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The theory of entropic gravity conjectures that gravity emerges thermodynamically rather than being a
fundamental force. One of the main criticisms of entropic gravity is that it would lead to quantum massive
particles losing coherence in free fall, which is not observed experimentally. This criticism was refuted in
Schimmoller et al. [Phys. Rev. Res. 3, 033065 (2021)], where a nonrelativistic master equation modeling
gravity as an open quantum system interaction demonstrated that in the strong coupling limit, coherence
could be maintained and reproduce conventional free-fall dynamics. Moreover, the nonrelativistic master
equation was shown to be fully compatible with the gBounce experiment for ultracold neutrons. Motivated
by this, we extend these results to gravitationally accelerating Dirac fermions. We achieve this by using the
Dirac equation in Rindler space and modeling entropic gravity as a thermal bath thus adopting the open
quantum systems approach as well. We demonstrate that in the strong coupling limit, our entropic gravity
model maintains quantum coherence for Dirac fermions. In addition, we demonstrate that spin is not
affected by entropic gravity. We use the Foldy-Wouthysen transformation to demonstrate that it reduces to
the nonrelativistic master equation, supporting the entropic gravity hypothesis for Dirac fermions. Also, we
demonstrate how antigravity seemingly arises from the Dirac equation for free-falling antiparticles but use
numerical simulations to show that this phenomenon originates from zitterbewegung thus not violating the

equivalence principle.
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I. INTRODUCTION

One of the greatest challenges in modern physics is
arguably the unification of gravity and quantum mechanics.
Due to the enormous theoretical and experimental success
of quantizing three of the four fundamental forces, it is
widely assumed that gravity can be quantized as well.
However, current hypothetical theories of quantum gravity
are plagued with a multitude of problems. This motivates
the development of alternative theories of gravity, with
entropic gravity being one of them.

Verlinde’s theory of entropic gravity [1] proposes that
gravity is an entropic force that arises as a consequence of
a system moving toward the direction of maximal entropy,
essentially making gravity a thermodynamically emergent,
rather than a fundamental, force. If true, this theory would
topple the long-standing cherished assumption that gravity
has a quantum origin. However, this theory has been
criticized for various reasons [2-5], with one of the most
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prominent criticisms being that entropic gravity would
couple too strongly and thus destroy quantum coherence
[5]. This argument, however, was refuted in [6], where a
nonrelativistic decoherence-free entropic gravity (DFEG)
Lindblad master equation was proposed that modeled
entropic gravity as an external reservoir coupled to a
massive particle with a free dimensionless coupling con-
stant ¢ [[6], Eq. (5)]. The DFEG model predicts that in the
strong coupling limit 6 — o0, quantum coherence was still
maintained while also recovering Newtonian gravity. This
was further supported with an entropic gravity interpreta-
tion of the gBounce experiment [[6], Eq. (18)], and dem-
onstrating that the DFEG model reproduced the results of
the gBounce experiment [7] for ultracold neutrons as long as
the coupling constant ¢ 2 250.

In this paper, emboldened by the success of the non-
relativistic theory, we extend the DFEG to Dirac fermions.
Our motivation is based on the simple fact that neutrons, a
primary subject for experimental gravitational studies, are
spin half fermions which are best described by the Dirac
equation. Simultaneous description of gravity and Dirac
fermions is currently best captured in the ad hoc formalism
of quantum physics in curved spacetime; thus, a Dirac
DFEG model employing this formalism would provide a

© 2023 American Physical Society
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deeper insight into entropic gravity. We find that spin is not
changed in our Dirac DFEG model; thus our model does not
conflict with the weak equivalence principle.

As explained in [5] and demonstrated in [6], the theory
of entropic gravity allows for gravity to be modeled as an
external thermal reservoir and its interaction with massive
particles can be modeled as an open quantum system. To
this end, we model entropic gravity by utilizing the theory
of open quantum systems via the Lindblad master equation
approach. The sheer versatility and success of the Lindblad
master equation in nonrelativistic open quantum systems
is exemplified by the breadth of applications such as in
quantum information [8—10], condensed matter physics
[11-13], quantum to classical transition [14—19], and even
the study of quark-gluon plasmas [20,21]. The theory of
open quantum systems also provides a natural framework
for studying quantum decoherence, particularly gravita-
tional decoherence [22-27] (see Ref. [19] for a thorough
review); thus this framework is ideal for our work in
studying decoherence in Dirac fermions.

The obtained Dirac DFEG model is physically validated
by the fact that in the nonrelativistic limit, it reduces to the
aforementioned nonrelativistic DFEG model [6]. Since
the latter is compatible with the gBounce experiment, so is
the Dirac model.

The rest of the paper is organized as follows: In Sec. II, for
completeness and self-consistency, we rederive the geometry
of physics in accelerated frames, which we use to derive the
Dirac equation in Rindler space. In Sec. III, we derive the
Ehrenfest theorems for the Dirac equation in the Rindler
space and discuss antigravity which automatically follows
for antiparticles. We use numerical simulations to show that
this anti-gravity phenomenon originates from zitterbewe-
gung and that the equivalence principle is not violated. Then
in Sec. IV, we use the Dirac equation in Rindler space (2.43)
from Sec. II and the Ehrenfest theorems from Sec. III to
formulate the DFEG master equation for Dirac fermions
(4.19), which is the main result of this work. We demonstrate
that by increasing the coupling constant o, the master
equation (4.19) can achieve arbitrarily low decoherence
and reduces to the Dirac equation in a linear gravitational
potential in the ¢ — oo limit. In addition, we show that the
spin is preserved by entropic gravity. In Sec. V, we choose
and rederive the boundary conditions from Ref. [28] which
will be used to model the gBounce experiment and give some
insight into the difficulty of formulating boundary conditions
for the Dirac equation. In Sec. VI, we relativistically model
the gBounce experiment using the Ehrenfest theorems of the
Dirac equation in Rindler space and the adopted boundary
condition. We then use the results of Sec. IV to construct the
relativistic DFEG master equation for the gBounce experi-
ment. In Sec. VII, we demonstrate that in the nonrelativistic
limit, our relativistic results correctly reduce to their non-
relativistic counterparts in [6]. In Appendix A, we prove that
our entropic gravity model is decoherence-free. In

Appendix B, we solve the Dirac equation in Rindler space
to find its spin-dependent energy levels and eigenspinors.
Then in Appendix C, we calculate the normalization
constant. We also provide a brief discussion of the nature
of spin-gravity coupling and recent experiments on it.

Throughout this paper, we adopt the usual Einstein
summation convention with Greek indices running from
the temporal and spatial indices 0-3 and Latin indices
running only the spatial indices 1-3, unless stated other-
wise. The binary operations [-,-] and {-,-} denote the
commutator and anticommutator, respectively. We use
the “mostly negative” metric signature (4,—,—,—) and
denote the Minkowski and curved metrics as 7,, and
9w = Gy (x), respectively. We let 1, and o' denote the n x
n identity and 2 x 2 Pauli matrices, respectively. Unless
stated otherwise, we use the 4 x 4 gamma matrices y* in the
Dirac representation

1, 0 ‘ 0 o
0 — , i = . , 1.1
g <0 —ﬂz) g <—a' 0> (1)

which obeys the Clifford algebra in Minkowski space

.} =2 (1.2)

Then we have ys = iy’y'y%y3, a; = y%/, and g = y°. We
choose the z-direction for our linear equations.

II. QUANTUM PHYSICS
IN ACCELERATED FRAMES

We begin with a rederivation of the geometry of physics
in an accelerated frame that will be used to derive the spin
connection in an accelerated frame. Then we proceed to
derive the Dirac equation in an accelerated frame. We shall
show that by various coordinate transformations, the metric
and coordinates we derive are equivalent to previous
formulations. The results developed in this section provide
the necessary background for formulating the entropic
gravity model for Dirac fermions.

A. Rindler space

The gBounce experiment [7] measured the effect of Earth’s
gravity on ultracold neutrons by using gravity resonance
spectroscopy to induce transitions between the quantum
states of the bouncing ball via a vibrating mirror. In the
nonrelativistic regime, this is physically modeled as a
neutron bouncing in the z-direction on a fixed surface
due to the influence of a linear gravitational potential mgz,
where g is the gravitational acceleration near Earth’s
surface. To get the particle to “bounce,” one imposes the
Dirichlet boundary condition and finds that the energy
levels of the bouncing particle are proportional to the Airy
function zeros [29].
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In our relativistic interpretation of the gBounce experi-
ment, we imagine a relativistic massive Dirac fermion
moving with uniform acceleration in the z-direction under
the influence of the Earth’s gravity, hitting a vibrating
mirror, and achieving a similar “bouncing ball” state
[30,31]. This means that we are working with accelerated
frames, and thus we cannot simply use the usual Dirac
equation in Minkowski space since this equation is only
valid for inertial frames. Hence, following Refs. [32,33],
we return to the geometric foundations and rederive
the appropriate metric tensor g,, to describe physics in
accelerated frames.

