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In this paper we consider four-dimensional (4D) linearized gravity (LG) with a planar boundary, where
the most general boundary conditions are derived following Symanzik’s approach. The boundary breaks
diffeomorphism invariance, and this results in a breaking of the corresponding Ward identity. From this,
on the boundary we find two conserved currents that form an algebraic structure of the Kac-Moody type,
with a central charge proportional to the action “coupling.” Moreover, we identify the boundary degrees of
freedom, which are two symmetric rank-2 tensor fields, and derive the symmetry transformations, which
are diffeomorphisms. The corresponding most general 3D action is obtained and a contact with the higher
dimensional theory is established by requiring that the 3D equations of motion coincide with the 4D
boundary conditions. Through this kind of holographic procedure, we find two solutions: LG for a single
tensor field and LG for two tensor fields with a mixing term. Curiously, we find that the Symanzik’s 4D
boundary term that governs the whole procedure contains a mass term of the Fierz-Pauli type for the bulk

graviton.
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I. INTRODUCTION

In most cases, quantum field theories (QFTs) are
considered without boundaries and have been successful
in providing descriptions of fundamental interactions,
including gravity and cosmology. This is because one is
generally interested in bulk effects, where the boundary can
be neglected. Nevertheless, boundaries do exist, and in
some cases, their effects are self-evident and dominant. The
first example that comes to mind is the Casimir effect,
which is the attractive force between two mirrors in a
vacuum. This tiny effect, predicted in [1], was measured for
the first time much later [2]. This explicit boundary effect is
due to the vacuum energy of QFT, and it is not surprising
that it attracted Symanzik’s interest in [3], where, to our
knowledge, the first rigorous description of a QFT with a
boundary has been done. More recently, important phe-
nomena pertaining to condensed matter physics, such as
the fractional quantum Hall effect [4] and the behavior of
topological insulators [5], have been explained in terms of
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topological QFTs with boundaries [6-14]. It is worth
stressing that this is rather counterintuitive: topological
QFTs, when considered without boundaries, have a van-
ishing Hamiltonian and no energy-momentum tensor. They
might appear as the least physical theories one can imagine.
Despite this, when a boundary is introduced, an extremely
rich physics emerges, which can be observed experimen-
tally. This is an example of the power of the boundary,
which becomes even more striking in the gauge/gravity
duality, or AdS/CFT correspondence [15], particularly
when this is, once again, applied in the context of
condensed matter [16]. In that case, the physics of strongly
interacting systems, such as superconductors or strange
metals, is close to being understood by assuming that
ordinary four-dimensional (4D) spacetime is indeed a
boundary of a five-dimensional (5D) world dominated
by gravity and populated by charged black holes of the
Reissner-Nordstrom type.

In this paper, we consider 4D linearized gravity (LG)
with a planar boundary, motivated by the guessed relation
between Kac-Moody (KM) algebras [17,18] and
LG [19-21]. Indeed, KM algebras are tightly related to
quantum field theory with a boundary. Starting from the
pioneering paper [22], where all rational two-dimensional
(2D) conformal field theories were derived from the three-
dimensional (3D) Chern-Simons theory with a boundary,
it is now almost paradigmatic that conserved currents exist
on the boundary of topological field theories, forming
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KM-type algebras with a central charge proportional to
the inverse of the coupling constant of the bulk theory.
These conserved currents are observables and observed
indeed, at least in Chern-Simons and BF theories [23],
where they represent the chiral edge modes characterizing
those phenomena. More recently, the same mechanism
(boundary — conserved currents — KM algebras) has been
reproduced in nontopological models, such as the Maxwell
theory [24-26]. Therefore, our aim is to verify the guessed
relation between LG, which is not a topological theory,
and KM algebras, providing a precise interpretation of the
physical quantity characterizing KM algebras—its central
charge. According to the above general rule, the central
charge should be related to the LG coupling constant,
normally set to one by a redefinition of the field, which in
LG is a symmetric rank-2 tensor field. Therefore the
positivity of the central charge could also give us a way
to determine the sign of the LG “coupling” constant, which
in this case cannot be inferred from an energy constraint.
Apart from the KM algebra of conserved current, the
introduction of a boundary yields more. The presence of
a boundary in the 3D Chern-Simons theory induces a 2D
theory, the Tomonaga-Luttinger theory of a chiral scalar
field [27-30], which we may refer to as a “holographic”
reduction of the 3D bulk theory. Similar dimensional
reductions—lower dimensional theories induced by the
presence of a boundary in higher-dimensional ones—can
be performed in other theories, both topological and non-
topological [31-33]. We apply the same mechanism in the
case of LG to find the holographically induced 3D theory of
4D LG with a planar boundary. As we will describe in detail
in the paper, the holographic construction proceeds as
follows. Current conservation is an equation that can be
solved by expressing the 4D bulk fields in terms of 3D
boundary degrees of freedom. We identify these degrees of
freedom as the lower-dimensional fields of the holographic
3D theory. Moreover, we require that the most general
transformation preserving the definition of the boundary
fields is a symmetry of the induced 3D theory. This leads
to an invariant 3D action. Completing this holographic
correspondence, we require that the equations of motion
(EoM) of the 3D theory coincide with the 4D boundary
conditions (BC), by suitably tuning the parameters at our
disposal. This is a nontrivial demand, and the existence of a
solution is not immediately evident.

