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Graviton-photon oscillation in a cosmic background
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Graviton-photon oscillation is the conversion of gravitational waves to electromagnetic waves and vice
versa in the presence of a background electromagnetic field. We investigate this phenomenon in a
cosmological scenario considering a background cosmic magnetic field and assuming different gravita-
tional frameworks. We obtain the damping term that characterizes the attenuation of the conversion
probability in cosmological backgrounds. This is a general feature that is present even for standard general
relativity. Furthermore, we show that the effects of decoherence, which are due to the interaction with the
cosmological expansion and with the additional degrees of freedom of alternative theories of gravity, can be
relevant to the phenomenon of graviton-photon mixing.
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I. INTRODUCTION

Observational data based on electromagnetic waves
(EMWs) have unveiled countless secrets of the cosmos.
They have provided us with information about the history
of the Universe and the dynamics of astrophysical objects.
This knowledge has allowed us to test general relativity
(GR), concluding that it can suitably describe our cosmos
assuming the existence of two dark cosmic components. In
2016 the observations came from a different domain for the
very first time and GR passed one of its latest checks due to
the detection of gravitational waves (GWs) [1]. This
detection was just the beginning of the era of gravitational
wave measurements opening a new channel for multi-
messenger astronomy.

Despite the great success of GR there are some issues
that deserve further attention. On the one hand, at large
scales it is necessary to assume the existence of dark matter
and dark energy to describe the observational data. As it is
well known, most of the matter of the Universe has to be
dark, but the nature of the dark matter particle remains
elusive. Furthermore, dark energy should be now almost
the 70% of the cosmic energetic content to suitably drive
the current accelerated cosmic expansion. However, it is not
clear that the final description of dark energy is just a
cosmological constant. On the other hand, in the micro-
scopic world of particles and high energies GR is thought to
be inadequate. Any attempts to quantize and unify gravity
with the Standard Model has been unsuccessful. So, in
recent years alternative theories of gravity (ATGs) [2-4]
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have been explored in great detail as possible candidates to
describe the gravitational phenomena at all scales.

A popular group of ATGs is formed by scalar-tensor
theories of gravity, which introduce a nonminimally
coupled scalar field into the action. In this framework
Horndeski theory is the most general family of models
leading to second-order differential equations [5—7]. On the
other hand, bimetric gravity theories introduce a second
metric tensor in the formulation of the theory. These
theories are related to massive gravity, which describes a
single massive spin-2 field [8]. Other well-studied theories
are f(R) theories of gravity [9,10]. These theories intro-
duce higher-order terms into the gravitational action with a
generic function of the Ricci scalar. (We do not intend to
provide an exhaustive list of ATGs in this Introduction. The
interested reader can check, for example, Ref. [4].)

There is an interesting theoretical prediction of GR
regarding the interaction of GWs and EMWs that has long
been known: graviton-photon conversion in an electromag-
netic background [11,12]. This is a phenomenon of
conversion between GWs and EMWs that is produced
when the waves cross an external electromagnetic field.
(A nonevolving electromagnetic background is usually
assumed, simplifying the mathematical treatment.) In
addition, when the waves propagate through a (real or
effective) dielectric medium, there is no complete con-
version, but graviton-photon oscillation or mixing [13,14].
This effect is analogous to neutrino oscillations, for
example. That is, the evolution of the system at first order
in perturbations is such that gravitational and electromag-
netic degrees of freedom are mixed as a single superposed
state throughout its propagation. From a cosmological
point of view it is of special interest the phenomenon that
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can take place due to the propagation of primordial GWs
through the cosmic magnetic field [15,16] (see also
Refs. [17,18] for more recent studies). The hypothetical
detection of EMWs generated in this process would allow
us to measure indirectly GWs that are beyond the scope of
current detectors. Moreover, if those waves were not
observed in the range that they are predicted, it may
indicate the absence of the corresponding primordial
GWs or point towards some modification of the gravita-
tional theory. In this respect, the predictions about the
efficiency of the conversion process in GR indicate that the
sensibility of the instruments could be too low to measure
the effect of laboratory experiments [19], although it could
have left footprints in the radiation cosmic background
(excluding their relevance in the microwave) [15].

We want to stress that this phenomenon is predicted in GR
even in regions where the refractive index equals unity, in
which case there is just conversion between EMWs and
GWs. This is the case when we just consider classical
electrodynamics and GR. Therefore, in order to get a mixture
in GR and not just conversion, it is necessary to take into
account terms of greater perturbative order into the Maxwell
Lagrangian, such as the Euler-Heisenberg Lagrangian [14].
This term describes nonlinear corrections and induces an
effective refractive index for EMWs [15,16].

