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The Goroff-Sagnotti operator, corresponding to the contraction of three Weyl tensors, is the first
counterterm of general relativity (GR) nonvanishing on shell. We study the classical effects of including
this operator in the effective gravitational Lagrangian. The results obtained for the Goroff-Sagnotti operator
are proved to hold for some higher-curvature operators that generalize it. We find solutions to those
operators’ equations of motion (EM); in particular, we find the general condition for the spherically
symmetric case and provide several example solutions. Concerning the EM for GR supplemented with the
Goroff-Sagnotti operator, we study spherically symmetric perturbative corrections to the GR solution. In
less symmetric instances, we only study the subset of solutions that solve the EM separately for GR and the

Goroff-Sagnotti operator.
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I. INTRODUCTION

Within the context of effective field theories (EFTSs)
applied to general relativity (GR), the Einstein-Hilbert
Lagrangian] is only the lowest-energy approximation2 of
a Lagrangian involving higher powers of curvature (maybe
all of them). Increasing powers of the energy scale suppress
these higher-curvature terms A, at which the perturbative
EFT description breaks down, and the input from all the
higher-curvature operators is required.

From this vantage point, a timely question is to what
extent a solution to GR’s equations of motion (EM) is
stable, in the sense of [1,2] under perturbations correspond-
ing to these higher-dimensional operators in the gravita-
tional Lagrangian.

Our main purpose is to examine the effect of changing
the EM due to the presence, in the gravitational Lagrangian,
of higher-curvature terms, specifically quadratic and cubic
in curvature. A general classification of such operators
was given in [3]. We present in Table I those operators
corresponding to quadratic and cubic operators.

One can start by considering the quadratic operators in
the first row of Table I. Since we will be concerned with the
structural stability of solutions to the EM, we can neglect
the LJR operator, as this boundary term does not change the
EM, provided an adequate Gibbons-Hawking-York surface
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'That gives rise to the equations of motion of GR.

’If one ignores the elephant in the room that the cosmological
constant represents.
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counterterm is added to the action. Furthermore, since we
will only consider n = 4-dimensional spacetimes, we can
further use the fact that the Euler characteristic for a four-
dimensional manifold corresponds to

1
Xy=—

=5 | VTR R~ ARR + R). (1)

where g = detg,,, to realize that only two out of the three

remaining operators are independent. Therefore, we can

choose as a basis for quadratic operators {R?, R, R*}.
The resulting action,

1
S=-53 / d*x/=G(R = K*(aR® + R, R™)), (2)

has the following EM:

1 58 1 1
-—— = —(R,-=Rg. ) —2BR(R, —-R
2,/=5¢" (“” 2 g"”) g (”” 4 g“”)

1
— 2aRr° <Rﬂpw - ZRp(,gW>
- (a + Zﬂ)(gﬂblj - vuvv)R

1
—all <R;w - 2Rg;w> : (3)

From inspection of Eq. (3), one can see that all the solutions
to GR in vacuum R,,, = 0 are solutions to Eq. (3) as well.?

*Note this is not a symmetry-dependent statement, GR
solutions are structurally stable under the addition of quadratic
operators.
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TABLE 1.
dimensionality is n > 5. The operators R*"°R
ality is n > 6.

apyv

Quadratic and cubic curvature operators. The operator R“ﬂRngR/’”’lﬂ is independent if the space
Rg" 5. R™r°R 5, R* .5 are independent if the space dimension-

Curvature order

Operators

Quadratic R?,00R,R,,R" R, R"’®
O°R,RCIR, R, V*V'R,R,,COR™ R ,m,;v“v/’Rﬂ” V#RV,R,V°R"V ,R,,.
Cubic VRV RW,V(‘R””””V R,po- R*.RR,,R" R"R "RaD,R””R” Rwﬂp,
RRaﬁWRa,,,w, RPPR 4 Ry s ,RaﬂfﬁRﬁwRMvaﬁ, RPR ,p1a R

The main goal of this work is to study operator
deformations that can make spacetimes potentially depart
from their GR solution status. However, Eq. (3) shows that
quadratic operators will not affect structural stability. Thus,
as discussed below, we will omit the presence of quadratic
operators in our stability analysis.4

On the other hand, dealing with the entire set of cubic
operators in Table I is generally complicated. There have
been attempts in specific simplifying scenarios, for exam-
ple, regarding perturbative solutions around a GR space-
time with a high degree of symmetry [4,5] or a particularly
well-behaved subset of operators, e.g., [6,7].

Our approach here is similar to thatin [1,4], where only one
out of all such cubic operators is considered; we will generalize
the statements for nonspherically symmetric spacetimes and
obtain some further generalizations. In particular, we will
consider the Goroff-Sagnotti (GS) operator,

OGS = Wﬂuaﬁwaﬂpdwpaﬂy’ (4)

where W5 is the Weyl tensor,”

1
Waprs = Rapys — 5 {90y Rps = GasRpy — 9pRow + 9psRya}

1
+ 8 R{gaygﬁﬁ - g(lﬁgy[)’}' (5)

The main property of Weyl’s tensor is that it is inert’ under the
so-called Weyl rescalings (a gauge transformation) of the
spacetime metric

G = Qx)%g,.
- WH vpo* (6)

Restricting to a single operator means that there are
potential effects that our analysis will not capture.7

WH

vpo

“We stress that they play a role when studying how solutions
depart from GR solutions, but leave that analysis for future work.

°In general spacetime dimension the form of the Well tensor
will change and the Weyl classification discussed in Appendix C
will not be valid.

Bear in mind the position of the indices in Eq. (6).

Unless some fine-tuning in the coefficients of all the other
third-order curvature operators would justify the choice here
made. We are not aware of any reason for this to be the case.

However, since such corrections are unlikely® to cancel
the effects of the operator considered, we believe that any
departure from the GR solutions here displayed would,
most likely, only be accentuated by the presence of more
general operators.

The reason for considering Ogg is twofold: First, it is the
first nonvanishing, on-shell counterterm that appears when
renormalizing gravity. The one-loop counterterm [8] to GR,

Ls' = n14(47r) /dnx\/_<6o 2+10R””) ™

vanishes on shell.

