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We discuss various differences in the instanton-based calculations of the β functions in theories such as
Yang-Mills and CPðN − 1Þ on one hand, and λϕ4 theory with Symanzik’s sign-reversed prescription for
the coupling constant λ on the other hand. Although the aforementioned theories are asymptotically free, in
the first two theories, instantons are topological, whereas the Fubini-Lipatov instanton in the third theory is
topologically trivial. The spectral structure in the background of the Fubini-Lipatov instanton can be
continuously deformed into that in the flat background, establishing a one-to-one correspondence between
the two spectra. However, when considering topologically nontrivial backgrounds for Yang-Mills and
CPðN − 1Þ theories, the spectrum undergoes restructuring. In these cases, a mismatch between the spectra
around the instanton and the trivial vacuum occurs.
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I. INTRODUCTION

This note is meant to clarify certain confusion regarding
calculations of the β function by performing the path
integral around instantons—or more generally, classical
solutions—in theories supporting them. The confusion
arises from a specific relationship between the number
of zero modes and the asymptotically free contribution to
the β function. To provide more details, we present a brief
introduction.
In the 1950s, Landau and his students [1] provided a

general explanation for why all field theories known at that
time were infrared-free (IRF). The sign of the one-loop
graphs, which determine the coupling constant renormal-
ization, is in one-to-one correspondence with the sign of
their imaginary parts. This relationship can be demon-
strated using the Källen-Lehman representation for these
graphs. Unitarity implies the positivity of the imaginary
parts, which inevitably results in the first coefficients in
the β functions being positive, indicating IRF. In four-
dimensional theory, IRF was established in arbitrary scalar

or Yukawa theories, as well as in Abelian gauge theories
with arbitrary matter, bosonic or fermionic.
For asymptotic freedom (AF) to occur, the first coef-

ficient of the β function must be negative. The first (and
only) theory in four dimensions that has been proven to be
asymptotically free is Yang-Mills (YM) theory, which was
observed in the late 1960s to early 1970s. The reason for
this remarkable phenomenon is the absence of an imagi-
nary part in relevant graphs in unitary gauges, such as the
Coulomb gauge, as illustrated in Fig. 1.
Two Feynman graphs for the interaction of (infinitely)

heavy quark and antiquark probes were calculated for
SU(2) Yang-Mills in [2]. In Fig. 1(a), a pair of transverse
gluons is produced, and this graph has an imaginary part
which can be seen by cutting the loop. As in QED, this pair
produces screening which leads to IRF. In Fig. 1(b), A
similar cut of the loop is impossible since it would go
through the Coulomb line, which is, in fact, an instanta-
neous interaction, leading to the vanishing imaginary part.

(a) (b)

FIG. 1. The dotted lines stand for the Coulomb interaction, the
wiggly lines depict transverse gluons.
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This graph is responsible for anti-screening, i.e., AF. The
former contribution is 12 times smaller than the latter.
The fact that there are two distinct contributions, one

resulting in IRF and the other in AF, is also evident in
covariant gauges, such as the background field calculation.
If we split the SU(2) gauge field as

Aa
μ ¼ Aa

μ þ aaμ; ð1Þ

where Aa
μ is the background field and aaμ is the quantum

fluctuation, and fix the gauge of aμ by adding to
Lagrangian the gauge fixing term of the form,

Lgauge ¼ −
1

2g20
ðDab

μ abμÞ2; ð2Þ

together with the ghost fields ca term,

Lghost ¼ −
1

2g20
c̄aðDμDμÞabcb; ð3Þ

where the covariant derivative Dab
μ is defined as

Dab
μ ¼ δab∂μ þ facbAc

μ; ð4Þ

then the Lagrangian up to quadratic order in quantum
fluctuations—we drop linear terms—takes the form

L2 ¼
1

2g20
aaμ½ημνðDγDγÞab þ 2facbF c

μν�abν

−
1

2g20
c̄aðDγDγÞabcb: ð5Þ

Computing the effective action we see that there are
different contributions coming from gauge fields and
ghosts running in loops

Leff ¼ −
1

4
F a

μνF μν a

�
1

g20
þ 1

8π2

�
−8þ 4

3

�

× log
M
μ
−

1

8π2
2

3
log

M
μ

�

¼ −
1

4
F a

μνF μνa 1

8π2

�
8π2

g20
− 8 log

M
μ
þ 2

3
log

M
μ

�
; ð6Þ

where M is the UV cutoff scale and μ is an arbitrary
renormalization scale. The magnetic spin interaction, rep-
resented by the linear term in F μν in Eq. (5) [see Fig. 2(c)],
produces an AF contribution to the coupling constant
renormalization. On the other hand, the “electric” inter-
action of the gauge field combined with the contribution
from the ghosts [see Figs. 2(a) and 2(b)], gives rise to an
IRF part that is 12 times weaker. Despite the opposite sign
of the ghosts’ contribution compared to the “electric”

contribution, it should be combined with the latter, cancel-
ing the effect of longitudinal modes and preserving only the
physical degrees of freedom.
The same phenomenon takes place in two-dimensional

sigma model, say, CPð1Þ, see Appendix A for details. It is
known that the model is asymptotically free. However, as
we will show below, if we take into account only the
Feynman graph which does have imaginary part, the result
will be IR free. In much the same way as in 4DYang-Mills,
to make the first coefficient of the β function negative (to
ensure asymptotic freedom) we need to add something else.
In CPð1Þ this “something else” is the tadpole graph with no
imaginary part.
Thus, in both cases mentioned above the “Landau

theorem” is still valid: if we include in perturbation theory
only the diagrams for polarization operator with non-
vanishing imaginary parts, the β function turns out IR
free. It is the diagrams with no imaginary parts which
convert IRF into AF. For brevity, we will refer to the latter
contributions as extra.
There exist an alternative method of calculation of the β

