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Parity anomaly with impurities and the Pauli-Villars subtraction
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We calculate the anomalous part of the polarization tensor of Dirac fermions in 2 4+ 1 dimensions in the
presence of impurities described by the scattering rate I" for arbitrary external frequency and momenta. We
consider two different versions of the Pauli-Villars subtractions and discuss their physical consequences.
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I. INTRODUCTION

Due to the parity anomaly [1,2] (see also [3]), the one-
loop effective action for Dirac fermions in 2 + 1 dimen-
sions contains a parity violating Chern-Simons part. From a
phenomenological point of view, this means the appearance
of a quantum anomalous Hall effect, i.e. of a Hall type
conductivity in the absence of an external magnetic field.
The momentum dependence of the anomalous part of the
polarization tensor was analyzed in [4]. These papers were
followed by a very interesting development in quantum
field theory. To learn about general aspects of the Chern-
Simons theory the reader may consult [5].

An intriguing feature of the parity anomaly is that it leads
to a Chern-Simons term with the weight =1/2 (or, equally,
to the Hall conductivity being +1/2 of the Hall quantum).
Such a term is not invariant under large gauge trans-
formations, which has been a source of confusion for a long
period. This apparent contradiction was finally resolved
in [6,7] where it was demonstrated that the Ward identities
corresponding to large gauge transformations contain non-
perturbative contributions capable to restore gauge invari-
ance of the effective action.

Theoretical investigations of quantum anomalies are
highly relevant in condensed matter systems, see
Ref. [8]. For the benefit of the typical high energy physics
reader, we here give an overview over the main
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developments in this direction: Quantum anomalies are
tied to relativistic fermions, which arise in topologically
protected approximately relativistic band crossings such as
topological insulators with (2 4 1)-dimensional Dirac sur-
face states [9—18], or Weyl and Dirac [19-24] semimetals
with (3 4+ 1)-dimensional Weyl fermions as band crossings.
In particular, the parity anomaly directly contributes to the
quantum anomalous Hall effect, a Hall effect in the absence
of external magnetic fields, in two-dimensional quantum
anomalous Hall insulators such as (Hg,Mn)Te quantum
wells [25,26] or magnetically doped (Bi,Sb)Te thin
films [27,28]. The direct current quantum anomalous
Hall conductivity has a quantized part that is directly
induced by the parity anomaly, i.e. the coefficient of the
Chern-Simons term in the low energy effective action. In
real-world condensed matter systems such as quantum
anomalous Hall insulators, the band structure can contain
UV relevant terms [10] which serve as a UV regulator and
contribute to the quantized as well as nonquantized parts of
the quantum anomalous Hall conductivity [29]. They
preserve large gauge invariance and break parity, hence
contributing as a UV regulator to the parity anomaly [29].
From the point of view of the band structure, the quantized
part of the anomalous Hall conductivity can be related to
the presence of momentum space Berry curvature in the
wave functions at the Dirac band touching points [30], or
equivalently to a quantized winding number in the Brillouin
zone [31]. There are other nonquantized (7, ) dependent
contributions to the anomalous Hall conductivity as
well [32]. Experimental signatures of the parity anomaly
in (2 + 1)-dimensional Dirac materials have been discussed
in e.g. [33,34].

In condensed matter physics, there are several ways to
describe impurities depending on the properties of a
particular material [35]. The usual assumption is that
impurities provide a randomly distributed nonperiodic
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short-range scattering potential, on which the conduction
electrons in a solid scatter in an energy and charge
conserving way but lose momentum on these impurities.
For small impurity densities, the momentum-relaxing effect
of impurity scattering, together with the details of the
potential, can be summarized in a momentum relaxation
term on the right-hand side of the translation ward identity.
An analogous relaxation time approximation is possible for
weak breaking of translational symmetry in AdS/CFT
models of strongly correlated quantum matter, for a recent
review cf. [36,37]. In a particular limit, the AdS/CFT
correspondence [38-40] is a duality between strongly
interacting quantum systems on the one side, and semi-
classical gravity in one additional dimension on the other
side (for a review of the correspondence, cf. e.g. [41]). In
AdS/CFT, breaking of translational symmetry can be
implemented in several ways [42—49]. For a small induced
momentum relaxation rate these models are all equivalent
to a theory with a massive graviton [50], which is
responsible for the relaxation term on the right-hand side
of the translational Ward identity.

