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We compute the scattering angle χ for hyperboliclike encounters in massless scalar-tensor theories up to
third post-Newtonian order for the conservative part of the dynamics. To calculate the gauge-invariant
scattering angle as a function of energy and orbital angular momentum, we use the approach of effective-
one-body formalism as introduced in Bini and Damour [Phys. Rev. D 96, 064021 (2017)]. We then
compute the nonlocal-in-time contribution to the scattering angle by using the strategy of order reduction of
nonlocal dynamics introduced for small-eccentricity orbits.
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I. INTRODUCTION

The observation of gravitational wave signals, with the
first observation by the LIGO-Virgo Collaboration in 2015
[1], opened a new era to probe the dynamics of the strong-
field gravity regime. The third generation of detectors
[2–4], along with the next generation of telescopes, such as
the Einstein telescope [5] and the Cosmic Explorer [6], will
be crucial for probing the strong-field dynamics of gravity
by constraining the parameters of the alternative theories
of gravity.
Among the theories alternative to Einstein’s general

relativity (GR), the simplest theory is the addition of the
massless scalar field to GR known as the scalar-tensor (ST)
theory. The ST theories have been extensively studied and
tested [7–12]. Besides arising naturally in the UV complete
theories of gravity, the addition of the scalar field is also
equivalent to fðRÞ theories of gravity [13]. The two-body
problem for ST theories has been extensively studied
within the post-Newtonian (PN) approximation for both
the dynamics and waveform generation in Refs. [14–21].
The detection of the gravitational wave signals relies on a

large bank of (semi)analytical accurate waveform templates
to match filter against the data observed in the detectors.
Therefore, the two-body PN dynamics in ST theories have
been mapped within the effective-one-body (EOB) formal-
ism [22–26] to incorporate the corrections due to massless

scalar-tensor theories in the EOB approach based wave-
form models [27–29]. These results were obtained for the
elliptic motions of the compact binaries.
The EOB description of the unbound, scattering states of

the binary systems was introduced in Ref. [30]. Recently,
the approach was used to compute the scattering angle
within the PN approximation in GR [31]. The main aim of
this paper is to compute the scattering angle in ST theories
up to 3PN order using the EOB Hamiltonian in ST theories.
The paper is organized as follows. In Sec. II, we give a

brief reminder of ST theories and the EOB formalism in ST
theories. Then, in Sec. III we derive the scattering angle for
the local part of the dynamics in ST theories at the 3PN
order, and in Sec. IV we derive the scattering angle for the
nonlocal part of the dynamics at 3PN order using the order-
reduction approach. Finally, in Sec. V we sum the local and
nonlocal contributions at 3PN in a large-j expansion.

II. BRIEF SCALAR-TENSOR THEORY
AND EOB REMINDER

We consider monoscalar massless ST theories described
by the minimal coupling of the scalar field to the metric in
the Einstein frame, and its action reads

S ¼ c4

16πG

Z
d4x

ffiffiffiffiffiffi
−g

p ðR − 2gμν∂μφ∂νφÞ

þ Sm½Ψ;AðφÞ2gμν�; ð2:1Þ

where gμν is the Einstein metric, R is the Ricci scalar, φ is
the scalar field, Ψ collectively denotes the matter fields,
g≡ detðgμνÞ, and G is the bare Newton’s constant. Here,
we adopt the conventions and notations of Damour and
Esposito-Farese (DEF, hereafter) [7,9]. From now on,
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we use geometric units with c ¼ G ¼ 1 unless specified
explicitly.
In the Einstein frame, the field equations for ST theories

are derived in [7]. The coupling of the scalar field with the
matter fields gives rise to the dynamics of the scalar field
where the coupling is measured by the parameter

αðφÞ ¼ ∂ lnA
∂φ

; ð2:2Þ

in the equations of motion. The scalar field is nonminimally
coupled to the metric in the Jordan frame (physical frame)
with the Jordan frame metric g̃μν defined as

g̃μν ¼ AðφÞ2gμν; ð2:3Þ
where AðφÞ is called the coupling function. The ST theory
is uniquely fixed when the function AðφÞ is defined and
when AðφÞ ¼ cst general relativity is recovered.
As the effective gravitational constant in ST theories

depends on the scalar field, the size of the compact object
and its internal gravity varies with the scalar field.
Therefore, as suggested by [32], the compact, self-gravi-
tating objects in ST theories can be considered as point
particles and are described by the mass function mJðϕÞ
depending on the value of the scalar field in an undefined
manner at the location of particles. The matter action is then
given by

Sm ¼ −
X
J¼A;B

Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gμν

dxμ

dλ
dxν

dλ

r
mJðφÞ; ð2:4Þ

where mJðφÞ is the Einstein-frame mass of body J and λ is
the affine parameter. Since g̃μν ¼ AðφÞ2gμν, the Jordan-
frame mass is defined as

m̃JðφÞ ¼
mJðφÞ
AðφÞ : ð2:5Þ

The dimensionless body-dependent parameters that
describe the scalar field effect in the Einstein frame up
to the third PN order are defined using the Einstein-frame
mass function mJðφÞ following Refs. [7,9], i.e.,

αJ ¼
d lnmJðφÞ

dφ
; ð2:6Þ

βJ ¼
dαJ
dφ

; ð2:7Þ

β0J ¼
dβJ
dφ

; ð2:8Þ

β00J ¼
dβ0J
dφ

: ð2:9Þ

These parameters are defined in the Jordan frame in
Refs. [16–18] and the conversion of the Jordan-frame
parameters to DEF conventions, i.e., the Einstein-frame
parameters is given in Table I (see Ref. [24]).
Finally, before proceeding to the computations of the

scattering angle for ST theories, we briefly review the EOB
formalism proposed in [33,34] as a way to extend the
validity of the PN results beyond the weak-field and slow-
motion regime by resumming the PN results. The three
main features of the EOB approach are the following:
the description of the conservative (Hamiltonian) part of the
dynamics of a two-body system, the expression for the
radiation-reaction effects, and the description of GWs
emitted by the coalescence of a compact binary.
The description of the conservative part of the dynamics

in EOB formalism is completely described by the following
effective metric up to 2PN order:

ds2eff ¼ −AðrÞc2dt2eff þ BðrÞdr2
þ r2ðdθ2 þ sinðθÞ2dϕ2Þ; ð2:10Þ

where AðrÞ and BðrÞ are the two EOB potentials, teff is the
coordinate time of the effective EOB metric, and r is the
radial separation in EOB coordinates. In this work, we
specialize to equatorial motions, i.e., set θ ¼ π=2. The
generalization of the EOB formalism to the 3PN order

TABLE I. Relation between the ST parameters used in the two-
body Lagrangian of Ref. [17], the DEF ones and the slightly
simplified notation that we are using here. The index “0” signifies
a quantity evaluated at φ ¼ φ0, where φ0 is the asymptotic
constant value of the scalar field.