function—using instanton background instead of flat.
Technically, it is more cumbersome but also more instruc-
tive. For the BPST instanton this calculation was carried out
by ’t Hooft in great detail. Needless to say, both methods
give one and the same β function. The instanton calculation
shows that it is the zero mode contribution which is
responsible for asymptotic freedom. Exactly the same
happens in the CPð1Þ instanton analysis.
It is worth recalling ’t Hooft’s instanton measure

calculation [3]. For the SU(2) gauge field, the measure
takes the form

dμinst ¼ const ×
Z

d4x0 dρ
ρ5

ðMρÞ8
�
8π2

g20

�
4

× exp

�
−
8π2

g20
þ Δgl þ Δgh

�
; ð7Þ

where the exponent 8π2=g20 is the action of the classical
solution (the instanton), g20 is the “bare” coupling constant
at the UV scale M, which is the Pauli-Villars regulator
mass, and ρ is the instanton size. All preexponential factors
in (7) come from the zero modes. Furthermore, Δgl þ Δgh

(b)(a) (c)

FIG. 2. Contributions to the one-loop effective action: (a),
(b) represent the “electric” interaction of quantum gauge and
ghost fields, (c) presents magnetic spin interaction of the quantum
gauge fields.

MONIN, SHIFMAN, and VAINSHTEIN PHYS. REV. D 108, 105002 (2023)

105002-2



in the exponent represent the bona fide quantum correc-
tions in the instanton background, which take into account
only nonzero modes

Δgl þ Δgh ¼ −
2

3
log Mρ: ð8Þ

The zero modes emerge due to the spin term in (5).
Combining (7) and (8), we conclude that at one loop the
renormalized coupling is given by

8π2

g2ðρÞ ¼
8π2

g20
− 8 log Mρþ 2

3
log Mρ; ð9Þ

which, corresponds to the AF and coincides with (6), as
expected.
Here comes an interesting peculiarity of the last com-

putation. We observe that the anti-screening contribution,
coming from graphs without an imaginary part [Fig. 1(b)],
is given exactly by the zero modes in the instanton
computation.1 The determinant of nonzero modes, on the
other hand, coincides with the “normal” screening con-
tribution given by the graphs in Fig. 1(a), which can be
easily reconstructed from the corresponding imaginary part
(that is in turn positive). It was also observed, although it
was left without an explanation, in [5], that the contribution
of nonzero modes can be computed via a small field
expansion (1) if one disregards the spin-dependent dia-
grams, Fig. 2(c).
A technical reason for the phenomenon occurring in

four-dimensional YM theory is provided by ’t Hooft in [3].
He showed that the nonzero eigenvalues for fluctuations
around the instanton do not depend on the spin. Therefore,
computing the product of nonzero modes is equivalent to
computing the determinant for a 4 − 2 ¼ 2 component
scalar (remember, we are considering pure YM theory
without fermions).
The above two examples refer to topologically nontrivial

classical solutions. A nontopological instanton (more
precisely, bounce) exists in the Symanzik version of the
λϕ4 theory (to be referred to as Sλϕ4). The Symanzik
version differs from the bona fide λϕ4 by an artificial
change of the sign of the coupling constant λ in the
Lagrangian. Thus, Sλϕ4 has no ground state.
However, in the Euclidean space it does have the Fubini-

Lipatov instanton. The nonphysical nature of Sλϕ4 is
irrelevant in perturbation theory near ϕ ¼ 0. The one-loop
graph for λ renormalization is unique and has one and the
same positive imaginary part, both in λϕ4 and Sλϕ4.
However, artificially changing the sign of the tree λϕ4

vertex we reverse the running law of the renormalized

coupling, from Landau’s IR freedom to AF. This is a “fake”
asymptotic freedom, though.
Comparison of the calculations of the β function in the

flat and FL instanton backgrounds reveals this fact
unequivocally—there are no extra contributions and FL
instanton zero modes play no special role. The conceptual
difference is due to the fact that in Sλϕ4 one can see that the
spectral flow is continuous in passing from the flat back-
ground to that of the FL instanton.
So far, the calculation of the β function in the FL

instanton background was not carried out. Although it was
analyzed many times, in works [6,7] and others the λ
renormalization in these analyses is just taken from the
perturbation theory over the flat vacuum. The calculation
we perform below is the first one performed in the FL
instanton background.
Our study was initiated by observing the difference in the

relationship between the zero modes and beta functions in
the case of the Fubini-Lipatov (FL) instanton compared to
the BPST and Polyakov-Belavin CPð1Þ instantons. We
discovered that this difference arises due to the nontopo-
logical nature of the FL instanton.
Before concluding the introduction let us make two

remarks. The most transparent way to trace the spectral
flow is through introduction of massless fermions. The
external anomaly in the divergence of the axial current
serves as a detector of level crossing. The chiral anomaly is
present in Yang-Mills theory and in CPð1Þ; on the other
hand there is no analog of this phenomenon in λϕ4.
Moreover, if we supersymmetrize the theories under con-
sideration, all nonzero modes cancel each other in the
instanton background—zero modes fully determine the β
function.2 This is explicit in Yang-Mills and CPð1Þ. It is
important to realize that Sλϕ4 cannot be supersymmetrized
(as opposed to “normal” λϕ4 which can be supersymme-
trized but has no instantons.)
Our second remark concerns three-dimensional Yang-

Mills theory in Euclidean space (equivalent to static
Georgi-Glashow model). As was noted by Polyakov, it
has instantons usually referred to as monopole instantons in
this context.3 They are topologically nontrivial solutions
and do have zero modes. However, the theory is super-
renormalizable and regularized in IR by the vacuum

1This fact is especially remarkable for supersymmetric theories
[4], where nonzero modes’ contribution is absent, therefore, the
zero modes provide the full result.

