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The theory of macroscopic gravity provides a formalism to average the Einstein field equations from
small scales to largest scales in space-time. It is well known that averaging is an operation that does not
commute with calculating the Einstein tensor and this leads to a correction term in the field equations
known as backreaction. In this work, we derive exact solutions to the macroscopic gravity field equations
assuming that the averaged geometry is plane or spherically symmetric, and the source is taken as vacuum,
dust, or perfect fluid. We then focus on the specific cases of spherical symmetry and derive solutions that
are analogous to the Schwarzschild, Tolman VII, and Lemaitre-Tolman-Bondi solutions. The geodesic
equations and curvature structure are contrasted with the general relativistic counterparts for the

Schwarzschild and Lemaitre-Tolman-Bondi solutions.
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I. INTRODUCTION

An outstanding problem in general relativity (GR) is how
the small scale lumpy universe is averaged to be homo-
geneous at the largest scales. This problem is not easily
reconcilable due to the difficulties in defining a mathemati-
cally rigorous averaging procedure for nontrivial geom-
etries such as the pseudo-Riemannian geometry of general
relativity. Moreover, the Einstein tensor is a nonlinear
function of the metric which would mean that the average
of the Einstein tensor for a given metric is not equal to the
Einstein tensor constructed with the average of that metric,
ie., (E[g]) # E[(g)]. These issues are collectively known
as the averaging problem in general relativity [1-12].

Therefore, when dealing with large length scales, a set
of averaged equations should be used. In these equations,
a correction term should be present to account for the
noncommutativity between averaging and calculating the
Einstein tensor [1-6]. This term encapsulates the effect
of the microscopic structure of the space-time on the
dynamics of the macroscopic one, and is sometimes
referred to as backreaction. Macroscopic gravity (MG) is
a formalism for covariant space-time averaging [13-19]
which offers a promising solution to the averaging problem.
It is an exact (nonperturbative) approach which employs
averaging bivectors and Lie dragging of the averaging
regions. It is valid for arbitrary classical tensor fields on a
general n-dimensional differentiable manifold.

The field equations of MG are the macroscopic analog of
the Einstein field equations (EFEs). They are characterized
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by a tensorial correction term which is a combination of
various traces of a quantity called connection correlation.
They can be written in the form of EFEs by taking this
correction term to the right-hand side of the equations.
Then, the dynamics of a (assumed) macroscopic space-time
geometry can be analyzed by determining this correction
term. This can be done by imposing some reasonable
assumptions on the connection correlation [20-22]. The
solutions to the averaged field equations in MG, with
the macroscopic geometry assumed to be FLRW, have been
presented in [20-23]. Other exact macroscopic geo-
metries like Bianchi Type-I [23] and static spherically
symmetric (Schwarzschild) [24] have also been explored.
Linear perturbations around the FLRW geometry have been
analyzed in [22]. In [25-27], the authors took the micro-
scopic geometry to be spherically symmetric and wrote it in
volume preserving coordinates. Then, they averaged it
using Zalaletdinov’s procedure which becomes trivial in
the volume preserving coordinates, since the averaging
operators reduce to Kronecker delta [15].

In this paper, we derive solutions to the MG field
equations where the macroscopic geometry is assumed
to be spherical or plane symmetric (that is, the less sym-
metric microscopic geometry averages out to be spherical/
plane symmetric). We start by assuming that the macro-
scopic geometry admits the Gz group of motion (on V)
which contains two special cases—plane and spherical
symmetry1 [28], and then, calculate the MG correction term
for such geometries. Our approach to calculate the correc-
tion term is similar to the one taken in [24] to study static

ISee chapters 15 and 16 in [28] and the references within for
the details.
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spherically symmetric solutions. Here, we extend the
treatment in [24] to include nonstatic spherically symmetric
and plane symmetric geometries as well. We find that the
MG correction term takes a form of an anisotropic fluid
with a qualitative behavior of an effective spatial curvature
in the field equations. Recently, such geometries were also
analyzed in the context of other averaging formalisms [29].

We categorize the solutions based on the source for the
space-time—vacuum, dust, and perfect fluid. Within these
three categories, we treat, in detail, the cases of the static
spherically symmetric vacuum solution (Schwarzschild
exterior [30]), the static spherically symmetric perfect fluid
solutions (Schwarzschild interior [30] and Tolman VII
[31-40]), and the nonstatic spherically symmetric dust
solution (Lemaitre-Tolman-Bondi (LTB) [41-46]). These
solutions are the exact solutions to the MG field equations
and do not represent the same geometry as their counterparts
in GR, since they are not the solutions of Einstein field
equations. This is in the same spirit as that of GR—the matter
distribution (at the macroscopic level) should determine the
(macroscopic) geometry through the macroscopic field
equations.

The paper is arranged in the following manner: In Sec. II,
we briefly review the macroscopic gravity formalism. In
Sec. III, we present the spherical and plane symmetric
solutions to the MG field equations. Then, in Secs. IV, V
and VI, we analyse specific solutions by assuming the
source to be a vacuum, dust, and perfect fluid, respectively.
The MG analog of the Schwarzschild, Tolman VII, and
LTB solutions are derived. Finally, we discuss the results in
this paper and make some general remarks in Sec. VIIL

The notation and the convention used are as follows:
objects associated with the microscopic geometry are
denoted by lowercase letters and those with the macro-
scopic geometry by uppercase letters. Greek indices run
from O to 3 and Latin indices from 1 to 3. Angular brackets
(---) denote the averaging operation or sometimes aver-
aged quantities. Covariant differentiation with respect to
the macroscopic connection is denoted by ||. Indices with
round brackets ()/square brackets [] are symmetrized/
antisymmetrized; and underlined indices are not included
in (anti-)symmetrization. The covariant derivative is
denoted by V,. The sign convention followed is the
Landau-Lifshitz spacelike convention (LLSC) [47]. That
is, the signature of the metric is taken to be Lorentzian
(=, +, 4+, +), the Riemann curvature tensor is defined as,
M ap = 207" ap) + 27  op7*e) and 1y, = 1%, 1s the Ricei
tensor. The Ricci scalar is defined as r = r*, = ¢"r,
Finally, the wunits are taken such that G =1 =c,
i.e., kK = 8.