On the other hand, following the spirit of Ref. [20], one
can also consider that GWs propagate with an effective
refractive index. This situation does not appear in GR for
vacuum solutions, since GWs propagate in vacuum at the
speed of light. When they propagate in a Friedman-
Lemaitre-Robertson-Walker (FLRW) spacetime, however,
the expansion of the Universe generates attenuation in the
amplitude of the wave [21]. Considering that the gravita-
tional phenomena are described by a given ATG, the
situation can be much more varied. Propagation of GWs
in ATGs can include, for example, a mass term, an
attenuation term, or variations in the speed of propagation
[22,23]. By analogy with electromagnetism, where these
terms arise when EMWs propagate through a dielectric
media, one can think in a medium in which GWs propagate
formed by the additional degrees of freedom of the ATGs
with respect to GR. These effective media are called
diagravitational media [24]. Multimessenger astronomy
[25] has already allowed one to conclude that GWs
propagate today at the speed of light, ruling out a large
number of ATGs as dark energy mimickers [26-29].
However, other theories are still compatible with this
constraint. For instance, theories of massive gravity induce
a dispersive medium [8]. An attenuation term may also
appear in the refractive index, leading to wave amplifica-
tion or absorption. This term, which is typically linked to
variations in some fundamental quantity of the ATG [30],
combines with the cosmic attenuation in cosmological
backgrounds. In addition, Lorentz violating ATGs entail
modified dispersion relations [31]. All of these different

terms can be included in a refractive index for the
diagravitational medium [24]. Therefore, the predictions
for the phenomenon of graviton-photon oscillations may be
affected in ATGs due to the existence of this effective
medium.

Graviton-photon mixing in ATGs was first considered in
Ref. [20], paying particular attention to the case of a real
refractive index when obtaining the conversion probability.
In this work we shall investigate a more general framework
in detail, taking into account discussing the effects of a
cosmic background. This work can be outlined as follows:
In Sec. II we present the results that we have obtained for
the phenomenon of graviton-photon mixing following a
procedure based in studying the mixing probability. In
Sec. IT A we focus on GR and obtain the mixing matrix of
the graviton-photon system in a cosmological scenario,
extending the results of Ref. [15] to propagation in a FLRW
spacetime. In Sec. IIB we discuss how the system is
modified when considering theories beyond GR, as in
Ref. [20], but now, for a cosmological background. In
Sec. I C we obtain the mixing probability of primordial
GWs and EMWs and estimate the effect in some ATGs.
On the other hand, in Sec. III, we consider the density
matrix formalism taking into account effects of photons’
decoherence. We consider for the very first time
decoherence effects affecting gravitational radiation and
quantify the modification of the predictions of graviton-
photon mixing for some ATGs. Finally, in Sec. IV, we
summarize our results.

II. GRAVITON-PHOTON MIXING IN A
COSMOLOGICAL BACKGROUND

In order to describe graviton-photon mixing we need to
consider an action composed by two parts. The gravita-
tional part is the Einstein-Hilbert action if we assume GR,
but it has a different form for ATGs. We consider that the
action of the electromagnetic part is given by the Maxwell
action plus the Euler-Heisenberg term. This is
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where we have introduced the usual electromagnetic field
tensor F,, =0d,A, —0,A,. Here, a = ¢?/4r is the fine
structure constant, m, is the electron mass, and F,, =
1 . .

3 €upet?? 1s the dual of F,,. The Euler-Heisenberg second
order term describes quantum corrections to the classical
electromagnetic action and it is only valid at the low
frequencies regime, @ < m,. As we will consider frequen-
cies up to O(10°) eV for the GWs, we can assume that this
approximation is valid.
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On the other hand, we consider a perturbed flat FLRW
spacetime. This can be expressed with

ds? = a(n)*[—dn* + (5;; + xh;;)dx'dx], 2)

where we have introduced x = v/16zG in order to have a
dimensionless metric perturbation xh,;. This metric is
expressed in the conformal time coordinate, 7, related with
the cosmological time as dt = a(n)dn. Moreover, we will
make use of the trace-transverse gauge (TT), that is,
ho, = 0ihj; = h;i =0; so only the spatial components
are nontrivial. Regarding the electromagnetic field, we
assume that the electromagnetic tensor is composed by a
background external contribution plus a variable small

=F ,(,f,) + fu- Thus, the term f,, suitably

describes the photon field when |f,, | < |F, ,Si)|

In order to get the equations of motion we expand metric
(2) in the action (1) up to second order in f,, keeping also
the mixing second order in h,, and f,, and neglecting the
complete gravitational second order term in /,,,. As we are
interested only in terms that describe the evolution of
perturbations of the graviton and photon fields, we ignore
the terms of first order in the action, which will lead to the
Einstein equation of the background. The electromagnetic
action including only these second order terms in pertur-
bations is

perturbation, F,,

1
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where the electromagnetic energy-momentum tensor needs
to be introduced at first order in the electromagnetic
perturbation:

T/ir;] = Ff(l?faunpa + fﬂpFSTi)rlpG - %nquayfﬁénaﬁrly&' (4)
Here, we have consistently neglected the contribution of the
Euler-Heisenberg term. In Eq. (3), the dual tensors are
defined with respect to the Minkowski metric 7,,,. Working
with conformal time, the only dependence with the expand-
ing geometry is reduced to the scale factor term in front of the
Euler-Heisenberg Lagrangian. In fact, as it is well known,
due to the conformal invariance of the Maxwell action, there
is no friction term associated to electromagnetic waves
propagating in FLRW geometries [32]. In the case of
electromagnetic background fields, the Euler-Heisenberg

contribution can introduce such a term. However, it will be
proportional to the electromagnetic external field multiplied
by the small parameter o, and we will neglect it in the
analysis of this work. In addition, we will assume that these
external fields will be static (or slowly varying).

