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False-vacuum eternal inflation can be described as a random walk on the network of vacua of the string
landscape. In this paper we show that the problem can be mapped naturally to a problem of directed
percolation. The mapping relies on two general and well-justified approximations for transition rates:
(1) the downward approximation, which neglects “upward” transitions, as these are generally exponentially
suppressed; and (2) the dominant decay channel approximation, which capitalizes on the fact that tunneling
rates are exponentially staggered. Lacking detailed knowledge of the string landscape, we model the
network of vacua as random graphs with arbitrary degree distribution, including Erdös-Rényi and scale-free
graphs. As a complementary approach, we also model regions of the landscape as regular lattices,
specifically Bethe lattices. We find that the uniform-in-time probabilities proposed in our previous work
favor regions of the landscape poised at the directed percolation phase transition. This raises the tantalizing
prospect of deriving universal statistical distributions for physical observables, characterized by critical
exponents that are insensitive to the details of the underlying landscape. We illustrate this with the
cosmological constant, and show that the resulting distribution peaks as a power-law for small positive
vacuum energy, with a critical exponent uniquely determined by the random graph universality class.
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I. INTRODUCTION

Our universe appears to be tantalizingly poised at criti-
cality. Extrapolating the Higgs effective potential reveals that
the electroweak vacuum lieswithin a tiny parameter region of
metastability [1–10], a result that is exquisitely sensitive to
the top quark and Higgs boson masses. This hinges on an
enormous cancellation between the exponentially small
decay rate and the exponentially large observable volume
of the universe. It is tempting to speculate that there is an
intricate relation between various measured quantities: the
cosmological constant (CC), which sets the observable
volume of the universe, and the Higgs and top quark masses,
which set the Higgs effective potential when extrapolated to
high enough energy.
Other fine-tuned features of our universe can also be

interpreted as near-criticality. In light of the nondetection of
supersymmetry at the electroweak scale, the nearly vanishing
ratio of Higgs mass to MPl is a result of exponential fine-
tuning, which can be interpreted as the boundary of broken/
unbroken electroweak symmetry [11]. In cosmology, the CC
problem translates to our universe being nearly Minkowski

space, which bifurcates into ever-expanding de Sitter (dS)
and crunching anti–de Sitter (AdS) space-times with distinct
asymptotics and stability properties [12,13].
In the context of eternal inflation [14–18], universes in

causally disconnected Hubble patches possess different
physical laws. New universes are being constantly gen-
erated in all patches. At the same time, string theory
predicts an exponentially large number of metastable vacua
with enormously rich low-energy physics [19–21]. False-
vacuum eternal inflation is essentially a randomwalk on the
network of vacua of the string landscape. Given these, it is
natural to ask if the near-criticality of our universe can be
approached from a statistical point of view.
In order to extract predictions in the multiverse, it is

intuitive to study statistically the distribution of vacua and
their associated physical properties. Although deriving
such a statistical distribution may ultimately require a
complete understanding of quantum gravity, it is still
instructive to approximate it using a semiclassical pre-
scription. Attempts to define semi-classical probabilities (or
measure) usually rely on limiting frequency distributions.
This is perhaps natural, since the infinite ensemble neces-
sary to define frequencies is actually realized in the
multiverse. However, it is well known that defining such
a measure is ambiguous, as it is assumption-dependent
even under the same framework [22–25].
In a recent paper [26], we presented a general Bayesian

framework for probabilistic reasoning in eternal inflation.
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Different assumptions about the measure problem amount
to different choices of priors to define probabilities. We
identified two prior distributions, both pertaining to initial
conditions, that must be specified to obtain well-defined
occupational probabilities for different vacua. Since eternal
inflation is geodesically past-incomplete [27], we know
that we exist a finite time t since the onset of eternal
inflation. Our ignorance about the time of existence is
captured by a prior density ρðtÞ. Relatedly, along our past
world-line eternal inflation must have started within some
particular “ancestral” dS vacuum, but we do not know
which one. Our ignorance about the ancestral vacuum is
parametrized by a probability distribution pα over dS
vacua. Different proposed solutions to the measure prob-
lem simply amount to different choices for these two priors.
In [26] we argued that there are two natural and well-

justified choices for the time-of-existence prior ρðtÞ:
(i) Since the number of observers grows with volume, a

natural choice is ρðtÞ ∼ a3. This is equivalent to
weighing probabilities by physical volume. The
resulting “late-time/volume-weighted” probabilities
coincide with the measure of Garriga, Vilenkin,
Schwartz-Perlov, and Winitzki (GSVW) [28]. This
choice of prior reflects the belief that we exist at
asymptotically late times in the unfolding of the
multiverse, much later than the exponentially long
relaxation time for the landscape, such that proba-
bilities have settled to a quasistationary distribution.
This assumption is adopted in nearly all existing
approaches to the measure problem [22,23,28–32].

(ii) Alternatively, motivated by the time-translational
invariance of the random walk on the landscape, a
natural choice is the uniform prior: ρðtÞ ¼ const. (To
be clear, this is uniform in either proper time or
e-folding time.) The resulting “uniform-in-time”
probabilities agree with the prior probabilities of
[33]. They are closely related to the “comoving”
probabilities proposed in [28,32], as well as prob-
abilities derived recently using the local Wheeler-De
Witt equation [34]. Importantly, the uniform-in-time
probabilities favor vacua that are accessed early on
in the evolution of the multiverse, during the
approach to equilibrium. This is consistent with
the early time approach to eternal inflation deve-
loped recently [35–39].

The Bayesian framework allowed us to compare the
plausibility of the uniform-in-time and late-time measures
to explain our data by computing the Bayesian evidence for
each. We argued, under general and plausible assumptions,
that posterior odds overwhelmingly favor uniform-in-time
probabilities [26]. The argument, briefly reviewed in
Sec. II, relies on assumptions that have been made in
previous studies of the landscape. There are some caveats,
of course, and we tried to enunciate them carefully in [26].
For this reason, we believe that the uniform-in-time

measure is the correct objective approach to probabilistic
reasoning in the multiverse. In this work we therefore focus
on uniform-in-time probabilities.

A. Directed percolation in eternal inflation

Our goal in this paper is to show how vacuum dynamics
on the landscape can be mapped naturally to a problem of
directed percolation. The mapping relies on two very
general and reasonable assumptions about transition rates
between vacua:
(1) The first assumption is that transition rates between

dS vacua satisfy a condition of detailed balance,
such that “upward” jumps are exponentially sup-
pressed by κup

κdown
∼ e−ΔS, where S is the dS entropy.

This is satisfied by most tunneling instantons,
including Coleman-De Luccia (CDL) [40–42]. Thus
we are justified to work in the downward approxi-
mation [43,44], wherein upward transitions are
neglected to leading order. In this approximation,
the network of vacua becomes a directed graph.

(2) The second assumption rests on the fact that semi-
classical tunneling rates depend exponentially on the
Euclidean action of the instanton, κ ∼ e−SE . In turn,
SE depends sensitively on the height and width of the
potential barrier. Because of this exponential sensi-
tivity, branching ratios for dS vacua are typically
overwhelmingly dominated by a single decay chan-
nel. This defines the dominant decay channel, in
which exponentially subdominant decay channels
are neglected.

It should be stressed that these approximations are not
strictly necessary to study percolation. They are made for
convenience, to simplify the problem, and we will discuss
how the analysis can be generalized by relaxing them. In
any case, with these approximations, the uniform-in-time
probabilities reduce to a simple and intuitive observable in
directed graphs. Namely, the probability to occupy a given
node I simplifies to

PðIÞ ∼ sI; ð1Þ

where sI is the number of ancestors, i.e., nodes that can
reach I through a sequence of directed (downward)
transitions. See Fig. 4. Thus the measure favor vacua with
a large basin of ancestors. In other words, regions of the
landscape with large probability must therefore have the
topography of a deep valley, or funnel [26,36,37,39]. This
is akin to the smooth folding funnels of protein conforma-
tion landscapes [45], and those of atomic clusters with
Leonard-Jones interactions [46–48]. In the context of deep
learning, it has been argued that deep neural networks that
generalize well have a loss function characterized by a
smooth funnel [49]. Another instance is the “big valley”
hypothesis in combinatorial optimization (e.g., the search
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space of the traveling salesman problem), where it is
conjectured that local optima are clustered around the
central global optimum [50]. It is tempting to speculate
that funnels are a generic solution to optimization problems
on complex energy landscapes.
Equation (1) gives an intuitive and well-justified notion

of probability for different vacua. But what can we
reasonably assume about the network of vacua, given
our limited understanding of the string landscape?
Lacking detailed knowledge of the underlying network
of vacua, it seems sensible to model regions of the land-
scape as random graphs. Random graphs have a long and
venerable history, going back to the seminal work of Erdös
and Rényi graph [51]. In general, they can be defined by
specifying a probability distribution that a given node has a
certain degree (number of links), with Erdös-Rényi graphs
corresponding to the special case of a Poisson degree
distribution. In this work we follow [52] and consider
arbitrary degree distributions, including scale-free random
graphs.
As a complementary approach, we also model landscape