Long-range charged impurities or long-range disorder
potentials such as the ones generated by the charge puddles
in graphene need a different treatment [35] by introducing a
scattering rate I" which enters the propagator of quasi-
particles through substitution of the temporal momentum
Po = Po + i'sgn(py). This approach to the impurities was
used in calculations of the antisymmetric part of polariza-
tion tensor in graphene in the presence of external magnetic
field in e.g. [51-54]. The computations of [54] are in a very
good agreement with the measurements [55] of giant
Faraday rotation in graphene. Note that in these calcula-
tions an antisymmetric part of the polarization tensor was
caused by the presence of an external magnetic field. The
anomalous Hall conductivity of graphene cancels between
generations of fermions. This explains why the anomalous
Hall contributions with impurities described by scattering
rate [ were neglected at that time. However, new applica-
tions including Hall conductivities of surface states of
topological materials put the problem forward again.

The purpose of this work is to close an important gap in
the literature by computing the anomalous part of polari-
zation tensor for fermions in 2+ 1 dimensions in the
presence of impurities described by the scattering rate I'.
We do not relate this computation to any particular material.
Our main attention is on the quantum field theory aspects.
In particular, we study the Pauli-Villars subtraction scheme
and suggest two versions of this scheme leading to
qualitatively different dependence of the parity anomaly
on I'. The first scheme consists in subtracting the con-
tribution of a regulator field with mass M with taking
subsequently the limit |[M| — oo. In the second scheme, we
also take the limit 'y — oo, where ['; is the impurity
parameter for the regulator field, keeping the ratio I'y/M
fixed. From the quantum field theory perspective, the

difference between two schemes is merely a renormaliza-
tion ambiguity. We perform the computations for arbitrary
values of external frequency and momenta which is not
common for current literature although this is important for
evaluation of the Casimir force, for example.

This paper is organized as follows. In the next section,
we compute the unregularaized anomalous polarization
tensor. Two possible Pauli—Villars (PV) subtraction
schemes are analyzed in Sec. IIl. The results of this work
are briefly discussed in Sec. IV.

II. POLARIZATION TENSOR IN PRESENCE
OF IMPURITIES

We start with the action

S = / BxPPY, (1)

where p = iy# (0, + ieA,) — m. A twiddle over a 3-vector
means that the spatial components are rescaled with the
Fermi velocity. In particular,

77i = UF}'i- (2)

The greek letters label the spacetime coordinates, y = 0, 1,
2, while the latin letters denote the spatial coordinates,
i,j = 1,2. We use the metric ¢** = diag(1,—1,—1). We fix
tr[y#y*y?] = 2ie"®. Here, ¢"* is the Levi-Civita tensor,
and 1 := \/—_1 .

The one-loop effective action due to quantum fermions
in the second order of electromagnetic field A reads

1 &k
Sur =3 [ oA 0AR. ()

where the polarization tensor is given by

3
H””(k,m):i62/%tr[}7"Gf(p,m)7’“Gf(p+k,m)] (4)

with the fermion propagator

Glpom) =5 1= B

where p:=7#p,. In the presence of impurities, the tem-
poral momentum has to be replaced as

Po = Po = po + il'sgnpy. (6)

Here I' is an impurity scattering rate, I' > 0.

Note, that the replacement (6) done in the propagator
alone breaks gauge invariance. Indeed, such a propagator
can be formally obtained from a Dirac action containing
an additional term with sgn(—idy). To ensure gauge
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invariance, any derivative has to be accompanied by an
electromagnetic potential. Thus, one expects something
like sgn(—i(dy + eAy)). Giving a precise meaning to such a
term is not easy, but obviously it should modify the
couplings of fermions to A, and lead to new vertices in
the Feynman rules involving A,. To avoid complications,
we will consider only the diagrams with external legs
corresponding to the spatial components A}, i.e. the ITV part
of the polarization tensor. This will be enough for our
purposes since the full polarization tensor can be recovered
through the transversality condition. Thus, we will evaluate

3 —_—
(k) = 162/(;ZTP;3tr[7in(p,m)7fo(p+k,m)], (7)

where p* := (pg + il'sgn(py). p).

