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We seek the inverse formulas for the cosmological unifying relation between gluons and conformally
coupled scalars. We demonstrate that the weight-shifting operators derived from the conformal symmetry at
the de Sitter (dS) late-time boundary can serve as the inverse operators for the 3-point cosmological
correlators. However, in the case of the 4-point cosmological correlator, we observe that the inverse of the
unifying relation cannot be constructed from the weight-shifting operators. Despite this failure, we are
inspired to propose a “weight-shifting uplifting” method for the 4-point gluon correlator.
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I. INTRODUCTION

Cosmic inflation is widely accepted as the period of
exponential expansion that occurred at the beginning of our
universe, during which the background spacetime can be
approximated as de Sitter (dS) space. In the standard
inflationary scenario, the early universe is dominated by
dark energy, represented by the potential energy of a scalar
field known as the inflaton. Quantum fluctuations of the
inflaton and other particles during this primordial epoch
give rise to non-Gaussianity (NG) and serve as the seeds for
the formation of the large scale structure (LSS) we observe
today. The NG and LSS contain valuable information that
allows us to study the history of the early universe.
Extracting such intriguing information is possible through
the analysis of cosmological correlation functions [1,2].

Calculating cosmological correlators can be a daunting
task. The conventional approach involves employing the
in-in formalism to track the time evolution of fields during
inflation. This requires integrating over some field mode
functions and interaction vertices in dS spacetime, which
can be highly intricate. In particular, evaluating the inter-
action vertices for spinning fields can be arduous, even in
flat spacetime, let alone in dS spacetime. However, the in-in
formalism provides us with the late-time correlation func-
tions at the future boundary. Motivated by this observation,
the cosmological bootstrapping program [3—13] has been
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proposed. This program aims to compute cosmological
correlators from a boundary perspective, leveraging sym-
metries, locality, unitarity, and other principles. By
exploiting these fundamental properties, the cosmological
bootstrapping program provides an alternative framework
for studying cosmological correlators.

From the inflation perspective, we regard the early
universe as a dS, spacetime, which has the same symmetry
as CFT;. Then we can use many CFT methods to derive
these correlators from the conformal properties of the
cosmological correlators. In the past decade, people have
constructed a series of differential operators which can
change the quantum numbers of the operators in cosmo-
logical correlators by some CFT methods. These operators
are the so-called “weight-shifting operators” [4,5,14], and
the appearance of these operators allows us to obtain
correlators with different quantum numbers from a given
cosmological correlator. A brief review of weight-shifting
operators is given in Sec. IL.

However, recently the authors find another relation
between YM theory and the conformally coupled scalar
theory with a gluon minimal coupled. This relation is a
generalization of the “unifying relation” [15] for the flat
amplitudes. Hence we also use “unifying relation” to denote
this relation for cosmological correlators. The proof, which
uses the Berends-Giele recursion, can be found in [16]. A
generalization to the loop integrand is also found in [17].

It seems that there are some connections between these
two kinds of relations. In this paper, we want to seek the
inverse of unifying relations. In the 3-pt case, we success-
fully obtain the inverse, while in the 4-pt case things go
wrong. To find in what sense we can invert the unifying
relations, we construct the 4-pt gluon correlator (JJJJ) from
the unifying relations and express it by weight-shifting
operators to find some clues. And finally we find that there
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is a correspondence between the flat amplitudes and the
weight-shifting operators in this case. We give a dictionary
between the varieties in the flat 4-pt YM amplitudes and the
weight-shifting operators that construct (JJJJ).

Our paper is organized as follows. In Sec. II, we will
review some weight-shifting operators and point out the
effect they have. In Sec. III, we will review the unifying
relations for cosmological correlators briefly. In Sec. IV,
we will construct the 4-pt gluon cosmological correlator
(JJJJ) from the unifying relation, and point out that our
construction is also consistent with the weight-shifting
perspective. Moreover, we point out that this construction
can be related to the flat amplitudes.

II. WEIGHT-SHIFTING OPERATORS

An interesting way to get the cosmological correlators
with correct quantum numbers from other correlators has
been introduced in [3-5], which is known as the “weight-
shifting operators.” These operators can be derived from the
conformal properties of the cosmological correlators in the
embedding space. In this section, we will briefly review
these operators and write down some typical examples,
following the notation in [5].

A particle in dS spacetime can be labeled by its
conformal dimension A and its spin [ from the representa-
tion of the isometry group of dS spacetime. In cosmology,
we only focus on the case dS,, which means that we
can specialize the weight-shifting operators for dS,, to
the d = 3 case. The weight-shifting operators are some
bilocal operators which can be used to change the con-
formal dimension A and the spin / of some particles in the
correlators, and after acting such operators on a certain
correlator we will get another correlator with different
quantum numbers. We should point out that we can obtain
the correlators with the same quantum numbers by acting
on different correlators, and the results may be different.
The correct correlators should be a linear combination of
these different results. Moreover, sometimes we will get the
correlators with wrong singularities, which means that we
should do some modifications by hand. Such an example
will be given in Sec. IV.

In this section, we only present the explicit expressions
for the weight-shifting operators. The derivation and
detailed examples illustrating the action of weight-shifting
operators on specific correlators will be provided in
Appendix A. Let us begin by introducing the simplest
differential operators that decrease the conformal dimen-
sions of two fields by one unit in correlators:

B e "
Wi =5 12 - K2, Kip=o0p —op. (2.1
In the above expression, the subscript 1,2 indicates

the particle for which we aim to decrease its conformal
weight. It is important to emphasize that K, represents a

differential operator with respect to the component of
momentum, and thus, it is a vector.

Another valuable operator is the one that increases
the conformal dimensions of two fields by one unit. The
general expression for such weight-raising operators, acting
on a spinning field, can be quite intricate. However, for
our current purpose, we will not delve further into the
details of these operators acting on spinning fields. Instead,
we will focus on presenting the expression for the
weight-raising operators that specifically act on pure scalar
operators:

1 - -
Wf+ = 5 (klkz)zK%z - (3 - 2A1)(3 - 2A2)k1 “ky

+ K23 =202 - A+ ki - Kpp) + (1 < 2)].
(2.2)

For a comprehensive understanding of the general weight-
raising operators, one can refer to [4].