Suppose that in an inertial frame with Minkowski
coordinates x* = (x, x", x¥, x%'), an observer moves with
an arbitrary, finite proper three-acceleration a(z) para-
metrized by their proper time z. Additionally, let u* be
the four-velocity of the observer relative to the inertial
frame. In this inertial frame, the accelerated observer carries
a tetrad frame e,(7) such that

eo = cut, (2.1)

(2.2)

€, €y = Ny

namely, the observer’s basis vectors form a rest frame at
each instant, and the tetrads are orthonormal, respectively.
We also demand that the tetrads be nonrotating in the sense
that only the timelike plane of the four-velocity and four-
acceleration is rotated while all other planes are excluded
from rotation [32]. Then the orthonormal tetrad frame e, is
Fermi-Walker transported according to

de,

e _Qee,, (2.3)

where

(a*u” — a*u")

c2

v = (2.4)

is the antisymmetric rotation tensor with a* being the
observer’s four-acceleration. Now let z#'(z) be the displace-
ment vector from the inertial frame to the observer’s
position P(z). At each point P(z) on the observer’s
worldline, let the observer have the spacelike basis vectors
ey, and then these spacelike basis vectors define a spacelike
hyperplane with the spatial components of the tetrad being
ey = e; [32]. We then use the spatial tetrads e; to construct
the observer’s “local coordinates” x* = (x%, x!,x%, %) at
the origin where x' = x are the Cartesian coordinates in the
hyperplane and x° = ¢t = ¢z [32,33]. Then each event on
the hyperplane has coordinates

X (1) = xi(e;(2))¥ + (). (2.5)
Suppose now the observer moves in the x*-direction with
uniform acceleration a = (0,0, g) and x!" = x* = 0 in the
inertial frame. Then the observer’s four-velocity and four-
acceleration, relative to the inertial frame, satisfy

2

!
_ 2
u"uﬂ/—c,

a’a, =-¢, w'a, =0. (2.6)
The third equation in Eq. (2.6) implies that a* = 0 in the
observer’s rest frame, i.e., ey = c~'w” at that instant.
Solving Eq. (2.6) for x* and x*' yields

2 2
0’ 3

X :C—sinh(gr/c), X :C—cosh(gr/c), (2.7)
9 9

and then the displacement vector is

2
/

c? c
(7)) = <gsinh(gr/c),0,0,gcosh(gr/c)>. (2.8)

To find the tetrad basis carried by the observer, we note that
since e and e, are invariant under Lorentz transformations
in the x*-direction, e; = e, and e, = e, must be the unit
basis vectors. Since ¢, = ¢, we use the orthonormality
(2.2) and nonrotating conditions to find that e; = g~ a*;
namely, e; is parallel to the acceleration. Thus the tetrad
basis carried by the observer is [32]

(2.9)

It can be shown that tetrads (2.9) are nonrotating and
obey conditions (2.1) and (2.2). By using Eq. (2.5) with
vector (2.8) and tetrads (2.9), we get the components of X,

2

KV = <x3 + C—) sinh(gz/c),
g

¥ = <x3 + c;> cosh(gz/c), (2.10)

with the Minkowski line element
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ds® = ndx* dxV
9 \? o 1\2 212 32
= (14—7) (dx?)* — (dx")* — (dx*)* — (dx”)*.
(2.11)

If we now define the new timelike and spacelike comoving
coordinates

gt 2

v =", u:x3+c—, (2.12)
c
respectively, we get
1% = usinh(v),
o=
x2 =22,
x* = ucosh(v), (2.13)

where v = artanh(x” /x*) with u€[0,c0) and v €
(—o0,00). These new comoving coordinates x* =
(v,x',x?,u) are the famous Rindler coordinates and due
to the bounds on u and v, we are specifically working with
the right Rindler wedge in Minkowski space [31,34]. The

trajectory of the uniformly accelerated observer is then
) , c\?
() = (W) = = (x3 ; ) T
Y

Thus the observer’s worldline is a hyperbola in Minkowski
space [31,32]. The Minkowski line element in the Rindler
coordinates is

ds* = g, dx"dx*

= utdv? — (dx")? — (dx?)? —du®, (2.15)
which gives the Rindler space metric tensor
g;w:diag(uz,—l,—l,—l)‘ (216)

To aid our work in the next subsection, we find the tetrads e,,
in terms of the Rindler coordinates (2.13). Using the Rindler
metric (2.16) and the orthonormality relation

e, ey = Gu (2.17)

we find that

(eo) = u'6),

(e) =},

1

(2.18)

where & is the Kronecker delta function.
It should be noted that coordinates (2.13) are the original
Rindler coordinates [35] while the coordinates (2.10) that

we used to derive the actual Rindler coordinates are called
the Kottler-Mgller coordinates [32,36,37]. There exist
many other equivalent coordinate systems for describing
uniform acceleration in Minkowski space that, of course,
also lead to hyperbolic trajectories. Another popular choice
of coordinates describing the dynamics of a uniformly
accelerated observer can be shown by a coordinate trans-
formation on the Rindler position variable u to

2
c 2
u=—e%/,

; (2.19)

where £ is a spatial variable, which turns coordinates
(2.13) into

2
X =& pwle sinh(gz/c),
g

2
K = e/ cosh(gz/c), (2.20)
g

where we have opted to use the explicit form of the Rindler
temporal variable ». This choice (2.20) is called the Radar
or Lass coordinates [38], and it gives the Radar or Lass line
element and metric

ds? = e/ (dxO)2 = (dx')? — (dx?)2 =2/ dg2,  (2.21)

G = diag(e2/, —1,—1, —2%/<"), (2.22)
respectively (and ultimately the Dirac equation), used in
other literature (see Refs. [30,34,39]). Conversely, one
could start with the spatial Radar coordinate (2.19) and
in the weak gravitational limit, namely, g¢/c? < 1, expand
the coordinate up to first order ¢%/<* = 1 4 g&/c¢* + - - to
get the Kottler-Mgller coordinates (2.10) and ultimately the
Rindler coordinates (2.13). At the end of the following
subsection, we explain our rationale for choosing coordi-
nates (2.12) as the preferred Rindler coordinates.

B. Dirac equation in Rindler space

With the geometric preliminaries firmly established, we
now turn our attention to the Dirac equation. Recall that the
(inertial) Dirac equation in Minkowski space is

(ihy*9, — mc)¥ = 0. (2.23)
To incorporate the geometric information encoded in the
Rindler space metric tensor (2.16), we use the minimal
coupling and Einstein equivalence principles [40] on
Eq. (2.23) to get the Dirac equation in curved spacetime [41]
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(ihyxV, —mc)¥ =0, (2.24)

with the covariant derivative
V,=0d,+T, (2.25)
0, = (09, 91,05, 03) = (0,, 01,05, 9,), (2.26)

and spin connection [42,43]

L (g | 1 )
L =g7me <@ +r M?e) = 17wtk (227)

where

vk = 1R(¥) = (€)"7". (2.28)
are the “curved” gamma matrices which obey the curved
Clifford algebra

{rk(x). re(x)} = 29" (x).

To express the curved gamma matrices y% in terms of
the “flat” gamma matrices y#, we use Eq. (2.28) with
the Rindler tetrads (2.18) and the curved Clifford algebra
(2.29) to get

(2.29)

1
ve=—1"  rro = uro (2.30)
YR=7"  TRi=7i (2.31)
Then the spin connection in Rindler space is
L o3
r,= e ,0,0,0), (2.32)

and the Dirac equation in Rindler space is
0 o ih 5
iny%o, + ihuy'o; + SV = meu ¥ =0. (2.33)

Multiplying by 7° on the left of Eq. (2.33) and rearranging
terms yields the full Rindler space Dirac equation

h .
iho,¥ = [—ihuaidi - %0@ + ﬁmcu] ¥ =HyV¥. (2.34)

From the Rindler coordinates (2.12), we deduce that the

Rindler position and momentum operators are
X = (%, %, 1) > x = (x1,x0,u),
ﬁ = (ﬁlv ﬁZ’ ﬁu) - _ihai

(—iho,, —iho,, —iha,),

(2.35)

respectively, which obey the canonical commutation
relations

(X, Dyl =06, p, [0, =ih, ab=1,2, (2.36)
so the full Rindler Hamiltonian in operator form is

. o .. ih .

Hy = a,ithp, + azitp, — —az + pmcir. (2.37)

2

Since we are considering linear gravity in the z-direction, we
drop the other directional terms in Egs. (2.33) and (2.37) to
get the linear Rindler Dirac equation and Hamiltonian

" )
iho,¥ = | —ihuayd, — ’?ag, + Pmcu|¥ = AP, (2.38)

N i
Hp = wsiip, — 5% + pmcii, (2.39)
respectively.

To express the full Rindler Hamiltonian (2.37) in the
observer’s coordinates, we first use the Rindler coordinates
(2.12) to get the inverse operator transformations

X, = Xy, h=x%+-,
g
ﬁa = f)av ﬁu - _ihau = _ihOB - ]337
N ihc C 4
E, —> iho, =—9, > —E,, (2.40)

and then use the inverse transformations (2.40) on
Hamiltonian (2.37) to get our desired result

ﬁIG = ca- P + pmc? + pm(a-X) +2]_c{(a -X), (a-p)}.
(2.41)

where a = (0,0, g). Note that Hamiltonian (2.41) is the
nonrotational version of the Hamiltonian in Hehl and Ni
[[33], Eq. (16)]. The linear version of Hamiltonian (2.41) is

Hg = cazpy + pmc® + pmgs + %03{25 ps}. (242)

Since our work is concerned with low energy effects, we
disregard the negligible fourth redshift term in Eq. (2.42),
which leaves us with the low energy gravitational Dirac
Hamiltonian

1219 = cazyps + pmc* + pmgs. (2.43)

With the Rindler metric (2.16), the Rindler space Dirac
inner product is

104036-5
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— N7 H
(Yosu [Yosw )= /}2 dZ, Yo sk, YRV s i,

=6(Q—-Q )5, 46k, —K), (2.44)

where d¥, = dZn, is the spatial volume element on the
v = const Cauchy hypersurface X, n, is the unit vector
normal to X, s = = is the spin orientation, Q = wc/g is the
dimensionless frequency, k| = k% = (k', k?,0) is the wave
vector perpendicular to the direction of acceleration, and
Pk, = Wiy, 7" is the adjoint spinor [34,39,41].

It is worth mentioning that had we derived Hamiltonian
(2.41) in the context of a rotating frame with rotation
frequency w(7), we would introduce the rotation-angular
momentum coupling term — - J in Hamiltonian (2.41)
which represents the coupling of the frame’s rotation @ (7)
to the observer’s total angular momentum J =L + S [33].
The rotation-orbital momentum coupling @ - L creates an
effect very reminiscent of the Sagnac effect and induces a
phase shift. This Sagnac-like effect has been experimen-
tally verified for neutrons [44]. The rotation-spin angular
momentum coupling @ - S induces a phase shift smaller
than the Sagnac-like effect w - L and was recently observed
in neutron interferometry experiments [45].

As mentioned previously, the choice of the Rindler
coordinates will lead to slightly different forms of the
Rindler Dirac Hamiltonian, and this is most pronounced
when the Rindler Hamiltonian is brought to its nonrelativ-
istic limit (see, e.g., Refs. [30,34,39.,46]). Our choice of
Rindler coordinates (2.12) is desirable due to the fact that
the observer’s local coordinate system (2.10) is what is
actually used in the laboratory [33]. Most importantly, such
a choice of Rindler coordinates leads to Hamiltonian (2.41)
whose terms (along with the rotation-angular momentum
coupling terms) have been experimentally verified for
neutrons. This gives Hamiltonian (2.41), and the method-
ology used in its derivation, both theoretical and exper-
imental validity in accurately modeling the behavior of a
Dirac fermion in noninertial frames. Since our relativistic
interpretation of the ¢Bounce experiment uses Dirac fermions,
we believe that Hamiltonian (2.41), and its linear version
(2.42), is the physically most appropriate choice.

