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All the magnetically charged ultrastatic and spherically symmetric spacetime solutions in the framework
of linear/nonlinear electrodynamics, with an arbitrary electromagnetic Lagrangian densityLðF Þ depending
only of the electromagnetic invariant F ¼ FαβFαβ=4, minimally coupled to Einstein-scalar-Gauss-Bonnet
gravity [EsGB-LðF Þ], are found. We also show that a magnetically charged ultrastatic and spherically
symmetric EsGB-LðF Þ solution with invariant F having a strict global maximum value F 0 in the entire
domain of the solution, and such that L0 ¼ LðF 0Þ > 0, can be interpreted as an ultrastatic wormhole
spacetime geometry with throat radius determined by the scalar charge and the quantity L0. We provide
some examples, including Maxwell’s theory of electrodynamics (linear electrodynamics) LLED ¼ F ,
producing the magnetic dual of the purely electric Ellis-Bronnikov EsGB Maxwell wormhole derived in
[P. Cañate, J. Sultana, D. Kazanas, Phys. Rev. D 100, 064007 (2019)]; and the nonlinear electrodynamics

(NLED) models given by Born-Infeld LBI ¼ −4β2 þ 4β2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ F=ð2β2Þ

p
, and Euler-Heisenberg in the

approximation of the weak-field limit LEH ¼ LLED þ γF 2=2. With those NLED models, two novel
magnetically charged ultrastatic traversable wormholes (EsGB Born-Infeld and EsGB Euler-Heisenberg
wormholes) are presented as exact solutions without exotic matter in EsGB-LðF Þ gravity, and we show that
these solutions have in common the property that in the weak electromagnetic field region the magnetically
charged Ellis-Bronnikov EsGB Maxwell wormhole is recuperated.

DOI: 10.1103/PhysRevD.108.104048

I. INTRODUCTION

Wormholes are an interesting type of spacetimes which
arises from the geometrical description of gravity [1].
These involve a topological spacetime configuration in
the form of a shortcut that links two spacetimes or two
distinct regions of the same spacetime. The idea originates
from the work of Einstein and Rosen in 1935, with their
solution known as the Einstein-Rosen bridge [2], which is
basically the maximally extended Schwarzschild solution.
However, it quickly turned out that the “throat” of such a
wormhole is dynamic and hence nontraversable [3], mean-
ing that its radius expands to a maximum and quickly
contracts to zero so fast that even a photon cannot pass
through. Following this, interest in wormholes was revived
by the seminal work of Morris and Thorne in 1988 [4], who
discuss the construction of traversable wormholes (T-WHs)
within the general relativity (GR) context, and showed that
the throat of these wormholes can be kept open by some
form of “exotic” matter [5] having negative energy density,
and whose energy momentum tensor violates the null-
energy condition (NEC). This suggests that, at a classical

level, T-WHs of the Morris-Thorne type are forbidden in
general relativity because all know types of physically
reasonable matter satisfy the NEC.
Nevertheless, at the quantum level the need for NEC

violation is not in itself a big problem; quantum fields can
easily violate NEC [6]. From this perspective, recently,
using ideas from gauge/gravity duality, it has been shown
that quantum matter fields can provide the necessary
negative energy to keep the throat of the wormhole open
and thus achieve traversable wormholes (see Refs. [7,8] for
a review). More recently [9], it was shown that wormholes
can also be produced through a quantum tunneling event,
where a backreaction from quantum fields can make these
wormholes traversable.
Lately, in order to avoid the exotic matter issue in the

traversable Morris-Thorne wormholes at a classical level,
several modifications to GR have been explored,1 for
instance see Refs. [10–20]. More precisely, the necessity
of the presence of exotic matter in classical T-WHs can be
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1Modified theories of gravity have been developed primarily in
the hope of finding solutions to the several issues of current
observational astrophysics and cosmology (such as dark matter
and dark energy questions).
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circumvented in modified theories of gravity which contain
higher curvature corrections in their gravitational actions,
so that additional curvature degrees of freedom can support
such geometries. In order to do so, it is necessary that the
effect of the higher-order curvature terms leads to the
existence of spacetime regions with negative effective
energy density and can thus mimic the exotic matter
contribution required for T-WHs.
It should be pointed out that the most natural higher-

order curvature extension of D-dimensional general rela-
tivity, satisfying the criteria of general covariance and
leading to second order field equations for the metric, is
given by the Lanczos-Lovelock (LL) gravity theory [21],
which is defined by the action

SLL½gμν;ψ�¼
Z

dDx
ffiffiffiffiffiffi
−g

p �
1

16π

Xl
p¼0

αðpÞLðpÞðR;Rμν;RμνσβÞ
�

þSmatter½gμν;ψ�; ð1Þ

where the first term to the right side of the equation is
the Lovelock action for D-dimensional spacetimes with
metric signature ð−;þ;þ; � � � ;þÞ, while the second is the
usual action for the matter, where ψ represents schemati-
cally the matter fields. Here, LðpÞ are functions of the
curvature scalar R, and the curvature tensors Rμν, Rμναβ,
given by

Lð0Þ ¼ 1 and

LðpÞ ¼
1

2p
δ
μ1ν1μ2ν2���μpνp
β1σ1β2σ2���βpσp

Yp
j¼1

Rμjνj
βjσj ∀p ≠ 0; ð2Þ

where δ
μ1ν1μ2ν2���μpνp
β1σ1β2σ2���βpσp is the generalized totally antisymmet-

ric Kronecker delta,2 the parameters αðpÞ are coupling
constants, being αð0Þ ¼ −2Λ (cosmological constant),
αð1Þ ¼ 1, whereas fαðjÞglj¼2 are arbitrary constants of the
theory, and the parameter l is called the order of the
Lovelock gravity. Remarkably, the Lovelock gravity
besides being special because its field equations are still
second-order differential equations for the metric tensor
components gμν (as in GR), this theory has also gained
much importance because it appears as the low energy limit
of string theories, where the parameter αð2Þ (known as the
second order Lovelock coefficient) is proportional to the

inverse string tension [22], or related to the coupling
constant α0 in the string world sheet action [23].
Let us now sketch some reductions of the action (1).

First, notice that the generalized totally antisymmetric
Kronecker delta in Eq. (2) causes LðpÞ to become identi-
cally zero for all p > ½D=2� where ½D=2� denotes the
integral part of D=2, and then without loss of generality
one can always set l ¼ ½D=2�. The LðpÞ functions for
p ¼ 1, 2, 3 are Lð1Þ ¼ R, Lð2Þ ¼ R2 − 4RμνRμν þ
RμνσρRμνσρ and

Lð3Þ ¼ R3 − 12RRμνRμν þ 16RμνRμ
σRνσ þ 24RμνRσρRμσνρ

þ 3RRμνσρRμνσρ − 24RμνRμ
σργRνσργ

þ 4RμνσρRμνγηRσρ
γη − 8RμνσρRμ

γ
σ
ηR

νγρη: ð4Þ

First (l ¼ 1)- and second (l ¼ 2)-order curvature LL
gravity. Expanding the Lovelock action up to l ¼ 1 (for an
arbitrary value of D), the D-dimensional Einstein-Hilbert
action with cosmological constant is recovered; whereas,
working up to l ¼ 2 yields the D-dimensional Einstein-
Gauss-Bonnet (EGB) theory with cosmological constant,
which is defined by the action

SEGB½gμν;ψ� ¼
Z

dDx
ffiffiffiffiffiffi
−g

p �
1

16π
ðR − 2Λþ αGBR2

GBÞ
�

þ Smatter½gμν;ψ�; ð5Þ

where R2
GB stands for the quadratic Gauss-Bonnet (GB)

term (also known as Gauss-Bonnet invariant) defined by
R2
GB ¼ RσβμνRσβμν − 4RσβRσβ þ R2; while αGB is a dimen-

sionless coupling constant known as the Gauss-Bonnet
coefficient. So that, according with Eq. (1), Lð0Þ þ Lð1Þ
corresponds to the Einstein-Hilbert Lagrangian density
with cosmological constant, while Lð2Þ is the quadratic
Gauss-Bonnet term Lð2Þ ¼ R2

GB and αð2Þ ¼ αGB. In this
context, for D ≥ 5, D-dimensional Lorentzian wormhole3

solutions are investigated in Ref. [24].
It is worth stressing that inD ¼ 4 the quadratic curvature

term αGBR2
GB (with αGB finite) is a total derivative, and

hence does not contribute to the gravitational dynamics. In
fact, the Gauss-Bonnet term contribution to all the compo-
nents of modified Einstein’s field equations are propor-
tional to (D − 4), and therefore vanish identically atD ¼ 4,
see Refs. [25,26] for a discussion; whereas, in D ¼ 4 with
singular αGB (i.e. αGB ¼ α̃GB

D−4, being α̃GB ∈R) yields a
nontrivial case recently discussed in [27,28].
Summarizing, we can say that in four-dimensional

gravity the quadratic curvature term, αGBR2
GB (with regular

2The generalized totally antisymmetric Kronecker delta is
defined as

δ
μ1ν1μ2ν2���μpνp
β1σ1β2σ2���βpσp ¼ ð2pÞ!δ½μ1β1

δν1σ1δ
μ2
β2
δν2σ2 � � � δμpβpδ

νp�
σp

¼ ð2pÞ!δμ1½β1δ
ν1
σ1δ

μ2
β2
δν2σ2 � � � δμpβpδ

νp
σp�: ð3Þ 3I.e. higher-dimensional T-WHs of the Morris-Thorne type.
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αGB), does not modify the Einstein field equations.4

However, if a massless scalar field, ϕ, is coupled to the
GB term through a nontrivial well-defined coupling func-
tion5 f ðϕÞ, then the new field equations are substantially
different from the standard general relativity due to the
presence of the f ðϕÞ-Gauss-Bonnet (fGB) curvature tensor
(which will be introduced later). In this way arises one of
the best four-dimensional higher curvature gravity theories,
known as the Einstein-scalar-Gauss-Bonnet (EsGB)
theory.6 The general action for an EsGB theory in the
presence of a cosmological constant Λ, with an arbitrary
coupling function f ðϕÞ between the scalar field and the GB
term, is given by

