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In this paper we consider four-dimensional (4D) linearized gravity (LG) with a planar boundary, where
the most general boundary conditions are derived following Symanzik’s approach. The boundary breaks
diffeomorphism invariance, and this results in a breaking of the corresponding Ward identity. From this,
on the boundary we find two conserved currents that form an algebraic structure of the Kac-Moody type,
with a central charge proportional to the action “coupling.”Moreover, we identify the boundary degrees of
freedom, which are two symmetric rank-2 tensor fields, and derive the symmetry transformations, which
are diffeomorphisms. The corresponding most general 3D action is obtained and a contact with the higher
dimensional theory is established by requiring that the 3D equations of motion coincide with the 4D
boundary conditions. Through this kind of holographic procedure, we find two solutions: LG for a single
tensor field and LG for two tensor fields with a mixing term. Curiously, we find that the Symanzik’s 4D
boundary term that governs the whole procedure contains a mass term of the Fierz-Pauli type for the bulk
graviton.
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I. INTRODUCTION

In most cases, quantum field theories (QFTs) are
considered without boundaries and have been successful
in providing descriptions of fundamental interactions,
including gravity and cosmology. This is because one is
generally interested in bulk effects, where the boundary can
be neglected. Nevertheless, boundaries do exist, and in
some cases, their effects are self-evident and dominant. The
first example that comes to mind is the Casimir effect,
which is the attractive force between two mirrors in a
vacuum. This tiny effect, predicted in [1], was measured for
the first time much later [2]. This explicit boundary effect is
due to the vacuum energy of QFT, and it is not surprising
that it attracted Symanzik’s interest in [3], where, to our
knowledge, the first rigorous description of a QFT with a
boundary has been done. More recently, important phe-
nomena pertaining to condensed matter physics, such as
the fractional quantum Hall effect [4] and the behavior of
topological insulators [5], have been explained in terms of

topological QFTs with boundaries [6–14]. It is worth
stressing that this is rather counterintuitive: topological
QFTs, when considered without boundaries, have a van-
ishing Hamiltonian and no energy-momentum tensor. They
might appear as the least physical theories one can imagine.
Despite this, when a boundary is introduced, an extremely
rich physics emerges, which can be observed experimen-
tally. This is an example of the power of the boundary,
which becomes even more striking in the gauge/gravity
duality, or AdS=CFT correspondence [15], particularly
when this is, once again, applied in the context of
condensed matter [16]. In that case, the physics of strongly
interacting systems, such as superconductors or strange
metals, is close to being understood by assuming that
ordinary four-dimensional (4D) spacetime is indeed a
boundary of a five-dimensional (5D) world dominated
by gravity and populated by charged black holes of the
Reissner-Nordström type.
In this paper, we consider 4D linearized gravity (LG)

with a planar boundary, motivated by the guessed relation
between Kac-Moody (KM) algebras [17,18] and
LG [19–21]. Indeed, KM algebras are tightly related to
quantum field theory with a boundary. Starting from the
pioneering paper [22], where all rational two-dimensional
(2D) conformal field theories were derived from the three-
dimensional (3D) Chern-Simons theory with a boundary,
it is now almost paradigmatic that conserved currents exist
on the boundary of topological field theories, forming
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KM-type algebras with a central charge proportional to
the inverse of the coupling constant of the bulk theory.
These conserved currents are observables and observed
indeed, at least in Chern-Simons and BF theories [23],
where they represent the chiral edge modes characterizing
those phenomena. More recently, the same mechanism
(boundary→ conserved currents→ KM algebras) has been
reproduced in nontopological models, such as the Maxwell
theory [24–26]. Therefore, our aim is to verify the guessed
relation between LG, which is not a topological theory,
and KM algebras, providing a precise interpretation of the
physical quantity characterizing KM algebras—its central
charge. According to the above general rule, the central
charge should be related to the LG coupling constant,
normally set to one by a redefinition of the field, which in
LG is a symmetric rank-2 tensor field. Therefore the
positivity of the central charge could also give us a way
to determine the sign of the LG “coupling” constant, which
in this case cannot be inferred from an energy constraint.
Apart from the KM algebra of conserved current, the
introduction of a boundary yields more. The presence of
a boundary in the 3D Chern-Simons theory induces a 2D
theory, the Tomonaga-Luttinger theory of a chiral scalar
field [27–30], which we may refer to as a “holographic”
reduction of the 3D bulk theory. Similar dimensional
reductions—lower dimensional theories induced by the
presence of a boundary in higher-dimensional ones—can
be performed in other theories, both topological and non-
topological [31–33]. We apply the same mechanism in the
case of LG to find the holographically induced 3D theory of
4D LGwith a planar boundary. As wewill describe in detail
in the paper, the holographic construction proceeds as
follows. Current conservation is an equation that can be
solved by expressing the 4D bulk fields in terms of 3D
boundary degrees of freedom. We identify these degrees of
freedom as the lower-dimensional fields of the holographic
3D theory. Moreover, we require that the most general
transformation preserving the definition of the boundary
fields is a symmetry of the induced 3D theory. This leads
to an invariant 3D action. Completing this holographic
correspondence, we require that the equations of motion
(EoM) of the 3D theory coincide with the 4D boundary
conditions (BC), by suitably tuning the parameters at our
disposal. This is a nontrivial demand, and the existence of a
solution is not immediately evident.
The paper is organized as follows. In Sec. II, we consider

the 4D LG theory with a planar boundary, implemented
using a Heaviside theta distribution in the bulk action.
We derive the most general BC following a method
introduced by Symanzik, without imposing them by hand.
The presence of the boundary breaks the invariance under
diffeomorphisms, resulting in a breaking of the diffeo-
morphismWard identity. From this, conserved currents and
their KM algebra are derived using standard QFT methods.
The central charge appears to be proportional to the inverse

of the LG coupling constant, as in topological field
theories. Section III focuses on the identification of the
holographically induced 3D theory. By first solving the
current conservation equation, we find the 3D degrees of
freedom and determine the most general transformations
that preserve their invariance. Remarkably, we discover that
these transformations are diffeomorphisms, which is not
obvious. Thus, diffeomorphism invariance emerges as a
consequence of our procedure rather than a mere require-
ment. Once we have the quantum fields with their trans-
formations, we arrive at the most general 3D action,
satisfying the additional QFT requirements of locality
and power counting. Using this, in Sec. IV we establish
the aforementioned holographic connection, yielding two
solutions for the induced 3D theory. Our results are
summarized in Sec. V.