It is then essential to consider also the first nonvanishing
on-shell counterterm, which appears at the two-loop order,
the Goroff-Sagnotti (GS) operator [9], and is proportional

to the trace of the cube of Weyl’s tensor,
(2) 1209 afpo uv
n—42880 (4 Wiag WP W o' (8)

Note that for n <5, see Table I, there is only one
independent such contraction [3]. It is interesting to remark
that, as first pointed out in [1,10], for the static and
spherically symmetric case, the EM corresponding to
Ogs excludes the general relativity solutions. The main
goal of this work is to generalize the claims for spherically
symmetric spacetimes and study to which extent less
symmetric solutions are incompatible with the GR ones
under the GS counterterm perturbation.

In addition to this physical motivation, the simplicity
of the EM for Ogg will allow us to extract certain
general properties of the deformation, see Sec. II A 2.
Ideally, we would want to get exact solutions to the EM.
However, those are few and far between. This can be
seen by observing the trace equations for the static and
spherically symmetric case in Appendix D. Even in this
simple case, they are nonlinear fourth-order differential
equations.

Nonetheless, given the structure of Ogg, we provide a
necessary condition for a spacetime to be a solution to the
EM for the Ogg operator. The full EM can be checked in

¥Given the different nature of the cubic operators in Table 1.
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Appendix A. This is independent of the symmetry of the
spacetime considered, but some symmetry assumptions
can strengthen the condition to a necessary and sufficient
condition. The main tool for obtaining these results
combines the trace of the EM and the Petrov classification,
see Appendix C.

In proving the results for the GS operator, we generalize
the results to the family of operators defined like

Op =uW’r=W

Hi1p101 """

Wﬂp”nﬂp”ﬂlﬂ e (9)
where 17777 is the product of 2p inverse metric tensors, for
example,

= gﬂlﬂz .. ‘g.upfl."lpgblyz . .gypflypg/)]pz . .g/)pflf)pgo—]{TZ . ‘g{;pflﬂp.
(10)

Although more complicated contractions are possible, they
are all similar in character.

After this, we discuss solutions to the whole system,
including the Einstein-Hilbert operator, providing details
regarding static and spherically symmetric perturbative
solutions in w.

To summarize, the starting point would be the
Lagrangian

1
j- ,—_g{__R + aR!Zw L bR+ wi Wﬂuaﬂwaﬁﬂvaaﬂv } ,

2K?
(11)

with dimensionless coupling constant a, b, ®, and
K> = 8xG.

The coefficients of the quadratic operators R?> and R/%,,
in (11) can and will be put equal to zero (a = b = 0) to
study the structural stability of GR solutions.” Hence, we
will study

1
L= \/—_g{—WR - wxzw,,mﬁWa/’WWMﬂ”}. (12)

The outline for this paper is the following. In Sec. I A,
we consider the solutions to the EM of Ogg, starting in
Sec. I A 1 from the spherically symmetric scenario, where
the symmetry allows us to make stronger statements. After
this, in Sec. Il A 2, we consider less symmetric spacetimes

°Even if these operators do not render GR solutions unstable,
they would be important to determine how the spacetime is
deformed in the presence of the Ogg operator. Thus, to illustrate
the nature of the deformation in Sec. III, we will only consider the
GS operator.

and study how the results of the prior section are changed.
Bothin Secs. I A 1 and IT A 2, the results are obtained from
proofs for the family of operators O, in Eq. (9), from which
setting p = 3 the results for Ogg are obtained.'” This is
followed by some results concerning perturbative solutions
in w of the EM in Sec. III. Finally, in Sec. IV, we close
with a summary of this work’s results, conclusions, and
implications.

II. ANALYTIC SOLUTIONS TO O

Given the difficulties that a direct approach to solving
the EM presents, we will start by considering the
possibility of solving the EM separately for Ogs. In
Sec. Il A, we discuss the solution to the EM for the Ogg
operator by analyzing the family of O, operators defined
in Eq. (9). After this, in Sec. II B, we comment on the
solutions to the EM of Eq. (12).

A. The OGS EM

In this section, we only consider the EM for the Ogg
operator. For this, we first study spherically symmetric
spacetimes in Sec. [ A1 and then turn to more general
spacetimes in Sec. I A 2.

1. Spherically symmetric spacetimes

Let us start with an observation that is the root of many
of the following results. Direct computation of the Weyl
tensor for spherically symmetric spacetimes with line
element

ds* = B(r,t)dt* — A(r, t)dr* — r*dQ3 (13)
yields

G

"or = oazgr 2 e

(14)
In Eq. (14), we have defined

G(A,A",B,B',--)=A(r*(B? - AB)
+2rB(rA + B' — rB") — 4B?)
+ rB(A'(rB' — 2B) — rA?) + 4A?B?,
(15)

where f = 0,f(r.1), f' = 0,f(r.t), and Cc* ,, is a metric-
independent tensor,

""The reason for presenting the more general proofs is the
completeness of the results, even if such operators are higher
order in curvature and, as such, A suppressed.
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COlaﬁ — _Cloaﬂ —

o o = O
o
o O O O

C03aﬁ — _C3Oaﬂ —

S O O
=

o O o O

S O O O =

o O O

C13aﬁ — _C31aﬂ —

SO O O O O O o o O o o O

oS O O O
S O D=

=

This was first noted in [10], where it is written in terms of
projectors. Here, the result is showcased in detail. These
observation led, in [1], to a proof of the fact that all
spherically symmetric solutions to Ogg have to be Weyl
flat; W"/}y(; =0.

Here we provide an alternative proof valid for the family
of O, operators that will prove useful for the upcoming
results in Sec. 11 A 2.

Claim. For a spherically symmetric action consisting of
p contracted Weyl tensors,

SWeyl” E/d“x\/—g(’)l,

= /d4x Vv _gW/‘ll/]plo-l'“Wﬂp”[)/)po'pl ;ﬁa’ (17)
the condition

G|A,A',A,A,B,B'.B,B",r] =0 (18)
contains all nonsingular solutions to the EM. Equation (18)
is equivalent to Weyl flatness.