2By introducing Dirac fermions and observing the presence of
an external chiral anomaly in the given background, we can
determine the index of the Dirac operator. If the index does not
vanish, it indicates the appearance of extra fermion spectral
modes in the topologically nontrivial background. Upon super-
symmetrization and given the background field preserving at least
a part of the supercharges, the extra fermion zero modes will be
accompanied by extra boson zero modes. In logarithmically
renormalized theories, the boson zero modes will exhibit asymp-
totic freedom (AF), while the fermion modes will contribute to
infrared freedom (Landau zero charge).

3In fact, the monopole instantons lead to the Polyakov
confinement in 3D.
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expectation value of the scalar field.4 There is no bona fide
running in the UV too.
The organization of the paper is as follows. In Sec. II,

we address the λϕ4 theory and explain how the
Fubini-Lipatov (FL) instantons contribute to the analysis
of the β function. To do this, we compare the instanton
computations in this theory with well-known examples
such as the BPST instanton in YM theories (see
Refs. [4,5]) and the Polyakov-Belavin instanton [8] in
the two-dimensional CPð1Þ model (see Appendix A). A
key feature of the latter spectra is the emergence of zero
modes in the instanton background that are treated as
“extra” in the sense explained above. The necessary
condition for the generation of extra modes is the
nontrivial topology of the instantons under considera-
tion. The FL instanton is, on contrary, nontopological.
We demonstrate that in this case there are no extra
emerging modes. The spectrum in the flat vacuum is
continuously deformable into that in the FL instanton
background. There are no nondispersive graphs in Sλϕ4.
To this end we discretize the spectrum of the

eigenmodes in the FL background by putting the theory
on a sphere, which is the simplest and most transparent
way of discretization for the problem at hand. This is
discussed in Sec. III. Our conclusions are summarized in
Sec. IV. Appendix A highlights the similarities between
the instanton calculations of the β functions in four-
dimensional YM theory and the two-dimensional sigma
model. Appendices B and C provide some technical
details.

II. SETUP

We are studying anOðNÞ invariant Euclidean scalar field
theory in d ¼ 4 dimensions

L ¼ 1

2
ð∂ϕaÞ2 −

g0
4!

ðϕ2
aÞ2; a ¼ 1;…; N; g0 > 0: ð10Þ

Despite the negative potential, this theory is well
defined perturbatively, meaning that there are no insta-
bilities arising at perturbative level. At the same time
such a nonstandard choice of the coupling leads to an
interesting feature of the theory, it is asymptotically free
[9]. There are several ways to compute the β-function,
for instance, using Feynman diagrams. For our pur-
poses, though, it is more instructive to show explicitly,
how to find the one-loop β-function by computing the
effective potential.
Expanding fields around a nontrivial profile

ϕN ¼ ϕ0 þ φN; ϕa ¼ φa; a ≠ N; ð11Þ

leads to (we tacitly assume the presence of necessary
sources)

S ¼ S0 þ
Z

d4x

�
1

2
ð∂φNÞ2 þ

1

2
ð∂φaÞ2 −

g0
4
ϕ2
0φ

2
N

−
g0
12

ϕ2
0φ

2
a

�
; a ≠ N: ð12Þ

As a result the effective action becomes

Γ½ϕ0� ¼ S0 þ
1

2
Tr log

�
−∂2 −

g0ϕ2
0

2

�

þ N − 1

2
Tr log

�
−∂2 −

g0ϕ2
0

6

�
: ð13Þ

Computing determinants is tantamount to summing all one-
loop graphs in external field.
Only the first three graphs in Fig. 3 are divergent. When

considering a constant background ϕ0 ¼ ϕc, the compu-
tation becomes straightforward. However, it is necessary to
regularize determinants. We introduce Pauli-Villars regu-
latorsΦa;i—three regulators for each φa (including a ¼ N),
with statistics ca;i and masses Ma;i (where i ¼ 1, 2, 3). We
choose the same masses and statistics for any index a and
denote them asMa;i ¼ Mi and ca;i ¼ ci. Consequently, the
regulated effective action is given by

ΓR½ϕc� ¼ −
Z

d4x
g0ϕ4

c

4!

−
1

2

X
i

ciTr log

�
−∂2 −

g0ϕ2
c

2
þM2

i

�

þ 1

2
Tr log

�
−∂2 −

g0ϕ2
c

2

�

−
N − 1

2

X
i

ciTr log

�
−∂2 −

g0ϕ2
c

6
þM2

i

�

þ N − 1

2
Tr log

�
−∂2 −

g0ϕ2
c

6

�
: ð14Þ

Using the fact that

(a) (b) (c)

FIG. 3. Divergent graphs for the determinant computation in
external field.

4Note that chiral anomalies are only present in two and four
dimensions, as there is no chirality in three dimensions.
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Z
Λ

μ

d4k
ð2πÞ4 log ðk

2 þm2Þ

¼ 1

32π2

�
Λ4

�
log ðΛ2 þm2Þ − 1

2

�

− μ4
�
log ðμ2 þm2Þ − 1

2

�

þm2ðΛ2 − μ2Þ −m4 log
Λ2 þm2

μ2 þm2

�
ð15Þ

and taking the Λ ¼ ∞ limit we arrive at (for μ ≫ gϕ2
c and

omitting finite terms)

ΓR½ϕc� ¼
Z

d4x

�
−
g0ϕ4

c

4!