II. THE BULK

A. The model

Linearized gravity is the theory of a rank-2 symmetric
tensor field hμνðxÞ on a flat Minkowskian background with
signature diagð−1; 1; 1; 1Þ. We introduce a planar boundary
at x3 ¼ 0, adopting the following conventions concerning
indices:

α; β; γ;… ¼ f0; 1; 2; 3g; ð2:1Þ

a; b; c;… ¼ f0; 1; 2g; ð2:2Þ

A; B; C;… ¼ f1; 2g: ð2:3Þ

Moreover, xμ ¼ ðx0; x1; x2; x3Þ and Xm ¼ ðx0; x1; x2Þ are
the bulk and boundary coordinates, respectively. The
boundary is introduced in the LG action by means of a
Heaviside step function, which confines the model on a
half-space with single-sided planar boundary

Sbulk ¼ λ

Z
d4xθðx3Þ

�
1

4
Fμ

μνFρν
ρ −

1

6
FμνρFμνρ

�
; ð2:4Þ

where FμνρðxÞ is the rank-3 tensor field strength associated
with the tensor field hμνðxÞ introduced in [33,34]

Fμνρ ¼ Fνμρ ¼ ∂μhνρ þ ∂νhμρ − 2∂ρhμν; ð2:5Þ

satisfying the following properties:

Fμνρ þ Fνρμ þ Fρμν ¼ 0; ð2:6Þ

ϵαμνρ∂
μFβνρ ¼ 0: ð2:7Þ

The constant λ in (2.4) could be reabsorbed through a
redefinition of hμνðxÞ; however, we maintain it in order
to keep track of the bulk contributions. Because of the
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presence of the boundary at x3 ¼ 0 the x3 derivative of the
gauge field at x3 ¼ 0 must be considered as independent
from hμνðxÞ [35]; thus, we define

h̃μν ≡ ∂3hμνjx3¼0; ð2:8Þ

and the fields have the mass dimensions

½hμν� ¼ 1; ½h̃μν� ¼ 2: ð2:9Þ

The LG theory (2.4) in the absence of a boundary is
invariant under the infinitesimal diffeomorphism trans-
formation

δdiffhμν ¼ ∂μΛν þ ∂νΛμ; ð2:10Þ

where ΛðxÞ is a local vector parameter. LG is a gauge field
theory, for which a gauge should be fixed. We choose the
axial gauge, as customary in the presence of a boundary [12],

hμ3 ¼ 0: ð2:11Þ

This can be realized by means of a vector Lagrange
multiplier bμðxÞ through the gauge-fixing term

Sgf ¼
Z

d4xθðx3Þbμhμ3: ð2:12Þ

Moreover, the following source term is needed:

SJ ¼
Z

d4x
�
θðx3ÞJabhab þ δðx3ÞJ̃abh̃ab

�
; ð2:13Þ

where, together with the external field JabðxÞ associated
with the tensor gauge field habðxÞ, on the boundary an addi-
tional external source J̃abðxÞ is coupled to h̃abðxÞ (2.8). The
presence of a boundary requires BC. Instead of choosing a
particular BC, we follow Symanzik’s approach [3], where

the most general BC for a QFTwith a boundary is achieved
by adding to the action a boundary term constrained only
by power counting and locality. This modifies the EoM by a
boundary contribution, and the BC are then obtained by
means of a simple variational principle. For our model the
boundary term is

Sbd ¼
Z

d4xδðx3Þ�ξ0habhab þ ξ1h̃abhab þ ξ2ϵ
abchai∂bhic

þ ξ3h2 þ ξ4h̃h
�
; ð2:14Þ

where

h≡ ημνhμν; h̃≡ ημνh̃μν; ð2:15Þ

and the ξi; i ¼ f0;…; 4g, are constant parameters with
mass dimensions

½ξ0� ¼ ½ξ3� ¼ 1; ½ξ1� ¼ ½ξ2� ¼ ½ξ4� ¼ 0: ð2:16Þ

Notice that, because of the gauge-fixing condition (2.11),
the nontrivial part of the trace hðxÞ is ηabhabðxÞ. The full
action of the model finally is

Stot ¼ Sbulk þ Sgf þ SJ þ Sbd: ð2:17Þ

B. Equations of motion and boundary conditions

Besides the EoM of the Lagrange multiplier bμðxÞ,
which implements the axial gauge condition (2.11),

δStot
δbμ

¼ hμ3 ¼ 0; ð2:18Þ

the EoM of the gauge field hαβðxÞ and its ∂3 derivative
h̃αβðxÞ are, respectively,

0 ¼ δStot
δhαβ

¼ θðx3Þ
�
λ

�
−∂μFαβμ þ ηαβ∂μF

νμ
ν −

1

2

�
∂
αF μβ

μ þ ∂
βF μα

μ
	
þ δαaδ

β
bJ

ab þ 1

2

�
bαδβ3 þ bβδα3

	�

þ δðx3Þ
�
λ

�
−Fαβ3 þ ηαβF μ3

μ −
1

2

�
ηα3F μβ

μ þ ηβ3F μα
μ

	


þ δαaδ
β
b

h
2ξ0hab þ ξ1h̃

ab þ ξ2
�
ϵaij∂ihbj þ ϵbij∂ihaj

	þ 2ξ3η
abhþ ξ4η

abh̃
i�

ð2:19Þ

and

0 ¼ δStot
δ∂3hαβ

¼ λθðx3Þ
�
Fαβ3 − ηαβF μ3

μ þ 1

2

�
ηα3F μβ

μ þ ηβ3F μα
μ

	
þ δðx3Þδαaδβb
�
J̃ab þ ξ1hab þ ξ4η

abh


: ð2:20Þ

The BC come from a variational principle applied on the EoM as limϵ→0

R
ϵ
0 dx

3ðEoMÞ, which corresponds to putting equal
to zero the δðx3Þ contribution of the EoM (2.19) and (2.20). From limϵ→0