SEsGB½gμν;ϕ;ψ�

¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

16π

�
R− 2Λ−

1

2
∂αϕ∂

αϕþ f ðϕÞR2
GB

��
þSmatter½gμν;ψ�: ð8Þ

Despite the presence of a quadratic curvature invariant
f ðϕÞR2

GB in the EsGB action, the resulting field equations
arising from the variation of this action with respect to the
metric are of second order and therefore avoid the
Ostrogradski instability and ghosts.
In similarity with LL theory, the EsGB gravity also arises

from the low energy limit of a heterotic string theory [29].
Furthermore, the EsGB gravity can be interpreted as a
subclass of Horndeski gravity [30,31] and also arise from
an effective field theory perspective [32,33]. As a conse-
quence of the above aspects, the predictions of the EsGB
theory are dramatically different from GR in high-curvature
regions, such as the early universe epochs, and the interior
of black holes, where it aims at resolving curvature
singularities. Indeed, the coupling between the GB term
and the scalar field is responsible for the fact that the black
holes in the EsGB gravity context can violate no-hair
theorems [34,35] and black holes with scalar hair arises; the
stability of those scalarized black holes has been addressed
in [36]. Also, free curvature singularity black holes (that

evade the Penrose singularity theorem [37]) have been
numerically derived in EsGB, see Ref. [38]. It is also
noticeable that the Gauss-Bonnet curvature tensor allows
the presence of regions with negative effective energy
densities [39], and one of the consequences is that
structures like T-WHs can be sustained without invoking
exotic matter. For instance, in [40] linearly stable T-WHs
were numerically derived with a coupling function given by
fðϕÞ ¼ e−γϕ with no need of exotic matter for supporting
the wormhole.
Recently [41], a number of novel T-WH solutions inEsGB

theory have been obtained numerically for several coupling
functions. Other numerically T-WHs have been obtained
earlier in Einstein-dilaton-Gauss-Bonnet theory [42], which
involve an exponential coupling between the scalar field
representing the dilaton and the Gauss-Bonnet term.
The construction of interesting exact solutions like black

holes or novel T-WHs in the framework of the EsGB
gravity, to date, has only been possible using nonlinear
electromagnetic fields as sources in the EsGB field equa-
tions (see Refs. [43–46]). Concretely, the nonlinear electro-
dynamics (NLED) theories are extensions of Maxwell’s
electromagnetism that suggest that the Lagrangian density
of the electromagnetic field depends in a nonlinear way on
the two electromagnetic invariants, F ¼ 2ðB2 − E2Þ and
G ¼ E · B, where E and B are the electric and magnetic
fields, respectively. Therefore, the most general NLED
Lagrangian density is characterized by an arbitrary function
LðF ;GÞ of the electromagnetic invariants, F and G.
For more details on these aspects see Refs. [47–51] (see
also [52] for a recent review) and references within. The
most simple LðF ;GÞ model corresponds to the linear case
(LED), given by

LLED ¼ F ð9Þ

which is known as Maxwell’s theory of electrodynamics.7

In 1933–1934 Born and Infeld (BI) constructed the first
nonlinear generalization of Maxwell’s electrodynamics for
strong fields, which was invented to ensure that electric
field self-energy of charged point particles is finite and,
therefore, a solution of the Maxwell’s electrodynamics
problem of point charges and their diverging self-energy is
proposed [47]. The proposed BI Lagrangian that depends
nonlinearly on the electromagnetic invariants F and G was
inspired in a finiteness principle for the electromagnetic
field magnitude (analogous to the special relativity theory

4The action (5) leads to the following modified Einstein’s field
equations in D-dimensional spacetime:

Gμν þ αGBHμν þ gμνΛ ¼ 8πTμν; ð6Þ
where Gνβ and Tνβ, respectively, are the components of Einstein
tensor and energy-momentum tensor of the matter fields; whereas

Hμν ¼ 2ðRRμν − 2RμσνβRσβ þRμσβγRν
σβγ − 2RμσRν

σÞ− 1

2
gμνR2

GB:

ð7Þ
In particular, Hμν vanishes identically in D ¼ 4.

5That is, f ðϕÞ ≠ constant, and f ðϕÞ∈ C2.
6This theory is also known as generalized Einstein-dilaton-

Gauss-Bonnet gravity.

7The Maxwell’s electrodynamics is one of the most notable
and experimentally verified classical field theories ever con-
structed. Since its formulation (about 1860), it has been the
source of remarkable predictions such as the electromagnetic
radiation. In addition, the Maxwell’s theory has served as a
keystone for the proposal of new theories, such as Einstein’s
theory of special relativity.
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that assumed an upper limit to the velocity of light), and has
the form

LBI ¼ 4β2

 
−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ F

2β2
þ G2

16β4

s !
; ð10Þ

where β is a constant which has the physical interpretation
of a critical field strength. Later, in 1935 Euler and
Heisenberg (EH) computed a complete effective action
describing nonlinear corrections to Maxwell’s theory due to
quantum electron-positron one-loop effects. In a nonper-
turbative form, it is given by

LEH ¼ LLED þ 1

8π2

Z
∞

0

e−m
2
eϱ

ϱ3

�
ðqeϱÞ2

Refcosh ðqeϱ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2F þ 2iG

p Þg
Imfcosh ðqeϱ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2F þ 2iG

p ÞgG −
2

3
ðqeϱÞ2F − 1

�
dϱ; ð11Þ

where me is the mass of the electron and qe is the
elementary charge. Writing LEH as a power series of F
and G yields

LEH ¼ LLED −
16α2

45m4
e

�
F 2

2
þ 7

8
G2

�
þOðF 3;G3;F 2G;FG2Þ; ð12Þ

where α ¼ q2e=ð4πÞ is the fine structure constant. Assuming
that the electromagnetic field is sufficiently small, and
taking into account the terms up to the quadratic order of F
and G, the EH Lagrangian is approximated by

LEH ¼ LLED þ γ

2
F 2 þ 7γ

8
G2 ð13Þ

which corresponds to the weak field approximation of
[50,51], and the coupling constant γ is written as γ ¼
− 16α2

45m4
e
. In addition to Born-Infeld and Euler-Heisenberg

theories, other types of LðF ;GÞ electrodynamics (contain-
ing such instances as power law [53,54], inverse [55,56],
exponential [57], rational [58], logarithmic [59], double
logarithmic [60] and other NLEDs) have been discussed in
the literature. They have been created for applications in
gravity and cosmology, as well as for a gravity/condensed
matter theory holographic description of certain strongly
coupled condensed matter systems [52].
The main objective of this article is to present a method

to generate magnetically charged ultrastatic nonexotic
traversable wormhole solutions in Einstein-scalar-Gauss-
Bonnet gravity coupled to LðF Þ electrodynamics (depend-
ing only on the invariant F ). In our case the fGB curvature
is what creates the necessary violation of the null-energy
condition required for the traversability of wormholes, thus,
in a sense, the effective negative energy density comes from
the geometry itself instead of the matter source as in GR.
In the next section we obtain the field equations for the
EsGB-LðF Þ gravity. Then in Sec. III the generic metric of a
static, spherically symmetric and asymptotically flat tra-
versable wormhole spacetime is presented, and we examine
the relation between traversability and the requirement of
exotic matter in GR and EsGB gravity contexts. In IV a

simple method to generate ultrastatic spherically symmetric
and asymptotically flat T-WH solutions without exotic
matter in EsGB-LðF Þ is presented, and some examples of
T-WHs supported by purely magnetic fields and fGB
curvature are displayed in V. This is followed by the
conclusion and discussion. In this paper we use units
where G ¼ c ¼ ℏ ¼ ϵ0 ¼ μ0 ¼ 1, and the metric signature
ð−þþþÞ. Greek indices run from 0 to 3 and Latin indices
run from 1 to 3.

II. BASIC FIELD EQUATIONS IN EINSTEIN-
SCALAR-GAUSS-BONNET-LðF Þ GRAVITY

In this section we shall briefly describe the dynamical
equations of Einstein-scalar-Gauss-Bonnet theory mini-
mally coupled to linear/nonlinear electrodynamics LðF Þ
acting as a source. The general action for an EsGB-LðF Þ
theory of gravity is given by

S½gμν;ϕ;Aα�¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

16π

�
R−

1

2
∂αϕ∂

αϕþf ðϕÞR2
GB

�

−
1

4π
LðF Þ

�
ð14Þ

which is basically the action (8) with Lmatter ¼
−LðF Þ=ð4πÞ, where LðF Þ is a function of the electro-
magnetic invariants F ≡ 1

4
FαβFαβ, where Fαβ ¼ 2∂½αAβ�

are the components of the electromagnetic field tensor
F ¼ 1

2
Fαβdxα ∧ dxβ, and Aα the components of the electro-

magnetic potential.
Using the notation LF ≡ dL

dF and ḟ ¼ df
dϕ (we shall use

similar notation for higher derivatives), the EsGB-LðF Þ
field equations arising from varying the action (14) with
respect to the metric tensor gμν, the electromagnetic
potential Aα and the scalar field ϕ, are given by

Gα
β þ Θα

β ¼ 8πðEα
βÞSF þ 8πTα

β ð15Þ

∇μðLFFμνÞ ¼ 0 ¼ dF ð16Þ

∇2ϕþ ḟ ðϕÞR2
GB ¼ 0; ð17Þ
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where Gα
β ¼ Rα

β − R
2
δα

β are the components of the
Einstein tensor, whereas the quantities Θα

β, ðEα
βÞSF and

Tα
β are defined by

Θα
β ¼ 1

2
ðgαρδλβ þ gαλδρβÞημλνσR̃ρξ

νσ∇ξ∂μf ðϕÞ ð18Þ

8πðEα
βÞSF ¼ −

1

4
ð∂μϕ∂μϕÞδαβ þ

1

2
∂αϕ∂

βϕ ð19Þ

8πTα
β ¼ 2LFFαμFβμ − 2Lδαβ ð20Þ

with R̃ργ
μν ¼ ηργστRστμν ¼ ϵργστRστμν=

ffiffiffiffiffiffi−gp
. Thus, the quan-

titiesΘα
β are the components of a tensor whichwe refer to as

the fGBcurvature tensor, since that captures the contribution
to the spacetime curvature due to the effects of the fGB term
in the action; ðEα

βÞSF are the components of the canonical
energy-momentum tensor of the massless scalar field ϕ,
while Tα

β are the components of the energy-momentum
tensor associated with the LðF Þ electrodynamics.
The structure of the field equation (15) motivates the

definition of the effective energy-momentum tensor, Eα
β, as

8πEα
β ¼ 8πðEα

βÞSF − Θα
β þ 8πTα

β, thus, the field equa-
tion (15) can be written in a GR-like form as Gα

β ¼ 8πEα
β.