The paper is organized as follows. In Sec. II, we consider
the 4D LG theory with a planar boundary, implemented
using a Heaviside theta distribution in the bulk action.
We derive the most general BC following a method
introduced by Symanzik, without imposing them by hand.
The presence of the boundary breaks the invariance under
diffeomorphisms, resulting in a breaking of the diffeo-
morphism Ward identity. From this, conserved currents and
their KM algebra are derived using standard QFT methods.
The central charge appears to be proportional to the inverse

of the LG coupling constant, as in topological field
theories. Section III focuses on the identification of the
holographically induced 3D theory. By first solving the
current conservation equation, we find the 3D degrees of
freedom and determine the most general transformations
that preserve their invariance. Remarkably, we discover that
these transformations are diffeomorphisms, which is not
obvious. Thus, diffeomorphism invariance emerges as a
consequence of our procedure rather than a mere require-
ment. Once we have the quantum fields with their trans-
formations, we arrive at the most general 3D action,
satisfying the additional QFT requirements of locality
and power counting. Using this, in Sec. IV we establish
the aforementioned holographic connection, yielding two
solutions for the induced 3D theory. Our results are
summarized in Sec. V.

II. THE BULK
A. The model

Linearized gravity is the theory of a rank-2 symmetric
tensor field /2, (x) on a flat Minkowskian background with
signature diag(—1, 1, 1, 1). We introduce a planar boundary
at x> = 0, adopting the following conventions concerning
indices:

a,pB,y,...=1{0,1,2,3}, (2.1)
a.b.c,...={0,1,2}, (2.2)
A,B,C,... = {1,2}. (2.3)

Moreover, x* = (x°, x!,x*, x*) and X" = (x, x!,x?) are

the bulk and boundary coordinates, respectively. The
boundary is introduced in the LG action by means of a
Heaviside step function, which confines the model on a
half-space with single-sided planar boundary

1 1
Spuik = ﬂ/d4x9(x3) (Z F¥ FP, — gFWpFuup) (2.4)

where F#*(x) is the rank-3 tensor field strength associated
with the tensor field /,,(x) introduced in [33,34]

Fu, = Fy, = 0,h,, +d,h,, —20,h,, (2.5)
satisfying the following properties:

Fop+F,,+F,, =0, (2.6)

eaﬂypaﬂFﬁ”/’ =0. (2.7)

The constant 4 in (2.4) could be reabsorbed through a
redefinition of /,,(x); however, we maintain it in order
to keep track of the bulk contributions. Because of the
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presence of the boundary at x> = 0 the x> derivative of the
gauge field at x> = 0 must be considered as independent
from £, (x) [35]; thus, we define

il;w = a3huzx|x3:07 (28)
and the fields have the mass dimensions
[h,) = 1; (A, = 2. (2.9)

The LG theory (2.4) in the absence of a boundary is
invariant under the infinitesimal diffeomorphism trans-
formation
5diffh;w — 0ﬂAD + ODA”, (210)
where A(x) is a local vector parameter. LG is a gauge field
theory, for which a gauge should be fixed. We choose the
axial gauge, as customary in the presence of a boundary [12],
h,; =0. (2.11)

This can be realized by means of a vector Lagrange
multiplier 5*(x) through the gauge-fixing term

Sy = / d*x0(x*)b* ;. (2.12)
Moreover, the following source term is needed:
s, - / dx[003) gy + 6(3)TPhy].  (2.13)

where, together with the external field J9%(x) associated
with the tensor gauge field A, (x), on the boundary an addi-
tional external source J*(x) is coupled to /1, (x) (2.8). The
presence of a boundary requires BC. Instead of choosing a
particular BC, we follow Symanzik’s approach [3], where

|

630 | 260h + E R 4 & (e UOiHY + eI0ud) + 2E ™ h + Ear | }

the most general BC for a QFT with a boundary is achieved
by adding to the action a boundary term constrained only
by power counting and locality. This modifies the EoM by a
boundary contribution, and the BC are then obtained by
means of a simple variational principle. For our model the
boundary term is

de = /d4x5<x3) [fohabhab + éli]’abhab + gzeabchaiabhi

+ &h* + &b, (2.14)

where

h=n"h,,; h=n"h,, (2.15)

and the &;,i={0,...,4}, are constant parameters with
mass dimensions

Gol =[&] =15 (&) =[] =[84 =0. (2.16)