1. ZITTERBEWEGUNG ANTIGRAVITY
AND EHRENFEST THEOREMS

In this section, we derive the Ehrenfest theorems from
the low energy Rindler Hamiltonian (2.43) which will be
used to construct the dissipator that models entropic gravity
in Sec. IV. We provide numerical simulations of the
dynamics of a Dirac fermion with Hamiltonian (2.43)
and its physical interpretation. In addition, we elaborate
on the effect of a zitterbewegung induced antigravity from
our simulations.

To describe the dynamics of a Dirac fermion in a
gravitational potential, it is natural to utilize the Ehrenfest
theorems of the low energy Rindler Hamiltonian (2.43),
which are calculated as [47]

o =(50) = ca. 3.1)
G ==(%) = -ma. 62

Unlike the nonrelativistic Ehrenfest theorems for a linear
gravitational potential, Egs. (3.1) and (3.2) depend on the a3
and f matrices, highlighting the incorporation of antimatter
free-fall dynamics. To see a Dirac fermion’s spin dynamics
under Eq. (2.43), we also calculate its Ehrenfest theorem.
Recall that the 4 x 4 spin observables are

h h/oc O
S=—2X=— , 3.3
2 2 (0 0'> (33)

which have the commutation relations
[(I,’, S ] = iflel-jkak, [ﬂ, Sj] = O, (34)

where ¢;;; is the Levi-Civita tensor. The first commutation
relation in Eq. (3.4) can be deduced using

[6!,6/] = 2ie'* ok, (3.5)
Then the Ehrenfest theorem is
d 1 N
S (Ss) = = {[85. )y =0, (36)

and thus the spin is conserved. We note that the full Rindler
Hamiltonian (2.42) conserves spin as well.

Using the propagator [48], we numerically solve the
Dirac equation (2.43) to understand fermion’s free-fall
dynamics. We considered three different initial conditions
of the Dirac fermion: positive energy, negative energy, and
mixed energy wave packets. To get the positive energy
initial state, we first take the Gaussian wave packet [see,
e.g., Fig. 2(a) in [47]] centered at zero momentum and
position z;,; = 2 (natural units A = ¢c =m = l and g = 0.5
are employed) and apply the projector [[47], Eq. (37)] to
eliminate negative energy components (i.e., antiparticles).
The negative energy initial state, entirely made of anti-
matter, is obtained similarly by projecting out the positive
energy components (i.e., matter). The mixed energy state,
centered at the position of z =2.38, is made in equal
proportions of matter and antimatter. Numerically obtained
time evolution of (8), (2), (P3), and (a3) = d*(2)/dr* are
shown in Figs. 1-3, respectively.
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1.0 1 = Positive Energy State
== = Negative Energy State
= Mixed Energy State

0.5

3 0.0 1
-
- - -
’/
- -
—0.5 -
-
- -~
-~ P - — — - -
~

-1.0 1 =~

T T T T T T T

0 1 2 3 4 5 6

t (natural units)
FIG. 1. Time evolution of (f) for matter, antimatter, and a

mixture of both. We see that (/) rapidly goes to zero for both the
matter and antimatter states.

In the momentum Ehrenfest theorem (3.2), the depend-
ence on () superficially seems to suggest that the
equivalence principle is violated. This conundrum is com-
pounded when considering that the sign of () for matter
and antimatter is positive and negative, respectively.
However, our numerical simulations reveal that this is
not the case. In Fig. 1, we see that (/) rapidly vanishes for
both matter and antimatter; thus the dependence on (f) in
Eq. (3.2) is effectively negligible especially given the short
timescales. Additionally, in Figs. 2(a) and 3, we see that

(a)
2 -
1 -
N
O -
14— Positive Energy State
= = Negative Energy State
- Mixed Energy State
_2 -
b
2- b
f”——
1 1 ="
’f
—_ /’
‘& f”
~ o - <
_1 -
-2 1 T T T T T T
0 1 2 3 4 5 6

t (natural units)

FIG. 2. Time evolution of the (a) average position and
(b) momentum for matter, antimatter, and a mixture of both.
We see in (a) that the matter and antimatter follow the same
trajectory, as prescribed by the equivalence principle.

- Positive Energy State
= = Negative Energy State
~ 2 1 - Mixed Energy State
)
~
(E 0 =
o~
he]
]
<Z-'§_2 N
—4
T T T T T T T
0 1 2 3 4 5 6
t (natural units)
FIG. 3. Time evolution of the average acceleration for matter,

antimatter, and a mixture of both. We see that the acceleration for
antimatter aligns with matter, thus demonstrating that antimatter
obeys the equivalence principle.

both matter and antimatter follow the same dynamics under
the influence of gravity, thus obeying the equivalence
principle.

To fully demystify the results of the mixed energy states
in our simulations, we delve into the internal dynamics of
the Dirac spinor itself. It is known that during time
evolution, the internal degrees of freedom, i.e., matter
and antimatter components, of a Dirac spinor can lead to
nontrivial physical consequences [49-51]. The quantity
that encodes this form of internal dynamics is the Yvon-
Takabayashi angle 6 [52,53] which is defined using the
pseudoscalar ® and scalar @ bilinear covariant quantities

0O = i¥Pys¥ = 2¢?sind,

C)
0 =tan™'{ — ),
o' (5)

where the module ¢ measures the density of the material
distribution [54-56]. Rather than an explicit calculation, we
can infer the value of the Yvon-Takabayashi angle for free-
falling Dirac fermions via the Ehrenfest theorem of y5
which is

® =P¥ =2¢%cosd, (3.7)

(3.8)

& trs) = o s )
=2 (Srsh) + rspo)). (39)
where we used
[rs:B] =2rsp.  lrs.ai] =0. (3.10)

Since (y5) is not conserved, the Yvon-Takabayashi angle is
nonzero and thus the spinor will undergo jittering motion
or zitterbewegung, the interference of the positive and
negative energy states, even in the rest frame [56]. The
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zitterbewegung timescale is t,;, ~ f/(2mc?), which in the
adopted natural units 7, ~ 1/2. We note that ¢, is the
shortest time interval for which the single-particle inter-
pretation of the Diract equation is valid since the corre-
sponding uncertainty in energy 7/t ~ 2mc? is sufficient
to create an electron-positron pair, thereby entering into the
realm of quantum electrodynamics.

Figures 2(a) and 3 show that the position and acceleration
rapidly fluctuates at the onset of free fall. These oscillations
look as if the gravity and anti-gravity are interchanging.
Such transient effects are due to zitterbewegung because of
the timescale and the fact that the oscillations have the
largest magnitude for the mixed energy state for which the
particle-antiparticle interference is the strongest. We would
like to name this observation as zitterbewegung-induced
antigravity. However, Figs. 2(a) and 3 confirm that for
longer nontransient times both matter and antimatter obey
the equivalence principle.

IV. ENTROPIC GRAVITY FOR DIRAC FERMIONS

In this section, we formulate the DFEG Lindblad master
equation for Dirac fermions. We use the formalism of open
quantum systems and reservoir engineering [57] to con-
struct a reservoir that simulates entropic gravity. We
demonstrate that our DFEG model for Dirac fermions is
decoherence-free and provide a physical analysis of our
results. In addition, we find that entropic gravity does not
affect spin. The results of this section will be crucial in
developing the results in Sec. VI.

Let p be the density matrix that represents the state of a
mixture of Dirac fermions. A free-falling Dirac fermion in a
linear gravitational potential

V(z) = pmyz (4.1)
is then described by the Liouville equation
dp i A
—=——[H 2,0, 4.2
5p = "7 Hs T Pmgz.p) (4.2)
Hy = casps + pmc?, (4.3)

and its dynamics follow the free-fall Ehrenfest theorems
(3.1) and (3.2) which can be shown using Eq. (4.2) and the
density matrix expectation value
(0) = Tr[Op], (4.4)
where O = O(%, p3) is an arbitrary observable. Equation
(4.2) is the conservative gravity master equation for Dirac
fermions. Quantum coherence is encapsulated by the purity
Tr[p?], which is being conserved by Eq. (4.2).
There exists an infinite number of master equations that
satisfy Eqgs. (3.1) and (3.2). This means that we can find a
master equation that mimics conservative gravity by

utilizing a dissipator instead of using a potential. By
carefully engineering an environment, a quantum system
can obey the dynamics governed by the Ehrenfest-like
equations [6]

d d
E@ = (A(P3)). E<i)3> = (B(2))-
For our purpose of modeling entropic gravity, we wish to
engineer an environment that simulates the linear gravita-
tional potential (4.1) and follows the dynamics according to
Egs. (3.1) and (3.2). To achieve that, the paradigm of
operational dynamical modeling (ODM) [58] for spin-1/2
relativistic particles [47] is to be employed.

We use the simplest scenario of a single dissipator
coupled to the closed system of a free Dirac fermion. In
the formalism of open quantum systems theory, the Dirac
fermion’s density matrix p evolves according to the
Lindblad master equation [59]

(4.5)

i
@ _ih )+ Dp 4.
T Y SUPTE I,
D[p}—ﬁ( pAT- LA A,p}), (47)

where the free parameter ¢ >0 is the dimensionless
coupling constant that quantifies the coupling strength
and A = A(Z, p3) is the unknown jump operator [57,60,61].
To find the correct choice of A such that master equation (4.6)
simulates an entropic gravity environment, we insert Z and
P53 into the Ehrenfest equation

0y = (1, 0) + (D'[0)),
(D'[0]) = %TrKATOA _%{m, 0}) ﬁ} . (48)

and set them equal to Egs. (3.1) and (3.2), respectively,
which yields

.. 0A  0AT
TrKA' — A),ﬁ] =0, (4.9)
ops  0ps
L 0A AT . 2img
Tr| (AT ——-—A|p| = - Tr[Bp], 4.10
(222 =2, o

where we have used the cyclic invariance property of the
trace operation and

0A 0A
= ih—

A ps)ups] =inSe. (4.11)

We demand that identities Egs. (4.9) and (4.10) hold for any
arbitrary initial state, and thus we drop the averaging and get

the following constraint equations for A:
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i 0A 0T,

- —A=0, (4.12)
dps  0p;
. 0A 0AT . 2img
ATa—z— aﬁA:— — . (4.13)

Any jump operator A that satisfies Egs. (4.12) and (4.13) will
yield Egs. (3.1) and (3.2) when using Eq. (4.6), thus creating
an entropic gravity environment that simulates the free-fall
dynamics of conservative gravity.

