluster alphabet for BCD,
Es, F4, G, types as polynomials of degrees at most
2, 4, 5, 4, respectively. By choosing a different
gauge, we produce a new, simpler set of alphabets.
We obtain a linear alphabet for B type, quadratic

TABLEI. The dimensions of finite-type cluster algebras, which
equal the number of letters in a cluster alphabet.

An—3
n(n—3)/2

B,/C, D, Es E; Ey Fy G
an+1) n> 42 70 128 28 8

alphabets for CD types, and for E¢, E;, Eg, F4, G,
types, polynomials of degrees at most 4, 5, 7, 4, 2,
respectively.

II. THE GLUING CONSTRUCTION

A. Review on the gluing construction of the D,
worldsheet

We review the construction of the D-type worldsheet
based on gluing a pair of A-type worldsheets. The basic
observation is that the D, Dynkin diagram can be written as
a union of a pair of A,_; Dynkin diagrams, as shown in
Fig. 1. We prepare two (n + 2)-gons. We will call the first
polygon the first sheet and the second polygon the second
sheet. The vertices of the polygons can be given any
labels but for convenience, we will choose them to be
(1,2,...,n+1,n+2)and (1,2,...,n + 1,n + 3), respec-
tively. We glue n + 1 of the common vertices together,
leaving the last vertex on each polygon alone. The positions
of the vertices zy, ..., 2,3 will be our worldsheet variables.
We may choose a snake triangulation. Assigning a node
to each diagonal and an arrow between two consecutive
diagonals ordered counterclockwise around a common
vertex, we see that the underlying graph precisely corre-
sponds to a Dynkin diagram of type D, [15].

Recall that in an A,, worldsheet, the u variables are cross
ratios of their respective z variables (2). By a reparamet-
rization u = Y /(1 + Y), it is found that the cross ratios on
the worldsheet satisfy a celebrated set of equations, known
as Y systems:

YiiYirjr = (1 + Y 0)(1+ Y ). (4)

This can be seen as a time-evolution equation that maps
Y;; = Yiyij41 in each time step.

The Y-system equations admit a generalization to all
finite types [14]:

Yie =Dy, =T +Y,0) [0 +¥;(= 1)),
(5)

Here C; ; is the Cartan matrix of the root system. One may
assign an orientation to the edges in the Dynkin diagram
such that each node is either a source or a sink. The
Zamolodchikov periodicity conjecture states that the sol-
utions to (5) are periodic. A solution of ¥ systems in terms
of cross ratios was used to prove the periodicity conjecture
for the A type [16].
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Y1 Yz Yn-3 Yn-2 Yn
Yn»1
Yy Y2 Yn-3 Yn-2
FIG. 1.

Returning to the worldsheet picture, the n — 2 diagonals
in the triangulation are identified with the initial Y variables
for each common node in the Dynkin diagram Y;(0) for
i=1,2,...,n—2. The diagonals connecting z; with z,,
in the (1,2,n+1,n+2) and (1,2,n+ 1,n + 3) quadri-
laterals provide Y,_;(0) and Y,(0) for the two branched
nodes in the Dynkin diagram, respectively. Now we may
assign cross ratios to the diagonals in the initial triangu-
lation. The Y;(z) variables at later times are generated
according to the Y-system equations. This process termi-
nates when the Y variables return to their initial values as
guaranteed by periodicity.

Because the Y-system equations are always birational
transformations on the Y variables, the new Y variables
will always be a rational function of the z variables. Let
z;j *= zj — z;- Remarkably, once we introduce the cubic
polynomials

Wij = Z1,n43%i,j%n+ 1,042 — 21,n+1%i,n43%j,n+2> (6)

the corresponding u variables can be written as generalized
cross ratios of the z, w factors:

Zij—-1%i-1,j Wi j—1Wi-1,j
ul.j = —— s uj.l = —_—,
Zj,jRi-1,j-1 Wi iWi-1,j-1
Z'. 3w4_1 . _ Z; 2W'_1 .
u; = i,n+ i—1,i , i = i,n+ -1, , (7)
Zi—1.n3Wii Zi—1.n+2Wii

forn+12>1i> j > 1. Here u; and #; correspond to the two
branched nodes in the Dynkin diagram. Because the D,
worldsheet is constructed from gluing a pair of A,_;
worldsheets, one may think of u;; with i> j as the
cross-ratio coordinates of zs of the first sheet, and u; ;
with i < j as the cross-ratio coordinates of ws of the
second sheet.