Notice that, because of the gauge-fixing condition (2.11),
the nontrivial part of the trace h(x) is 7%°h,;(x). The full
action of the model finally is

Siot = Spuik + Sgr + S5+ Spa- (2.17)

B. Equations of motion and boundary conditions

Besides the EoM of the Lagrange multiplier b*(x),
which implements the axial gauge condition (2.11),

5St0t o
spr

=0, (2.18)

the EoM of the gauge field /,4(x) and its d; derivative

hqp(x) are, respectively,

1 1
0(x*) {z [—a,,Faﬂﬂ +n0, P 5 (0°F 7 + aﬂF,;“)] + ST + 5 (b°8, + bﬂag)}

(2.19)

o 3o _
Shap
1 a
+ 5()63) {/1 |:_Fa/7’3 + l,,(z/}F”#3 _ 5 (77“3F”Mﬁ + ’7/)’3F”/4 ):|
and
o 5St0t
 803h, 2

1 ~
_ /19()63) |:Frxﬁ3 _ naﬁFﬂﬂ3 4 - (ﬂa3Fy”ﬂ + nﬁSFﬂﬂa):| + 5(x3)535€{1ah + é:lhab + 54’70bh}- (2_20)

The BC come from a variational principle applied on the EoM as lim,_, [¢ dx* (EoM), which corresponds to putting equal
to zero the 5(x3) contribution of the EoM (2.19) and (2.20). From lim,_,, f(f dx? (2.19) we have

105012-3



ERICA BERTOLINI and NICOLA MAGGIORE

PHYS. REV. D 108, 105012 (2023)

1 a
{l {—Fﬂ% +nF)° - 2 (P FL7 + PR
+ 548, [2§0hab + &1 + & (e 0;hh + €"70:hY) + 285 h + gwabﬁ} } =0. (2.21)
x¥=0

The nontrivial components are

() a=3,p=b:

A(0"h = 0, oy = AF L5 = 0.

X3

(2.22)
(i) a=a, f=0:
[280h + (24 + &)h® + &, (e 0;h% + €0, %)
+ 280 h 4 (&4 =200 h] oo = 0.  (2.23)

Taking lim._ [§ dx® (2.20) and going on-shell (J = 0),
we get

828, (E1h® + E™h) +_y =0, (2.24)

whose nonvanishing components are a = a, f§ = b, which
give
(&1 + Em™h) 5_y = 0. (2.25)

Notice that from (2.22) and taking the 9, derivative
of (2.25) we have the following constraint on the boundary
parameters:

(2.26)

To summarize, the most general BC on the planar boundary
x> = 0 are the following:

0"h — 0,h® =0, (2.27)

E1(h = yoh) = 0, (2.28)

280h + (244 &) (h" = n™h) + & (e“I0;h% + €"0;h?)
+ 2809 h = 0. (2.29)

The BC (2.27) is universal, in the sense that it does not
depend on S,,; (2.14). It represents the conservation of a
current on the boundary

d,K" =0, (2.30)
with

Kab = pab — yabp, (2.31)

[

On the other hand, we remark that if £ = 0, the BC are
given by (2.27) and (2.29). If instead &, # 0, Eq. (2.28)
implies (2.27) and the BC are given by (2.28) and (2.29).

C. Ward identities
From the EoM for £, (x) (2.19) we get

0= /dx3aa% =24(0"h — 0,h"")
SN

¥=0

+ / dx*0(x3)a,Jeb, (2.32)
where we used the BC (2.21). We thus obtain the following
Ward identity:

/ dx30(x*)0,J = —2(0"h — 0,h") (2.33)

=0’

which is broken on the boundary x* = 0. In the same way,
from the EoM of 7, (x) (2.20), we find

58
0= [ dx’o, —>
/ " 505

= 0,J%|5_g — 24(—0,h® + 0" h) (2.34)

¥=0
which represents a local Ward identity, broken by the
boundary
0, g = 22(=0,h® + 0°h) s_,.  (2.35)
Notice that the right-hand side (rhs) describes the con-
servation on the boundary of the current K*(X) (2.31),
previously found as the BC (2.27), and hence we may write
0,J%| 5_o = 0. (2.36)

Going on-shell (J = J =0), the broken Ward identity
(2.33) yields

(0"h—0,h"") s_, = 0. (2.37)
which, again, is a current conservation equation
9,k =0, (2.38)

with
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Kb = pb — b, (2.39)
Hence, the presence of a planar boundary in LG theory has
as a consequence the presence of conserved currents, which
consist of the particular combinations (2.31) and (2.39).
This is remarkable because this is typical of topological
field theories such as 3D Chern-Simons and the BF models
in any spacetime dimensions [23].