Our choice of A is narrowed by the fact that A is not
unique. Other than satisfying Eqs. (4.12) and (4.13), the
choice of jump operator A must yield a master equation that
is translationally invariant. This would make the master
equation obey the strong equivalence principle [40] since
the dynamics induced by the homogeneous gravitational
field are independent of the choice of origin. According to
Refs. [62-67], the following form is guaranteed to be
translationary invariant:

A2 p3) = e “h(p;),  C'=C,.  (4.14)
where C is a Hermitian matrix. Inserting the ansatz (4.14)
into Egs. (4.12) and (4.13) yields

pi dh_dit

dps  dps

h=o0, (4.15)

htch="9p. (4.16)
o

There are many ways to satisfy Egs. (4.15) and (4.16), but

for our work we choose h(ps) = /mgxy1, such that i is a

constant matrix. The value of the characteristic length x

will be determined in Sec. VII. Then the Hermitian matrix
(4.16) is

1
C=—7p, (4.17)
Xo0
and the jump operator is
A2, p3) = A(R) = /mgxge P2/ (00 (4.18)

Finally, the DFEG equation for Dirac fermions is

dp i R .
— = ——[cazp3 + pmc?, p] + D[p],

4.19
dt h ( )

Dip| = ZI0T (o=ib2/(x00) petife/ (o) — ). (4.20)
We shall refer to master equation (4.19) as the Dirac
DFEG master equation or model. As mentioned before,
the Dirac DFEG model (4.19) is translationally invariant;

hence it obeys the strong equivalence principle.

To verify that our Dirac DFEG model (4.19) reproduces
the conservative gravity model (4.2) in the strong coupling
limit ¢ — oo, we expand the exponential in dissipator
(4.20) using the Baker-Campbell-Hausdorff (BCH) for-
mula in the limit 6 — oo to get

dp i .
P [cas ps + pmc* + pmgz, p|
mg (onnn oo, 5
—7 — {2, 0(c72). (421
+xOh6 <Zﬂpﬂz 51z p})+ (67%). (4.21)

The O(672) term in Eq. (4.21) quickly vanishes; thus our
Dirac DFEG model (4.19) reproduces the dynamics of a
Dirac fermion subject to a linear gravitational potential,
namely, master equation (4.2).

As proved in Appendix A, the purity equation for the
Dirac DFEG model in the strong coupling limit (4.21) is

2mg

d
Z T’ = o oo Trp?et = (pp2)’] + 0(e72),  (4.22)
with Tr[p?2? — (pp2)?] > 0. Thus Eq. (4.22) monotonically
decreases as o — oo and larger o values, i.e., stronger
coupling, can be chosen to preserve more purity, leading to
quantum coherence being maintained. Therefore, our Dirac
DFEG model lives up to its namesake and is decoherence-
free, and thus the argument that entropic gravity destroys
quantum coherence is refuted for Dirac fermions.

If we insert the low energy Hamiltonian (2.43) into the
Dirac DFEG equation in the strong coupling limit (4.21),

we get

2mgc

d

—(H,) =— 2p32) + 0(672).  (4.23
dt < g> xoflﬁ <a3zp3z> + (6 ) ( )
We see that the expected energy rate is dependent on the
state due to the position and momentum operators present
in (4.23). This is in stark contrast to the nonrelativistic
DFEG model’s constant expected rate of energy change
gh/(2x00) 161, Eq. 24)].

To see the spin dynamics in our entropic gravity model
(4.19), we calculate its Ehrenfest theorem. We see that
inserting the spin (3.3) into dissipator (4.20) yields

D[S;] = Df [S;] =0, (4.24)
where we have used Eq. (3.4), so the spin Ehrenfest
theorems are

915 = L{learps + pme?. ) + (DI[s))

= _<83jkcaki73>’ (4-25)

or explicitly,
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D5y = (caps).  L(S) = (carps).  (4.26)

dt dt

d
7 (S3) =0. (4.27)
We see from Eqs. (4.24) and (4.27) that the dissipator (4.20)
preserves the spin along the direction of the acceleration.
Thus our entropic gravity model implies that the free-fall
dynamics of spin-1/2 Dirac fermions are the same as
spinless particles; therefore, our model does not conflict
with the equivalence principle. This is in agreement with
recent experiments of the equivalence principle on spin-1/2
atoms which have demonstrated that an atom’s spin [68]
and its orientation [69] does not affect its free-fall dynam-
ics, based on current sensitivity levels.

We end this section by pointing out that while relativistic
dissipative phenomena exist, there currently does not exist
an accepted relativistic Lindblad master equation. Didsi
[70] argued that it might be impossible to construct a
relativistic Lindblad master equation. Nevertheless, there
have been several proposals, such as covariant density
matrix formulations [48,71], which have seen varying
degrees of success in formulating relativistic open quantum
systems. Since we are working in the low energy regime by
using Hamiltonian (2.43), our Dirac DFEG model (4.19) is
a low energy model and is within the range of applicability
of nonrelativistic open quantum systems. Therefore, our
model avoids the ambiguity of relativistic open quantum
systems. We will see later in Sec. VII that our model (4.19)
successfully reduces to the nonrelativistic DFEG model
which makes our master equation (4.19) a satisfactory,
ad hoc model for Dirac fermions.

V. BOUNDARY CONDITION OF BOUNCING
DIRAC FERMION

In this section, we choose the boundary condition from
Ref. [28] and present its rederivation, which will be crucial
in modeling the relativistic gBounce experiment in Sec. VI.
We give the rationale for such a choice along with some
brief insight into the difficulty of imposing boundary
conditions on the Dirac equation.

The boundary condition, modeling the vibrating mirror
in the gBounce experiment, must satisfy two criteria if we are
to relativistically generalize the gBounce Hamiltonian in [6]:
(1) the (relativistic) boundary condition should reduce to
J3|u:u0 =0, i.e., a vanishing probability current at the
mirror’s location u, ensuring that the Dirac fermions are
reflected after hitting the mirror; and (2) the (relativistic)
boundary condition should reduce to the Dirichlet con-
dition in the nonrelativistic limit.

Choosing appropriate boundary conditions that satisfy
the criteria is rather complicated. The most logical choice is
to utilize the Dirichlet condition, as is done for the non-
relativistic linear gravitational potential [29] and the Rindler

space Klein-Gordon equation [72], but imposing the
Dirichlet condition on the Rindler Hamiltonian’s (2.39)
eigenspinors [Eq. (B22) in Appendix B] leads to the trivial
solution when calculating the energy levels [28,30], which
is clearly undesirable. Treading around this problem and
directly using the vanishing probability current condition
J? |lu—u, = 0 on the eigenspinors leads to the trivial solution
as well [28,30]. The commonly used MIT boundary
condition [73] satisfies our first criterion and also leads
to energy quantization for the Rindler Hamiltonian (2.39)
(see Ref. [30] and Appendix B for the energy levels) but
does not reduce to the Dirichlet condition in the non-
relativistic limit [74]. Thus we rule out the MIT condition.

To avoid these issues and satisfy our criteria, we elect to
utilize the boundary condition in [28] where we model the
mirror as a scalar potential

0, 72> 0,
Z) = 5.1
() { Vo> me?, z<0, 1)
or in Rindler coordinates,
0, u > up,
u) = 5.2
$lu) { Vo> mc?, u < u, 5:2)

where uy = ¢*/g is the mirror’s location. Incorporating
potential (5.1) essentially amounts to the replacement

me? = met = me? + Vo,

(5.3)
at the level of the Lagrangian [28] leading to the Rindler
Hamiltonian (2.37) to instead use the mass term (5.3). We
now closely follow Ref. [28] and rederive the boundary
condition that we will impose on the spinors of the Rindler
Hamiltonian (2.37).

We begin with the derivation of a modified form of the
Rindler Hamiltonian (2.37) from which we find the differ-
ential equation for the spinor. For any positive frequency,
spin-dependent spinor ¥ that satisfies Hamiltonian (2.37),
we use the modified plane wave ansatz [28]

W, (x) = e ¥ eiky =12y (u), Q>0,
x=x" = (v,x!, X%, u),
x=x= (x",x*u), a=1,2,

kx=k, -x = —k,x* = k'x' + k>x?,

k= k| =/ (K1) + (k)% (5:4)
where Q = wc/ g is the dimensionless frequency. Note that
ansatz (5.4) differs from the usual plane wave ansatz (B3) in
Appendix B. Inserting ansatz (5.4) into Eq. (2.33) yields

[Qy° + fu + iuy?o, — Culy, =0, (5.5)
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where } = k,y* = —(k'y' +k*y*) and £ = inc/h. Then
we use another ansatz that decomposes the spatial spinor
Yy as

w(u) = F(u)Us + G(u)r’U,. (5.6)
where the spin-dependent spinor U, obeys
U; Uy = 53.3"7 7/0 Us=Uj,, 22}/3 Us=isUy, (57)

and ¥ = ¥/k [28]. Note that Eq. (5.7) also imply that

Uiyiu, = 0. (5.8)
Using the ansatz decomposition (5.6) on Eq. (5.5) then
decouples Eq. (5.5) into

{ D_F — iksG —i(0,G) =0, (5.9)
D.G — iksF +i(,F) = 0, '
where we have used the linear independence of U, and

y3U, to decouple F and G and

Q

D, =—=+7. (5.10)
u

We can use the first and second equations from Eq. (5.9)
to get

F=—(d, + ks)G, (5.11)
D_
G= DL (0, — ks)F, (5.12)

+

respectively, and thus we can find G from F and vice versa.
We choose to focus on F and use identity (5.12) on the first
equation in Eq. (5.9) to get

22— M(au —ks)+D,.D_—k** | F=0, (513)
+
which we simplify further using
F(u) = D\ f(u), (5.14)
which leads to our desired differential equation
[03 + D, . D_ —k*s*> + (a”Dl?f) ks + (6255:)
_3(i;+) ]f 0. (5.15)

With Egq. (5.15), we can now find the boundary condition
for spinor (5.6) by analyzing the asymptotic behavior of the

function f(u) based on the mirror potential (5.2). In the
region u > ug, ¢p(u) = 0 so m = m and we are left with the
Rindler Hamiltonian (2.37). Thus, there are no continuity
rules to impose on spinor (5.6). In the region u < u,
d(u) = Vo> mc® so if we take the limit Vj — co,
we have

Vo

D . ~+4+—,
* hc

(5.16)

which leads to Eq. (5.15) asymptotically reducing to

> Vo
@~ (3) s 5.17)
Solving Eq. (5.17) yields
f(u) = NeVor/he, (5.18)

where N is a normalization constant. Then we use identities
(5.14) and (5.12) to find that

NeVou/hC’ iNeVUu/hC,

F(u)~ Gu)~ (5.19)

respectively, in the u < u, region. The wave function must
be continuous at the mirror’s location # = u, which we can
impose by assuming from Eq. (5.19) the Robin boundary
condition

F| —iG| (5.20)

u=ugy u=ug*

Thus we finally have our boundary condition for the wave
function. To explicitly see why condition (5.20) is a Robin
condition, we use identities (5.11) and (5.12) to rewrite
condition (5.20) for F and G as

(D+ + ks)F|u=u

~(D_ + ks)G, (5.22)

- (auG)|u:u0’
respectively.