We shall denote the collection of polynomial factors that
appear in the u variables as an “ungauged alphabet.” The
ungauged D, alphabet is

U {Zi,n+3} U

1<i<n+1

U {zijbu_ U {w;;}. (8)

1<i<j<n+2 2<i<j<n

Yn-2

Yn—3

The glued-polygon representation of the D,, worldsheet.

There are n? + n + 3 independent variables. Upon gauge
fixing z; = =1,z = 0,z,,; — o0, n + 3 variables corre-
sponding to z;, and z;,, for all i # n 4 1 are removed,
and we obtain the n? letters (3).

While the u variables are written nicely as generalized
cross ratios, the interpretation of the w variables remains
mysterious. Here we provide a new, determinant represen-
tation:

1 1 1
Wi.j:det Zit 21 Zl+Zj Zny2 T a3 |- (9)

ZiZn+1 1% Zn+22n+3

It is symmetric on the pairs of indices (i,n+ 1), (1, ),
(n+42,n+3), but is antisymmetric when the pairs are
exchanged, much like the symmetries of a Riemann
tensor.

B. The construction of E,, worldsheets

Consider an E,-type Dynkin diagram, where n = 6, 7, 8.
It may be written as a union of A,,_; and A,,_, diagrams. We
prepare a (n + 2)-gon and a (n + 1)-gon and glue n of the
common vertices, leaving one vertex on the first polygon
and two vertices on the second polygon free. We work out
the E¢ example explicitly, as shown in Fig. 2. The initial set
of variables are

! .

Y, Y, Ys Ys Ys Yo
Y4

Y
Yo 3

Y2

- - Y4
Y; Y; Y.
g 2 3 3 4

FIG. 2. The glued-polygon representation of the E4 worldsheet.
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Yi(0)={Y35.Y25.Y26.Y61.Y71. Y61},

_{12,513,4 21,5224 21,6225 21,526,8 £1,687.8 21,526,9}

- £ k) ) ’ k] .

223245 212245 212356 <1,845,6 21,826,7 <1,935,6
(10)

The Y variables are written in terms of the z variables as

Y, = Sbilimt (11)
Zi-1i%j-1.j

Note that on the first sheet, the vertex that comes before z;
is zg; on the second sheet, the vertex that comes before z;
is 29.

We evolve the Y-system equations (5) as before, gen-
erating all the Y;(¢) at later times. Among the nonlinear
|

factors appearing in this parametrization of the Eq Y
system, there are 12 cubic polynomials of the form

E _
Wi = 21n+1%i,j2nn4+3 ~ 21,08in+1%j,n+3>

~E
Wij = 21,n42%0j%nn+3 — L1,nlin+28),n43 (12)

Note that wf ; for Eg is slightly different from w; ; for D,

due to a difference in the labels. There are also four quartic
polynomials of the form

Wi jk = 21,i%jn+2%kn+12n.n+3 ~ L1.n+3%n+2,i%n+1,jZn k> (13)

and a sextic polynomial

Wi ikl = 21.n4321.0%in+2%j.n+1%kn+3%1n — 21,n+321,n%n.n+3%in+2%j.k%ln+1

+21,i21,0Zn,n432j,n4+32kn+2Z0n+1 T 21 04221043 %n041Znn32i0%j k- (14)

The indices are taken to liein 2 < i < j < k < [ <5 so the last polynomial is simply w, 3 4 5. When some of the indices are
allowed to coincide, the sextic polynomial factorizes into a product of the lower-order polynomials, e.g.,

_ E ~E
Wiijk = WirWij

Wik = 21.n%jn+3Wi j k- (15)

This allows us to write the Y variables, or equivalently the u variables, of E; compactly as generalized cross ratios':

22,5234 23,6245 W2224%56 W2333W2335 248W34.44 247W4,445 25,8267
22,4335 23,5246 W2225246 W2235W3333 238Wa444 257W444.4 25.7%6,8
21,5224 22,6235 246W222.3 W2225W2334  W2345W3335  W3445Wa444  W3555Wa555
214225 225236 36W2224 W2224W2335  W2335W3345  W3444W4445  W3455W5555
216%5  236W2222  W2224W2333  W2335W2344 W2445W3345  W3555W4445 214Ws5555
P 21,5226  226W2223  W2223W2334 W2334W2345  W2345W3445  W3445W4555 21,5Wa555 (16
u;(1) = )
! 21,5%6.8 21,7226 W22023W2224  W2334W3333  W2345W3444  W2s555W3445 213Wa555
21,6258 21,6227 W2222W2234 W2333W3334 W2445W3344  W2445W3555 214W3555
21,6478 218427 238W2333 237W3334 Wr445Wa445 212W3555 214223
21,7268 217728 228W3333 247W3333 W2455Wa444 213W2555 213224
21,5269 219226 229W2223 W2334W3334  W2345W3444  W3444W3445 258Wa555
21,6859 21,6229 237W2222 W2344W3333  W2444W3345  W3345Wa444 248Ws555
Unlike the D, case, the cross ratios involving w; ; ; are not unique and can be transformed using the identities
Wiijr LWiijk+1 Wikl jkkWijt+lkk 1 (17)
WiijkWiij+1k+1  WijkkWitl,j+1.kk
In the standard gauge choice (z; = —1,z, = 0, zg = o), the E alphabet consists of 42 letters that are polynomials with a

degree of at most 4:

