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We investigate reheating in the string-theory-motivated Kähler moduli inflation I potential, coupled to a
light scalar field χ and produce constraints and forecasts based on cosmic microwave background and
gravitational wave observables. We implement a Markov chain Monte Carlo sampling method to compute
the adopted model’s parameter ranges allowed by the current cosmic microwave background observations.
Floquet analysis and numerical lattice simulations are performed to analyze the nonlinear effects of the
model’s (p)reheating phase. We derive bounds on the Λ-cold dark matter parameters As, ns, nrun, and r
based on Planck results, finding that correlations between model parameters severely constrain the range of
these parameters allowed within this model. While the Kähler moduli inflation I potential’s nonvanishing
minimum may provide a possible source for the observed dark energy density ρDE this cannot be tested
with current observations. We estimate the 95% CI bounds on the inflaton mass mϕ and reheating

temperature Treh to be 2.1 × 1013 GeV ≲mϕ ≲ 3.2 × 1013 GeV and Treh ≳ 1.8 × 103 GeV, respectively.
We observe both self-resonance and parametric resonance instability band structures in our Floquet
analysis results. Finally, we do not observe any formation of oscillon configurations in our lattice
simulations; however, our results predict a stochastic gravitational wave background generated during
preheating that would be observable today in the 109–1011 Hz frequency range.
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I. INTRODUCTION

Inflation has had immense success since its proposal
[1–5] as it provides an attractive mechanism for explaining
the observed structures in the Universe, and among several
others, solves the horizon and flatness problems. Current
observations favor an inflationary paradigm, particularly
from an almost scale-invariant spectrum of primordial
curvature perturbations imprinted in both the cosmic
microwave background (CMB) [6] and large scale structure
[7–9]. The simplest inflationary scenario describes the
period of exponential expansion being driven by the slow
roll of a scalar field known as the inflaton. At the end of
inflation, it is generally assumed the inflaton coherently
oscillates at the minimum of its potential, decaying and
transferring its energy to a relativistic plasma. This post-
inflationary process that repopulates our Universe with
ordinary matter is known as reheating. Traditional treat-
ments of reheating are based on the idea that the spatially

coherent oscillations of the inflaton corresponding to a
collection of zero-momentum inflaton particles lead to the
production of the elementary particles [10–12], which in
turn interacts with one another to come to a state of thermal
equilibrium, recovering standard big bang cosmology.
A perturbative approach to study the effects of the

reheating mechanism is viewed as inefficient. Studies have
shown the postinflationary dynamics can be driven by two
types of resonance phenomena: self-resonance of the
inflaton [13–15] and parametric resonance of the spectator
(or daughter) field(s). Tachyonic instability can also
develop during this phase in models with spontaneous
symmetry breaking. This initial period when rapid non-
perturbative particle production effects usually occur is
known as preheating. The stage after preheating is a period
of turbulence, followed by a longer period of perturbative
decay, and finally, thermalization.
For concreteness, we turn here to a theoretically moti-

vated class of inflation models. A popular and promising
candidate for the theory of quantum gravity is string theory
and its applications to cosmology have been an active
research area over the last two decades (see Refs. [16–18]
for reviews). In particular, there has been significant work
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on the development of inflation models based on string
theory [19–25]. Models of modular (or moduli) inflaton
are described by the inflaton living in the closed string
sector. In contrast, brane inflation [26] deals with the open
string sector. Several popular examples of inflation models
in string theory include the Kachru-Kallosh-Linde-Trivedi
(KKLT) scenario [19], Kachru-Kallosh-Linde-Maldacena-
McAllister-Trivedi scenario [27], and models based on the
so-called large volume scenario [22] such as the Kähler
moduli inflation [23], and Roulette inflation [28]. Several
other string-theory-motivated cosmological scenarios
include racetrack inflation [21,24], D-term inflation [27,29],
pre-big-bang [30], rolling tachyon [31], string or brane
gas [32], and ekpyrotic scenarios [33].
In this work, we consider a simplified version of the

Kähler moduli inflation, referred to as the Kähler moduli
I inflation (KMII) [23] (see also Ref. [34]), which has a
nonvanishing potential minimum, providing a possible
source for the observed cosmological constant’s energy
density ρΛobs

. The assumption that the total vacuum energy
density of the Universe is zero due to some unknown
symmetry must be taken for ρΛobs

to be sourced from the
KMII potential’s minimum. The KMII model was primarily
chosen because it provides one of the simplest descriptions
of the physics within the context of modular inflation, and it
is also one of the simplest models with a nonvanishing
minimum. The potential with the field canonically normal-
ized is known as the “Kähler moduli II inflation” (KMIII)
model [23,28], where the potential minimum takes large
positive or negative values. Note that for providing a source
for ρΛobs

, the model must be consistent with observations
when the potential minimum takes the value Vmin ∼ ρΛobs

.
In most cases, this condition is not satisfied. The scenario
where ρΛobs

is sourced by the nonvanishing minimum of
the inflation potential has been examined for different
inflation models, e.g., twisted inflation [35] as well as
others. An uplifting term is often induced in certain string-
theory-motivated inflation potentials, e.g., in the KKLT
scenario [19], to provide a positive value of potential
energy that can act as ρΛobs

.
Preheating in inflation models based on the KKLT

scenario [19] and the Kähler moduli [23] or roulette [28]
inflation models have been studied in detail using numerical
lattice simulations [36–38]. It was found in Ref. [36] that
both tachyonic instability and broad parametric resonance
occur during preheating after modular inflation, where the
inflation models are specified by a Kähler potential and its
superpotential. References [37,38] extended the analysis by
focusing on the production of solitonlike configurations
known as oscillons in string moduli models. We turn our
attention to exploring the viability, effects, and predictions
of the KMII potential which may provide a possible source
for ρΛobs

with its nonvanishing minimum. The potential
minimum is constrained by fixing its dimensionless free
parameter α that characterizes the shape of the potential.

For simplicity, we consider a four-leg ϕϕ → χχ quadratic
interaction in all our analyses.
The remainder of the article is arranged as follows:

In Sec. II, we introduce the adopted model which is
analyzed in detail in the later sections. The constraints
on the model, including the constraints on the postinfla-
tionary reheating era, based on the CMB observational
constraints are discussed in Sec. III. In Sec. IV, we perform
Floquet analysis to analyze preheating instabilities in
the model due to both self- and parametric resonant
effects. We further explore the preheating effects, focusing
on the stochastic gravitational wave background generated
during preheating, using numerical lattice simulations in
Sec. V. Finally, in Sec. VI, we conclude with a summary of
the results and discuss their implications. Throughout the
article, we use natural units in which c ¼ ℏ ¼ 1 and the
reduced Planck mass MPl ¼ 2.44 × 1018 GeV is related to
the gravitational constant G through M−2

Pl ¼ 8πG.

II. KMII MODEL

Inflationary scenarios within the framework of moduli
stabilization mechanisms [22], in particular, the Kähler
moduli inflation scenarios [34,39,40], have regained some
interest in the past decade. These models generally arise
from the so-called large volume compactification scenarios
of type IIB string theory. One or more complex moduli
can be displaced from their minimum, with the resulting
potential energy driving inflation in the three-dimensional
bulk. One example of string theory-motivated inflationary
potentials is the KMII model [39,41]. It was shown in
Ref. [39] that, when a large field limit is taken, the resulting
inflationary potential can be simplified to

Vϕ ¼ M4

�
1 − α

ϕ

MPl
e−ϕ=MPl

�
; ð1Þ

where ϕ is the modulus acting as inflaton field, M is the
energy scale, and α is a positive dimensionless parameter
of the model. In Kähler inflation models, α is related
to the overall volume of the Calabi-Yau model, the values
of the other (stable) moduli, and couplings that are specific
to a given compactification. Vϕ arises when the Lagrangian
is written as a function of the modulus field ϕ before it is
canonically normalized. We adopt this model for its
simplicity, as the field-redefined version (KMIII) has a
very similar shape but is analytically less tractable. The
KMII potential is displayed in Fig. 1 where α is fixed at
1 − α=e ¼ 0. As shown in Ref. [41], α is constrained at
α≳ 2.4095 for inflation to successfully end by slow-roll
violation. The potential has a minimum at ϕ ¼ MPl where it
takes the form Vmin ¼ M4ð1 − α=eÞ.
For our analyses, we adopt an inflation model consisting

of the KMII directly coupled to a light scalar field χ, which
is assumed to be short lived and to quickly decay to
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radiation. A four-leg interaction Lagrangian term g2χ2ϕ2,
g being the small coupling constant, is considered. We
assume for simplicity that the bare mass of the χ field is
small such that the mass of the χ field is given by
mχðϕÞ ≈ gϕ. This yields the full Lagrangian

L ¼ 1

2
∂
μϕ∂μϕþ 1

2
∂
μχ∂μχ − Vϕ − g2χ2ϕ2: ð2Þ

The adopted model has three parameters:M, α, and g2. The
potential minimum can be constrained to a value equivalent
to ρΛobs

by fixing α to a value very close, but not equal, to e.
Depending on the value ofM, the 1 − α=e term in the KMII
model would need to be fine-tuned to about 110 decimal
places to be comparable to ρΛobs

, which is not feasible for
analyses. For this reason, we approximate the Vmin ¼ ρΛobs

condition by setting the minimum of the KMII potential
such that 1 − α=e ¼ 0 which leads to the potential mini-
mum of Vmin ¼ 0 and avoids a period of early dark energy
domination. The Vmin ¼ 0 condition is relaxed in Sec. VA
where we study the effects of shifting the KMII potential
minimum to small positive values.