II. MACROSCOPIC GRAVITY FIELD EQUATIONS
AND THEIR SOLUTIONS

Using the concepts of macroscopic electrodynamics
[48-50], a covariant averaging procedure was developed

by Zalaletdinov [13—-19], which can be used in general
relativity. It is a generalization of averaging on Minkowski
space-time and is based on the concept of Lie dragging
of the averaging regions. This procedure is valid for
arbitrary classical tensor fields on any differentiable mani-
fold [13-19].

Let there be a geometric object (vector, tensor etc.) pj (x)
defined on an n-dimensional differentiable metric manifold
(M. gup). Then, the space-time averaged value of this
object over a compact region £ C M with a volume n-form
around a supporting point x € %, is defined as,

fz /3 (x', x) \/_d"
fz \/_ dn’

where [5 \/—¢d"x’ is the volume (V) of the region ¥ and
g = det[g,3(x")]. The integration is done over all the points

x' €X. The integrand A7 (x,x’)p; (x ).A” (¥, x) is called
the bilocal extension of the object pj(x); and the objects

(pj(x)) =

(1)

A (x,x') and A/”,/ (x',x) are called the bilocal averaging
operators.

Then, bilocal objects F are defined in terms of these
averaging operators as,

'7:(1/3/) = A(:’(a/) ;}I + v(f’A;}lAzl) (2)
These objects behave as connection coefficients at x and
hence, can be considered as the bilocal extension of the
microscopic connection coefficients. The averages of these
objects, (F%,) serve as the affine connection coefficients
of the averaged space-time.

Further, the average of the microscopic Riemann curva-
ture tensor, (r%g,,) is written as R%,,. A curvature tensor
corresponding to the macroscopic connection can be
calculated, and turns out to be related to the average of
the microscopic Riemann curvature tensor through the
following formula,

Maﬁpo = Ra/fpo + 2<‘7:6ﬁ[p‘7:a§6]> - 2<‘7:6ﬁL0> <~;Eaéa]>' (3)

Then, in order to define splitting rules for averaging the
differential Bianchi identities, correlation tensors need to be
defined. The connection correlation is a six rank tensor
which takes into account the noncommutativity of averag-
ing and calculating the Einstein tensor. It is defined as,

2oty = (Foy Fhia) = Fo (Fhs). (4)

Note that the second term on the right-hand side in Eq. (3)
is merely a contraction of the connection correlation and can
be written as, Q%g,, = 2(F° 4, F“55]) — 2(F g, ) (F0)) =
2Z“ﬁ[p”w]. This tensor is like a curvature tensor in its

mathematical construction and follows the algebraic
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properties of one. It can be considered as a “curvature
deformation” tensor since it measures the difference between
the macroscopic curvature tensor and the average of the
microscopic curvature tensor. Higher order correlations also
exist (restricted up to the dimensionality of the macroscopic
space-time), but can be taken to be zero in a self consistent
manner [13,14]. This makes the formalism more practical
with equations involving only the connection correlation.

The final form of the averaged Einstein field equations is
given by,

3 ¢ 1 € € € ] €
B¢, =GP My, =5 8,G" M, =xT¢, + (Z oy —EéyQ,w) G
(5)

where, T¢, = (1°,) is the average of the energy-momentum
tensor for the microscopic matter distribution, G** is the
inverse of the macroscopic metric tensor, M, is the macro-

S . c ne o L .
scopic Ricci tensor, Z¢,,, = 2Z¢, PR Ricci-tensor-like

object for the connection correlation and Q,, = QF .

Therefore, in the theory of macroscopic gravity, averag-
ing out the Einstein field equations introduces additional
terms on right hand side of these equations, constituting
various traces (contractions) of the connection correlation.
We call these additional terms as the MG correction term,
denoted as,

1
¢, = (Zeﬂw - §5§Qﬂy> GH. (6)

To derive a solution to the averaged field equations (5),
we need to determine the form of this correction term
explicitly for a given macroscopic geometry. This is done
by virtue of several algebraic and differential constraints on
the connection correlation [13,14],

2% e = = 2", (7a)
2% o = =2 s (7b)
2yt =0 (79
Lo\ =0 (7d)
2%, s u’ =0 (7e)
Zaﬂ[}’”go'uﬂ] =0 (7f)
Z% [VﬂgaM Yeap) — ZaS[rﬂgaM eélﬂ]

+ 2%y M i) = %" oMy =0 (Tg)

7 eo
where, u is the unit time-like 4-vector field and M is the
Riemann curvature tensor for the (assumed) macroscopic
space-time geometry.

Equations (7a)—(7e) are just algebraic constraints and do
not depend on the macroscopic geometry. Solving these
leaves us with 121 independent components in the con-
nection correlation. Equations (7e), (7f), and (7g) ensure
that the higher order correlations are zero. Then, all one has
to deal with is the connection correlation. There are several
assumptions on the structure of the macroscopic geometry
and the functional form of the connection correlation that
go into solving the latter two of these [24]. Given these
assumptions, the connection correlation can be determined
completely. A systematic way of solving the MG equations
has been presented in [16,21,23,24].

In the following sections, starting with the 121 compo-
nents, we solve the last two equations to determine the MG
correction term for spherical and plane symmetric macro-
scopic geometries.

III. SPHERICAL AND PLANE SYMMETRIC
SOLUTIONS

For a coordinate system (x%, x!, x2, x*), the general form
of the line element for a spherical and plane symmetric
space-time is given by [28,51],

ds? = G, dx*dx* = —e*F (dx")? + ¢?2(dx')?
+ R2[(dx?)? + $2(x%, k) (dx*)’] (8)

where, G, is the macroscopic metric, P, Q, R are, in
general, arbitrary functions of coordinates (x°, x!), and just
the coordinate x! for the static case. The time-like unit
4-vector field (the 4-velocity of timelike particles) admitted
by such space-time is given by, u* = [e=F,0,0,0]. The
function S(x?, k) takes the values {sin(x?), 1} for k= {1,0},
where k = KR? and K is the constant Gaussian curvature of
the 2-subspace (x°, x! = const.). Since the function, R, has a
fixed value on this 2-subspace, one can normalise the
curvature in this manner [28]. The spherical and plane
symmetric cases are represented by k=1 and k=0,
respectively.