R
ϵ
0 dx

3 (2.19) we have
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�
λ

�
−Fαβ3 þ ηαβF μ3

μ −
1

2

�
ηα3F μβ

μ þ ηβ3F μα
μ

	


þ δαaδ
β
b

h
2ξ0hab þ ξ1h̃

ab þ ξ2
�
ϵaij∂ihbj þ ϵbij∂ihaj

	þ 2ξ3η
abhþ ξ4η

abh̃
i�

x3¼0

¼ 0: ð2:21Þ

The nontrivial components are
(i) α ¼ 3, β ¼ b:

λ
�
∂
bh − ∂ahab

	
x3¼0

¼ λF μb
μ jx3¼0 ¼ 0: ð2:22Þ

(ii) α ¼ a, β ¼ b:

�
2ξ0hab þ ð2λþ ξ1Þh̃ab þ ξ2

�
ϵaij∂ihbj þ ϵbij∂ihaj

	
þ 2ξ3η

abhþ ðξ4 − 2λÞηabh̃�x3¼0 ¼ 0: ð2:23Þ

Taking limϵ→0

R
ϵ
0 dx

3 (2.20) and going on-shell (J̃ ¼ 0),
we get

δαaδ
β
b

�
ξ1hab þ ξ4η

abh
	
x3¼0

¼ 0; ð2:24Þ

whose nonvanishing components are α ¼ a, β ¼ b, which
give

�
ξ1hab þ ξ4η

abh
	
x3¼0

¼ 0: ð2:25Þ

Notice that from (2.22) and taking the ∂a derivative
of (2.25) we have the following constraint on the boundary
parameters:

ξ1 ¼ −ξ4: ð2:26Þ

To summarize, the most general BC on the planar boundary
x3 ¼ 0 are the following:

∂
bh − ∂ahab ¼ 0; ð2:27Þ

ξ1ðhab − ηabhÞ ¼ 0; ð2:28Þ

2ξ0hab þ ð2λþ ξ1Þ
�
h̃ab − ηabh̃

	þ ξ2
�
ϵaij∂ihbj þ ϵbij∂ihaj

	
þ 2ξ3η

abh ¼ 0: ð2:29Þ

The BC (2.27) is universal, in the sense that it does not
depend on Sbd (2.14). It represents the conservation of a
current on the boundary

∂aKab ¼ 0; ð2:30Þ

with

Kab ≡ hab − ηabh: ð2:31Þ

On the other hand, we remark that if ξ1 ¼ 0, the BC are
given by (2.27) and (2.29). If instead ξ1 ≠ 0, Eq. (2.28)
implies (2.27) and the BC are given by (2.28) and (2.29).

C. Ward identities

From the EoM for hμνðxÞ (2.19) we get

0 ¼
Z

dx3∂a
δStot
δhab

¼ 2λ
�
∂
bh̃ − ∂ah̃

ab
	
x3¼0

þ
Z

dx3θðx3Þ∂aJab; ð2:32Þ

where we used the BC (2.21). We thus obtain the following
Ward identity:

Z
dx3θðx3Þ∂aJab ¼ −2λ

�
∂
bh̃ − ∂ah̃

ab
	
x3¼0

; ð2:33Þ

which is broken on the boundary x3 ¼ 0. In the same way,
from the EoM of h̃μνðxÞ (2.20), we find

0 ¼
Z

dx3∂a
δStot
δ∂3hab

¼ ∂aJ̃abjx3¼0 − 2λ
�
−∂ahab þ ∂

bh
	
x3¼0

; ð2:34Þ

which represents a local Ward identity, broken by the
boundary

∂aJ̃abjx3¼0 ¼ 2λ
�
−∂ahab þ ∂

bh
	
x3¼0

: ð2:35Þ

Notice that the right-hand side (rhs) describes the con-
servation on the boundary of the current KabðXÞ (2.31),
previously found as the BC (2.27), and hence we may write

∂aJ̃abjx3¼0 ¼ 0: ð2:36Þ

Going on-shell (J ¼ J̃ ¼ 0), the broken Ward identity
(2.33) yields

�
∂
bh̃ − ∂ah̃

ab
	
x3¼0

¼ 0; ð2:37Þ

which, again, is a current conservation equation

∂aK̃ab ¼ 0; ð2:38Þ

with
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K̃ab ≡ h̃ab − ηabh̃: ð2:39Þ

Hence, the presence of a planar boundary in LG theory has
as a consequence the presence of conserved currents, which
consist of the particular combinations (2.31) and (2.39).
This is remarkable because this is typical of topological
field theories such as 3D Chern-Simons and the BF models
in any spacetime dimensions [23].

D. Kac-Moody algebra

By computing the functional derivative with respect
to Jmnðx0Þ of the broken Ward identity (2.33), i.e.,

δ
δJmnðx0Þ (2.33),

Z
∞

0

dx3∂a

�
δamδ

b
n þ δanδ

b
m

2
δð4Þðx − x0Þ

�

¼ −2λ
�
ηac∂

b − δbc∂a
	 δZc½J; J̃�
δJ̃acδJ0mn ; ð2:40Þ

we get the commutation relations

1

2

�
δamδ

b
n þ δanδ

b
m

	
∂aδ

ð3ÞðX − X0Þ
¼ −2iλ

�
ηacη

b0 − δbcδ
0
a

	�
h̃ac; h0mn

�
δðx0 − x00Þ; ð2:41Þ

where we used the on-shell constraint (2.37). By setting
(i) b ¼ 0 we have

�
δamδ

0
n þ δanδ

0
m

	
∂aδ

ð3ÞðX − X0Þ
¼ 4iλ

�
h̃D
D; h0mn

�
δðx0 − x00Þ; ð2:42Þ

from which, integrating over time,
m ¼ n ¼ 0 gives

�
h̃D
D; h000

�
x0¼x00 ¼ 0: ð2:43Þ

m ¼ 0; n ¼ N we get

�
h̃D
D; h00N

�
x0¼x00 ¼ −

i
4λ

∂Nδ
ð2ÞðX − X0Þ: ð2:44Þ

This can be identified as a KM algebraic structure
[17,18] with central charge

c ¼ −
1

4λ
; ð2:45Þ

which implies

λ < 0; ð2:46Þ

because of the positivity of the central charge of KM
algebras [36,37].