Proof. The general action in Eq. (17) is defined forn = 4
dimensions. We have defined the tensor

[FVPG = gfn¥in g’ (2p metrics), (19)

where (i;...i,), (ji.--j,)> (ky...k,), (I;...1,) are permu-
tations of (1...p), such that it represents all possible scalars
containing p Weyl tensors.

For example, the GS operator corresponds to

I vpo GIP3 13 P12 12 gPks g2V (20)
The EM can be formally expressed as
1 5G 5Ch
— P -1~ uvpo
2gaﬁGpC,,w/m + pGP? 547 Chipo + G? 57 =0, (21)

0 01 o0
0 0 0 O
Cozaﬁ - _C20aﬂ - 1 0 0 0 5
2
0 0 0 O
0O 0 0O
0 0 Lo
Clzaﬂ — _C21aﬂ — 0 1 0 0 ,
)
0 0 0 O
0 0 0 O
0 0 0 O
C23a — _C32a — 16
/ 77 lo 0o 0 -1 (16)
0 01 O
|
where
C/];vpa = Cﬂ,ymlo-l '”Cﬂpvl,/)l,ﬁplﬁ;ﬁa' (22)

This means that all solutions to G[A,A’,A,A,B, B, B,
B",r] =0 are also solutions of the EM (“sufficient con-
dition”). They depend on an arbitrary function since a
unique differential equation determines A(r, t) and B(r, 1).

Also, since the action is conformal in dimension n = 2p,
the trace of the EM is proportionall11 to

5Sw 11) -
p ey _ G
K S x (2p —4)W Wv,ppe, 11700

H1V1p101 """
We provide an alternative proof of this fact in Sec. IT A 2.
Nonetheless, this is forced by conformal invariance and
dimensional arguments. Indeed, Deser-Schwimmer’s [11]
conjecture, proved by Alexakis [12], states that the most
general form of the integrand of a conformal (Weyl)
invariant is of the form

(23)

P=W+V,j* + cPf(R,,,;). (24)
where ¢ is a constant, W is a conformal invariant (i.e.,
/—9gW? in n = 4 dimensions), and the Pfaffian is propor-
tional to the integrand of Euler’s characteristic of a compact
manifold M through

2" (n/2 = 1)!

] Prpe)atvel) = 2R ).

(25)

Combining Eq. (23) with the observation in Eq. (14),
we can see that, for the spherically symmetric case, the

"It turns out that it is not only proportional but equal. See
Sec. I A 2 below.
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condition G =0 is also a necessary condition for the
spherically symmetric solutions to the EM for O,,. =

The fact that all Weyl flat solutions satisfy G =0
(barring divergences in the metric tensor) means that, for
all powers12 p # 2, we capture all solutions (“necessary
condition”) of the EM by simply solving for this condition.

This is no longer true in the conformal dimension
(p = 2); see Appendix B. This is why Schwarzschild
spacetime is a viable solution for four-dimensional con-
formal gravity [13].

Finally, we note that, taking into account the proof that
conformal gravity satisfies Birkhoff’s theorem [14], i.e.,
any spherically symmetric solution is static, and the fact
that the set of solutions to conformal gravity contains the
solutions for any action of the form (17) we conclude that
any spherically symmetric solution to an action made of by
p contractions of the Weyl tensor will be static. Therefore,
Birkhoff’s theorem, in the sense of spherically symmetric
solutions having to be spherical," holds for this larger set
of actions.

For illustrative purposes, we now apply the result we
have just proven to obtain some solutions to the complete
EM in (A2) for the static and spherically symmetric case.
Since Eq. (18) is a unique condition for the two functions
A(r), B(r), to find solutions, we make an ansatz for B(r)
(seed function) and integrate the first-order ordinary differ-
ential equation for A(r).

(i) First, we would like to compare the classical result

[13]; for that, we further restrict the freedom of the

(26)

Plugging this in (18), one can integrate the resulting
equation, obtaining

1

Alr)=—————,
(r) czr2 +cr+1

(27)

which corresponds to the solution first reported in
[10], without the % term of the solution in [13]. This
further shows that there is no Schwarzschild solution,
as first pointed out by Deser and Tekin [10]. Compare
this with the conformal gravity solution (BS5).
To obtain distinct solutions, we will consider independent
A(r), B(r).
(1) We can obtain asymptotically flat solutions with
Schwarzschild-like behavior at large r, using the

seed
Mr" )
B(r)=1 — T with M, 1> 0. (28)
These solutions satisfy that
for r>> "V, B(r)~1- M (29)
r

Some particular choices of n and corresponding

pair A(r), B(r)"* and set A(r) are

(@) n=0,

B(r)=1 —%, (30)

B (212 + r(42 = 3M) +24(1 = M))?

Alr) = A+r)?A+r=M)(c;P?A+r)+4A+r—M))’ (31)
by n=1,

B(r)=1 —%, (32)

A(r) = (222 4+ (2r =3M) + Ar(4r = M))? (33)

A+ )24+ r* =M

Y(r(r(cy(A+7r?) +4) —4M) +41)°

The unique condition (18) allows for a large number of solutions. The examples explored here are such that they recover

asymptotic flatness if ¢; = 0. These examples are obtained
Appendix D.

"“Note then this proof also contains the GS operator, Ogg.
'3They are clearly nonunique.
"“This oversimplification works here even though the gauge only

using Eq. (18) and later checked to satisfy the EM in

depends on one function instead of two [10].

104043-5
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2. Nonspherically symmetric spacetime:
The trace equations

The proof in Sec. I A 1 is based on the variation of the
action corresponding to the integral of an arbitrary O,
operator. Spherical symmetry is only crucial to drawing the
conclusion that

sph symm

O, =0—= Waﬂ},(; =0. (34)

p
On the other hand, we stress that the need for O , to vanish
is not symmetry dependent.