D. Kac-Moody algebra

By computing the functional derivative with respect
to J’”"( ") of the broken Ward identity (2.33), i.e
TG Jm,, (2 33),

0 54 517 5a5b
/ o, <mn“2an 54) (x — x/))
0

677,17
= —2A(1,.0" = 6%0,) =, 2.40
(’7 ) 5Jac5‘],mn ( )
we get the commutation relations
1
3 (62,85 + 6265,) 0,69 (X — X')
= —2i/1(nacnb0 - 6?52) [h‘“ hﬁ,m} (x0=x),  (2.41)

where we used the on-shell constraint (2.37). By setting
(i) b =0 we have

(52,89 4 8489,) 0,69 (X — X")

= 4iA[hD, ), 8(x° — x0), (2.42)
from which, integrating over time,
m =n =0 gives
(7D, hyy) o_0 = 0. (2.43)
m=0,n =N we get
(7D, 1] o0 = —a (X=X,  (2.44)

47"

This can be identified as a KM algebraic structure
[17,18] with central charge

c=—-— (2.45)
which implies
A <0, (2.46)

because of the positivity of the central charge of KM
algebras [36,37].

m = M,n =N gives

Vlg’ h{v[N] Oy — 0. (247)
(i) b=8
(52,88 + 6265 ) 0,6 (X — X')
= 4iA[h, K, ]6(x0 = x°).  (2.48)
m=n=20
[hOB ; ] Oy = 0. (2.49)
m=0,n=N
(7%, hy ] o_ 0 = 0. (2.50)
m=M,n=N
(A% ] o0 = —ﬁ (5868 + 83880, (X = X').
(2.51)

Here again a KM algebraic structure is observed with
the same central charge ¢ (2.45).
We now compute the functional derivative of the
broken Ward identity (2.33) with respect to J""(x'), i.e.,

5111111 (2 33)

0 = —2iA (e — 8289) [A°, M) 0 o,

X

(2.52)

where we used the on-shell constraint (2.37) and integrated
over time. In particular, we have at

i b=0

[ilg’ Ia;nn] WO=y0 — 0, (253)

(i) b=B8B
(2% W] 00 = 0. (2.54)
Summarizing, from the integrated Ward identity (2.33)

we get the semidirect sum of KM algebras with the same
central charge,

[R5, Y] = —ﬁaN(s@) (X - X, (2.55)
(1% ] = = (5A53 +6868)0,8 (X - X).  (2.56)

The above KM algebraic structure has a physical meaning
when expressed in terms of the conserved currents
K®(X) (2.31) and K (X) (2.39), which are expressed
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in terms of the tensor fields 4%’(X), h’(X), and their
traces. In fact, as a consequence of (2.55) and (2.56) we
find that K (X) and K*(X) form a KM algebra with
central charge (2.45) whose nonvanishing components are

L 9,82 (X - X'),

Kl =

(2.57)

[k, K1,,] = - ﬁ (83,8 + 038 = 20" 11,0,) 0,8 (X = X').

(2.58)

The existence of a KM algebraic structure for conserved
currents on the boundary of 4D LG confirms the guess made
in [21] as a particularly interesting possibility in connection
with Weinberg’s soft graviton theorems [38—40].

III. THE BOUNDARY

A. The degrees of freedom

The presence of a 3D boundary in the 4D theory
described by the action S, (2.17) induces a 3D theory,
whose field content is determined by the solution of the on-
shell broken Ward identity (2.33)

0, (" —n®h) s_, =0 (3.1)
and of the BC (2.27)
0, (h‘”’ - n“bh)x3:0 =0. (3.2)
Let us consider first (3.1). Define
Cab = fab — pav, (3.3)
whose trace is
C =n,C% = =2h. (3.4)
Equation (3.1) then reads
2,C% = 0. (3.5)

To find the most general solution, let us parametrize the
symmetric tensor C*?(X) as follows;

- 1 - ~
Cr =2 (™0, %, + €9, %), (3.6)
Because of (3.5) it must be
etmng, 0,54 =0, (3.7)

which is solved by

inu = €a€dacand + 0,07, (38)
but we observe that the ¢“(X) contribution trivializes
C(X) (3.6). Hence

$9 =95,

(3.9)
In terms of this result, C**(X) (3.6) solves (3.5), and reads

C% = ebmneacdy 9 5. .. (3.10)
with &,,(X) = 6,,(X) as a consequence of the fact that
C(X) is symmetric C*?(X) = C"(X), and with [5] = 0.
Thus the general solution for 4% (X) is

- - 1 -
hab — Cab _ abc
2’1

= _%nab (0,075, — 0"0"Gyy) + 0,05

+ 0906, — 0, (6b5‘”” + aaabc). (3.11)
Equation (3.2) for h%(x) has the same structure as (3.1),
and therefore the solution has the same form (3.11). We
finally get