A. Equations of motion in GR

Let us consider that the gravitational phenomena are
described by GR. Thus, the action for the metric field is
given by the Einstein-Hilbert action

1
S, = ’cz/d4x,/—gR, (5)

where R is the curvature scalar and g is the determinant
of the metric g = det(g,, ). The Riemann tensor is defined

as R., = 0,4, — 0, + 4T, —T4 %, Varying this
action with respect to h , and A (where from now on, Aﬂ
denotes just the photon potential, which is associated to
Suw), one gets the coupled equations of motion for the
graviton-photon system.

The variation of the action with respect to &,
to [21]

leads

aszlw + 2g“ﬁ0aa2V/}i_zW + 0(,0“612}_1”1, - 2a2Rl’3D”i_z,1(,
= T, (6)

which is the Finstein equation with the electromagnetic
energy-momentum tensor up to first order in the metric
perturbation, and in the photon perturbation as the source.
[Note that in Eq. (6) and from now on, we use the
Minkowski metric 7,,, to raise, lower, and contract
indexes.] We have defined the trace-reversed metric per-
turbation, l_zw = hy, — %nﬂyh, which will be the new field
representing the graviton. From now on, we will omit the
bar. Since on the TT gauge only the spatial components are
nonvanishing, Eq. (6) can be written as

W), — VPhy; + 2HH; = KT}, (7)

where 'H = % is the conformal Hubble rate and the prime
denotes derivatives with respect to the conformal time. This
is a wave equation with a dumping term that is proportional
to the Hubble expansion rate. On the right-hand side of (7)
we have the first order electromagnetic energy-momentum
tensor as the source, whereas its background components
are associated with the background Einstein equations.
Now we assume that the external electromagnetic field in
the chosen coordinates has only a magnetic component.
Therefore, the first order energy-momentum tensor can be

written as TE;) = B(;Bj), where the parentheses indicate

symmetrization and (e¢) denotes the component of the
external magnetic field.
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On the other hand, the equation for the propagation of
the photon field is obtained by varying action (3) with
respect to A,. So, one obtains

4o 2
Vﬂ< " 90a 9044 m* 4 [4Faifa/} e + 7F f(lﬁF

4Fz(x eaﬁfﬂy+7F( eaﬁf ;w])

KV (h/‘ﬁF - h”ﬂF “). (8)

In the first place, following the procedure commonly
employed in the literature [15-17], we use the gauge
condition 6l~Ai = 0 and choose A = 0. So, we can rewrite
the first term on the left-hand side of Eq. (8) in terms of the
photon electromagnetic vector as [JA/ up to first order in
perturbations. It has to be emphasized that this term does not
lead to an absorption term due to the conformal symmetry of
the field (as it can be explicitly checked using the tools
summarized, for example, in Ref. [32]). In the second place,
the right-hand side of Eq. (8) is a source term. This term
contains the metric perturbations and the constant external

field F/ ,(fy) (which only has spatial components). In the third
place, the Euler-Heisenberg Lagrangian has led to the
second term on the left-hand side of Eq. (8). As discussed
in Ref. [33] for the flat case, expanding the first part of this

term (proportional to F /(ﬁ,)) one obtains the modification on

the propagation of the photon mode transverse to the
external magnetic field, whereas expanding the second part

of this term (proportional to F ,(,i)) one gets the modification
on the propagation of the mode parallel to the external field.
So, the Euler-Heisenberg term introduces different refractive
indexes for the transverse and parallel photon polarizations,
giving rise to birefringence effects for the photon when it
propagates in flat space. For the cosmological case it should
be noted that the Euler-Heisenberg Lagrangian breaks the
conformal invariance of the electromagnetic field. So the
modification of the photon wave equation due to the cosmic
expansion will be of order

4o

Tt ®)

p:

Taking into account the results of the flat case [15] and
noting that the scaling of the magnetic field with the scale
factor is such that B> = B%./a* [32], one should now have
evolving refractive indexes of the form

1 —1=4pBia~*(n), (10)
|| -1= 7PBZ _4( ) (11)

where By is the part of the magnetic field transverse to the
direction of the propagation of the wave. These terms can be

encapsulated in an effective mass term in the wave equation.
In principle, the above equations need to incorporate terms
proportional to the Hubble rate. We neglect such contribu-
tions since we are only focusing on the leading effect of the
Euler-Heisenberg term into the refractive indexes. This will
not be the case for the analogous discussion about the
gravitational refractive index as we will discuss. Following
Ref. [15], this effective mass is defined as

m? = w* —k* = 0*(1 — n). (12)

According to Ref. [15] the effective mass in Minkowski
background, 7, should be related to the effective mass in a
cosmological background through m, = m],a“(n). This
agrees with the a~* factor that we have written in
Egs. (10) and (11). Taking into account this discussion,
Eq. (8) can be rewriten as
[0 — m2JAT = ko, (h*F\Y — Wik, (13)
Equations (7) and (13) describe the graviton-photon system.
Before getting the final equations some considerations
are in order. We redefine the gravitational wave tensor as
H;; = ah;;. This definition allows us to remove the

absorption term from Eq. (7). We assume that GWs and
EMWs expand in their Fourier modes such that

=3 A (14)

Aj(z.n) =i _Ay(n)ete™, (15)
A

Z/Z’7

with 4 = x, + for the GW tensor and A = L, || for the

to the external magnetic field, respectively. Assuming that
the waves propagate in the direction of the z axis, the
nonzero elements of the tensor modes are defined such that
ely = —ejy, = 1 and ey, = e}, = 1. Introducing the defi-
nitions (16) and (15) i 1n Eqs. (7) and (13), we obtain