Dp, =Dy, (23,24, 25.27,28) U {29, 1 + 20} U 325{@.971:' + 2729, 2 + 2329} U

x U {2+ z; + 2izj — 727 — 229 + 2729, =27 + 2; + 2:7j — 2iZs — ZiZ9 + 2820,

3<i<j<s

X Z;2j — 2i%7 + 2;Z8 — 2j28 1+ 2;2829 — Z7Z829} U

"The u variables for Eq can alternatively be realized by the Grassmannian cluster algebra G(4,7) [17].
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X {—2324 + 2327 + 2425 — 2427 + 2428 — 2528 + 232425 — 232477 — 232429 — 232528 + 232728

+ 232729 + 242839 — 272829,

— 2325 + 2425 + 232435 — 232437 + 232428 — 232528 — 232529 — 232839 + 242729 t+ 252829

+ 23242829 — 23272829 — 232873 + 272873 }-

In Sec. V, we shall derive a simpler alphabet by a different
gauge choice.

III. THE BOUNDARY STRUCTURE OF CLUSTER
CONFIGURATION SPACES

Recall that one of the main features of the A,_;
worldsheet is that each diagonal divides an n-gon into
an (n — k+ 1)-gon and a (k + 1)-gon. The string amplitude
factorizes at each pole (boundary of the u space) as

Ay X Apy COA, 3. (19)

We can make similar statements for the other types with
the picture of glued polygons. Each diagonal in the initial
triangulation corresponds to a node on the Dynkin diagram
and slices the polygon into two parts. The D5 example is
shown in Fig. 3.

n—2
oD, =n (Z A, xD,_; + 2A,,_1> . (20)
i=1

The multiplicity » is determined by the periodicity n of the
D, Y system.

(18)

The boundaries of the E, u space can be obtained
similarly, as shown in Fig. 4 for Eg.

aEﬁ - 7(A] XA2 XA2 +2A1 XA4 +A5 +2D5) (21)

There is an overall factor because the E¢ system has period
7. Note that for E, types, there are more boundaries than
diagonals available. We will only identify the possible
types of boundaries using the initial cluster, and the
remaining boundaries will be obtained by evolving the
Y-system equations. All the u,(7) at the same ith node
correspond to the same type of boundary. For example, the
128 boundaries of the Eg worldsheet are

aEg = 16(A2XD5 +A1 XE6 +A1 XA2 XA4
+A3XA4+A1XA6+A7+D7+E7). (22)

IV. NONSIMPLY LACED TYPES FROM FOLDING

The worldsheet parametrization for the nonsimply laced
types can be achieved by a process known as folding.
The folding map on the z parameters is derived from the

el e e L

A i A,

FIG. 3.

SIS SRR VRO S

7 =

The factorizations of the D5 stringy integral as seen on the worldsheet.

VD S el

OO0

FIG. 4. The factorizations of the Eg stringy integral as seen on the worldsheet.
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2n+1

n+3

n+2

n+1

FIG. 5.

3

FIG. 6. The folding from E¢ to F4 and Dy to G,.

standard folding of the root systems combined with the
birational map in the ADE types. See Figs. 5 and 6.

A,,_1 = C, folding. To obtain the C, worldsheet, we
fold the A,,_; worldsheet by identifying the diagonals
according to the roots as

Yoor =Yy, Yy o=V, Yo=Y, (23)

Solving the cross-ratio relations, we obtain a fractional map
of the A,,_; worldsheet variables in terms of the C,
worldsheet variables:

Zn+32128n42—in+2 — 2122,n+1%n+2.n+3
Dn+3-i = (24)

212%n+42—in+2 ~ 22.n+1%n+2,n+3

for i=1,2,...,n—1. In the standard gauge choice
(zy = —-1,2p = 0,z,,3 = ), the folding map (24)
reduces to a simple gauge-fixed map

Yn-1
e B .—’I‘—.
0 Y, Yos3 Yoz Yn

The folding from A,,_; to C, and D, to B,_;.