For subsequent sections, it would prove far more fruitful
to have boundary condition (5.20) in spinor form ¥,. To
achieve this, we simply impose condition (5.20) on the
decomposition ansatz (5.6) and use Eq. (5.7) to get

iy3lps|u:uo - ‘Ps|u:u0’ (523)
which is the MIT boundary condition for chiral angle
Oy = 0 [73,75]. The difference between the MIT condition
and condition (5.23) is that the MIT condition focuses only
on the spinor ¥,, making no explicit assumption as to the
form of the spinor, while our condition (5.23) focuses on the
functions F' and G that the spinor ¥, is composed of.
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We now verify that boundary condition (5.23) satisfies
our criteria. To test the first criterion, we calculate the
probability current which is

= lijsy3lps|u:u0
i
D+

|u:u0

Now F and (d,F) are determined up to an arbitrary
complex coefficient; thus, we choose them to be real
functions which make the probability current (5.24) vanish
at the boundary [28]

J 3| = lpsy3qj | -

U=

(5.25)

U=t

We can also prove Eq. (5.25) by using condition (5.23), and
its adjoint form

_ilpxyﬂu:uo = qj‘\"u:uo’ (526)
to get [30]
J? ‘u:ug = lPsyrjlps|l,4:1,t0
= lijsq}s'u:uo = _\i}sqjs|u:”0 =0. (527)

Thus our first criterion is satisfied. In the nonrelativistic
limit, we can expand the exponentials in Eq. (5.19) up to
O(c™") and then impose condition (5.20) to get

Fly_y,®N=-iN~G|,_,, (5.28)
which implies that [28]
Flig 80, Gl = (5.29)
In spinor form, conditions (5.29) trivially lead to
Y|y, ® 0, (5.30)

and thus boundary condition (5.20) nonrelativistically
reduces to the Dirichlet condition, satisfying our second
criterion.

We now derive a crucial identity that will be used in the
next section. We take the first derivative of ansatz (5.6) and
impose the boundary condition (5.20) to get

O )uzuy, = (0.F)Us + (3,G)r°Us|

u=tgy
= Qu<FUs - G73Us) + Z/ﬂl//sluzug
= Q,(FY°U, = Gr*(/°)?Uy) + Wy
= (Q1° + Wiy (5.31)
Q, = (Qu' +ks), (5.32)

where we used identities (5.11) and (5.12), (¥°)* =1,
and (5.7) in the second, third, and fourth equalities,
respectively. Then we have

W (0 )y = W (Qur° + O,
= (9,

W)W slumuy> (5.33)
therefore,
(0,¥), Ly = ¥ (00F,) s (5.34)
or equivalently in the observer’s coordinates
(0¥ ¥, |.—o = ¥,(05%,) .- (5.35)

VI. RELATIVISTIC ¢Bounce HAMILTONIAN

In this section, we relativistically model the gBounce
experiment by using the boundary condition from Sec. V
to find the surface term that arises from the Rindler
Hamiltonian’s Ehrenfest theorems. Although we will ulti-
mately use the low energy Hamiltonian (2.43), we first use
the linear high energy Rindler Hamiltonian (2.39) to not
miss any low-order terms. We will remove the high-order
terms and modify the low energy Hamiltonian (2.43) with
the surface term. Then, we will apply the results of Sec. IV
to formulate the relativistic master equations that reproduce
the gBounce experiment.

We follow the methodology in [6] and modify the
Ehrenfest theorems of the high energy, linear Rindler
Hamiltonian (2.39). We require a temporal variable which
we easily identify from Eq. (2.12) as v, so the Ehrenfest
theorems for the Rindler position and momentum operators
(2.35) are

—mc(f), (6.1)

o) = (@p). (b)) = ~(@p.)

respectively. However, the above equations do not incor-
porate the contribution of boundary condition (5.20), i.e.,
the vibrating mirror, so we integrate by parts with the Dirac
inner product (2.44) to find the surface term generated by
condition (5.20). Following this prescription for the Rindler
momentum operator p, yields

o (pa) = ~(asp) = melp) =" 0,
~ash) — melp) + P09,
~laspa) - me(p) + (fr(@), (62)

where we used condition (5.23) in the second equality and
have identified the Rindler statistical force
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hc?

(fr(@)) = 29 (B8’ (& = u)).

(6.3)
where uy = c¢?/g, as the surface term that arises from
boundary condition (5.20). The 1/2 factor comes from
identity (5.34) and the Dirac delta function §(x) is defined as

/_ ® e 8 (x = ¥)f(x) = (=1)"fO ().

(o]

(6.4)

Note that we have suppressed the spin subscript s. Similar
calculations for the Rindler position operator # yields

%@ = (asil) + C;ﬁ)

where we used the vanishing probability current condition
(5.25). Thus the Ehrenfest theorems for the Rindler
position and momentum operators with boundary con-
dition (5.20) are

= (a3it),
u=u

(6.5)

d ,, .
i) = (o). (6.6)
L ha) = ~{aspa) —melf) + (fa(@).  (67)

dv

respectively. Using Egs. (2.12) on Egs. (6.6) and (6.7)
yields the Ehrenfest theorems in the observer’s local
coordinates (¢, z)

20 =L as2) + el (68
(s =~Llasps) —molf) + 5. (69)

which, in the low energy regime, reduces to
2510 = clas) (6.10)
Sl =-malp) + (152), (61

where
hic

s(2)) =S 55/2) (612)

is the surface term (6.3) in the observer’s coordinates.
We add the surface term (6.12) to the system
Hamiltonian (4.3) to get the relativistic gBounce Hamiltonian

A hc
H, = cazps + pmc* +V,(2) — 7ﬁa(z), (6.13)

where

pmgz, conservative gravity,

Vald) = {0,

To make the boundary oscillate, we add a sinusoidal term in
the argument of the delta function as follows:

. . (6.14)
entropic gravity.

N h .
H, = caspy + pmec* +V,(2) — {ﬁé(% — a,, sinw,,1),
(6.15)

where a,, and w,, are the vibrating mirror’s oscillation
strength and frequency, respectively. We can now apply
the Dirac DFEG model (4.19) to Hamiltonian (6.15) to get
the relativistic gBounce experiment’s master equations for
conservative and entropic gravity

dp i

=7 [ca3i73 + pmc? + pmgz

7
—70/35(2 —a, sinwp,t),p|, (6.16)

dp j h
dit’ - _% [ca3p3 + mc? — gﬂa(z — a,, sinw,,1), p

+ D[p], (6.17)
respectively.

Compared to the gBounce Hamiltonian’s boundary term
in [[6], Eq. (16)] which was proportional to the first
derivative of the Dirac delta function, the relativistic
Hamiltonian’s (6.15) boundary term is « the Dirac delta
function. In addition, the appearance of the £ matrix
captures the effect of the mirror on both matter and
antimatter as well.

VII. NONRELATIVISTIC LIMIT

With our master equations fully developed, we now
present the nonrelativistic limit of our results. We use the
Foldy-Wouthysen (FW) transformation [76] to find the
nonrelativistic approximation of our Hamiltonians and then
use the FW Hamiltonians to construct their corresponding
nonrelativistic master equations.

A. Hamiltonian
We begin with a brief overview of the FW transforma-
tion. Let W(x, 7) be an arbitrary Dirac spinor that satisfies
the general Dirac equation

iho,¥ = Hp?, (7.1)

Hy = ca-p+pmc® +Vp(R)+K(), (7.2)
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where Vp(X) and K(p) are matrix-valued functions of
operators X and p, respectively. Following the standard
convention, we define the even and odd components of
Hamiltonian (7.2) as [76,77]

3’:%(]:][, + BHpp). ézé(ﬁn—ﬂﬁnﬂ)» (7.3)
respectively, where
B.&] = {p,0} =0. (7.4)
We also define the following operators:
Aaz—xg, 0, = e, (7.5)

which are Hermitian and unitary, respectively, where the
subscript denotes the number of FW transformations
applied. Then Hamiltonian (7.2) can be written as

Hy=0+E, (7.6)

and applying the first FW transformation on Hamiltonian
(7.6) yields [76]

H, = U,H,0], (7.7)
v, =0,"%, (7.8)

which turns Eq. (7.1) into
iho ¥, = H,¥,. (7.9)

We can then evaluate Eq. (7.7) up to a desired order via the
BCH expansion, and subsequent FW transformations can
be performed using

. IO _ . .
5 =P L, = e, (7.10)

which yields

ih0,Pry = HpwPrw. (7.11)
Hpw=H,=0,H, U}, (7.12)

Yew =¥, = Unqln—l’ (7.13)

where n =1,2,.... For most of our Hamiltonians, we

require three FW transformations, thus applying the FW
transformation three times to remove all odd operators
yields [33]

R R o 4 R
HFWEH3:ﬁ<mC2+—2 6>+5

2me 8mic
—E%gKH&ﬂL (7.14)
which turns Eq. (7.1) into
ih0, ey = HpwPrw. (7.15)
Yy = V5 = U39, (7.16)

where we have replaced the subscripts with FW for clarity.
For the system Hamiltonian (4.3), a single FW trans-
formation is sufficient and yields [76]

e
~ ~ A 14
Hpws=H, g=p\/c*p3+m?c* zﬁ<mcz+ﬁ>’ (7.17)

where we have dropped terms of order O(c~2) and higher.
By using Eq. (7.14), the low energy Hamiltonian’s FW
version is