"
[(),% + <k2 _ c%)}H/1 = —kakA,Br, (16)

(0,% + kz)Ali - (602 - kz)A;L = —EkHiBT. (17)
a

Assuming that the Euler-Heisenberg term introduces
small corrections, then the refractive index is close to
unity, implying |n, — 1| < 1; so, @ = k. Hence, we can
approximate the d’Alembert operator as (92 + k*)A; =
(i0, + k)(=id, + k)A; ~2w(w + id,)A,;, where we have
also assumed —id,A; ~ wA;. In addition the effective mass
term can be approximated as (w* — k%) ~20?(1 —n,).
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On the other hand, for GWs we consider only the sub-
Hubble modes, those that satisfy kn > 1, so we can
eliminate the term that goes with the second derivative
in the scale factor of Eq. (16). We also assume that the
propagation of GWs does not differ much from the
prediction in GR, that is —id,H;, ~wH;. With these
approximations we get

K
(Cl) + la,,]>H]L = _EaAiBT7 (18)
xkH
(0 +i0,)A; + w(n - 1)A; = —EfBT. (19)

It can be noted that the mixing of the modes in this system,
formed by Egs. (18) and (19), is not symmetric. However, if
we consider again the physical mode i(1), we can obtain
symmetric mixing. So, in order to obtain a system that is
coupled by a symmetric matrix, we have to consider A, and
h, as the degrees of freedom. We get

(@ + i0, + iH)h, = —%AABT, (20)

(@ + i0,)A; + w(n - 1)A; = —ghiBT. (21)

GWs and EMWs are coupled by these equations. There is
an imaginary term in Eq. (20) proportional to the Hubble
parameter, which affects the propagation of gravitational
modes. It acts as an effective gravitational refractive index
term that causes absorption or amplification in the ampli-
tude of the wave.

Now, regrouping the modes A, and /4, in the state vector
w! = [A,, hy], we can write the equations in matrix form
and, therefore, identify the mixing matrix

)| RO

where we define the effective refractive index of the
gravitational wave as

w(ni—1)
KBt
2

{(a)—kian)—k (

ng=1+1i

gl

, (23)

being the origin of this effective refractive index the
expansion of the cosmological background. It should be
noted that Eq. (22) reduces to that obtained in Ref. [15] for
propagation in a Minkowski background, that is a = 1.
In addition, it should be noted that in the case that the
corrections introduced by the Euler-Heisenberg term are
negligible, then n, = 1 and, therefore, we recover graviton-
photon conversion.

B. Equations of motion beyond GR

Let us now consider that the gravitational phenomena are
described by an ATG. At this point we do not restrict our
attention to a particular theory. So, we consider a general
parametrization for the linear TT perturbations for the
tensor modes.' This is [22]

R, 4+ 2H(1 + v)hyy + (c7k* + pu?)hy; = 0. (24)
The parameter y is the effective mass of the graviton, cy is
the speed of GWs, and v is a “friction” term responsible for
variations in the amplitude of the tensor modes. The
possible presence of these parameters in Eq. (24) will
depend on the parameters of the particular theory. In some
literature, the damping factor is called the running of the
Planck mass, v = ay = H 'dlogM?/dt, with M, the
effective Planck mass. This term appears, for example,
in theories with an extra field that is not minimally coupled
to gravity. On the other hand, it has to be emphasized that
according to Ref. [25] the most accurate measurements of
the speed of gravitational waves have an approximate value
cr ~ 1 for the present Universe. So, we will take ¢y = 1.

As discussed in Ref. [20] for the Minkowski case, when
we compare Eq. (24) with the corresponding equation of
the graviton-photon system in GR, that is Eq. (7), we can
argue that in an ATG the graviton-photon system is also
described by Eq. (22) with the gravitational refractive index
of the graviton given by

n§:1~l—i

N2
2H(1 + )_%' (25)

Furthermore, we can also add a term Ak* to this expression,
taking into account a gravitational refractive index describ-
ing terms that modify the dispersion relation connected to
Lorentz violations [31]. Now, focusing again our attention
to the case in which the propagation of GWs does not differ
much from that predicted by GR, that is n,~ 1, we can
write

(26)

The particular ATG will fix the value of the different terms
appearing in this expression. In order to get a graviton-
photon evolution equation of the form of Eq. (22), we shall
assume that the parameters v and u vary slowly or are
constant in the interval under study. Moreover, as discussed
in Ref. [20], when an ATG modifies the effective Plank

"This parametrization does not take into account theories that
produce oscillations of gravitons with additional gravitational
degrees of freedom present in the theory, as those treated in
Ref. [34]. Lorentz violating theories will be considered later in
this section.
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mass (and, therefore, induces an attenuation parameter v) it
changes the coupling with the photon modes in the wave
equation of the graviton; so, we need to redefine the
gravitational modes

il/l - ihl, (27)
Keff

with k. = M;!, to obtain a symmetric mixing matrix.
Thus, we finally get

s (45 e o

where the refraction index n, can be described by Eq. (26).
From now on we will omit the tilde in the gravitational
mode.