�
1þ g0

32π2
N þ 8

3
log

M
μ

�

þ b4M4 þ b2M2gϕ2
c

�
; ð16Þ

where b4 and b2 are numerical constant and we used thatX
ci ¼ 1;

X
ciM2

i ¼ 0;
X

ciM4
i ¼ 0;

log M¼def
X

ci log Mi: ð17Þ

The terms proportional toM4 andM2 are absorbed in the
cosmological constant and mass counter terms. The logM
dependence means that the renormalized at a scale μ
coupling is given by

gðμÞ ¼ g0

�
1þ g0

16π2
N þ 8

3
log

M
μ

�
; ð18Þ

which corresponds to asymptotically free behavior

βgðgÞ ¼ −
g2

16π2
N þ 8

3
: ð19Þ

Fubini-Lipatov instanton There is a classical solution
[10,11] in this theory

ϕN ¼ ϕFL ≡ 4

ffiffiffiffiffi
3

g0

s
ρ

r2 þ ρ2
; ϕi ¼ 0; i ≠ N; ð20Þ

which is called the Fubini-Lipatov instanton (in fact it is a
bounce). Similarly to Yang-Mills theory, parameter ρ is the
size of the instanton, which is not fixed classically. When
computing the path integral around this configuration, that
we schematically denote as

IFL ¼
Z

Dφe−S½ϕFLþφ�; ð21Þ

one should be careful, for there are several zero modes.
Namely, there are five zero modes corresponding to the

broken space-time symmetries. Classically, the Lagrangian
(10) is conformally invariant, which means that the
instanton not only breaks translations but also dilations.
Additionally, there are zero modes associated with the
breaking of the internal symmetry SOðNÞ → SOðN − 1Þ,
with a total of N − 1 such modes. Furthermore, there is one
negative mode with eigenvalue λ−. By factoring out these
modes, as usual replacing the zero modes with integration
over moduli dX, the regulated integral becomes

IFL¼
Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ

iðM2
i þλ−Þci
λ−

s
dX

Y
i

MðNþ4Þci
i expf−ΓR½ϕFL�g;

ð22Þ

with

ΓR½ϕFL� ¼
Z

d4x

�
1

2
ð∂ϕFLÞ2 −

g0ϕ4
FL

4!

�

−
1

2

X
i

ciTr log

�
−∂2 −

g0ϕ2
FL

2
þM2

i

�

þ 1

2
Tr log

�
−∂2 −

g0ϕ2
FL

2

�

−
N − 1

2

X
i

ciTr log

�
−∂2 −

g0ϕ2
FL

6
þM2

i

�

þ N − 1

2
Tr log

�
−∂2 −

g0ϕ2
FL

6

�
: ð23Þ

This expression illustrates the point we discussed in the
Introduction. If we were to assume that the leading log M
behavior of (23) could be obtained by neglecting the spatial
dependence of ϕFLðxÞ, we would arrive at an expression
identical to (16). However, there is an additional contri-
bution to the log M dependence arising from the zero and
negative modes in (22). Therefore, this naive treatment
would fail to yield the correct result in (19). Consequently,
we need to exercise more diligence when computing
determinants around the instanton background. In the next
section, we discretize the spectrum by putting the theory on
a sphere.5 This will enable us to accurately perform the
necessary computations.

III. MAPPING ON A SPHERE

We find it beneficial to temporarily keep the number of
dimensions d general. Our theory can be obtained from the
following (Euclidean) Lagrangian on Rd

5This approach is similar to what is done in [3] for Yang-Mills
theory and in [12] for the CPð1Þ sigma model. Mathematically, it
means that we appropriately choose the measure with respect to
which eigenfunctions are orthogonal.
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L ¼ 1

2
ð∂ϕaÞ2 −

g0
Γð5þ 2αÞ ðϕ

2
aÞ2þαðdÞ;

αðdÞ ¼ 4 − d
d − 2

; g0 > 0: ð24Þ

The Fubini-Lipatov instanton in this case can be written as

ϕN ¼ ϕFL ≡
�
dðd − 2Þ

g0
Γ
�

2d
d − 2

��d−2
4

�
ρ

r2 þ ρ2

�d
2
−1
;

ϕa ¼ 0; a ≠ N: ð25Þ

For each single choice of ρ, using the power of conformal
invariance, we put the theory (24) on a sphere Sd by
employing the standard stereographic projection

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ � � � þ x2d

q
¼ ρ cot

θd
2
: ð26Þ

To simplify notations we will set ρ ¼ 1, which can be easily
restored simply using dimensional analysis. As a result the
theory becomes

Sd ¼
Z

dΩd

�
1

2
ð∇ϕaÞ2 þ

dðd − 2Þ
8

ϕ2
a

−
g

Γð5þ 2αÞ ðϕ
2
aÞ2þαðdÞ

�
; ð27Þ

where integration runs over d-dimensional sphere with
volume

Ωd ¼
2πðdþ1Þ=2

Γðdþ1
2
Þ : ð28Þ

In this case the instanton is just the maximum of the
potential

ϕN ¼ ϕs
FL ≡

�
dðd − 2Þ

4g
Γ
�

2d
d − 2

��d−2
4

;