m ¼ M; n ¼ N gives

�
h̃D
D; h0MN

�
x0¼x00 ¼ 0: ð2:47Þ

(ii) b ¼ B

�
δamδ

B
n þ δanδ

B
m

	
∂aδ

ð3ÞðX − X0Þ
¼ 4iλ

�
h̃0B; h0mn

�
δðx0 − x00Þ: ð2:48Þ

m ¼ n ¼ 0

�
h̃0B; h000

�
x0¼x00 ¼ 0: ð2:49Þ

m ¼ 0; n ¼ N

�
h̃0B; h00N

�
x0¼x00 ¼ 0: ð2:50Þ

m ¼ M; n ¼ N

�
h̃0B; h0MN

�
x0¼x00 ¼ −

i
4λ

�
δAMδ

B
N þ δANδ

B
M

	
∂Aδ

ð2ÞðX − X0Þ:
ð2:51Þ

Here again a KM algebraic structure is observed with
the same central charge c (2.45).

We now compute the functional derivative of the
broken Ward identity (2.33) with respect to J̃mnðx0Þ, i.e.,

δ
δJ̃mnðx0Þ (2.33),

0 ¼ −2iλ
�
ηacη

b0 − δbcδ
0
a

	�
h̃ac; h̃0mn

�
x0¼x00 ; ð2:52Þ

where we used the on-shell constraint (2.37) and integrated
over time. In particular, we have at

(i) b ¼ 0

�
h̃D
D; h̃

0
mn

�
x0¼x00 ¼ 0; ð2:53Þ

(ii) b ¼ B

�
h̃0B; h̃0mn

�
x0¼x00 ¼ 0: ð2:54Þ

Summarizing, from the integrated Ward identity (2.33)
we get the semidirect sum of KM algebras with the same
central charge,

�
h̃D
D; h00N

� ¼ −
i
4λ

∂Nδ
ð2ÞðX − X0Þ; ð2:55Þ

�
h̃0B; h0MN

� ¼ −
i
4λ

�
δAMδ

B
N þ δANδ

B
M

	
∂Aδ

ð2ÞðX − X0Þ: ð2:56Þ

The above KM algebraic structure has a physical meaning
when expressed in terms of the conserved currents
KabðXÞ (2.31) and K̃abðXÞ (2.39), which are expressed
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in terms of the tensor fields habðXÞ, h̃abðXÞ, and their
traces. In fact, as a consequence of (2.55) and (2.56) we
find that KabðXÞ and K̃abðXÞ form a KM algebra with
central charge (2.45) whose nonvanishing components are

�
K̃00; K0

0M

� ¼ −
i
4λ

∂Mδ
ð2ÞðX − X0Þ; ð2:57Þ

�
K̃0B;K0

mn

�¼−
i
4λ

�
δAmδ

B
nþ δAnδ

B
m− 2ηABηmn

	
∂Aδ

ð2ÞðX−X0Þ:
ð2:58Þ

The existence of a KM algebraic structure for conserved
currents on the boundary of 4D LG confirms the guess made
in [21] as a particularly interesting possibility in connection
with Weinberg’s soft graviton theorems [38–40].

III. THE BOUNDARY

A. The degrees of freedom

The presence of a 3D boundary in the 4D theory
described by the action Stot (2.17) induces a 3D theory,
whose field content is determined by the solution of the on-
shell broken Ward identity (2.33)

∂a

�
h̃ab − ηabh̃

	
x3¼0

¼ 0 ð3:1Þ

and of the BC (2.27)

∂a

�
hab − ηabh

	
x3¼0

¼ 0: ð3:2Þ

Let us consider first (3.1). Define

C̃ab ≡ h̃ab − ηabh̃; ð3:3Þ

whose trace is

C̃ ¼ ηabC̃
ab ¼ −2h̃: ð3:4Þ

Equation (3.1) then reads

∂aC̃
ab ¼ 0: ð3:5Þ

To find the most general solution, let us parametrize the
symmetric tensor C̃abðXÞ as follows;

C̃ab ¼ 1

2

�
ϵamn

∂mΣ̃ b
n þ ϵbmn

∂mΣ̃ a
n

	
: ð3:6Þ

Because of (3.5) it must be

ϵbmn
∂m∂aΣ̃ a

n ¼ 0; ð3:7Þ

which is solved by

Σ̃ a
n ¼ ϵacd∂cσ̃nd þ ∂nϕ

a; ð3:8Þ

but we observe that the ϕaðXÞ contribution trivializes
C̃abðXÞ (3.6). Hence

Σ̃ a
n ¼ ϵacd∂cσ̃nd: ð3:9Þ

In terms of this result, C̃abðXÞ (3.6) solves (3.5), and reads

C̃ab ¼ ϵbmnϵacd∂m∂cσ̃nd; ð3:10Þ

with σ̃abðXÞ ¼ σ̃baðXÞ as a consequence of the fact that
C̃abðXÞ is symmetric C̃abðXÞ ¼ C̃baðXÞ, and with ½σ̃� ¼ 0.
Thus the general solution for h̃abðXÞ is

h̃ab ¼ C̃ab −
1

2
ηabC̃

¼ −
1

2
ηab

�
∂m∂

mσ̃ n
n − ∂

m
∂
nσ̃mn

	þ ∂m∂
mσ̃ab

þ ∂
a
∂
bσ̃ n

n − ∂c

�
∂
bσ̃am þ ∂

aσ̃bc
	
: ð3:11Þ

Equation (3.2) for habðxÞ has the same structure as (3.1),
and therefore the solution has the same form (3.11). We
finally get

h̃ab ¼ ϵbmnϵacd∂m∂cσ̃nd þ
1

2
ηab

�
∂m∂

mσ̃ n
n − ∂

m
∂
nσ̃mn

	

¼ −
1

2
ηab

�
∂m∂

mσ̃ n
n − ∂

m
∂
nσ̃mn

	þ ∂m∂
mσ̃ab

þ ∂
a
∂
bσ̃ n

n − ∂c

�
∂
bσ̃ac þ ∂

aσ̃bc
	
; ð3:12Þ

hab ¼ ϵbmnϵacd∂m∂cσnd þ
1

2
ηab

�
∂m∂

mσ n
n − ∂

m
∂
nσmn

	