C. Conversion probability in GR and beyond

Equation (28) describes the coupled evolution of the
photon and graviton modes in the presence of an external
magnetic field. The propagation of the modes depends on
the refractive indexes that appear in the mixing matrix. We
have shown that different terms, which are due to the
cosmic expansion and/or the modification of the predic-
tions of GR, can be included in the refractive index of the
graviton. As the different polarizations do not mix with
each other, the system can be reduced from four to two
dimensions. Thus, one has

(@ + ia,) + My =0, (29)

A, Ay A,
= s = N 30
M (AM Ag > v <h,1> ( )

where the elements of the matrix are defined as

with

AM = BT/M*’

A, =w(n, - 1), Ay =w(n,—1). (31)
The photon refractive indexes are defined in Eqgs. (10) and
(11), whereas the gravitational refractive index is given
by Eq. (26). Now, we decompose the gravitational refrac-
tive index in its real and imaginary parts, that is
A, = AR 4+ Al In order to solve the system we have to
diagonalize the mixing matrix M. As it is a symmetric
matrix, it can be diagonalized as M’ = 0T MO,
¥ = OT¥, with O being a complex orthogonal matrix
or complex rotation. So, the elements for the M’ matrix,
which are the eigenvalues of M, and the angle of rotation
will be complex in general. These are

I
Mo =3 [ B+ B, F 403+ (8- 8 2] (32)

2AMm
Ag - Ay .

tan(20) = (33)

In this section we assume that M is approximately constant
in the interval under consideration, in order to do an order
of magnitude approximation. Solving the matrix equation
we get

Alr) = [cos™ 6™ + sin® 6™ 1A (0)
—sin @ cos O[e"™" — ™1 h(0), (34)

h(n) = sin@cos Gle™" — M| A(0)
[sin?@ei™" + cos*@e™ M h(0), (35)

where we have absorbed a phase ¢ in the definition of the
fields. Interpreting the perturbation of the fields as wave
functions, the probability of finding a photon after a time 7,
Py, (n) = |A(n)[* = A(7)A*(n), can be calculated for the
case in which the initial state is formed only by gravitons.
Defining the parameters

1
a:ERe<\/4Aﬁ,[ + (A, —Ay)2), (36)
1
p= Elm(\/4Al%,[ + (A, - Ay)2), (37)
the expression for the conversion probability takes the form
A2 —A_In
Py (1) = 3 sinh? () + sin® (an)).~ (38)

Taking A, = 0 in this expression, we recover the predic-
tions for GR in a Minkowski background [15]. In that case
resonance is reached for A, = 0 and the regime of weak
mixing corresponds to A, > A,,. Even in GR we will have
modifications of the vacuum probability for cosmic back-
grounds, since in this case one has A, = iH. So, for an
expanding universe the probability will be damped. On the
other hand, regarding ATGs, Eq. (38) reduces to the
conversion probability obtained in Ref. [20] for a real
gravitational refractive index, that is Af} =0and f=0.In
this case resonance is achieved for a value of the mixing
angle @ = /4, which implies A, = A%, and A! = 0; in a
cosmological background this is only possible if v = —1,
compensating the effect of the cosmic expansion.

We emphasize that the exponential factor of the con-
version probability depends only on the attenuation part of
n,. For sufficiently low negative values of Al the proba-
bility may grow up beyond unity. However, it has to be
noted that this probability is normalized to the amplitude of
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the initial GWs and, therefore, the decoherence due to the
interaction with the possible extra degrees of freedom of
the ATG (or with the contraction of the universe if it were
the case) can increase the probability to values larger than
one. This effect can be better described with the density
matrix formalism used in Sec. III.

The coupling term of the mixing matrix (30) is deter-
mined by the present value of the cosmic magnetic field. In
order to get an estimation, we assume as a first approxi-
mation that M, ~ (162G)~"/? in Eq. (31). Then, we express
the coupling term as in Ref. [15]

B
Ay =24x10715 {%] sl

(39)
In Ref. [35], with measurements from the COBE experi-
ment, a bound on the present value of the large-scale
magnetic fields is found to be By <5 x 107 G. On the
other hand, for the photon term we have written the
refractive indexes for the different polarizations in
Egs. (10) and (11). However, to have a correct description
of the propagation of the photon one must consider an
effective mass that arises from the effects of the electron
primordial plasma on the photon, which depends on the
2

plasma

plasma frequency as mpyjma = — 5, This effective
mass is added to the quantum electrodynamics (QED)
contribution, such that, with the approximation made,
(n*> —1) ~2(n — 1), and for the values of the electromag-
netic constants, A, can be expressed as [15]

B 2
451077 |- 2| | 2L g
% [1 ev} L G| ¢

105 x 106 LV [ e ]?
® ||lem™3

A, =

s7h, (40)

where n, is the electron number density. This expression
for A, allows us to obtain an estimation for this term.
Nevertheless, it should be noted that in order to get a more
rigorous expression one should obtain the plasma effects on
the photon field from a Lagrangian in a consistent way
(along the lines, for example, of Ref. [36]).