In the preceding discussion, we introduced operators
that can increase or decrease the conformal weight. It is
worth noting that the 3-point correlation function with
one particle having spin can also be determined up to an
overall constant through the application of conformal
symmetry. Furthermore, the expression for these spinning
3-point correlators exhibits a similar structure to that of
scalar fields. Therefore, we can also generate correlators for
spinning fields by utilizing differential operators on the
scalar 3-point correlator. In other words, we can construct
weight-shifting operators that enable us to raise the spins of
two fields by one unit within correlators:

SHr=U+4a-1)(L+24,-2)7-%,
1 - =
_E(Zl'kl)(ZZ'kz)K%z
+ (L 44— 1)(/;2 “2)(3 ‘Elz) + (1 < 2)].
(2.3)

Here, 7 represents an auxiliary null vector that coincides
with the spin polarization vector € (with €; - k; = 0) in
the “on-shell limit” and this limit can only be taken after
all operators have acted. More about this limit can be
seen in [18].

We can also construct weight-shifting operators that
simultaneously change the conformal weight and spin of
the particles. There are three types of such differential
operators, each with a distinct effect. The first type can be
represented as

Hyp =23 Kp)(Z - Kip) = (21 - 22)KG,. (24)
This operator has the capability to raise the spins at points 1
and 2 by one unit while simultaneously lowering their
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conformal dimensions by one unit. The remaining two
types of operators can also simultaneously change the
weight and spin of the particles. However, unlike H,, they
have distinct effects on different particles:

. = 1. -
Dy = (A 41 =1)(Z - Ky2) _E(Zl kiK%, (25)
- 1. -
Dy = (A =3+ ky - Kpp)(Z) - Kp2) _E(Zl -ky) K7,
-(Z- f(lz)(zl “0z,) + (21 - 22) (03, 1?12)- (2.6)

Here, the operator D, raises the spin by one unit at point 1
and lowers the conformal dimension by one unit at point 2.
On the other hand, the operator Dy, raises the spin by one
unit at point 1 and lowers the conformal dimension by one
unit at the same point.

In the case of conserved spin-1 operators with dimension
A = 2, there is a convenient shortcut. We can treat these
conserved spin-1 operators as projections of spin-1 oper-
ators with A = 1. After some algebraic manipulations
(as detailed in [5]), we find that multiplying the norm of
the momentum of the spin-1 currents with A =1 gives
us the conserved currents. In fact, this operation is also
valid for A =1 scalars and we will give some examples
later. Interestingly, this operation effectively performs
the shadow transform. While similar results exist for the
spin-2 case, we will not delve into it within the scope of
this paper.

Let us write down some results here:

<J1902(P3> = D11<¢1(P2</’3>,

<11§02€03fﬂ4>s = k2D12<¢1fﬂ2(P3</’4>s- (2-7)

where ¢ denotes massless scalars, ¢ denotes conformally
coupling scalars, and J denotes the conserved currents
(contracted with the auxiliary null vectors 7). We need to
point out that weight-shifting operators will not change the
type of channels, which means that we can act these
operators on the correlators with a given channel. The
label s in the above example denotes s-channel.

Up to this point, our focus has been on differential
operators acting on the external legs. However, it is worth
noting that we can also construct similar differential
operators to change the conformal weight and spin of
internal line particles. In the subsequent discussion, we will
introduce these differential operators that raise the spin of
the internal line particles.

In general, the 4-point correlation function can be
decomposed into connected and disconnected parts.
The disconnected part refers to the component that can
be factorized into the product of two 3-point correlators.
This implies that we can construct spin-raising operators
for the internal line particles in the disconnected part by
utilizing this factorization, as the internal lines in the

4-point correlator become the external legs in the 3-point
correlators. As an example, let us consider the disconnected
contribution to the 4-point function arising from spin-1
exchange (e.g., s-channel):

0 (05 eg, Ol (M) Olop o)
(or v 098)d = (007 :

(2.8)

where O is a scalar operator with dimension A, 5 = k; + k,
is the momentum of the exchanged particle, and (I1,),; is a
symmetric traceless tensor:

3—2Asl~sj
A-2 §2°

(Iy);; = 6; + (2.9)

which encodes the polarization structure of the inverse
two-point function of the exchanged field: (010 )"
(I1)),;(0;0_;)~". Then, we can generate the 3-point
correlator {¢py @, O' ;) from the 3-point scalar correlator

using the spin-raising operator defined in (2.5):

(07,01,0%;) = Siy{og, 97, 05)- (2.10)
where Sy = kyD3 =, €5Si, is the differential opera-
tor that raises the spin of the O field by one unit. The
index i indicates that we have removed the auxiliary
null vector 7 from Ds,. Therefore, the disconnected
contribution to the 4-point function from spin-1 exchange
can be expressed as:

<€0ﬁ o - - >(1) _ 8112<(p]?] (p]zzo—?> (H1)118§4<O;’(p1%(pz4>
ki Tky Tks Tky/d <O§0_§> .

(2.11)

It is evident that the combination S}, (I1;); jSé 4 appearing in
the numerator raises the spin of the exchanged particle. If
we can manage to extract this differential operator and
apply it to the disconnected 4-point correlator, we will
obtain the internal line particle spin-raising operator. This
process is analogous to the construction of weight-shifting
operators for the external leg particles that we discussed
earlier. The detailed extraction process is beyond the scope
of this paper, but interested readers can refer to [4] for more
information. Here, we present the final result obtained from
this extraction:

1 0
(07 01,0, 0)8 = (1D + 11 0A) (07 07.07.97.)5 -

(2.12)
where I1; ; and I1, ) are polarization sums for the s-channel

(we only focus on this case in the following discussion),
and D,, and A, are differential operators:
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n (& —K3)(K3 = k3) | (ki — ko) (ks — Ky)
1,1 — 4 2 ’
s s
ki —ky) (ks —k
m, =& 2§§ k) (2.13)
D,, = u*v%9,0,, A, = u*(1 —u?)d2 —2u’0,,
u=s/(ky +ky), v==s/(ks + ky). (2.14)

We introduce the dimensionless variables u and v to
simplify our writing. The 4-point correlation function

(0)
(o7, 97,972,974

independent variables u and v due to conformal symmetry
(s-channel). Thus, such a choice of variables allows us to
simplify our calculations in the subsequent sections.