III. CONSTRAINTS ON MODEL PARAMETERS

In this section, the KMII model is quantified using three
slow-roll parameters which allow one to relate the model
parameters to the Λ-cold dark matter (ΛCDM) parameters
constrained by CMB data. These slow-roll parameters can
also be used to determine if or when inflation ends. The
preliminary analysis on the model parameters was per-
formed using the accurate slow-roll predictions for infla-
tionary cosmology (ASPIC) library [41]. A Markov chain
Monte Carlo (MCMC) [42] sampling method, constrained

by the latest 2018 release of the Planck CMB data [43], was
implemented to compute the allowed ranges of the model
parameters. The marginalized posterior distributions of
both the model and derived ΛCDM parameters were
computed and presented here.
Section III A presents the slow-roll parameters that are

used to quantify the KMII model. The expressions relating
an inflation model, ΛCDM parameters, and reheating are
detailed in Sec. III B. The derived expressions are then
applied to the adopted model in Sec. III C, and Sec. III D
details the MCMC sampling analysis that we implemented
to compute the allowed ranges of the adopted model and
derived ΛCDM parameters.

A. Slow-roll analysis

Within the slow-roll approximation formalism, we con-
sider three slow-roll parameters ϵ, η, and ξ for quantifying
inflation. They are defined by

ϵ¼M2
Pl

2

�
V 0

V

�
2

; η¼M2
Pl
V 00

V
; ξ¼M4

Pl
V 0V 000

V2
; ð3Þ

where V 0, V 00, and V 000 are the first, second, and third
derivatives of V with respect to ϕ. Inflation models
can be constrained by the observed tensor-to-scalar power
ratio (r), the scalar spectral index (ns), and its running
(nrun ¼ d ln ns=d ln k). At a given pivot scale k ¼ k�,
they can be approximated as functions of the slow-roll
parameters

r≃16ϵ; ns≃1−6ϵþ2η; nrun≃16ϵη−24ϵ2−2ξ; ð4Þ

and one can obtain the scalar power spectrum amplitude
As using

FIG. 1. The KMII potential for 1 − α=e ¼ 0. The ball represents the inflaton slow-rolling down the potential. Reheating takes place at
the minimum of the potential as the inflaton oscillates and transfers its energy to Standard Model (SM) particles. The dotted vertical lines
at ϕk ≈ 6.7MPl and ϕend ≈ 1.99MPl correspond to the field values when the pivot scale k exits the horizon and inflation ends,
respectively.
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As ¼
VðϕkÞ

24π2M4
Plϵ

: ð5Þ

The slow-roll conditions ϵ ≪ 1, jηj ≪ 1, and ξ ≪ ϵ, η
must be satisfied for a successful inflation phase to occur
and last sufficiently long. Inflation ends when the slow-
roll conditions are violated: ϵ ¼ 1 or jηj ¼ 1. The three
slow-roll parameters corresponding to the KMII model
can be expressed as

ϵ ¼ α2

2
e−2x

ð1 − xÞ2
ð1 − αxe−xÞ2 ; η ¼ αe−xð2 − xÞ

1 − αxe−x
;

ξ ¼ α2e−2xðx − 1Þðx − 3Þ
ð1 − αxe−xÞ2 ; ð6Þ

where x≡ ϕ=MPl. The first expression in Eq. (6) shows
that ϕ undergoes slow roll as the field approaches its
minimum from the right side of the potential (see Fig. 1).
Figure 2 displays, when 1 − α=e ¼ 0 (red line), that the
ϵ ¼ 1 violation condition is satisfied at ϕend ≈ 1.99MPl,
and inflation terminates successfully.
Replacing x in Eq. (6) by xk, we obtain the following

expressions for the ΛCDM parameters using Eqs. (4)–(6)

As ¼
2M4ð1 − αxke−xkÞ

3π2M4
Plr

; ð7Þ

ns ¼ 1 − 3α2e−2xk
ð1 − xkÞ2

ð1 − αxke−xkÞ2
þ 2αe−xkð2 − xkÞ

1 − αxke−xk
; ð8Þ

nrun ¼ 8α2e−2xk
ð1 − xkÞ2

ð1 − αxke−xkÞ2
αe−xkð2 − xkÞ
1 − αxke−xk

ð9Þ

− 6α4e−4xk
ð1 − xkÞ4

ð1 − αxke−xkÞ4
−
2α2e−2xkðxk − 1Þðxk − 3Þ

ð1 − αxke−xkÞ2
;

r ¼ 8α2e−2xk
ð1 − xkÞ2

ð1 − αxke−xkÞ2
: ð10Þ

According to the latest 2018 release of the Planck CMB
data [43], the constrainedΛCDMparameter valuesmodeled
including r and nrun and based on the Planck TTþ TEþ
EEþ lowlþ lowEþ lensing data in combination with the
BICEP2/KeckArray (BK15) [44]—PlanckþBK15with the
pivot scale chosen at k� ¼ 0.05 Mpc−1 are lnð1010AsÞ ¼
3.0501� 0.015162, ns ¼ 0.96389� 0.0043795, nrun¼
ð−6.8556�6.9541Þ×10−3, and r¼ 0.030031�0.019744.
The constrained parameter values based on Planck in
combination with BK15 and baryon acoustic oscillation
(BAO)—PlanckþBK15þBAO are lnð1010AsÞ¼ 3.0529�
0.015206, ns ¼ 0.96577� 0.0040064, nrun ¼ ð−6.6388�
7.0150Þ × 10−3, and r ¼ 0.030795� 0.019967. For pre-
liminary analysis, we use the ASPIC library [45] to compute
the slow-roll predictions corresponding to the KMII
potential by setting α such that 1 − α=e ¼ 0, and compare
them against the constrained fr; nsg contours fromPlanckþ
BK15 and PlanckþBK15þ BAO data. The approximate
expressions for ns, nrun, and r used in ASPIC (see Ref. [41])
have different forms compared to the ones used in this work,
however, both sets of expressions estimate the same results.
It is particularly important to compute the observational

predictions of the KMII model in the fr; nsg plane for
specific values of α to estimate the corresponding reheating
temperature (Treh) lower bounds. Treh must be higher
than the big bang nucleosynthesis (BBN) energy scale
(TBBN ∼ 1 MeV), and the upper bound of Treh is con-
strained at 107–109 GeV since higher temperatures can
result in the production of unwanted relics such as
gravitinos [46–48]. Although currently loosely constrained,
Treh has several important applications in cosmology such
as the success of BBN, baryonic asymmetry, production of
dark matter during reheating [49], and constraints on
various dark matter scenarios [50–52].
A preliminary lower bound on Treh was estimated by

comparing thefr; nsgpredictions of theKMIImodel against
the fr; nsg contours presented by Planck. The results are
shown in Fig. 3. The figure includes the 1σ and 2σ contours
(68% and 95% confidence limit—C.L. regions) for fr; nsg
from the PlanckþBK15 (red) and PlanckþBK15þ BAO
(blue) data. The results show Treh is consistent with
both the PlanckþBK15 and PlanckþBK15þBAO fr; nsg
contours. The g1=4� Treh=GeV energy scale in Fig. 3 suggests
Treh ≳ 0.06 GeV and Treh ≳ 290 GeV when compared
against the fr; nsg contours from PlanckþBK15 and
PlanckþBK15þ BAO data at 95% C.L., respectively.
We find that varying α does not significantly affect the
Treh lower bound predictions.

FIG. 2. The slow-roll parameter ϵ when 1 − α=e ¼ 0 and
1 − α=e ¼ 0.08 in the KMII model as a function of the inflaton
field value ϕ. The solution to ϵ ¼ α2e−2xð1 − xÞ2=2ð1 − αe−xxÞ2
displays, for both values of 1 − α=e, slow-roll inflation occurs
from the right side of the potential (see Fig. 1) when ϵ ≪ 1, and
terminates when ϵ ¼ 1, as represented by the blue dashed line.
The green line shows, when 1 − α=e ≠ 0, the ϵ ≪ 1 condition is
satisfied again after the end of inflation due to the nonvanishing
potential minimum.
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B. Relating inflation,ΛCDM parameters, and reheating

We now turn to the full analysis where we estimate the
adopted model parameter allowed ranges based on the
constrained ΛCDM parameter values from CMB data and

compute the ΛCDM posterior distributions. It was first
shown in Ref. [53] that the reheating era parameters can be
indirectly constrained using CMB data. As illustrated in
Fig. 4, the reheating era can influence the ΛCDM param-
eters by modifying the expansion rate of the Universe.
Based on the method developed in Ref. [53], Ref. [54]
constrained the reheating era in several single-field infla-
tion models, and Ref. [55] extended the analysis to
α-attractor inflation models. We derive the desired expres-
sions following these references which we integrate into an
MCMC sampling analysis (see Sec. III D).
The reheating era is generally defined as the period

between ϵ ¼ 1, when slow roll ends, and the equivalency
of the Hubble parameter H and total inflaton decay rate Γ,
which marks the beginning of the radiation domination era.
However, H ¼ Γ can occur either before or after radiation
domination begins depending on how the thermalization
process occurs (see, e.g., Ref. [56] for a detailed discussion).
We assume that H ¼ Γ occurs at approximately the same
time when radiation domination begins for the purposes of
this work. Note thatΓ here refers to the total decay rate of the
inflatonϕ to the χ field,which is assumed to quickly decay to
radiation. A trilinear coupling term g2MPlϕχ