Given the action

S, E/d”x\/—_g(’)p, (35)

we have set the dimensionality to n to keep track of where
the dimensionality plays a role in this derivation. We will
later set n = 4 below. Upon a linearized Weyl rescaling in
an arbitrary dimension, say, n,

5Wg/w = a)<x)g/4w (36)

and because it is invariant precisely when n = 2 p the action
in Eq. (35) satisfies

5WS], I/d"xéw(\/—gop)

—/d"x(n—2p)a)(\/—_g(’)p) —/d”x;)%f;wg“”.
(37)
|

. <E3—EB2—B2E—BEB
~ "\ BE?-B3+EBE+E’B

where now, using the cyclic property of the trace,

Ogs = tW?3 = Nu(E* — 3EB?). (42)

Given the fact that Schwarzschild spacetime (as, in fact, all
static, spherically symmetric spacetimes) has purely elec-
tric Weyl tensors, it can be easily shown that, for them,
OGS — Oz}WﬂVﬂf’ — O (43)
For purely magnetic spacetimes, Ogg = 0 is given. Un-
fortunately, there are not many known purely magnetic

®In fact, Matte’s work [15] precedes Petrov’s by one year,
although he did not achieve a full classification of Weyl’s tensor.

16Here, N takes care of index undercounting, and its exact
value is immaterial for our purposes.

It follows that

D(SSP
9 s

= (n=2p)(vV=90,). (38)

This is a rederivation of the relation in Eq. (23), accounting
for all the proportionality our previous discussion missed.

The result in Eq. (38) generally holds for S, actions; we
now try to provide a way of assessing whether this identity
is satisfied for different spacetimes by studying the proper-
ties of the Weyl tensor. The natural way of doing so is
through Petrov’s classification, which we briefly introduce
in Appendix C for the reader’s convenience.

Let us represent, following [15-17]," the ten indepen-
dent components of Weyl’s tensor as a six-dimensional

block matrix,
, E -B
wH po = ’
B E

where B and FE are three-dimensional, traceless, symmetric,
and real matrices. We refer the reader to Appendix C for
details on this. From Eq. (39),'°

(39)

5 E*-B*> —(EB+ BE) 5
W2=N - trW
BE + EB E* - B?
= Nu(E? - BY). (40)
Similarly,
B?® — BE? — E’B — BE? — EBE
, (41)
E3 — EB%> — B2E — BEB

I
exact solutions. A theorem stated in [18] claims that there
are no purely magnetic type D vacuum solutions of
Einstein’s equations.

Starting with O,, the cyclic property of the trace is not
enough to get a simple result. To be more specific, we need
some explicit results [16,19] on Petrov’s classification of
spacetimes. They are frequently expressed in terms of the
properties of the matrix

Q=E+iB. (44)

The algebraically general spacetime is dubbed Petrov type
I. For these spacetimes, the general criterion is

(Q —41d)(Q — 4,1d)(Q — A31d) = O (45)

104043-6
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(where > 4; =0 and A; =e; +ib;). The electric and
magnetic Weyl tensors obey

€l 0 0 bl 0 0
E=|0 ¢ O| and B=| 0 b, 0|, (46)
0 0 ey 0 0 by

with > e; => b, =0. It is plain that, in this case,
[E, B] = 0 so the trace is given by

Ogs = 2N _ei(e? —3b?). (47)

Type D is a subtype corresponding to 4; =4, = =215 in
Eq. (45). This particular Petrov type is important for us
because all spherically symmetric solutions [19] are either
type D or type O (meaning that the spacetime is con-
formally flat).

The general result for the all-important types I and D is
obtained from the above discussion,

Oy =2 Zm:(—l)k ( 22';: ) tr(E2m=KIB%) (48)

n <2m—|—1

Oumer =23 (-0 o5, a9
k=0

This gives the conditions for the vanishing trace in terms of
products of the electric and magnetic eigenvalues {e;, b;}.
Let us apply these results to a couple of example
spacetimes. These depart from spherical symmetry and
thus from the results in Sec. I A 1.
(a) First, we consider the spacetime of p p-waves with line
element [19]

ds? = —2duH(x,y,u) + 2dudv — (dx* + dy*). (50)

Given the fact that pp-waves belong to the class of
vanishing scalar invariant [20] spacetimes (included in
Kundt’s class), we only have to impose Einstein’s
equations in vacuum, which means that H(x, y, u) has
to satisfy

R,=0s 02H(x,y, u) + ()gH(x,y, u)=0. (51)

The above-introduced analysis yields electric and mag-
netic components of the Weyl tensor corresponding to

1

SR TTER R
0 0 0
x |0 0H(x,y.u) 0,0,H(x.y,u) (52)
0 0.0,H(x,y, u) —02H(x,y, u)
and

1
o 2H(x,y,u) + 2
0 0 0
x| 0 —0,0,H(x,y,u) 0rH(x,y,u)
0 0iH(x.y.u)  0,0,H(x,y,u)
(53)

In Egs. (52) and (53), Eq. (51) has been used. The direct
calculation then gives

0> =0. (54)

Therefore, we see that pp-waves are everywhere in
Petrov type N. One then has that the trace condition is
satisfied for them, i.e.,

Ogs x trQ® = 0. (55)

Thus, pp-waves comprise an example of a spacetime
satisfying the necessary condition to be a solution to the
EM. Here, direct computation lets us see that this
spacetime satisfies the Goroff-Sagnotti EM, Eq. (A2).

In [1], it was proven that no spherically symmetric
spacetime could simultaneously solve Einstein’s and
Goroff-Sagnotti EM. It is interesting to remark that p p-
waves are the only example of a solution to both EM we
have identified to this date.

(b) As a second nonspherically symmetric nor static
example, we consider Kerr-Newman spacetime,
whose line element in Boyer-Lindquist coordinates
[21] reads

A
ds* = 7 (dt — asin®*0d¢)?
: 29 2
—Z22(07 + a)dgp — ad]? =L ar? - prde?,
p A
(56)
where

Azrz—rrs—i-az—i-r,z] and p = a®cos*(0) + 12

(57)

As usual, a is related to the angular momentum, r, is
the Schwarzschild radius related to the mass, and r is
related to the electric charge'” of the solution.