It is conventional to use spherical coordinates (z, r, @, ¢)
in the case of spherical symmetry (k = 1). Then, the line
element takes the form,

ds? = —e*Pdi® 4 *2dr® + R2(d6” + sin> 6dp?) (9)

where P, Q, R are arbitrary functions of time, ¢, and the
radial coordinate, r, for the nonstatic case. In the static case,
P, O are functions of only r and the function R can be
chosen to be equal to r [28].

For the case of plane symmetry (k = 0), we often use
Cartesian coordinates (z,x,y,z). Then, the line element
takes the form,

ds? = —e?Pde? + e?dx? + R*(dy* +dz?)  (10)
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where P, O, R are arbitrary functions of time, ¢, and the
spatial coordinate, x, for the nonstatic case.” In the static
case, P, Q, R are functions of only x.

We calculate the MG correction term with the line
element for the macroscopic geometry to be the one in
Eq. (8).) We take the components of connection cor-
relation to be dependent on all the coordinates, i.e.,
Z=Z7Z(x"x',x%x*). We start with the 121 independent
components in Z that remain after solving constraints (7a)—
(7e). Solving the differential constraint (7f) leaves only 7
independent components. The integrability condition (7g)
is trivially satisfied and does not reduce the independent
components any further.

These components are characterized by arbitrary func-
tions of coordinates x> and x*. To make the MG correction
term compatible with the macroscopic geometry, two of
these need to be constant. Then, out of the 7 independent
components in Z, five are arbitrary functions and two are
constants. We label these as f,(x?,x*),(n =1,...,5) and
by, b,. The number of nonzero components in the con-
nection correlation tensor is 44 and that in the curvature
deformation tensor, @, is 8. The non-Riemannian curvature
tensor, R, has 44 nonzero components comprising of three
out of the seven variables in Z. We do not list them here as
the real important quantity is the MG correction term, since
it enters the field equations. The MG correction term is
diagonal and takes the following form,

B
COO = F (lla)
C% =0=C (11b)
B
Cllzﬁ; C22:0:C33 (110)
Writing in matrix form, this looks like,
1 0 0 O
B|10 1 0 0
c, == 12
“ R0 0 0 O (12)
0 0 0 O

where, B = 2(b; + b,) is a constant.

The MG correction term takes the form of an anisotropic
fluid. Only the radial component of the effective pressure is
nonzero and is equal in magnitude, but opposite in sign, to
the effective energy density. The MG correction term for

Note that, one can choose any one of the three spatial
coordinates to be x!'. Then, the metric will be modified accord-
ing}y and so would the MG correction term.

“We did the same calculations separately for Eqs. (9) and (10)
for both static and nonstatic cases. The results were identical to
the respective cases presented here.

the static spherically symmetric geometry in our case is the
same as what was found in [24], although we have applied
fewer restrictions on Z.

A. The macroscopic Einstein field equations

We take the average of the microscopic energy-momen-
tum tensor to be that of an inhomogeneous relativistic
perfect fluid with an isotropic pressure,

T¢, = (p+ p)u‘u, + pd, (13)

where, p=p(x% x') and p = p(x°,x!) are the energy
density and pressure. Taking the averaged matter distribu-
tion to be a perfect fluid does not reduce the generality of
the equations that follow (for the purposes of this paper),
since both vacuum and dust can be considered as special
cases. The conservation of energy—momentum,4 V.T¢, =0,
gives two equations—one each for y = 0, 1, while other
components are identically satisfied,

. . R
HLP+Q+2E:0 (14a)
/
fL TP =0 (14b)
p+p

Then, without assuming any equation of state, p(p), the
macroscopic field equations for the metric in (8) read as

-20
E = % 2RR" + R'(R' - 2RQ')]

-2P

e L. . k B
2e72F ., )
B = = —[R = OR = PR = 0 (15b)
2e720 . .
Elg = —=——[k' - OR' = PR] =0 (15¢)
| el .
e 20 k B

-20
E22 :E33 :eR [R"—i—R’(P'— Q/) +R(P//+P/2 _P/Q/)]

-2P
S R+ RQ=P)+ RO+ 0>~ P Q)| =8rp

(15e)

*The differential constraint (7f) of the formalism ensures that
the MG correction term has also vanishing covariant derivative
[13,14]. Hence, the covariant divergence of the two sides of
equation (5) vanishes identically—the left side due to the usual
differential Bianchi identity.
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where, “dot” and “prime” represent differentiation
with respect to the coordinates x° and x!, respectively.
The plane and spherical symmetric cases correspond to
k=0 and k =1, respectively. The MG correction term
enters Egs. (15a) and (15d) as an additional curvature term.
Other equations are not affected. In the case of static
solutions, all the terms with a dot go to zero.

IV. VACUUM

In the case of vacuum, the conditions from conservation
of energy are identically satisfied. The MG correction
term does not change the field equations qualitatively since
the constant term 53 can be absorbed in the curvature term.
Therefore, the usual results for the analysis of vacuum solu-
tions hold. However, the terms with £ would be replaced
by k+ B. Therefore, the generalized Birkhoff theorem
[28,52-56] would still hold and the metric would be
necessarily static. This means that all the terms with ‘dot’
vanish. Moreover, if d,R0" R > 0, one can choose canonical
coordinates, where R = x' [28,51]. Then, solving Eq. (15a),
we would find,

(16)

2m]| !
X

el = {(k—kl’j')——1

where, m is a constant that comes from integration and Q is a
function of only x' now. Further, substituting equation (15d)
in (15a), we get,

P/:—Q/:P:—Q‘f'cl

where C; is a constant of integration. This gives us,

2m
CZP = CQC_ZQ = C2 |:(k + B) - ?:| (17)
where, C, = €21, For simplicity, we can choose C, = 1, as
one does in the usual Schwarzschild solution. Then, using
Egs. (16)and (17) in Eq. (8), the macroscopic metric takes the
following form,

1
f(x' k, B)
+ (x1)?[(dx?)? + §7 (2%, k) (dx)?] (18)

ds? = —f(x', k, B)(dx")* + (dx')?

where f = [(k + B) —24]. Therefore, the vacuum solu-
tion is now modified to have the backreaction term in the

line element. This metric has a coordinate singularity

2m

1 _
at x’ = "B

A. The MG-Schwarzschild exterior solution

The static spherically symmetric case (k= 1) gives
us the MG-Schwarzschild (exterior) solution. The line
element, in coordinates (z,r, 8, ¢), then, looks like,

ds? = — [(1 + B) dr? + r*do?