ϕa ¼ 0; a ≠ N ð29Þ

which is clearly in agreement with (25).
It is beneficial to first compute the effective action for an

arbitrary constant profile. Expanding the action we get at
quadratic order

Sd½ϕc þ φ� ¼ Ωd

�
dðd − 2Þ

8
ϕ2
c −

g
Γð5þ 2αÞϕ

4þ2αðdÞ
c

�

þ
Z

dΩd

�
1

2
ð∇φNÞ2 þ

1

2
ð∇φaÞ2

þ m̄2ðdÞ
2

φ2
N þm2ðdÞ

2
φ2
a

�
; ð30Þ

where a ≠ N and ϕc- and d-dependent masses for fields are

m̄2
dðϕÞ ¼

dðd − 2Þ
4

−
gϕ

4
d−2

Γðdþ2
d−2Þ

ð31Þ

m2
dðϕÞ ¼

dðd − 2Þ
4

−
gϕ

4
d−2

Γð 2d
d−2Þ

: ð32Þ

Using that eigenvalues of the Laplacian on a d-dimensional
sphere are give by

JlðdÞ ¼ lðlþ d − 1Þ; ð33Þ

we find the spectrum

λ̄lðdÞ ¼ JlðdÞ þ m̄2
dðϕcÞ; ð34Þ

λlðdÞ ¼ JlðdÞ þm2
dðϕcÞ; ð35Þ

with multiplicity

νlðdÞ ¼
ð2lþ d − 1Þðlþ d − 2Þ!

l!ðd − 1Þ! : ð36Þ

Pauli-Villars regularization leads to the following expres-
sion for the effective action

Γd½ϕc� ¼ Sd½ϕc�

þ 1

2

X∞
l¼0

νlðdÞ ½log λ̄lðdÞ þ ðN − 1Þ log λlðdÞ�

−
1

2

X
i

ci
X∞
l¼0

νlðdÞ½log ðλ̄lðdÞ þM2
i Þ

þ ðN − 1Þ log ðλlðdÞ þM2
i Þ�: ð37Þ

By defining

σdða; l0Þ ¼
1

2

X∞
l¼l0

νlðdÞ
�
log½JlðdÞ þ a�

−
X
i

ci log ½JlðdÞ þ aþM2
i �
�
; ð38Þ

we can rewrite the effective action as (neglecting finite
terms)

Γd½ϕc� ¼ Sd½ϕc� þ σdðm̄2
d;l0Þ þ ðN − 1Þσdðm2

d;l0Þ

− N log M
Xl0−1
l¼0

νlðdÞ: ð39Þ

Clearly, (39) should not depend on l0, because it was
introduced artificially by splitting the sum of eigenvalues
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into the bottom l0 modes and the rest. This split is meant
for illustrating that the final result does not depend on
whether we treat the zero modes separately or not.
The divergent part of (38), which we are interested in,

can be computed using the Euler-Maclaurin summation
formula, giving

σ4ða;l0Þ ¼ b4M4 þ b2M2 −
�
aða − 4Þ

12
þ 29

90

�
logM

þ 1

12
l0ðl0 þ 1Þ2ðl0 þ 2Þ log M: ð40Þ

Using that

Xl0−1
l¼0

νlðdÞ ¼
ð2lþ d − 2Þðlþ d − 2Þ!

d!ðl − 1Þ! ; ð41Þ

we see that, indeed, l0 dependence of the effective action
disappears and we obtain

Γ4½ϕc� ¼
8π2

3
ϕ2
c −

g0π2

9
ϕ4
c

�
1þ N þ 8

3

g0
16π2

log M

�

þ N
90

log M þ b4M4 þ b2M2: ð42Þ

We conclude that, as before, the renormalized coupling is
given by (18). Therefore, the beta function is the same as
in (19). Other terms can be absorbed into renormalization of
operators involving the curvature and cosmological constant.
Computing the path integral around the instanton con-

figuration in this case is not technically different from
computing the effective action for a constant profile. The
only complication, compared toRd, arises from the presence
of other operators contributing to the logM dependence, as
we can see from (42). Evaluating the effective action on the
instanton background (29), modulo polynomial terms, we
have

Γ4½ϕs
FL� ¼

16π2

g20
−
N þ 8

3
log M þ N

90
log M ð43Þ

It is evident that the coefficient in front of log M does not
correspond to the coupling renormalization. To circumvent
thisminor issue,we observe that the problematic term in (42)
is not field dependent. Therefore, normalizing the determi-
nant to that of the trivial background would resolve the
problem. Physically, this procedure corresponds to calculat-
ing the relative free energy, similar to what was done in [3].
Simple computation reveals

Γ4½ϕs
FL� − Γ4½0� ¼

16π2

g20
−
N þ 8

3
log M; ð44Þ

which can now be used to find the beta function.

IV. DISCUSSION AND CONCLUSION

To analyze the result let us take a closer look at the
structure of our computation. The fluctuations around
the Fubini-Lipatov instanton for N ¼ 1 are encapsulated
in the following preexponential factor

PFL ¼
Z

dXM6

�
det0ðMI þM2Þ

det0 MI

det M0

det ðM0 þM2Þ
�
1=2

;

ð45Þ
where M0 and MI are the corresponding differential
operators around the trivial profile and the Fubini-Lipatov
instanton, respectively. It is important to note that this
expression is only schematic, for it neglects the presence of
several regulator fields. Nevertheless, it serves to illustrate
what is going on.
As we can see, there are two sources of the UV cutoff

(M) dependence of the preexponential factor. The first
contribution, M6, arises from the zero (and the negative)
modes, while the second contribution comes from the ratio
of products involving only the positive modes.