2 arises due to
the background value of ϕ that dominates during the
perturbative stage of reheating. The perturbative reheating
decay rate is thereby denoted by Γϕ→χχ.
Defining N as the number of e-folds, the reheating

period ends at

Nreh ¼ ln

�
areh
aend

�
; ð11Þ

FIG. 4. The evolution of the comoving Hubble horizon through different epochs of cosmic history. a represents the scale factor. The
comoving pivot scale k exits the horizon at ak. Inflation ends at aend, areh marks the end of the reheating period, aeq is the scale factor
during the matter-radiation equality, and a0 is the value at the present time. ΔN�, Nreh, and NRD are the number of e-folds between the
time of horizon exit of the pivot scale k and the end of inflation, during reheating, and during radiation domination, respectively. The
slopes are different at each epoch because the equation of state w takes different values at each. Λ indicates the dark energy
dominated era.

FIG. 3. The fr; nsg theoretical predictions of the KMII model
compared against the fr; nsg 68% and 95% C.L. contours from
Planck in combination with BK15 (red) and BK15þ BAO (blue)
data. The color bar represents the energy scale corresponding to
g1=4� Treh=GeV, where g� is the number of relativistic degrees of
freedom of radiation at the time (g� ¼ 106.75 for the SM). Treh is
consistent with both the PlanckþBK15 and PlanckþBK15þ
BAO contours. The g1=4� Treh=GeV energy scale suggests Treh ≳
0.06 GeV and Treh ≳ 290 GeV when compared against the
fr; nsg contours from PlanckþBK15 and PlanckþBK15þ BAO
data at 95% C.L., respectively. Varying α does not significantly
affect the Treh lower bound predictions.
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where aend and areh are the scale factors at the end of
inflation and reheating, respectively. Treh is related to the
energy density at the end of the reheating era ρreh through
the relation

grehT4
reh ¼

30

π2
ρreh; ð12Þ

where ρreh is the energy density at the end of the reheating
era and greh ≡ gðTrehÞ is the effective number of relativistic
degrees of freedom at the end of reheating (greh ¼ 106.75
for the SM). Soon afterward, the energy density of radiation
overcomes that of the inflaton, ργ > ρϕ, leading to the onset
of the radiation-dominated era. Treh can therefore be
interpreted as a physical temperature associated with the
onset of radiation domination.
The CMB can be related to the reheating era mainly

through the equation of state parameter w, which varies as
the Universe transitions from the reheating to radiation
domination era. The energy density of the Universe can be
written as

ρðNÞ ¼ ρend exp

�
−3

Z
N

0

½1þ wðN0Þ�dN0
�
; ð13Þ

where ρend is the energy density at the end of inflation
given by

ρend ¼
4

3
VðϕendÞ ¼

4

3
Vend: ð14Þ

The Friedmann equation during the reheating period can
then be written

H2 ¼ ρend
3M2

Pl

exp

�
−3

Z
N

0

½1þ wðN0Þ�dN0
�
: ð15Þ

As we consider the standard definition of reheating era
ending when H ¼ Γ at N ¼ Nreh, with reheating approxi-
mated by a constant equation of state hwrehi ≃ 0, Eq. (15)
can be used to express

Nreh ¼
1

3
ln

�
ρend

3Γ2M2
Pl

�
: ð16Þ

One of the most important applications of the postinfla-
tionary reheating era is its prediction of Treh, which can be
expressed in terms of Nreh as follows: A useful relation
between Nreh and ρend based on Eq. (11) is given by

Nreh ¼ −
1

3
ln

�
ρreh
ρend

�
: ð17Þ

Using Eqs. (12), (14), and (17), one can express Treh as

Treh ¼ e−3Nreh=4

�
40Vend

g�π2

�
1=4

: ð18Þ

Note that this expression suggests that a larger Treh results
in a more efficient reheating of the Universe. We
define ΔN� as the number of e-folds between the time
of horizon exit of the pivot scale k and the end of inflation
(see Fig. 4). Using the slow-roll approximation,ΔN� can be
estimated as

ΔN� ≃ −
1

M2
Pl

Z
ϕend

ϕk

V
V 0 dϕ; ð19Þ

where ϕk is value of the inflaton ϕ when the pivot
scale k exits the horizon. Defining ak and Hk as the values
of a and H at the pivot scale k, one can set kak ¼ Hk to
obtain

ln

�
k

akHk

�
¼ ln

�
aend
ak

areh
aend

a0
areh

k
a0Hk

�
; ð20Þ

where a0 ¼ 1 is the scale factor at the present time. Using
Eqs. (19) and (20) one can write

ΔN� þ Nreh þ ln

�
a0
areh

�
þ ln

�
k

a0Hk

�
¼ 0: ð21Þ

By applying entropy conservation, we can use the present
CMB temperature T0 ¼ 2.725 K and scale factor a0 ¼ 1 to
relate the temperature T to the scale factor a of the Universe
at any epoch

a30g
s
0T

3
0 ¼ a3gsTT

3; ð22Þ

where gs0 ≡ gsðT0Þ and gsT ≡ gsðTÞ are the effective number
of relativistic degrees of freedom in entropy at present and
at a given temperature, respectively. One can express using
Eqs. (12) and (22) the ratio of areh=a0 as

areh
a0

¼
�
gs0
gsreh

�
1=3 T0

Treh
¼
�

43

11gsreh

�
1=3

�
π2grehT4

0

30ρreh

�
1=4

; ð23Þ

where we use gs0 ¼ 43=11. We set greh ¼ gsreh ¼ 106.75 in
all our calculations. Equations (14) and (17) together gives

ρreh ¼
4

3
Vende−3Nreh ; ð24Þ

which, incorporated with Eq. (23), one can write

ln

�
areh
a0

�
¼ 1

3
ln

�
43

11gsreh

�
þ 1

4
ln

�
π2greh
30

�

þ 1

4
ln

�
3T4

0

4Vend

�
þ 3Nreh

4
: ð25Þ
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Using Eqs. (4), (5), (21), and (25), we can now express Nreh
in terms of the ΛCDM parameters

Nreh ¼ −4
�
ΔN� þ ln

�
k

a0T0

�
þ 1

4
ln

�
43

π2greh

�

þ 1

3
ln

�
11gsreh
43

�
−
1

2
ln

�
π2M2

PlrAs

2V1=2
end

��
: ð26Þ

Inserting this expression for Nreh into Eq. (18), one can
express Treh directly in terms of the ΛCDM parameters.
The dominating decay rate Γϕ→χχ due to the trilinear

coupling term g2MPlϕχ
2 during the perturbative stage of

reheating can be used to obtain a useful expression for Treh
given by

Treh ∼
�

90

g�π2

�
1=4 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Γϕ→χχMPl

p
; ð27Þ

which is expected to estimate the same result as Eq. (18).

C. Applications to the KMII model

We now apply the derived equations in the previous
section on the adopted model. We use Eq. (19) to find the
following expressions for ΔN�

ΔN� ¼ xend − xk þ lnðxend − 1Þ − lnðxk − 1Þ
þ e
α
½Eiðxk − 1Þ − Eiðxend − 1Þ�; ð28Þ

where EiðxÞ is the exponential integral function. As shown
in [41], when α > 2.4095, xend is given by

xend ¼
1

1þ ffiffiffi
2

p −W−1

�
−

ffiffiffi
2

p

1þ ffiffiffi
2

p e
1

1þ ffiffi
2

p

α

�
; ð29Þ

where W−1 is the “−1-branch” of the Lambert function.
Using this result for ΔN�, Eq. (26) now has one unknown
variable: xk.
The adopted model has a four-leg ϕϕ → χχ interaction

and the KMII potential has a vacuum expectation value at
MPl. After reaching the perturbative stage, the total decay
rate takes the expression

Γϕ→χχ ¼
g4M2

Pl

8πmϕ
; ð30Þ

where mϕ is the mass of inflaton, which can be obtained
from the curvature of the effective potential at its minimum.
The inflaton coupling g2 can therefore be related to the
ΛCDM parameters by equating Eq. (16) with Eq. (26). The
KMII potential has a minimum at ϕmin ¼ MPl, hence mϕ is
given by

m2
ϕ ¼ M4α

eM2
Pl

: ð31Þ

Combining Eq. (31) with Eqs. (30), (14), and (16), Nreh can
be expressed in terms of M, α, and g2

Nreh ¼
1

3
ln

�
256M8ð1 − αxendexendÞ

9g8eM8
Pl

�
: ð32Þ

Equations (26) and (32) can then be set equal to each other
to solve for xk. Either of these two equations can be used
with Eq. (18) to obtain Treh. Thus, g2 can be directly related
to the CMB parameters ns and As. For a consistency check,
Treh can be calculated using Eq. (27), expressed by