To analyze the dependence of polarization tensor on the
Fermi velocity one can use the following simple trick [56].
Let us change the integration variable p — p in (II). The
Jacobean factor v3” is canceled the factors of v in # and
#/, so that one obtains

I (vp k) = T (vp = 1, ). (8)
|

Thus, from now on we set
Vp = 1 (9)

Thus we have

Shm) — 2 [ p () (F g m)]
e ) =i [ 25 (=) ((p + 1 =)

(10)

We are interested in the anomalous part I1,4q of the
polarization tensor which changes the sign under the
change of orientation of spacetime. This is the part which
is antisymmetric in the indices i, j and proportional to
€'/ = ¢/0 After computing the traces over spinor indices
and selecting relevant tensor structures we obtain

Iy (k,m,T) = ko [C(k.m.T) + g (k,m,T)],  (11)

where

d 1
C(k,m,T) = —2mez/ - =
(27)* ((po + ilsgn(po))? - p* — m?)
1
X - —= (12)
((Po + ko +ilsgn(pg + ko))2 —(P+k)?*- mz)
and
3 _
Alem.T) = —2ime L [ 4P sgn(po + ko) zsgrl(fo) i
ko (27)* ((po +ilsgn(po))* = p* = m?)
1
X : 5 T (13)
(Po + ko +il'sgn(pg + ko))* — (P + k)* —m
|
We use the Feynman formula x(k,m,T) = =2ime? —/ / sgn Po + ko)
&’ 1
1 1 1
| a4 _ 14 —sgn(po)) / T R (16)
AB A “(Ax+ (1-x)B) (14) (27)* (17 = m)>’

Quite remarkably, the expression under integral above has
no poles in the whole integration region despite the
presence I'. We thus have

¢(k,m,T) = —2me? / dx/dpo/ T M)2 (15)

and

with 1= p+kx and M = (py+ ilsgn(py))>(1 — x)+

x(po + ko + iTsgn(p +_ko))? = K2x(1 = x) — m?.
After performing the / integration we obtain

me2 1 1

1meZF/ /d sgn p0+k0)—sgn(p0)
Do

C(k,m,T) =

x(k,m,T)

(18)
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In the presence of I', the p, integral cannot be done by
computing the residues and requires somewhat more
attention. In the expression (17), one has to divide the
integration region in three intervals depending on the signs
of py and py+ ky. In (18) only one of such intervals
contribute. After performing the integrations, one obtains

kox+il" )
—m?+kx(1-x)

vV =m*+k*x(1-x)

7z —2arctan (

47

1 1
{(k,m,T) :—mez/ dx
0

2arctan ( (ko+2il)x—il )

n /=mP+((ko+2i0)2 =k )x(1-x)

= (19)
\/—m2 + ((ko+2il)2 =k *)x(1—x)

and

x(k,m F)——

,T [
/ dx
ko 0
(ko +2iT)x—il >

4arct
x arc an(\/—rnz+<(/co+2ir>2—/52 M (20)

V= + (ko +20T 2 =K )x(1-x)

A. Limits of the polarization tensor

Before going on with the renormalization, let us consider
some limits of unrenormalized polarization tensor. In the
m — 0 limit with all other parameters staying finite one
immediately obtains

7, (k,0,T) = 0. (21)

Another important limit is I' — 0,

2 2m
Odd(k m,0) = _ie ’fko—arctanh< [k ||> (22)

K] 2|

which reproduces the known result [4]. Do not confuse
arctanh in this formula with arctan in Eq. (19).

In the limit when both m and I" become large but their
fraction is kept constant, we have

—iz + 2iarctan (ﬁ)
hm Hojdd (k,Am,AT") =

1
—me el k,
4n? |m|

T

1 y 2
—Flfmeze Tko <F2+m2>. (23)

[This formula is easier to obtain from (17) and (18) where
the integration over p, has not been done yet.]

The same formula (23) describes the limit when both k

and |%| are small as compared to m and I". This formula also
allows us to obtain the limits

2

ie? m
lim 17, (k, m,T) = — " gii 24
i Mogakom.T) =~k (24)

and
lim 117, (k, m,T') = 0. (25)

I'sc

To recover the dependence of polarization tensor on
Fermi velocity it is sufficient to replace k — k = (k,, ka)
in the formulas given above. The full anomalous polari-
zation tensor may be obtained by solving the conservation

condition k,IT", = 0. One obtains 1%, = —(k;/ko)T17

and TI%, = 0.