regions as a regular lattice, specifically a Bethe lattice (or
Cayley tree). This is suitable for local string landscapes in
which vacua form a regular network, for instance the axion
landscape [53–55]. The directed percolation transition can
be studied analytically for both Bethe lattices and (Erdös-
Rényi) random graphs [52]. Remarkably, despite being
extreme opposites in terms of graph “regularity,” Bethe
lattices and Erdös-Rényi graphs belong to the same
percolation universality class. Thus it is our hope that,
despite being highly simplified and idealized, these two
approaches offer important lessons about percolation phe-
nomena on the landscape, that are applicable to more
realistic dynamics.
To see how this maps to directed percolation, consider

the landscape networks shown in Fig. 1, comprised of dS

transient vacua (blue nodes) and AdS/Minkowski terminal
vacua (red nodes).1 In the downward approximation, all
transitions are one-way, and the graphs are directed. Each
dS transient has exactly one directed edge emanating from
it, corresponding to its dominant decay channel. Now, if dS
vacua mainly decay to terminals (left panel), then the region
breaks up into many small disconnected components,
resulting in sI ∼Oð1Þ, and thus low probability. If, how-
ever, dS vacua mainly decay to other dS vacua (right panel),
then the graph can include a very large connected compo-
nent, with low-lying nodes having sI ≫ 1. This corre-
sponds to the emergence of a giant component at the
percolation phase transition.
It is clear from these simple considerations that vacua

with the highest occupational probability reside in land-
scape regions poised at the directed percolation phase
transition. This is a key result of our analysis. In hindsight,
since the uniform-in-time measure is relevant for the
approach to equilibrium in landscape dynamics, its relation
to directed percolation is perhaps not surprising, as directed
percolation is the paradigmatic nonequilibrium critical
phenomenon [57].
As usual, the power of criticality lies in universality. Near

the percolation phase transition, various quantities assume
power-law (scale-invariant) probability distributions, char-
acterized by universal critical exponents that are insensitive
to the microscopic details of the system. This raises the
tantalizing possibility of deriving universal probability
distributions for physical observables without detailed
knowledge of the underlying landscape. We illustrate this
point concretely with the CC, and briefly mention other
potential observables in the conclusions.

FIG. 1. A region of the landscape, comprised of transient dS vacua (blue nodes) and terminals (red nodes). In the dominant decay channel
approximation, each dSvacuumhas exactly one outgoing link. Left: if dS vacuadecay primarily to terminals, the regionbreaks up intomany
small disconnected components and is therefore subcritical. Right: if dS vacua mainly decay to other dS vacua, then a giant connected
component can emerge, and the region is near percolation criticality.

1We assume throughout that AdS/Minkowski vacua are
terminal, acting as absorbing nodes. See [56], however, for a
recent discussion of the possibility to up-tunnel out of AdS.
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B. Universal probability distribution for the CC

As reviewed in Sec. V, at criticality the probability Ps
that a randomly chosen vacuum has s ancestors displays a
power-law tail, Ps ∼ s−3=2. (The particular critical exponent
of −3=2 holds for the Erdös-Rényi universality class; scale-
free graphs have different critical exponents.) Assuming
only that the underlying CC probability distribution on the
landscape is smooth as v → 0þ, we show in Sec. VII that
this translates into a (nonanthropic) universal probability
distribution for the CC (which takes into account eternal
inflationary dynamics) that is also power-law near the
origin:

PðvÞ ∼ v−3=2: ð2Þ

Thus the uniform-in-time cosmological measure favors
small, positive vacuum energy. Quantitatively, the 95% con-
fidence interval for the CC is set by the size of the giant
component, which is famously OðN2=3

dS Þ for Erdös-Rényi
graphs:

v ≲ N−2=3
dS : ð3Þ

This can explain the observed CC, vobs ∼ 10−120, if our
vacuum belongs to a funneled region of size NdS ∼ 10240.
To be clear, here NdS is the number of dS (transient) vacua
in a funnel region near directed percolation criticality, not
the total number of dS vacua across the entire landscape.
Since the measure favors vacua with the largest number of
ancestors, we are likely to inhabit the largest funnel region
near percolation criticality, i.e., the near-critical region with
largest NdS.
Before closing, we should mention other occurrences of

percolation criticality in the context of eternal inflation, and
how they contrast with our framework. It is well known that
the bubbles generated in false-vacuum inflation exhibit a
percolation phase transition when the nucleation proba-
bility within a Hubble volume, κ≡ Γ=H4, reaches a critical
value somewhere in the range 10−6 ≲ κc ≲ 0.24 [58]. This
transition describes bubble percolation in space-time, as
opposed to the percolation phase transition in the network
of vacua discussed in this work. Relatedly, in the context of
slow-roll inflation, it was shown in [59] that the phase
transition to eternal inflation can be described by a Galton-
Watson branching process [60], whose critical behavior is
equivalent to directed percolation, e.g., [61]. Lastly, we
should mention the mechanism of “self-organized locali-
zation” [62], whereby the near-criticality of our universe
arises from quantum first-order phase transitions in sto-
chastic inflation. In contrast, our approach pertains to
classical, second-order nonequilibrium criticality.
The paper is organized as follows. In Sec. II we briefly

review vacuum dynamics as an absorbing Markov process
on the network of vacua. In Sec. III we describe the general

Bayesian approach to the measure problem, and review the
late-time/volume-weighted and uniform-in-time probabil-
ities as two well-justified choices of priors. We also review
the argument, originally given in [26], that posterior odds
overwhelmingly favor the uniform-in-time hypothesis. In
Sec. IV, we discuss how the mapping of vacuum dynamics
to a problem of directed percolation. Section V is a rather
comprehensive review of the key notions of percolation on
random graphs, both undirected and directed, with general
degree distributions. In Sec. VI we apply these notions to
the case of interest, namely random networks with terminal
(AdS) vacua, and argue that uniform-in-time probabilities
favor regions of the landscape poised at directed percola-
tion criticality. In Sec. VII we show how the probability
distributions of ancestors and descendants, which assume
power-law tails at criticality, translate into universal dis-
tributions for the CC with certain critical exponents. We
summarize our results and discuss a few avenues of future
research in Sec. VIII.

II. BRIEF REVIEW OF VACUUM DYNAMICS

Vacuum dynamics on the string landscape are described
by a linear Markov process [28,31]. Technically, this is an
absorbing Markov process, because of AdS vacua which
act as terminals. As a result, detailed balance is explicitly
violated, and the dynamics are out of equilibrium. The
Markov process describes the probability fIðtÞ along a
given world-line to occupy vacuum I as a function of time.
This probability satisfies the master equation

dfI
dt

¼
X
J

κIJfJ −
X
K

κKIfI; ð4Þ

where κIJ is the J → I transition rate. (Terminal vacua by
definition have κaI ¼ 0.) While most of the results in this
section hold for general tunneling rates, we have in mind
transitions mediated by semiclassical instantons, such as
Coleman-De Luccia (CDL) [40–42], Hawking-Moss [63],
and Brown-Teittleboim [64].
The general time variable t is related to proper time in

vacuum I via a lapse function:

ΔτI ¼ N IΔt: ð5Þ

The master equation relies on coarse-graining over a time
ΔτI, which must be longer than any transient evolution
between epochs of vacuum energy domination.2 Since AdS

2At the same time, ΔτI should be shorter than the lifetime of
most metastable dS vacua, for otherwise wewould be “integrating
out” the transitions we are interested in describing. In practice, the
coarse-graining time interval for a given transition to I should
satisfy ΔτI ≳ jHI j−1 log Hparent

jHI j , where Hparent is the Hubble rate of
the parent dS vacuum (see, e.g., [65]).
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bubbles crunch in a Hubble time, coarse-graining spans
their entire evolution.
The probabilities fIðtÞ have a dual interpretation. They

can be interpreted “locally,” as occupational probabilities
along a world-line. Or, they can be interpreted “globally,”
as the fraction of comoving volume that each vacuum
occupies on a spatial hypersurface at time t. We mainly
adopt the former interpretation. Equation (4) makes two
properties of the fI’s clear: (1) The master equation (4) is
manifestly invariant under redefinitions of t, hence the fI’s
are time-reparameterization invariant; and (2) Because
summing the right-hand side over I gives zero, the fI’s
can be normalized: X

I

fI ¼ 1: ð6Þ

Thus the fIðtÞ’s offer well-defined, time-reparametrization
invariant probabilities to occupy different vacua at time t.
We will be primarily interested in the dS component of

the master equation, given by

dfi
dt

¼
X
j

Mijfj; Mij ≡ κij − δijκj: ð7Þ

Here, Mij is the dS → dS transition matrix, and κi ≡P
J κJi is the total decay rate of vacuum i. Our only

assumption about Mij is that it is irreducible, i.e., there
exists a sequence of transitions connecting any pair of dS
vacua, a property which has been argued to be valid for the
string landscape [66]. Equation (7) can be solved in terms
of a Green’s function:

fiðtÞ ¼
X
α

ðeMtÞiαpα; ð8Þ

where pα ≡ fαð0Þ is the initial probability over ancestral
vacua. Since eternal inflation by definition started in a dS
vacuum, the initial probabilities satisfy

XNdS

α¼1

pα ¼ 1: ð9Þ

III. BAYESIAN PROBABILITIES

To define Bayesian probabilities, one must carefully
distinguish the elements that are inherent to the eternal
inflation hypothesis from those that require additional
assumptions in the form of prior information. An important
fact is that eternal inflation, while eternal into the future, is
not eternal into the past. That is, an eternally inflating
space-time is past geodesically incomplete [27]. This has
two implications:

(i) We exist a finite time t after the onset of eternal
inflation, but we do not know how long ago that was.