¼ −
1

2
ηab

�
∂m∂

mσ n
n − ∂

m
∂
nσmn

	þ ∂m∂
mσab

þ ∂
a
∂
bσ n

n − ∂c

�
∂
bσac þ ∂

aσbc
	
; ð3:13Þ

which means that the fields of the induced 3D theory are
identified as the rank-2 symmetric tensors σabðXÞ and
σ̃abðXÞ. Moreover, these solutions are invariant under the
following transformations of the boundary fields σabðXÞ
and σ̃abðXÞ:

δ̃h̃ab ¼ 0 ⇔ δ̃σ̃mn ¼ ∂mξ̃n þ ∂nξ̃m; ð3:14Þ

δhab ¼ 0 ⇔ δσmn ¼ ∂mξn þ ∂nξm; ð3:15Þ

which remarkably means that the induced boundary theory
must be invariant under infinitesimal diffeomorphisms,
which therefore is a consequence of the general method
we followed to introduce a boundary in LG, without need
of requiring it explicitly.
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B. Most general 3D action

As a consequence of the solutions h̃abðxÞ (3.12) and
habðxÞ (3.13) and of their mass dimensions (2.9), the
boundary fields σabðXÞ and σ̃abðXÞ should have mass
dimensions ½σ� ¼ −1 and ½σ̃� ¼ 0. However, in 3D the
canonical choices for the mass dimensions of the tensor
fields are two:
(1) ½σ� ¼ ½σ̃� ¼ 1, which can be realized by rescaling as

follows:

σ̃ → M̃−1σ̃; σ → M−2σ: ð3:16Þ

However, in this case power counting and locality
constrain the action to the following Chern-Simons/
BF-like action [23]:

S ¼
Z

d3xϵabc
�
a1σad∂bσ d

c þ a2σ̃ad∂bσ d
c

þ a3σ̃ad∂bσ̃ d
c

	
; ð3:17Þ

which is not invariant under the diffeomorphism
transformations δ (3.15) and δ̃ (3.14):

δS ¼
Z

d3xϵabcð2a1σad þ a2σ̃adÞ∂b∂dξc; ð3:18Þ

δ̃S ¼
Z

d3xϵabcða2σad þ 2a3σ̃adÞ∂b∂dξ̃c; ð3:19Þ

which indeed vanish only at the trivial case
(a1 ¼ a2 ¼ a3 ¼ 0). Thus, we must discard this
possibility.

(2) ½σ� ¼ ½σ̃� ¼ 1
2
, achieved by rescaling

σ̃ → M̃−1
2σ̃; σ → M−3

2σ; ð3:20Þ

which, instead, leads to a nontrivial solution, as we
shall see in what follows.

The most general action invariant under the infinitesimal
diffeomorphisms δ̃ (3.14) and δ (3.15) has the following
structure:

S3D½σ; σ̃� ¼ κSLG½σ� þ κ̃S̃LG½σ̃� þ κmSmix½σ; σ̃�; ð3:21Þ

where κ; κ̃; κm are dimensionless constants and SLG½σ� and
S̃LG½σ̃� are LG contributions analogous to (2.4), written in
terms of the boundary tensor fields σabðXÞ and σ̃abðXÞ,
respectively,

SLG ¼
Z

d3x
�
1

4
faacf bc

b −
1

6
fabcfabc

�
; ð3:22Þ

S̃LG ¼
Z

d3x

�
1

4
f̃aacf̃

bc
b −

1

6
f̃abcf̃abc

�
; ð3:23Þ

with

fabc ¼ fbac ¼ ∂aσbc þ ∂bσac − 2∂cσab; ð3:24Þ

f̃abc ¼ f̃bac ¼ ∂aσ̃bc þ ∂bσ̃ac − 2∂cσ̃ab; ð3:25Þ

satisfying the cyclicity property

fabc þ fbca þ fcab ¼ 0; ð3:26Þ

f̃abc þ f̃bca þ f̃cab ¼ 0: ð3:27Þ

Notice that no Chern-Simons or BF contributions as
in (3.17) are allowed as a consequence of the diffeo-
morphism invariances δS3D ¼ δ̃S3D ¼ 0. The Smix term
in (3.21) is the most general one depending on both σabðXÞ
and σ̃abðXÞ, compatible with power counting and the
invariances δSmix ¼ δ̃Smix ¼ 0. Excluding again Chern-
Simons/BF-like contributions, which are not invariant
under diffeomorphisms, we have

Smix ¼
Z

d3x
�
a0∂aσ∂aσ̃ þ a1∂cσab∂cσ̃ab þ a2∂aσ∂bσ̃ab

þ a3∂aσ̃∂bσab þ a4∂cσab∂aσ̃bc


: ð3:28Þ

Imposing invariance under δ (3.15) we get

δSmix ¼ 0 ¼ −
Z

d3x
�
σ̃ab

�ð2a1 þ a4Þ∂a∂2ξb
þ ð2a2 þ a4Þ∂a∂b∂mξm

�
þ 2σ̃ða0 þ a3Þ∂m∂2ξm



; ð3:29Þ

which gives

a3 ¼ −a0;

a4 ¼ −2a1;

a2 ¼ a1: ð3:30Þ

The δ-invariant Smix action term is

Smix ¼
Z

d3x
�
a0∂aσ∂aσ̃ þ a1∂cσab∂cσ̃ab þ a1∂aσ∂bσ̃ab

− a0∂aσ̃∂bσab − 2a1∂cσab∂aσ̃bc


: ð3:31Þ

Requiring now invariance under δ̃ (3.14), we get

δ̃Smix ¼ 0 ¼ 2

Z
d3x

�
σabða0 þ a1Þ∂a∂b∂mξ̃m

− σða0 þ a1Þ∂m∂2ξ̃m


; ð3:32Þ

hence, it must be
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a1 ¼ −a0: ð3:33Þ

Therefore, the mixed action term (3.31) invariant under
both δ̃ (3.14) and δ (3.15) is