III. PAULI-VILLARS SUBTRACTIONS

As has been noted already by Redlich [1], although the
parity-odd part of polarization tensor is nondivergent, one
has to apply a Pauli-Villars subtraction to get a correct
result. The usual prescription consists of subtracting from
the nonrenormalized polarization tensor a contribution
from a fermion field have exactly the same parameters
except for the mass M and taking the limit |M| — oo at the
end of calculations. We additionally assume that M has the
same sign as m so that to pass from m to M one does not
need to cross the gapless phase. This assumption is not
essential. The opposite limit can be analyzed along the
same lines. We will call this scheme PV1 (since there will
also be a PV2). Basically, this prescription boils down to
subtracting (24) from the polarization tensor.

For further discussion, is it convenient to introduce a
quantity o,

9 [h} — i S g, (26)

which is nothing else than the antisymmetric (Hall)
conductivity measured in the units of Hall quantum
e?/(2x) = €?/h. The imaginary part of conductivity is
not affected by the Pauli-Villars subtraction and thus will
not be considered here.

We immediately obtain the zero-gap result

1m

6PV1(k 0, F) 2‘

(27)

which comes exclusively from the PV regulator field,l does
not depend on I', and represents the classical value of parity
anomaly. Also, the limit I' —» 0 reproduces a known
result,

'"The sign on the right-hand side is a consequence of our
assumption sgn M = sgnm. In general case, the sign factor in
(27) is given by sgnM.
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I[m 2m k|
k,m,0) = - |— — —arctanh| —— | |. 28
opvi (k. m.0) z[|m| e <2|m|>} (28)

We also have

. 1 m
langoGPVI(kv m,I") = Em (29)

In the scheme PV1, the mass of regulator field goes to
infinity while the parameter I" which describes impurities
remains fixed. Thus, relative to the mass, the impurities
become negligible. Since I" is a phenomenological param-
eter, one can also consider other prescriptions for the
behavior of the impurity parameter 'y for the regulator
field. A reasonable choice seems to be to fix the ratio 'y /M
while taking the limit 'y, M — oo. In other words, we take
the limit m — oo keeping all dimensionless parameters like
e and I'p/M fixed. We call this scheme PV2. In this
scheme, we need to subtract the expression (23) from the
unrenormalized polarization tensor. Let us discuss physical
consequences of the PV2 subtraction.

If m # 0, then there are simple analytic formulas for
k = 0, which we present here for the sake of completeness:

m<_ﬂ+2arctan(r/|m|) 2T'm ) 30)

0,mJI')=— -
o(0.m.T) 2z |m| 2+ m?

In the PV1 scheme, one has

m (arctan(I"/|m I'm
UPV](Oam,F):< (L7l

)

In the PV2 scheme, the conductivity vanishes identically in
this limit, opy, (0, m, ") = 0, which also happens at ' = 0
in any scheme in the absence of a chemical potential. (Note
that the limits k>0 and m — 0 do not commute.)
Although there are analytic formulas (30) and (31) we
present the plots in Fig. 1 for convenience.

Essential differences between two schemes appear, as
expected, when I' is large. In the infinite I" limit,

T

1_l‘ln'l Opy) = 0 (32)

in contrast to (29). Already at a finite I" the differences are
significant. For a finite I" and m = 0, one has

opy2(k,0,T) =0, (33)

while in PV1 this value is nonzero, see Ref. (27).
For ky/|m| =1 and ky/|m| = 10 the conductivity o is

depicted in Figs. 2 and 3, respectively. In both cases k=0.
Note, that large values of I'/|m| do not necessarily mean
that impurities are strong. Equally, the mass gap may be
small. In general, in the scheme PV2, the impurities damp
anomalous Hall conductivity, while in PV1 they do not. For

.o
05k ]
S S
§D 0.0T """"" 1
S PR L
-0.5 e S no-PV |
----- - PVI1
~1.0 L P TS S S B S S S B S ]
0 1 2 3 4 5

r/|m|

FIG. 1. The anomalous conductivity o at k= 0, kp =0 as a
function of I'/|m| without subtraction (dashed line) and with PV1
subtraction (dashed-dotted line). Since opy,(0,m, ') =0 the
corresponding plot is not included.

O
0.5F -
o
S —
R no—PV
-0.5 e e A
' PV2
o | : ! 1 J
0 1 5 : . |

I/ m|

FIG.2. The anomalous conductivity ¢ as a function of I'/|m for
k=0, ko/|m| = 1. The dashed line corresponds to the conduc-
tivity without subtraction, while the dashed-dotted and solid lines
correspond to PV1 and PV2 schemes, respectively.