2m 5 1
‘T}d’ a5 -2

+ r2sin20dg?. (19)

It reduces to the usual Schwarzschild exterior solution of
GR when we take the backreaction term 5 to be zero. The
line element in equation (19) clearly represents a geometry
that is different from that of the Schwarzschild solution. We
know that in the GR-Schwarzschild geometry, the Ricci
tensor and hence the Ricci scalar is zero. But this is not the
case in the MG-Schwarzschild geometry where, RV, =
diag[0,0, -5, - 5] and R = —25. The Kretschmann scalar
4Br(Br—4m)

76

is also modified, and is given by, K = 48r—g"2+ .
This is exactly the same result as in [24].

As explained above, since the geometry is not
Schwarzschild anymore, the geodesic equations will be
modified as well. Using the line element in Eq. (19), the

Lagrangian density will become,

2L =—f(r,B) (:—2>Q+f(r1’6) <3—;)2+r2 (%)2 (20)

where, 1 is an affine parameter and f = (1+ B—22).

Using the Euler-Lagrange equations, we get, % = ﬁ;

% = ri where, y and [ are constants. We know that for
geodesics 2L = ¢, where, ¢ = —1,0,+1 correspond to
timelike, null, and spacelike geodesics, respectively.
Using this, we can obtain the following orbital equation
for the respective type of particles,

du\2 2me  y*+(1+B)e
<d¢) = 2mu3 - (1 +B)M2 —ITM "‘172
(1)
which gives,
Fu e (1+Bu-"5 (22)
— = 3mu” — U——
dg? 2

where, u = % The above equation can be written in the form
of the usual equation in GR by rescaling the coordinate ¢
and mass m as ¢ = /1 + B¢ and m = Tig respectively.
The solution to this equation is, then, given by,

”:ﬁ {1 +acos{¢<\/1-ﬁ-—3+%;;lz> H

(23)

where, a is a small parameter (Ja| < 1) that quantifies the
deviation from the Newtonian solution.
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It is a fruitful exercise to write the metric in Eq. (19) in
various other coordinates that are frequently used to write
the GR-Schwarzschild solution. This will be particularly
useful when one wants to study the behavior of various
geodesics in the MG-Schwarzschild exterior space-time. In
isotropic coordinates [57], we have,

]———m N2
TTE
ds? = —(1+ B) (Hz“i“””j dr?

2(14-B)7V1+B
m 4
+ }—,.2\/ 1+8-2 <1 + )
2(1+ B)Fv!tH
x (dx? + dy? + dz?) (24)
where, r=pVItE(1 4 _—nm and we have,

2
2(1+B)?W+_5)
X =Trsinfcos¢; y=rsinOcos¢; z=rcosf. In the
Eddington-Finkelstein coordinates [58—60], we have,

2
ds? = [(1 +B)- —m] dv? + 2dvdr + 2d6? + r2sin?0dgp?
r
(25)

— r 2m (1+B)r
= t+1+—3+(1+8>21n| o

where, v — 1|. Similarly, we

can write,

2
ds? = - [(1 +B)- —m] du? = 2dudr + r2d6? + Psin?6d¢?
r

(26)

where, u=1—1iz— 1+B —1|. In Kruskal-

Szekeres [61,62] coordlnates we have

32m> sy
ds? = — W%e%dUdV + 26 + r?sin20dgp
(27)
where, V = ¢ "5 and U = —e S . This can be further
written as,
§?=- 32m° (dT2 dX?) + r’de?
r(l + B)
+ r* sin? Od¢y? (28)
where, T =3 (V +U) and X =5 (V - U).

It should be possible to also write an equivalent form of
the MG-Schwarzschild metric in coordinate systems like
that of Lemaitre-Novikov [41,63] and Israel [64].

V. DUST

In the case of dust, the pressure, p, in equations (14) and
(15) is zero. Then, Eq. (14b) means that P’ = 0. This
implies that P = P(x"). We can divide the solutions into
two classes: (i) when R’ = 0; R # 0 and, (ii) when R’ # 0.

A. Solutions with R’ =0.R # 0

When R’ = 0,R # 0, one can choose R = x° [28] and
then integrate Eq. (15d) to get,

e2P — Cl
%0

where, C; is a constant of integration.
Then, assuming €€ = U(x", x!')e™", Egs. (15¢) can be
written as,

0

(k+B)} :m (29)

U+U<$—3P) o, (30)

This can be integrated to find,

3P

U=F, [ —dx"+F, (31)

where, F|, F, are arbitrary functions of the coordinate x'
that arise due to integration. Using Eq. (29), the integration
in the above equation can be solved to get,

e3P 0 2€2P »

P _/1+(k+8)e2f’d(6 )
2 {eP_tan"(\/k+BeP)
"~ (k+B) Vk+B

} +C, (32)

where, C, is a constant of integration. Using this, we get,

Fytan™' (Vk + Be
CQ:F3— _P{ stan ( +De )—F4} (33)
Vk+B
where, F3(x)—szl'3and Fy(x') = CoF| + F».

Using Eq. (29) in (15a), we get the equation for the
energy density,

26_2P

(P+0). (34)

If F;=0 (i.e., F; =0), we recover the vacuum sol-
utions (e” = e=?). Assuming that F5 # 0, we can rescale
the coordinate x' such that F; = 1. Then the line element in
(8) takes the form,

104010-6
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0

4 = g &
_p [tan~ ! (Vk + BeP) 2
e e s
+ (0)[(dx?)* + $%(x%, k) (dx?)?]. (35)

This reduces to the solution in general relativity when
the backreaction term, B, is zero. In general relativity,
this subclass of solutions contains generalizations of the
Kantowski-Sachs solution (for k = 1) [28,65] and Bianchi
Type-I solution (for £k = 0). It would be interesting to see if
the same is true for the MG analogs of these solutions.
Given that the backreaction term in MG couples with the
geometry in a nontrivial manner, we expect these limits to
either change or even not work at all.