We must therefore parametrize our ignorance about
the time of existence with a prior density ρðtÞ,
normalized as

R∞
0 dtρðtÞ ¼ 1.

(ii) Along our past world-line, eternal inflation started in
some ancestral dS vacuum α, but we do not know
which one. Our ignorance about the ancestral
vacuum is captured by the initial probability dis-
tribution pα.

Lastly, it is customary to condition probabilities on one
piece of observational data. Namely, that we exist in our dS
pocket universe during the transient period before vacuum
domination. That is, we exist within a coarse-graining time
Δt after nucleation of our bubble.
It is then straightforward to write down the joint

probability distribution PðI; t; αÞ to inhabit a bubble of
vacuum I, nucleated at time t, starting from an ancestral
vacuum α:

PðI; t; αÞ ∼
X
j

κIjΔtðeMtÞjαpαρðtÞ: ð10Þ

This is easy to understand. The factor ðeMtÞjαpα is the
probability to evolve from ancestral vacuum α to parent dS
vacuum j at time t; while the factor κIjΔt is the probability to
transition from parent dS vacuum j to vacuum I in the next
Δt. Lastly, we weigh the time of nucleation with ρðtÞ, and
sum over all dS parents j. To our mind, the above joint
probabilities are the correct objective approach to inductive
reasoning in the multiverse. They accurately encode our
ignorance about when and where eternal inflation started in
our past. Different approaches to the measure problem
simply amount to different choices for the priorspα andρðtÞ.
Within this general framework, one can perform the

three main operations of Bayesian inference:
(1) By marginalizing over the model parameters t and α,

and using (8), we obtain the prior predictive
distribution:

PðIÞ ∼
X
j

κIjΔt
Z

∞

0

dtfjðtÞρðtÞ: ð11Þ

This distribution informs us on which vacua are
statistically favored without taking any data (e.g.,
value of the CC, particle spectrum etc.) into con-
sideration, other than conditioning on our bubble
being nucleated within the last Δt.

(2) Different hypotheses H1 and H2, corresponding to
different choices of priors, can be compared by
computing the posterior odds:

PðH1jDÞ
PðH2jDÞ ¼

PðDjH1Þ
PðDjH2Þ

PðH1Þ
PðH2Þ

; ð12Þ

where PðHiÞ is the prior odds for each hypothesis,
and PðDjH1Þ

PðDjH2Þ is the Bayes factor. The data D refers to
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all the information available about our observable
universe, in the form of measured values for various
observables fOig. These include the particle con-
tent, masses and couplings of the Standard Model,
as well as the parameters of the cosmological
ΛCDM model.

(3) Conditioning on our data D for a given choice of
priors, we can perform parameter inference. For
instance, PðtjDÞ gives the posterior distribution for
the time of nucleation.

Each of these operations was studied in detail in [26]. In
what follows we will be primarily interested in the prior
predictive probabilities (11).

A. Uniform-in-time measure

As mentioned above, a choice of measure amounts to
specifying a choice of priors pα and ρðtÞ. Consistency
requires that priors reflect all information at hand, while at
the same time being minimally informative.
Let us first discuss the time of nucleation prior ρðtÞ, as it

is most important to determine PðIÞ. In general, specifying
a prior for a continuous variable is tricky, for the obvious
reason that a uniform prior is not reparametrization
invariant. Following Jaynes [67], a useful strategy in this
case is to identify the symmetries of the problem and
apply the notion of group invariance. Logical consistency
requires that our prior be invariant under all symmetry
transformations.
In the case at hand, a key property of the master

equation (4) is that it is time-translation invariant. More
precisely it is invariant under translations in proper time, as
well as any time variable t related to proper time via a lapse
function N I depending on HI only (e.g., scale factor=
e-folding time). Without additional information, the most
natural choice is the uniform prior3:

ρðtÞ ¼ constant: ð13Þ

To be clear, this prior is uniform in proper time and
e-folding time. In terms of conformal time, however, it
corresponds to the Jeffreys prior, ρðηÞ ∼ η−1, consistent
with the dS dilation symmetry η → λη, x⃗ → λx⃗.
Substituting into (11), we can perform the time integral

using the identify

Z
∞

0

dtðeMtÞij ¼ −M−1
ij ¼ κ−1i ð1 − TÞ−1ij ; ð14Þ

where Tij ≡ κij
κj
is the branching ratio. (More generally, the

branching ratio matrix has components TIj¼ κIj
κj
, Tab ¼ δab,

and Tja ¼ 0, such that
P

I TIJ ¼ 1 for all J.) Equation (11)
then gives

PðIÞ ∼
X
j

TIj

X
α

ð1 − TÞ−1jα pα: ð15Þ

The matrix ð1 − TÞ−1 is known as the fundamental matrix
for the absorbing Markov chain. Expanding it as a geo-
metric series, ð1 − TÞ−1ij ¼ δij þ Tij þ

P
k TikTkj þ � � �, it

is easily recognized as the total branching probability for all
transition paths connecting j to i. Thus PðIÞ naturally
interpreted as the sum over all paths connecting ancestral
vacua to vacuum I, weighted by the branching probability
for each path and averaged over ancestral vacua.
Next, consider the prior pα over ancestral vacua. This

was discussed in detail in [26], and we briefly mention
the salient points. The prior pα pertains to the question of
the initial state in quantum cosmology, which has been the
subject of active debate for decades and remains an open
problem. A well-motivated proposal for the quantum
creation of a closed universe is the Hartle-Hawking
(HH) state [68,69], which exponentially favors the lowest
energy (highest entropy) dS vacuum. Another well-studied
proposal is the tunneling wave function [70–73], which
instead favors high-energy/low-entropy initial vacua. Thus
the tunneling wave function favors (high-energy) inflation,
whereas the HH state does not [74].
As motivated in [26], a reasonable attitude is to err on

the side of maximal ignorance and apply the principle of
indifference:

pα ¼
1

NdS
: ð16Þ

(If the number of dS vacua in the landscape is infinite
[75–77], then (16) would represent an improper prior,
which is fine since the resulting probabilities would
nevertheless be well-defined.) Because high-energy dS
vacua are expected to vastly outnumber low-energy dS
vacua in the landscape, a uniform prior is statistically
equivalent to a prior favoring high-energy/low entropy
initial conditions, such as the tunneling wave function. If
the HH state turns out to be the correct initial conditions for
eternal inflation in our past, then this would have important
implications for the uniform-in-time probabilities.
Adopting (16), (15) reduces to

PðIÞ ∼
X
j

TIj

X
α

ð1 − TÞ−1jα : ð17Þ

This distribution agrees with the prior probabilities of [33],
and is closely related to the “comoving” probabilities

3Of course, a uniform distribution on the half real line is not
normalizable, so (13) is technically an improper prior. One can
instead work with a regularized prior, such as ρðtÞ ¼ ϵe−ϵt or
ρðtÞ ¼ 1=T over 0 ≤ t ≤ T. As shown in [26], the resulting
probabilities are independent of the regulator as it is removed, i.e.,
as ϵ → 0 or T → ∞, respectively.
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proposed in [28,32]. We will see that this admits a clear and
intuitive interpretation with the simplifying assumptions
discussed in Sec. IV.

B. Late-time/volume-weighted measure

Another reasonable choice for ρðtÞ is motivated by the
fact that the number of observers grows with volume.
Hence, ρðtÞ should grow accordingly4:

ρðtÞ ∼ a3ðtÞ: ð18Þ

As shown in [26], this is equivalent to weighing occupa-
tional probabilities by physical volume.
Because the prior is sharply peaked at late times, the

occupational probabilities fjðtÞ can be approximated by
their asymptotic form

fjðtÞ ≃ sje−qt: ð19Þ

Here sj the so-called dominant eigenvector of Mij, which
by definition has the largest (least negative) eigenvalue −q
[28]. Substituting into (11), we obtain in this case

PlateðIÞ ∼
X
j

κIjsj: ð20Þ

This agrees with the GSVW measure [28] obtained by
counting bubbles along a world-line.
The above distribution admits an intuitive explanation in

downward perturbation theory, discussed in Sec. IVA
below. In this approximation, the dominant eigenvector
takes a simple form [44]:

sj ≃
κ⋆
κj

ð1 − TÞ−1j⋆ ; ð21Þ

where ⋆ denotes the most stable (i.e., longest-lived) dS
vacuum, also known as the dominant vacuum. Thus (20)
becomes

PlateðIÞ ∼
X
j

TIjð1 − TÞ−1j⋆ : ð22Þ

In other words, this is recognized as the total branching
probability from ⋆ to I. The late-time/volume-weighted
measure is independent of initial conditions (i.e., indepen-
dent of pα), reflecting the attractor nature of eternal
inflation. However, somewhat paradoxically, (22) coincides
with (15) for the special choice of initial conditions
pα ¼ δα⋆.