1.0 T T T T
5
=
&
5
----- no—-PV
-0sp - vl 1
PV2
~1.0 1 1 1 1
0 1 2 3 4 5
r/|m|
FIG.3. The anomalous conductivity o as a function of I'/|m for

k=0, ko/|m| = 10. The dashed line corresponds to the con-
ductivity without subtraction, while the dashed-dotted and solid
lines correspond to PV1 and PV2 schemes, respectively.
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a moderate frequency, see Fig. 2, opy, is close to zero for all
values of the parameter I.

In 2 + 1 dimensions the structure of ultraviolet diver-
gences is quite simple so that just a single regulator field is
required. The only essential feature is that one has to take
the limit of an infinite mass gap of the regulator field. From
this point of view, there are good reasons to expect that both
subtraction schemes are internally consistent and remove
all ultraviolet divergences. These arguments are however
not watertight and we shall pay more attention to the QFT
aspects of Pauli-Villars scheme in some future work. Note
that there are examples when modifications of a model
impose severe restrictions on the PV subtractions. (See e.g.
the paper [57] where the PV scheme in 4D QED with
boundaries was analyzed.)

At any rate, the final word in choosing between two
subtraction schemes should belong to an experiment.

IV. DISCUSSION

In this paper, we have studied with quantum field theory
methods the anomalous part of polarization tensor of a
(2 + 1)-dimensional fermion interacting with impurities
described by a scattering rate I" for arbitrary external
frequency and momenta. We used the PV scheme and
argued that there are two natural subtractions. In one of
them, which we called PV1, the contribution of a massive
regulator field is subtracted in the limit |[M| — oco. This is
just the standard PV subtraction known from textbooks. In
the other scheme, we treat I'/m as a dimensional parameter
similar to the electric charge. With such an interpretation, it
is natural to assume that the regulator field sees the same
“impurity charge” T'y/M =T/m. This boils down to
subtracting a double limit |M|,I'; — oo while keeping
the ratio I'y/M fixed. In this scheme, called PV2 through-
out this work, the dependence of Hall conductivity ¢ on I
differs crucially from the predictions of PV1. In PV1, the
conductivity is enhanced by the impurities while in PV?2 the
impurities tend to diminish ¢. The last word in choosing
between PV1 and PV2 should belong to an experiment.
However, further consistency checks are also needed. An
important lesson from papers [6,7] is that large gauge
invariance cannot be used to check perturbative calcula-
tions since corresponding Ward identities contain important
nonperturbative contributions.

There are alternative methods of calculations of the
parity anomaly. One of them relies on the ¢ function
regularization. It allows us to evaluate the anomaly for
massless [58] and massive [6,7,59] fermions, in the
presence of an external magnetic field [60], and even in
the presence of boundaries [61]. The results obtained with

this method are consistent with the Pauli-Villars scheme.
Unfortunately, there is no generalization of the { function
regularization in the presence of impurities. For complete-
ness, we like to mention a rather extreme proposal [62] that
the parity anomaly is merely a counterterm which is needed
to restore parity.

The Casimir force between surfaces which exhibit
a Hall-type conductivity may become repulsive (for an
overview of this effect see Refs. [63,64] and a recent
paper [65]). The Casimir interaction is an integral effect.
That is, all frequencies and momenta contribute to the
force. The study of this effect was one of the main
motivations for the calculation reported above. At present,
we may suggest that in the repulsion will be most probably
damped by impurities in the PV2 scheme and enhanced
in PV1.

Another interesting research direction would be to
compare the model of impurities used in this paper to
other models such as the Kondo model. In the Kondo
problem, the screening of a magnetic impurity by itinerant
electrons leads to a log increase in the temperature
dependence of the conductivity at low temperatures. For
this, we should calculate the diagonal ¢, component of the
conductivity tensor in our model, and see whether we can
reproduce the Kondo upturn for a relaxation time origi-
nating from magnetic impurities. This stresses the necessity
to compute the full polarization tensor in the presence of I,
which we will attempt in an upcoming work.

A related follow-up direction is to consider non-Abelian
theories or, more generally, the theories admitting topo-
logical solitons. The scattering on such solitons will act as
an impurity scattering but it will bring up some non-
perturbative contributions to the conductivities.
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