R 132 ﬁ4
Hrwe = ﬂ<m02 * 2m  8mc? +m(a-%)
h R
+ e (a x p)>, (7.18)
a=(0,0,9). (7.19)

Note that we have used the three spatial dimensional
version of the low energy Hamiltonian (2.43) to incorporate
the spin contribution. The linear case with no high energy
corrections is

A2
I:IFW,g :ﬁ(mcz +5—’;+m92> (720)

Reducing the relativistic gBounce Hamiltonian (6.13) to its
nonrelativistic limit requires a rather different approach due
to the nature of the surface term (6.3). Recall that the
surface term is dependent on the choice of the boundary
condition, and since our surface term (6.3) was derived
using the relativistic boundary condition (5.20) and the
Rindler Hamiltonian (2.39), our term (6.3) is inherently
relativistic. Naively applying the FW transformation on the
three spatial dimensional version of Hamiltonian (6.13)
would yield [for V(2) = fm(a-X)]

) ~4
N P p . hc_,,
Hpw g = ﬁ(mcz T om T SmEe2 m(a-X) — —-5(X)
" s axp) (7.21)
2mc? P/ '
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but we have only transformed the Hamiltonian while the
boundary term

hc .
—Tﬂé(x) (7.22)

is still relativistic since we have not changed the boundary
condition. Also, we should be able to reproduce the
boundary term (7.22) from the momentum Ehrenfest
theorem of Hamiltonian (7.18) using the nonrelativistic
limit of boundary condition (5.20), i.e., the Dirichlet
condition (5.30), but a quick calculation will show that
this is not the case. Thus, these issues force us to rule out
FW Hamiltonian (7.21) as the correct nonrelativistic
version of Hamiltonian (6.13).

To resolve these problems and find the FW form of
Hamiltonian (6.13), we follow the same procedure in
deriving surface term (6.3) except we must use the FW
Hamiltonian (7.20) and the nonrelativistic Dirichlet con-
dition (5.30). Thus we take inspiration from the Heisenberg
and Schrodinger pictures from nonrelativistic quantum
mechanics and use the FW unitary operator (7.10) to
define the FW picture. We will first derive the surface
term with conservative gravity and then generalize to
include the entropic case. Let |¥(7)) and O be a general
Dirac four-component state and observable, respectively,
then the expectation value can be expressed as

(0) = (¥Y|0,0,0050,|¥)
= <\PFW‘QFW|\PFW>

= <QFW>FW7 (7'23)

where the averaging is now taken with respect to the FW
Dirac state |Wrw) = U,|¥). Then an operator in the FW
picture is [76,78]

QFW = U;SQOW (724)
and its equation of motion is
do iAo
dl;w = n [Hpw, Orw]- (7.25)

The FW operator QFW can be evaluated using the BCH
expansion in a similar fashion to an FW Hamiltonian, but
such an expansion will often have a complicated expres-
sion due to the form of S‘,, and the number of times an FW
transformation has been applied. However, if Q is of order
O(c®) or less, we can use the BCH expansion up to the
first order

~ ' (7.26)

as a sufficient approximation since the lowest order term
in :S’,, is O(c™!). Analogously, we must use the same cutoff
order O(c?) for the FW Hamiltonian if we are to maintain
symmetry in calculating the Ehrenfest theorems.

For our work, we use U3 so the approximated FW
position and momentum operators are
(7.27)

Zrw R 2, D3Fw ~ D3,

respectively, with their FW Ehrenfest theorems being

%<2FW>FW ~ % (2)rw

1 ih -

= (BD3)ew — %‘PFW‘PFWE:O’ (7.28)

%<ﬁ3,FW>FW ~ % (P3)rw
2 -
= —mg{B)pw — %TFW(G%TFWMZZO

h? .

+ m (03%Ew) (03 ¥Fw)| =05 (7.29)

where we used Eq. (7.15) and FW Hamiltonian (7.20). To
evaluate the surface terms in Eqgs. (7.28) and (7.29), recall
that the boundary condition (5.20) nonrelativistically
reduced to the Dirichlet condition (5.30) so the boundary
condition for the FW spinor is simply

lPFW|L¢=I,¢0 ~0, (730)
and so we get
d | B
at (2w = m (BP3)Fw (7.31)
d

o psew = —mgPlew + 1 B D (132

Then the FW gBounce Hamiltonian with conservative gravity
is

. P h?
Hpw,, = ﬁ<mc2 + o + mgZ? — Eé/(2)>’ (7.33)

and more generally,

N

2

2
- b T
Apw, = ﬂ<m02 + —2;1 + Vw4 (2) — . 5’(Z)>, (7.34)
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where we have included the entropic case by using

R mgz, conservative gravity,
Viwal2) = { e (7.35)
0, entropic gravity.
Without the rest energy, Hamiltonian (7.34) is
A2 2
7 7 P3 A h ~
HFW.q = ﬂ(% + VFW,q (Z) - E(S/(Z)) , (736)

which is the gBounce Hamiltonian in [[6], Eq. (15)]. Since
the boundary term in (7.33) was derived using the non-
relativistic condition (5.30) and (7.20), Hamiltonian (7.33)
is mathematically and physically symmetric. Thus we can
definitively interpret FW Hamiltonian (7.33) as the non-
relativistic approximation of (6.13).

B. Master equation

To find the nonrelativistic limit of master equa-
tions (4.19), (6.16), and (6.17), we first find the non-
relativistic limit of the jump operator A. Since the f matrix
is diagonal, the jump operator A can be analytically
evaluated to get

A

A = \/mgxye~ P (x00)

e_i2/<x06)]]2 0
= mgX0< 0 e+i2/(x06)‘]]2

), (7.37)

and then dissipator (4.20) in the nonrelativistic limit
is simply

Dy [ﬁ] _ mgxoo (e—iﬂﬁ/(xoa)ﬁeﬂﬁﬁ/(xoﬂ) — ﬁ)
— mgh‘xoo- (R] e—i%/(X00>ﬁe+i2/(x06)
Ry etiE (00 it/ (300) — 1,5), (7.38)
where
1, 0 0 0
Rl = ) R2 = : (739)
0 0 0 1

In a more compact form, dissipator (7.38) in component
form is

mgxyo

Difps] = (eFi2/(x00) p_ oHi2/(00) _ j Y,

(7.40)

where the sign subscript denotes the positive and negative
frequency components of the density matrix. Then master
equations (4.19), (6.16), and (6.17) in the nonrelativistic
limit are

dp _if L PP R
@_ L = D 7.41
7 P _ﬁ(mc to )P NR [P (7.41)
dp i _H B " 5 (% sin 1), p (7.42)
—_—=— —p— —a w,t),pl, .
dr RV T Py m S8 Emss P
dp T A2 2
d_/t) = —% _ﬁ(mcz +§—m—@5’(ﬁ —a,, sina)mt)>,ﬁ]

+ DxrlP)s (7.43)

respectively, where we have used the three spatial dimen-
sional Hamiltonians to incorporate the spin. For the positive
frequency linear case with no rest energies and O(c?)
terms, we get

. _ ! F’% D (7.44)

dp. __i[P3 w2
2m

—+mg£—%6’(2—am sina)mt),/ﬁ} . (7.45)

dp, _ _i[p3_ P 5 p
+ _ {ﬁ_ﬁy(z—amsmwmt),m +Di[p],

(7.46)

which are the DFEG, conservative gravity, and entropic
master equations [[6], Egs. (5), (17), and (18)], respectively.
Thus we conclude that the Dirac DFEG model (4.19) is the
appropriate relativistic generalization, for Dirac fermions,
of the nonrelativistic DFEG model. We are then able to
identify the characteristic length x, as the same character-
istic length value used in [[6], Eq. (7)], namely,

A2\ 13
0 <2ng> '

Therefore, our Dirac DFEG model (4.19) is physical.

(7.47)

VIII. DISCUSSION AND OUTLOOK

We have presented a generalized version of the DFEG
model for Dirac fermions via the open quantum systems
approach. In addition, we have presented a relativistic
model of the gBounce experiment with conservative and
entropic gravity. In the nonrelativistic limit, our Dirac
DFEG (4.19) and gBounce models (6.16) and (6.17) correctly
reduced to their nonrelativistic counterparts in [6].

We have shown that the derived Dirac DFEG model
(4.19) maintains the quantum purity of a Dirac fermion in
the strong coupling limit ¢ — oo. In the same limit, we have
shown that conservative gravity (4.2) for Dirac fermions is
reproduced as well. Our model predicts that a Dirac
fermion’s spin does not affect its free-fall dynamics nor
couple with gravity; therefore, our model does not conflict
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with the equivalence principle. Thus, we have refuted
entropic gravity’s decoherence argument for Dirac fer-
mions and demonstrated that entropic gravity is compatible
with conservative gravity.

From numerical simulations of Hamiltonian (2.43) and
its Ehrenfest theorems (3.1) and (3.2), we demonstrated
that antimatter obeys the equivalence principle. In addition,
we numerically found that the nonzero Yvon-Takabayashi
angle led to a transient zitterbewegung-induced antigravity
effect during the early stages of a mixed energy state’s time
evolution. The already ephemeral zitterbewegung-induced
antigravity effect quickly diminishes for larger g values,
and thus we concluded that mixed energy states obeyed the
equivalence principle as well.

We aim to conduct numerical simulations of the Dirac
DFEG model to see how it compares with its nonrelativistic
counterpart. Although the nonrelativistic gBounce experiment
[7] is the best for measuring neutron free fall, our relativistic
gBounce model (6.17) may potentially provide further refine-
ments to the value of o. Recent proposals [79-81] and
developments [82-84] in next-generation, space-based
quantum experiments will potentially provide experimental
data to test our work in the near future (see Ref. [85] for a
thorough review). We hope that our work, backed by new
data, will shed further light on whether gravity is truly
quantum or not and spark further research into alternative
theories of gravity such as entropic gravity.

Note added in proof.—When the current paper was
accepted, an experimental study was published ruling
out antigravity [86]. This verifies the conclusion of
Sec. III that both matter and antimatter obey the equiv-
alence principle. We further note that the results of Ref. [86]
say nothing against the transient phenomenon of zitterbe-
wegung antigravity predicted in Sec. III.