In this case, the electric and magnetic matrices are

"We set rq = 0 such that the line element in Eq. (56) is a
solution to the vacuum Einstein’s EM.

104043-7
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1 0 0
4ror(3a® — 2r? 4 3a® cos(26))
E=e(r,0)| 0 =1 0 |, with 0) = —~ , 58
e(r.0) 2 1 with e(r,0) (a* +2r* + a* cos(20))? (58)
U
oY (0)(a* = 6r* + a* cos(
_ 4ryacos(f)(a” — 6r° + a* cos(20))
B=b(r,0)| 0 =1 0 |, with b(r.0)="2 59
(r.) 2 with  b(r.0) (@127 + a2 cos(20) )3 (59)
0o o -1
2

This corresponds to a Petrov type D spacetime; following
the above discussion,

Ogs =3 e(r.0)(e(r. 02 =3b(r.07).  (60)
The trace in Eq. (60) is nonvanishing'® for arbitrary r values.
We conclude that an uncharged Kerr spacetime with mass
cannot solve the EM for the Goroff-Sagnotti counterterm.
We find this remarkable. Schwarzschild metric and its most
important stationary extension, namely, Kerr spacetime
(widely believed to be the general end point of gravitational
collapse) is incompatible with the Goroft-Sagnotti Lagran-
gian deformation.

B. General remarks on the complete EM

It is physically evident that the effect of all those
operators is suppressed by powers of the energy scale
Aesr (two powers for the Goroff-Sagnotti operator). This
means that the perturbative corrections to an exact solution
of the Einstein-Hilbert Lagrangian (like the simplest
Schwarzschild spacetime one) and even quantum correc-
tions are not expected to be relevant at low energies. The
nature of perturbations for spherically symmetric space-
times is considered in Sec. IIL.

Nevertheless, when an exact solution can be found in a
nonlinear theory like GR, one always learns new things,
some of them very important physically, like the presence
of a horizon, which is a global concept. It would then be
desirable to find exact solutions of the Einstein-Hilbert
Lagrangian coupled to those higher-dimensional operators.
Unfortunately, we have not been able to identify any
solution in which the two operators in the Lagrangian
interact in a nontrivial way. The already mentioned sol-
utions are in the class of “vanishing scalar invariants” like
pp-waves, in which (when Ricci flatness is imposed) the
EM of the two operators at play vanish separately.

III. SOME REMARKS ON PERTURBATIVE
SOLUTIONS

It is well known that, while the Einstein-Hilbert action
admits the Schwarzschild metric as a solution, this is not

"Unless ry =0.

|
true anymore when the GS operator is included, as first
shown by Deser and Tekin [10]. This section aims to
ascertain where an initial Schwarzschild spacetime is
driven in the presence of the GS counterterm.'’

In this section, we are interested in analyzing the static
spherically symmetric perturbations to Schwarzschild
spacetime when the Einstein-Hilbert action is deformed
with the GS term, that is,

1
S=/d4x\/—g{—FR+a)K2W3}. (61)
K

In Sec. Il A below, we analyze the case of a polar
perturbation of the type

ds* = {1 Ly B(r)} dr* — dr* — r?dQ?.
,

[1 —L4 A(r)]
(62)

In this formalism, we will consider the first-order correc-
tions in wx* to the EM for a spherically symmetric
spacetime, displayed in Appendix D, that determine the
small corrections to g, given by B(r) and discuss the
changes this brings into the thermodynamic quantities of

the original spacetime.

A. Perturbations of the horizon

Since the perturbation in (62) does not change the static
and spherically symmetric nature of the spacetime, we will
have that every event horizon will correspond to the Killing
horizon for a certain timelike vector I [22]. For the
particular form of the metric we are considering,

K=o, (63)
is a Killing vector. Then the Lie derivative of the metric
with respect to the vector field IC satisfies

PIt is important to acknowledge that the results under the Ogg
deformation should, on a complete calculation, be computed
including the quadratic operators which, even if they do not affect
the structural stability, are important to see how the Schwarzs-
child solution would change.
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‘Cng = ValCﬁ + VﬂK:a = 0 (64)

The Killing horizon of K will correspond to a null hyper-
surface in which the norm of K vanishes, i.e.,

K2=1-24B(r)=0. (65)

r
To see how the perturbation B(r) introduced by the GS
counterterm can affect the horizon structure, we consider

the first-order EM for B(r),

BA(r) + (r—r,)(r3B'(r) + 126212 (41, — 37))
—r'rB(r) =0, (66)

A (r) + r’A(r) + 126272 (16r, — 15r) = 0. (67)

Solving Egs. (66) and (67) gives

cy  32*r) 36K%r?
A(r) =—+ - , 68
(r) =4 2250 208 (68)
Cory € 82 12k%r?2
B(r):—%+71+62+TS—TS. (69)

Setting ¢,, ¢; = 0 to ensure asymptotic flatness and the
right spacetime when @ — 0, respectively, gives

8k2rd  12k%r?

I 1”6

B(r) = (70)
With Eq. (70), we will first consider small displacements
of the horizon and study how these are reflected in the
horizon temperature and the associated Bekenstein-
Hawking entropy. Here we will consider the Killing
horizon corresponding to the timelike Killing vector of
the metric. If we consider r = r to be the value at which

91t(70) om0 = 0, (71)

then ry = r,. If we consider that when @ # 0 the new
Killing horizon is at

r.=r,+oK’p+ -, (72)
we have that
4x?
P = 3 (73)

and then the position of the horizons is given by

4
ro=r,+to <—3> : (74)

)

In this particular case, we can check that this value of r,
makes the first order in ¢’" vanish.

B. Thermodynamics

For arbitrarily small perturbations, the only effect of the
GS counterterm is to shift the location of the horizon.
Suppose we assume no further change occurs in the
spacetime’s causal structure. In that case, we can, in
principle, calculate the first-order changes that the temper-
ature and entropy associated with the event horizon suffer
under the GS counterterm. Changes in the thermodynam-
ical variables coming from interaction with classical matter
(dirty black holes) were studied in [23], while an analysis
for general third-order curvature perturbations was pre-
sented in [5]. Here we follow the latter to discuss the
changes to first order in the perturbative parameter wx>.