So far, we have focused on the disconnected contri-
bution to the four-point function, considering the
exchange of a single scalar operator with a general
conformal dimension A. However, it is important to note
that the generalization to arbitrary spin exchange is
straightforward. The disconnected part of the four-point
correlator with the arbitrary spin exchange can also be
factorized into a product of three-point correlators.
Furthermore, it is worth mentioning that the external
line spin-raising operator (2.12) does not depend on the
conformal dimension. As a result, we can apply this
operator to the full four-point pure scalar correlator,
generating a complete four-point scalar correlator with
an exchange of spinning fields.

can be expressed in terms of these two

ITI. UNIFYING RELATIONS FOR
COSMOLOGICAL CORRELATORS

The unifying relations [15] are first discovered in flat
spacetime and some of them are found to be equivalent
to the dimensional reduction in Cachazo-He-Yuan (CHY)
formalism [19]. Recently, new relations among cosmologi-
cal correlators have been discovered using Berends-Giele
currents [16,17,20]. These relations can be seen as a
generalization of the unifying relations found for flat
amplitudes [15], which is why they are also referred to
as “unifying relations” for cosmological correlators. In
general, we expect that the entire set of unifying relations
from [15] can be extended to curved spacetime. However,
currently, only the relations involving pure gluons and
conformally coupled scalars with minimal gluon coupling
have been well established (for the general Yang-Mills-
scalar theory, there is also a proof based on BG currents
[17] which can be generalized to the dS case easily).
Therefore, in this work, we will focus solely on the case of
pure gluon theory and conformally coupled scalars with
minimal gluon coupling.

It is important to mention that in the following dis-
cussion, we will present the unifying relations without
delving into the details of their proofs. We will focus on

cosmological correlators involving pure gluons and con-
formally coupled scalars, and present the following unify-
ing relations:

TXAYM(QDQZ""?Qn) :AS(d)X’g{l,Z ..... n}\X)' (31)

In the given expression, the notation ¢y only points out
which particles are scalars, while the order of the
particles in Ag is the same as Ayy. The differential
operator 7% represents the pairing of the letters in the
word X, resulting in a product of 7 [ij] = Oc,.e, (Where ¢,
is the polarization vector satisfying the transversal con-
dition). This pairing method is applied to obtain the
desired operator, and the final result is obtained by
summing over all possible pairing methods. For instance,
for the case X = 1234, the corresponding differential
operator is as follows:

T2 = T(12]T[34] + T[13]T[24] + T[14]T[23]. (3.2)

Furthermore, we can explicitly demonstrate the action of
T [ij]. Let us consider the 4-point gluon correlator as an
example, which allows us to establish a relation between
the gluon correlator and correlators involving both gluons
and conformally coupled scalars through the operation
of Tij]:

T[lz]AYM(gl’92’93’g4) = As(¢17¢2793,94)

7[13]AYM(91,92,93,94) = As(¢1,gz,¢3,94)- (3-3)

We will not delve into the general formalism for
cosmological unifying relations in detail here, but instead,
we will provide explicit examples in the following
discussion. For a more comprehensive introduction, read-
ers can refer to [16]. However, before we proceed to
specific examples, it is important to make some remarks
regarding cosmological unifying relations. Unlike the
weight-shifting operators discussed in Sec. II, which
heavily rely on conformal symmetry, the unifying relation
operators 7 [ij] are in both flat and dS spacetime.

It is worth mentioning that the aforementioned relation
remains valid within a specific channel since the operator
7% does not alter the channel. To demonstrate this
explicitly, let us consider the explicit expressions for the
4-point correlators involving pure gluons and correlators
with both gluons and conformally coupled scalars. These
correlators can be computed using Berends-Giele currents
[20] or directly from Feynman diagrams [21-23]. Here, we
will provide the results for these correlators':

"Here we use the correlators (JJJJ) in [5], while in [16] there
is an overall minus sign from some conventions.
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FIG. 1. The s-channel Witten diagrams for (JJJJ) (a), (JJp@) (b), and {p@p@pe) (c). The dashed line represents the late-time boundary
of the dS space, the wavy line denotes the gluon propagator, and the solid line denotes the propagator for the conformally coupled scalar.
This demonstrates that the correlators (JJp¢) and {(p@p@@) can be derived from the 4-point gluon correlators using the unifying relation

operators 7 [34] and 7 [34]7[12].

1 (ky — ko) (k3 — ky)

(Kt — k3) (k3 — k3) (€1 - €)(E5 - €)

JII)), = ——
< )s K2 ky +ky + k3 + ky

(€1-6)(€5-€4) + pen

ky 4 ko + k) (ks + kg + k) (ky + ky + k3 + ky)

Rtk &) = k@ &) = (1< )]y (ks &) — kyy (&5 &) = (3 < 4]
(ki + ko + ks + ka ) (ky + ko + k) (ks + kg + k) ’

(€1 - &) (ky = ko) (k3 — ky)

(3.4)

(Kt —k3) (k3 — k) (€1 - &)

Tgg), = —
oo, 12k + Ky + ks + k)

k2 (ky + ky 4 k) (ks + kg + ky) (ky + ky + k3 + ky)
(€1-E)(ky = ky) - (ky — ky) +4(ky - €)) (k3 - €;) — 4(ky - €;) (k3 - €))

(ky + ko + k) (ks + kg + k) (ky 4 ko + k3 + ky) ’

and

1 (k) — k) (k3 — ky)

(3.5)

(Kt — K3) (k3 — k3)

looep), = - 12K+ ky + ks + ky

ki (ky + ky 4 ks + kq) (ki + ko + ky) (ks + kg + k)

(l_él - ]zz) ) (/;3 - /_54) (3.6)

+ .
(ky + ky + ks + ky) (kg + ky + k) (ks + ky + k)

It is important to note that in the above expressions for
(JJITY, (JJp@), and (p@ee), we have only presented the
s-channel contribution and neglected the contact contribu-
tion. Here, the symbol J represents the conserved current,
while ¢ denotes the conformally coupled scalar with a
conformal weight of A = 2. Additionally, 4"/ represents the
late time boundary metric, which coincides with the 3D flat
metric with the Euclidean signature.