B. Solutions with R’ # 0

When R' # 0, we can rescale the coordinate x° such that
Gy = 1. This is equivalent to taking P =0 and then
defining the dots to be the differentiation with respect to
this new rescaled coordinate. Then, we can integrate
Eq. (15b) [or (15¢)] to get,

QO =In(R")+InF, (36)

where, F|(x!) is an arbitrary function depending on the
boundary conditions.
By conveniently redefining the function F; as, F;(x!)=
1 , We can write,

V (k+B)—ef?

20 — R (37)
(k+ B) —ef*(x")

The function f is an arbitrary function of the coordinate x!
and the variable, e = (0, £1), is to be chosen such that e*?
remains positive. This redefinition makes the other dynami-
cal equations simpler. These expressions are valid for both
static and nonstatic cases.

In the static case, all the terms with dots go to zero. Then,
Eq. (15d) implies that ef> = 0. When used in Eq. (15a), we
get, p = 0. Therefore, the static solutions in the case of a
pressureless fluid invariably reduce to vacuum solutions
which, in the case of spherical symmetry (k = 1), leads to
nothing but the Schwarzschild solution in the Lemaitre-
Novikov [28,42,63] coordinates.

In the nonstatic case, using Eqgs. (36) and (37) in (15a)
gives,

R? + ef? . 2RR' +2eff"

- < 8p (38)

Then, Eq. (15d) gives the following differential equation
for R,

2RR + R? = —¢f? (39)
Performing an integration once, this equation gives,
o 2m(x!
R - m}ix ) _ep (40)

where, m(x!) is another arbitrary function coming from
integration. This equation can be completely integrated for
both the cases, € = 0, € # 0 (see chapter 15 in [28] for a
complete analysis). Using Eq. (39) and its differentiation,
the other two field equations (15e) are identically satisfied.
Using Eq. (40) to substitute values of ef? and eff’ in

Eq. (39), we get,5
2m’

Similarly, if we use Eq. (38) to do the same, we get another
equation for the density, in terms of the function R only,

k2R

7 + R —4np. (42)

Using Eq. (37), the line element in Eq. (8) takes the form,

R/2
(k+B) —ef?
R + 5020 @)

ds? = —(dx")> + (dx')?

(43)

Therefore, the dust solution is modified to have a back-
reaction term. The usual dust solution can be obtained by
putting the backreaction term to be zero.

1. The MG-LTB solution

Our analysis until this point is done for both plane and
spherical symmetry in a combined way. Although there has
been some interest in the plane symmetric cosmological
models in the past, none of these models has stood the tests
of precision cosmology as well as the spatially homo-
geneous and isotropic FLRW model. The only exciting
alternative to the FLRW model is the Lemaitre-Tolman-
Bondi (LTB) [41,43,44] model. The LTB model is a
subcase (for R’ # 0) of the spherically symmetric dust
solutions to the Einstein field equations. It is only radially
inhomogeneous (due to spherical symmetry) with the

>Note that Eq. (41) can be rearranged to give,
2m(x!) = 87r/pR2R’dx'

This equation resembles that for a mass function and hence
justifies the labeling of the function arising from the integration
as m.
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spatial hypersurfaces spherically symmetric about a central
worldline. In this section, we will look at the LTB model in
the framework of macroscopic gravity—the MG-LTB
model. To do this, we choose spherical coordinates
(t,r,0,¢) and k=1 in Egs. (37) and (43). The line
element then looks like,

2

A2 = —dP 4 —
g N TE

dr? + R2[d6? + sin? 0d?).
(44)

This is a modified form of LTB metric [66,67] where there
is a backreaction term in the denominator of the radial
metric coefficient.

The dynamical equations governing this model would be
given by Egs. (38)—(42). Comparing them to the Friedman
equations, we can define local cosmological parameters
within the LTB models [68-71],

H(t,r)= R(.r) (45a)
2m(r)

R0 )
—ef?

20 = R )

where, H,Q, ,Q. are the local Hubble parameter,
matter density parameter and curvature density parameter,
respectively. The functions, Hy(r) = H(ty, r) and Ry(r)=
R(ty, r), are the boundary values at the present time, f.
Using Eq. (45) in (40), we can get an expression for the
expansion history in LTB models,

2 (1,r) = H3(r) [Qmo(r) (%)3 10, (1) <%> T . (46)

Integrating this equation, we get an equation for the age of
the LTB universe,

1 [Ro dR
to_t:_/ S )
HoJr (Q,,R;R™" + Q. Rj)

The next thing to look at, from the point of view of
observational cosmology, would be light propagation. For a
radial null geodesic, dd = 0 = d¢, and from Eq. (44), we
get a constraint equation for the light rays [68—71],

dt  dr  R(1r)
da dA\/1 4+ B—-ef?

where, 4 is an affine parameter and the negative sign tells
that we are dealing with incoming light rays. Let #(4) and

(48)

7(4) be two solutions to the equation above. Then, 7+ 7
would be a solution too. Then, we can write,

g — g R/(t’ r) (493)
& AT B
d(z d R'(t, dr(4
di dA\/1 + B -e¢f? di
d(t+7)  drR(1,r) +R(t,r)7 (49¢)
i \TiB-ef
Using Egs. (49b) and (49¢), we get,
lde  dr  R(t.r) (50)

tddh AT+ B-ef2

Defining the redshift, z, as, 1 +z = %, we can write,

d dr  R(1,r
L_ ¥ Ko (51)
d dA\/T+B—-ef
This gives us,
d 1 V1+B—¢gf?
bl +5-ef (52)
dz 1+2z R(tr).
Further, using Eqgs. (48) and (51), we get,
dr 1 R(z,

dz 1+zR(t.r)

It is, then, straightforward to calculate the comoving,
angular diameter, and luminosity distances, which are
given by [68-71],

de(z) = (1 + 2)R(1(2), (2)) (54a)
da(z) = R(1(z), r(2)) (54b)
dp(z) = (14 2)°R(1(2). 7(2)). (54¢)

These equations tell us that the backreaction term will
modify the redshift dependence of the coordinates, ¢ and r,
and hence, the distance calculations.