�
det0ðMI þM2Þ
det ðM0 þM2Þ

�
1=2

: ð46Þ

As a result the relevant part of (45) is given by

RFL ¼ M6

�
det0ðMI þM2Þ
det ðM0 þM2Þ

�
1=2

: ð47Þ

The ratio of determinants should be understood as the ratio
of products with a common cutoff. Namely,

det0ðMI þM2Þ
det ðM0 þM2Þ ¼

QΛ
l¼2 ðλIl þM2Þνl=2QΛ
l¼0 ðλ0l þM2Þνl=2 : ð48Þ

The mismatch in the number of modes in the numerator and
denominator (products starting from l ¼ 2 and l ¼ 0

correspondingly) is precisely compensated by the M6

factor. Indeed, with one l ¼ 0 mode and five l ¼ 1 modes
we have

Y1
l¼0

ðλ0l þM2Þνl=2 ¼ ðλ00 þM2Þ1=2ðλ01 þM2Þ5=2 ≈M6:

ð49Þ
Hence, with log M precision we get

RFL ¼
QΛ

l¼0 ðλIl þM2Þνl=2QΛ
l¼0 ðλ0l þM2Þνl=2 : ð50Þ

The above consideration demonstrates that the spectral flow,
when moving from a trivial background to the instantonic
one, supports the continuity of levels. No new levels appear;
instead, a few low levels from the trivial background shift
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downwards to become zero or negativemodes.However, this
is not always the case for all theories. In the case of YM
theory and the nonlinear CPð1Þ model, the zero modes
around the instanton are genuinely “new,” meaning they do
not have counterparts in the spectrum around the trivial
background. As a result, there is no one-to-one correspon-
dence between the modes as in Eq. (50).
When all modes are paired as in Eq. (50), the

M-dependence can be easily determined by analyzing the
asymptotic behavior of the products. In particular, if we are
interested in the log M contribution, it is sufficient to
identify the terms proportional to l−1 in the summand
(see Appendix B)

1

2
νl log λI ;0l : ð51Þ

Let us return to three-dimensional Higgsed YM (more
exactly, the Georgi-Glashow model), where, as was
mentioned in Introduction, one can consider instanton-
monopole as a background field. This three-dimensional
example has no infrared problem since all physical fields
(except “photon”) acquire masses. Since it is superrenor-
malizable, it has no scale anomaly. If we added fermions
there would be no chiral anomaly too since chirality is not
defined in three dimensions. We expect that studying the
structure of the level flow we will see that the spectrum in
this model is similar to the one around the FL instanton: no
extra levels appear in passing from the flat vacuum to the
instanton background. An indirect indication of the essen-
tial difference between the spectra is the fact that the BPST
instanton in 4D and the Polyakov-Belavin instanton in 2D
can be supersymmetrized leading to complete cancelation
of all nonzero modes. The FL instanton cannot be
embedded in any supersymmetric model.
The final comment concerns performing computations

directly in flat space. There is no conceptual obstacle to
evaluating Eq. (47) without mapping the theory onto the
sphere. However, it should be noted that, in general, this
computation does not simplify to merely computing the
effective potential around a constant background and then
evaluating it on the instanton. The coordinate dependence
of the instanton background necessitates computing the
effective action, rather than just the effective potential. In
four dimensions, due to a peculiar feature—at one loop the
field ϕ is not renormalized—only one operator (ϕ4) in the
Lagrangian receives log M corrections. Hence, the full
log M dependence can be extracted from the effective
potential. However, it is easy to see that evaluating only the
effective potential in six dimensions leads to incorrect
results (see Appendix B).
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APPENDIX A: CPð1Þ SIGMA MODEL

In case of CPðN − 1Þ the N-dependence of the one-loop
beta function is just a simple proportionality to N. So
consideration of CPð1Þ sigma model (N ¼ 2) is sufficient
for our purposes.
The model in question is given by the following

Lagrangian in two-dimensional Euclidean space

LCP ¼ 2

g20

∂μϕ̄∂μϕ

ð1þ ϕ̄ϕÞ2 : ðA1Þ

Introducing complex coordinates

z ¼ x0 þ ix1; z̄ ¼ x0 − ix1; ðA2Þ

it is straightforward to find the instanton solution

ϕ ¼ a
z − b

; ðA3Þ

with a and b complex parameters. Thus, there are four zero
modes. As a result the instanton measure is given by

dXCP ¼ const ×
Z

d2a d2bM4

�
4π

g20

�
2

exp
�
−
4π

g20
þ Δ0

�
;

ðA4Þ

with Δ0 representing the contribution of nonzero modes,
see [12],

Δ0 ¼ −2 log M: ðA5Þ

Collecting all log M contributions we get that the renor-
malized coupling becomes

4π

g2
¼ 4π

g20
− 4 log M þ 2 log M: ðA6Þ

Wewould like to compare this with the usual perturbative
computation around the trivial background. To this end we
turn to the one-loop calculations given in the Appendix C
of Ref. [13]. Referring for details to [13] let us note that
there are two pieces of one-loop addition the original
Lagrangian (A1), see diagrams in Fig. 4.
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The first one produced by just a tadpole, Fig. 4(a), has
the form

ΔLtadpole ¼ ∂μϕ̄∂μϕ

�
6ϕ̄ϕ

ð1þ ϕ̄ϕÞ2 −
2

1þ ϕ̄ϕ

�
1

2π
log

M
μ
;

ðA7Þ

where M denotes the regulator mass—upper cut-off in the
loop integration—and μ denotes the normalization point—
the lower cutoff in the loop integration. The second piece
comes from from the dispersive loop, Fig. 4(b), where two
vertices are connected by two propagators,

ΔLdispersive ¼ ∂μϕ̄∂μϕ

�
−

4ϕ̄ϕ

ð1þ ϕ̄ϕÞ2
�
1

2π
log

M
μ
: ðA8Þ

The sum,

LCP þ ΔLtadpole þ ΔLdispersive

¼ 1

2π

∂μϕ̄∂μϕ

ð1þ ϕ̄ϕÞ2
�
4π

g20
− 2 log

M
μ

�
; ðA9Þ

demonstrates the AF result for the one-loop running of
coupling. But we would like break it into tadpole and
dispersive part to have an analogy with the instanton
derivation. To this end let us extract the operator
∂μϕ̄∂μϕϕ̄ϕ, which refers to the scattering amplitude, from
(A1), (A7), and (A8). Then we get