By comparing Eqgs. (3.4)—(3.6), we observe that these
three correlators can be related through the differential
operators dz .z, and 0z g, which precisely correspond to
the unifying relation operators 7 [12] and 7 [34]. To provide
a more explicit expression (Fig. 1), we can write these
relations as follows:

TN2T[34)(J11 ), = T12[{J @), = (pppp),.  (3.7)
Here for (JJJJ),, the action of 712** is equivalent to the
action of 7 [12]7 [34]. The unifying relation for the 4-point
gluon correlator appears to be relatively straightforward,
as we can explicitly write down the expression for the
correlator with lower-point functions. However, finding the
inverse operators for these unifying relations is an ongoing
endeavor and presents a significant challenge. The diffi-
culties arise from the fact that certain terms in (JJJJ), and

|

(JJp@), do not contain (€; - €,) or (€3 - €;). These terms,
which do not involve the polarization product (€, - €,) or
(€5 - €4), will disappear after applying the unifying relation
operators 7 [12] and 7[34]. Therefore, the most difficult
issue in seeking the inverse of the unifying relation
operators is how to restore these terms. It is possible that
certain symmetries may assist in achieving the restoration.
Indeed, weight-shifting arising from conformal symmetry
may provide insights into restoring these terms and con-
structing the inverse of the unifying relation operators.
Therefore, in the subsequent sections, we aim to find
the inverse of the unifying relation operators using the
weight-shifting operators.

IV. SEEKING THE INVERSE
OF UNIFYING RELATIONS

In the previous section, we demonstrated the potential of
weight-shifting operators derived from conformal sym-
metry in constructing the inverse of the unifying relation.
In this section, we will provide concrete examples to
support this claim. While constructing the inverse, we will
also highlight the numerous unexplored weight-shifting
methods. We will begin with a discussion of the 3-pt case as
a warm-up before delving into the more challenging 4-pt
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correlators. Unfortunately, we will encounter difficulties in
directly constructing the inverse of the unifying relation
operators. However, in dS spacetime, there exists the
uplifting method [11,24-26] that allows us to obtain dS
correlators from flat amplitudes by some replacement. In
the final part of this section, we will explore the analogous
uplifting method for weight-shifting operators in dS space.
It will be interesting to compare these two different
uplifting methods.

A. 3-pt inverse: warm-up

Due to the favorable property that we can determine
3-point correlators up to a coupling constant through
conformal symmetry, our primary focus lies on exploring
the inverse of unifying relation operators for the 3-point
correlator. We anticipate that we can recover all the
information encoded by conformal symmetry. To facilitate
our discussion, let us begin with an explicit presentation of
the 3-point gluon correlators. Similar to the 4-point gluon
correlator discussed in Sec. III, we will provide the final
results here, while referring interested readers to previous
papers [16,20] for detailed calculations:

2(6, - €5) (€ - ky)
itk + ks

2(€) - ) (€5 - ky)
i+ + ks
2(€) - €3)(€, - k)
kit kyt ks

(JIJ) =
(4.1)

Next, we can utilize the unifying relation operators to
derive the 3-pt mixed correlator between conformally
coupled scalars and the conserved current from the 3-pt
pure gluon correlators:

2 - Fo)
J =T23(JJJ]) = ———F—.
ow) = T3\ = =572

(4.2)
Now, our goal is to find suitable weight-shifting operators
that can recover the 3-pt gluon correlators (JJJ) in (4.1)
from (Jo@) in (4.2). There are various methods to gen-
erate a correlation function with the correct kinematics,
and one possible approach is to utilize the spin-raising
operator (2.3):

(JJT) = S35 (Jpgp) + cyclic permutations.  (4.3)
Indeed, utilizing the spin-raising operators allows us to
restore the full result for the 3-pt gluon correlator. However,
it is important to note that these naive spin-raising operators
cannot serve as the inverse of our unifying relation
operators. The reason for this is that we need to incorporate
all the possible information contained in the 3-pt mixed
correlators involving both conformally coupled scalars and
gluons, such as (pJp) and (p@J). The concept of inverse
implies that we expect to recover the 3-pt gluon correlator

FIG. 2. The Feynman diagram shown here depicts the 3-pt pure
gluon correlator (a) and the 3-pt mixed correlator between
conformally coupled scalars and gluon (b). The mixed correlator
can be obtained from the pure gluon correlator through the action
of the unifying relation operator 7 [23]. Conversely, we can also
obtain the pure gluon correlator from the mixed 3-pt correlator by
employing 7 [23]~!, which is constructed from a set of weight-
shifting operators.

only from (Jgg), which is not achievable with these spin-
raising operators alone.

However, it is important to reiterate that the 3-pt
correlators are determined only up to a coupling constant.
Consequently, there is a possibility to recover the 3-pt
gluon correlator only from (Jgg), which allows us to find
out the inverse of the unifying relation operators 7 [23]:

(JJJ) = T[23]"(Jop),

T(23]7! = (Hy3 + DyyD33 — 2D D3p)W55". (4.4)

It is evident from the Eq. (4.4) presented that the operator
T[23]7! can be utilized to restore the 3-pt gluon correlator
(JJJ) from the mixed correlator (Jpg). This implies that
we have successfully identified the inverse of the unifying
relation operator 7 [23]. Consequently, we can initiate the
process with a 3-pt pure gluon correlator and generate a
mixed correlator through the application of a differential
operator, and vice versa (see Fig. 2).

While it is true that the 3-pt correlators are determined up
to coupling constants, the situation becomes more intricate
when multiple particles possess spin [27]. In such cases,
there can exist more than one linearly independent structure
that complies with conformal invariance. To illustrate,
when generating the 3-pt gluon correlator (4.1) from the
mixed correlator (4.2) using a weight-shifting operator, one
possible approach is as follows:

(JIT) = kyksHo3(Jo@). (4.5)

This particular weight-shifting operator successfully repro-
duces the appropriate quantum numbers, including both
spin and conformal dimension, for (JJJ). However, it
introduces additional pole structures that are not expec-
ted to be present. In fact, the 3-pt pure gluon correlator
obtained using these weight-shifting operators corresponds
to the Tr(F?) term, where F represents the YM field
strength tensor.
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B. 4-pt inverse: Weight-shifting uplifting?