- 1
hab — ebmneacdamacand 4 5 l’]ab (am ama.nn _ amanamn)

— _%nab (amamgnn _ amana.mn> + amam&ab

+ 090°5," — 0,(0"6% + 0“5"°), (3.12)

1
hab — €bmn€acd0m060”d + z nab (am "o, — amano.mn)

= _%nab (amamann _ amanamn) 4 amamaab

+ 0%0%s," = 9, (0”6 + 0c"¢), (3.13)
which means that the fields of the induced 3D theory are
identified as the rank-2 symmetric tensors ¢%’(X) and
5% (X). Moreover, these solutions are invariant under the
following transformations of the boundary fields o,;,(X)
and 6, (X):

Silab =0< S6mn = amén + an%nﬁ (314)

5hab =0 56mn = amgn + an§m7 (315)
which remarkably means that the induced boundary theory
must be invariant under infinitesimal diffeomorphisms,
which therefore is a consequence of the general method
we followed to introduce a boundary in LG, without need
of requiring it explicitly.
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B. Most general 3D action

As a consequence of the solutions fzab(x) (3.12) and
hay(x) (3.13) and of their mass dimensions (2.9), the
boundary fields o,,(X) and &,,(X) should have mass
dimensions [o] = —1 and [6] = 0. However, in 3D the
canonical choices for the mass dimensions of the tensor
fields are two:

(1) [o] = [6] = 1, which can be realized by rescaling as

follows:
&— M'5; c— M7c. (3.16)
However, in this case power counting and locality
constrain the action to the following Chern-Simons/
BF-like action [23]:

S = / dxe% (016,440,604 + a26,40,0 ¢

+ a350d6h6'cd), (317)

which is not invariant under the diffeomorphism
transformations & (3.15) and & (3.14):

6S = /d3x€"bc(2a16ad + azéad)dbﬁdfc, (318)

58 = / P xe™ (20,4 + 2036,4)0,0%.,  (3.19)

which indeed vanish only at the trivial case
(a; = a, = az = 0). Thus, we must discard this
possibility.
(2) [0] =[] =1, achieved by rescaling
& — M5: 6 — M0, (3.20)
which, instead, leads to a nontrivial solution, as we
shall see in what follows.
The most general action invariant under the infinitesimal
diffeomorphisms & (3.14) and & (3.15) has the following
structure:

S3plo. 8] = Siglo] + &S16[6] + KuSmixlo. 8], (3.21)
where k, K, k,, are dimensionless constants and Sy g[o] and
S1[8] are LG contributions analogous to (2.4), written in
terms of the boundary tensor fields o,,(X) and &,,(X),
respectively,

1 1 .
Sig = /dSX <Z @ fire - gf“bcfabc)

= 1~ - 1~ , .~
SLG = / d3x <Z aacfbhc - gfabcfabL') )

(3.22)

(3.23)

with
Jave = frac = 0aOpe + 0p0uc — 20,04,  (3.24)
Fabe = Foac = 0abpc + OpBac — 205,45,  (3.25)
satisfying the cyclicity property
fabe 4 phea 4 peab — () (3.26)
Jabe | Fhea y Feab _ . (3.27)

Notice that no Chern-Simons or BF contributions as
in (3.17) are allowed as a consequence of the diffeo-
morphism invariances 6S5p = 6S3p = 0. The S, term
in (3.21) is the most general one depending on both ¢, (X)
and &,,(X), compatible with power counting and the
invariances S, = 6Syix = 0. Excluding again Chern-
Simons/BF-like contributions, which are not invariant
under diffeomorphisms, we have

S = / d*x{ay0,60°6 + a,0,6,,0°6"* + a,0,60,5"

+ a30,60,06° + a40,6,,0°5" }. (3.28)
Imposing invariance under 6 (3.15) we get
88y =0 = — / dx{5[(2a; + a4)0,0%¢,
+ (2612 + a4)aaabam§m]
+26(ag + a3)0,0%" (3.29)
which gives
as = —dop,
a, = —2ay,
a = ay. (3.30)

The d-invariant S,;, action term is

Sy = /d3x{aoaa66“& +a,0,6,,0°6°* + a,0,00,6

— (00,60,0°" — 2a,0,.6,,0°5" }. (3.31)
Requiring now invariance under & (3.14), we get
68, =0=2 / &x{o,(ag + ay)o?d 0",
—o(ag + a,)9,,0%¢" }; (3.32)

hence, it must be
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(3.33)

ap = —day.