- ni2 (25)

Dn43-i —
Tn42—-i

We recover the quadratic C,, alphabet from the linear A,,_;
alphabet by examining all the polynomial factors that
appear in the cross ratio (2) under the folding map.
Equivalently, one may perform the folding map directly
on the alphabet (3) and read off all the factors.

D, — B,_, folding. We identify

Yn — Yn—l' (26)

This is equivalent to z,,,3 = Z,,42.

E¢ — F, folding. To obtain the F, worldsheet, we fold
the E¢ worldsheet by identifying the diagonals according to
the roots as

Y5:Y1, Y4:Y2. (27)

Solving the cross-ratio relations, we obtain

_ 26%1,223,5 21223356 - 26%1,224,5 — 21224256
= §= .

27

212235223356 212845 224756

(28)

Upon gauge fixing as z; — —1,2, — 0,z = oo, this
reduces to a simple map

Z Z
Z7:_—5, Zg:——s. (29)
23 24

D, - G, folding. To obtain G,, we fold the D,
worldsheet by identifying the diagonals according to the
roots as

Y4:Y3:Y1. (30)

105013-6
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Solving the cross-ratio relations, we obtain

25212334 — 21223245 (31)

26
212334 — 223245

Upon gauge fixing as z; —» —1,z, = 0,25 — oo, this
reduces to a simple map

24

= (32)

26 —

The alphabets of nonsimply laced types may be obtained
by applying the gauge-fixed maps directly to the alphabets
of simply laced types. The results were already quoted
in [13] without derivation. In the next section, we shall
derive a simpler set of alphabets by first applying the
general folding maps and then fixing the gauge.

V. NEW CLUSTER ALPHABETS

In the standard gauge choice, which is usually taken to
be z; - —1,2, = 0,7, = o0, we recover the known clus-
ter alphabets of types A, C, D and obtain new ones for type
E and the nonsimply laced ones. However, it is reasonable
to suspect that we have not found the simplest possible
choice. Unlike the A, case, not all worldsheet variables are
|

G;j = 2Zi = Zny1 T 2iZj = ZiZnt1>

on an equal footing. Different gauge choices will lead to
different alphabets. While there is no canonical choice of
the alphabet, choosing a gauge that yields letters that are
polynomials of the lowest order is preferable. We say two
alphabets are equivalent if seen as a collection of hyper-
surfaces, they have the same topological property. That is,
(1) The number of letters equals the dimension of the
cluster algebra.
(2) They give the same point count in the hypersurface
complement.
A simpler D,, alphabet is obtained by the gauge choice
Zpz3 = —1,21 = 0,z,,; — oo. Let

Aij = Zi — 2 T %iZj — ZiZut2 (33)

be the gauge-fixed version of w; ;. The D, alphabet is

(DDn = q)A’H (Zz, ceey Zn) U {Zn+2} U
x 2gn{zi,n+z} v U {a;). (34

2<i<j<n

A similar gauge choice (z9 — —1,z; = 0,z = o)
removes the terms containing z7 in the Eg alphabet (18). Let

Qi jk = ZiZj = ZiZpy1 — ZjZny2 T Znr1Zns2 T TiZj2k — 2i2jZng1 — ZiZkZns2 T 2iZnp1Z2n42s

Qijkl = 2iZj = ZiZpt1 = LjZns2 T Tur1Znt2 + 2% + TiZjT — 2iZjZng1 — ZiZjns2

—ZiZkZp1 T ZiZkZna2 = ZiZiZng2 T ZiZut1Zn42 — Zj2UZns2 T ZjZut1Zn42

+2i2j221 — ZiZj2Znt1 — 2iZj%%n12 t ZiZjZni1Zn12- (35)

be the gauge-fixed versions of ij, Wi i ks Wijki» Tespectively. A new Eg alphabet may be written succinctly as

Op =Dy (22,....25) U {27, 28,278, 2345} U U {zi7.2i8} U U {aij.a;;} v
2<i<5 2<i<j<5

Gauge fix then fold vs fold then gauge fix. To obtain
the alphabet for nonsimply laced types, we may apply the
gauge-fixed folding maps [(25), (26), (29), (32)] to the
alphabets of simply laced types. However, the gauge choice
may not be optimal for the nonsimply laced types.
Alternatively, we can also first fold the ungauged alphabets
using the general maps [(24), (26), (28), (31)], and then
choose the gauge that produces the nicest alphabets for
nonsimply laced types.