Smix ¼ a0

Z
d3x

�
∂aσ∂

aσ̃ − ∂cσab∂
cσ̃ab − ∂aσ∂bσ̃

ab

− ∂aσ̃∂bσ
ab þ 2∂cσab∂

aσ̃bc


: ð3:34Þ

After reabsorbing the a0 parameter into κm in (3.21), we
observe that using the definitions of fabcðXÞ (3.24) and
f̃abcðXÞ (3.25) Smix (3.34) can be written as

Smix ¼
Z

d3x

�
1

4
faacf̃

bc
b −

1

6
fabcf̃abc

�
: ð3:35Þ

The most general invariant action therefore is

S3D ¼ κSLG þ κ̃S̃LG þ κmSmix

¼
Z

d3x

�
κ

�
1

4
faacf bc

b −
1

6
fabcfabc

�

þ κ̃

�
1

4
f̃aacf̃

bc
b −

1

6
f̃abcf̃abc

�

þ κm

�
1

4
faacf̃

bc
b −

1

6
fabcf̃abc

��
: ð3:36Þ

We finally observe that Smix (3.35) can be written as

Smix ¼
Z

d3xϵabcϵdefσad∂b∂eσ̃cf; ð3:37Þ

hence, replacing σ̃abðXÞwith σabðXÞwe have an alternative
way to write the 3D LG action

SLG ¼
Z

d3x
�
ϵabc∂bσam

	�
ϵpnm∂nσpc

	
; ð3:38Þ

whose EoM are

ϵap1p2ϵbp3p4∂p1
∂p3

hp2p4
¼ 0; ð3:39Þ

which are those of LG written in an alternative and more
compact way. A similar expression holds for 4D LG, whose
EoM can be written as

ϵμα1α2α3ϵνα4α5α6ηα3α6∂α1∂α4hα2α5 ¼ 0: ð3:40Þ

C. Equations of motion of the 3D induced theory

From

δfabcðxÞ
δσmnðyÞ

¼
h
−
�
δma δ

n
b þ δmb δ

n
a

	
∂c þ

1

2

�
δmc δ

n
b þ δmb δ

n
c

	
∂a

þ 1

2

�
δma δ

n
c þ δmc δ

n
a

	
∂b

i
δð3Þðx − yÞ; ð3:41Þ

δfaacðxÞ
δσmnðyÞ

¼ �
−2ηmn

∂c þ δnc∂
m þ δmc ∂

n
	
δð3Þðx − yÞ; ð3:42Þ

and the cyclicity property of fabcðXÞ and f̃abcðXÞ (3.26)
and (3.27), we find the following EoM for the boundary
fields σabðXÞ and σ̃abðXÞ:

δS3D
δσmn

¼ κ

�
−∂afmna þ ηmn

∂af ba
b −

1

2

�
∂
mf bn

b þ ∂
nf bm

b

	


þ κm
2

�
−∂af̃mna þ ηmn

∂af̃
ba
b

−
1

2

�
∂
mf̃ bn

b þ ∂
nf̃ bm

b

	
 ¼ 0; ð3:43Þ

δS3D
δσ̃mn

¼ κ̃

�
−∂af̃mna þ ηmn

∂af̃
ba
b −

1

2

�
∂
mf̃ bn

b þ ∂
nf̃ bm

b

	


þ κm
2

�
−∂afmna þ ηmn

∂af ba
b

−
1

2

�
∂
mf bn

b þ ∂
nf bm

b

	
 ¼ 0: ð3:44Þ

IV. CONTACT BETWEEN BULK AND BOUNDARY

It is possible to make a holographic contact between the
4D bulk theory described by the action Stot (2.17) and the
induced 3D theory whose action is S3D (3.36) by requiring
that the EoM (3.43) and (3.44) derived from S3D coincide
with the BC (2.27), (2.28), and (2.29) we found for the 4D
bulk theory. This can be achieved by suitably fine-tuning
the ξi parameters appearing in Sbd (2.14), and κ; κ̃; κm in
S3D (3.36). The first step is to write the BC (2.27), (2.28),
and (2.29) in terms of the boundary fields σabðXÞ and
σ̃abðXÞ through the solutions (3.12) and (3.13). The BC
(2.27) is the defining equation for habðXÞ on the boundary
(3.13), and thus the contact is automatically satisfied.
Concerning (2.28), using (3.13) we have on x3 ¼ 0

0 ¼ hab − ηabh ¼ M−3
2

�
∂
2σab þ ∂

a
∂
bσ − ∂c

�
∂
aσbc þ ∂

bσac
	

þ ηab
�
∂
c
∂
dσcd − ∂

2σ
	�
; ð4:1Þ

where M is the rescaling factor of σabðXÞ introduced
in (3.20). This can also be written as
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Hmn ≡ ðhmn − ηmnhÞjð3.13Þ

¼M−3
2

2

�
−∂afmna þ ηmn

∂af ba
b −

1

2

�
∂
mf bn

b þ ∂
nf bm

b

	

:

ð4:2Þ

Analogously

H̃mn≡ðh̃mn−ηmnh̃
	jð3.13Þ

¼ M̃−1
2

2

�
−∂af̃mnaþηmn

∂af̃b
ba−

1

2

�
∂
mf̃b

bnþ∂
nf̃b

bm
	

;

ð4:3Þ

where M̃ is the rescaling factor of σ̃abðXÞ introduced
in (3.20). We introduced Hab and H̃ab so that the contact
between the bulk BC and the boundary EoM will be more
evident, as we shall see. Indeed, the 3D EoM (3.43)
and (3.44) can be written as a linear combination of
(4.2) and (4.3):

αHmn þ βH̃mn ¼ 0: ð4:4Þ

Explicitly we have

ð3.43Þ ¼ 2κM
3
2Hab þ κmM̃

1
2H̃ab ¼ 0; ð4:5Þ

ð3.44Þ ¼ κmM
3
2Hab þ 2κ̃M̃

1
2H̃ab ¼ 0: ð4:6Þ

The BC (2.28) can be written as

ξ1Hab ¼ 0; ð4:7Þ

while the BC (2.29) cannot be written as (4.4)

2ξ0Hab þ ð2λþ ξ1ÞH̃ab þ ξ2
�
ϵaij∂ihbj þ ϵbij∂ihaj

	
þ 2ðξ3 þ ξ0Þηabh ¼ 0; ð4:8Þ

unless

ξ3 ¼ −ξ0; ξ2 ¼ 0; ð4:9Þ

in which case the BC (2.29) becomes

2ξ0Hab þ ð2λþ ξ1ÞH̃ab ¼ 0; ð4:10Þ

recalling that λ is the coefficient of the bulk action Sbulk (2.4).
Now that both EoM and BC have a similar structure, we can
holographycally match them by tuning their parameters so
that ðEoMÞ ↔ ðBCÞ. Keeping in mind that the ξ1 parameter
defines two situations:

(i) ξ1 ¼ 0: one BC (4.10),
(ii) ξ1 ≠ 0: two BC (4.7) and (4.10),

let us look at the first case.