LB [17] DEF [7,9] This paper

m1 m0
A=A0 m0

A=A0 ≡ m̃0
A

m2 m0
B=A0 m0

B=A0 ≡ m̃0
B

α 1þα0Aα
0
B

1þα2
0

αAB

G̃α ð1þ α0Aα
0
BÞA2

0 ≡ GABA2
0 GABA2

0 ≡ G̃AB

γ̄ −2 α0Aα
0
B

1þα0Aα
0
B
≡ γ̄AB

γ̄AB

β̄1 1
2

ðβAα2BÞ0
ð1þα0Aα

0
BÞ2

≡ β̄ABB
β̄A

β̄2 1
2

ðβBα2AÞ0
ð1þα0Aα

0
BÞ2

≡ β̄BAA
β̄B

δ̄1 ðα0AÞ2
ð1þα0Aα

0
BÞ2

δA

δ̄2 ðα0BÞ2
ð1þα0Aα

0
BÞ2

δB

χ̄1 − 1
4

ðβ0Aα3BÞ0
ð1þα0Aα

0
BÞ3

≡ − 1
4
ϵABBB

− 1
4
ϵA

χ̄2 − 1
4

ðβ0Bα3AÞ0
ð1þα0Aα

0
BÞ3

≡ − 1
4
ϵBAAA

− 1
4
ϵB

β̄1β̄2=γ̄ − 1
8

β0Aα
0
Aβ

0
Bα

0
B

ð1þα0Aα
0
BÞ3

≡ − 1
8
ζABAB − 1

8
ζ

κ̄1 ðα4Bβ00AÞ0
8ð1þα0Aα

0
BÞ4

κ̄A

κ̄2 ðα4Aβ00BÞ0
8ð1þα0Aα

0
BÞ4

κ̄B
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introduces nongeodesic contributions (Qe) to the effective
dynamics (see Ref. [35]). The structure of the nongeodesic
term Qe at 3PN is

Qe ¼
1

r2
ðq1p4 þ q2p2p2

r þ q3p4
rÞ; ð2:11Þ

where p2 ¼ p2
r þ p2

ϕ

r2 , pr is the radial momentum, and pϕ is
the angular momentum in EOB coordinates. Here, we use
the gauge freedom introduced in Ref. [35], known as the
Damour-Jaranowski-Schäfer (DJS) gauge, to set q1¼q2¼0
so that Qe only depends on the radial momentum.
The relation between the real and EOB Hamiltonian is

then (see Ref. [33] for GR and Ref. [30] for ST theories)

Ĥrealðr;pÞ≡Hreal

μ
¼ 1

ν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðĤeff − 1Þ

q
; ð2:12Þ

where M (¼m0
A þm0

B) is the total mass of the system,

μð¼ m0
Am

0
B

M Þ is the reduced mass, and ν ¼ μ=M is the
symmetric mass ratio. The reduced-mass effective
Hamiltonian (Ĥeff ) is given by [35]

Ĥeff ¼
Heff

μ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aðr̂Þ

�
1þ p̂2

r

Bðr̂Þ þ
p̂2
ϕ

r̂2
þ Q̂e

�s
; ð2:13Þ

where p̂r and p̂ϕ are the dimensionless radial and angular
momenta, r̂ is the dimensionless radial separation, and
Q̂eð≡Qe=μ2Þ is the dimensionless nongeodesic contribu-
tion. The dimensionless variables are defined as

p̂r¼
pr

μ
; j¼ p̂ϕ ¼

pϕ

GABMμ
; r̂¼ r

GABM
: ð2:14Þ

Hereafter, the superscript hat will be used to denote the
dimensionless variables.
The three EOB potentials (A, B, Qe) up to 3PN in the

DJS gauge choice of Ref. [35] formally read

Aðr̂Þ ¼ 1 −
2

r̂
þ a2ðνÞ

r̂2
þ a3ðνÞ

r̂3
þ a4ðνÞ

r̂4
; ð2:15Þ

Bðr̂Þ ¼ 1þ b1ðνÞ
r̂

þ b2ðνÞ
r̂2

þ b3ðνÞ
r̂3

; ð2:16Þ

Q̂eðr̂Þ ¼ q3ðνÞ
p̂4
r

r̂2
; ð2:17Þ

where the ν-dependent coefficients ai, bi, and qi take into
account both GR and ST corrections which are separated as

ai ¼ aGRi þ ai;ST; ð2:18Þ

bi ¼ bGRi þ bi;ST; ð2:19Þ

q3 ¼ qGR3 þ q3;ST; ð2:20Þ

where aGRi , bGRi , qGRi , aSTi , bSTi , and qSTi are ν-dependent
coefficients. The GR coefficients are fully known analyti-
cally up to 4PN order and are analytically known at 6PN
except for some unknown coefficients proportional to ν2

[33,35–38]. As for the ST theories, the nonlocal-in-time
contributions start at the 3PN order [17,18], and the 3PN
coefficients can be decomposed as

a4;ST ¼ aI4;ST þ aII4;ST; ð2:21Þ

b3;ST ¼ bI3;ST þ bII3;ST; ð2:22Þ

q3;ST ¼ qI3;ST þ qII3;ST; ð2:23Þ

where the superscripts I and II denote the local and nonlocal
contributions, respectively. These coefficients can be fur-
ther decomposed as

aI4;ST ¼ aloc4;ST þ alog4;ST lnðuÞ; ð2:24Þ

bI3;ST ¼ bloc3;ST þ blog3ST lnðuÞ; ð2:25Þ

qI3;ST ¼ qloc3;ST þ qlog3;ST lnðuÞ: ð2:26Þ

These corrections to the EOB potentials in the ST theories up
to 3PN order have been derived in [22–26] based on the real
two-bodyLagrangian up to 3PNorder given inRefs. [14–18].