We note that there are some instances in higher-deriva-
tive theories of gravity in which the changes in the first
black hole thermodynamical law [24] can be exactly
calculated [6]. However, these results depend crucially
on the fact that A(r) = 1/B(r), which allows expressing
the series near the horizon in terms of the surface gravity.
We will restrain our analysis to a qualitative study of the
lowest order and leave the more technical details for
elsewhere.

In order to study the change in temperature, we expand
the near-horizon geometry. This leads to the known
Rindler-like behavior near the horizon. Now, we analyti-
cally continue the geometry to complex coordinates. Then,
we use the Euclidean time periodicity.

To avoid conical defects at r = r,, the Euclidean time
variable has to have a period whose inverse is related to the
temperature. To first order, this corresponds to

h 4o
T, = 1 , 75
H 4nk3rs< * 4) (73)

which is clearly different from the classical result for the
spherically symmetric gravitational collapse [25].

In order to study the change in the entropy, we note that
from the asymptotic expansion in Sec. III A, the behavior
for an observer at infinity has corrections of O(1/r)°
or higher. Therefore, the Arnowitt-Deser-Misner mass
measured by an observer far from the horizon is
unchanged. Therefore, the first law in this approximation
reads

dS 1 A4mkgr, (1 _4(1)K4>. (76)

dM T  h r
This naive calculation shows the first-order change in the
thermodynamical quantities associated with the horizon. A
more careful consideration should incorporate quadratic
operators into the picture. However, we have left them out
of the question for simplicity.
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IV. SUMMARY AND CONCLUSION

The leitmotif of the present paper is that we believe that it
is physically important to take into account irrelevant (in
the renormalization group sense) operators in the gravita-
tional action, which are present in a naive calculation of the
radiative corrections to the Einstein-Hilbert action.

With that in mind, we have examined in some detail the
effect of the GS operator,

OGS = W;waﬂ Wa/)’/lemuy‘ (77)

We found that many arguments could be extended to
Lagrangians built out of arbitrary powers of Weyl’s tensor.
We generalized, in particular, Deser and Ryzhov’s argu-
ments [10] to the nonstatic case and found the general
solution of the EM with spherical symmetry in the non-
conformal situation. Furthermore, we have studied how the
necessary and sufficient condition is changed when spheri-
cal symmetry is relaxed.

In detail, the operators we have studied are built of p
contractions of the Weyl tensor, symbolically,

/ d"x/=50,. (78)

These are conformally invariant in dimension n = 2p.
Using the so-called trace equation and the Petrov classi-
fication of Weyl’s tensor, we have found a necessary
condition for the solutions of the EM in the general case.

In the more simple instance of spherically symmetric
spacetimes, which motivated this study originally [1], we can
find the general solution of the EM. This is because, in this
case, the trace condition becomes a necessary and sufficient
condition for a spacetime to solve for the complete EM.

Examples for the less trivial pp-waves and Kerr-
spacetime are explicitly worked out. pp-waves are found
to be a solution to the EM of GR with the p = 3 operator
included.

Concerning the physically relevant EM (including the
Einstein-Hilbert contribution), we were able to prove that
there are no spherically symmetric Ricci flat solutions.
Some computations regarding perturbative solutions are
provided for spherically symmetric and static space-
times, but these are not substitutes for analytic solutions.
Although no complete solution to the EM has been
identified for the spherically symmetric case, we have
shown that, when the FEinstein-Hilbert Lagrangian is
deformed with the W? operator, the resulting spacetime
is expected to change its asymptotic behavior. A perturba-
tive analysis indicates that the horizon gets modified and so
do the thermodynamic properties of spacetime.

The only spacetime we have found to solve the complete
EM are pp-waves. This could have potential implications
in gravitational waves within the context of effective field
theories, but more work is required to make any precise
statement.

The results regarding structural stability would not
change very much if we had included quadratic terms in
the action. The reason is that quadratic theories admit
Schwarzschild spacetime as a solution, so they do not upset
the stability of the initial solution. They become relevant
when studying where the solution is driven when operators
that hinder structural stability, such as Ogg, are included
in the action. In the same spirit, the introduction of a
cosmological constant can be done easily, and it does not
affect the result in any essential way, provided the pertur-
bations are done to the corresponding de Sitter/anti—de
Sitter-Schwarzschild background.
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APPENDIX A: EQUATIONS OF MOTION
FOR Ogg

Here we present, for completeness, the EM for the Ogg
operator. Again, we will denote the spacetime dimensions as
n to illustrate the dependence on dimensionality. However,
the reader must bear in mind that, for the Petrov classification
and the decomposition into electric and magnetic parts of the
Weyl tensor to work, one must have n = 4. Therefore, the n
in the expressions below should only be considered as a case
study of the general claims made in Sec. II A 2 regarding the
trace of O, operators being conformally invariantin n = 2p
dimensions.

The action for Ogg is

Sgs = /d4x,/—gW”m/jW“/’/’”Wp,,””. (A1)

Making explicit the dimensionality, n = 4, they read
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1 6
Vi =59u0cs + ——% [

2 (n=2)|n—-1

( R Wﬂ apl Wz/a/il

_ Rﬂy WZ) _ Raﬂ Wﬂa/lz' Wﬁ‘ryﬂ

- 2V7Vﬂ(WDaﬂ2Wm/M) + gﬂpvpvg(wpamwaaﬁﬂ) - (I’l - Z)vaa(wﬂpaﬂwaﬂw)

n—1

+ ((vﬂvu - gpwl:‘)

The trace of Eq. (A2) corresponds to

n—06
V;wgﬂy = T uvaf WaﬁpGWpyﬂu' (A3)
We see that in any dimension different from the conformal
one (n =06), a necessary condition for the EM to be
satisfied is that

Ogs = WﬂmﬁW“ﬂf"’Wp,,”” =0. (A4)

APPENDIX B: CONFORMAL GRAVITY

In this appendix, we study conformal gravity (CG),
corresponding to the action

SCG:/d4X\/—gWﬂWI/gWMDa‘/}:/d4x\/—gOCG. (Bl)

The purpose of this section is to shed some light on the
reasons why conformal invariance for the action in Eq. (B1)
implies that the results proven in Secs. Il A 1 and II A 2 fail
to hold for this action.