(i) ξ1 ¼ 0: the only BC is, after a multiplication by 1
2λ

(remember that λ ≠ 0, being the coupling constant of
the bulk),

ξ0
λ
Hab þ H̃ab ¼ 0: ð4:11Þ

In the same way we have seen that the EoM (3.43)
and (3.44) can be written as (4.5) and (4.6),

2μ
κ

κm
Hab þ H̃ab ¼ 0; ð4:12Þ

μ

2

κm
κ̃
Hab þ H̃ab ¼ 0; ð4:13Þ

where μ≡
ffiffiffiffiffi
M3

M̃

q
with ½μ� ¼ 1. They both match with

the BC (4.11) if

ξ0
λ
¼ 2μ

κ

κm
¼ μ

2

κm
κ̃

⇒ κ2m ¼ 4κκ̃; κκ̃ > 0: ð4:14Þ

The implication on the 3D action (3.36) is that the
following redefinition of the fields is possible:

ρab ≡ ffiffiffi
κ

p
σab �

ffiffiffĩ
κ

p
σ̃ab;

Φabc ≡ ffiffiffi
κ

p
fabc �

ffiffiffĩ
κ

p
f̃abc; ð4:15Þ

such that the action only depends on one field as

S3D ¼ 1

6

Z
d3x

�
1ffiffiffi
2

p ηabΦ mc
m −Φabc

�

×

�
1ffiffiffi
2

p ηabΦn
nc þΦabc

�

¼
Z

d3x

�
1

4
Φ mc

m Φn
nc −

1

6
ΦabcΦabc

�

¼ SLG½ρ�; ð4:16Þ

which is LG in 3D. The sign � in (4.15) depends on
the sign of κm as a consequence of the contact (4.14)
for which κm ¼ �2

ffiffiffiffiffi
κκ̃

p
. Notice that if ξ1 ¼ 0,

Sbd (2.14) becomes

Sbd ¼ ξ0

Z
d4xδðx3Þ�habhab − h2

	
; ð4:17Þ

i.e., the boundary action Sbd (2.14) does not depend
on the ∂3 derivative of the gauge field anymore. We
recognize in Sbd the Fierz-Pauli mass term [41–45],
which renders the relation with LG even more
remarkable. This allows one to interpret ξ0 as a
Fierz-Pauli mass for the tensor field habðXÞ on the
boundary x3 ¼ 0.
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(ii) ξ1 ≠ 0: the BC are the following:

Hab ¼ 0; ð4:18Þ

2ξ0Hab þ ð2λþ ξ1ÞH̃ab ¼ 0: ð4:19Þ

We have to distinguish between two cases: 2λþ
ξ1 ¼ 0 and 2λþ ξ1 ≠ 0. For ξ1 ¼ −2λ we are left
with the BC (4.18) only, which depends on habðXÞ
and hence on σabðXÞ through the solution (3.13). To
have a contact, we have to switch off the σ̃abðXÞ
dependence in the 3D action (3.36) [and in the EoM
(4.5) and (4.6)] by putting κm ¼ κ̃ ¼ 0. The induced
theory in this case is LG for the field σabðXÞ,

S3D ¼ κSLG ¼ κ

Z
d3x

�
1

4
faacf bc

b −
1

6
fabcfabc

�
;

ð4:20Þ

where we can reabsorb the κ parameter through a
redefinition of the field σabðXÞ. The boundary action
term Sbd (2.14) is

Sbd ¼
Z

d4xδðx3Þ�ξ0�habhab − h2
	

− 2λ
�
h̃abhab − h̃h

	�
: ð4:21Þ

Notice that also in this case the ξ0 parameter plays
the role of a Fierz-Pauli mass for habðXÞ on the
boundary. If instead ξ1 ≠ f−2λ; 0g,

Hab ¼ 0; ð4:22Þ

H̃ab ¼ 0: ð4:23Þ

Looking at the 3D boundary side (EoM) we can use
the EoM (4.12)

H̃ab ¼ −2μ
κ

κm
Hab ð4:24Þ

in the EoM (4.13), which becomes

μ

2

�
κ2m − 4κκ̃

κ̃κm

�
Hab ¼ 0; κ̃; κm ≠ 0: ð4:25Þ

Now we notice that if κ2m − 4κκ̃ ¼ 0, the EoM (4.25)
becomes trivial, and we only have one EoM, which
is (4.24), which can never match the two BC (4.18)
and (4.19) at the same time. Indeed, this case
(κ2m − 4κκ̃ ¼ 0) allows a contact only if we look at
the BC in the forms (4.7) and (4.10) and set ξ1 ¼ 0,
which coincide with Case 1 (4.14). Therefore,
κ2m − 4κκ̃ ¼ 0 ⇔ ξ1 ¼ 0. Considering κ2m − 4κκ̃ ≠ 0
we can use the second EoM (4.25) back into the first
one (4.24) and get

Hab ¼ 0; ð4:26Þ

H̃ab ¼ 0; κ2m − 4κκ̃ ≠ 0; κ̃; κm ≠ 0; ð4:27Þ

which matches exactly the BC (4.22) and (4.23).
Thus the holographic contact is possible for ξ1 ≠
f−2λ; 0g, κm ≠ f0; 2 ffiffiffiffiffi

κκ̃
p g, and κ̃ ≠ 0. Again ξ0

does not affect the contact and can be interpreted
as a Fierz-Pauli mass.