However, the situation becomes more intricate for
higher-point correlators. While conformal invariance can
still yield certain structures in 4-point correlators, directly
inverting the unifying relation proves to be challenging.
For higher-point correlators, conformal invariance does not
offer a straightforward solution, suggesting that a readily
available weight-shifting prescription may not exist. In the
subsequent discussion of this subsection, our focus remains
on our attempt at constructing the inverse of unifying
relation operators. We want to emphasize once again that
we only consider the s-channel in this subsection.

Before delving into the formal discussion of the inverse
of unifying relation operators in 4-point correlators, let us
establish some conventions for this subsection. We denote
Fa_, as the 4-point scalar correlator with a conformally
coupled exchange in the internal line. Additionally, we use
(ppp@) to represent the 4-point scalar correlator with a
spinning particle exchange in the internal line.

1. Known results and discussions

Let us begin by examining the simpler cases involving
4-point mixed correlators between two conserved currents
and two conformally coupled scalars. In this discussion, we
will not consider scenarios where the internal line corre-
sponds to spinning fields; instead, our focus will be on the
cases with scalar exchanges. For instance, consider the
correlator (JpJg), where the internal line represents a
conformally coupled scalar. Drawing inspiration from the
3-point cases, we can employ weight-shifting operators for
the external legs to generate (JpJg) from F,_, since there
is no need to raise the spin of the internal line™:

<J€0J(P> =4k, D 12ky D3y F oy
4(ky - €1)(ky - €3)

(ky + ko + k) (ks + kg + k) (kg + ko + ks + ky)

(4.6)

It is important to note that all calculations in our work are
performed within the boundary Lorenz gauge (7*0d,A, =0).
The boundary correlation functions are inherently gauge-
invariant, and the weight-shifting operators operate on
these gauge-invariant correlators.’ Consequently, the expres-
sions for the differential operators should remain consistent,
even when considered in a different gauge. Certainly, the
s-channel diagrams results may be influenced by the choice
of gauge. However, since the weight-shifting operators will
not change the type of channels, they remain gauge-invariant

’In [5], they omit the overall constant in the Eq. (5.24).

*It is interesting to point out that the gauge invariance holds for
the transverse part of the correlators but the full correlators
actually obey nontrivial Ward identities due to contact terms [28].
In this paper, we do not consider such contact terms.

12 3 4 7_[24] 1 2 3 4
R VY
(a) (b)

FIG. 3. The s-channel Witten diagrams for (JJJJ) (), (JpJp)
(b). The dashed line represents the late-time boundary of the dS
space, the wavy line denotes the gluon propagator, and the solid
line denotes the propagator for the conformally coupled scalar.
This shows that the application of 7 [24] results in a simultaneous
decrease in the spin of the internal line.

even though they act on a certain channel rather than the total
correlator.

There does not exist a known weight-shifting operator to
obtain the 4-point gluon correlator (JJJJ) from (JpJp).
This outcome may not come as a surprise because 7 [24] is
known to decrease both the spin of the internal line and
the external legs (Fig. 3), and the operators from the
3-point case are required to act on two points connected
to the same vertex. Conversely, in order to find the inverse
of 7[24], we would need to identify an operator that
can increase the spin of both the internal line and the
external legs. However, to find this operator we need to
regard (JpJg) as a product of two 3-pt correlators and
then act operators on these two 3-pt correlators, and then
we will find a singularity from the polarization tensor
(IT;),;- In the next subsection, we will discuss more about
this operation.

Next, we turn our attention to the more intricate
scenario where the 4-point mixed correlators involve
spinning field exchanges in the internal line. Consider,
for instance, the correlator (JJ@g), which features a
spinning field exchange in the internal line. Recall that
in the case of the 3-point correlators, we successfully
constructed the inverse of the unifying relation operators
(4.4), enabling us to generate (JJJ) from (Jpg). In the
current situation, we also need to raise the spin of two
external legs, suggesting the feasibility of considering the
inverse of the unifying relation operator in (4.4):

(JIp@) ~ (Hy3 + D11Dyy — 2D 13Dy )W (@pep).
(4.7)

Although this combination of weight-shifting operators
preserves the correct quantum numbers, it does not yield
the expected expression for (JJp@) in the case of 4-point
correlators. Unlike what we observed in the 3-point
correlators, the combination of weight-shifting operators
in (4.7) leads to different pole structures compared to (3.5).
Specifically, the result in (4.7) exhibits the same pole
structure as the contact term rather than the desired poles.
To explicitly reveal its pole structure, we can express
(pp@pe) in terms of Fn_, (See Appendix B) using the
spin-raising operator for the internal line in (2.12):
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(Hiy + DDy — 2D, Dy )W (@)
=S5 (01D, + 11, 0A,) +2(6,0 6)D,,]

X A (A, = 12)F . (4.8)
Here, S|, represents the spin-raising operator for external
legs, II;; and II;, denote the spin polarization sums
introduced in (2.13). Furthermore, D,, and A, are differ-
ential operators with respect to dimensionless variables u
and v, as defined in (2.14). To simplify notation, we
introduce the circle product between two polarization
vectors €, which is defined as:

I P o Tae T
€10 € = p[(ﬁ k3)(€; - ky) = (€1 - ky)(€r - k3)].  (4.9)

It is worth noting that the singularity of (4.8) is not correct
for the s-channel part of a 4-pt correlator. However, the
presence of the additional factor A, (A, — 12) can give the
right singularity. In order to eliminate these extra poles and
obtain the correct result for (JJpg), we need to manually
replace A, (A, — 12)Fp_, with Fy_,:

<JJ§0¢> = [ST2+ (Hl,lDuv + HI.OAM) =+ 2<EIO 52)DMU}FA=2‘

(4.10)

We should bear in mind that the 4-pt mixed correlator
(JJpg) and the 4-pt pure scalar correlator with a spinning
field exchange in the internal line are related through the
unifying relation operators 7 [12], as demonstrated in (3.7).
However, it seems important to construct a combination
of weight-shifting operators that can serve as the inverse of
the unifying relation operator 7 [12] based on the weight-
shifting operator prescription without the need for any
manual replacement procedure. Such a failure, together with
the failure of the (JopJg) case, can be understood since the
conformal symmetry cannot determine the structure of 4-pt
correlators, which means that there will still be some infor-
mation that cannot be restored. In the following discussion,
we will show how to construct (JJJJ) in the weight-shifting
meaning, and then show the hints of a weight-shifting
uplifting method for cosmological correlators.