Looking at Eqs. (45)—(47), we can see that the equations
governing the MG-LTB solution are the same as the ones
for the GR-LTB solution. But the geometry of MG-LTB
model [Eq. (44)] is not the same. This points to an
important feature of models within macroscopic gravity,
which is that the backreaction (the connection correlation)
can be set in such a way that it only affects either the
averaged geometry or the averaged evolution but not both.
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For example, we could have chosen the integration function
F, in Eq. (36) to be simply ——, and then, Eq. (40) would
\/—2

have had a backreaction term, R2’ in it. The FLRW limit of
the LTB model is also affected in a similar fashion—either
we end up with a geometry that is not FLRW but Eq. (40)
reduces to the usual Friedmann equation or we have an
FLRW geometry that evolves differently. In the next
section, we will see that something similar happens in
the case of the homogeneous perfect fluid solutions as well.

VI. PERFECT FLUID

In the case of perfect fluid, the dynamical equations are
the same as Eqgs. (14) and (15). Perfect fluid solutions are
more complicated to solve analytically. In GR, the addi-
tional condition due to the isotropy of the pressure looks
like, E', — E3; = 0. However, in MG, this condition gets
modified due to the anisotropy in the effective pressure due

to the backreaction and we have, E'| — E*; = %

A. Static solutions

In the static case, all the terms with dots in Egs. (14) and
(15) go to zero and we can assume R = x' [28,51]. Then,
Eq. (15a) becomes,

E% = [x'(k + B—e29)] = 8ap(x')%. (55)

We can easily integrate this equation to get,

20 _ [(k +B)- 2’”(1)‘1)} B (56)

X

where, m(x') is a mass function defined as,
2m(x!) = 8ﬂ/p(x1)(x1)2dx1. (57)

The condition due to isotropy, E'; — E*y =, further
gives,

1

P'+(P)2-PQ = e s[L4+x' (P + Q') = (k+ B)e*?].
(58)
Using Egs. (56)—(58) in (15¢), we get,
2x'[(k + B)x' —2m]P' = 8zxp(x')? +2m.  (59)

Now, using Eq. (14b) to eliminate P’ from the equation
above, we get,

2xM[(k+B)x" =2m|p' = =(p + p)[8zp(x')* +2m]. (60)

This is the MG analog of the Tolman-Oppenheimer-Volkoff
(TOV) equation [31,72].

The analysis until here is quite general. However, as in
the case of vacuum solutions, we are interested in spheri-
cally symmetric solutions. For that, we use spherical
coordinates (z,r,0,¢) and k =1 in Egs. (55)—(60). We
will look, in detail, at two static spherically symmetric
perfect fluid solutions—the Schwarzschild interior solution
[30] (constant density) and the Tolman VII solution [31]
(variable density).

1. MG-Schwarzschild interior solution

The Schwarzschild interior solution is, perhaps, the best
known static spherically symmetric perfect fluid solution in
GR. The MG analog of this solution has been presented in
[24]. Tt is characterized by a constant energy density (p =
p = constant) inside a boundary, say, r < r;,. Then, using
Eq. (57), the mass function inside this boundary becomes,

2m(r) = 87r/r[)r2dr = 83—71[)}’3 (61)
0
and then, using Eq. (56), we get,
-1
e?2() = {(1 +B) - 83—” ﬁrz} (62)

Further, using the constant density term in Eq. (14b), we
can integrate to get,

p=Ce " —p (63)

Then, using this equation in (59), we can integrate to find,

eP:%(Cl — Cre79)
3 8 _ 3

Putting this equation back in the expression for pressure
above (63), we get,

CI—CQGQ
p3C B 8”_22—C
PGB poC
3C,-G[(1+B)-%pr &

The values for the constants Cy, C, can be determined by
matching the interior solution to the exterior solution. The
expression for e? already matches the one for the exterior
solution. Requiring that, for some boundary r,, p(r,) =0,
gives us, % =3e~2("), Using this, the expression for

pressure becomes,
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[ =0 _ g=0(n)
p_p<3e rb _e_Q< )>

B S - (1 B) Sl
TR R T

Further, we require that e”("»)|, = e”()
can completely specify the constants as,

. Using this, we

_ 87 _ 2
G —.0{(1 + B) —?P’”i} ;
Then, Eq. (64) becomes,

e” :% [3{(1 +B)- 8?” i}l{u +B) —?;}ﬂ}%}

(68)

G = (67)

W

Therefore, the MG-Schwarzschild interior solution is
characterized by a constant density p and a pressure given
by Eq. (66). The metric coefficients are given by equa-
tions (62) and (68). The line element for the interior
solution then looks like,

1
T
172
- {(1 +B) —83—”pr2} } dr

1
+ dr? + r*d6?
[(1+B) —%pr

+r sm29d¢2. (69)

o=

The Schwarzschild interior and exterior solutions
derived here match the ones presented in [24]. However,
presenting all the calculations again is justified since we are
working with fewer restrictions on the connection corre-
lation. This adds to the completeness of the analysis in this
paper. In the next section, we will present an interior
solution with nonconstant density.

2. MG-Tolman VII solution

The obvious solution to look at, after the Schwarzschild
solution, is the Tolman VII solution [31]. The Tolman VII
solution is characterized by the following ansatz on the
energy density [39],

o))

where, py is the central density [py = p(r = 0)], r,, repre-
sents a boundary radius beyond which the solution can be
considered to be the Schwarzschild exterior solution, and /3
is a dimensionless parameter that takes values between 0
and 1.