Therefore, the mixed action term (3.31) invariant under
both & (3.14) and & (3.15) is

Smix = o / d*x{0,60°6 — 0.6,,0°6"" — 0,60,5°

— 0,60,6"" +20,0,,0°6" }. (3.34)

After reabsorbing the a, parameter into «,, in (3.21), we
observe that using the definitions of f%¢(X) (3.24) and
FP¢(X) (3.25) Spix (3.34) can be written as

1 -
Smix :/d3x<1 aac hbc

The most general invariant action therefore is

1 -
- F T ) 639

S3p = kSiG + KSLG + KinSmix

1 N
:/d3x{K<Z auc bbC _gfathabc>

= 1~a 7 be 1~a cT
+K<Z ac. bh _Efbfabc)

T
+Km<4 aac bbc_6fa]nfabc>}'

We finally observe that S, (3.35) can be written as

(3.36)

Smix = /d3xe”h”€de-foad0bﬁeécf; (337)

hence, replacing &, (X) with 6,,(X) we have an alternative
way to write the 3D LG action

S = [ Px(e o) (0,00, (339
whose EoM are

ap1py ¢bpspa —
€ 2 aplapshpzm - O’

(3.39)

which are those of LG written in an alternative and more
compact way. A similar expression holds for 4D LG, whose
EoM can be written as

eHmIL s s Noayag aal aa4 ha2 as — 0.

(3.40)

C. Equations of motion of the 3D induced theory

From
éfabc(x> |: 1
RS — | (S + 58 ) 0, + = (615 + 518 ) o,
56, () (“b+b“)°+2(”’+“)“

1
3 (o aren)o, [ s (x—y).  (341)

6 e(x)
LA — (=200, + 520" + 670" (x —y), (3.42
66 (¥) ( P 04

and the cyclicity property of f%¢(X) and f%(X) (3.26)
and (3.27), we find the following EoM for the boundary
fields o,;,(X) and 6, (X):

6S3D mna mn a 1 m £ bn n £ bm
60mn:K[—aaf + "0, f )} —E(a fem+ofm)
Km Tmna mny ¥ ba
+7 _aaf +’7 aafb
1 - ~
_ E (amfbbn + anfhbm):| =0, (343)
6§ ~ Tmna mnpy 7 ba 1 m 7 bn n 7 bm
D =& a o, F S T )

K
+ 7 |:_aafmna + ,,Imnaafbba

— % (amfbbn + anfbbm):| =0. (3'44)

IV. CONTACT BETWEEN BULK AND BOUNDARY

It is possible to make a holographic contact between the
4D bulk theory described by the action S, (2.17) and the
induced 3D theory whose action is S3p (3.36) by requiring
that the EoM (3.43) and (3.44) derived from S;p coincide
with the BC (2.27), (2.28), and (2.29) we found for the 4D
bulk theory. This can be achieved by suitably fine-tuning
the &; parameters appearing in S;; (2.14), and «, &, k,, in
S3p (3.36). The first step is to write the BC (2.27), (2.28),
and (2.29) in terms of the boundary fields o,,(X) and
Gap(X) through the solutions (3.12) and (3.13). The BC
(2.27) is the defining equation for /,;,(X) on the boundary
(3.13), and thus the contact is automatically satisfied.
Concerning (2.28), using (3.13) we have on x* = 0

0= het —ptbp = M- [020.1117 +099bg — ac(aaabc + abaac)
+n%(0°0%0.q — %0)]. (4.1)

where M is the rescaling factor of o,,(X) introduced
in (3.20). This can also be written as
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Hmn = (hmn _ I’]mn//l>|(3']3)

M_% mna mn ba 1 m £ bn n £ bm
= | 70uS"" " 0 —E(a fr+orfmy|.

(4.2)
Analogously

A" = (ﬁm” —’Ym"il) |(3.13)

I—

M- - - 1, - -
= {—%f’"”“+n’”"0afb”“—§(0’”fbb”+0”fb’””)},

(4.3)

where M is the rescaling factor of &,,(X) introduced
in (3.20). We introduced H” and H? so that the contact
between the bulk BC and the boundary EoM will be more
evident, as we shall see. Indeed, the 3D EoM (3.43)
and (3.44) can be written as a linear combination of
(4.2) and (4.3):

aH™ + BH™ = 0. (4.4)
Explicitly we have
(3.43) = 2kM3H® + k, MEH® =0,  (4.5)
(3.44) = k,, M2 H + 2RM:H = 0. (4.6)
The BC (2.28) can be written as
EH® =0, (4.7)
while the BC (2.29) cannot be written as (4.4)
28 HY + (24 + &) H™ + & (e 0;h% + " 0;h)
+2(& + &)n“h =0, (4.8)
unless
& = —&os &H =0, (4.9)
in which case the BC (2.29) becomes
280 H™ + (24 + &)H® =0, (4.10)
recalling that 4 is the coefficient of the bulk action Sy, (2.4).
Now that both EoM and BC have a similar structure, we can
holographycally match them by tuning their parameters so
that (EoM) <> (BC). Keeping in mind that the &, parameter
defines two situations:
(i) &, = 0: one BC (4.10),

(i) &, # 0: two BC (4.7) and (4.10),
let us look at the first case.