C. Model comparison favors
uniform-in-time probabilities

In [26] we compared the Bayesian evidence for the
uniform-in-time and late-time measures by computing the

Bayes factor PðDjHlateÞ
PðDjHuniÞ. We argued, under general and

plausible assumptions, that it overwhelmingly favors the
uniform-in-time hypothesis. The reason is easily under-
stood intuitively. Since ⋆ is the most stable vacuum
anywhere in the landscape, it is likely that it can only
decay via an upward transition, because upward jumps
are doubly exponentially suppressed (as discussed in
Sec. IVA). Therefore, the branching probability to vacua
compatible with our data is also doubly exponentially
suppressed. In contrast, for uniform-in-time probabilities,
if vacua compatible with our data can be reached from
some ancestral vacua via a sequence of downward tran-
sitions, then the Bayesian evidence is likely exponentially
small, but not doubly exponentially suppressed.
Furthermore, conditioning on our data D, we performed

in [26] parameter inference to determine the most likely
time of nucleation. For the uniform-in-time hypothesis, we
found that the average time for occupying vacua compat-
ible with our data is much shorter than mixing time for the
landscape. This is fully consistent with the “early time”
approach to eternal inflation [36–39], which proposes that
we live during the approach to equilibrium in the unfolding
of the multiverse. See [35] for related ideas. This is in
contrast with the late-time/volume-weighted distribution,
which reflects the belief that the evolution of the multiverse
has been going on for an exponentially long time, much
longer than the mixing time of the landscape, such that the
occupational probabilities have settled to a quasistationary
distribution.
We henceforth focus on the uniform-in-timemeasure (17).

IV. MAPPING TO A DIRECTED
PERCOLATION PROBLEM

The landscape can be modeled as a network (or graph).
The nodes represent the different vacua, while the links
define the network topology and represent all relevant
transitions between vacua. There are two types of nodes:
transients (dS) and terminals/absorbing (AdS and
Minkowski). Because transition rates are different along
each link, the graph is said to be weighted. The master
equation (4) describes a random walk on this weighted
network. The measures derived above are closely related to
network centrality indices: the uniform-in-time measure
(17) is analogous to Katz centrality [78]; the late-time
(GSVW) measure (22) to eigenvector centrality.
In this section we show how the problem can be mapped

to a problem of directed percolation. Directed percolation is
the paradigmatic critical phenomenon for nonequilibrium
systems [57]. It is perhaps not surprising that the absorbing
Markov process describing vacuum dynamics on the

4For the prior distribution to be normalizable, a regulator is
once again necessary. This can be achieved simply by imposing a
cutoff time tc, and letting tc → ∞ at the end of the calculation.
The resulting probabilities are insensitive to the cutoff.
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landscape, which is inherently nonequilibrium, belongs to
the universality class of directed percolation. The mapping
relies on two very general and reasonable assumptions
about transition rates between vacua, discussed respectively
in Secs. IVA and IV B. We will see that, with these
approximations, the uniform-in-time probabilities reduce
to a simple and intuitive observable in directed graphs,
namely the number of ancestors of a given node.

A. Downward approximation

The first assumption is that transitions between dS vacua
satisfy a condition of detailed balance [79]:

κji
κij

∼ eSj−Si ; ð23Þ

where Sj ¼ 8π2M2
Pl=H

2
j is the dS entropy. This condition is

satisfied by CDL, Hawking-Moss and Brown-Teittleboim
instantons. More generally, it is consistent with the inter-
pretation of quantum dS space as a thermal state [80].5

Notice that (23) depends only on the false and true vacuum
potential energy—it is insensitive to the potential barrier
and does not rely on the thin-wall approximation.
Equation (23) implies that upward transitions, which

increase the potential energy, are exponentially suppressed
compared to downward tunneling. This allows one to
define a “downward” approximation [43,44], in which
upward transitions are neglected to zeroth order.
(Upward transitions are treated perturbatively at higher
order.) In this approximation, the network of vacua reduces
to a directed, acyclic graph [88], i.e., without directed
loops, whereby a link from j to i is only allowed if Vj ≥ Vi.
This may be a good place to point out that the validity of the
master equation (4) has not been rigorously established for
upward transitions. So it may be the case that the

description of vacuum dynamics as a Markov process is
only legitimate in the strict downward approximation.
In any case, dS vacua that can only decay via upward

transitions become effectively terminal in this approxima-
tion. In other words, in the downward approximation
terminals consist both of AdS/Minkowski vacua and dS
vacua with upward-only decay channels. Transient nodes
are dS vacua with at least one downward decay channel.

B. Dominant decay channel

The second assumption is motivated by a generic feature
of transition rates in quantum field theory, namely that they
are exponentially staggered. This is because tunneling rates
depend exponentially on the instanton Euclidean action:

κ ∼ e−SE : ð24Þ

For CDL tunneling, for instance, SE depends sensitively on
the shape of the potential, such as the height and width of
the barrier. Because of this exponential sensitivity, branch-
ing ratios for dS vacua are typically overwhelmingly
dominated by a single decay channel, with Tdom

Ij ≃ 1, while
other decay channels are comparatively exponentially
suppressed, i.e., Tother

Ij ≃ 0.
Hence our second simplifying assumption is that we

work in the approximation where TIj is 0 or 1. In other
words, either there is a link between two nodes (TIj ≃ 1) or
not (TIj ≃ 0). Furthermore, if TIj ≃ 1, then this is the only
link emanating from j, i.e., the out-degree of j is 1. This is
illustrated in Fig. 2. There are of course exceptions, for
instance in regular lattices of flux vacua [19]. But we expect
that single-channel dominance is justified for random
landscapes, which will be our primary interest in Sec. V.

C. Implications for uniform-in-time probabilities

The two assumptions discussed above greatly simplify
the uniform-in-time probabilities (17), and lead to an
intuitive interpretation.

(i) Downward approximation: In this approximation the
only contributing paths to a given vacuum I are those
composed of a sequence of downward transitions. It
follows that the probabilities (17) favor vacua that

FIG. 2. This explains the dominant decay channel approximation. On the left, in the downward approximation a given node has
possibly many allowed decay channels (directed links), but with exponentially staggered branching ratios (different shades of gray). On
the right, the approximation amounts to only keeping the link with largest branching ratio. The parent node therefore has out-degree 1.

5Notably, (23) is violated by the Farvi-Guth-Guven process [81],
though the interpretation of its singular instanton is still unsettled
[82–86]. It is also violated by the mechanism of nucleating
localized, high-energy regions proposed recently [87]. Upward
jumps are still suppressed in this case, by at least e#MPl=Hlow instead
of e#M

2
Pl=H

2
low .
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can be accessed through downward transitions from
a large basin of ancestors. In other words, regions of
the landscape with large probability must therefore
have the topography of a deep valley, or funnel
[26,36,37,39]. This is akin to the smooth folding
funnels of protein conformation landscapes [45], as
sketched on the left panel in Fig. 3.
A similar narrative holds in deep learning. It has

been argued that deep neural networks that general-
ize well have a loss function characterized by a
smooth funnel [49]—see right panel in Fig. 3.
Another instance is the “big valley” hypothesis in
combinatorial optimization (e.g., the search space of
the traveling salesman problem), where it is con-
jectured that local optima are clustered around the
central global optimum [50].

(ii) Dominant decay channel: In this approximation
where Tij is 0 or 1, the measure (17) simply counts
the number sI of ancestor vacua that can reach I:

PðIÞ ∼ sI: ð25Þ

This is a key result of our analysis. It entails that the
probability of occupying a vacuum is proportional to
the number of other nodes that can access it through
sequences of unsuppressed (Tij ≃ 1), downward
transitions. This is illustrated in Fig. 4 for a trivial
example.

Thus the problem of determining probabilities on vacua
is reduced to a problem of directed percolation. To see this,
consider a region of the landscape shown in Fig. 1,
comprised of a number of transient dS vacua (blue nodes)
and terminals (red nodes). (Recall that in the downward
approximation terminals include AdS/Minkowski vacua, as
well as dS vacua with only upward decay channels.) Each
dS transient has exactly one directed edge emanating from
it, corresponding to its dominant decay channel.

Suppose transients decay primarily to terminals, as
sketched on the left panel in Fig. 1. In this case, nodes
in the region will generically have sI ∼Oð1Þ, correspond-
ing to relatively low probability. From a percolation
perspective, the region breaks down into many small
disconnected components, and is therefore subcritical.
Suppose, on the other hand, that transients decay primarily
to other transients, as shown on the right panel. This
corresponds to the emergence of a giant directed compo-
nent, wherein the bottom nodes have sI ≫ 1, and therefore
high probability.
It is clear from these simple considerations that the

uniform-in-time probabilities (17) favor regions of the
landscape that are close to the directed percolation phase
transition [57]. In what follows wewill make this precise by
studying directed percolation on random graphs and Bethe
lattices.