III. SCALAR-TENSOR SCATTERING ANGLE:
LOCAL CONTRIBUTIONS

In this section, we derive the contribution to the scattering
angle for encounters of two nonspinning bodies for the local
part of the conservative dynamics up to third PN order in ST
theories. As the nonlocal-in-time (tail) effects start only at the
3PN level in ST theories, the scattering angle up to 3PN can
be separated as a sum of functions,

χ ¼ χloc þ χnonloc; ð3:1Þ

where χloc and χnonloc are, respectively, local and nonlocal
contributions to the scattering angle.
The convenient way to compute the scattering angle is to

use the Hamilton-Jacobi approach.1 For ST theories as GR,

1In the Hamiltonian-Jacobi formalism, the solution of the equa-
tion of motion proceeds as follows. First, using the Hamiltonian
we form the Hamiltonian-Jacobi equation,

∂S
∂t

þH

�
q;
∂S
∂q

; t

�
¼ 0; ð3:2Þ

and find the complete integral of motion Sðq; α; tÞ, where α are
the arbitrary constants. Then by differentiating Sðq; α; tÞ with
respect to α and equating this equation with a constant, we find
the solutions of the equations of motion, i.e., the coordinates q.
(For details refer to Sec. [47] of Ref. [39].)
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the Hamiltonian Heff (and Hreal) are invariant under time
translations and space rotations, and their associated con-
stants of motion are, respectively, the energy and the
angular momentum of the binary system. The EOB action
by separating the EOB coordinates takes the form

Sðteff ; r;ϕ; Eeff ; pϕÞ ¼ −Eeffteff þ pϕϕ

þ
Z

r
drprðr; Eeff ; pϕÞ; ð3:3Þ

where Eeff is the energy in EOB formalism and teff is the
EOB metric coordinate time. Using the Hamiltonian-Jacobi
formalism, the solution of the equation of motion of the
orbit ðϕÞ is obtained from (Sec. [47] of Ref. [39]),

∂S
∂pϕ

¼ ϕ0 ¼ const; ð3:4Þ

and the scattering angle related to the orbital phase is
then [31]

1

2
ðχðĒ; jÞ þ πÞ ¼ −

Z
uðmaxÞ

0

1

u2
∂

∂j
p̂rðĒ; j; uÞ; ð3:5Þ

where u ¼ 1=r̂, uðmaxÞ ¼ 1=rmin is the distance of the
closest approach of two bodies, and Ē is the dimensionless
energy variable defined as [31]

Ē≡ 1

2
ðÊ2

eff − 1Þ≡ 1

2
p2
∞; ð3:6Þ

where Êeff ¼ Eeff=μ is the dimensional EOB energy
and p2

∞ ≡ 2Ē is an energy variable. (The notation p∞ is
introduced instead of the notation v∞ of Ref. [31] to be
consistent with the current literature [see Eq. (10.10) [40] ].)

A. PN-expanded χ loc for scalar-tensor theories

Let us now first compute the radial momentum p̂r as a
function of u ¼ 1=r̂, orbital angular momentum, and
energy, that would then be used to compute the explicit
integral of Eq. (3.5). This is obtained by iteratively solving
in p̂2

r the EOB energy conservation law, Ê2
eff ¼ Ĥ2

eff [see
Eq. (2.13)],

Ê2
eff ¼ AðuÞ

�
1þ p̂2

r

BðuÞ þ j2u2 þ q3ðνÞp̂4
ru2

�
; ð3:7Þ

which yields

p̂2
rðĒ; j; uÞ ¼ ½p̂2

r �0 þ ½p̂2
r �1η2 þ ½p̂2

r �2η4 þ ½p̂2
r �3η6

þOðη8Þ ð3:8Þ

with η ∼ 1=c as a PN-order marker. The Newtonian order
contribution to p̂2

r is

½p̂2
r �0 ¼ 2Ē − j2u2 þ 2u: ð3:9Þ

The explicit expressions of p̂2
r and hence p̂r up to 3PN

order in ST theory are given in Supplemental Material [41].
This kind of formal PN expansion of p̂r, and hence the

expansion of the integrand of Eq. (3.5) along with the PN
expansion of the upper limit function uðmaxÞ, generates a
sequence of divergent integral on the limit ½0; uðmaxÞ�.
However, it was shown in [42] that the correct value of
a PN expanded integral such as that of Eq. (3.5) is obtained
by first using the Newtonian limit of uðmaxÞ as the upper
limit of the integral, PN-expanding only the integrand, and
taking the Hadamard partie finie (Pf) of the divergent
integrals generated. The upper limit of the integral, uðmaxÞ,
is the positive root closest to zero corresponding to the
circular motion of Eq. (3.7), i.e.,

Ê2
eff ¼ AðuÞð1þ j2u2Þ; ð3:10Þ

and at the Newtonian level it reads

uðmaxÞ ¼
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2Ēj2

p
j2

þO
�
1

c2

�
: ð3:11Þ

The integrals of Eq. (3.5) for ST theories can all be
explicitly computed using the standard techniques (see
Ref. [43]) except for one logarithmic integral arising at 3PN
order. To simplify the expressions of the scattering angle,
we introduce an auxiliary variable2