105012-9

(1) &; = 0: the only BC is, after a multiplication by ﬁ

(remember that A # 0, being the coupling constant of
the bulk),

%Hﬂh + H® = 0. (4.11)

In the same way we have seen that the EoM (3.43)
and (3.44) can be written as (4.5) and (4.6),

2 Hb 4 feb =, (4.12)

m

WK oo 7rab
——H + H" =0, 4.13
2 K ( )

where y = /Mﬁ} with [u] = 1. They both match with
the BC (4.11) if

800 K _HRn o gk k>0, (4.14)
K

The implication on the 3D action (3.36) is that the
following redefinition of the fields is possible:
Pab = \/Eo-ab =+ \/’%5-5117;
q)abc = \/Efabc + \/’:(}‘abw (415)

such that the action only depends on one field as

1 1
S — d3 - abq) me __ (I)abc
3D 6/ x(\/z’/[ m )
1
X a (Dnnc +q)a c
(G2 )

1 1 .
- / Px <Z @, — ¢ @“b‘®abc>
= Siglpl. (4.16)

which is LG in 3D. The sign =+ in (4.15) depends on
the sign of k,, as a consequence of the contact (4.14)
for which «, = +2v/kk. Notice that if & =0,
Spa (2.14) becomes

Spa = o / d4X5(x3>(habhab - hz), (4.17)

i.e., the boundary action S, (2.14) does not depend
on the 05 derivative of the gauge field anymore. We
recognize in S, the Fierz-Pauli mass term [41-45],
which renders the relation with LG even more
remarkable. This allows one to interpret &, as a
Fierz-Pauli mass for the tensor field £,,(X) on the
boundary x* = 0.
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TABLE I.  Scheme of the contacts between bulk (BC) and boundary (EoM) with constraints on the parameters of

Sy (2.14) and of S3p (3.36).

S,q parameters Constraints Spa = Sip =
&1 =0,& free K:%Km;k:%lcm;xzm = 4ki Spalh] Stalp)
& = =24,&, free Kk free; K = 0;x, =0 Spalh. h) Siglo]
&1 #{-24,0}, &, free x free; & # 0;,, # {0, 2V/xk} Spalh, h) kS1g + RSLG + K Smix

(i1) &; # 0: the BC are the following:

H® =0, (4.18)
EHC + (20 +E)H™® =0.  (4.19)

We have to distinguish between two cases: 24 +
& =0and 24+ &; #0. For £, = -2 we are left
with the BC (4.18) only, which depends on %, (X)
and hence on 6,4, (X) through the solution (3.13). To
have a contact, we have to switch off the &,,(X)
dependence in the 3D action (3.36) [and in the EoM
(4.5) and (4.6)] by putting «,, = & = 0. The induced
theory in this case is LG for the field o,,(X),

1 1
S3p = KkS1G = K/d3x (Z “ac bbc - gfabcfabc>’

(4.20)
where we can reabsorb the x parameter through a

redefinition of the field ¢, (X). The boundary action
term Sy, (2.14) is

Spa = / d*x8(x®) [Ey (haph® — h?)
— 22(hph® — hh)]. (4.21)
Notice that also in this case the &, parameter plays
the role of a Fierz-Pauli mass for &,,(X) on the
boundary. If instead & # {—24,0},
H® =0, (4.22)
H® = 0. (4.23)

Looking at the 3D boundary side (EoM) we can use
the EoM (4.12)

A = —ou = g (4.24)
K

m

in the EoM (4.13), which becomes

2 _4 =,
g <w> H® =0; &K, #0. (4.25)
KK"'[

Now we notice that if 2, — 4xk = 0, the EoM (4.25)
becomes trivial, and we only have one EoM, which
is (4.24), which can never match the two BC (4.18)
and (4.19) at the same time. Indeed, this case
(x2, — 4k&k = 0) allows a contact only if we look at
the BC in the forms (4.7) and (4.10) and set &; = 0,
which coincide with Case 1 (4.14). Therefore,
K2, — 4kk = 0 © £, = 0. Considering k2, — 4xi # 0
we can use the second EoM (4.25) back into the first
one (4.24) and get

H =0, (4.26)

H® =0, K2, —4kk#0, &x,#0, (4.27)

which matches exactly the BC (4.22) and (4.23).
Thus the holographic contact is possible for &; #
{=24,0}, «,, #{0,2V/kk}, and & #0. Again &
does not affect the contact and can be interpreted
as a Fierz-Pauli mass.

We summarize our results in Table L.