Now, we focus on obtaining the relevant motion
equations of the EsGB-LðF Þ system (without cosmologi-
cal constant) for a static and spherically symmetric space-
time with a magnetic field as the source. To do this, we
assume the static and spherically symmetric spacetime
metric in standard coordinates ðt; r; θ;φÞ, also known as
Schwarzschild like coordinates, is given by

ds2 ¼ −eAðrÞdt2 þ eBðrÞdr2 þ r2ðdθ2 þ sin2θdφ2Þ ð21Þ

with AðrÞ and BðrÞ unknown functions to be determined,
and also the scalar field is static and spherically symmetric,
ϕ ¼ ϕðrÞ. Taking into account the line element (21), the
nonvanishing components of the Einstein tensor can be
expressed as

Gt
t¼ e−B

r2
ð−rB0−eBþ1Þ; Gr

r¼ e−B

r2
ðrA0−eBþ1Þ;

Gθ
θ ¼Gφ

φ ¼ e−B

4r
ðrA02− rA0B0 þ2rA00 þ2A0−2B0Þ; ð22Þ

where the prime 0 denotes the derivative with respect to the
radial coordinate r (i.e. A0 ¼ dA

dr). For the nontrivial com-
ponents of the energy-momentum tensor of self-interacting
scalar field we have

8πðEt
tÞSF ¼ 8πðEθ

θÞSF ¼ 8πðEφ
φÞSF ¼ −8πðEr

rÞSF
¼ −

1

4
e−Bϕ02: ð23Þ

The nonvanishing components of the fGB curvature
tensor are

Θt
t ¼ e−2B

4r2

n
16ðeB − 1Þ̈fϕ02

− 8½ðeB − 3ÞB0ϕ0 − 2ðeB − 1Þϕ00�ḟ
o

ð24Þ

Θr
r ¼ 8ðeB − 3Þe−2BA0ϕ0 ḟ

4r2
ð25Þ

Θθ
θ ¼ Θφ

φ

¼ −
e−2B

4r

n
8A0 ̈fϕ02 þ 4½ðA02 þ 2A00Þϕ0

þ ð2ϕ00 − 3B0ϕ0ÞA0�ḟ
o
: ð26Þ

Regarding the electromagnetic field tensor, since the
spacetime is static and spherically symmetric, then the only
nonvanishing terms are the electric component Ftr ¼ EðrÞ
and the magnetic component Fθφ ¼ Bðr; θÞ. However,
in this work, we can restrict ourselves to the purely
magnetic field, i.e. Ftr ¼ 0 and Fθφ ≠ 0. With this restric-
tion, the electromagnetic field tensor has the form Fαβ ¼
ðδθαδφβ − δφαδθβÞFθφ. In this way, for a static and spherically
symmetric spacetime with line element (21), the general
solution of the equations ∇μðLFFμνÞ ¼ 0 is

Fθφ ¼ r4QðrÞ sin θ; ð27Þ

where QðrÞ is a function of r only. This means F ¼
r4QðrÞ sin θdθ ∧ dφ, and therefore dF¼ðr4QðrÞÞ0 sinθdr∧
dθ∧dφ¼0. This implies QðrÞ ¼ ffiffiffi

2
p

q=r4, where
ffiffiffi
2

p
q is

an integration constant associated with magnetic charge.
Hence, in the pure magnetic sector, the components of the
electromagnetic field tensor Fαβ and the invariant F are
given by

Fαβ ¼
ffiffiffi
2

p
q sin θðδθαδφβ − δφαδθβÞ; F ¼ q2

r4
: ð28Þ

Finally, the nonvanishing components of Tα
β for an arbitrary

LðF Þ function, considering the standard static and spheri-
cally symmetric line element ansatz (21) and a purely
magnetic field (28), are written as

8πTt
t ¼ 8πTr

r ¼ −2L;

8πTθ
θ ¼ 8πTφ

φ ¼ 2ð2FLF − LÞ: ð29Þ

After replacing the components (22)–(26) and (29), in the
field equation (15), we obtain
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Gt
t ¼ 8πEt

t ⇒ 4eBðrB0 þ eB − 1Þ ¼
h
r2eB þ 16ðeB − 1Þf̈

i
ϕ02 − 8

h
ðeB − 3ÞB0ϕ0 − 2ðeB − 1Þϕ00

i
ḟ þ 8r2e2BL ð30Þ

Gr
r ¼ 8πEr

r ⇒ 4eBð−rA0 þ eB − 1Þ ¼ −r2eBϕ02 þ 8ðeB − 3ÞA0ϕ0 ḟ þ 8r2e2BL ð31Þ

Gθ
θ ¼ 8πEθ

θ ⇒ eB
h
rA02 − 2B0 þ ð2 − rB0ÞA0 þ 2rA00

i
¼ −reBϕ02 þ 8A0 ̈fϕ02 þ 4½ðA02 þ 2A00Þϕ0 þ ð2ϕ00 − 3B0ϕ0ÞA0�ḟ − 8re2BðL − 2FLF Þ: ð32Þ

The equation of motion for the scalar field, Eq. (17), can be
written as

2rϕ00 þ ð4þ rA0−rB0Þϕ0

þ4e−B ḟ
r

½ðeB−3ÞA0B0− ðeB−1Þð2A00 þA02Þ� ¼ 0: ð33Þ

This ends the general treatment of the static, spherically
symmetric and pure magnetic solutions in EsGB-LðF Þ.

III. THE GENERIC METRIC OF A STATIC,
SPHERICALLY SYMMETRIC AND

ASYMPTOTICALLY FLAT TRAVERSABLE
WORMHOLE SPACETIME

In accordance with [4,5], the generic metric of a
(3þ 1)-dimensional static, spherically symmetric and
asymptotically flat traversable wormhole spacetime of
the Morris-Thorne type is given by

ds2 ¼ −e2ΦðrÞdt2 þ dr2

1 − bðrÞ
r

þ r2dΩ2; ð34Þ

where ΦðrÞ and bðrÞ are smooth functions, respectively
known as redshift function (since this gives a measure of
the gravitational redshift) and shape function (since this
determines the topological configuration of the spacetime).
Moreover, the WH spacetime is characterized by the
existence of a throat, where this is a two-sphere of radius
r0 satisfying bðr0Þ ¼ r0, acting as a membrane connecting
the two sides of the WH. The range of the r coordinate, is
r∈ ½r0;∞Þ. Therefore, here the coordinate r has a special
geometric interpretation, such that 4πr2 is the area of a
sphere centered on the WH throat. On the other hand, as
was shown in Refs. [4,5], for the WH to be traversable, the
fulfilling of the following conditions is required:

Wormhole domain∶ 1 −
bðrÞ
r

> 0 ∀ r > r0 ð35Þ

Absence of horizons∶ e2ΦðrÞ ∈Rþ − f0g ∀ r ≥ r0 ð36Þ

Flare-out condition∶ b0ðrÞjr¼r0 < 1 ð37Þ

AF spacetime∶ lim
r→∞

ΦðrÞ ¼ 0 and lim
r→∞

bðrÞ
r

¼ 0; ð38Þ

where, as well as in Eq. (22), the prime 0 denotes derivative
with respect to r.
Let us identify the metrics (21) and (34), that is eAðrÞ ¼

e2ΦðrÞ and eBðrÞ ¼ ð1 − bðrÞ
r Þ−1 and consider the null vector

n ¼ e−ΦðrÞ∂t þ ð1 − bðrÞ
r Þ12∂r, written as a linear combina-

tion of elements of a basis f∂t; ∂r;∂θ; ∂ϕg of vector space,
whereas fdt; dr; dθ; dϕg is a basis of dual vector space,
such that dxαð∂βÞ ¼ ∂βðdxαÞ ¼ δαβ . We can see that n is

a null vector since ds2ðn; nÞ ¼ gαβnαnβ ¼ 0. Using (22)
and assuming the flaring out condition is fulfilled [i.e.
b0ðr0Þ < 1], after contracting the Einstein tensor with n and
evaluating at r ¼ r0, yields

Gαβnαnβjr¼r0 ¼ðGr
r−Gt

tÞjr¼r0 ¼
1

r20
½b0ðr0Þ−1�< 0: ð39Þ

Below, let us examine the effects of inequality (39) in the
gravity contexts of GR and EsGB-LðF Þ.

(i) Traversability of wormhole and violation of null
energy condition (NEC) in GR. Let us consider the
construction of a T-WH solution (34), in the context
of GR. Then, demanding the fulfillment of the
Einstein field equations Gαβ ¼ 8πTαβ, the condition
(39) implies that

Tαβnαnβjr¼r0 < 0: ð40Þ

This yields that in GR the NEC (which establishes
that for any null vector nα, Tαβnαnβ ≥ 0) is violated
for a T-WH spacetime. Therefore, in GR the fulfill-
ment of the flaring out condition, which is consid-
ered fundamental for a T-WH, implies the existence
of exotic matter (i.e. matter whose energy momen-
tum tensor violates the NEC). In summary, in the GR
context, the violations of the energy conditions at
wormhole throats are unavoidable.

(ii) Traversability of wormhole and fulfillment of NEC
in EsGB-LðF Þ. Now, with regards to EsGB-LðF Þ,
the field equation (15) has an analogous structure to
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those in GR with a effective energy-momentum
tensor given by 8πEαβ¼8πðEαβÞSF−Θαβþ8πTαβ.
In the same way as (39), us to calculate Eαβnαnβ

using the null vector n ¼ e−ΦðrÞ∂t þ ð1 − bðrÞ
r Þ12∂r.