If we fold the D, alphabet to obtain the B,_; alphabet,
then some of the letters are still quadratic. If instead the
ungauged D, alphabet are first folded as z,,,3 = z,,, and
then gauge fixed as z; - —1,z,,1 = 0,2,,, = oo, then
we obtain a linear alphabet

U {ai,j,k}' (36)

2<i<j<k<5

Oy =Dy (22,..,2,) U U {1 -zt (37)

2<i<j<n

We chose this particular gauge because it produces
the simplest possible set of linear letters. Here we see
the advantage of having an ungauged description of the
worldsheet. It is not possible to obtain the linear B,_;
alphabet from folding the quadratic D, alphabet because
we have gauge fixed z,,, | — oo to obtain the D, alphabet,
whereas the B,_; alphabet corresponds to gauge-fixing
Zp42» Zngyz — 00. This shows that the B-type alphabet may
be realized by a set of hyperplanes.

For C,, we were not able to find a gauge choice that leads
to a linear alphabet. The ungauged C,, letters obtained from

105013-7
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the general folding map are quadratic in n— 1 of the
variables. An interesting question would be to find a
map that realizes the C, alphabet as a hyperplane
arrangement.

To obtain the G, alphabet, we now need to solve
the folding equation (30) for z,, apply the map on the
ungauged D, alphabet, and then gauge fix as z; - —1,
z5 = 0,z — 00. We then arrive at a new G, alphabet that
is at most quadratic, as opposed to quartic as found
previously from the standard gauge fixing [13]:

O, = Dp (23.24) U {23 — 24 — 2324, 24 — 73 + 2324}
(38)

Note that as in the D,, — B,_; folding, we cannot obtain
a simplified form of the F, alphabet if we directly folded
the E¢ alphabet as (29), where z¢ is already fixed at infinity.
Instead, we fold the ungauged alphabet and then gauge fix
as zg —» —1,z; = 0,25 —» . A new F, alphabet consists
of 28 letters of polynomial degree of at most 4:

®Op, = @, (22,23, 24:26) U U {@;, b, ¢i;} U {223 — 2024 + 2226 — 3 — 324 + 222326,

3<i<j<4

2223 — 2224 + 2026 — 2324 — 2375 + 2023265 2326 + 2223 — 2222324 + 222326 — 2323,

22523 — 22024 + 2026 — 23 + 2223 + 2202326 — 2223 — 22324 + 222326 — 2323

2326 — 2222324 + 2075 — 2202426 + 2222 + 22324 — 2326 + 2322 — 220232426 + 2325, (39)

where

a;; = 2 + 22, bi,j = 2236 — Zi%j>

Cij =120+ 26 =2 — 7 T 22%6 — ZiZj- (40)
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X U U {a,»,j, ZZ”} U

2<i<j<6

APPENDIX: ALPHABETS FOR E; AND Ejg

The alphabets of £ and Eg may be constructed similarly.
The gauge choice is z,.3 = —1,z; = 0,z, > oo. The E;
alphabet consists of letters with a degree of at most 5.
Introduce two new highest-order letters

Qi jklm = QjmQiki + 2n12%i jTnt120mo

The Ejy alphabet consists of letters with a degree of at most 7. We introduce six degree-7 letters

Qi jiim = Aj Qi gom = Tns2Zi Tk iZnsint2-  (Al)
The 70 letters of the E; alphabet are
Qp, =Dy (22, ..., 2) U {28, 29, 78.9: 423456 @23456} U 2<U_<6{Zi,zaa Zio}
SIS
U a;irr U U a; ; . A2
2§i<j<k56{ ik} 25i<j<k<l§6{ it} (A2)
€y = 034602357 + 2221022,324,526,729,10»
C3 = A34602357 T 21022,3%3.4%5,629,10
Cq4 = d4743456 — 210%2,324,529,10%4,6>
€5 = 5603457 T 22325926,721004 5
C6 = 35602467 T 22210%3.425,626.729,10
€7 = 35702467 1 21022,324,5%6,729,10 (A3)

and three degree-6 letters
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by = a3 705456 + 210223267045

by = Gy 6a3457 + 210223267045,

by = a235,6,724,10 — 23.429,10425,6-

The 128 letters of the Eg alphabet are

(A4)

Op = Dy (22, ..., 27) U {29, 210, 29,10, b1, b2, b3} U ZSLZJ_S7{Zi.9’Zi,IO’ ¢it U ZSHQ{ai,pai,j}

xu U {a;uv U

2<i<j<k<7 2<i<j<k<I<T

{a;, j,k.l} U

2Sl,<j<k<l<ms7{ai.j.k,l,m’ ai,j,k,l,m}- (A5)
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