2. (JJJJ) and hints of a weight-shifting uplifting method

The unifying relation tells us that for (JJJJ), where
all terms include a €;-€;, we can multiply the corres-
ponding €; - €; to (JOJO), (JJOO), and so on. From this
prescription, we can find the following result:

(JIIT) = (€, - &) (@@ J) + (€5 - €4) (I o)
— (€1 - €)(€5 - €4) (@) + (€1 - &) (@] p])
+ (€1 - &) {pJJ @) + (€ - €3)(JopJ)

).

€
+ (&2 &) (Jplo

(4.11)

For terms proportional to (€, -€,)(€;-€4) in (JJJJ),
they will be contributed by both (€, -¢€,)(ppJJ) and
(€5 - €4)(JJp@). Therefore, we must add the term —(€ -
€,)(€3 - €4) (@) to cancel the repeated part. This equa-
tion satisfies the unifying relation manifestly. We can also
use the seed function F,_, to get a more compact
formalism:

(JJJT) = (8157834 (1 1D, + 11 0A,,)
+2SL E1O E) Dy + 25 (350 &) Dy
+ 4S;4+k4D34k2D12 + 4SIr3+k3D43le21
- 4S;3+k2k3D12D43 - 4Si'>4+kl k4D21D34]FA:2.
(4.12)

This formalism coincides with the statement in [ 18], that the
differential operators in unifying relations can be written as
functional derivatives with respect to the weight-shifting
operators. Note that the order of the weight-shifting operators
is the same as the order defined in [18]. However, this
equation seems not consistent with the weight-shifting
perspective. The first line of the equation has raised the spin
of the internal line, while the second line of the equation has
not. From a weight-shifting perspective, we may find that the
second line of the equation corresponds to a scalar internal
line, which is not consistent with (JJJJ). This inconsistency,
however, does not exist. In the following discussion, we will
show that the second line of the equation can also be obtained
from a weight-shifting process with the spin of the internal
line being raised.

(Jo@J) can be written as a product of two 3-pt
correlators, which is the characterization of the discon-
nected part of 4-pt correlators:

~4(&, - k) (8, - k3)
ki +ky + k) (ks + ky + k)
(J1920_5) (@503J 4)

= 5 . (4.13)

(Jopl) = £

Here, E = k; + k, + k3 + k4 is the total energy. Inspired
by the method of obtaining I1; D, +II; oA, (reviewed in
Sec. II), we want to act some operators on the 3-pt
correlator factors so that we can raise the spin of both
the internal line and the external legs. A natural choice for
the operator acting on the 3-pt correlator factors is Sl-*]-*,
which raises the spin of two legs connected to the same
point in the 3-pt case.”

“One may wonder if we can use the operators like
(Hi5 + D11 Dy — 2D 13D5 )W, A simple calculation shows
that this case is equivalent to the case we discuss now. The only
difference is the value of some coefficients.
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First we derive the result after acting S;;"":

— - -

; A 2(ky -E)(ky-€)  2(€) - €) - 2(ky - €)
S++l J )= _kls _ | S R VA
25 /1920-0) ( kot k) Ttk k) T kT,

2k - &) (ks - &) 2@3-64)) i 2k &) (4.14)

g+ @3d) = —k! — —€
s3 <(/) @3 4> $ (ks(k3 _|_k4_|_ks)2 k3—|—k4—|—ks 3k3+k4+ks
Then, we can get

4(8, - &) (ky - &) (ks - &)
(ki + ky + ky) (ks + kg + k)

(Hl)ijS;’_Y+i<Jl(ngos)S;L3+j((pS(p3J4> =- + terms symmetric under (1 <> 2) or (3 < 4).

(4.15)

The first term in the second line is exactly —ES3;"kyk3 D1, Dy3Fs—o. There is a singularity at A = 2 in “terms symmetric
under (1 <> 2) or (3 <> 4)”. This will not bother us because if we sum over all the four terms of the second line of the
Eq. (4.12), “terms symmetric under (1 <> 2) or (3 <> 4)” will be canceled. One may wonder if there will be terms with a
factor A — 2 when we consider a general A and exactly cancel the singularity, since such terms may not satisfy the (1 <> 2)
and (3 <> 4) symmetry. In other words, one may wonder if it is valid to take A = 2 first in our calculations. The answer is
yes. Here we show some illuminating calculations.

From some CFT methods, one will find that the 3-pt function of a spin-1 current and two scalars can be determined up to
a coefficient f;p0:

)_521 . E:l )_":31 . El fJOO
(U, (51)0s. (12) O (x3)) = ( _ ) ; o (4.16)
s > 3 2, 2, x§32+A3 A1+1x3A13+A1 A, lx1A21+A2 Al

where x;; = |x; — X ;| is the distance between the operator O; and O; at the boundary of dS spacetime. One can take the
Fourier transformation to obtain the cosmological correlators in the momentum space. Thus we will find that we can get
(4.16) in momentum space after acting some derivatives on the 3-pt correlators of 3 scalars (also in momentum space). More
precisely,

<JA, (kl)OA2 <k2)0A3 (k3>> = Cl(gl '1?21)<0A](k1)0A2+l(k2)0A3(k3)> - CZ<EI 'E3l)<0Al(kl>0A2 (k2)0A3+1(k3)>1 (4-17)

where ¢ and ¢, denote the ratio of the coefficients of 3-pt correlators (e.g., fr00/foo0)- After taking A; = A, =2, we
have

(J(k)p(ky)Oa(ks)) = c1 (€1 - Koy ) (@(k)) (k) Oa(k3)) = (€1 - K31) (k1 )p(Kka) Ons (K3)). (4.18)

It is not hard to get the answer by Mathematica’:

(J(k)g(ka) O (ks)) ~ () - ky) |2273T0(3 = A)T( A =2 (ki + k)27 F) S A,2 - é,é - A;ikg
2 2 2°2 (ki + ky)?
3 A A+1 1 k3
2750 (2 — A T(A)RGA AR (A — 4.1
+ 22 <2 ) (A2 (ky + kp) ™2, 1<2, 2 AT, +k2)2>}’ (4.19)
when we take A — 2, the equation above will change to
(k)
J(k)p(ky)p(ks)) ~ ————, 4.20
Wlkolk)o(ka)) ~ T2 (420)

which matches with the result in [5]. Then we can act S3; (S3;7 = >, €455;™) on (J(k;)@(k,)Oa(k3)), we have