Thus, one finds that

8πEαβnαnβ ¼ 8π
h
ðEr

rÞSF − ðEt
tÞSF
i
− ½Θr

r − Θt
t�

þ 8π½Tr
r − Tt

t�: ð41Þ

From (29) it follows that Tr
r − Tt

t ¼ 0, and hence

8πEαβnαnβ ¼ 8π
h
ðEr

rÞSF − ðEt
tÞSF
i
− ½Θr

r − Θt
t�:

ð42Þ

Taking advantage of the structure of the EsGB field
equation (15) and using (39), we conclude that in
EsGB-LðF Þ theory (in the pure magnetic sector), for
a traversable wormholes spacetime (34), the flaring
out condition (37) implies that

8πEðeffÞ
αβ nαnβjr¼r0 ¼ 8π

h
ðEr

rÞSF − ðEt
tÞSF
i			

r¼r0

− ½Θr
r − Θt

t�jr¼r0 < 0: ð43Þ

But, according to (23), if the scalar field is real
defined [ϕðrÞ∈R] in the whole T-WH spacetime,
this yields

ðEr
rÞSF− ðEt

tÞSF¼
1

2

�
1−

bðrÞ
r

�
ϕ02> 0 ∀r≥ r0;

ð44Þ

hence, the fGB curvature is solely responsible for
fulfilling the inequality (43). Therefore, in the
framework of EsGB-LðF Þ gravity, the existence
of nonexotic static and spherically symmetric tra-
versable wormhole solutions is not ruled out. Now
we are ready to present a general procedure to derive
ultrastatic T-WH spacetime solutions supported by
nonexotic matter in this modified gravity context.

IV. A SIMPLE METHOD TO GENERATE
ULTRASTATIC SPHERICALLY SYMMETRIC

AND ASYMPTOTICALLY FLAT TRAVERSABLE
WORMHOLES WITHOUT EXOTIC

MATTER IN EsGB−LðF Þ
We start by mentioning some general aspects about the

ultrastatic spherically symmetric and asymptotically flat
spacetimes. A spacetime is called ultrastatic if it admits an
atlas of charts in which the metric tensor takes the form

ds2 ¼ −dt2 þ gjldxjdxl ð45Þ

in some coordinate system fxαg3α¼0 ¼ ðt; fxlg3l¼1Þ, where
the Latin indices label spatial coordinates only, where t is
the time relative to a free-falling observer moving with
four-velocity uα ¼ −gαβ∂βt, and where the metric coeffi-
cients gjl are independent of the time coordinate t. In an
ultrastatic spacetime the only nonvanishing Christoffel
symbols are Γi

jl (and their partial derivatives with respect
to spatial coordinates), see Ref. [61] for details. In other
words, computing the Christoffel symbols for the metric
(45), we get

Γ0
αβ ¼ Γα

β0 ¼ ∂0Γi
jl ¼ 0 ð46Þ

which implies that the only components of the Riemann
tensor Rα

βμν, of the metric (45), that do not vanish
identically, coincide with those of the Riemann tensor
ð3ÞRα

βμν of the three-dimensional metric ð3Þds2 ¼ gjldxjdxl.
As a consequence, the differential geometrical properties of
ultrastatic spacetime (45) are completely determined by the
Riemannian metric induced on three-dimensional hyper-
surface t ¼ constant, ð3Þds2 ¼ gjldxjdxl (see Refs. [62–65]
for details).
For the particular case of interest, settingΦðrÞ ¼ 0 in the

line element ansatz (34) and preserving the conditions
(35)–(38), one arrives at the canonical metric for an
ultrastatic, spherical symmetric and asymptotically flat
T-WH spacetime.

A. Method to generate ultrastatic spherically
symmetric spacetime solutions in EsGB-LðF Þ

Below, the more general magnetically charged ultrastatic
and spherically symmetric spacetime solution of EsGB-
LðF Þ gravity is presented.
Method. Starting from an arbitrary LðF Þ model, the

following shape function

bðrÞ ¼ 8r4LðF Þ − σ20
4r

with F ¼ q2

r4
; ð47Þ

where σ0 and q are real parameters (representing the scalar
and magnetic charge, respectively), determines a magneti-
cally charge ultrastatic and spherically symmetric space-
time metrics given by

ds2 ¼ −dt2 þ dr2

1 − bðrÞ
r

þ r2ðdθ2 þ sin2θdφ2Þ ð48Þ

which is an exact solution of EsGB-LðF Þ field equa-
tions (30)–(33), with EsGB theory determined by a mass-
less scalar field and coupling function (in terms of the radial
coordinate), given respectively by
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ϕðrÞ ¼
Z

r

r0

σ0
χ2

�
1 −

bðχÞ
χ

�
−1
2

dχ;

f ðrÞ ¼
Z

r

r0

ϕ0ðr̃Þḟ ðr̃Þdr̃ ð49Þ

with ḟ ðrÞ given by

ḟ ðrÞ¼ r3

σ0bðrÞ
Z

r

r0

ð2χ2b0ðχÞ−2χbðχÞ−σ20Þ
8χ2

�
1−

bðχÞ
χ

�
−1
2

dχ;

ð50Þ

where r0 is a integration constant, which we are setting
as the minimum value of the radial coordinate r, i.e.
r∈ ½r0;∞Þ. Therefore, given a linear/nonlinear electrody-
namics with an arbitrary electromagnetic Lagrangian
density LðF Þ, being LðF Þ a well-definite function of F ,
it follows that the metric (48) with shape function (47),
together with the scalar field (49) and sGB coupling
function (50), is the more general purely magnetic ultra-
static and spherically symmetric solution of EsGB-LðF Þ
field equations (30)–(33).
It is important to stress that Eqs. (47)–(50) come from

integrating the field equations (30)–(33), for an arbitrary
magnetically charged ultrastatic spherically symmetric
spacetime geometry. This means that any magnetically
charged ultrastatic and spherically symmetric EsGB-LðF Þ
solution must be compatible with Eqs. (47)–(50).
We now turn to the form of the solution of the field

equations at large distances from the spacetime region
r ¼ r0. Although Eqs. (47)–(50) are valid for any LðF Þ
model, not all those models correspond to physically
reasonable models of electrodynamics. In order to do this,
several assumptions on the Lagrangian density LðF Þ must
be considered. An important assumption is to require that
in the weak field limit (F → 0≡ r → ∞) the Lagrangian
density LðF Þ approaches the Maxwell Lagrangian
LðF Þ ≈ F . Thus, for a LðF Þ model satisfying the weak
field limit yields that at the asymptotic region (r → ∞) the
shape function (47) goes to zero as bðrÞ ≈ ð8q2 − σ20Þ=ð4rÞ,
and the scalar field (49) has the following asymptotic
behavior:

ϕðrÞ ¼ ϕ∞ −
σ0
r
þO

�
1

r2

�
: ð51Þ

Thus, the parameter σ0 can be associated with the charge of
the scalar field (49), and ϕ∞ is a parameter that denotes the
asymptotic value of the scalar field8 (see Ref. [41] for
details).

Notice that a magnetically charged ultrastatic and spheri-
cally symmetric EsGB-LðF Þ solution, with F ðrÞ ¼ q2

r4

having a strict global maximum9 F 0 at r0, and such that
L0 ¼ LðF 0Þ is a positive number (L0 > 0), admits a
magnetically charged ultrastatic wormhole interpretation
with throat radius given by

r0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2σ20L0 þ 1
p
4L0

s
: ð52Þ

Theorem 1. In an Einstein-scalar-Gauss-Bonnet theory
whose action is given by Eq. (14), where f ðϕÞ is a
continuous and differentiable function of the class C2 (as
a minimum), the only ultrastatic spherically symmetric and
asymptotically flat traversable wormhole solution of the
pure EsGB field equations [i.e. field equations (15)–(17),
with LðF Þ ¼ 0] is the Ellis-Bronnikov wormhole metric
characterized by an imaginary scalar field (with negative
kinetic energy term) and f ðϕÞ ¼ constant, everywhere of
the T-WH spacetime.
Proof. The problem of describing an ultrastatic spheri-

cally symmetric and asymptotically flat T-WH solution in
pure EsGB theory (i.e. in Einstein-scalar-Gauss-Bonnet
without additional matters fields) reduces to solving the
equations (47)–(50) with LðF Þ ¼ 0. For this case the shape
function (47) becomes bðrÞ ¼ −σ20=ð4rÞ; hence, the line
element (48) with ΦðrÞ ¼ 0 takes the form

ds2 ¼ −dt2 þ dr2

1þ σ2
0

4r

þ r2ðdθ2 þ sin2θdφ2Þ: ð53Þ

The scalar field (49) becomes

ϕ¼ 2σ0ffiffiffiffiffiffiffiffi
−σ20

p tan−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4r2þσ20
p

ffiffiffiffiffiffiffiffi
−σ20

p �
¼�2tanh−1

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4r2þσ20

σ20

s !
:

ð54Þ

Evaluating Eq. (50) yields f ðϕÞ ¼ constant. Hence, for this
case, the Einstein-scalar-Gauss-Bonnet theory reduces to
general relativity, and the spacetime metric (53) describes
a naked singularity spacetime. If one allows σ0 to be an
imaginary number, that is σ0 ¼ 2ai being a∈R and
i2 ¼ −1, the scalar field becomes imaginary, and is given by

ϕ ¼ �2itan−1
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 − a2

a2

s !
ð55Þ

whereas the line element (53) becomes

8That is, limr→∞ϕðrÞ ¼ limr→∞
R
r
r0

σ0
χ2
ð1 − bðχÞ

χ Þ−1
2dχ ¼ ϕ∞ for

the LðF Þ model with a Maxwell asymptotic limit.

9That is, F 0 ¼ F ðr0Þ > F ðrÞ for all r ≠ r0 in the entire range
of the radial coordinates.
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ds2¼−dt2þ
�
1−

a2

r2

�−1
dr2þ r2ðdθ2þ sin2θdφ2Þ: ð56Þ

This metric was originally introduced in [66,67], admits a
T-WH interpretation since satisfies the properties (35)–(38)
with wormhole throat radius r0 ¼ jaj, and is known as
the Ellis-Bronnikov wormhole metric.10 Since for this
case LðF Þ ¼ ḟ ðϕÞ ¼ 0 yields that the gravitational action
(14) for the which the metric (56) together with the
massless scalar field (55) becomes an exact solution, it
takes the following form:

S½gab;ϕ� ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

16π

�
R −

1

2
∂μϕ∂

μϕ

��
: ð58Þ

Alternatively, defining a new scalar field by ψ ¼ iϕ
(phantom field), the wormhole metric (56) becomes a
solution to the theory with gravitational action

S½gab;ψ � ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

16π

�
Rþ 1

2
∂μψ∂

μψ

��
ð59Þ

with ψ given by

ψ ¼ 2tan−1
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 − q2

q2

s !
∈R: ð60Þ

This is the action that was used by Ellis in Ref. [66] to get
the wormhole solution (56), independently derived also by
Bronnikov in Ref. [67], where this is the first example of a
Morris-Thorne traversable wormhole solution in general
relativity theory. Therefore, the Ellis-Bronnikov wormhole,
whose energy momentum tensor (in the GR context) can
be represented by a massless phantom scalar field with
negative kinetic term playing the role of exotic matter, is
considered as one of the first and simplest examples of
T-WHs in GR. This solution has been extensively studied,
and its properties like gravitational lensing [68], quasinor-
mal modes [69], shadows [70] and stability [71] have all
been thoroughly investigated.