Treh ∼
�

90

g�π2

�
1=4 g2M2

Plffiffiffiffiffiffi
8π

p
M

�
e
α

�
1=4

: ð33Þ

D. MCMC sampling analysis

MCMC sampling methods are now widely used for
cosmological parameter estimation. Following a Bayesian
approach, chains are generated to draw samples from
posterior probability distribution functions (PDFs).
Initially, prior PDFs are imposed on the model parameters
and an ensemble of walkers defined by a vector θ is
established. The posterior PDFs are computed using the
Bayes rule which can be expressed as

pðθjzÞ ¼ pðθÞpðzjθÞ
mðzÞ ; ð34Þ

where pðθÞ is the prior PDF, pðzjθÞ is the likelihood
function, and mðzÞ ¼ R

pðθjzÞfðθÞdθ is the evidence
or marginal likelihood of z. Starting from arbitrary
initial positions, the walkers explore the parameter space
by randomly taking steps to a new value of θ and generating
a new model at each step (see Refs. [42,57] for
reviews). Dropping a fraction of burn-in points that are
correlated with initial conditions, the steady state distribu-
tion of walkers converges to the posterior distribution
pðθjzÞ.
We implement our likelihood into EMCEE [42], an ensem-

ble MCMC sampler, to explore the parameter space of the
adopted model against the constrained ΛCDM parameter
values from CMB data. The parameter space consists of the
model parametersM, α, and g2 [see Eqs. (1) and (2)], which
were allowed to vary. The priors were taken to be flat, over
the ranges M > 0, α > 2.4095, and g2 < 1. The constraint
α > 2.4095was imposed because it is needed for inflation to
end successfully, and g2 < 1 in order to maintain perturba-
tivity. The posterior distributions on these parameters can
further be used to derive constraints on mϕ and Treh.
Equation (26) relates Nreh to the ΛCDM parameters

whereas the elementary theory of reheating [10,11] was
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used to derive Eq. (32). These expressions were used,
combined with a root finding method, to find xk, which,
together with the expressions in Eqs. (7)–(10), allows one
to write the ΛCDM parameters directly in terms of the
model parameters.
The early universe model considered here does not alter

ΛCDM at late times. We may thus directly employ the
ΛCDM posterior distributions presented by Planck, with-
out the need to rerun a Boltzmann solver. Only the
observables d ¼ fAs; ns; nrun; rg are affected by the infla-
tion/reheating scenario; it is thus sufficient to employ
marginalized posterior distributions for these parameters
in our likelihood calculation. As this is approximately

Gaussian, we model our likelihood using the posterior
means and a four-dimensional covariance matrix:

logPðθjzÞ ∝ −ðzðθÞ − z̄ÞTC−1ðzðθÞ − z̄Þ; ð35Þ
where zðθÞ are the derived observables from the model
parameters ðθÞ, and z̄ are the posterior means inferred by
Planck. The values of z̄ and the covariance matrixC employ
the PlanckþBK15þ BAO data modeled including the six
base ΛCDM parameters plus r and nrun [43]. The mean
values of the parameters are lnð1010AsÞ ¼ 3.0529, ns ¼
0.96577, nrun ¼ −6.6388 × 10−3, and r ¼ 0.030795. The
four-dimensional covariance matrix is

C ¼

0
BBBBB@

2.3122 × 10−4 6.6255 × 10−6 −3.2260 × 10−5 −2.4632 × 10−7

6.6255 × 10−6 1.6051 × 10−5 8.9705 × 10−6 3.5345 × 10−6

−3.2260 × 10−5 8.9705 × 10−6 4.9210 × 10−5 −2.2606 × 10−5

−2.4632 × 10−7 3.5345 × 10−6 −2.2606 × 10−5 3.9870 × 10−4

1
CCCCCA
; ð36Þ

where the diagonal elements correspond to As, ns, nrun,
and r. Parametrizing the likelihood as in Eq. (35) is entirely
equivalent to using the Planck posterior likelihoods as long
as they remain close to a multivariate Gaussian.
The posterior distributions of the model parameters are

displayed in Fig. 5 in the form of a triangle plot (or corner
plot), which shows the one- and two-dimensional posterior
distributions of the model parametersM, α, and g2 from the
MCMC sampling analysis. The posterior distributions of
the ΛCDM parameters from the MCMC sampling analysis
are also plotted in the form of a triangle plot as shown in
Fig. 6. The plots include the one and two-dimensional
posterior distributions of ϕk and derivedΛCDM parameters
As, ns, nrun, and r. Using Eq. (31) and the M and α PDFs,
the estimated allowed range of mϕ was computed to be

2.1 × 1013 GeV≲mϕ ≲ 3.2 × 1013 GeV; ð37Þ

at 95% credible interval (CI). Two methods for obtaining
Nreh were shown in this section [Eqs. (26) and (32)], and
that both methods can be used to predict Treh independ-
ently. Treh based on Eq. (26) is a function ofM, α, As, and r,
whereas Treh based on Eq. (32) is a function of M, α,
and g2. The Treh results corresponding to both Eqs. (26)
and (32) yield approximately the same allowed ranges. At
95% CI, the lower bound on Treh was estimated to be

Treh ≳ 1.8 × 103 GeV: ð38Þ

The estimated allowed ranges of the model parameters (M,
α, and g2), derived ΛCDM parameters (As, ns, nrun, and r),
ϕk, mϕ, and Treh at both 68% and 95% CIs based on the
MCMC sampling results are enumerated in Table I.

The bounds on the model parameters M and g2, and
consequently mϕ and Treh are not otherwise surprising.
Both M and mϕ have small allowed ranges at ∼8 ×
1015 GeV and ∼2.6 × 1013 GeV, respectively. Whereas,

FIG. 5. Triangle plot showing the one and two-dimensional
posterior distributions of the adopted model parametersM, α, and
g2 from the MCMC sampling results. The marginalized proba-
bility distributions of the parameters are shown along the
diagonal and the off-diagonal plots represent the two-dimensional
distributions. The contours correspond to the 68% and 95% CIs.
The 68% CI limits of the model parameters are shown on top of
the diagonal plots.
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g2 can take a wide range of possible values. The g2 −M
correlation plots in Fig. 6 show a large range of correlated
values are allowed based on the CMB data. With more
precise measurements from future CMB experiments,
particularly a tighter lower bound on r, would allow one
to more accurately predict the allowed range of the model
parameter g2.
The results show the derived ΛCDM parameters have

small ranges of possible values within this model. These
limits are much smaller compared to the ones presented by
Planck. These small ranges of the derived ΛCDM param-
eters are mainly attributed to the constraints α > 2.4095
and g2 < 1 that were imposed on the priors. Tighter
constraints on the ΛCDM parameters As, ns, nrun, and r

from future observations will indicate whether the adopted
model is consistent with observations or ruled out. In
particular, a constraint on r≲ 2.88 × 10−3 would lead to
strong tension with this model. Furthermore, it is important
to note that not directly considering the values and
uncertainties of the ΛCDM parameters As, ns, nrun, and
r in our MCMC sampling analysis, but taking the degen-
eracies into account between the parameters allowed us to
obtain much stronger constraints.

E. Gravitino overproduction

The Treh results have immediate implications on the
thermal history of the Universe. Special attention needs to
be paid to the gravitino-overproduction problem [58],

FIG. 6. Triangle plot showing the one and two-dimensional posterior distributions of ϕk and the ΛCDM parameters As, ns, nrun, and r
from the MCMC sampling analysis results. The marginalized probability distributions of the parameters are shown along the diagonal
and the off-diagonal plots represent the two-dimensional distribution. The contours correspond to the 68% and 95% CIs. The 68% CI
limits of the model parameters are shown on top of the diagonal plots.
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which leads to serious cosmological problems depending
on the mass and nature of gravitinos. Depending on the
supersymmetry (SUSY) breaking mechanism, the gravitino
mass m3=2 can range from the eV up to PeV scale and has
several important applications in connecting SUSY models
to observational physics (see Ref. [59] for a review).
If there is a large gravitino yield, and they are unstable,

their decays could potentially spoil the mechanisms leading
to BBN. Treh must be lower than 107–109 GeV in order to
suppress unstable gravitino production and preserve the
success of BBN. Stable or long-lived gravitinos, on the
other hand, can contradict the dark matter energy density,
provided Treh is high enough. If gravitinos have a very light
mass, then the cosmological gravitino problem can be
avoided which would allow for high-temperature baryo-
genesis and leptogenesis mechanisms.
The Treh lower bound at 95% CI is at Treh ≳ 1.8 ×

103 GeV and corresponds to g2 ∼ 2.5 × 10−17 which is far
larger than the g2 ≳ 10−24 required for ϕ to decay before the
onset of BBN. If Treh is higher, as allowed by the sampling
results, it would point towards scenarios which help relax
the cosmological gravitino problem.
In modular inflation scenarios, a highmoduli mass would

result in the moduli-gravitino couplings being Planck sup-
pressed (as opposed to being suppressed by the string scale).
The gravitino decay modes have small branching ratios as a
consequence and the gravitino overproduction problem is
avoided [60]. The KMII model is motivated by modular
inflation models and the results from the MCMC analysis
suggest the modulus has a mass of order ∼1013 GeV.
Gravitino production is likely to be sufficiently suppressed
due to such a high mass scale of the inflaton.
The wide range of allowed Treh computed from the

sampling results makes any direct application difficult.
Nevertheless, if a different setting, e.g., different types of
inflaton interactions, or constraints from future CMB
experiments predict a high Treh, the results can then be
directly applied on the gravitino mass, dark matter relic
abundances, microhalo abundances, etc.