ACKNOWLEDGMENTS

D. 1. B. was financially supported by the W. M. Keck
Foundation and by Army Research Office (ARO) (Grant
No. WO1INF-23-1-0288, program manager Dr. James
Joseph, and cooperative agreement W91 1NF-21-2-0139).
E.J. S. was supported by the ARO Undergraduate Research
Apprenticeship Program. The views and conclusions con-
tained in this document are those of the authors and should
not be interpreted as representing the official policies, either
expressed or implied, of ARO or the U.S. Government. The
U.S. Government is authorized to reproduce and distribute
reprints for Government purposes notwithstanding any
copyright notation herein.

APPENDIX A: DECOHERENCE-FREE
PROPERTY OF DIRAC DFEG MODEL

In this section, we closely follow Ref. [57] and show that
the Dirac DFEG model (4.19) is decoherence-free in the
strong coupling limit 6 — oo by proving that

Trlp222 - (p2)?] 2 0, (A1)
in the purity equation (4.22).
We first expand the exponential term in jump operator

(4.18) in the limit 6 — oo to get

eEib/(x0) — | i’ﬂ_z L (£ipz\ + 0(673)
Xo0 2' XgO0
ipz 2
- j:)coG 2)c2 7t (o™ ) (A2)

where we used both positive and negative signs for
generality. Then in the limit ¢ — oo, master equation
(4.19) is

dp i .
== leasps + pmc® + pmgz. p]
P9 (pzpzp—=1{22.p} o72). (A3
*oho (ﬂZPZﬁ {27, ) ). (A3)
and the purity equation is
2mg B
T 7] = = = Trlp?2 = (pP2)°] + 0(072).  (A4)

Now for any two arbitrary operators C; and C,, we have by
the Cauchy-Schwartz inequality

TEOITHE ) = [T IR (AS)
so if we let C; = p2p and C, = ppz, we get
Tefp?2?) > [Te{(p62)7]. (A6)

where we have used the cyclic property of the trace. Since
Tr[(pp2)*]* = Tr[(pBz)?], we have that Tr[(pp2)?] € R, and
thus we get our desired result

Tr[p?2? - (pp2)*] 2 0

APPENDIX B: RINDLER DIRAC EQUATION:
EIGENFUNCTIONS AND EIGENENERGIES

In this section, we solve the full Rindler
Hamiltonian (2.37) by following Refs. [30,31] (see also
Refs. [28,39,46,87] and Ref. [34] for a thorough review on
solving the Rindler Dirac equation in all wedges of
Minkowski space). Although we ultimately use the low
energy Rindler Dirac Hamiltonian (2.43), the exact sol-
ution and eigenenergies of the full Rindler Hamiltonian
(2.37) will prove fruitful to our later discussion. Note that
solving the full Rindler Hamiltonian (2.37) is equivalent
to solving the full observer’s Hamiltonian (2.41).

A general Dirac wave packet in Rindler space is
composed of positive and negative frequency states

(A7)
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) oodzk
W(x) = / 40 / LS b s k), ()
0 - 7 s=+
+d*(Q, 5,k ) (Ph o h, (1)
© ood2kl +
=/ dQ | = > [b(Q. s k)W 4 ()
00 s==+

+ d*(Q, s, kL)ng_z,_s,kL (x)],
d’k | = dk'dk?,

(B1)

where b(Q,s,k,) and d*(Q, s,k ) are the positive and
negative energy wave amplitudes, respectively, and

x = x4 = (x!', %%, u),

a=1,2.

x=x*= (v,x', %%, u),
k, =k* = (k' k*,0),

The negative energy states are computed using the charge
conjugation operator

(P ou, () = ir*(Pg e, ()" = ¥g o4, (). (B2)
We solve for the positive energy stationary states by using
the plane wave ansatz to separate the temporal and spatial
components of the positive energy Dirac spinor

‘Pas.h (x) = e_imfa.s,h (x), Q> 0, (B3)
fE,.y,kL (x) = ei]m'l/gé_s,kl (u),
kx=k, -x = —k,x* = k'x' + k?x?,
k=lky|=/(k')* + (k) (B4)

where Q = wc/ g is the dimensionless frequency. Note that
we have separated the spatial components as well. Inserting
ansatz (B3) into Eq. (2.34) gives

ih

+ ﬂmcu] ll/;;,x,kL’
which after rearranging terms yields

{u(alk1 + ayk?) — iazu0, — %0@ +plu—Qlws o, =0,
(B6)

where £ = 1/4 = mc/h is the inverse reduced Compton
wavelength. Next, we define the operator

D, = u(a k' + ayk?) — iazud, — %0@ +ptu—Q, (B7)

and then Eq. (B6) can be written as

D]y/;g’s.kL =0. (B3)
We then define a similar operator
D, = u(a k' + ak?) — iazud, + ia3 +pfu+Q  (BY)

2

and multiply D, on the left of Eq. (B8) to get
0 = DZD]W;,S,kL

1
— [—uauua” + K2 + Z —Q2_ iQ(Z3:| ll/;;,s,kl’
which yields after rearrangement
1
Ltaulztaul‘llgqsﬁkl = |:1<2u2 + i Q2 iQa3:| Wg,s,kg (B10)

where k = Vk* + ¢2. Now let y, (u) and y,(u) be the two-
component spinors such that

Vo, () = (““)),

) (B11)

and inserting spinor (B11) into Eq. (B10) yields the system
of equations

1
U0, U,y = <1<2u2 +7- Qz>)(1 —-iQc’y,, (B12)

1
U, ud,y, = <K2u2 +7- 92>;(2 —iQc’y,.  (B13)
Subtracting and adding Eqgs. (B12) and (B13) yields

1
ud,ud, (x\ — x2) = (Kzllz +Z—92> 1 —x2)

+ Q0> (y1 — x2). (B14)
1
ud,ud, (x1 + x2) = (bilz + i 92> (1 +x2)
— Q6 (y1 +12), (B15)

which can be expressed in a more compact form as

1
00,001 % 1) = (07 + ;= )y % 22
+ iQU3()(1 :F)fz) (B16)

To fully decouple Egs. (B12) and (B13), we let
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& (u) ) 517,

) % 0000 = o

which leads to
1\2
U0, u0,EF = |:K‘2bt2 + <iQ F 5) }fi, (B18)

uo,ud, i+t = [Kzuz + <iQ ii) 2} ¢t (B19)

These are Bessel’s differential equations, and thus the spin
state solutions are [31,46,87]

‘I’g,sh (x) = e"'g’)fa&kl (x), (B20)
Fésun, (%) = Nag, eyl 4 (w), (B21)
1
Vork, () = HEW, +— (K + ) HG W,
K= ko = =K'y + &p?), (B22)

where N, is the spin-independent normalization con-
stant [34,87] and

1 0
0 1
we=1_ b W=, (B23)
0 1
and
HE5 () = Hig,,  (ixu) (B24)

are the Hankel functions of the first kind H'" (z) [88]. With
the Rindler space Dirac inner product (2.44), the normali-
zation constant is (see Appendix C)

1 [kcosh (zQ)\ /2
Naow, =Nau, =Na -k, = " <W> ,
(B25)
and eigenspinor (B20) obeys
i}’zay‘l’as’kl = hQ‘I’aS’kL. (B26)

Note that due to the form of the order v and argument z of
our Hankel function (B24), we have
(Hg)" = —HJ. (B27)

Also, if we let k; = (0,0,0) and Ngy, — 27N gy o in
eigenspinor (B20), the result is the solution for the linear

Rindler Hamiltonian (2.39) [34]. It should be noted that the
modified Bessel functions of the second kind K;q /Z(Ku)
(with its respective normalization constant) can also be
used as solutions (see Refs. [30,34,39,87]).

To find the energy levels using boundary condition
(5.20), we use eigenspinor (B22) to identify F and G in
the spinor decomposition (5.6) which are [28]

F «x Hg + sH, G« Hyg—sHS,.  (B28)
Then we use boundary condition (5.20) along with identity
(B27) to get the spin-dependent quantization condition

RelHig) 1/, (iu)] + sIm{Hig),, o (iw)] = 0. (B29)
where p = ku is fixed. Note that the quantization con-
dition (B29) can be derived using the MIT boundary
conditions with chiral angles 8y = 0 and 6y; = 7 for s =
+ and s = —, respectively [30]. Since u > 1, we see that
the Q-zeros of the Hankel function for a large, fixed
argument u will satisfy the boundary condition. For the
case k = 0 and s = +, the zeros are given in [30] which
uses the numerical approximation scheme in [89] to get an
asymptotic expansion in pgy = £uy,

W, C 1 a3 da -1/3
Q, = g ~M0_§+a11+12 Vg +6—621/3/40 /
3
Antl,-1/3,-2/3 I a1\
Zntlo —_Intl -
7 oo F (70 700 ~ 12)H0
+0(uy™"), (B30)
or
hgQ, hg mgx?
En = T ~ mC2 + mgxoQ,, 1 — 2_C Tcz()ai+l
hg-x 2m@xl (1 @ 1
+L30an+l + g4 of - _“n+1
6¢ c 70 700 12
+ 0(c™), (B31)

for small a,,; where a,,, are the (n + 1)th zeros of the
Airy function for n =0, 1,2, .... For a neutron, we have
Ho ~ 101 > 1 so eigenenergies (B30) are an accurate
approximation for the zeros of the Hankel function [89,90].

Following Ref. [30], we use the kinetic energy E? =
E, — mc? of Eq. (B31) up to O(c™?) to find the physically
measurable energy level difference Efl),,n between the nth
and n'th eigenstates

D _ D D ~
En’,n - En’ - En ~ mng(an’+1 - an+1)

hg*x
+ 63 (@yi1 = Api)s

(B32)

2,2
mg-xg (@, —d>,,)
/
3062 n'+1 n+1
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and then the transition frequency is

D
D En’.n ~ mgxg
a)n’,n - h ~ h (an’Jrl - anJrl)
2.2 2
mgxp, o 2 9" Xo
3Oh02 (an’+1 - an+1) + 603 (an’+1 - anJrl)'

(B33)

To see the relativistic contributions to the nonrelativistic
bouncing ball energies

ENR = mgxoa,. 1, (B34)

we use the nonrelativistic transition frequency

NR
NR En+1.n _mgxy
n+l.n — ) - f (an+2 - arH»l)

w

to define the transition frequency difference Aw, .|,
between w?,, , and @}, , [30],

n+1,n
_ D NR
Awn+l.n =Wy T Opprg
2,2 2
MmgXxo , » 2 9 Xo
i~ a —-a +—=—=(Ayi2 — ;).
3OhC2( n+2 n+1) 603 ( n+ n+ )

(B35)

Now the neutron mass and gravitational acceleration on
Earth’s surface are, respectively, m,, ~0.94 GeV/c? and
g~9.81 m/s?, so we find that

ol Aw,yy, ~ 1072 Hz, (B36)
which is far too small to be detected using current
technology given the sensitivity level of Aw ~ 107! Hz
measured in the gBounce experiment [7].