*here ¢; and ¢, are all included in the overall constant of the following equation, which we have omitted.
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—A; k2>

. 3 A A+
A= DE R (G- a @i, (3.5 e -k

. RN s 3 _ 3—-A A5
S2+3+Z<J(k1)(/’(k2)0A(k3)>N(A—1>€lz(€1 ~k2)2A ZF(3—A>F(A—§> k1A2 32Fl (T’z 53

+K, {(51-52)2A‘%F(3—A)F(A—%)k?szl (%,2 3; A; k2>

+ (& 52)25‘AF(%—A> (A)ZA3 kA F (g % k2>

NCE 1)56;1 ~132)2—A—%A(A+ 1)r<§—A)F(A)kgA-skl—ZA—zzpl <§+ 1,%+ 1;A+%;k§)
L@ éli(il ) 5 (2—%) (3-A)(3- A)F<A —§> k3o F (%,3 —%;;— A;k%)
Gk .Ez)zé—A(zA—3)r<%—A> (A)ZAS kA, F, (g %“,A—%;k%))], (4.21)

To simplify our notation, we introduce two new variables: ki, = ki + k, and k, = k3/(k; + k,). Here particle 3 will be
treated as the propagating particle. It is not hard to find that things are the same as before: the singularity at A = 2 will be
canceled. In fact, there will be no term proportional to A — 2 in 33" (J@O,), which means taking the limit A — 2 before
acting ;" is valid in this case.

So far, we have demonstrated how to construct (JJJJ) and the consistency with the weight-shifting perspective. In fact,
there may be deeper reasons for such a construction. Inspired by the traditional uplifting method [11,24-26], we find
that the Eq. (4.12) can be obtained by some replacement of the flat 4-pt gluon amplitude and will show this fact in the
following discussion.

Now we write down the s-channel terms of the flat 4-pt gluon amplitude appearing in [15]:

— 5l B BN U+ T) 4G &) (s &) (Ra - 8) + 4@ -2 (R E0) (a2
+ 4@ &) (ks E) (K1 &) 4@ &) (ks &) (K1 )
+4E - @)k &) (K &) = (ko &) (K1 -] + 4@ )l @)Ky &) = (ke &) (K- &))} (4.22)
where T = —(1?1 + 124)2 and so as U, S, which are the Mandelstem varieties in flat spacetime. Note that in flat spacetime we
have k*> = 0 for massless particles. After the following replacement:
€ & =S5
€ l_éj — k;D;;(i, jon the same side of the channel)
T-U=-5S-2U-11,,D,, +11,0A,
2(€; - k )(ek k) = &0 €D, (i.j (also k. 1) on the different sides of the channel)
T Fa. (4.23)

[
—S —2U is the flat

we will reproduce (4.12). In this replacement, k> corre-
sponds to D,,, and —S — 2U corresponds to the operator
that raises the spin of the internal line. This can be
explained by comparing the “polarization sum” P; =
0, 52 =0, o(k; + ky + k) (k3 + k4 + k) in the factoriza-
tion method (the definition of P; and more about cosmo-
logical bootstrap can be found in [5]) with the spin-raising

operators Iy ; D, + II; yA,. Note that
limit of P;.

From (4.12), we find that we cannot simply get (JJJJ)
from (JOJO) or (JJOO), but we need to consider all of
those and finally express the correlators by acting some
operators on the seed F5_,. It means the trial for seeking
the inverse of the unifying relation fails, like the flat case.
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V. OUTLOOKS

In this paper, we have reviewed two ways, weight-
shifting operators and unifying relations, to get other
cosmological correlators from the given one and made
some new comments. Then we showed that the trial for
seeking the inverse of unifying relations fails. However, we
have found a “weight-shifting uplifting” method similar to
the traditional uplifting method for dS correlators in our
special case, which is a hint for applying weight-shifting
operators to higher point correlators. There are several open
problems inspired by this work:

(1) Can we find other weight-shifting operators to raise
the spin of the internal lines? In Sec. IV, we have
constructed a new way to raise the spin of the
internal line for the special case we met. Maybe there
are some other similar cases, and they will lead to
some new allowed structures.

(2) Can this prescription be generalized to BG currents so
that we can get n-pt results by BG recursions? For
weight-shifting operators, it is very hard to use them to
deal with higher-point correlators. However, from the
structure of BG currents in dS spacetime, even n-pt
cosmological correlators have some features similar
to the flat case. This may imply that the uplifting way
may lead to a higher-point correspondence between
the cosmological correlators and the flat amplitudes.

(3) Can we do the same thing for the graviton correlators
[24,29]7 Maybe we need to prove unifying relations
for the gravity theory. However, in flat spacetime,
the gravity theory we deal with is the extended
gravity theory, which includes dilatons and B-fields.
Recently, there are some progress in the double copy
of the cosmological correlators [26,30], which may
help us to find out the “weight-shifting uplifting” for
graviton correlators in dS spacetime.

There are still many things unknown in cosmological
correlators. The interesting problems above are just a few
of them. Solving them will deepen our understanding of
cosmological correlators and, moreover, our universe. We
hope we can solve some of them in future work.

ACKNOWLEDGMENTS

We would like to thank Hayden Lee for enlightening
discussions, and Jiajie Mei for discussions and comments
on our draft. Y. T. is partly supported by National Key R&D
Program of China (NO. 2020YFA0713000).

APPENDIX A: MORE ON WEIGHT-SHIFTING
OPERATORS

In this appendix, we will give more comments on
weight-shifting operators. In the context of cosmological
applications, expressing correlators in momentum space is
highly convenient. However, we need to keep in mind that
in the Poincaré patch of de Sitter space (dS,), we lack a

timelike Killing vector, which prevents us from performing
a Fourier transformation with respect to the time direction.
Instead, the cosmological correlator in momentum space
can be expressed as an integral over conformal time, often
referred to as the seed integral. Subsequently, the weight-
shifting operators can be represented as differential oper-
ators with respect to momentum, acting on the correlators
in momentum space.

One effective approach to identifying the appropriate
weight-shifting operator is by examining the seed integral.
In essence, the cosmological correlator can be expressed as
an integral over conformal time, incorporating both bulk-
to-bulk and bulk-to-boundary propagators. Although the
integrand of various correlators may differ, we can establish
a connection between these integrands using differential
operators in terms of momentum. Since the derivative with
respect to momentum can be commuted with the time
integral, we can establish correlations among correlators of
diverse theories using these differential operators, which
precisely correspond to the weight-shifting operators.