IV. FLOQUET ANALYSIS

The homogeneous fields(s) oscillate about the minimum
of the potential after inflation ends. These oscillations can
be driven by resonances that enable a much more efficient
transfer of energy from the homogeneous inflaton field
to its own perturbations and the field(s) to which it is
coupled [61]. Two types of resonance phenomena can
occur: parametric resonance of the spectator field(s) and
self-resonance of the inflaton [13,14]. Inflation models with
potentials that are asymmetric and shallower than quadratic
in some field space region lead to an attractive self-
interaction during the field oscillations which in turn can
lead to self-resonant effects. Self-resonance results in the
homegeneous inflaton condensate fragmenting into quasi-
stable solitonlike configurations known as oscillons, which
can lead to a period of matter-dominated expansion with
w ≈ 0. In certain cases, nonlinear configurations known as
transients [62,63] can form that have much shorter lifetimes
compared to that of oscillons. Floquet analysis can capture
the rapid growth of small fluctuations in a background of
oscillating homogoneous fields [64–66] (see Ref. [67] for a
review). The equations of motion of the field fluctuations
satisfy

δϕ̈k þ
�
k2 þ ∂

2V
∂ϕ2

�
δϕk ¼ 0; ð39Þ

δχ̈k þ
�
k2 þ ∂

2V
∂χ2

�
δχk ¼ 0; ð40Þ

where the overhead dots represent time derivatives.
The KMII potential is asymmetric and shallower than

quadratic on the right side of the potential. For the adopted
model that consists of the KMII potential with an inter-
action term shown in Eq. (2), the linearized equations for
the field fluctuations can be expressed as

TABLE I. Summary of the allowed range estimates of the adopted model parameters: M, α, and g2, ΛCDM parameters: As, ns, nrun,
and r, and ϕk, mϕ, and Treh at both 68% and 95% CIs from the MCMC sampling results.

Parameter 68% CI 95% CI

M ½7.6 × 1015; 8.3 × 1015� GeV ½7.4 × 1015; 8.6 × 1015� GeV
1 − α=e ½−0.02; 0.11� ½−0.14; 0.12�
g2 g2 ≳ 4.0 × 10−10 g2 ≳ 2.5 × 10−17

Observable
log10 As [3.09, 3.43] [2.96, 3.58]
ns [0.96730, 0.96744] [0.96729, 0.96758]
nrun ½−5.24 × 10−4;−5.20 × 10−4� ½−5.25 × 10−4;−5.15 × 10−4�
r ½2.91 × 10−3; 2.93 × 10−3� ½2.88 × 10−3; 2.94 × 10−3�
ϕk ½6.72; 6.73� MPl ½6.72; 6.73� MPl
mϕ ½2.3 × 1013; 2.9 × 1013� GeV ½2.1 × 1013; 3.2 × 1013� GeV
Treh Treh ≳ 3.1 × 1010 GeV Treh ≳ 1.8 × 103 GeV
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δϕ̈k þ
�
k2 þM4α

M2
Pl

e−ϕ=MPlð2 − ϕ=MPlÞ
�
δϕk ¼ 0;

δχ̈k þ ðk2 þ 2g2ϕ2Þδχk ¼ 0: ð41Þ

WithΦ as the amplitude of oscillation of ϕ, the background
field solution can be written as Φ sinðmϕtÞ since it satisfies
ϕ̈þ ∂V=∂ϕ ≃ 0. Note that the mass of inflaton mϕ is given
by Eq. (31). The Hill’s equation is conventionally written in
the form

d2yk
dz2

þ ½Ak − 2qFðzÞ�ykðzÞ ¼ 0; ð42Þ

where z is a dimensionless time variable and FðzÞ is
some periodic function. Considering FðzÞ ¼ cosð2zÞ and
z ¼ mϕt, Ak ¼ ðk2 þ g2Φ2Þ=m2

ϕ, and q ¼ g2Φ2=2m2
ϕ is

obtained for δχk. It is well known from Floquet’s theorem
that Eq. (42) has solutions of the form

ykðzÞ ¼ eμkzg1ðzÞ þ e−μkzg2ðzÞ; ð43Þ

where μk is known as the Floquet exponent (or character-
istic exponent), and g1ðzÞ and g2ðzÞ are periodic functions.
As a general rule, unstable growth of modes occur for a
given wave number when ReðμkÞ > 0. Whereas, the modes
are stable when μk is purely imaginary. In general, plotting
Ak against q [from Eq. (42)] reveals band structures with
boundaries between regions of stability and instability.
The FLOQEX code [68,69] was used to compute the

Floquet instability charts corresponding to both δϕk and
δχk. In both cases, we set the KMII model parameter α such
that 1 − α=e ¼ 0. The charts are plotted as a function of the
amplitude of oscillations of the background inflaton field
Φ=MPl and wave number k=mϕ. The computed result for
δϕk are shown in Fig. 7. Note that since the KMII potential
(see Fig. 1) is asymmetric and slow-roll inflation occurs on
the right side of the potential minimum, Φ=MPl corre-
sponds to the field value on that side of the minimum. The
computed result for δϕk shows the presence of a broad self-
resonance band structure at k values in the range k≲ 0.5mϕ

in the region of interest, i.e., Φ≲ 1.99MPl. Our Floquet
instability chart result for δϕk is similar in shape and range
to that found by Refs. [37,38] which display the instability
band structure in the KKLT model for a given set of
parameter values.
With the expansion of the Universe, a given mode

follows a path such that both k=mϕ and Φ=MPl decrease
over time. All the paths meet at the left-bottom corner on
the Floquet instability chart. The modes take these paths
because Φ=MPl decreases over time and the modes get
redshifted as the Universe expands. As a mode passes
through one of these instability bands, however narrow, its
amplitude will always exponentially grow. The magnitude
of the amplitude growth depends on two factors: the length

of time the mode spends in an instability band, and the
magnitude of μk, provided ReðμkÞ > 0. Thus, the growth of
the mode’s amplitude is directly proportional to the
magnitude of ReðμkÞ and the length of time the mode
spends in an instability band. The Hubble friction term
3Hϕ̇ is not taken into account when generating the Floquet
exponent plots. Taking 3Hϕ̇ into account diminishes the
magnitude of ReðμkÞ which suppresses the growth of
resonant modes [70–72]. Hence, when a mode passes
through an instability band that either has a low enough
ReðμkÞ magnitude or it does not spend enough time in the
instability band due to the band being narrow, the 3Hϕ̇
friction can wash out the resonance.
The Floquet analysis results corresponding to

δχk displays parametric resonance band structures at k
values in the range k≲mϕ in the region of interest
(Φ≲ 1.99MPl). We only observe parametric resonance
band structures when g2 ≳ 10−4. For the sake of illus-
tration, the Floquet instability chart for g2 ¼ 1 is shown in
Fig. 8. Based on the Floquet analysis for both δϕk and
δχk, one can conclude that both self-resonance and
parametric resonance band structures are present in the
region of interest (Φ≲ 1.99MPl) when Hubble friction is
not considered, where the latter is only observed when
g2 ≳ 10−4. To study the resonant effects further, numerical
lattice simulations were implemented to analyze the
exponential growths of the relevant modes as they pass
through the resonance instability bands. The details are
presented in the next section.

FIG. 7. Instability band structure for the model V¼
M4½1−αðϕ=MPlÞe−ϕ=MPl �þg2ϕ2χ2 corresponding to δϕk, where
α is set to 1 − α=e ¼ 0. The vertical axis represents the amplitude
of the background inflaton field oscillation Φ=MPl on the right
side of the KMII potential minimum. The horizontal axis
represents the wave number k=mϕ, and the color band represents
the real part of the Floquet exponent ReðμkÞ=mϕ. The system
exhibits a broad self-resonance instability band structure at k ≲
0.5mϕ in the region of interest (Φ≲ 1.99MPl).
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V. NUMERICAL LATTICE SIMULATIONS

Due to the dynamically rich behavior of the inflaton and
spectator field(s) during the preheating phase after infla-
tion, lattice simulations are used to study the evolution of
interacting scalar fields and the generation of gravitational
waves. Several publicly available numerical codes for
simulating evolving fields on a lattice configuration
already exist, including HLattice [73], LATTICEEASY [74],
CUDAEASY [75], DEFROST [76], PSpectRe [77], GABE [78],
PyCOOL [79], etc. Not all of these lattice codes include
metric perturbations and only a few include the back-
reaction of the metric perturbations.
When simulating the dynamics of a system with n scalar

fields ϕ1;ϕ2;…;ϕn with potential Vðϕ1;ϕ2;…;ϕnÞ that
also includes the interactions terms, the following equa-
tions are discretized on the lattice space, in a cubical box:

ϕ̈m þ 3Hϕ̇m −
1

a2
∇2ϕm þ ∂Vðϕ1;ϕ2;…;ϕnÞ

∂ϕm
¼ 0; ð44Þ

H2 ¼ 1

3M2
Pl

�
Vðϕ1;ϕ2;…;ϕnÞ þ

1

2
ϕ̇2
m þ 1

2a2
j∇ϕmj2

�
;

ð45Þ

where ∇2 is the discrete Laplacian operator and the
initial fluctuations are given by the quantum vacuum
fluctuations [80,81].