α ¼ 1ffiffiffiffiffiffiffiffiffiffi
2Ēj2

p ð3:12Þ

and a function

BðαÞ ¼ arctanðαÞ þ π

2
: ð3:13Þ

The scattering angle for local contribution 1
2
χloc up to 3PN

order can be decomposed as a sum of contributions from
each PN order, i.e.,

1

2
χðNÞloc ¼ BðαÞ − π

2
; ð3:14Þ

1

2
χð1PNÞloc ¼ 1

j2
½CB

ð1PNÞBðαÞ þ C0
ð1PNÞ�; ð3:15Þ

1

2
χð2PNÞloc ¼ 1

j4
½CB

ð2PNÞBðαÞ þ C0
ð2PNÞ�; ð3:16Þ

1

2
χð3PNÞloc ¼ 1

j6
½CB

ð3PNÞBðαÞ þ C0
ð3PNÞ� þ Iχ ; ð3:17Þ

2Note that the parameter α defined here is different from the ST
parameters αJ , αðφÞ, and α0.
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where

CB
ð1PNÞ ¼

1

2
f−a2;ST þ b1;STg þ 3;

C0
ð1PNÞ ¼

1

2αð1þ α2Þ f−α
2a2;ST þ α2b1;ST þ b1;STg þ

3α2 þ 2

αð1þ α2Þ ;

CB
ð2PNÞ ¼

1

4α2

�
105α2 − 3α2a2;STb1;ST − 42α2a2;ST þ

3

2
α2ða2;STÞ2 − 6α2a3;ST − 2a2;ST þ 9α2b1;ST þ 3α2b2;ST −

3

4
α2b21;ST

þ b1;ST þ b2;ST −
b21;ST
4

þ 15þ ð−30α2 − 6Þν
�
;

C0
ð2PNÞ ¼

1

4αð1þ α2Þ2
�
81αþ 190α3 þ 105α5 − 3α5a2;STb1;ST − 5α3a2;STb1;ST − 2αa2;STb1;ST − 42α5a2;ST þ

3

2
α5a22;ST

− 6α5a3;ST − 72α3a2;ST þ
5

2
α3a22;ST − 10α3a3;ST − 26αa2;ST − 4αa3;ST þ 9α5b1;ST þ 3α5b2;ST −

3

4
α5b21;ST

þ 16α3b1;ST þ 6α3b2;ST −
3

2
α3b21;ST þ 7αb1;ST þ 3αb2;ST −

3

4
αb21;ST þ ð−30α5 − 56α3 − 26αÞν

�
;

CB
ð3PNÞ ¼

1

α4

�
9ν2

8
−
3ν

2
−
3q3;ST
16

�
þ 1

α2

�
3

32
a2;STb21;ST −

21a2;STb1;ST
8

−
3a2;STb2;ST

8
þ 9νa2;ST

4
þ 3a22;ST

2
−
273a2;ST

8

−
3a3;STb1;ST

8
−
27a3;ST

4
−
3aloc4;ST

4
−
3b1;STb2;ST

8
þ 3νb1;ST

2
þ 3b31;ST

32
−
3b21;ST
16

þ 45b1;ST
8

þ 9b2;ST
4

þ 3bloc3;ST

4
þ 45ν2

4

þ 123π2ν

128
− 109ν −

9qloc3;ST

8
þ 315

4

�
þ 15a2;STa3;ST

4
þ 15

16
a22;STb1;ST þ

15

32
a2;STb21;ST −

105a2;STb1;ST
8

−
15a2;STb2;ST

8

þ 75νa2;ST
4

−
1

16
5a32;ST þ

195a22;ST
8

−
1485a2;ST

8
−
15a3;STb1;ST

8
−
135a3;ST

4
−
15aloc4;ST

4
−
5b1;STb2;ST

8
þ 5b31;ST

32

þ 175b1;ST
8

−
15b21;ST
16

þ 25b2;ST
4

þ 5bloc3;ST

4
þ 105ν2

8
þ 615π2ν

128
−
625ν

2
−
15qloc3;ST

16
þ 1155

4
;