In Eq. (B31), the third term is interpreted to be the energy
contribution from spin-gravity coupling

1

-S-g, B37
-Sg (B37)
which does not appear in our FW Hamiltonian (7.18). While
we demonstrated in Sec. IV that our Dirac DFEG model

does not affect spin, it is worth noting that previous literature
|

has proven inconclusive as to the physical nature and
relevance of the spin-gravity term. Initially, Peres [91]
proposed a simple ad hoc model that modified the Dirac
Lagrangian to include a spin-gravity coupling term with a
dimensionless coupling constant k. Obukhov [92] later
identified that k = 1/2 by using an “exact” FW trans-
formation that reproduced the spin-gravity coupling term
(B37). However, subsequent work by Silenko and Teryaev
[93] demonstrated that one could choose unitary trans-
formations that could remove the term (B37) through
repeated FW transformations. This mathematical technical-
ity has brought into question whether the FW transformation
accurately provides physically relevant results since different
unitary operators yield different results. Recent experiments
on the equivalence principle using different spin orientations
of spin-1/2 fermions [69] yielded null results for spin-
gravity coupling while another experiment [68] provided an
upper limit of 10~7 Hz for spin-1/2 fermions. Since the
coupling term (B37) is g/(2¢) ~ 1078 Hz, experiments do
not yet definitively prove nor disprove the existence of spin-
gravity coupling. Coupled with the mathematical and
physical ambiguity of the FW transformation, the question
of spin-gravity coupling remains open, but we note that the
appearance of the spin-gravity coupling energy in the energy
levels (B31) of the full Rindler Hamiltonian (2.37) [and
equivalently the full observer’s Hamiltonian (2.41)] lends
some theoretical credence to its existence. Our work avoids
this ambiguity with the spin-gravity term since this term only
arises from the full Rindler Hamiltonian (2.37) while our
work uses the low energy gravitational Hamiltonian (2.43).

APPENDIX C: NORMALIZATION
OF THE RINDLER WAVE FUNCTION

In this section, we calculate the normalization constant
N ok, of the eigenspinors (B22). We will focus on the spin-
up s = + const N 4, and then show that the constant
is spin-independent, i.e., Ngx, =Ng ik, =Ng_x, - We
suppress the superscript +, and later on, we will also
suppress the subscripts s and k| such that yq =y vu, (u)
and ./\/’Q,S.kL = ./\/Q.

If we use the spatial eigenspinor (B21) with the Dirac
inner product (2.44), we get

(6] (6]
(fosk \fasw) = A du / &x [l fasw,
—00

JR— R o
= NQ,kLNQ’,kla(kJ_ —-K)) A du ‘//Zz,s,kﬂlfg/,s’,h

= Nox, Nox, 8k, —K)5 g (o, W sk,):

d*x = dx'dx?,

./\/’Q_ki = ZﬂNQJ(L,

(C1)
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where we used

/°° Py el —h)x = /°° Ly oiK ko) x

= (2n)*6(k, — k'), (C2)
NQ’JCLW;’.SQ](’L&(I{J_ - klj_)és,s'
= Ng/skLWZZ,,S.kLa(kJ— - kll)(ss,s/‘ (CS)

Thus we only have to compute

<l//gz.s,kl|l//§z’,s.kj = /) d”‘//-srz,s,kﬁlfsz',s,ky (C4)

As mentioned earlier, we will compute the spin-up
s = +const and suppress the subscripts s and k; such

that g = wo x, (1) and Nao=Nak ,- Additionally, note
that wq now satisfies the eigenvalue equation

HR,MWQ = hQyq, (Cs)

N ih
Hy, = hu(a k' + apk? — iaz0,) — %0@ + pmcu.  (C6)

We first derive the Lagrange-Green identity [94] which
will be crucial in calculating the normalization constant.
For any arbitrary four-component spinors ¥; = ¥, (u) and
¥, =W, (u), consider the expression

(Hr.¥1)"¥s. (C7)
We expand the expression (C7) using Eq. (C6) to get
(HpW1)™W = (hu(ark' + ak®)¥)) "W,
+ (—ihuaz0,%,) ", + (—%%‘Pl)T‘PZ
+ (Bmcu?;)"¥,
= (—ihuay0,%) W, + V) [hu(a]kl + ayk?)
in

—1—70(3 + ﬁmcu} Y.

(C8)
If we use the identity

au(ih‘{"[ogu‘l’z) = (0M‘P{)(lha3u‘l“2) + ‘Pi(lha30u(u‘l’2)),
(€9)

the first term in the second equality of Eq. (C8) is

(—iflua_gdu‘Pl)T‘Pz = au(ih‘P}Logu‘Pz) - ‘P}L(lhag@u(u‘l’z)),
= 0, (in¥] azu?,)

+ \P; [_iha3uau - iha3]lP2- (CIO)

Combining our results the differential

Lagrange-Green identity

then yields

(Hr, P)) "W, = 0,(in¥]azu®,) + W] (Hg,¥,), (Cl1)

which leads to the integral Lagrange-Green identity [94]

/ ” du (Hg, 9", = in®] azu®, |
0
+ / T dui(fe ¥y, (Cl2)
0

when integrated according to the inner product (C4).
Now let ¥, = wq and ¥, = yq, and then we have

A du (Hp wo) vo = ihl//2ﬂ3bll//g’|8°

+ [T duina). (€13)

Since wq is an eigenfunction of IA{RW it obeys the
eigenvalue equation (C5) so Eq. (C13) becomes

(o9 . . o
O R
+h£2’/ dul//glllg/, (C14)
0

which yields after rearrangement [31,46]

(walva) = A duyywo

u_ oo
= ——whayo P

C15
Q_Q/ ( )

To evaluate the right-hand side of (C15), we first expand
the expression using the Hankel functions in spinor (B22)
to get

iu 2iu
Q- Q/W}Za3l//22’|8° = Q- Q/ ((Hé)*Hg_z’ - (HE)*HE’NSO
2iu (2)

. 1 .
“o_o ( -iQ-1/2(_”<”)Hz('g)/—1/2(”<”)

2 . 1 .
—HC,p(=iku)HY, (k)

(C16)

where instead of using identity (B27), we have elected to
use [88]
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(H(2) = B (). (€17)
with H (z) being the Hankel functions of the second kind.
For large arguments z, the Hankel functions of the first and

second kinds have the asymptotic expansion [88]

(Z) /_e—H —Eyn—%n) (Clg)
Hz</2) (Z) ~ ie—i(z—%m—%n) ; (C19)
iz

respectively, for z,v € C, which vanishes as z — oo so the
right-hand side of Eq. (C15) vanishes as u — oo. Thus the
only nontrivial limit to consider is # — 0. Due to the Hankel
function’s singularity at u = 0, we utilize the modified
Bessel functions of the second kind K, (z) which is related
to the Hankel functions by [88]

I/\
I/\

phz
—3<phz

z
2°

iﬂe+iun/2H£1) (Ze+iﬂ/2) ,
K,(z)= { ’ (C20)

_%e—iuﬂ/ZHiz) (Ze—in/2>

I/\

Then as z — 0, the modified Bessel functions of the second
kind K,(z) have the asymptotic form [88]

LU,

K,(2) :

(C21)

where I'(z) is the gamma function. We will first evaluate the
second term in Eq. (C16). Using Egs. (C20) and (C21) in the
limit # — 0, we have

2iu 2 . (1) .
O_O H—iSZ+1/2(_lKu)HiQ’+l/2(lKM)

N A\ (2Tl _iAQeﬂ(Q+Q’)/2
u—0 K}T2AQ K u

D(=iQ + 1/2)T(iQ + 1/2)

)
- () () e
R+ 1/2) (cos [(AQ)x]A— g; sin [(Ag)x]) )

where AQ = Q —Q', x =1In(1/u), and we have used the
identities

"2 (—iQ 4 1/2)

1\ —iAQ ) .
<_> _ e—l(AQ)ln(l/u) _ e—t(AQ)x’ (C23)
u

e'* = cos(z) + isin(z). (C24)

Since x = In (1/u) diverges rapidly as u — oo, we can use
the following identities:

1mﬁ9ﬂ§3ﬂ:n&9—ﬂx

2
Jim — = (C25)

lim [(AQ)x]

=0, C26

in Eq. (C22) to finally get

2iu 2 1
hm (ﬂ H(—z>sz+1/2( lKu)HEQ),+]/2(lKM)>

4 (20 ,
B

KT K

T +1/2)5(Q - Q)

(iQ+ 1/2)P5(Q - @)

4ﬂQ
- _50-),

Kk cosh (7Q) (€27)

where we used the identities

ID(1/2 + it)]> = (C28)

cosh (z1)’

fsly—1)=r@),  y.1€R, (C29)
in the last equality. Repeating the same procedure for the

first term in Eq. (C16) yields

. 2iu 2 . 1 .
lim <—Q oY H(_l.)g_l/z(—tKu)HEQ),_l/z(mu)>

u—0
4™
=—§5(Q-Q). C30
k cosh (7Q) ( ) (C30)
Then the delta-normalized inner product is
(Valye) = A du WI}WQ’
86;1!2
= §5(Q-Q), C31
Kk cosh (7Q) ( ) (C31)
o)
Kk cosh (7Q
Vol = @epiNgP = “CEY) - can)

and thus the spin-up s = + normalization constant is

1/2
Ng = 1 (K‘ cosh (ﬂQ))

2w 8™ (C33)

Repeating the same procedure for the spin-down s = —
spinor yields the same constant Ng _ = Nox » and
thus the spin-independent normalization constant is
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1
Nok, = Nowg, =No_x =~ (

SeﬂQ

Kk cosh (zQ)\ 1/2
2z ’

(C34)

To calculate the normalization constant N\ g-’u if one had
used the modified Bessel functions of the second kind

Kiq+1/2(ku) in solution (B22), we use identity (C20) in
solution (B22) and absorb the introduced constant terms
into the normalization constant (C34) to get

K _nk kL (reosh ()N
Qk, — Q+k, — Q—-k, — 20 271.2 .

(C35)
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