Our Floquet analysis results in Sec. IV indicate that
there are both self-resonance and parametric resonance
band structures when the expansion of the Universe is
neglected. We have chosen HLattice [73] which solves the
full partial differential equations (see Ref. [73] for details)
primarily to capture the nonlinear dynamics of the fields
in the adopted model, test the predictions of the Floquet
analysis results, and determine the range of g2 where
nonlinear effects dominate. HLattice parameters, the input
parameters and their ranges, and simulation results are
detailed in this section.

A. Numerical parameters and results

HLattice parameters include the lattice box size at the
start of the simulation (L) and box resolution (n). Energy
conservation is enforced by requiring that the quantity

3H2M2
Pl=ρtot − 1; ð46Þ

is sufficiently close to zero at all times, where ρtot is the
total energy density of the system. The inflaton ϕ is initially
set to be homogeneous and the lattice simulation initial
values of the inflaton field (ϕ0) and its kinetic energy (ϕ̇0)
are computed using the ϵ ≥ 1 condition. For the adopted
model, as introduced in Eq. (2), the first expression in
Eq. (6) was used in place of ϵ. The model has two fields in
the system: the inflaton and the spectator χ field. The
evolution of ϕ and χ fields in configuration space are
governed by Eqs. (44) and (45).
HLattice was employed to compute the mean field values

hϕi and hχi, mean equation of state parameter hwi, and GW
energy spectra. We present results based on five HLattice
runs. In the first run, the model parameters were set to
M ¼ 8 × 1015 GeV, 1 − α=e ¼ 0, and g2 ¼ 10−6. The
evolution of the mean background field values hϕi and
hχi (see Fig. 9) and stochastic gravitational wave back-
ground spectra (see Sec. V B) were computed for this
simulation run. The 1 − α=e value was varied in the other
four runs with M and g2 fixed at M ¼ 8 × 1015 GeV and
g2 ¼ 10−6, respectively (see Fig. 10). The model parameter
M was set to M ¼ 8 × 1015 GeV based on the MCMC
sampling results provided in Sec. III D, and the value
g2 ¼ 10−6 was arbitrarily chosen. For all the simulation
runs, the program parameters were set to L ¼ 0.3H−1

ini ,
where Hini is the Hubble parameter value at the start of the
simulation, and the number of discrete grid points per
dimension was set to n ¼ 128. The computed initial values
were ϕ0¼1.99MPl, which was the same in all the simu-
lation runs, and ϕ̇0 ≈ −3.98 × 10−6M2

Pl, which had minor
variations with different values of the α parameter. The
energy conservation quantity 3H2M2

Pl=ρtot−1 remained
below 10−12 throughout in all five simulation runs.
The mean background field value of ϕ is denoted by hϕi.

Figure 9 provides the hϕi result of the first simulation

FIG. 8. Instability band structure for the model V ¼
M4½1 − αðϕ=MPlÞe−ϕ=MPl � þ g2ϕ2χ2 corresponding to δχk, where
the coupling constant g2 and α are set to g2 ¼ 1 and 1 − α=e ¼ 0,
respectively. The vertical axis represents the amplitude of the
background inflaton field oscillation Φ=MPl on the right side of
the KMII potential minimum. The horizontal axis represents the
wave number k=mϕ, and the color band represents the real part of
the Floquet exponent ReðμkÞ=mϕ. The system exhibits parametric
resonance instability band structures at k≲mϕ when g2 ≳ 10−4

in the region of interest (Φ≲ 1.99MPl).
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run with the model parameters set to M ¼ 8 × 1015 GeV,
1 − α=e ¼ 0, and g2 ¼ 10−6. The figure shows hϕi oscil-
lates about the potential minimum and the oscillation
amplitude decreases with scale factor a. The decrease in
the oscillation amplitude is attributed to the transfer of
the inflaton’s energy to the χ field and the expansion of the
Universe. We note that the transfer of energy from ϕ to the
χ field is negligible when g2 ≲ 10−4. We do not present any
results for the adopted model when g2 ≳ 10−4 as it requires
a higher resolution than is technically achievable in
HLattice: the energy is not conserved when g2 ≳ 10−4,
i.e., the energy conservation quantity takes values
3H2M2

Pl=ρtot − 1 ≫ 10−12. It may be possible to better
understand the effects of varying g2 when g2 ≳ 10−4 using
simulations with a higher resolution if HLattice can be
Message Passing Interface (MPI) parallelized in the future.
The numerical simulations were used next to compute

the equation of state parameter w of the system. The mean
equation of state parameter hwi of a coherently oscillating
scalar field on a fixed potential can be obtained theoreti-
cally using several formulations, e.g., the virial theorem.
For a given potential V, the hwi is given by

hwi ¼
�
V 0ϕ − 2V
V 0ϕþ 2V

�
; ð47Þ

as long as ϕ dominates the energy density of the Universe.
It can be shown using Eq. (47) that for the KMII potential,
to first-order approximation, hwijϕ¼MPl

≈0 and hwijϕ¼MPl
≈

−1 when 1 − α=e ¼ 0 and 1 − α=e ≠ 0, respectively.

These theoretical predictions are compared against
the lattice simulation results (see Fig. 10). Considering
both ϕ and χ fields, w can be numerically computed
using the following mean energy density and pressure
expressions

hρi¼
�
1

2
ϕ̇2þ1

2
χ̇2þ 1

2a2
j∇ϕj2þ 1

2a2
j∇χj2þVϕþg2χ2ϕ2

�
;

ð48Þ

hpi¼
�
1

2
ϕ̇2þ1

2
χ̇2−

1

6a2
j∇ϕj2− 1

6a2
j∇χj2−Vϕ−g2χ2ϕ2

�
:

ð49Þ

Simulations were run by varying the 1 − α=e term to
shift the KMII potential minimum to small positive values.
They were set to 1 − α=e ¼ 0, 5 × 10−6, 1 × 10−5,
5 × 10−5, 1 × 10−4. The simulations ran for a ≈ 90 which
is equivalent to about 4.5e-folds and the energy conserva-
tion quantity 3H2M2

Pl=ρtot − 1 remained below 10−12

FIG. 10. The evolution of hwi corresponding to 1 − α=e ¼
0; 5 × 10−6; 1 × 10−5; 5 × 10−5; 1 × 10−4. Program parameters
L ¼ 0.3H−1

ini and n ¼ 128 were used for these simulation runs.
The simulations ran for a ≈ 90 which is equivalent to about 4.5e-
folds. The larger the value of 1 − α=e, the quicker hwi approaches
hwi ≈ −1. The energy conservation quantity 3H2M2

Pl=ρtot − 1

remained below 10−12 throughout in all the simulation runs.

FIG. 9. The evolution of the mean background field hϕi
corresponding to the model parameter values M¼ 8×1015 GeV,
1 − α=e ¼ 0, and g2 ¼ 10−6. Program parameters L ¼ 0.3H−1

ini
and n ¼ 128were used for this simulation run. The simulation ran
for a ≈ 20, which is equivalent to about three e-folds. The energy
conservation quantity 3H2M2

Pl=ρtot − 1 remained below 10−12

throughout.
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throughout in all the runs. The results are displayed in
Fig. 10. At the beginning, the oscillation of the inflaton ϕ
about the minimum, which can be approximated as
quadratic, is translated into the w oscillations. This can
be seen in all the panels in Fig. 10. In other words, it is
expected that the time average hwi of ϕ which is oscillating
about its approximately quadratic minimum has hwi ≈ 0.
Figure 10 shows w continues oscillating with the time
average hwi ≈ 0 when 1 − α=e ¼ 0, as one would expect.
The results from the other four panels show hwi always
asymptotically approaches hwi ≈ −1 and larger the value of
1 − α=e, the quicker hwi approaches hwi ≈ −1. The hwi
results from the lattice simulations are consistent with the
prediction that hwi asymptotically approaches −1 when
1 − α=e ≠ 0. Other studies based on inflation potentials
with a nonvanishing potential minimum, such as the one
shown in Ref. [82] obtained similar results.
When 1 − α=e ≠ 0, the dominating contribution to the

total energy density comes from the KMII potential’s non-
vanishing minimum. This evidently cannot be true, since the
Universe must be radiation dominated after reheating takes
place, i.e., the effective equation of state of the system
must eventually take the value w ¼ 1=3. We do not observe
w ¼ 1=3 in our HLattice results because the χ field takes a
large effective mass value of mχðϕÞ ≈ gϕ due to the large
vacuum expectation value of the KMII potential. An
assumption must be made that the χ field is unstable and
it decays to SM particles shortly after reheating for radiation
domination to take place. Under this assumption, the χ
field should decay to radiation on a time scale that is long
enough to be consistent with the HLattice results and short
enough to avoid an extended period of matter domination.
If 1 − α=e ¼ 0 takes a value such that Vmin ≈ ρΛobs

, then
the inflaton ϕ sits at the nonvanishing minimum of the
potential throughout the evolution of the Universe. As
radiation and matter get diluted with the expansion of the
Universe, the inflaton’s potential energy starts dominating
the Universe, and thus providing a source for the dark
energy density ρDE observed today. The fine-tuning of the
1 − α=e term, however, cannot be ignored. Considering
M ¼ 8 × 1015 GeV, 1 − α=e requires tuning to 111 decimal
places to satisfy the Vmin ≈ ρΛobs

condition.