V. PERCOLATION ON DIRECTED
RANDOM NETWORKS

To set up the problem, it is useful to review some essential
notions of directed percolation [90,91]. Concretely, in this
work we study two simplified approaches for directed

(a) without skip connections (b) with skip connections

FIG. 3. The uniform-in-time probabilities favor regions of the landscape with the topography of a deep valley, or funnel. This is akin to
the free energy landscapes of naturally occurring proteins (Left, reproduced from [89]), which are characterized by a large funnel near
the native state. Right: A similar narrative holds in deep learning. This shows the loss surfaces of ResNet-56 with/without skip
connections, reproduced from [49]. Skip connections lead to better generalization, and correspond to a loss function characterized by a
smooth funnel.

FIG. 4. In the downward and dominant decay channel approx-
imations, the probability for a given node is proportional to the
number of its ancestors. In this simple example, the bottom node
has s ¼ 4 ancestors.
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percolation on the landscape. In the first framework, dis-
cussed in this section, we model the a fiducial region of the
landscape as a directed random graph with given degree
probability distribution. As a special case, the Poissonian
degree distribution corresponds to the celebrated Erdös-
Rényi graph [51]. In the second approach, discussed in
Appendix C, we model the region as a regular lattice,
specifically a Bethe lattice.
The directed percolation transition can be studied ana-

lytically for both Bethe lattices and (Erdös-Rényi) random
graphs [52]. (In fact, they belong to the same universality
class, as we will see.) Our focus is on bond percolation, in
which the percolation problem on either the Bethe lattice or
the Erdös-Rényi random graph is defined by assigning a
probability p that a given edge of the graph is “open.”
While the frameworks considered are highly idealized, they
allow us to draw important lessons about percolation
phenomena on the landscape, which we believe apply
more generally to realistic dynamics.
Although much of the analysis is already in the literature,

we include it here for completeness. The reader mainly
interested in the punchline can skip to (55), which is the
main result for our purposes. Our exposition primarily
follows [52], which considers random graphs with general
degree distributions. For pedagogical purposes, we have
also included in Appendix A a review of percolation on
undirected random graphs. Many of the results for the
undirected case can be easily generalized to directed
random graphs.

A. Directed random graphs

A directed random graph is specified by a joint in-degree
and out-degree probability distribution:

pjk ¼ probability of randomly chosen node having

in-degree j and out-degree k: ð26Þ

It is useful to work in terms of its moment generating
function,

Gðx; yÞ ¼
X∞
j;k¼0

pjkxjyk: ð27Þ

Since the distribution is normalized, we have Gð1; 1Þ ¼P
j;k pjk ¼ 1. Its partial derivatives give in- and-out degree

moments of the distribution. For instance, the average in-
and out-degrees are given by

zin ¼
X
j;k

jpjk ¼
∂Gðx; yÞ

∂x

����
x¼y¼1

;

zout ¼
X
j;k

kpjk ¼
∂Gðx; yÞ

∂y

����
x¼y¼1

: ð28Þ

Since every link leaving a node terminates at another node,
the average in- and out-degrees must be equal:

zin ¼ zout ≡ z: ð29Þ

From pjk, we can derive the (marginalized) in- and out-
degree distributions of a randomly chosen vertex, with
generating functions

F0ðxÞ ¼ Gðx; 1Þ ¼
X
j;k

pjkxj;

G0ðyÞ ¼ Gð1; yÞ ¼
X
j;k

pjkyk: ð30Þ

In particular, we have F0
0ð1Þ ¼ G0

0ð1Þ ¼ z.
Now, suppose we start from a randomly chosen vertex,

and follow each of its outgoing links to reach its 1st-
generation descendants (children), as shown on the left
panel of Fig. 5. (In the directed case, ignoring loops, it is
natural to distinguish the neighbors of a node as descend-
ants and ancestors.6) Let us denote by qoutk the out-degree
distribution of a 1st descendant. Since we are j times more
likely to arrive at a vertex with in-degree j than a vertex of
degree 1, we have

qoutk ¼ 1

z

X
j

jpjk; ð31Þ

which is correctly normalized. The corresponding generat-
ing function is given by

G1ðyÞ ¼
1

z

X
j;k

jpjkyk ¼
1

z
∂Gðx; yÞ

∂x

����
x¼1

: ð32Þ

If the original vertex has out-degree k, then the number of
2nd descendants is generated by ðG1ðyÞÞk. (This ignores
loops, since their density is 1=N-suppressed close to the
percolation threshold for largeN, as argued in Appendix A.)

FIG. 5. Left: 1st and 2nd-generation descendants of an original
vertex. Right: 1st and 2nd-generation ancestors of that vertex.

6The terminology is quite apt close to the percolation threshold,
given the equivalence with branching processes. See, e.g., [61].
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Therefore, the number of 2nd descendants is generated byP
j;k pjkðG1ðyÞÞk ¼ G0ðG1ðyÞÞ. For instance, using (28),

(30), and (32), the average number of 2nd descendants is

z2 ¼ zG0
1ð1Þ ¼

∂
2G

∂x∂y

����
x¼y¼1

: ð33Þ

Similarly, suppose we once again start from a randomly
chosen vertex, but now follow each of its incoming links in
the opposite direction to reach its 1st ancestors (parents).
See right panel of Fig. 5. By similar reasoning, the in-
degree distribution for a 1st ancestor is generated by

F1ðxÞ ¼
1

z
∂Gðx; yÞ

∂y

����
y¼1

: ð34Þ

The number of 2nd ancestors of the original vertex is
generated by

P
j;k pjkðF1ðxÞÞj ¼ F0ðF1ðxÞÞ. For instance,

the average number of 2nd ancestors is zF0
1ð1Þ¼ ∂

2G
∂x∂yjx¼y¼1

.

This is of course identical to (33), given that it has x ↔ y
symmetry.

B. Factorized example

An important example is the case where the in- and out-
degree distributions are independent,

pjk ¼ pin
j p

out
k : ð35Þ

This includes, as a particular case, Erdös-Rényi random
graphs [51]. In a directed Erdös-Rényi graph with N
vertices, any two distinct vertices can be connected with
a directed edge with probability p. Therefore both pin

j and
pout
k are given by a binomial distribution:

pout
k ¼

�
N

k

�
pkð1 − pÞN−k ≃ zk

e−z

k!
; ð36Þ

and similarly for pin
j . The last step follows from taking the

limit N → ∞, keeping the average degree z ¼ pðN − 1Þ
fixed, to obtain a Poisson distribution.
The generating function (27) also factorizes,

Gðx; yÞ ¼ G0ðyÞF0ðxÞ; ð37Þ

with G0ðyÞ ¼ ezðy−1Þ and F0ðxÞ ¼ ezðx−1Þ. An immediate
consequence of (37) is that G1ðyÞ ¼ G0ðyÞ, i.e., the out-
degree distribution for a 1st descendant is the same as that
of the original vertex. Similarly, F1ðxÞ ¼ F0ðxÞ. It follows
that the average number of 2nd descendants (or ancestors),
given by (33), satisfies

z2 ¼ zG0
0ð1Þ ¼ z2: ð38Þ

This holds for arbitrary factorized distribution (35), includ-
ing the Erdös-Rényi case.

C. In- and out-component size distribution
and percolation phase transition

Going back to the general case, the generating functions
defined earlier allow us to study the size distribution of
connected components. In the directed case, we must
distinguish between the out-component, comprised of all
descendants of a given vertex, and the in-component,
comprised of all ancestors of a given vertex.
Let us focus for concreteness on the out-component, and

define

Hout
1 ðyÞ ¼ Gen: fcn for number of descendants following a

randomly chosen edge: ð39Þ

Ignoring loops, this generating function satisfies the tree-
like consistency condition depicted in Fig. 6(a). From the
definition (31) for qoutk , the treelike structure implies the
consistency condition

Hout
1 ðyÞ ¼ y

X∞
k¼0

qoutk ðHout
1 ðyÞÞk ¼ yG1ðHout

1 ðyÞÞ; ð40Þ

where the last step follows from qoutk being generated by
G1ðyÞ. Note that the factor of y means that the chosen node
is included in the counting.
Similarly, we define

Hout
0 ðyÞ ¼ Gen: fcn for number of descendants of

a randomly chosen vertex: ð41Þ

This generating function satisfies the treelike consistency
condition depicted in Fig. 6(b). Using the fact that G0ðyÞ is
the generating function for the out-degree distribution of a
randomly chosen vertex, the consistency condition in this
case sums up to

Hout
0 ðyÞ ¼ yG0ðHout

1 ðyÞÞ: ð42Þ

By definition, Hout
0 describes finite components, i.e., it

excludes the giant out-component. As long we work below
the percolation threshold, such that there is no infinite
cluster, then Hout

0 ð1Þ ¼ 1. Above the percolation threshold,
Hout

0 ð1Þ gives the fraction of the vertices that do not belong
to the giant component. See Appendix A for more details in
the undirected case.
Note that the conditional probability PinðsjkÞ for an in-

cluster having size s, given k in-degree of a vertex, is
generated by

PinðxjkÞ ¼
X
s

xsPinðsjkÞ: ð43Þ
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It should be related to the generating function for the num-
ber of ancestors x−1Hin