To establish a clearer connection between different
theories, we can begin by explicitly formulating the integral
for various correlator expressions. The starting point of this
work is the well-established 3-point scalar correlator with a
general conformal weight in momentum space. Let us
begin by presenting the seed integral for this particular
correlator [31]:

3
Ay-3

(0,0,05) = k?]_iszz_i’% / dZZ%KAI—%(klZ)
0

X KAZ— (kQZ)KA3— <k3Z).

; ; (D)
It is worth noting that the expression provided above neglects
an overall normalization coefficient. Additionally, the sym-
bol K represents the Bessel-K function. Interestingly, for
certain special conformal dimensions A, the integral can be
expressed using elementary functions. In the context of
cosmological applications, our primary focus is on confor-
mally coupled and massless scalars, which have conformal
dimensions of A = 2 and A = 3, respectively. Remarkably,
for these two conformal dimensions, the integral can be
simplified precisely to elementary functions. For example,
the 3-point correlator for the conformally coupled scalar can
be expressed as follows:

(po@) = log (g)

where K = k| + k, + k3 is the total momentum and y
represents an energy scale that can be chosen arbitrarily. It
is important to mention that the logarithm arises due to the IR
divergence in the integral. This divergence becomes evident
from the bulk perspective, where the seed integrand for @@
is proportional to e X%/z, exhibiting divergence in the
infrared limit. The apparent dependence on the energy scale
violates dilatation symmetry, which is why it is commonly

(A2)
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referred to as the anomalous term from the boundary
perspective.

Now, we aim to introduce the weight-shifting operators
and demonstrate their effects using the seed integral. To
provide a clearer illustration, let us introduce the simplest
weight-shifting operators VW, as an example, which
decrease the conformal dimension by one unit at each
point (in this case, particle 1 and particle 2). Back to the
position space, the seed integral can be expressed as:

(O1(X1)02(%,) O5(%3))
fi23

— X[t Aamha|xy) — Fy[Ret ARy — X [t Aima

(A3)

X1

where f,3 is an overall constant that is not crucial for our
discussion and thus we can disregard such coefficients in
the subsequent analysis. In order to obtain the 3-point scalar

|

with conformal dimensions A, A,, and A3 in momentum
space, we can perform a Fourier transformation:

(0,0,05) = / 4%, ddis

eiP1° X1 piD2Xs piPy¥s
X

}2|A1+A2—A3|}2 — }3|A2+A3- |A3+A1—A2 :

(A4)

%) - M3 - 7

The derivative with respect to momentum can be interchanged
with the integral over position variables X, X,, and Xj.
Therefore, we can apply the weight-shifting operator W5
to the correlator, placing it in front of the integral.
Subsequently, we insert it into the integrand, and these
differential operators act solely on the exponential term
involving momentum. As a result, we obtain the 3-point
scalar correlator with the conformal dimensions A; and A,,
both reduced by one unit:

‘55] _ )‘6’2|2 iky-X; elkz-xz elk;-x;

(Oa,-1(k1)On,-1(k2)On, (k3)) = /dxldxzdx3 By — A A3, — 7y RathaAr g, 3 [RarAihy

W—— tkl-xletkz-)Q lk3-X3

N/df]d)_(f)de’;
X,

= W1_2_<OA1 (k1>OAz(k2)OA(k3)>.

The notation ~ means that we omit some overall con-
stants. Such constants can be restored by the explicit
calculation on the cosmological correlator side. The afore-
mentioned calculations indicate that we can construct the
weight-shifting operators by comparing the correlator of
our interest with the 3-point correlator in position space
and subsequently transforming it to momentum space.
Remarkably, this construction ensures that the weight-
shifting operators possess the same quantum numbers
for both spin and conformal dimensions. Henceforth, we
will directly present the weight-shifting operator without
explicitly demonstrating the construction procedure. How-
ever, it is essential to bear in mind that the construction
procedure is nearly identical to what we previously
employed in constructing Wy; . To learn more about the
construction procedure, see [4], where they use the embed-
ding space formalism.

APPENDIX B: 4-PT SCALAR SEED
CORRELATORS

In this appendix, we introduce the 4-point scalar seed
correlators. It is important to note that the 4-point scalar
seed integral differs from the 3-point correlators, as it
involves two conformal time integrals, adding complexity

X |A|+Az Az|x -X |A2+A3 A1|x _x |A2+A| -4

(AS)

[
to the time ordering. Our main focus in the following
discussions will be on the scalar exchange solution.

The conventional approach to compute vacuum expect-
ation values in a time-dependent background is through the
Schwinger-Keldysh (SK) formalism [32]. For instance,
considering the interaction gp?c, where o is a scalar field
with an arbitrary conformal dimension, its seed integral can
be expressed as follows:

0 d d . . /
/ ’7 7] 1aklzﬂelbk34’7Gab(ks;fl,ﬂ/)’ (Bl)

where Gy, (kg;n,1') represents the bulk-to-bulk propagator
for the massive scalar o, where a,b = &+ denote the SK
indices. And 5 represents the conformal time, and g denotes
the coupling constant between the fields ¢ and o. The
specific form of the propagator Gy, (k,;7,7') depends on
the particular model under consideration, and we will not
delve further into its details in this study [3].

For our specific application, we can provide the
explicit expression for the seed integral when the exchanged
particle ¢ has a conformal dimension A = 2. This solution
can be derived using both the bulk and boundary per-
spectives. Here, we present the result without going
into the detailed derivation. For a more comprehensive
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understanding, interested readers are encouraged to refer to
previous papers such as [2,3]:

1 kg — k ki, —k
Fa =g () ()
k kg k k
—Hog( 12;" A>log< 342’ \>:|

(B2)

In the above expression, we have introduced the following
notations: E = ky + k, + k3 + k4 as the total energy,
and kj, =k; + k, and k34 = k3 + k4 for convenience.
Additionally, the symbol “Li” denotes the dilogarithm
function. It is worth mentioning that even though the boost
symmetry is broken, we can also derive the seed integrals
and the corresponding weight-shifting operators [33,34].
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