V. CONSTRUCTION OF TRAVERSABLE
WORMHOLES WITHOUT EXOTIC MATTER
IN EINSTEIN-SCALAR-GAUSS-BONNET-LðF Þ

GRAVITY

Considering LðF Þ electromagnetic models coupled to
GR or modified theories of gravity, interesting solutions
like regular black holes and traversable wormholes, have
been constructed. See, for instance, Refs. [43,45,46,53–55,
57,60,72–76] among others. However, most NLED models
used require an unreasonable amount of fine-tuning and,
furthermore, lack a fundamental theoretical origin.
Below, let us display some examples of applications of

the method presented in Sec. IV. It is important to remark
that all of the LðF Þmodels that will be used to produce our
solutions have a fundamental theoretical origin. Moreover,
these models in the weak field limit become the Maxwell
electrodynamics, and have been used in other issues, such
as the problem of infinite energy of electron as point
charge, the black hole singularity problem, and cosmology
(generate primordial magnetic fields in the Universe).

A. Magnetically charged Ellis-Bronnikov wormhole
in EsGB Maxwell gravity

Let us consider the Maxwell’s electromagnetic theory
which is defined by a linear Lagrangian in the electro-
magnetic invariant F , i.e. LLED ¼ F . For this case,
computing the shape function (47) and substituting in (48)
yields the following ultrastatic spacetime metric:

ds2 ¼ −dt2 þ
�
1 −

8q2 − σ20
4r2

�−1
dr2

þ r2ðdθ2 þ sin2θdφ2Þ ð61Þ

whereas, according to Eqs. (49) and (50), the corresponding
EsGB model for which this metric is an exact purely
magnetic solution of the EsGBMaxwell field equations can
be determined by

ϕ ¼ 2σ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 − σ20

p tan−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4r2 − 8q2 þ σ20
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2 − σ20

p �
ð62Þ

ḟ ðϕÞ ¼ q2ðσ20 − 8q2Þϕ
4σ20

sec4
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8q2 − σ20
p

ϕ

2σ0

�
: ð63Þ

Using these expression, the sGB coupling function f ðϕÞ ¼R ϕ
ϕ0
ḟ ðϕ̃Þdϕ̃ becomes

10Transforming the standard radial coordinate r into a new
radial coordinate ρ defined as ρ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − a2

p
, where the plus

(minus) sign is related to the upper (lower) part of the wormhole,
which implies dρ ¼ �ðr=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − a2

p
Þdr, the line element (56)

acquires a simpler structure given by

ds2 ¼ −dt2 þ dρ2 þ ðρ2 þ a2Þðdθ2 þ sin2θdϕ2Þ ð57Þ

that has the form of the metric originally introduced by the Ellis
metric (drainhole).
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f ðϕÞ¼q2

6

�
sec2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2−σ20

p
ϕ

2σ0

�
þ ln

�
sec4

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2−σ20

p
ϕ

2σ0

��

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2−σ20

p
ϕ

σ0

�
2þsec2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2−σ20

p
ϕ

2σ0

��

×tan

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8q2−σ20

p
ϕ

2σ0

��
þαð2Þ; ð64Þ

where αð2Þ is a constant determined by the parameters q, σ0
and ϕ0 ¼ ϕðr0Þ. Without any loss of generality, one can
always set αð2Þ ¼ 0. It is important to note that this first
example corresponds to the magnetic dual of the electri-
cally charged Ellis-Bronnikov wormhole in EsGBMaxwell
gravity, presented in Ref. [44].

1. Magnetically charged Ellis-Bronnikov T-WH
in EsGB Maxwell theory without exotic matter

It can be seen that the line element (61), for the case
8q2 > σ20, has an ultrastatic spherically symmetric and
asymptotically flat WH structure with shape function
bLEDðrÞ ¼ ð8q2 − σ20Þ=ð4rÞ, and throat radius given by
r0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð8q2 − σ20Þ=4

p
. Moreover, since this shape function

bLEDðrÞ satisfies the flaring-out condition, that is

1−
bLEDðrÞ

r
> 0 ∀r> r0; and b0LEDðr0Þ¼−1; ð65Þ

we conclude that, for this case, the line element admits a
T-WH interpretation. In contrast with the Ellis and
Bronnikov works [66,67], here the scalar field (62) is real
in the whole T-WH spacetime. Furthermore, notice that the
electromagnetic Lagrangian in consideration, i.e. LLED ¼
F ¼ q2

r4 , satisfies the constraints (A8) and (A9), guaranteeing
the positivity of the local energy density associated with the
magnetic field.
Summarizing, the metric (61) with 8q2 > σ20 becomes a

purely magnetic ultrastatic traversable wormhole solution
supported by nonexotic matter in the framework of EsGB-
Maxwell gravity.
Figure 1 shows the behavior of the shape function for

several values of s ¼ ð8q2 − σ20Þ=4; for s < 0 the solution
describes a naked singularity spacetime; s ¼ 0, the solution
becomes the Minkowski metric; s > 0, the solution admits
an ultrastatic T-WH interpretation.
Below, the particular cases of vanishing scalar field

(σ0 ¼ 0 ≠ q), and vanishing magnetic field (σ0 ≠ 0 ¼ q)
are discussed.

2. Magnetically charged Ellis-Bronnikov T-WH in EGB
Maxwell theory with variable GB coefficient

The line element (61) for the particular case with
σ0 ¼ 0 ≠ q takes the form

ds2 ¼ −dt2 þ
�
1 −

2q2

r2

�−1
dr2

þ r2ðdθ2 þ sin2θdφ2Þ; ð66Þ

which has a magnetically charged ultrastatic T-WH inter-
pretation, since this line element is equivalent to an Ellis-
Bronnikov wormhole, Eq. (56), but with a throat of radius
determined by the magnetic charge only, r0 ¼

ffiffiffiffiffiffiffi
2q2

p
. On

the other hand, regarding the absence of scalar charge
σ0 ¼ 0, this implies that ϕ ¼ 0, ϕ0 ¼ 0, ϕ00 ¼ 0. However,
according to Eqs. (62) and (64), the following limits
limσ0→0

ϕ
σ0

and limσ0→0f ðϕÞ exist, and correspond to well-
defined (nontrivial) functions of r. On the other hand,
limσ0→0ḟ ðϕÞ → ∞, and limσ0→0

̈f ðϕÞ → ∞. Despite this, the
quantities ḟ ðϕÞ and ̈f ðϕÞ appear in the field equations (30),
(31) and (32), as multiplicative factors to derivatives of the
scalar field, i.e. ϕ0 ḟ ðϕÞ, ϕ00 ḟ ðϕÞ and ϕ02 ̈f ðϕÞ, and these
factors (as σ0 ¼ 0) are well-defined functions in the whole
wormhole domain, given by

ϕ0 ḟ ðϕÞjσ0¼0 ¼ −
r3tan−1


 ffiffiffiffiffiffiffiffiffiffiffi
r2−2q2
2q2

q �
ffiffiffi
8

p
q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − 2q2

p ;

ϕ00 ḟ ðϕÞjσ0¼0 ¼
ðr2 − q2Þr2tan−1


 ffiffiffiffiffiffiffiffiffiffiffi
r2−2q2
2q2

q �
ffiffiffi
2

p
qðr2 − 2q2Þ32 ð67Þ

and

FIG. 1. Behavior of grr ¼ 1 − bLEDðrÞ=r, for different values
of s ¼ ð8q2 − σ20Þ=4. The ordinate is grr ¼ 1 − s=r2; T-WHs are
only possible for s > 0. The abscissa is r; zeros indicate the
location of a wormhole throat.
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ϕ02 ̈f ðϕÞjσ0¼0 ¼
r2
h
qþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8ðr2 − 2q2Þ

p
tan−1


 ffiffiffiffiffiffiffiffiffiffiffi
r2−2q2
2q2

q �i
2qð2q2 − r2Þ :

ð68Þ

Therefore there is no conflict with the fulfillment of the
field equations when σ0 ¼ 0.
Alternatively, the above can also be interpreted as follows:

when σ0 ¼ 0, the scalar field turns off ϕðrÞ ¼ 0, and the
EsGB theory defined by Eqs. (62) and (64) reduces to an
Einstein-Gauss-Bonnet theory with variable Gauss-Bonnet
coefficient αGBðrÞ ¼ f ðrÞ ¼ limσ0→0f ðϕÞ given by

f ðrÞ ¼ r2

12
þ q2

3
ln

�
r2

q2

�

−
1ffiffiffiffiffi
72

p
�
4qþ r2

q

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − 2q2

q
tan−1

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − 2q2

2q2

s !
;

ð69Þ

so that α0GBðrÞ ¼ ϕ0 ḟ ðϕÞjσ0¼0 and α00GBðrÞ ¼ ϕ00 ḟ ðϕÞjσ0¼0þ
ϕ02 ̈f ðϕÞjσ0¼0. In summary, we can say that when σ0 ¼ 0 the
line element (61) is a purely magnetic solution of an EGB-
Maxwell theory with variable Gauss-Bonnet coefficient,
αGB ¼ f ðrÞ, given by (69). In this case the traversable
Ellis-Bronnikov wormhole is nonexotic, and is supported
by the source-free magnetic field11 and fGB curvature.