We can compute the probability today considering the
present values of the cosmological parameters. We take
n, =247 x 1077 cm™ for the present electron density.
For the current value of the magnetic field we use the upper
bound By, =5x 10" G. We consider primordial GWs
propagating from the beginning of dark energy domination
until the present time; this implies a total propagation time
o =~ 3.7 x 10'7 s, during which we will assume the con-
formal Hubble rate today H ~2.2 x 107'% s7. So, the
probability calculated for GR from (38) is

PG, (n9) = 8.6 x 10712,

(41)

wfkeV)
0

FIG. 1. The probability in logarithmic scale is represented as a
function of the frequency, in the range of 0—10 keV. We compute
it for different values of v and we also include the case of GR
(v = 0). The values of the parameters are assumed constant as
By=5x107B, n,=247x10""cm™3, and H=2.2x 1078571,

where we have taken A, = i’H for the graviton. For the
frequency spectrum we have chosen the largest frequency
within the valid range of the Euler-Heisenberg approxima-
tion, this is @ = 10° eV, w < m, with m, =5 x 10° eV.
This is the frequency for which the probability has the
maximal value. As it can be seen in Fig. I, the mixing
probability oscillates and increases with frequency.

We have to emphasize that this probability has been
calculated keeping the parameters of the mixing matrix
constant during the evolution, as a first approximation. This
rude approximation allows us to understand the depend-
ence of the probability with modifications of the predic-
tions of GR, as we will discuss now for some examples.

1. Massive gravity

Let us consider a theory of massive gravity. In this case
the gravitational refractive index has an additional real term
apart from the imaginary part coming from the cosmic
evolution. So, the gravitational term appearing in the
mixing matrix can be written as

2
A, = —2.4x 101 [L} [ﬂ] + i[ H

-1
leV|] | » 1 s‘l] L4
Nowadays there are several bounds on the mass of the
graviton coming from different observations. Supernova
data put the limit in g < 107> eV and LIGO GWs
measurements lower it to u < 1072° eV [37]. It has to
be noted that these bounds do not take into account the new
kinds of polarization that arise for a nonvanishing mass for
the graviton. In massive gravity there are (at least) five
polarizations that can have effects on gravitational tests in
the Solar System or in gravitational lensing, although they
cannot be detected by current interferometers. As stated in
Ref. [38], the precession of the perihelion of the lunar orbit
establishes u < 1073° eV. Other measurements of the
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Earth-Moon system establish the bound in y < 10732 eV
and for the moment the lowest limit taken by gravitational
lensing is u < 10733 eV,

Assuming a theory of massive gravity that saturates the
lowest bound, that is u = 10733 eV, and taking the present
values for the parameters already discussed in the GR case,
Eq. (38) leads to

Py, (ny) = 8.6 x 10712, (43)

which is the same value as the one obtained for GR, that is
Eq. (41). Therefore, a nonvanishing graviton mass with a
value within the limits established by current observations
does not have a direct effect in the graviton-photon mixing
probability.

2. Theories modifying the attenuation term

Simple examples of theories introducing an attenuation
term for the propagation of GWs are f(R) theories of
gravity. This term introduces an imaginary part for the
index of refraction (26). Let us assume that there is neither
mass term for the graviton nor Lorentz violation, so the
gravitational index of refraction is purely imaginary. We
use again the values presented in Egs. (39) and (40) and
write the graviton term as

A, =i(l+v)H s, (44)

which is independent of @. In Ref. [39] the authors consider
a nonlocal theory of gravity that only affects the propaga-
tion of GWs in a v term, as a typical f(R) theory. The value
of v calculated from measurements of the Hubble parameter
of GW170817 in LIGO is v = 5.11}; [39]. For illustrative
purposes, we can compute the values of the probability
implied by a theory that saturates the upper observational
bound and another saturating the lower bound. Those are

Py, (119) = 2.09 x 10713, (45)
for the upper bound and
Py, (n9) = 1.67, (46)

for the lower one. As we can see, the values differ 13 orders
of magnitude. We have taken again the frequency
o =10 eV.

In Fig. 1 we show the probability in terms of the
frequency spectrum for different values of v. The oscil-
lation is stronger for values closer to v = —1, reaching zero
conversion. For negative values of v with larger absolute
values, the amplitude of the probability increases and the
oscillation is suppressed. Note that A /@ << 1 for vy, and,
therefore, we are in the range of the Euler-Heissenberg
approximation.

It should be noted that the values for the parameter v that
we have used should be taken just as an approximation.
Those values are obtained with a very low redshift, with a
single source, and the range of the measurement is too long
for the value obtained to be useful except to study its
behavior with v. The probability is quite sensitive to v,
reaching very high quantities for very large negative values.
It must be emphasized that the probability is not normalized
and can rise above unity. Furthermore, the cases of an
imaginary n, are more properly studied with the density
matrix formalism, as we cannot approximate the system as
being closed (that is, independent of the interaction with
other degrees of freedom or even with the cosmic evolu-
tion). So, the dependence of the probability with v will be
better understood with the density matrix formalism. More
importantly, with that formalism we will not approximate
‘H as a constant parameter.

III. DENSITY MATRIX FORMALISM

In the previous section we have treated the graviton-
photon system as a closed system. However, we know that
in the primitive universe the medium was composed of a
dense plasma that can interact with EMWs, reducing their
interaction with GWs in our system. In the recombination
epoch, at redshift z ~ 1090, the collisions of photons with
free electrons were decreasing, but some effects must
still be considered. These collisions would produce
decoherence effects and the system would become an open
system. When the length of oscillation is less than the
average free path of the photons, it can be neglected;
nevertheless, it has to be taken into account while the
expansion of the universe keeps them interacting. In order
to introduce the decoherence effects in the system, we will
apply the density matrix formalism in this section. In this
framework, the decoherence can be introduced by inserting
an antihermitic matrix into the Hamiltonian [15].