Using this ansatz for the energy density, the mass
function [Eq. (57)] inside the boundary becomes,

3 ﬂrS
and then, using Eq. (56), we get,6
2

20 — [(1 + B) — 81p, <%—%r4>] T om

We define a new variable x = :—f Then, the above equation
b

can be written as,

e20 — [(1 +B)—A<§—§x2>}_l (73)

where, A = 8zpyr3, is simply a constant.
Rearranging Eq. (58), we get,
21+ rP' +rQ'(1+rP)—r*(P"+ P?)] = (1+B)
(74)

Using Eq. (72) and its differentiation with respect to r to
find the value of Q’e™29, the above equation becomes,

(148 —a(2=La) 2P+ po)
375
-[(HB)-A?%}W'—A?ﬁ:o (75)

Then, following [33,34], we define a function U(r), such
that, P = In U and simplify further to get,

5(1+B)_5_x 2\ 2pm 5(1—1—3)_ ) ,
<7ﬂA Sﬂ—l-x)rU <7ﬂA x>rU
-x’U=0 (76)

Writing the differential terms to be with respect to the
variable, x, we get,

(%_g—;ﬂz)m(pi}ﬁl:o (77)
—_——

M N

where tilde represents differentiation with respect to x and
we have used, U’ = 22’U and U" = 2’U —|—4’ U.

Now, we define a variable w = ln(\/_ +N ) This gives,

and, w=-NM+/M. Using this, we get,

U= \/_Ldli and, U = %Z‘I;U - #E Substituting these
in Eq. (77), w

we get,

®In the original paper by Tolman [31], this form for the metric
coefficient was assumed and the expression for the density was
derived using that.
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U U 1 1
Fe + 4 0. (78) C| cos (E wb> + C, sin <§wb>
This is the equation of a simple harmonic oscillator with (1 B 3
frequency § and has the following solution, - { 1+ B) = 8apyr;, 375) (" (82a)
U= C,cos <l w> 1 C,sin <1 w) (79) Using this, the second boundary condition gives,
2 2
. . . 1 . (1 107py\: /1 S
where, Cy, C, are constants of integration. Then using the ~ C, cos Wh ) = Cy sin W) =1 375
definition of the function U, we can write, p
(82b)
e’ = |C, cos lw + C, sin lw ’ (80)
! 2 2 2 where, w, = w(r;,). Solving Eq. (82), we get,
—m {25 g (st S04B)): | L
where, w = In {’i ot (V‘Z 3pr; Sﬂﬂpori) } C, = {(1 + B) — 8apyrs, <— —[—j> }Zcos (— wb>
Substituting the expression for the mass function 35 2
[Eq. (71)] and usi'ng Eq. (79) to find P’ =¥ in Eq. (59), ., 107p0 \ 2 1.p n lw (83)
we get an expression for the pressure, b I 375 Wb
_ (b 2L\ LAY (1
p=sy (o) -+ - (55 = {48 -8 (3-5) f sin (3
C, - C, tan (lw) 10200\ (1 1
X 2 —p0<1—£2}’2>. (81) +rb< [)’ 0) (§—§> COS <§Wb> (83b)
C, + C,tan (%w) 3 5r
. . h -1 1 -5 =5 5(1+B)%
The constants C;, C, can be determined using the boundary ~ WHere, W, = In gt BT 8uhporz) [°
conditions: e**(")|,; = e*’(")|_ and p(r;,) = 0. The first Using these expressions for the constants and simplify-
one gives, ing even further, Egs. (80) and (81) become,
rr_5 rt_ 5¢7 5(148)\ 5 2
3 2 6p + <_2 T 382 wfpor )
e?’ = | < (1+ B) = 8apor; Lp cosdn [ Y b Sﬂpobl
35 1—5 4 (1=5 430483
[ 3p 8ﬂﬂp0r}27
L0zo\d /1 ﬁ_i+(ﬁ_5r2+5(1+8))% als
+ rb< ;l’p())z <§ _§> sind In | 2 d n, 3b Sffﬁ/[’;)r; / (84)
5 5 +B)\2
=gt (1= 3)
and,
2(1_p\\>
ﬂ{(1+8)—8ﬂﬂ0”b(§—§>} N EANE:
P= O (1+B) =8| 37527
]Oﬂ'rb (§ - g) b
[ l 2_s. (,4 52 5<1+B>)7 3 |
1-%+(1—%+5““‘;)2
. NI R
—polz—==r).
! Po 3 57‘%

1\ 1
2_s (A s2 5018 |2\ 2
2 7732 2
2 68\ / 3pry  Srppory

1= {(1 4+ B) = 8zppr2(t = &)} tan { In | 22

1
5 _5.,.5048B) )2
1 6/}+<1 3ﬂ+8ﬂﬁ/)0ri)
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The line element for this solution then looks like,

ds® = {(1 + B) - 8mpor? G _9 }

I—

COoS

LT
1
[(1 + B) - 8apy (% —S%r“ﬂ

+

o

The MG-Tolman VII solution is completely specified by
Egs. (70), (72), (84), (85), and (86). It reduces to the usual
Tolman VII solution in [33] if we put the backreaction term
to be zero.

Note that the static perfect fluid solutions presented here
are not the most general for their assumed form of density,
since we took the constant of integration in the mass
function to be zero. In the more general solutions, there
would be a term 1r in the metric coefficient G; [Eqs. (62)
and (72)] which would lead to a singularity at r = 0. We
only mention this for the sake of completeness and these
cases are beyond the scope of this paper.

B. Nonstatic solutions

The nonstatic plane or spherically symmetric perfect
fluid solutions are usually classified according to the
properties of the kinematic variables [28,73],

@=c¢" (Q + ZE> (87a)
i, = [0,P,0,0] (87b)
1 1 /R
0) =0; —56}:0%:63256 P<E_Q> (87¢)

And due to the symmetry here, we have,
g5 =0 (87d)

where, ®,i,06 and ® are the 4-velocity’s expansion,
acceleration, shear, and rotation (or vorticity), respectively
[28,74]. A wide variety of solutions exist with different
assumptions on these variables.

1. Solutions with ®=0; ¢3=0

The vanishing shear and expansion, through Eqs. (87a)
and (87c¢), imply that Q = 0 = R. Then, Eq. (14a) implies

dr? + r?d6? + r’sin’0d¢?.

5 _ 5 , 504B) %
I=g+ (1 3ﬂ+8nﬂnor§)

(86)

I

that the energy density does not depend on x° (given that
p + p #0). This will modify the field equations such that
no derivative with respect to x° is present there. This is the
same as the static case. However, one can still have P #0.
Then, for the pressure, we have p # 0, if P’ # 0. Therefore,
these solutions are either static or can be generated from
static solutions [28].