As we see from Table I, depending on the value of the &;
parameter of S,, (2.14), we found two possibilities for the
3D theory induced by the presence of a planar boundary on
the 4D LG theory:

(i) & = {0,—24}: the 3D induced theory is LG for one

symmetric rank-2 tensor field

S3D - SLG' (428)

The corresponding 4D S,,; (4.17) is a Fierz-Pauli
mass term for the 4D tensor field A, (X) whose mass
parameter is &.

(i) & #{0,—24}: the 3D induced action depends on
two rank-2 symmetric tensor fields o,,(X) and
Gap(X). After a field redefinition, it reads

Saplo. 8] = Siglo] + Si[6] + kSwmix[o. 5], (4.29)

where k is a constant which cannot be reabsorbed.
In both cases, the 4D boundary term S, (2.14) contains a
Fierz-Pauli mass term for the bulk tensor field h,,(X),
whose mass parameter is &,.
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V. SUMMARY OF RESULTS

In this paper we studied the effect of the presence of
a planar boundary on 4D LG, realized by means of a
Heaviside step function in the action (2.4). Following a
method introduced by Symanzik in [3], we derived the
most general BC (2.27), (2.28), and (2.29) by means of a
variational principle. The boundary action S,,; (2.14) and
hence the BC depend on four parameters, which in our
approach play an important role, as we shall comment on
later. The presence of the boundary breaks the invariance
under diffeomorphisms, which are the symmetry trans-
formations of LG. Correspondingly, the Ward identity that
describes the invariance under diffeomorphisms (2.33)
acquires a breaking, which is crucial, because from it
the main information of the theory might be derived,
namely the fields content, the symmetry transformations,
and the boundary algebra. We wrote “might” because it is
not obvious that this can always be done. In fact, this seems
to work for all topological field theories, where nontrivial
boundary dynamics has been first observed [12], and for a
long time this property has been believed to be peculiar
of these kinds of theories. More recently, similar results
have been found in nontopological field theories, such as
the Maxwell theory [26], and this motivated boundary
investigations for more general theories, such as we did
in this paper for LG. The first remarkable result to our
knowledge is that on the boundary we found two conserved
currents (2.31) and (2.39) which form the algebraic
structures (2.57) and (2.58) of the KM type, whose central
charge is proportional to the inverse of the LG coupling
constant (2.45). This confirms what has been guessed
in [21], where the existence was suspected, in 4D LG,
of a KM algebra as a particularly interesting possibility in
connection with Weinberg’s soft graviton theorems [38—40].
Since the central charge of a KM algebra must be positive,
this is mostly useful to determine the sign of the overall LG
action, which otherwise should be determined by imposing
that the energy density, that is, the 00 component of the
energy-momentum tensor, is positive, which in gravity is a
known tricky issue [46,47]. Moreover, we were able to
solve the on-shell Ward identity (3.1) and the universal
BC (3.2) getting (3.12) and (3.13), which allowed us to
express, on the boundary, the 4D bulk fields 2°(X) and
he®(X) in terms of 3D fields which are the degrees of
freedom of the induced 3D theory. We found that these

latter, as their 4D ancestors, are rank-2 symmetric tensor
fields: 6*(X) and °?(X). This, as LG shows, seems to be
peculiar of nontopological QFTs. Indeed, what is usually
found in topological QFTs is that the fields living on the
(D — 1)-dimensional boundary are tensors of lower rank
with respect to their D-dimensional counterpart: from
rank-2 tensors one finds vectors in the topological 4D
BF theory [12] and the boundary reduction of the gauge
field in Chern-Simons theory gives scalars. Here, instead,
the 3D boundary fields are rank-2 symmetric tensor fields
as those of 4D LG [48]. And, quite interestingly, the
transformation that keeps invariant the definition of the
boundary fields turns out to be the diffeomorphisms (3.14)
and (3.15), which therefore are a consequence of the
introduction of the boundary, rather than an a priori
request. Given the dynamical fields and the symmetry
transformations, requiring locality and power counting
allowed us to find the most general 3D action S;p (3.36),
which consists of three terms. Each term being invariant by
its own, S;p depends on three constants which we do not
reduce by redefining the 3D fields as we could, but we fixed
them by establishing a “holographic” contact as our last
step. This has been realized by requiring that the equations
of motion of the 3D action S;p coincide with the BC of the
4D theory. To do that, we had at our disposal the four
parameters on which S,,; (2.14) depends and the three
constants in S3p (3.36). As an outcome of this tuning, we
found two possibilities, depending on the value of one
particular parameter appearing in S,,: S3p describes either
LG for one single tensor field (4.28) or the action (4.29),
containing two decoupled LG terms for the boundary tensor
fields 6%%(X) and 5°°(X) and one term that mixes them. As
a last, but probably not least, fact, we remark that in any
case the S,, action term that governs the holographic
contact contains a mass term (4.17) for the bulk tensor field
h,,(x) of the particular Fierz-Pauli type [41-45], with a free
parameter &, which we can interpret as a mass.
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