On the other hand, it has to be noted that GWs can interact
with additional fields. In particular, we have shown that the
cosmic expansion and the additional degrees of freedom of
some ATGs introduce a complex term in n,. This term give
rise to attenuation effects and can be interpreted as a signal of
decoherence analogous to a “plasma” for gravitational
radiation. So, gravitational decoherence should also be taken
into account in the density matrix formalism.

A. Formalism

The evolution of the density matrix is derived from the
Schrodinger equation and is given by the Liouville-von
Neumann equation

dp N
| — = |H, p]. 47
i = 1. (47)
We take Eq. (29) as our Schrodinger equation and define
the density matrix as p=yy', with y! =4, k).
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The Hamiltonian of the system is given by the mixing
matrix M. We introduce the photon decoherence effects
into the system defining the Hermitian matrix, I, such that
the new Hamiltonian takes the form

1
H=M-i EF’ (48)
where I"is given by the collision integrals of the Boltzmann
equation. It only interacts with the electromagnetic part; so,
at first linear order, the matrix is written as

r (Fy 0)

~\o o)
with ', = o7n, being the inverse of the mean free path of
photons due to Thompson scattering with electrons and o7
the Thompson cross section. Decoherence is represented as
an antihermitic part of the Hamiltonian, so we have to take
into account that the mixing matrix M already has an
antihermitic part contained in the complex parameter A,

Then, taking it into account, from Eq. (28) we write the
evolution of the density matrix as

(49)

.dp i
ld—’7 = [M(+),p] + {M(_) —2F,p},

(50)
where M,y and M _, are the hermitic and antihermitic
part of M, respectively, M,_) being given by the complex
part of n,. As in the case of I" for EMWs, the antihermitic
part of M is equivalent to a damping factor for GWs due to
the interaction with external degrees of freedom.

In both matrices, M and I, there are parameters that
depend on the scale factor. While in the wave function
formalism we have calculated the probability by treating
them as approximately constant in a short time interval, in
this formalism we will write their dependence explicitly
and calculate the evolution in terms of the scale factor. With
this aim, we first express Eq. (50) using the scale factor a
instead of the conformal time #; so that the evolution of p is
now given by

d i

iHad—ZZ [/\/l(+),p]+ {M(_)—Er,p}. (51)
We describe the elements outside the diagonal in terms of
their real and imaginary parts, so p,, = py, = R + il, while
the terms in the diagonal, p, and p,, are real numbers. The
diagonal elements of p represent the probabilities of finding
a photon or a graviton, respectively. Then, the probability
of graviton to photon conversion will be given by the value
of p, defining an initial state without photons. From
Eq. (51) we obtain the following system of differential
equations:

dp, 2AyI+2T,p,
LA 52
da Ha (52)
dp, _ 28y + 2Alp, (53)
da Ha ’
da Ha ’
dl  (py—p,)Ay + (A, —AHR - (A +T))1 (53)

da Ha

Now we must consider the dependence in the scale factor
of the parameters we have introduced in these equations,
which are the damping factor and the plasma mass of the
photon. These are

() = 3.36 x 104X, (a) F ev] Lr’z;} ’ <%>2 (56)

w;

4,

T,(a) = 6.36 x 10-12X,(a) (%)3 s (57)

where the subscript i refers to the initial states at the time of
recombination. We take as reference the scale factor a; = 1.
So the scale factor at present would be ay = 1090. We have
introduced the fraction of electron ionization in the defi-
nition of electronic density, n,(a) = X, (a)ng;(%)?, with ng
the baryonic density, which in recombination has a value
ng; = 320 cm~3. On the other hand, the ionization fraction
is predicted by the knowledge of atomic physics and
cosmology. Its evolution is governed by a differential
equation which is solved numerically [15]. In Fig. 2 the
fraction of free electron density with respect to the baryonic
density is depicted for values up to the reionization period,
which starts with the birth of the first stars at z ~ 20. At that
moment the fraction of ionization increases rapidly up to
X, ~1, leaving the medium again ionized due to the

Xe
0.00034 -

0.00032
0.00030 -
0.00028 -
0.00026 -
L L L

0.00024 o a
10 20 30 40 50

FIG. 2. Decrease in the fraction of free electron density with
respect to the baryonic density as a function of the scale factor. It
is calculated numerically as in Ref. [15].
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radiation of the stars, and it remains that way until the
present time.

On the other hand, since the mass of the graviton is
limited to very low values and we have seen in the previous
section that it does not have an important effect in graviton-
photon mixing, we set AX = 0. So, in this section we just
focus on the attenuation part of the gravitational refractive
index, neglecting also potential Lorentz violating effects.
Thus, A, is given by Eq. (44), that is

A, =i(1+v)H s (58)

It should be noted that the term v could depend on a
through the additional degrees of freedom of the ATG.

Finally, the Hubble parameter can be given assuming a
background evolution compatible with a ACDM model.?
After recombination, we can express it as

1) 1/2
H(a)=8x 107 <7M+7.7 x 10“09Aa2> s (59)

where we have normalized a =1 at recombination,
whereas we have taken Q,, =0.3 and Q) =0.7 as
approximate values for the density parameters.