We summarize our results in Table I.
As we see from Table I, depending on the value of the ξ1

parameter of Sbd (2.14), we found two possibilities for the
3D theory induced by the presence of a planar boundary on
the 4D LG theory:

(i) ξ1 ¼ f0;−2λg: the 3D induced theory is LG for one
symmetric rank-2 tensor field

S3D ¼ SLG: ð4:28Þ

The corresponding 4D Sbd (4.17) is a Fierz-Pauli
mass term for the 4D tensor field habðXÞwhose mass
parameter is ξ0.

(ii) ξ1 ≠ f0;−2λg: the 3D induced action depends on
two rank-2 symmetric tensor fields σabðXÞ and
σ̃abðXÞ. After a field redefinition, it reads

S3D½σ; σ̃� ¼ SLG½σ� þ S̃LG½σ̃� þ kSmix½σ; σ̃�; ð4:29Þ

where k is a constant which cannot be reabsorbed.
In both cases, the 4D boundary term Sbd (2.14) contains a
Fierz-Pauli mass term for the bulk tensor field habðXÞ,
whose mass parameter is ξ0.

TABLE I. Scheme of the contacts between bulk (BC) and boundary (EoM) with constraints on the parameters of
Sbd (2.14) and of S3D (3.36).

Sbd parameters Constraints Sbd ¼ S3D ¼
ξ1 ¼ 0; ξ0 free κ ¼ ξ0

2μλ κm; κ̃ ¼ μλ
2ξ0

κm; κ
2
m ¼ 4κκ̃ Sbd½h� SLG½ρ�

ξ1 ¼ −2λ; ξ0 free κ free; κ̃ ¼ 0; κm ¼ 0 Sbd½h; h̃� SLG½σ�
ξ1 ≠ f−2λ; 0g; ξ0 free κ free; κ̃ ≠ 0; κm ≠ f0; 2 ffiffiffiffiffi

κκ̃
p g Sbd½h; h̃� κSLG þ κ̃S̃LG þ κmSmix
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V. SUMMARY OF RESULTS

In this paper we studied the effect of the presence of
a planar boundary on 4D LG, realized by means of a
Heaviside step function in the action (2.4). Following a
method introduced by Symanzik in [3], we derived the
most general BC (2.27), (2.28), and (2.29) by means of a
variational principle. The boundary action Sbd (2.14) and
hence the BC depend on four parameters, which in our
approach play an important role, as we shall comment on
later. The presence of the boundary breaks the invariance
under diffeomorphisms, which are the symmetry trans-
formations of LG. Correspondingly, the Ward identity that
describes the invariance under diffeomorphisms (2.33)
acquires a breaking, which is crucial, because from it
the main information of the theory might be derived,
namely the fields content, the symmetry transformations,
and the boundary algebra. We wrote “might” because it is
not obvious that this can always be done. In fact, this seems
to work for all topological field theories, where nontrivial
boundary dynamics has been first observed [12], and for a
long time this property has been believed to be peculiar
of these kinds of theories. More recently, similar results
have been found in nontopological field theories, such as
the Maxwell theory [26], and this motivated boundary
investigations for more general theories, such as we did
in this paper for LG. The first remarkable result to our
knowledge is that on the boundary we found two conserved
currents (2.31) and (2.39) which form the algebraic
structures (2.57) and (2.58) of the KM type, whose central
charge is proportional to the inverse of the LG coupling
constant (2.45). This confirms what has been guessed
in [21], where the existence was suspected, in 4D LG,
of a KM algebra as a particularly interesting possibility in
connection with Weinberg’s soft graviton theorems [38–40].
Since the central charge of a KM algebra must be positive,
this is mostly useful to determine the sign of the overall LG
action, which otherwise should be determined by imposing
that the energy density, that is, the 00 component of the
energy-momentum tensor, is positive, which in gravity is a
known tricky issue [46,47]. Moreover, we were able to
solve the on-shell Ward identity (3.1) and the universal
BC (3.2) getting (3.12) and (3.13), which allowed us to
express, on the boundary, the 4D bulk fields habðXÞ and
h̃abðXÞ in terms of 3D fields which are the degrees of
freedom of the induced 3D theory. We found that these

latter, as their 4D ancestors, are rank-2 symmetric tensor
fields: σabðXÞ and σ̃abðXÞ. This, as LG shows, seems to be
peculiar of nontopological QFTs. Indeed, what is usually
found in topological QFTs is that the fields living on the
(D − 1)-dimensional boundary are tensors of lower rank
with respect to their D-dimensional counterpart: from
rank-2 tensors one finds vectors in the topological 4D
BF theory [12] and the boundary reduction of the gauge
field in Chern-Simons theory gives scalars. Here, instead,
the 3D boundary fields are rank-2 symmetric tensor fields
as those of 4D LG [48]. And, quite interestingly, the
transformation that keeps invariant the definition of the
boundary fields turns out to be the diffeomorphisms (3.14)
and (3.15), which therefore are a consequence of the
introduction of the boundary, rather than an a priori
request. Given the dynamical fields and the symmetry
transformations, requiring locality and power counting
allowed us to find the most general 3D action S3D (3.36),
which consists of three terms. Each term being invariant by
its own, S3D depends on three constants which we do not
reduce by redefining the 3D fields as we could, but we fixed
them by establishing a “holographic” contact as our last
step. This has been realized by requiring that the equations
of motion of the 3D action S3D coincide with the BC of the
4D theory. To do that, we had at our disposal the four
parameters on which Sbd (2.14) depends and the three
constants in S3D (3.36). As an outcome of this tuning, we
found two possibilities, depending on the value of one
particular parameter appearing in Sbd: S3D describes either
LG for one single tensor field (4.28) or the action (4.29),
containing two decoupled LG terms for the boundary tensor
fields σabðXÞ and σ̃abðXÞ and one term that mixes them. As
a last, but probably not least, fact, we remark that in any
case the Sbd action term that governs the holographic
contact contains a mass term (4.17) for the bulk tensor field
habðxÞ of the particular Fierz-Pauli type [41–45], with a free
parameter ξ0 which we can interpret as a mass.
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