−
1

π
∂μϕ̄∂μϕϕ̄ϕ

�
4π

g20
− 4 log

M
μ
þ 2 log

M
μ

�
ðA10Þ

in clear analogy with the instanton breaking in (A6) into
zero and nonzero modes contributions.
Mapping the theory on the sphere S2, we can establish

that the spectra of positive modes around the instanton and
the vacuum are given by [12]

λIl ¼ lðlþ 1Þ − 2; l ¼ 2; 3;…; ðA11Þ

and

λ0l ¼ lðlþ 1Þ; l ¼ 1; 2;…; ðA12Þ

with multiplicities

νl ¼ 2ð2lþ 1Þ: ðA13Þ
Furthermore, there are four (not six) zero modes around the
instanton background. Therefore, computing the analogue
of (50) leads to

RCP ¼ M4

QΛ
l¼2 ðλIl þM2Þ2lþ1QΛ
l¼1 ðλ0l þM2Þ2lþ1

¼ M4M−6
Y∞
l¼1

�
λIl þM2

λ0l þM2

�
2lþ1

: ðA14Þ

Now using that

ð2lþ 1Þ log ½lðlþ 1Þ þ a� ¼
l→∞

� � � þ 2a
l

þ � � � ; ðA15Þ

we conclude

RCP ¼ M4M−6M4 ¼ M2; ðA16Þ
consistent with (A6).

APPENDIX B: THE HARD CUTOFF
REGULARIZATION ON A SPHERE

In this case in order to find the effective action (37), we
simply truncate the product at a certain large value l ¼ Λ
and omit the contribution from regulators

Γd½ϕc� ¼ Sd½ϕc�

þ 1

2

XΛ
l¼0

μlðdÞ ½log λ̄lðdÞ þ ðN − 1Þ log λlðdÞ�:

ðB1Þ
To find the divergent (in Λ) part, we expand the sum
above for large l. Let us focus on the case N ¼ 1.
Evaluating the sum in (B1) leads to the following expres-
sions in d ¼ 3, 4, 6, where we write explicitly only the
log Λ terms, giving other coefficients schematically,

Γ3½ϕc� ¼ S3½ϕ0� þ
X3
k¼1

akΛk −
g
48

Λϕ4
c þ

1

3
log Λ; ðB2Þ

Γ4½ϕc� ¼ S4½ϕ0� þ
X4
k¼1

akΛk −
g
12

Λ2ϕ2
c −

g
8
Λϕ2

c

þ
�
1

3
−
g2ϕ4

c

48

�
log Λ; ðB3Þ

Γ6½ϕc� ¼ S6½ϕ0� þ
X4
k¼1

akΛk þ � � �

þ
�
3

10
þ g2ϕ2

c

120
−
g3ϕ3

c

360

�
log Λ: ðB4Þ

(a) (b)

FIG. 4. One-loop diagrams in the effective Lagrangian: (a) tad-
pole and (b) dispersive. The bold blobs refer to the full CPð1Þ
Lagrangian, external lines are not shown.
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Several comments are in order. First, the presence of all
powers of Λ is an illustration of the fact that the cutoff
regularization breaks diff invariance. Otherwise powers of
Λ would be only d, d − 2, d − 4 etc. Second, as is
evidenced by different powers of ϕc, there are multiple
contributions to the log Λ coefficient. Moreover, in three
dimensions (and formally in any odd number of dimen-
sions, although for d ≠ 3 those theories cannot be formu-
lated perturbatively around a trivial vacuum), this
coefficient does not correspond to ðϕ2

i Þ3, which is in
one-two-one correspondence with the vanishing beta func-
tion at one-loop order.
In d ¼ 4 using that

S4½ϕc� ¼ ϕ2
c −

8π2

3

gϕ4
c

4!
ðB5Þ

the coupling should be substituted by

gR ¼ g

�
1þ 3g

16π2
log Λ

�
; ðB6Þ

which correctly reproduces the running. Including also
N − 1 transverse modes, we get

Γ4½ϕc� ¼ S4½ϕc� þ � � �

þ
�
1

3
þ N − 1

3
−
1

2

g2ϕ4
c

4!
−
N − 1

18

g2ϕ4
c

4!

�
log Λ;

ðB7Þ

leading to

β4ðgÞ ¼ −
N þ 8

3

g2

16π2
: ðB8Þ

Imagine that we computed the effective action around the
instanton background6 we would obtain

Γ4½ϕs
F� ¼

16π2

g
þ N log Λ −

N þ 8

3
log Λ; ðB9Þ

which does not reproduce the correct running of the
coupling. Clearly, the reason for this discrepancy is the
second term on the right hand side of (B9), which didn’t
come from gϕ4

c operator. In this case an easy fix is to
compute the ratio of determinants around the instanton and
the trivial background (relative free energy). Then we
would get

Γ4½ϕs
F� − Γ4½0� ¼

16π2

g
−
N þ 8

3
log Λ; ðB10Þ

which is correct. The reason is that even though there are
other dimension 4 operators, namely, R2 and ϕ2R, that can
potentially contribute to the log Λ term in the effective
action, only one of them, namely R2, appears in (B7).7

However, in general, this procedure will work in a more
sophisticated way.
For the d ¼ 6 case (only N ¼ 1 is considered), we see

that the operator ϕ2R does contribute to the log Λ part
in (B4). Keeping only the log Λ terms and the bare
potential, we have

Γ6½ϕ0� ¼ Ω6

�
3ϕ2

0

�
1þ g2

384π3
log Λ

�

−
gϕ3

0

3!