0 ðxÞ ¼ F0ðHin
1 ðxÞÞ via the definition

F0ðHin
1 ðxÞÞ ¼ x−1Hin

0 ðxÞ ¼
X
k;l

pklPinðxjkÞ: ð44Þ

Therefore by comparison we have

PinðxjkÞ ¼ ðHin
1 ðxÞÞk: ð45Þ

A similar derivation applies to the out-cluster conditional
probability.
The algorithm for determining Hout

0 and Hout
1 is then the

following. Given a joint degree distribution pjk, with
generating function Gðx; yÞ, we can determine G0ðyÞ and
G1ðyÞ using (30) and (32), respectively. Then, the implicit
equation (40) can be solved to obtainHout

1 ðyÞ, and the result
is substituted into (42) to obtain Hout

0 ðyÞ.
For general random graphs, it is often difficult in practice

to solve (40) analytically. It is, however, straightforward to
calculate the moments of the size distribution, in particular
the average size of (finite) connected components. For
instance, consider the average size SoutðzÞ of the out-
component reached from a random vertex. For simplicity
we work below the percolation threshold, such that there is
no giant component, and Hout

0 ð1Þ ¼ Hout
1 ð1Þ ¼ 1. Using

(42), we have

SoutðzÞ ¼ Hout0
0 ð1Þ ¼ 1þG0

0ð1ÞHout0
1 ð1Þ: ð46Þ

On the other hand, from (40) we have Hout0
1 ð1Þ ¼

1þ G0
1ð1ÞHout0

1 ð1Þ, which implies Hout0
1 ð1Þ ¼ 1

1−G0
1
ð1Þ. Thus,

SoutðzÞ ¼ 1þ G0
0ð1Þ

1 −G0
1ð1Þ

¼ 1þ z2

z − z2
; ð47Þ

where we have used (33). Therefore a giant out-component
emerges when

z2 ¼ z ðdirected percolationÞ: ð48Þ

In exactly the same fashion, we can define generating
functions Hin

1 ðxÞ and Hin
0 ðxÞ for the in-component size,

obtain respectively by following a randomly chosen edge

and starting from a randomly chosen vertex. In doing so, we
follow each incoming link in the opposite direction. These
generating functions satisfy the implicit relations

Hin
1 ðxÞ ¼ xF1ðHin

1 ðxÞÞ; Hin
0 ðxÞ ¼ xF0ðHin

1 ðxÞÞ: ð49Þ

Following identical steps as before, it is easy to derive the
average size of the in-component:

SinðzÞ ¼ 1þ F0
0ð1Þ

1 − F0
1ð1Þ

¼ 1þ z2

z − z2
: ð50Þ

Therefore a giant in-component emerges when z2 ¼ z,
which is the same as (48). In other words, the giant in- and
out-components emerge simultaneously.7

Equation (48) holds for any degree distribution pjk, with
one important assumption—the distribution should have
finite mean and variance, i.e., finite z and z2. All degree
distributions with this property belong to the Erdös-Rényi
percolation universality class. Those that do not, for
instance because their degree variance diverges, belong
to different universality classes. An important example
of the latter are scale-free random graphs, discussed in
Sec. V E. In the particular case of factorizable distributions,
we can combine (38) and (48) to recover the classic result
that percolation occurs when

zc ¼ 1: ð51Þ

In particular, for the Poisson distribution (36) of Erdös-
Rényi graphs, the critical probability is pc ≃ 1

N.

(a) (b)

FIG. 6. (a) Treelike structure satisfied by the generating function Hout
1 for the number of descendants following a randomly chosen

edge; (b) Same structure, but for the generating function Hout
0 starting from a randomly chosen vertex.

7We should briefly comment on the meaning of the giant
component in the directed case. In general directed graphs, there
are three different types of giant components: (1) a strongly
connected component, in which every vertex can reach every other
vertex; (2) a component that contains vertices reachable from
(1) but that cannot reach (1); and (3) a component comprised of
vertices that can reach (1) but are not reachable from (1). These can
be visualized as a “bow-tie” diagram [92]. Slightly above the
percolation threshold, only (1) and (2) are present, since loops are
suppressed. In directed acyclic graphs, the strongly connected
component never arises, as loops are forbidden altogether.
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D. Tail component size distributions

Of prime importance for our analysis is the tail of the in-
and out-component size distributions, defined as

Ps ¼ probability that a randomly chosen vertex

has s ancestors;

Pt ¼ probability that a randomly chosen vertex

has t descendants: ð52Þ

Their generating functions are respectively Hin
0 ðxÞ and

Hout
0 ðyÞ. Close to the percolation threshold, the tail of

these distributions takes the form [52]

Ps ∼ s−τe−s=smax ; ðs ≫ 1Þ; ð53Þ

and similarly for Pt. As usual the correlation length smax

diverges as we approach the phase transition, e.g., smax ∼
jp − pcj−1=2 for Erdös-Rényi graphs. By studying the
behavior of the generating functions near the percolation
threshold, one can show that the critical exponent takes the
value [52]

τ ¼ 3

2
: ð54Þ

(For completeness, we provide a brief proof of this result in
Appendix B.) In other words, at criticality the distributions
have the universal power-law tail

Ps ∼ s−3=2; Pt ∼ t−3=2 ðs; t ≫ 1Þ : ð55Þ

Equation (55) is a key result for us, as it will play an
important role in deducing the probability distribution for
the CC in Sec. VII.
The typical size s⋆ of the giant component can be

estimated as the value at which the probability is 1=N. In
other words, Psðs⋆Þ ∼ s−3=2⋆ ∼ 1=N, and similarly for Pt.
Thus, at criticality the giant in- and out-components are
both of size

s⋆ ∼ N2=3: ð56Þ

All other components have sizeOðlogNÞ. This holds for all
random graphs with finite z and z2.

E. Scale-free networks

A class of networks that has attracted much attention in
the last two decades are scale-free networks [93,94].
Empirically, many real-world networks exhibit this prop-
erty, including the World Wide Web, social/collaboration
networks and metabolic networks. Scale-free graphs
include “hubs”—nodes connected to a very large number

of other nodes. We briefly review the percolation structure
on such networks, focusing for simplicity on undirected
graphs, and refer the reader to [95,96] for details.
Scale-free networks are characterized by a degree dis-

tribution with power-law tail

pk ∼ k−γ: ð57Þ
We require γ > 2 in order for the distribution to be
normalizable and have finite mean. If γ > 3, such that
the variance is also finite, then the percolation structure
belongs to the Erdös-Rényi universality class. So the
interesting regime is

2 < γ < 3: ð58Þ

A concrete example is

pk ¼
(
1 − z ζðγÞ

ζðγ−1Þ k ¼ 0;

z
ζðγ−1Þ k

−γ k ≥ 1;
ð59Þ

where ζ is the Riemann zeta function. The fraction of nodes
with k ¼ 0 ensures that the distribution is normalized and
has mean degree z. Like Erdös-Rényi graphs, percolation
occurs when zc ¼ 1 [93,94].
At percolation criticality, the distribution of component

sizes also exhibits a power-law tail, but with a different
critical exponent:

Ps ∼ s−
γ

γ−1: ð60Þ

(Notice that the power matches (54) as γ → 3.) Thus each
value of γ in the range (58) defines its own universality
class, comprised of all degree distributions with a scale-free
tail with this particular power. The typical size of the
giant component is estimated as before by setting Psðs⋆Þ∼
s
− γ
γ−1

⋆ ∼ 1=N, which gives

s⋆ ∼ N
γ−1
γ : ð61Þ

VI. DIRECTED PERCOLATION
IN ETERNAL INFLATION

Lacking detailed knowledge of the underlying string
landscape, it is reasonable to model a fiducial landscape
region as a random network. With the quantitative results
of the previous section at hand, let us briefly recap the
approximations underlying the mapping to directed
percolation.
(1) The downward approximation, in which upward

transitions are neglected to leading order. Strictly
speaking, the downward approximation requires
us to study directed acyclic graphs, i.e., without
directed loops. However, as argued earlier, at low
connectivity the density of cycles is suppressed by
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1=N, hence directed random graphs offer a reason-
able approximation.

(2) The dominant decay channel approximation, in
which the branching ratio TIj is either 0 or 1. This
relies on semiclassical transition rates in field theory
being exponentially staggered, and therefore generi-
cally dominated by a single decay channel.

Let us stress that these approximations are made for
convenience, to simplify the problem. It is in principle
straightforward to generalize our analysis by relaxing them.
For instance, if a landscape region includes vacua that are
nearly degenerate, such that the downward approximation
is invalid, then the corresponding links would be bidirected.
The problem of directed percolation with a finite fraction
of bidirected edges was studied in [97], where it was
shown that bi-directed edges act as a catalyst for directed
percolation. Similarly, if subdominant transitions are not
completely negligible, such that the dominant decay
approximation is invalid, then the corresponding network
would be a random weighted graph [98].