3. Ellis-Bronnikov wormhole without electric charge
supported by a phantom scalar field

For the particular case σ0 ≠ 0 ¼ q, the line element (61)
becomes

ds2 ¼ −dt2 þ
�
1þ σ20

4r2

�−1
dr2

þ r2ðdθ2 þ sin2θdφ2Þ ð70Þ

while the expressions (62) and (63) take the form

ϕ ¼ 2σ0ffiffiffiffiffiffiffiffi
−σ20

p tan−1
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4r2 þ σ20
p

ffiffiffiffiffiffiffiffi
−σ20

p �

¼ �2tanh−1
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4r2 þ σ20
σ20

s !
; ḟ ðϕÞ ¼ 0: ð71Þ

Hence, we conclude that when q ¼ 0, the electromagnetic
effects are turned off and the original Ellis-Bronnikov work
(53)–(60) is recovered.

B. New magnetically charged wormhole in EsGB
Euler-Heisenberg gravity

In the following we shall consider the Euler-Heisenberg
nonlinear electrodynamics model in the approximation of
the weak-field limit:

LEH ¼ LLED þ γ

2
F 2: ð72Þ

In order to expand the range of this model, let us consider γ
as an arbitrary parameter which can be positive, negative or
null. Notice that, regardless of the sign of the parameter γ,
the electrodynamics model (72) satisfies the correspon-
dence to Maxwell theory (i.e. LEH ≈ F as F ≈ 0). On the
other hand, evaluating (47) from (72) and then substituting
into (48) we find the following novel ultrastatic metric:

ds2 ¼ −dt2 þ
�
1 −

8q2 − σ20
4r2

−
γq4

r6

�−1
dr2

þ r2ðdθ2 þ sin2θdφ2Þ ð73Þ

while, according to (49) and (50), the corresponding EsGB
model for which this metric is an exact purely magnetic
solution of the EsGB Euler-Heisenberg field equations can
be determined by

ϕðrÞ ¼
Z

r

r0

2σ0χffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4χ6 − ð8q2 − σ20Þχ4 − 4γq4

q dχ;

f ðrÞ ¼
Z

r

r0

ϕ0ðr̃Þḟ ðr̃Þdr̃ ð74Þ

ḟ ðrÞ ¼ −
3r6

2σ0½ð8q2 − σ20Þr4 þ 4γq4�

×

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4r6 − ð8q2 − σ20Þr4 − 4γq4

q

þ 2r2

3σ0

Z
r

r0

ð4q2 − 3χ2Þϕ0ðχÞdχ
�
: ð75Þ

In accordance with Sec. IV, one can see that the above
expressions (72)–(75) verify the EsGB-LðF Þ field equa-
tions (30)–(33) for the pure magnetic field.12

Limit case of zero scalar field charge. For the case
σ0 ¼ 0, the line element (73) becomes

ds2 ¼ −dt2 þ
�
1 −

2q2

r2
−
γq4

r6

�−1
dr2

þ r2ðdθ2 þ sin2θdφ2Þ: ð76Þ
For this case, according to Eq. (75), the scalar field
becomes vanished ϕ ¼ 0 for all values of the r coordinate.

11I.e. for this solution the electromagnetic field tensor satisfies
the source-free generalized Maxwell equations (16).

12I.e. for this solution the electromagnetic field tensor has the
form (28).
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It is to be noted that in this case the following expressions
ϕ=σ0, ϕ0 ḟ , ϕ00 ḟ and ϕ02 ̈f , when σ0 → 0, become nontrivial
well-defined functions of the radial coordinate. For in-
stance, as σ0 → 0 the factor ϕ0 ḟ becomes

ϕ0ðrÞḟ ðrÞ ¼ −
3r7ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4r6 − 8q2r4 − 4γq4
p

½8q2r4 þ 4γq4�

×

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4r6 − 8q2r4 − 4γq4

q

þ 4r2

3

Z
r

r0

ð4q2 − 3χ2Þχffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4χ6 − 8q2χ4 − 4γq4

p dχ

�
ð77Þ

and then ðϕ0 ḟ Þ0 ¼ ϕ00 ḟ þ ðϕ0Þ2 ̈f is well defined for the case
with σ0 ¼ 0. Summarizing, we can say that, when σ0 ¼ 0,
the scalar field becomes trivial, ϕðrÞ ¼ 0. However, the line
element (76) is still a pure-magnetic ultrastatic solution
of the EsGB Euler-Heisenberg system. Alternatively, this
frame of EsGB-Heisenberg gravity is equivalent to an EGB
Euler-Heisenberg theory with a variable GB coefficient
determined by αGBðrÞ ¼

R
r
r0
ϕ0ðr̃Þḟ ðr̃Þdr̃ with ϕ0ðrÞḟ ðrÞ

given by (77).
Limit case of linear electrodynamics. For the case γ ¼ 0

(for all σ0, q) the Lagrangian density (72) becomes the
Maxwell’s electrodynamics Lagrangian, the metric (73)
reduces to (61), and the scalar field (74) becomes (62);
whereas the expression (75) reduces to (63). Therefore, for
this limit case the solution (61)–(64) is recovered.
Now we consider the particular cases γ > 0 and γ < 0,

and we determine the parameter settings needed so that the
three-parameter solution (73) admits T-WH interpretations.

1. Case γ > 0

For this case replacing γ ¼ μ2 (being μ∈R) into
Eq. (72), and since F ¼ q2=r4 (i.e. positive defined for
any values of the radial coordinate), yields that LEH obeys
the following inequalities:

LEH ¼F þμ2

2
F 2 ≥ 0 and

dLEH

dF
¼ 1þμ2F > 0: ð78Þ

This indicates that the energy momentum tensor associated
with this nonlinear electrodynamics satisfies the null and
weak energy conditions (A8) and (A9). Furthermore, the
line element (73) takes the form

ds2 ¼ −dt2 þ
�
1 −

8q2 − σ20
4r2

−
μ2q4

r6

�−1
dr2

þ r2ðdθ2 þ sin2θdφ2Þ ð79Þ

which has an ultrastatic WH structure with shape function

given by bEHðrÞ ¼ 8q2−σ2
0

4r þ μ2q4

r5
. For simplicity bEHðrÞ ¼

a0=rþ a1=r5, with a0 ¼ ð8q2 − σ20Þ=4 and a1 ¼ μ2q4.

Specifically, considering nontrivial Euler-Heisenberg
effects (i.e. imposing that a1 ≠ 0) yields

grr ¼ 1−
bEHðrÞ

r
¼ 1−

s
x2

−
1

x6
; s¼ a0

a
1
3

1

; x¼ r

a
1
6

1

; ð80Þ

where x is an auxiliary variable with range x∈ ð0;∞Þ. In
Fig. 2 we can see that in the whole range of auxiliary
variable x, the function grrðxÞ vanishes only at x ¼ x0,
where x0 is such that

x20 ¼
r20

a
1
3

1

¼ 1

3

�
a0

a
1
3

1

�
þ 1

6

�
108þ 8a30

a1
þ 12

�
12a30
a1

þ 81

�1
2

�1
3

þ 2

3

�
a0

a
1
3

1

�
2
�
108þ 8a30

a1
þ 12

�
12a30
a1

þ 81

�1
2

�−1
3

: ð81Þ

Then, the throat radius squared is given by

r20¼
1

3
a0þ

1

6

�
108a1þ8a30þ12ð12a30a1þ81a21Þ

1
2

�1
3

þ2

3
a20

�
108a1þ8a30þ12ð12a30a1þ81a21Þ

1
2

�
−1
3 ð82Þ

FIG. 2. Behavior of grr ¼ 1 − bEHðrÞ=r, for several real values
of the parameter s ¼ a0=a

1
3

1, with a0 ¼ ð8q2 − σ20Þ=4∈R and
a1 ¼ μ2q4 ∈Rþ − f0g, is shown; the ordinate is grr ¼ 1 − s=x2−
1=x6; the abscissa is x being x ¼ r=a

1
6

1.
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which satisfies

1 −
bEHðrÞ

r
¼ 1 −

a0
r2

−
a1
r6

> 0 ∀ r ≥ r0;

b0EHðr0Þ ¼ −
a0
r20

−
5a1
r60

¼ −
a0
r20

−
a1
r60

−
4a1
r60

¼ −1 −
4a1
r60

< 1: ð83Þ

Thus the solution (73), under the action of nontrivial effects
of EH theory (i.e. LEH with μ, q∈R − f0g), fulfills the
flaring out condition, and hence represents a traversable
wormhole interpretation which is supported by nonexotic
matter, since EH theory satisfies the WEC Eq. (78) and the
scalar field (74) is real in the whole T-WH spacetime, that is

ϕðrÞ ¼
Z

r

r0

σ0

χ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a0

χ2
− a1

χ6

q dχ ≥ 0 ∀ r ≥ r0: ð84Þ

Hence, for the setting of parameters fγ > 0; q∈R − f0g;
σ0 ∈Rg the line element (76) can be interpreted as the
metric of a T-WH spacetime supported by nonexotic
matter in the gravity context of EsGB Euler-Heisenberg
gravity.
New magnetically charged T-WH in EGB Euler-

Heisenberg (γ > 0) theory with variable αGB. The line
element (79) for the particular case σ0 ¼ 0 reduces to

ds2 ¼ −dt2 þ
�
1 −

2q2

r2
−
μ2q4

r6

�−1
dr2

þ r2ðdθ2 þ sin2θdφ2Þ ð85Þ

which still admits a T-WH interpretation. We can say that
when σ0 ¼ 0, the scalar field becomes trivial, ϕðrÞ ¼ 0.
However, the line element (85) is a pure-magnetic T-WH
solution of an EGB Euler-Heisenberg theory with variable
GB coefficient αGBðrÞ ¼ f ðrÞ ¼ R rr0 ϕ0ðr̃Þḟ ðr̃Þdr̃, where

ϕ0ðrÞḟ ðrÞ is determined by (77) with γ ¼ μ2. In this case
the traversable wormhole is supported by a physically
reasonable Euler-Heisenberg electrodynamics and fGB
curvature.