2. Solutions with © # 0; 6%5=0
The most interesting and well studied case is that of
expanding, shear free solutions. We will look at this case in
some detail since it has the FLRW solution as a subcase.
Vanishing shear, through Eq. (87c), implies Q = %. This
can be integrated to give,

R = X(x")e? (88)
where, X is an arbitrary function arising from integration.
Using this in Eq. (15b) and then integrating, we get,

e = Qe ) (89)
where, Y is another arbitrary function coming from
integration. Then, using this and Eq. (88), the expansion
scalar becomes, ® = 3e”.

Using Egs. (88) and (89) in Egs. (15a) and (15d), the
energy density and pressure can be written as,

3e?’ — e;(—zzQ (2XX" + X" +2X2Q" +4XX'Q' + X?Q"
+k+ B) =8xp (90)

and,

e3¢

ﬁao [2{(X'+XQ')* — (k+ B) — e2@tV}] = 8xp.
(91)
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B

The isotropy condition, E'| — E*y = &,

gives,

ao[eQ{X/Z _ X(X” + X’Q’) + XZ(Q/Q _ Q//)
—(k+B)} =0, (92)

Further, the metric becomes,

ds? = _Qze—QY(de)z + eZQ(dxl)z
+e22X%[(dx?)? + S%(x?, k) (dx?)?].  (93)

Equation (92) can be integrated and then further solved
to produce several classes of solutions [28], especially in
the case of spherical symmetry. The one that is of interest to
us is the spherically symmetric solution ((k=1);x* =
(t,r,0,¢)) with a homogeneous distribution of matter
density and pressure (p =p(t); p = p(t)). The homo-
geneity of the pressure, through Eq. (14b), implies
P’ = 0. As explained in section V, this allows one to put
P = 0 and write the metric coefficient Q as in equation (37).
Further, Eq. (89) then implies Q' = 0. Using this, we can
write,

0 = 0i(1) + Oa(r) (94)
Using this in Eq. (88), we get,
R =Za(1) (95)

where, Z(r) = Xe2(") and a(f) = e,
Then, using Egs. (37) and (95), the metric in Eq. (93) (for
the spherically symmetric case) becomes,

Z"2a

2
ds? = —df?* + Fz—()drz + Z2a?(d6? +sin> 0dp?)  (96)
r

where, the function F is an arbitrary function that comes
from integration. Now, since Z, Z’ are functions of only r,
we can perform a coordinate transformation r = Z(r) such
that the above metric becomes,

d 2
dsz = —dl‘z =+ aZ <F2—r(') + r2d92 + r2 Sin2 9d¢2> . (97)
r

This is nothing but the spatially homogeneous and isotropic
FLRW metric.

The function F' can be (conveniently) redefined such that
F?(r) = (1 + B) — Kr*. Given this redefinition, the MG
field equations reduce to the usual Friedmann equations.
On the other hand, if F? is taken to be simply 1 — K72,
we recover the usual FLRW geometry, but now, its
evolution is affected by the backreaction term. This high-
lights the obvious, albeit important, point that we discussed
briefly in the case of LTB solution, which is, in MG, the
FLRW geometry evolves differently than in GR and the

geometry that evolves like a FLRW geometry is different
from FLRW.

3. Solutions with 6" # 0; u*=0

The vanishing acceleration, through Eq. (87b), implies
that P’ = 0. Then, Eq. (14b) would mean that p’ = 0.
Further, Eq. (15b) or (15c) gives,

R = OR'. (98)

Since the integration of this equation depends on what kind

of a function R is, the solutions with shear and vanishing

acceleration are divided into the following three categories:

(i) When R = constant = C(say), Eq. (15a) and (15b)
gives us,

k+B

—87p =
P C

Using this, Eq. (15¢) can be solved to find Q. Since
P = P(x"), the time coordinate can be rescaled such
that P = O (similar to what we had in the case of
dust). The line element, in this case, looks like,

40
c
+ C2[(dx?)? + S%(x%, k) (dx?)?].

ds? = —(dx%)* + 52{ —(k+ B)}(dx1)2
(100)

(ii) When R # constant; R’ = 0, one can choose R = x°.
The field equations then give,

(;;{1 +2x°0 + (k+ B)e*’} =8zp  (101a)
% {1 =2x"P — (k+ B)e*"} = 8zp  (101b)
(1= + 02~ P O)) = 4rlp + 30

(101c)

These equations can be solved to find one of the
two functions P, Q by prescribing the other one.
We know that due to zero acceleration, P’ = 0.
However, it should be noted that, even though there
is no Q' in the field equations, it is not zero in
general.

(iii) When R’ # 0, one can choose P = 0. Then, this case
becomes similar to the corresponding case with dust.
Equation (98) can be integrated to find,

Rl2
00— N° . _0 41

(k+ B) — ef? (102)
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The energy density and pressure can be determined
from the field equations, which reduce to,

R? + ef? n 2RR' + 2¢eff’ B

e RR 8xp (103a)
R>+¢ef? 2R
TSJCJFW: —8ap (103b)
R 2R
m+?:—4n(p+3p). (103c)

The first equation above is the same as the one in the
case of dust and the third equation comes from
differentiating the second one with respect to x!. The
metric takes the same form as the one on Eq. (43).

VII. CONCLUSION

In this paper, we have analyzed the effects of averaging
on plane and spherically symmetric macroscopic geom-
etries within the framework of macroscopic gravity. We
found that the backreaction takes a form of an anisotropic
fluid and enters the field equations in the form of an
additional spatial curvature. This was consistent with the
findings in [24-26] for spherically symmetric geometries.
Here, we have extended the analysis further to include
plane symmetric geometries as well. We categorized the

solutions based on the type of source and then analyzed
various subcases within.

Taking the source to be vacuum led to the MG-
Schwarzschild solution. Similarly, for dust, the nonstatic
solutions led to the MG-LTB solution and for a perfect
fluid, we derived Schwarzschild interior and Tolman VII
(static case) and some nonstatic solutions. Our approach in
this work was different from how backreaction has been
treated in the literature in that we considered the influence
of backreaction on the geometry instead of the dynamics.
Since in MG, the backreaction modifies the field equations,
it will influence the geometry and not just the dynamical
evolution.
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