A. Generating functions

With these provisos in mind, consider a landscape region
with NdS transient nodes (dS vacua) and NAdS terminal
nodes. Although the latter also include dS vacua with only
upward decay channels, as well as Minkowski vacua, we
use the collective “AdS” subscript for simplicity.
The moment generating function (27) can be written as

Gðx; yÞ ¼ NdS

N
GdSðx; yÞ þ NAdS

N
GAdSðx; yÞ; ð62Þ

with N ¼ NdS þ NAdS. Since terminals by definition have
vanishing out-degree, we have

GAdSðx; yÞ ¼
X
k

pAdS
0k xj ¼ FAdS

0 ðxÞ; ð63Þ

where we have used (30). Furthermore, since transients
have out-degree 1 in the dominant decay channel approxi-
mation, as depicted in Fig. 2, we should set GdSðx; yÞ ¼
y
P

k p
dS
1kx

j ¼ yFdS
0 ðxÞ. However, we will proceed more

generally for now, and specialize to zdSout ≃ 1 at the end of
the calculation.
The generating functions (30) for the marginalized in-

and out-degree distributions of a randomly chosen node are
given by

G0ðyÞ ¼
NdS

N
GdS

0 ðyÞ þ NAdS

N
;

F0ðxÞ ¼
NdS

N
FdS
0 ðxÞ þ NAdS

N
FAdS
0 ðxÞ: ð64Þ

The condition (29) for edge conservation gives

z ¼ NdS

N
zdSin þ NAdS

N
zAdSin ¼ NdS

N
zdSout: ð65Þ

Next, the out-degree distribution for a 1st descendant,
given by (32), amounts to weighing by the number of
edges:

G1ðyÞ ¼
1

zdSout

�
NAdS

NdS
zAdSin þ ∂GdSðx; yÞ

∂x

����
x¼1

�
: ð66Þ

Similarly, the in-degree distribution for a 1st ancestor, given
by (34), reduces to

F1ðxÞ ¼
1

zdSout

∂GdSðx; yÞ
∂y

����
y¼1

: ð67Þ

The number of 2nd ancestors of a given vertex is generated
by NdS

N FdS
0 ðF1ðxÞÞ þ NAdS

N FAdS
0 ðF1ðxÞÞ. In particular, the

average number of 2nd ancestors, which equals the average
number of 2nd descendants, is

z2 ¼
NdS

N
∂
2GdS

∂x∂y

����
x¼y¼1

: ð68Þ

B. Percolation phase transition

The derivation of the directed percolation phase tran-
sition given in Sec. V C follows identically in the case of
interest. For instance, the generating functions Hout

1 ðyÞ and
Hout

0 ðyÞ for the number of descendants satisfy the same
implicit relations (40) and (42):

Hout
1 ðyÞ¼ yG1ðHout

1 ðyÞÞ; Hout
0 ðyÞ¼ yG0ðHout

1 ðyÞÞ; ð69Þ

with G0 and G1 respectively given by (64) and (66).
From (48), the directed percolation phase transition

occurs when z2 ¼ z. Using (65) and (68), this means

∂
2GdS

∂x∂y

����
x¼y¼1

¼ zdSin þ NAdS

NdS
zAdSin

¼ zdSout ðdirected percolationÞ: ð70Þ

As mentioned earlier, consistent with the dominant decay
channel approximation we should set GdSðx; yÞ ¼ yFdS

0 ðxÞ,
such that the out-degree of transient vacua is precisely 1. To
see how percolation works out, it is instructive to keep
things slightly more general by assuming that transients
have independent in- and out-degree distributions:

GdSðx; yÞ ¼ GdS
0 ðyÞFdS

0 ðxÞ: ð71Þ

In this case the percolation condition (70) reduces to

zdSin ¼ 1: ð72Þ
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Equivalently, from (65),

zdSout ¼ 1þ NAdS

NdS
zAdSin : ð73Þ

Equation (73) is a key result of our analysis. From the
point of view of dS vacua, the presence of terminals pushes
the percolation threshold above unity, i.e., zdSout > 1. This
makes sense intuitively, as absorbing nodes inhibit the
emergence of a giant component. On the other hand, the
dominant decay channel approximation tells us that
zdSout ≃ 1. Therefore, in order for a landscape region to be
near percolation criticality, it must satisfy

NAdSzAdSin ≪ NdS: ð74Þ

This is the situation shown in the right panel of Fig. 1,
wherein dS vacua decay primarily to other transients, and
the region includes a giant funnel of size

s⋆ ∼

(
N2=3

dS ER class;

N
γ−1
γ

dS scale-free; 2 < γ < 3:
ð75Þ

In contrast, if a significant fraction of dS vacua decay into
terminals, such that NAdSzAdSin is comparable to NdS, then
the landscape region will be subcritical, as shown in the left
panel of Fig. 1.
As argued in (25), in the downward and dominant decay

channel approximations, the probability to occupy a node is
proportional to the number of its ancestors: PðIÞ ∼ sI. In
other words, vacua with high occupation probability have
large number of ancestors. The probability that a randomly
chosen vacuum has s ancestors is precisely given by Ps,
defined in (52). For subcritical regions, the tail distribution
of the component is exponentially cut off, as in (53), and
therefore vacua in such regions typically have s ∼Oð1Þ.
For near-critical regions, however, Ps displays a power-law
tail, given by Ps ∼ s−3=2 for the ER universality class, and
∼s−

γ
γ−1 with 2 < γ < 3 for the scale-free graphs [see (60)].

Correspondingly, near-critical regions include nodes
whose number of ancestors is of order the size of the
giant component, i.e., s ∼ s⋆.
Thus we arrive at an important realization. To the extent

that landscape regions can be modeled as random networks,
as we have done, we conclude that vacua with the highest
occupational probability reside in landscape regions that
are close to directed percolation criticality. As usual,
near the percolation phase transition, various observables
assume power-law (scale-invariant) probability distribu-
tions, characterized by universal critical exponents that
are insensitive to the microscopic details of the system. As
we are about to show, the critical exponent for Ps translates
to a critical exponent for the CC distribution.

VII. CRITICAL EXPONENT FOR THE
COSMOLOGICAL CONSTANT

Let fVðvÞ denote the underlying CC probability distri-
bution function on the landscape, where v ¼ Λ=M4

Pl is the
dimensionless CC. In what follows we will keep fVðvÞ
completely general, except for one assumption made at
the end, namely that the distribution is smooth as v → 0þ,
such that

FVðvÞ ≃ fVð0Þv; for 0 < v ≪ 1; ð76Þ
where FVðvÞ is the cumulative distribution function.8

Our task is to derive a probability distribution PðvÞ that
takes into account the measure factor from cosmological
dynamics. For this purpose, we focus on landscape regions
close to directed percolation criticality. As argued above,
such regions include vacua whose number of ancestors are
of order the size of the giant component, i.e., s ∼ s⋆, and
therefore have very high probability. Furthermore, since all
but one vacuum in the giant component (in any connected
component, for that matter) is a terminal, we are justified in
focusing on v > 0 to deduce the CC distribution. (This is an
obvious consequence of the downward and dominant decay
channel approximations.) In other words, vacua in the giant
component are overwhelmingly more likely to be dS vacua
than AdS. For concreteness we focus on the Erdös-Rényi
universality class, and briefly discuss the generalization to
scale-free graphs at the end.
Consider a vertex in such a region, and suppose that this

vertex has s ancestors and t descendants. If the vertex in
question has vacuum energy v, then in the downward
approximation its s ancestors all have larger vacuum
energy, while its t descendants all have lower vacuum
energy. In other words, the conditional CC probability
distribution Pðvjs; tÞ follows ordered statistics:

Pðvjs;tÞ¼ ðsþ tþ1Þ!
t!s!

fVðvÞðFVðvÞÞtð1−FVðvÞÞs: ð77Þ

It is convenient to use the cumulative distribution itself as
the random variable, U ≡ FV , such that

du ¼ fVðvÞdv: ð78Þ
Clearly fUðuÞ is uniform over u∈ ½0; 1�. Indeed, the
ordered statistics of U are simply those of the uniform
distribution:

Pðujs; tÞ ¼ ðsþ tþ 1Þ!
t!s!

utð1 − uÞs

¼ Betaðtþ 1; sþ 1ÞðuÞ: ð79Þ

8Some authors [99–104] have argued that the underlying
distribution fVðvÞ for the landscape diverges as v → 0þ. If this
is the case, this would make our critical exponent for the CC even
more negative.
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The desired CC probability distribution is obtained by
marginalizing over s and t,