2. Case γ < 0

For this case replacing γ ¼ −μ2 (being μ∈R) into
Eq. (72) yields

LEH ¼ F −
μ2

2
F 2 ¼ q2

r4

�
1 −

μ2q2

2r4

�
and

dLEH

dF
¼ 1 − μ2F ¼ 1 −

μ2q2

r4
: ð86Þ

Hence, we conclude that the energy momentum tensor
associated with this nonlinear electrodynamics satisfies

the null and weak energy condition (i.e. the inequalities
LEH ≥ 0 and dLEH

dF ≥ 0, are simultaneously satisfied) only for

r ≥
ffiffiffiffiffiffiffiffi
jμqj

p
: ð87Þ

The line element (73) takes the form

ds2 ¼ −dt2 þ
�
1 −

8q2 − σ20
4r2

þ μ2q4

r6

�−1
dr2

þ r2ðdθ2 þ sin2θdφ2Þ ð88Þ

with shape function given by bEHðrÞ ¼ 8q2−σ2
0

4r − μ2q4

r5
. For

simplicity bEHðrÞ ¼ a0=r − a1=r5, with a0 ¼ ð8q2 − σ20Þ=4
and a1 ¼ μ2q4. Specifically, considering nontrivial NLED
effects (i.e. imposing that a1 ≠ 0) yields

grr ¼ 1−
bEHðrÞ

r
¼ 1−

s
x2

þ 1

x6
; s¼ a0

a
1
3

1

; x¼ r

a
1
6

1

: ð89Þ

We can see that the equation 1 − bEHðx0Þ=x0 ¼ 0 only
admits real solutions if s ≥ 3=ð2Þ2=3, which are at most two
positive solutions, xout and xint, such that xout ≥ xint, with
x2out given by

x2out ¼
s
3
þ 1

6

h
−108þ 8s3 þ 12ð−12s3 þ 81Þ12

i1
3

þ 2

3
s2
h
−108þ 8s3 þ 12ð−12s3 þ 81Þ12

i
−1
3: ð90Þ

If s ¼ 3=ð2Þ2=3 this yields xout ¼ xint ¼ 21=3, whereas, if s >
3=ð2Þ2=3 these solutions are such that xout > 21=3 > xint, see
Fig. 3 for illustration. Hence, for the case s ¼ 3=ð2Þ2=3 the
solution (73) describes a wormhole spacetime with worm-

hole throat radius r0 ¼ a
1
6

1x0, with x0 ¼ xout ¼ 21=3, and
satisfying b0EHðr0Þ ¼ 1 (indicating that the flaring out con-
dition is not fulfilled) and hence for this particular case the
corresponding metric describes a nontraversable wormhole
spacetime (NT-WH). For the case s > 3=ð2Þ2=3 ≈ 1.8898,
the wormhole solution has a wormhole throat radius

r0 ¼ a
1
6

1x0, with x0 ¼ xout > 21=3, and fulfills the flaring
out condition:

1 −
bEHðrÞ

r
¼ 1 −

a0
r2

þ a1
r6

> 0 ∀ r > r0;

b0EHðr0Þ ¼ −
a0
r20

þ 5a1
r60

¼ −
a0
r20

þ a1
r60

þ 4a1
r60

¼ −1þ 4a1
r60

< 1: ð91Þ

Hence, for this case the solution (73) represents a traversable

wormhole interpretation. Since x0 ¼ r0=a
1
6

1 > 21=3, this
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yields r60 > 4a1. Thus, for the T-WH case s > 3=ð2Þ2=3, the
domain of the radial coordinate r ≥ r0 is restricted by a
wormhole throat radius such that

r20 >

�
4jqj
jμj
�1

3jμqj: ð92Þ

Therefore, according to Eqs. (87) and (92), by imposing

ð4jqjjμj ≥ 1Þ the traversability of the wormhole without the

requirement of exotic mater in this modified gravity context
is guaranteed.
Thus, for the setting of parameters fγ < 0; q∈R − f0g;

σ0 ∈R; s > 3

ð2Þ23
; 4jqjjμj ≥ 1g the line element (73) can be

interpreted as the metric of a T-WH spacetime supported
by nonexotic matter in the gravity context of EsGB Euler-
Heisenberg.
New magnetically charged T-WH in EGB Euler-

Heisenberg (γ < 0) theory with variable αGB. For the case
of trivial scalar field σ0 ¼ 0, the metric (88) reduces to

ds2 ¼ −dt2 þ
�
1 −

2q2

r2
þ μ2q4

r6

�−1
dr2

þ r2ðdθ2 þ sin2θdφ2Þ; ð93Þ

which, as long as s > 3=ð2Þ2=3 and 4jqj=jμj ≥ 1, becomes
a magnetically charged ultrastatic T-WH solution of an
EGB Euler-Heisenberg theory with variable GB coefficient

αGBðrÞ ¼ f ðrÞ ¼ R rr0 ϕ0ðr̃Þḟ ðr̃Þdr̃, where ϕ0ðrÞḟ ðrÞ is given
by (77) with γ ¼ −μ2. This traversable wormhole is
supported by a physically reasonable Euler-Heisenberg
electrodynamics and fGB curvature.

3. New magnetically charged wormhole
in EsGB Born-Infeld gravity

Let us consider the Born-Infeld nonlinear electrodynam-
ics model:

LBI ¼ 4β2

 
−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ F

2β2

s !
; ð94Þ

where β is a constant which has the physical interpretation
of a critical field strength [47].
For this case, evaluating Eqs. (47) and (48) yields the

following ultrastatic metric:

ds2 ¼ −dt2 þ
"
1þ σ20

4r2
þ 8β2

 
r2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r4 þ q2

2β2

s !#−1
dr2

þ r2ðdθ2 þ sin2θdφ2Þ: ð95Þ

According to (49) and (50), the corresponding EsGBmodel
for which this metric is an exact purely magnetic solution of
the EsGB Euler-Heisenberg field equations can be deter-
mined by

ϕðrÞ ¼
Z

r

r0

2σ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4χ4 þ σ20χ

2 þ 32β2χ4


χ2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ4 þ q2

2β2

q �r dχ;

f ðrÞ ¼
Z

r

r0

ϕ0ðr̃Þḟ ðr̃Þdr̃ ð96Þ

ḟ ðrÞ ¼ 16β2r4

σ20

h
σ20 þ 32β2



r2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r4 þ q2

2β2

q �
r2
i

×
Z

r

r0

χ4
�
1 −

χ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ4 þ q2

2β2

q �
ϕ0ðχÞdχ: ð97Þ

Limit case of linear electrodynamics. For any σ0 and q,
when β → ∞, the Lagrangian density (94) becomes the
Maxwell’s electrodynamics Lagrangian, the scalar field
(96) becomes (62), whereas Eq. (97) will be reduced to
Eq. (63). Therefore, for this limit case the solution (61)–(64)
is recovered.

4. New magnetically charge T-WH in EsGB Born-Infeld
theory without exotic matter

For the solution (94)–(97), the electromagnetic invariant

F is positive definite F ¼ q2

r4 ≥ 0, therefore it is fulfilled

FIG. 3. Behavior of grr ¼ 1 − bEHðrÞ=r, for several real values
of the parameter s ¼ a0=a

1
3

1 [with a0 ¼ ð8q2 − σ20Þ=4∈R and
a1 ¼ μ2q4 ∈Rþ − f0g], is shown; the ordinate is grr ¼ 1−
s=x2 þ 1=x6; the abscissa is x being x ¼ r=a

1
6
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LBI ¼ 4β2

 
−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ F

2β2

s !
≥ 0 and

dLBI

dF
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ F
2β2

q > 0 ð98Þ

indicating that the energy momentum tensor associated
with this nonlinear electrodynamics satisfies the null and
weak energy conditions (A8)–(A9). Moreover, the space-
time metric (95) has an ultrastatic WH structure with shape

function given by bBIðrÞ ¼ − σ2
0

4r − 8β2ðr3 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r6 þ q2r2

2β2

q
Þ.

Specifically, considering nontrivial Born-Infeld effects
(i.e. as long as q ≠ 0 ≠ β), the metric component grr ¼
1 − bBIðrÞ=r can be written as

grr ¼ 1þ α

x2
þ ε

 ffiffiffi

2
p

x2 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2x4 þ 1

p �
; ð99Þ

where α ¼ σ2
0
jβj

4jqj , ε ¼ 8jqβjffiffi
2

p and x ¼
ffiffiffiffi
jβj
jqj

q
r. Plots of grr as a

function of x, for different values of α and ε, are illustrated
in Fig. 4.
On the other hand, introducing the auxiliary parameter

l as

l ¼ 8αε½3ð1 − ε2Þðε2 þ 2Þ þ ð6
ffiffiffi
2

p
ε2 − 8αε − 15

ffiffiffi
2

p
Þαε� þ 2

ffiffiffi
2

p
ε2ðε4 − 3ε2 þ 3Þ − 2

ffiffiffi
2

p

þ 24αε2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6
ffiffiffi
2

p
ð8α2 þ 3ϵ2 − 6

ffiffiffi
2

p
αεþ 5Þαε − 3ðε2 − 1Þ2 − 6α2

q
; ð100Þ

we conclude that only if the following expression is true,

l
1
3

2ε
−
ε4−ð32Þ12αε3þ8α2ε2−ð128Þ12αε−2ε2þ1

εl
1
3

∈I; ð101Þ

the equation 1 − bBIðx0Þ=x0 ¼ 0 admits positive real solutions. In fact, in general, there are at most two real positive
solutions xout and xint such that xout ≥ xint, respectively given by

x2out ¼
l

1
3

12ε
þ ε4 − ð32Þ12αε3 þ 8α2ε2 − ð128Þ12αε − 2ε2 þ 1

6εl
1
3

þ ε2 − ð8Þ12αε − 1

ð72Þ12ε ð102Þ

x2int ¼ −
x2out
2

þ ε2 − ð8Þ12αε − 1

ð32Þ12ε −
i

ð48Þ12
�
l

1
3

2ε
−
ε4 − ð32Þ12αε3 þ 8α2ε2 − ð128Þ12αε − 2ε2 þ 1

εl
1
3

�
: ð103Þ

Then, if x2out > x2int, the metric admits a T-WH interpreta-
tion with a wormhole throat radius r0 ¼ xout holding
b0BIðr0Þ < 1. If x2out ¼ x2int ∈Rþ the metric admits a
NT-WH interpretation with a wormhole throat radius
r0 ¼ xout holding b0BIðr0Þ ¼ 1.