C0
ð3PNÞ ¼

1

ð1þ α2Þ3
�
α5
�
15a2;STa3;ST

4
þ 15

16
a22;STb1;ST þ

15

32
a2;STb21;ST −

105a2;STb1;ST
8

−
15a2;STb2;ST

8

þ ν

�
75a2;ST

4
þ 615π2

128
−
625

2

�
−

1

16
5a32;ST þ

195a22;ST
8

−
1485a2;ST

8
−
15a3;STb1;ST

8
−
135a3;ST

4
−
15aloc4;ST

4

−
5b1;STb2;ST

8
þ 5b31;ST

32
þ 175b1;ST

8
−
15b21;ST
16

þ 25b2;ST
4

þ 5bloc3;ST

4
þ 105ν2

8
−
15qloc3;ST

16
þ 1155

4

�

þ α3
�
10a2;STa3;ST þ ν

�
209a2;ST

4
þ 3b1;ST

2
þ 1763π2

128
−
2827

3

�
þ 5

2
a22;STb1;ST þ

43

32
a2;STb21;ST −

301a2;STb1;ST
8

−
43a2;STb2;ST

8
−
1

6
5a32;ST þ

133a22;ST
2

−
4233a2;ST

8
−
43a3;STb1;ST

8
−
387a3;ST

4
−
43aloc4;ST

4
−
49b1;STb2;ST

24
þ 49b31;ST

96

þ 1535b1;ST
24

−
43b21;ST
16

þ 227b2;ST
12

þ 49bloc3;ST

12
þ 185ν2

4
−
29qloc3;ST

8
þ 3395

4

�

þ α

�
33a2;STa3;ST

4
þ ν

�
189a2;ST

4
þ 4b1;ST þ

1681π2

128
−
2939

3

�
þ 33

16
a22;STb1;ST þ

41

32
a2;STb21;ST −

287a2;STb1;ST
8

−
41a2;STb2;ST

8
−

1

16
11a32;ST þ

461a22;ST
8

−
3995a2;ST

8
−
41a3;STb1;ST

8
−
369a3;ST

4
−
41aloc4;ST

4
−
19b1;STb2;ST

8

þ 19b31;ST
32

þ 505b1;ST
8

−
41b21;ST
16

þ 79b2;ST
4

þ 19bloc3;ST

4
þ 60ν2 −

21qloc3;ST

4
þ 3381

4

�
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þ 1

α

�
2a2;STa3;ST þ ν

�
55a2;ST

4
þ 7b1;ST

2
þ 533π2

128
−
1153

3

�
þ 13

32
a2;STb21;ST þ

1

2
a22;STb1;ST −

95a2;STb1;ST
8

−
13a2;STb2;ST

8
þ 29a22;ST

2
−
1279a2;ST

8
−
13a3;STb1;ST

8
−
121a3;ST

4
−
13aloc4;ST

4
−
9b1;STb2;ST

8
þ 9b31;ST

32
−
13b21;ST
16

þ 179b1;ST
8

þ 31b2;ST
4

þ 9bloc3;ST

4
þ 135ν2

4
−
27qloc3;ST

8
þ 1221

4

�
þ 1

α3

�
−
a2;STb1;ST

2
− 6a2;ST − a3;ST −

b1;STb2;ST
6

þ ν

�
b1;ST −

69

2

�
þ b31;ST

24
þ 4b1;ST

3
þ 2b2;ST

3
þ bloc3;ST

3
þ 55ν2

8
−
13qloc3;ST

16
þ 64

3

��
: ð3:18Þ

Here for simplicity we do not substitute the values of the
ST corrections ai;ST, bi;ST, and qi;ST. The explicit expres-
sions of the corrections have been derived in Refs. [22–26].
Finally, the last contribution, Iχ , to the 3PN scattering

angle given in Eq. (3.17) is defined as the following
integral:

Iχ ¼ −
jalog4;ST

2
Pf

Z
uðmaxÞ

0

u4 lnðuÞ
ð2Ēþ 2u − j2u2Þ3=2 du; ð3:19Þ

where Pf denotes Hadamard’s partie finie regularization of
the divergent integral [44]. The above integral cannot be
solved explicitly using the standard techniques of integra-
tion; therefore, we simplify the integral by using suitable
integration by parts as

Iχ ¼ aST4;log
ð15α4 þ 18α2 þ 3Þ
16j6α2ðα2 þ 1Þ BðαÞ

þ alog4;ST
ð15α2 þ 13Þ
16ðα2 þ 1Þαj6 þ Iχ ; ð3:20Þ

where the last term is now a convergent integral defined as

Iχ ¼
2jalog4;ST

ð1þ 2j2ĒÞ
Z

uðmaxÞ

0

u3ðuj2 − 1Þ lnðuÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Ēþ 2u − j2u2

p du: ð3:21Þ

The integral of Eq. (3.21) cannot be expressed in terms
of the elementary functions. After a suitable change of
variables,

u ¼
ffiffiffiffiffiffi
2Ē

p

j
x0; ϵ≡ 2α ¼ 2

p∞j
; ð3:22Þ

Eq. (3.21) yields

Iχ ¼
16alog4;ST

ϵ2j6ð4þ ϵ2Þ Pf
Z

x0ðmaxÞ

0

ð2x0 − ϵÞx03ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x02 þ 2x0ϵ

p ln

�
2x0

ϵj2

�
dx0;

ð3:23Þ

where the upper limit x0ðmaxÞ ¼ϵ=2þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þϵ2=4

p
¼1þOðϵÞ.

This integral can be computed in a small ϵ expansion (i.e., a
large-j expansion) at fixed p∞ using the approach intro-
duced in Ref. [42] to compute the finite part of the real
integral. This is obtained by the following: (i) using
x0ðmaxÞ ¼ 1 as the upper limit of the integral; (ii) PN

expanding only the integrand; and (iii) taking the
Hadamard partie finie of the divergent integrals. We then
follow the steps of Ref. [31] to compute the j expansion of
the integral. Here, we display the first three contributions to
the integral in j expansion,

Iχ ¼
alog4;STĒ

j4
I4 þ

alog4;STĒ
1=2

j5
I5 þ

alog4;ST

j6
I6 þO

�
Ē−1=2

j7

�
;

ð3:24Þ

where

I4 ¼
π

16

�
7þ 6 ln

�
Ē
2j2

��
;

I5 ¼
ffiffiffi
2

p �
−2þ 8 lnð2Þ þ 2 ln

�
Ē
2j2

��
;

I6 ¼
π

32

�
77þ 30 ln

�
Ē
2j2

��
: ð3:25Þ

The higher order contributions can be computed following
the same approach.

B. Final expression of the local part of the 3PN
scattering angle in a large-j expansion

The result presented in Eq. (3.17) of the scattering angle
at the 3PN order is unexpanded in j except the integral Iχ of
Eq. (3.19). To compute this integral, we expressed it into a
simpler integral of Eq. (3.20). Then at the end of the last
subsection, we computed a large-j expansion of this
remaining part, Iχ , of the integral Iχ .
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Let us now present the large-j expansion χð3PNÞloc =2 given
by Eq. (3.17). Note that the auxiliary variable α entering the

exactly known part of the scattering angle at 3PN, χð3PNÞloc =2,
is dependent on j [see Eq. (3.12)]. As the contributions to