The action (B1) defined by the trace of two Weyl tensors
is conformally (gauge) invariant in n = 4 dimensions (and
it is the only operator on the family with this property). The
equations of motion correspond to the vanishing of the
traceless Bach tensor

Hup = oo = Bup = KWy, + V(1K = V.Kp)
(B2)
where Schouten’s tensor K, is defined as
Kop = L (Raﬁ - ¥Rgaﬁ> . (B3)
n—2 2(n—1)

Physically, the most important property of Bach’s tensor is

that it corresponds to a primary operator of dimension 2;

that is, under a Weyl rescaling (6), it transforms as

B,, — Q‘zBlw. (B4)

It was shown in [13] that conformal gravity admits a
solution,

w2 +0 ( W” api VVW!/}/1 )> 4 R”T Wya/}/l W'ra/}i:| -3 W” aph WD(I/)(T W/m—ﬁ/1 )

(A2)

[
ds? = (co —i—g—&— cir+ c2r2>dr2
r
dr?
<c0 +Etor+ czrz)

— 293, (B5)

while Deser and Tekin show [10] that the GS counterterm
does not allow for the c_; term. This is again because, for
the conformal dimension p = 2, the trace identically
vanishes, and therefore G = 0 will capture some, but not
all, spherically symmetric and static solutions to

Haﬂ - O (B6)

This means that the set of all spherically symmetric
solutions corresponding to (18) belongs to the larger set
of solutions of conformal gravity.

As an example of the difference between Ogg and the
family of operators O,, note that, for static, spherically
symmetric spacetimes,

Oy = WA ;W W, WP s (B7)

is proportional to the Lagrangian of CG in Eq. (B1). Using
the notation of Sec. II A 2, it so happens that

r*AB sin’(0)

2
T iais © (B8)

V=90, =
and

r*ABsin*(0) _,

—a0, = Y AP \Y)
94 = T 576,848 8

This simple relationship between both Lagrangians does
not carry over to the corresponding solutions. As shown
in [1], the solutions for CG contain those of O, but not
conversely. Of course, for CG, the trace equation does not
yield any restriction on the conformal case n = 4. On the
other hand, the trace condition applies for the EM corre-
sponding to the operator ;. Therefore, the only way in
which a metric can be a solution to both CG and quartic
gravity is to satisfy, in addition,

(B9)

W2 =W W, =0=G=0= W%; =0, (BI0)

i.e., it has to be conformally flat. In fact, for any p # 2,
static, spherically symmetric solutions are determined
by Eq. (B10).
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APPENDIX C: PETROV’S CLASSIFICATION

Here we present the basic ingredients of Petrov’s
classification. We follow the very pedagogic explanations
of [19]. Equally good presentations of this topic are present,
for example, in [21,26]. However, any advanced book in
general relativity with a section on the topic should suffice.

The curvature tensor, expressed in an orthogonal tetrad
{el}, Rypeqs can be uniquely decomposed into parts trans-
forming under irreducible representations of the Lorentz

group,

Rabcd = Wabcd + Eabcd + Gabcd7 (Cl)
where
1
Eabcd = 5 (gacsbd + ghdSac - gudSbc - gbcsad)’
1
Gapea = ER (YacGba = Gaa9be)s
1
Sab = Rab - _Rgab' (CZ)

4

Equation (C1) defines the Weyl tensor equivalent to Eq. (5).
Defining the dual vector,

1 .
Wapea = zecdefWabefa

where €., is the Levi-Civita symbol. From this, we can
define the complex Weyl tensor,

W*abcd = Wabcd + iWabcd'

By using a normalized timelike vector, we can express the
content of W ., in terms of a two-index complex tensor Q,

—Qpe =W ppequbu? = E,. + iB,., where u.u = 1.

(C3)

This defines the electric E,, and magnetic parts B, of the
Weyl tensor. Even though Eq. (C3) might seem to depend on
the choice of u“, this is not the case, as the tensor W* ., can
be retrieved from Q,;, by the expression

1
) W abea = 4u1aQpjjatte) + JalcCapp — Ib(cLaja

+ ieabefueu[ch]f + iecdefueu[aQb]f7 (C4)
where the square brackets mean antisymmetrization in the
enclosed indices.

This means one can describe the Weyl tensor using the
matrix Q,, or, alternatively, by its electric and magnetic
components. One can see that Q,; satisfies
(iii) Quu’ =0. (C5)

(l) Qab = Qba» (”) Qaa = 0,

TABLE II. Petrov classification.

Petrov type

I (111 (Q-41d)(Q—4Id)(Q —A31d) =0
D [ADIT (Q-A41d)(Q+%1d)(Q—Ald) =0
I 211 (Q-11d)(Q+%1d)*(Q - d)=0
N [(21)] 0°=0
11 3] 03=0
0 0=0

Conditions (i)-(iii) in Eq. (C5) mean that Q,, has five
independent, complex-valued entries, which correspond
to the ten independent components of the Weyl tensor in
n = 4 dimensions.

The last piece necessary to discuss Petrov’s classification
is the eigenvalue equation,

QabXb = j'Xa’ (C6)
which leads to the characteristic equation
det (Q — Ald) =0, (C7)

which determines the eigenvalues and their multiplicity.
Spacetimes can be classified according to these eigenvalues
and their multiplicity, see Table II. It is also common to
present a diagram in which the more general spacetimes are
related to the more restrictive ones; see Fig. 1.

These properties of the Weyl tensor and the Petrov
classification imply that we can, as in the original works,
see, e.g., [15-17], identify the Weyl tensor with two indices

raised, W% 5, as
» E -B
W = 2 £ ) (C8)

N DN
N O

FIG. 1. Petrov classification diagram. Arrows point toward less
general spacetimes contained in the spacetimes from which
arrows start.