B. Stochastic gravitational wave backgrounds

The superposition of numerous independent sources can
contribute to stochastic gravitational wave backgrounds
(SGWBs) that can carry unique signatures from the earliest
seconds of the Universe [83] and can potentially be
observed through current or future GW observatories.
The stochastic background of GWs can have contributions
from astrophysical sources such as binary black holes,
binary neutron stars, and supernovae [84], they can
be produced during the (p)reheating period, or they could
come from other exotic sources such as cosmic
strings x[85], etc. The SGWB from preheating originates

from the classical motion of inhomogeneities in the fields
which is in addition to the predicted gravitational wave
spectrum generated during inflation. GW signals from the
post-inflationary era is an active research field, as they can
provide important information about both inflation and
the (p)reheating period.
For the adopted model, the lattice simulations were

implemented to compute the corresponding fractional
energy of GWs that they take up given by

Ωgw ¼ 1

ρcrit

dρgw
d ln f

; ð50Þ

where f is the GW frequency, ρgw is the GW energy
density, and ρcrit is the critical density defined as ρcrit ¼
3H2M2

Pl required for a spatially flat Universe. The GW
energy spectrum in terms of the present-day observables is
denoted by Ωgw;0 and it is obtained by replacing all the
quantities in Eq. (50) by today’s observables (see Ref. [86]
for details).
Ωgw;0 was computed with the M, α, and g2 parameters

fixed at M¼ 8.0×1015 GeV, 1 − α=e ¼ 0, and g2 ¼ 10−6,
respectively. The HLattice program parameters were set to
n ¼ 128 and L ¼ 0.3H−1

ini in the simulation run. The
simulation ran for a ≈ 8, which is equivalent to about 2e-
folds. The result is plotted in Fig. 11 which shows there is no
noticeable growth in the SGWB spectrum due to preheating
self-resonance instabilities, indicating there is no formation
of oscillon configurations. However, our lattice simulation
results show an SGWB signal is generated due to inhomo-
geneities likely sourced from the initial fluctuations in the
fields which would be observable today in the 109–1011 Hz
frequency range. In other words, the occupation numbers of
δϕ and δχ do not get amplified during preheating in an
expanding Universe, hence both their occupation numbers
are ∼0. This indicates the field modes are in the quantum
regime. The occupation numbers of δϕ and δχ need to be
≫ 1 for them to be in the classical regimewhichwould allow
classical lattice simulations to accurately capture nonlinear
dynamics during preheating in a model.
Our lattice simulation results indicate there is no non-

linear self-resonant behavior during preheating and the
system does not exhibit any parametric resonant effects
when g2 ≲ 10−4. Results corresponding to g2 ≳ 10−4 are
not presented as it requires a higher resolution than is
technically achievable in HLattice. Despite the lack of
preheating instabilities, instead of solving the coupled
ODEs, we use for our numerical simulations the HLattice
code which, although more computationally demanding, in
principle has a higher precision as it allows us to keep track
of the energy conservation (see Eq. (46)).
The lack of an SGWB signal induced by oscillon

formation in our simulation results despite the presence
of a broad instability band predicted by the Floquet analysis
result in Sec. IV requires explanation. The growth of a
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mode’s amplitude as it passes through an instability band is
proportional to the magnitude of ReðμkÞ and the length of
time the mode spends in an instability band. There are
several factors that can contribute to the growth’s suppres-
sion in our lattice simulations. For instance, the width of the
instability band and magnitude of ReðμkÞ in Fig. 7 both
decrease for lower values ofΦ=MPl. Furthermore, we don’t
consider the expansion of the Universe in our Floquet
analysis which is expected to suppress the growth of
resonant modes. Growth in the SGWB spectrum consistent
with oscillon formation is not expected if the amplitude of
ReðμkÞ is not large enough to meaningfully contribute or if
the mode doesn’t spend enough time in the instability band.
We therefore determine that for the broad self-resonance
instability band, the amplitude ReðμkÞ ∼ 0.1mϕ is not large
enough for modes to grow significantly when the expan-
sion of the Universe is considered. In other words,
preheating self-resonance is inefficient in the KMII model.
It was found in Ref. [87] that, when the expansion of the
Universe is taken into account, the real part of the Floquet
exponent does not take any positive value ReðμkÞ > 0 for
the KMII potential (with α set to 1 − α=e ¼ 0) due to self-
resonant effects. This agrees with our lattice simulation
results. Note that lowering the value of α, which would
flatten the curvature of the potential at the minimum, can
possibly lead to the formation of oscillon or transient
configurations. However, the KMII potential minimum
cannot be significantly flattened due to the α > 2.4095
constraint, which is needed for inflation to end successfully.
We checked that there is no variation in the spectral

shape, amplitude, or peak frequency when g2 ≲ 10−4 with

M and α unchanged. We also observe the SGWB spectra
are not significantly affected as M and α are varied within
the 95%CI limits of the parameters (see Fig. 5). We find the
transfer of energy from the background ϕ to the χ field is
negligible when g2 ≲ 10−4. After the inflaton dynamics
settle down, the SGWB spectrum gets “saturated” at a ≈ 2.
The spectrum thereafter gets gradually redshifted with the
expansion of the Universe which results in the amplitude of
the SGWB signal that would be observed today to decrease
with time. We note that varying the lattice spacing (L=n)
within HLattice can significantly affect the SGWB spectra
amplitudes: The amplitude of the SGWB spectrum
increases as the lattice simulation resolution is increased.
We believe this is because the field fluctuation power
spectrum is UV divergent and increasing the UV resolution
leads to a higher contribution to the SGWB signal. The
location of the peak frequency, however, is largely inde-
pendent of the non-physical simulation parameters. The
peak frequency of SGWB signals predicted by preheating
in various inflation models typically depends on the
characteristic length scale of inflation fragmentation (which
can be enhanced due to self-interactions) and the energy
scale at which inflation ends (see Ref. [67] for details). Our
SGWB signal result is consistent with this prediction as
Vend ∼ 1016 GeV in the KMII model.
Although good energy conservation cannot be achieved

in the simulation runs, a noticeable growth in the SGWB
spectra at frequencies f ∼ 1011 Hz is observed when
g2 ≳ 10−4. However, as noted in Ref. [88], we cannot
reliably predict an SGWB signal from preheating that
involves inhomogeneities when f ≳ 1010 Hz. Furthermore,

FIG. 11. The present-day stochastic gravitational wave background spectra generated due to inhomogeneities during reheating in the
KMII model with a four-leg interaction term g2χ2ϕ2. The adopted model parameters are set toM ¼ 8.0 × 1015 GeV, 1 − α=e ¼ 0, and
g2 ¼ 10−6. The yellow represents a ¼ 1 and purple represents a ≈ 8 (equivalent to about 2e-folds). Ωgw is the fractional energy of GWs
that would be observed today and h is the current Hubble parameter in unit of 100 km s−1 Mpc−1. The energy conservation quantity
3H2M2

Pl=ρtot − 1 remained at least below 10−12 throughout the simulation run.
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the predicted SGWB fluxes in the 109–1011 Hz range
are well outside the range of frequencies that can reali-
stically be probed by any present or near-future GW
observatories.
The frequencies of the predicted SGWB fluxes are

compared against the Laser Interferometer Gravitational
Wave Observatory (LIGO) sensitivity curves [89] in
Fig. 12. The SGWB spectrum corresponding to g2 ¼ 10−6

was arbitrarily chosen. The figure includes the sensitivity
curves from LIGO’s first observing run (O1) [90],
in combination with the second observing run,
(O1þ O2) [89], and the design sensitivity curve. It is
clear from the comparisons in Fig. 12 that the adopted
model’s SGWB flux predictions are well beyond the
frequency range of the LIGO sensitivity curves. The figure
also contains the sensitivity of the proposed graviton-
magnon detector [91,92] and an upper bound at Ωgw;0h2 <
1.6 × 10−6 at 95% C.L. derived from CMB power spectra,
in combination with BAO, lensing, and deuterium abun-
dance (CMBþ BAOþ Lensingþ 2H) observations [93].
The proposed graviton-magnon detector has sensitivity
Ωgw;0h2 ∼ 2.1 × 1029 and Ωgw;0h2 ∼ 5.5 × 1030 at frequen-
cies 14 and 8.2 GHz, respectively [91], which is many
orders of magnitude larger than the density of the Universe.