Iχ and hence Iχ given by Eq. (3.20) start at the 1=j4 order
in their large-j expansion, we here present the large-j

expansion of χð3PNÞloc =2 up to 1=j4,

χ3PN
2

¼ p4
∞

j2

�
−

3

32
πqloc3;ST þ

9

16
πν2 −

3

4
πν

�
þ p3

∞

j3

�
−
a2;STb1;ST

2
− 6a2;ST − a3;ST −

b1;STb2;ST
6

þ νb1;ST þ
b31;ST
24

þ 4b1;ST
3

þ 2b2;ST
3

þ bloc3;ST

3
þ 8ν2 − 36ν − qloc3;ST þ

64

3

�
þ p2

∞

j4

�
3

64
πa2;STb21;ST −

21

16
πa2;STb1;ST

−
3

16
πa2;STb2;ST þ

9

8
πνa2;ST þ

3πa22;ST
4

−
273πa2;ST

16
−

3

16
πa3;STb1;ST −

27πa3;ST
8

−
3πaloc4;ST

8
þ 3πalog4;ST

32

−
3

16
πb1;STb2;ST þ

3

4
πνb1;ST þ

3πb31;ST
64

−
3πb21;ST
32

þ 45πb1;ST
16

þ 9πb2;ST
8

þ 3πbloc3;ST

8
þ 45πν2

8
þ 123π3ν

256

−
109πν

2
−
9πqloc3;ST

16
þ 315π

8
þ πalog4;ST

32

�
7þ 6 ln

�
Ē
2j2

���
þO

�
1

j5

�
: ð3:26Þ

IV. NONLOCAL CONTRIBUTIONS TO THE
SCATTERING ANGLE

In this section, we compute the leading order (LO)
nonlocal contributions to the scattering angle using the
order-reduction approach of Ref. [38] for bound orbits.
This approach has recently been used to derive the nonlocal
contributions to the EOBmetric potentials for bound orbits in
ST theories [25,26]. Here, we will use this approach for
hyperboliclike orbits in ST theories following Refs. [31,45].
As the tail contribution to the Hamiltonian starts at 3PN

order in ST theory, one can compute the LO contribution to
the scattering angle χnonloc by considering the Hamiltonian

H ¼ HN þHtail; ð4:1Þ

where HN is the Newtonian-order Hamiltonian and Htail is
the LO tail contribution [18], as only the Newtonian order
radial momentum is required for computing the 3PN LO
tail contribution to the scattering angle. The Newtonian
order contribution to the Hamiltonian in dimensionless
variables given in Eq. (2.14) reads

HN

μ
¼ 1

2

�
p̂2
r þ

j2

r̂2

�
−
1

r̂
: ð4:2Þ

For simplicity we work in M ¼ 1 units such that μ ¼ ν in
this section.
From Sec. III, let us recall the formula of the scattering

angle derived using the general Hamilton-Jacobi approach,

χðĒ; jÞ ¼ −
∂

∂j

Z
p̂rðĒ; j; r̂Þdr̂; ð4:3Þ

where the radial momentum function, p̂rðĒ; j; rÞ, is first
computed by solving for p̂2

rðĒ; j; rÞ the energy conserva-
tion law,

Ē ¼ Hðr̂; p̂r; jÞ
ν

¼ 1

2

�
p̂2
r þ

j2

r̂2

�
−
1

r̂
þHtail

ν
: ð4:4Þ

At LO in tail, the solution of the equation in p̂r is

p̂r ¼ p̂0
r −

1

p̂0
r

Htailðr̂; p̂0
r ; jÞ

ν
; ð4:5Þ

where p̂0
r is the Newtonian contribution [see Eq. (3.9)].

Inserting the solution in Eq. (4.3), we obtain

χðĒ; jÞ ¼ −
∂

∂j

Z
p̂0
rðĒ; j; r̂Þdrþ

∂

∂j

Z
dr
p̂0
r

Htailðr̂; p̂r; jÞ
ν

;

ð4:6Þ

where the first term is the Newtonian order contribution to
the scattering angle derived in Eq. (3.14). Then the nonlocal
contribution to the scattering angle reads

χnonloc ¼
1

ν

∂

∂j
WtailðĒ; jÞ; ð4:7Þ

where

Wtail ¼
Z

dr̂
p̂0
r
Htailðr̂; p̂r; jÞ ¼ ⟦

Z
dtHtail⟧: ð4:8Þ

In the second expression we have used the property that the
time localized Hamiltonian is simply obtained by using the
solutions of the Newtonian-level Hamilton’s equation for
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the phase space variables (see Ref. [31] for the hyperbolic
case and Ref. [38] for the elliptic case), and that dr̂=p̂0

r ¼
dt is along the Newtonian Hamiltonian flow.
The LO tail contribution to the Hamiltonian in ST

theories in the Jordan-frame conventions reads [18]

Htail
LO ¼−

2

3
ð3þ2ω0ÞPf2s1=c

Z
∞

−∞

dτ
jτjI

ð2Þ
s;i ðtÞIð2Þs;i ðtþ τÞ; ð4:9Þ

where Pf is the Hadamard partie finie function with the

Hadamard partie finie scale s1 and Ið2Þs;i is the second time
derivative of the scalar dipole moment, Is;i. In the center-of-
mass (COM) frame, the scalar dipole moment in DEF
conventions is

Is;i ¼ να0ðαB − αAÞx̂i; ð4:10Þ

where α0 is the asymptotic value of Eq. (2.2) at φ ¼ φ0, and
αA and αB are given in Table I. Here, x̂ið¼ðZA − ZBÞiÞ=
ðGABMÞ is the dimensionless relative separation vector and
ZA;B indicate the positions of the two bodies.
Thus the LO potential Wtail is

Wtail ¼
Z

dtHtail
LO; ð4:11Þ

where Htail
LO is given in Eq. (4.9).

In Refs. [25,26], using Kepler’s equations for elliptic
orbits it is shown that the scalar dipole moment is a periodic
function in the action-angle variables, and hence can be
decomposed into Fourier series. Here, we are considering

hyperbolic motions; therefore, the Cartesian coordinates
are parametrized as

xðtÞ ¼ −aðcosh ū − eÞ; ð4:12Þ

yðtÞ ¼ −a
ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2 − 1

p
sinh ū; ð4:13Þ

and the hyperbolic Kepler equation is

n̄t ¼ e sinh ū − ū; ð4:14Þ
where e is the eccentricity, a is the semimajor axis, ū is the
eccentric anomaly, and

n̄ ¼ 1

ā3=2
; ā ¼ −a ¼ 1

2Ē
: ð4:15Þ

Similar to Fourier series expansion of the scalar dipole
moment for elliptic orbits in Refs. [24,26], the scalar dipole
moment for hyperbolic motions can also be decomposed
into Fourier series, i.e.,

Is;iðtÞ ¼
Z

dω
2π

Ĩs;iðωÞe−iωt;