B. Phenomenology

We already have all the terms needed to solve the
graviton-photon mixing system. We cannot obtain an
analytic solution for p, but we can solve system (52)-
(55) numerically taking into account Egs. (44), (56), (57),
and (59) with values of phenomenological interest.

Let us first discuss the results for GR, that are obtained
taking v = 0 in Eq. (44). The evolution of the conversion
probability in GR as a function of the cosmological scale
factor can be seen in Figs. 3 and 4 (dashed line). Two
phases can be clearly differentiated during the evolution of
the conversion probability characterized by the shape of the
ionization fraction X,. The first period corresponds to the
decrease in the amount of free electrons in the Universe
due to the recombination with the protons, Fig. 3. During
this phase the probability increases with time, until the
period of reionization begins. From that moment, when
the medium is again ionized, the probability begins to
oscillate as it is shown in Fig. 4. The oscillations have an
amplified amplitude due to the imaginary gravitational
refractive index characterizing cosmological backgrounds
in GR. Its effect dominates over the damping of I',, which
tends to attenuate the probability. Such amplification is not
observed in Minkowski’s spacetime [15].

’It should be noted that in ATG the background cosmic
evolution could differ from the standard ACDM model. However,
we assume that potential discrepancies are not observable at the
background level.

p
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FIG. 3. Graviton-photon conversion probability as a function of
the scale factor for a graviton with frequency @ = 10° eV and
external magnetic field B = 3 x 10° G. We define the initial
values p,(1) =1 and p,(1) = R(1) = I(1) = 0. The period of
evolution is from the initial state @ = 1 at recombination to
a =51, 9, when reionization begins. It has been calculated
solving the system (52)—(55) numerically. The dashed line
corresponds to the GR case with v = 0, the green line corre-
sponds to v = 0.06 and the orange line to v = —0.06.

)
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FIG. 4. This figure represents the continuation of Fig. 3 for the
evolution of probability. Three cases are depicted: GR that is
v = 0 (dashed), v = 0.06 (green), and v = —0.06 (orange). The
period shown begins at reionization, a = 51.9, and ends at the
present time, a = 1090.

From the previous results for GR and the estimation in
ATGs using the wave function formalism discussed in the
previous section, we can deduce that the probability is
sensitive to the amplification/attenuation term of the
graviton. In order to integrate the system for ATGs, we
will consider that v is constant or varies slowly in the
interval of interest, so that it can be treated as a parameter
characteristic of the ATG. The value of v is bounded by
observations [39], as already discussed in the previous
section. In Figs. 3 and 4 we represent the evolution of the
probability for different values of v. Comparing with the
GR case, we observe that the same phases in evolution are
present. For values of v < 0 the probability is amplified,
starting with a faster increase in the first phase and, in the
second phase, an increase in the amplitude of oscillations,
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as opposed to what happens for values of v > 0. As we
have already discussed using the wave function formalism,
the probability is highly sensitive to the value of v.

IV. CONCLUSION

We have studied the phenomenon of graviton-photon
oscillation in a cosmological background in GR. We have
argued that the prediction for the mixing probability of
GWs after recombination (with energies of the order of
10° eV at that time) is of order P,_,, ~ 107", This value is
in agreement with that obtained in Ref. [15], even if we take
into account the cosmic expansion.

We have also considered the possibility that an ATG
could describe the gravitational phenomena. The new
parameters introduced by the ATG can be taken into
account in the graviton-photon system through an effective
refractive index for the graviton. Applying the wave
function formalism, and within the allowed range from
different observations, we have concluded that a mass term
for the graviton does not alter the general relativistic
predictions for graviton-photon oscillation. On the other
hand, we have shown that the mixing probability has a
strong dependence on the attenuation term, which only
affects the imaginary part of the gravitational refractive
index. We have compared the mixing probability for
different values of the attenuation term v and concluded
that it decreases for v > 0 and increases for v < 0. In
addition, the amplitude of the oscillation is amplified for
lower negative values of v. It can be noted that for v = —1
one has Ag = 0, recovering the case without decoherence
for the graviton. This particular case corresponds to
resonance.

Furthermore, we have discussed the consequences of
having an open graviton-photon system using the density
matrix formalism. With the intuition acquired using the
wave function formalism, we have focused on the most
interesting case of ATGs leading to purely imaginary
deviations of the GR gravitational refractive index.
Assuming an approximately constant attenuation term,
we have integrated the system numerically and confirmed
the amplification of the effects for theories with v < 0.

Although there is no doubt of the qualitative results
presented in this work, a more rigorous treatment should
take into account the effect of the cosmic expansion on the
parameters of the model. For example, a particular ATG
would predict a concrete evolution for the attenuation term,
which can be substituted when integrating the system for a
particular model. Whereas we have preferred to discuss
graviton-photon mixing in a model independent way,
setting out bounds corresponding to the allowed range
of values for the parameters, that study may serve to
establish new constraints on the parameters of different
ATGs. Moreover, in this work we have not taken into
account a general Lagrangian term for the photon interact-
ing with other fields. In particular, we have not described
how the plasma effects on the photon field come from a
Lagrangian term. Those effects should be consistently
described following the spirit of Ref. [36].
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