The SGWB spectra predictions of the model are below the
upper limit set by CMBþ BAOþ Lensingþ 2H. The
SGWB signal predictions of four other inflation models
from the literature are included in Fig. 12 for comparison.
The inflation models included are the E-model and T-model
inflation (at r ¼ 10−4) [94], and Starobinsky and D-brane
inflation (resulting from gauge preheating) [95]. The
109–1011 Hz frequency range of the SGWB flux predicted
by the adopted model is in accord with that of reheating
from the other inflation models from the literature used here
for comparison. The predicted frequencies of the SGWB
fluxes sourced from the adopted model as well as the other
inflation models suggest, in order to be probed, future
GW observatories need to probe high frequencies in the
107–1012 Hz range.

VI. CONCLUSIONS

In an attempt to unify the two phases of accelerated
expansions of our Universe within the context of modular
inflation, this work studies the viability, effects, and
predictions of a simple inflation model known as the
Kähler moduli inflation I coupled to a light spectator scalar
field χ. Under the assumption that the total vacuum energy

FIG. 12. Stochastic gravitational wave background spectrum for the KMII model with a four-leg interaction term g2χ2ϕ2

corresponding to a ≈ 8 compared with the present LIGO sensitivity curves and sensitivity of the proposed graviton-magnon detector
[92] atΩgw;0h2 ∼ 2.1 × 1029 andΩgw;0h2 ∼ 5.5 × 1030 at frequencies 14 and 8.2 GHz, respectively [91].Ωgw;0h2 is the fractional energy
of GWs that would be observed today and h is the current Hubble parameter in unit of 100 km s−1 Mpc−1. The blue, orange, and red
sensitivity curves represent LIGO’s first observing run (O1) [90], in combination with the second observing run (O1þ O2) [89], and the
design sensitivity curve, respectively. The stochastic gravitational wave background spectra predictions of several inflation models
currently present in the literature including the E-model and T-model inflation (at r ¼ 10−4) [94], and Starobinsky and D-brane inflation
(resulting from gauge preheating) [95] are provided for comparison. An upper bound on SGWB contributions derived from CMB power
spectra, in combination with BAO, lensing, and deuterium abundance (CMBþ BAOþ Lensingþ 2H) observations [93] is included.
The predicted spectrum is many orders of magnitude smaller compared to the proposed graviton-magnon sensitivity and below the
Ωgw;0h2 < 1.6 × 10−6 upper bound at 95% C.L.
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density of the Universe is zero due to some unknown
symmetry, the dark energy density ρDE, which can be
attributed to the observed cosmological constant Λobs, is
modeled to come from the KMII potential’s nonvanishing
minimum. Unfortunately, to achieve this result, the KMII
model parameter α needs to be almost identical, but not
equal, to e. This introduces a fine-tuning problem: con-
sidering M ¼ 8 × 1015 GeV and ρDE ¼ 10−47 GeV4, the
1 − α=e term in the KMII potential must be fine-tuned to
111 decimal places to achieve the desired result.
Our MCMC sampling analysis results estimate the

allowed ranges 2.1 × 1013 GeV≲mϕ ≲ 3.2 × 1013 GeV
and Treh ≳ 1.8 × 103 GeV, both at 95% CI. The Treh
predictions can certainly have many implications on
cosmology; however, having a large allowed range is not
currently practical as it cannot precisely set any constraints.
Nonetheless, different cosmological settings, for instance,
interactions of the type ϕχn and couplings to fermions can
be incorporated into these analyses in future work to obtain
the corresponding Treh lower bounds. This work only
considers the standard four-leg interaction term g2χ2ϕ2

when other types of interactions are at least as well
motivated. A detailed study of the effects of the KMII
model with different types of interactions would lead to a
better understanding of the model’s lower bound predic-
tions on Treh.
Our sampling analysis results indicate the model param-

eter α has the allowed range −0.14 < 1 − α=e < 0.12 at
95%CI (see Fig. 5). Implications of this result on ρΛobs

being
sourced from the KMII potential minimum are in order.
Future experiments, particularly, the Next Generation CMB
Experiment (CMB-S4) [96] and Simons Observatory [97]
are expected to constrain the ΛCDM parameter values with
higher precision. As more precise observational data
become available, the MCMC sampling analysis presented
here can be applied to determine if the observed data point
toward 1 − α=e ¼ 0 (or equivalently, Vmin ¼ 0). If it does,
then the energy density due to Λobs sourced from the
nonvanishingminimum of the KMII potential would remain
a possibility. On the other hand, if observations support
Vmin ≠ 0 instead, the additional energy density contribution
from the KMII potential would be compounding the
cosmological constant problem. The MCMC analysis com-
putes small ranges of the derived ΛCDM parameters As, ns,
nrun, and r (see Fig. 6) which is attributed to the prior
constraints α > 2.4095 and g2 < 1 that were imposed
and taking the degeneracies between theΛCDMparameters
into account. It would be possible to determine whether
the adopted model is consistent with observations or not
using ΛCDM parameter values with higher precision from
future observations, particularly, the adopted model would
be ruled out if future CMB experiments constrain r to
be r < 2.88 × 10−3.
The MCMC sampling results (see the off-diagonal plots

in Fig. 5) show the correlations between the adopted model

parameters M, α, and g2 can take a wide range of possible
values which is primarily due to r not having a lower
bound. Repeating the MCMC sampling analysis with more
precise ΛCDM parameter values, particularly a tighter
lower bound on r from future observations would allow
one to constrain the correlations between the model
parameters more precisely, and hence set tighter constraints
on mϕ and Treh. If future experiments point towards a high
Treh, it would have implications on the gravitino mass,
which is expected to come from the SUSY energy scale. A
high Treh can also lead to scenarios where the cosmological
gravitino problem is relaxed via, e.g., Planck suppression of
the moduli-gravitino coupling, which results in small
branching ratios in the gravitino decay modes, avoiding
the gravitino overproduction problem. High Treh predic-
tions also have rich implications on particle dark matter
models, e.g., it can result in a high abundance of thermal
dark matter.
Floquet analysis is performed on the adopted model to

compute the Floquet instability charts due to both self- and
parametric resonant effects. We observe in our computed
results a broad self-resonance band structure at k≲ 0.5mϕ

and parametric-resonance bands due to coupling at k≲mϕ

when the coupling constant g2 ≳ 10−4. We employ
HLattice to numerically simulate the evolution of the fields
and compute the mean equation of state parameter hwi,
mean field values hϕi and hχi, and GWenergy spectra. It is
demonstrated that hwi always approaches −1 when
1 − α=e ≠ 0, and it takes longer for hwi to approach −1
the closer the value of 1 − α=e is to zero.
SGWB flux is generated from the adopted model due to

field inhomogeneities at frequencies in the 109–1011 Hz
range which is well outside the range of frequencies that
can realistically be probed by any present or near-future
GW observatories. We do not observe any noticeable
growth in the SGWB spectrum from preheating self-
resonance instabilities, hence there is no signature of
oscillon formations. Although our Floquet analysis predicts
a broad self-resonance instability band at k≲ 0.5mϕ, the
growth of the resonant field modes is suppressed due to the
decreasing width of the instability band and magnitude of
ReðμkÞ for lower values of Φ=MPl, and the Hubble friction
term 3Hϕ̇ which is expected to diminish the magnitude
of ReðμkÞ.
We conclude based on our results that self-resonance is

inefficient in the KMII model and the system does not
exhibit any parametric resonant effects when g2 ≲ 10−4. We
do not present any numerical results for the adopted model
when g2 ≳ 10−4, as a higher resolution than is technically
achievable would be required. In the future, if HLattice can
be MPI parallelized, simulations with a higher resolution
may allow one to study in detail the reheating effects of a
four-leg interaction term g2χ2ϕ2 with the KMII model as
well as other single-field inflation models that have not
been studied with this type of interaction.
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We determine the amplitude of SGWB signal sourced
from preheating when g2 ≳ 10−4 is dependent on the lattice
simulation resolution and cannot be trusted. The SGWB
signal amplitude is expected to be roughly static for this
range of g2 if the preheating nonlinearities can be captured
by running the simulation at a higher resolution. Although
the simulations lack good energy conservation, a dramatic
increase in the SGWB spectra is observed at frequencies
f ∼ 1011 Hz when g2 ≳ 10−4, which is consistent with the
Floquet analysis results. The frequencies of these SGWB
signals are, however, in the region (f ≳ 1010 Hz) where
reliable predictions cannot be made.
The predicted frequencies of the SGWB flux are com-

pared against the LIGO sensitivity curves, the sensitivity of
the proposed graviton-magnon detector, and SGWB signal
predictions of several other inflation models from the
literature. The predicted frequencies of the SGWB flux
sourced from the model during preheating are all within the
known constraints and they are at about the same high-
frequency range as that of the other inflation models that
are included for comparison. The results point toward the
need for future GWobservatories to probe high frequencies
at the 107–1012 Hz range to probe SGWB signals sourced
from preheating in a number of single-field inflation
models. It has been shown that SGWBs can be generated

from instabilities in hybrid and multifield inflation models
at frequencies that may be observable by the next gen-
eration of GW observatories [86]. Therefore, one possible
way to bring the predicted GW frequencies of the adopted
model (and other inflation models that can provide a
possible source for ρΛobs

from the potential’s nonvanishing
minimum) to an observable range is incorporating the
adopted model with hybrid and multifield inflation models.
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