Ĩs;iðωÞ ¼
Z

dtIs;iðtÞeiωt; ð4:16Þ

where Ĩs;iðωÞ is the Fourier transform of the scalar dipole
moment.
Inserting the Fourier transformation of the scalar dipole

moment [and τ ¼ GABMðt0 − tÞ]3 in Eq. (4.11) and con-
verting to DEF conventions yields

Wtail ¼ −
1

ð1þ αAαBÞ2
2

3α20

Z
dtPf2ŝ1=c

Z
dt0

jt − t0j
Z

dω
2π

dω0

2π
ω2ω02Ĩs;iðωÞĨs;iðω0Þe−iωte−iω0t0

¼ −
2

3α20ð1þ αAαBÞ2
Pf2ŝ1=c

Z
dt0

jt − t0j
Z

dω
2π

dω0

2π
ω2ω02Ĩs;iðωÞĨs;iðω0Þe−iω0 τ̂2πδðωþ ω0Þ

¼ −
2

3α20ð1þ αAαBÞ2
Pf2ŝ1=c

Z
dt0

jt − t0j
Z

dω
2π

ω4Ĩs;iðωÞĨs;ið−ωÞeiωτ̂

¼ −
2

3α20ð1þ αAαBÞ2
Z

dω
2π

ω4Ĩs;iðωÞĨs;ið−ωÞPf2ŝ1=c
Z

dτ̂
jτ̂j e

iωτ̂: ð4:17Þ

The partie finie integral of the last term in the above
equation is (see Ref. [46])

Pf2ŝ1=c

Z
∞

−∞

dτ
jτj e

iωτ ¼ −2 ln
�
2jωjŝ1eγEuler

c

�
; ð4:18Þ

where γEuler is Euler’s Gamma. Inserting Eq. (4.18) into
Eq. (4.17) gives the Fourier-domain formula for the
potential

Wtail ¼ 8

3α20ð1þ αAαBÞ2
Z

∞

0

dω
2π

ω4Ĩs;iðωÞĨ�s;iðωÞ

× ln

�
2jωjŝ1eγEuler

c

�
; ð4:19Þ

where Ĩs;ið−ωÞ ¼ Ĩ�s;iðωÞ.

3Here, the dimensionless variable τ̂ ¼ τ
GAB

and t ¼ T
GABM

.
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To compute the explicit expression of Eq. (4.19) of
potential Wtail in terms of Ē and j, we insert the Fourier
transform of the scalar dipole moment. For this, we
evaluate the Fourier transforms of ðx; yÞ for hyperbolic
orbits, i.e.,

x̃ðωÞ ¼
Z

dt eiωtxðtÞ;

ỹðωÞ ¼
Z

dt eiωtyðtÞ: ð4:20Þ

After inserting Eqs. (4.12)–(4.14) into Eq. (4.20) and
using the definition of Hankel functions of first kind Hð1Þ

p0
[see Eq. (9.1.25) of [47] ],Z

∞

−∞
eq

0 sinh ξ−p0ξ ¼ iπHð1Þ
p0 ðq0Þ; ð4:21Þ

we find the Fourier transform of ðx; yÞ. The computation
gives

x̃ðωÞ ¼ πa
ω

�
p0
ω

q0ω
Hð1Þ

p0
ω
ðq0ωÞ −Hð1Þ

p0
ωþ1

ðq0ωÞ
�
; ð4:22Þ

ỹðωÞ ¼ −
πa
ωe

ffiffiffiffiffiffiffiffiffiffiffiffiffi
e2 − 1

p
Hð1Þ

p ðqÞ; ð4:23Þ

where for our case

q0 ¼ q0ω ¼ ie
ω

n̄
; p0 ¼ p0

ω ¼ q0ω
e
: ð4:24Þ

We then consider the Fourier transform of ðx; yÞ in the
large-j limit which is equivalent to the large-e limit as
e ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2Ēj2

p
. The large-e limit of Eqs. (4.22) and (4.23)

yields

x̃ðωÞ ¼ −
πa
ω

Hð1Þ
1 ðigωÞ; ð4:25Þ

ỹðωÞ ¼ −
πa
ω

Hð1Þ
0 ðigωÞ; ð4:26Þ

where q0ω ¼ igω and gω ¼ e ω
n̄. The Hankel functions

evaluated at purely imaginary arguments are related to
modified Bessel functions Kν as [see Eq. (9.6.4) of [47] ]

K0ðx0Þ ¼ i
π

2
Hð1Þ

0 ðix0Þ; K1ðx0Þ ¼−
π

2
Hð1Þ

1 ðix0Þ: ð4:27Þ

Finally, inserting Eqs. (4.25)–(4.27) into Eq. (4.19) and
then taking the j derivative of potential Wtail, the explicit
expression of the scattering angle in the large-e limit yields

χtail3PN ¼ −
2πν

3

p2
∞

j4

�
2δþ þ γ̄ABðγ̄AB þ 2Þ

2

�

×

�
7þ 3 ln

�
p2
∞ŝ1
4j

��
; ð4:28Þ

where we recall that ŝ1 ¼ s1=ðGABMÞ is the dimensionless
regularization scale defining the near zone–far zone sep-
aration, δþ ¼ δAþδB

2
, and γ̄AB is defined in Table I.