III
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which will be extensively used to discuss the properties of APPENDIX D: SOME DETAILS OF THE
the trace equation for O, operators in Sec. IT A 2. Similarly, COMPUTATIONS

the properties of the spacetimes in Table II are used in
Sec. IT A 2 to study the spacetimes in terms of the eigenvalues
of the electric and magnetic tensors, i.e., {e;, b;}.

Let us write the full EM, omitting the explicit r
dependence,

with

H, =

1
144r°A7 B>
— 8A7BO(—18yr* + 4w) + 3r°A*B2F (A, B, A", B', A", B",A®), B®))
+A4ga,(A,B,A/,B’,A”,B”,AG),B(S),B(4>)

—3rA’BH,(A,B,A’",B', A" ,B" A®), B®) B4)

{132r4a)B4A’4(rB’ —2B)2 — 48A°B°(3yr* — 8u)

+ rPwAB3A” (2B — rB') [2rB(63rA”B' + A’(213rB” — 97B')) — 265r*A’B"”

+ 4B (1494’ — 63rA")} + 6ASB2K, (A, B, A", B, A", B",A®), BO), B<4>)}, (D1)

Fo(A,B,A B, ) =105r*wA”?B"* — 2r’wBA'B?(27rA"B' + A’(130rB” + 23B'))

+ 8rB? [14a)rA’3B’ —2r*wA" B’ + wA”?(r(31B" — 14rBC)) — 14B')

+ rA' (324" = 2rAR)B' = 23rA"B")| + 4r7wB? [ PATB"

+ A”(28r?B"* — 60B™ + rB'(14rB"® + 43B"))

+ rA'B/(23rAB" + (rA®) 4 13A")B')|

— 16B*(—r*wA"? + 140rA” — 20wA” + roA’ (18A" — rAB))), (D2)

Ko(A,B,A",B',---) =8B*(A’'(3yr’ + 2rw) — 14w)

+ 490r*B"™* — 160r*B>B™*) — 4 BB (290rB" — 50B')
+ 4r°B? [960;’215’”2 + 3wB"? + 2rB' (6wrB®) — 3(08”)} , (D3)

G,(A,B,A",B, ) = -4’ B3[wB”(40 — 87rA’) + 26r*wB"? + 6r’wB'B"(14rB®) + B")

+ 6roB?(r(rB® — 6B%)) — 36B")]

+ 2472 B*[—rB'(wB"(27rA’ - 8) + 2rw(rB® 4 8BB)))

—2wB?(3r?A" = 3rA" +2) + 2r’w((rB®))? — 5B

+ r(rB® +2B®)B")] + 48r2B3[A’ (0B’ + r(6wrB®) — wB"))

+ r(2or(2A"B" + BW) + B (0rA®) — 0A"))]

—32B%[3ar’A®) + 184r°AB) 4+ 3P wAB) — 9r2wA” + 24rwA’ — 10w]

+1217°wB"® — 6r° wBB"™(85rB" — 29B')

+ 84r*wB?B"(7r*B"* — 4B” + 2rB'(rB® - 2B")), (D4)
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and finally,

H,(A,B,A".B',---) = 28r*wBB?(rA"B — A'(B' — 10rB")) — 85 wA' B

—4rwB*B'[A'(55r*B"* — 46B"” + 2rB'(10rB®) + B"))

+ rB'(18rA"B" + (rA®) + A")B')] + 8rB*[wrA?(19rB” — 5B') — 2r(2(A" — rA®))B’

+ r(rA®B" + A”(2rB®) - 5B"))) + A'(B'(13wr?A” + 4w)

—2rw(2B" + r(rB® — 8BO))))] + 22 B3 [-5TwrA?B"? + 4wA' (13B”

+2r°B"(6rB® + 5B") + B (r*B“ — 46rB")) + 4rw(4r*A"B"> — 10A"B” + rB'(rA®) B”

+ A"(2rB®) + 5B")))] + 8B°[29rwA”? — 4rw(rA®) —3A") — 2wA’(13r7A" + 14)]. (D5)

The component H,,, in turn, reads

Hrr:

1
Taars Ao
+48(AB)3((3yr* — 4w)B + r(3yr* + 2w)B') + 3(rB)*wAA’ (rB' — 2B)*[7r*A’'B”
—2r(rB'A” + A'(6rB" —4B'))B — 4(5A" — rA")B?] + 6A*B°[48wB>
—16wB(r*B® + 2rB') — 4r*(wB" — 4wr(B" + rB®)B' + r*wB"?)
— 120r*B72B"*(B' + rB")B + Twr*B2B"] + 3rA’B[8wB>(TrA"> — 8A’ + 4rA")
+2r*(TwrA?B” + 40A'B*(3B” + r(B" — 2rB®)B' — 2r’B"?)
+ 8rwA”(B' — rB")B') — 8rB*[TwrB'A”? — 2w (4B’ + r(rB(3) —3B")A
- 2rwA"(rB" - 3B')] + 4r*wB'B*(A'(2r*B"* —= 5B” + r(11B" + rB®)B')
+ rB'A"(B' 4+ rB")) - 2r*wB"”(rB'A" + A'B(7B' + 9rB"))B + T wA'B"|
+ A*(110B"r® — 22wBB"*B"r° + 120B>B*(-8B" + r(5B" + rB®)B’ + 3r*B")r*
+4(rB)*(w(16 + 9rA")B” + 48rwB"B" — 6r’wB"(5B" + rB®))B' + 2r’wB"?)
+24B*(2wB" (B" + rB(3))r2 —2rB'(w(5+rA")B" + 2ra)B(3))
— B?(wA"r* + 20A'r — 2w))r* + 48rB> (2wA’B" + BO)r?
+ B'(=3rwA’ + 2w(A"r? +1))) — 32wB°(3A"r*> — 6A'r + 4)), (D6)

(=18yr* + 4w)ASB® + 11w(rA'(rB' — 2B)B)?

where A" corresponds to the nth partial derivative.
From spherical symmetry and the Bianchi identities, these are the two independent components of the vacuum EM.
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