C. New magnetically charged T-WH in EGB
Born-Infeld theory with variable GB coefficient

Now, we want to focus on the limit case σ0 ¼ 0 (for all β,
q). For this limit case the metric (95), with parameters
satisfying (101), preserves its T-WH interpretation. But

FIG. 4. Behavior of grr ¼ 1=grr with respect to x for different

values of α ¼ σ2
0
jβj

4jqj and ε ¼ 8jqβjffiffi
2

p . The ordinate is grr ¼
1þ α=x2 þ εð ffiffiffi

2
p

x2 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2x4 þ 1

p
Þ; the abscissa is x ¼

ffiffiffiffi
jβj
jqj

q
r.
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now the scalar field (96) becomes zero, whereas f ðϕÞjσ0¼0

becomes a nontrivial well-defined function of r. Therefore,
for this case, the metric becomes an exact purely magnetic
solution of an EGB Born-Infeld field theory with variable
GB coefficient, αGBðrÞ ¼

R
r
r0
ϕ0ðr̃Þḟ ðr̃Þdr̃, where ϕ0ðrÞḟ ðrÞ

is a well-defined function of the radial coordinate, given by

ϕ0ðrÞḟ ðrÞ¼ 2

r2−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r4þ q2

2β2

q � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ32β2



r2−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r4þ q2

2β2

q �r

×
Z

r

r0

χ


χ2−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ4þ q2

2β2

q �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðχ4þ q2

2β2
Þ
h
4þ32β2



χ2−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ4þ q2

2β2

q �ir dχ:

ð104Þ

VI. CONCLUSION

In this work, we have presented a method to obtain
magnetically charged, ultrastatic and spherically symmetric
spacetime solutions of the EsGB-LðF Þ theory whose action
is given by Eq. (14), with a sGB coupling function f ðϕÞ
constructed from an arbitrary electromagnetic Lagrangian
density LðF Þ. Using this method, considering vanishing
electromagnetic Lagrangian LðF Þ ¼ 0, a theorem which
discards the existence of ultrastatic, spherically symmetric
and asymptotically flat traversable wormholes in pure EsGB
theories [with f ðϕÞ ≠constant], has been proved. Using the
Maxwell’s electromagnetic theory LLED ¼ F yields the
magnetically charged Ellis-Bronnikov EsGB Maxwell
wormhole (61) which can be interpreted as the magnetic
dual of the purely electric solution derived in Ref. [44].
Additionally two novel magnetically charged ultrastatic
T-WH solutions, with metrics (73) and (95), respectively
associated with the nonlinear electrodynamics models of
Euler-Heisenberg (in the approximation of the weak-
field limit) LEH ¼ LLED þ γF 2=2, and Born-Infeld LBI ¼
−4β2 þ 4β2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ F=ð2β2Þ

p
, have been constructed. Both

solutions in the limit of weak electromagnetic field (i.e. as
F ≈ 0) are reduced to the magnetically charged Ellis-
Bronnikov EsGB Maxwell wormhole metric. Moreover,
in each solution, the limiting cases, (i) absence of magnetic
charge q ¼ 0 and (ii) vanishing of scalar charge σ0 ¼ 0,
were analyzed. In the former case the magnetic field
disappears F ¼ 0, the quantity f ðϕÞ becomes a constant
function and the respective line elements reduce to the Ellis-
Bronnikov wormhole metric as long as the scalar charge
becomes imaginary σ0 ∈ I. In the latter case the T-WHs are
kept open by the fGB curvature with no need of exotic
matter. Thus, for the first time, the construction of T-WH
geometries supported by viable models of nonlinear
electrodynamics, a real scalar field having positive kinetic
term and fGB curvature, has been discussed. In a forth-
coming paper shall be determined the quasinormal modes,

the corresponding Penrose diagrams, as well as we shall
explore the stability of these novel T-WHs. In addition, in
view of the results obtained in this work, it may also be
interesting to investigate whether the stability of the worm-
hole can be guaranteed by a suitable choice of LðF Þ.
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APPENDIX A: NULL AND WEAK ENERGY
CONDITIONS IN EsGB-LðF Þ

For an energy-momentum tensor Tμν, the null energy
condition (NEC) stipulates that for every null vector, nα,
yields Tμνnμnν ≥ 0. Following [77], for a diagonal energy-
momentum tensor ðTαβÞ ¼ diagðTtt; Trr; Tθθ; TφφÞ, which
can be conveniently written as

Tα
β¼−ρtδαtδtβþPrδα

rδr
βþPθδα

θδθ
βþPφδα

φδφ
β; ðA1Þ

where ρt may be interpreted as the rest energy density of
the matter, whereas Pr, Pθ and Pφ are respectively the
pressures along the r, θ and φ directions. In terms of (A1)
the NEC implies

ρt þ Pa ≥ 0 with a ¼ fr; θ;φg: ðA2Þ

The weak energy condition (WEC) states that for any
timelike vector k ¼ kμ∂μ, (i.e., kμkμ < 0), the energy-
momentum tensor obeys the inequality Tμνkμkν ≥ 0, which
means that the local energy density ρloc ¼ Tμνkμkν as
measured by any observer with timelike vector k is a
non-negative quantity. For an energy-momentum tensor of
the form (A1), the WEC will be satisfied if and only if

ρt ¼−Tt
t ≥ 0; ρtþPa ≥ 0 with a¼fr;θ;φg: ðA3Þ

1. NEC and WEC for a massless scalar field

For static and spherically symmetric spacetime metric,
identifying (19) with (A1), and using (23), yields

8πðρtÞSF ¼ −8πðPθÞSF ¼ −8πðPφÞSF ¼
1

4
e−Bϕ02 ðA4Þ

8πðPrÞSF ¼
1

4
e−Bϕ02 ðA5Þ

since ðρtÞSF þ ðPaÞSF ¼ 0 for all a ¼ θ, φ, in this geometry
the energy–momentum tensor ðEα

βÞSF satisfies the NEC,
Eq. (A2), if

8πðρtÞSF þ 8πðPrÞSF ¼
1

2
e−Bϕ02 ≥ 0: ðA6Þ
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Since (A4), in this case the fulfillment of (A6) implies
ðρtÞSF > 0. Hence, in this case, NEC holds if and only if
WEC holds.

2. NEC and WEC for the linear/nonlinear
electrodynamics: Pure-magnetic case

Using (20) and (29) yields

8πðρtÞNLED ¼ −8πðPrÞNLED ¼ 2L;

8πðPθÞNLED ¼ 8πðPφÞNLED ¼ 2ð2FLF − LÞ: ðA7Þ

Since ρt þ Pr ¼ 0, the tensor ðEα
βÞNLED satisfies the

NEC if

8πðρtÞNLED þ 8πðρθÞNLED
¼ 8πðρtÞNLED þ 8πðρφÞNLED ¼ 4FLF ≥ 0: ðA8Þ

In addition to (A8) if

8πðρtÞNLED ¼ 2L ≥ 0 ðA9Þ

the WEC is satisfied.

APPENDIX B: MAGNETICALLY CHARGE
ULTRASTATIC AND SPHERICALLY
SYMMETRIC SOLUTION OF THE

EINSTEIN-GAUSS-BONNET THEORY
(WITH VARIABLE GAUSS-BONNET

COEFFICIENT) COUPLED TO
LðF Þ ELECTRODYNAMICS

According to Eq. (49) the trivial case of vanishing scalar
field, ϕðrÞ ¼ 0, is obtained when setting σ0 ¼ 0, whereas
for this case the line element (48), with shape function (47),
takes the nontrivial form

ds2 ¼ −dt2 þ dr2

1 − 2r2LðF Þ

þ r2ðdθ2 þ sin2θdφ2Þ; with F ¼ q2

r4
: ðB1Þ

However, σ0 → 0 also implies that ϕ0 ¼ 0, ϕ00 ¼ 0,
ḟ ðϕÞ → ∞, and ̈f ðϕÞ → ∞. Despite this, the quantities
ḟ ðϕÞ and ̈f ðϕÞ appear in the EsGB-LðF Þ field equations
as multiplicative factors to derivatives of the scalar field,
i.e., ϕ0 ḟ ðϕÞ, ϕ00ḟ ðϕÞ and ϕ02 ̈f ðϕÞ, and these (when σ0 ¼ 0)

are nonzero and a regular function in the spacetime domain,
and are given by

ϕ0ðrÞḟ ðrÞ ¼ r
4bðrÞ

�
1 −

bðrÞ
r

�
−1
2

PðrÞ ðB2Þ

ϕ00ðrÞḟ ðrÞ ¼ ½3bðrÞ − 4rþ rb0ðrÞ�r12
8½r − bðrÞ�32bðrÞ PðrÞ ðB3Þ

ϕ02ðrÞ ̈f ðrÞ ¼ r
4bðrÞ

�
1 −

bðrÞ
r

�
−1
2

×

�
P0ðrÞ −

�
ln

�
bðrÞ
r3

��0
PðrÞ

�
; ðB4Þ

where we use the auxiliary function

PðrÞ ¼
Z

r

r0

bðχÞ
�
ln

�
bðχÞ
χ

��0�
1 −

bðχÞ
χ

�
−1
2

dχ: ðB5Þ

The quantities (B2), (B3) and (B4) are not independent;
they satisfy

ðϕ0 ḟ Þ0 ¼ ϕ00 ḟ þ ϕ02 ̈f : ðB6Þ
Moreover, for this case the scalar field ϕ and the coupling
function f are decoupled, in such a way that f as a function
of the radial coordinate takes the form

f ðrÞ ¼
Z

r

r0

r̃
4bðr̃Þ

�
1 −

bðr̃Þ
r̃

�
−1
2

Pðr̃Þdr̃: ðB7Þ

Summarizing, we can say that when σ0 ¼ 0, the scalar
field becomes trivial, ϕðrÞ ¼ 0. However, the line element
(B1), together with the linear/nonlinear electromagnetic
Lagrangian density LðF Þ, scalar field and coupling func-
tion given respectively by (49) and (50), is still a solution
of EsGB-LðF Þ. In this case the parameter q in the line
element (B1) represents the magnetic charge and the
ultrastatic solution is only supported by the source-free
magnetic field and the fGB curvature.
Alternatively, the metric (B1) can be also interpreted as

an exact purely magnetic solution of an of EGB-LðF Þ
theory with variable GB coefficient αGBðrÞ ¼ f ðrÞ given
by Eq. (B7); hence, α0GBðrÞ ¼ ϕ0ðrÞḟ ðrÞ given by (B2),
whereas α00GBðrÞ ¼ ϕ00ðrÞḟ ðrÞ þ ϕ02ðrÞf̈ ðrÞ given by the
sum of Eqs. (B3) and (B4).
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