V. SUMMING THE LOCAL
AND NONLOCAL CONTRIBUTIONS
TO χ 3PN IN A LARGE-j EXPANSION

In Sec. III, we first computed the local scattering angle
up to 3PN order, and then in Sec. IV we separately
computed the nonlocal contributions at the 3PN order.
The results at 1PN and 2PN levels were given in fully
explicit and exact forms. However, the results at the 3PN
order were obtained in the large-j expansion for both the
local contribution (due to the logarithmic term I χ) and the
nonlocal contribution. On combining the two separate 3PN
order contributions to the scattering angle at 3PN, we find

χðĒ;jÞð3PNÞ
2

¼p4
∞

j2
π

�
ν

�
−
3

4
−
15

64
γ̄2AB−

13

16
γ̄AB−

1

16
hβ̄iþ 1

16
hδi

�
þν2

�
3

8
γ̄AB−

3

16
hβ̄iþ 9

16

��

þp3
∞

j3

�
64

3
−
4

3
½hδiðγ̄ABþ2Þ−2γ̄ABðγ̄2ABþ6γ̄ABþ12Þ�þν

6
½−216þ4hβ̄ið8γ̄AB−3Þþ8γ̄ABδþ−6γ̄3AB

−93γ̄2AB−262γ̄AB−4XABγ̄ABβ−þ8hδi−57XABβ−þ2XABϵ−þ36βþþ4δþ−2ζ−2ϵþ�þ
ν2

3
½γ̄2ABþ22γ̄AB

−6hβ̄i−18βþþ4δþ−6ζþ2ϵþþ24�
�

þp2
∞

j4
π

�
315

8
þ 1

32
½4hδið−20γ̄ABþ12β3þþ12β2−βþ−35Þþhβ̄ið−187γ̄2AB−556γ̄ABþ12hδi−412Þþ16γ̄ABhϵi

þ236γ̄3ABþ1229γ̄2ABþ2148γ̄ABþ48hβ̄i2−8hκiþ24hϵiþ48β−ðβ2−þβ2þÞð18βþ−δþÞXAB−48β−δ−ðβ2−þβ2þÞ�
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þν

�
123π2

256
−
109

2
þ γ̄AB

�
49hβ̄i
4

−
3hδi
16

−
3β−XAB

4
þ39βþ

4
þδþ

2
−
21π2δþ
256

þ15ζ

4
−ϵþþ

225π2

512
−
3353

48

�

þ
�hβ̄i

4
þ15π2

256
−
2425

96

�
γ̄2ABþ

�
−
71

64
−
21π2

1024

�
γ̄3ABþ

�
δþþ

7

4
−
3

4
hβ̄i

�
hβ̄iþ

�
9β−XAB

2
þ81

4

�
βþ

þ9

4
ðβ2−þβ2þÞ−

�
17

12
þ21π2

128

�
δþþ

9

8
hδiþ

�
−
45β−
4

−
δ−
8
þ3ϵ−

8

�
XABþβ−δ−þ3ζþκþ

2
−
15ϵþ
8

þhκi
4
−
3

8
hϵi

þ
�
2δþþ

γ̄ABðγ̄ABþ2Þ
2

�
ln

�
2

p∞

�
−
3γ̄ABð11ðγ̄ABþ2Þ2−4hδiÞ

32αABðγ̄ABþ2Þ þ12ðβ2−−β2þÞhβ̄i
γ̄2AB

þβþð3hϵiþ4δ−XAB−8δþÞ
2γ̄AB

þβ−ðXABð4δþþ3ϵþÞ−8δ−−3ϵ−Þ
2γ̄AB

�

−
3

8
ν2½−γ̄2AB−16γ̄ABþ3−4β2−þ18βþ−4δþþ6ζ−2ϵþ−15�

�
; ð5:1Þ

where we use the notations of Refs. [24,25] with XA;B ≡
m0

A;B=M and

XAB ≡ XA − XB; ð5:2Þ

hβ̄i≡ −XABβ− þ βþ; ð5:3Þ

hκ̄i≡ −XABκ− þ κþ; ð5:4Þ

hδi≡ XABδ− þ δþ; ð5:5Þ

hϵi≡ −XABϵ− þ ϵþ: ð5:6Þ

Here, the subscript “�” denotes the symmetric and
antisymmetric parts of the ST parameters, e.g., z� ¼
ðzA � zBÞ=2. As the scattering angle is gauge invariant,
the arbitrary scale ŝ1 has been canceled between the two
contributions as expected.

VI. CONCLUSIONS

Building upon the results of [22–26] for the corrections
in the EOB metric coefficients ðA;B;QeÞ for massless
scalar-tensor theory for the conservative part of the dynam-
ics, we determined the scattering angle for hyperboliclike
orbits up to the 3PN order for both the local-in-time and the
nonlocal-in-time parts of the dynamics. First, we compute
the scattering angle for the local part of the dynamics by the
following: (i) deriving the radial momentum as a function
of u, orbital angular momentum, and energy by iteratively
solving the EOB energy conservation law; (ii) calculating
the scattering angle using the standard techniques of
Ref. [42] for solving divergent integrals arising in the
PN expansion of the radial momentum except the integral
Iχ at the 3PN order; and (iii) computing the integral Iχ by

using the appropriate integration by parts and expanding in
large-j the remaining integral after a change of variables
[31]. We then computed the total contribution to the 3PN
order scattering angle in the large-j expansion.
Then, we computed the nonlocal-in-time contribution by

using the approach introduced in Ref. [38] for GR of order
reducing (time localization) the Hamiltonian in small-
eccentricity case for hyperboliclike encounters [31,45].
Finally, we substituted the ST corrections of the metric
potentials (A;B;Qe) and sum both the local and the
nonlocal contributions in the large-j expansion at 3PN
order. As the first test of our results, we checked that
the scattering angle coincides with the scattering angle of
GR (see Ref. [31] for GR results) in the GR limit as
expected.
Another test we perform on our results is to study the

binary black hole in the limit in ST theories assuming that
the sensitivity for the stationary black hole holds for a
binary system. The sensitivity parameter (sA) for the
stationary black hole in the Jordan-frame conventions is
exactly sA ¼ 1

2
(see Refs. [48,49]), which in our conven-

tions4 implies that the parameter αA ¼ 0, and hence all
other ST parameters entering the scattering angle, vanishes
(see Table I). This shows that our results are indistinguish-
able with the results of GR under this assumption.
This paper must be seen as a first step to compute the

gauge-invariant scattering angle within the PN expansion
for massless scalar-tensor theories. In future work we will
address radiation reaction contributions to scattering.

4The Jordan-frame sensitivity (sA) is related to the parameter
αA as

sA ¼ 1

2
−

αA
2α0

: ð6:1Þ
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