�
1þ g2

64π3
log Λ

��
þ 3

10
log Λ ðB11Þ

it is clear that the divergent part in ϕ2R is removed by
introducing a counterterm for the wave function renorm-
alization

ϕ2
R ¼

�
1þ g2

120

1

2Ω6

log Λ
�
ϕ2 ¼

�
1þ g2

384π3
log Λ

�
ϕ2:

ðB12Þ

Combining it with the logΛ contribution coming from g2ϕ3
0

term leads to the following redefinition of the coupling

gR ¼ g

�
1þ g2

64π3
log Λ

��
1þ g2

384π3
log Λ

�
−3=2

; ðB13Þ

corresponding to the beta function

β6ðgÞ ¼ −
3g3

256π3
: ðB14Þ

If we were to compute the relative effective action directly
as before, we would get

Γ6½ϕs
F� − Γ6½0� ¼

768π3

5g2

�
1 −

3g2

128π3
log Λ

�
; ðB15Þ

consistent with (B14).

APPENDIX C: THE HARD CUTOFF
REGULARIZATION ON A PLANE

For illustrative purposes, we also include here the
computation performed directly in flat space. Let us denote
by fn;lðrÞ and f̃n;lðrÞ the eigenfunctions corresponding to
the positive eigenvalues λn;l and λ̃n;l

6We neglect for the moment the existence of zero modes. As
usual, those get converted into integrals over moduli.

7The reason is that the relative coefficient between the kinetic
term and ϕ2R is fixed by conformal invariance, therefore, since
there is no wave function renormalization at one loop, the
coefficient in front of ϕ2R is not renormalized as well.
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−f00n;λ −
3

r
f0n;λ þ

lðlþ 2Þ
r2

fn;λ −
gϕ2

F

2
fn;λ ¼ λn;lfn;λ ðC1Þ

−f̃00n;λ −
3

r
f̃0n;λ þ

lðlþ 2Þ
r2

f̃n;λ −
gϕ2

F

6
f̃n;λ ¼ λ̃n;lf̃n;λ: ðC2Þ

Introducing new variables

fn;l ¼ χn;l
r3=2

; f̃n;l ¼ χ̃n;l
r3=2

; ðC3Þ

we get an equivalent system of equations

−χ00n;λ þ
lðlþ 2Þ þ 3=4

r2
χn;λ −

gϕ2
F

2
χn;λ ¼ λn;lχn;λ ðC4Þ

−χ̃00n;λ þ
lðlþ 2Þ þ 3=4

r2
χ̃n;λ −

gϕ2
F

6
χ̃n;λ ¼ λ̃n;lc̃n;λ: ðC5Þ

As a result we have for the integral

IF ¼
Z

λ−1=2− dμ e−16π
2=g

Y
n;l;m⃗

λ−1=2n;l

�Y
n;l;m⃗

λ̃−1=2n;l

�
N−1

ðC6Þ

¼
Z

λ−1=2− dμe−16π
2=g

×
Y
l

det

�
−
d2

dr2
þlðlþ2Þþ3=4

r2
−
gϕ2

F

2

�
−νðlÞ=2

×

�Y
l
det

�
−
d2

dr2
þlðlþ2Þþ3=4

r2
−
gϕ2

F

6

��−νðlÞðN−1Þ=2
;

ðC7Þ

The radial determinant can be computed using the Gelfand-
Yaglom method. Namely, using the following formula for
the ratio of the two determinants

det
h
− d2

dr2 þ
lðlþ2Þþ3=4

r2 þ U1ðrÞ
i

det
h
− d2

dr2 þ
lðlþ2Þþ3=4

r2 þ U2ðrÞ
i ¼ lim

R→∞

F1ðRÞ
F2ðRÞ

; ðC8Þ

with FiðrÞ the solutions of

−F00
i ðrÞ þ

lðlþ 2Þ þ 3=4
r2

FiðrÞ þ UiðrÞFiðrÞ ¼ 0; ðC9Þ

with the following boundary conditions F1ðεÞ ¼ F2ðεÞ ¼
0 and F0

1ðεÞ ¼ F0
2ðεÞ ¼ 1.

For the case at hand, we normalize with respect to the
determinant without any potential. Doing that leads to

RNðlÞ≡
det

h
− d2

dr2 þ
lðlþ2Þþ3=4

r2 − gϕ2
F

2

i
det

h
− d2

dr2 þ
lðlþ2Þþ3=4

r2

i ¼ lðl − 1Þ
ðlþ 2Þðlþ 3Þ ;

ðC10Þ

and

RðlÞ≡
det

h
− d2

dr2 þ
lðlþ2Þþ3=4

r2 − gϕ2
F

6

i
det

h
− d2

dr2 þ
lðlþ2Þþ3=4

r2

i ¼ l
lþ 2

; ðC11Þ

allowing to rewrite the integral as

IF ¼ detð−∂2Þ−N=2

Z
λ−1=2− dμ exp

�
−
16π2

g

−
1

2

X
l

νðlÞ logRNðlÞ −
N − 1

2

X
l

νðlÞ logRNðlÞ
�
:

ðC12Þ

Expanding summands for large l as (see [14] for more)

1

2
νðlÞ logRNðlÞ ¼

l→∞
− 3l − 3 −

3

l
þOðl−2Þ; ðC13Þ

and

1

2
νðlÞ logRðlÞ ¼

l→∞
− l − 1 −

1

3l
þOðl−2Þ; ðC14Þ

and using the cutoff L, we conclude that

IF ¼ detð−∂2Þ−N=2

Z
λ−1=2− dμ exp

�
−
16π2

g

þ N þ 8

3
log Lþ b2L2 þ b1L

�
: ðC15Þ

Thus, we indeed reproduce the running of the coupling

16π2

g
−
N þ 8

3
log Λ ¼ 16π2

gR
: ðC16Þ
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