PðuÞ ¼
X
s;t

fSðsÞfTðtÞBetaðtþ 1; sþ 1ÞðuÞ; ð80Þ

where we have used the fact that s and t are indepen-
dent random variables, even for correlated degree
distributions [97].
The probability distribution fSðsÞ is given by

fSðsÞ ∼ sPs; ð81Þ

wherePs is the probability that a randomly chosenvertex has
s ancestors, defined in (52). The factor of s is the cosmo-
logical measure factor (25), which encodes the fact that the
probability to pick a node is proportional to the number of
ancestors. Since Ps ∼ s−3=2 in the tail at criticality, fSðsÞ ∼
s−1=2 is not normalizable for NdS → ∞. For the realistic
case of finite NdS, however, it is regularized by the giant
component of size s⋆ ∼ N2=3

dS . It follows that fSðsÞ has the
power-law behavior

fSðsÞ ≃
1

2
ffiffiffiffiffi
s⋆

p ffiffiffi
s

p ; s⋆ ≥ s ≫ 1: ð82Þ

Meanwhile, fTðtÞ is just the probability distributionPt that a
randomly chosenvertex has tdescendants.Allwewill need is
its power-law tail behavior (55):

fTðtÞ ¼ Pt ∼
1

t3=2
; t ≫ 1: ð83Þ

A. Analytic approximation for PðuÞ
We proceed to evaluate (80) analytically. We assume

throughout that u ≪ 1, and this will be justified a posteriori
since the resulting distribution will peak for u ≪ 1. First,
let us suppose that the integral is dominated by the tail
region s, t ≫ 1, such that fSðsÞ and fTðtÞ are given by (82)
and (83). In this regime, the Beta distribution is well-
approximated by a Gaussian, and the sums can be approxi-
mated as integrals:

PðuÞ∼
Z

ds
2

ffiffiffiffiffi
s⋆

p ffiffiffi
s

p
Z

dt

t3=2
ðsþ tÞ3=2ffiffiffiffiffiffiffiffiffi

2πst
p exp

�
−
sþ t
2st

ðt− suÞ2
�
:

ð84Þ

The t integral can be evaluated using Laplace’s method.
The exponent is stationary for t0 ¼ su. Consistency of the
tail approximation requires t0 ≫ 1, and in particular

s⋆u ≫ 1: ð85Þ

Evaluating the t integral, we obtain

PðuÞ ∼ 1

2
ffiffiffiffiffi
s⋆

p u−3=2
Z

s⋆

1=u

ds
s

¼ 1

2
ffiffiffiffiffi
s⋆

p u−3=2 lnðs⋆uÞ; s−1⋆ ≪ u ≪ 1: ð86Þ

This peaks for small u, as anticipated.
To see that the distribution is well-behaved as u → 0,

consider the regime s⋆u ≪ 1. In this case we can make
the approximation ð1 − uÞs ≃ 1 for all s, such that (80)
becomes

PðuÞ ≃
X
s;t

fSðsÞfTðtÞ
ðtþ sþ 1Þ!

s!t!
ut: ð87Þ

To proceed, let us assume that s ≫ t, which can be justified
a posteriori. Thus we obtain

PðuÞ ≃
X
s;t

fSðsÞsfTðtÞ
ðsvÞt
t!

: ð88Þ

Since su ≪ 1, clearly the sum peaks for t ¼ 0, in which
case

PðuÞ ≃ fTð0Þ
X
s

fSðsÞs ≃
1

3
fTð0Þs⋆; u ≪ s−1⋆ : ð89Þ

Thus, as claimed the distribution is smooth for u → 0, and
reaches a maximum value of ∼s⋆ at the origin.

B. The CC distribution

Equations (86) and (89) give the general probability
distribution for the cumulative variable u ¼ FVðvÞ of a
general distribution fVðvÞ. To translate to a probability
distribution PðvÞ for v itself, we now make the assumption
(76) that fVðvÞ is smooth as v → 0þ, such that

u ≃ fVð0Þv: ð90Þ

In the “tail,” defined by f−1V ð0Þs−1⋆ ≪ v ≪ min ðf−1V ð0Þ; 1Þ,
the CC probability distribution is a power-law

PðvÞ ∼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fVð0Þs⋆

p v−3=2 lnðs⋆fVð0ÞvÞ : ð91Þ

Thus the −3=2 critical exponent for s and t translates to an
identical critical exponent for v. In particular, the 95% con-
fidence interval for the CC is

v≲ log 20
fVð0Þs⋆

∼ N−2=3
dS : ð92Þ
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Therefore the cosmological measure favors small, positive
vacuum energy. It can explain our observed CC vobs ∼
10−120 if our vacuum belongs to a funneled region of size
NdS ∼ 10240.
To be clear NdS is the number of dS (transient) vacua in a

funnel region near directed percolation criticality, not the
total number of dS vacua across the entire landscape. Since
the cosmological measure favors vacua with the largest
number of ancestors, we are likely to inhabit the largest
funnel region near percolation criticality, i.e., the near-
critical region with largest NdS.
Unfortunately, it is unlikely that the Erdös-Rényi CC

distribution derived above offers a viable solution to the CC
problem. The reason is that it likely suffers from an empty
universe problem. With a Poisson distribution, a given node
typically only has a few parents. Their CC distribution is
also given by (91), hence they are themselves likely to have
a small CC. Since the vacuum energy of the parents sets an
upper bound on the energy scale of the last period of slow-
roll inflation, the generic outcome is an empty universe.
A possibleway out is if low-lying nodes have a large number
of parents. This requires many other nodes in the giant
component to be orphans (i.e., have vanishing in-degree), in
order to maintain the criticality condition zdSin ¼ 1.
Scale-free graphs offer a natural realization of this

scenario. As discussed in Sec. V E, scale-free graphs
include hubs, whose in-degree is of order the size of the
giant component. It is straightforward to repeat the analysis
for the scale-free degree distribution. The resulting power-
law in this case is

PðvÞ ∼ v−
γ

γ−1 ð2 < γ < 3Þ; ð93Þ

which is the same critical exponent as Ps itself, cf. (60).
Using (61), the 95% confidence interval is

v ≲ N
−γ−1

γ

dS : ð94Þ

We will comment further on the empty universe problem
and scale-free graphs in the Conclusions.

VIII. CONCLUSIONS

The near-criticality of our universe may be the strongest
empirical hint that we are part of a multiverse. A natural
arena to realize this ensemble is the vast energy landscape of
string theory, together with the dynamics of eternal inflation
to instantiate in space-time the different vacua of the
landscape.Making robust statistical predictions for physical
observables in our own universe is unquestionably a task of
fundamental importance in theoretical physics. Yet, how can
we ever hope to make progress toward this goal without a
detailed understanding of the string landscape?
Fortunately, despite all of its conceptual pitfalls, eternal

inflation boils down to a random walk on the network of

vacua. Technically this is an absorbing Markov process,
because of terminal (AdS/Minkowski) vacua which act as
sinks. Hence the dynamics are inherently nonequilibrium.
The Markov process leads to a natural definition of prob-
abilities as occupational probabilities for the random walk.
In this paper we showed how the Markov process

governing vacuum dynamics can be mapped naturally to
a problem of directed percolation on the network of vacua.
The mapping relies on two very general and well-justified
approximations for transition rates: (1) the downward
approximation, which neglects “upward” transitions, as
these are generally exponentially suppressed; and (2) the
dominant decay channel approximation, which capitalizes
on the fact that tunneling rates are exponentially staggered.
With these simplifying assumptions, we argued that the

uniform-in-time probabilities reduce a simple and intuitive
observable in directed graphs. Namely, the probability to
occupy a particular node is proportional to the number of its
ancestors, i.e., how many other nodes can reach it through a
sequence of directed (downward) transitions. Thus the
probabilities favor vacua with a large basin of ancestors,
lying at the bottom of a deep funnel. Funneled landscape
topography appears to be a common solution to optimiza-
tion on complex energy landscapes, including protein
folding [45], atomic clusters [46–48], deep learning [49],
and combinatorial optimization [50].
Lacking detailed knowledge of the string landscape, we

modeled the network of vacua as random graphs with
arbitrary degree distributions, including Erdös-Rényi and
scale-free graphs. As a complementary approach, we also
modeled regions of the landscape as regular lattices,
specifically Bethe lattices. Despite representing extreme
opposites of graph regularity, Bethe lattices and Erdös-
Rényi belong to the same percolation universality class.
Thus one may hope that the lessons drawn from studying
percolation in these simplified, idealized setups carry over
to more realistic landscapes.
The most important result of our analysis is that the

uniform-in-time probabilities favor regions of the land-
scape poised at the directed percolation phase transition. In
other words, our vacuum most likely resides within a
network of vacua tuned at directed percolation criticality.
As usual, the predictive power of criticality lies in univer-
sality. This raises the tantalizing prospect of deriving
statistical predictions for physical observables that are
insensitive to the details of the underlying landscape.
More broadly, it suggests a deep and powerful relation
between phase transitions in landscape dynamics and the
inferred near-criticality of our universe.
To illustrate this point, we derived a probability distri-

bution for the CC. At percolation criticality, the probability
distributions for the number of ancestors and descendants
of a given node both display power-law tails, with certain
critical exponents. Assuming only that the underlying CC
distribution function is smooth near the origin, we derived
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probability distributions for the CC that are also power-law,
with critical exponents that are determined by the univer-
sality class (Erdös-Rényi or scale-free). These distributions
favor small, positive CC, and can account for the observed
CC if our vacuum belongs to a large enough region. In fact,
since the measure favors vacua with the largest number of
ancestors, we are likely to inhabit the largest funnel region
near percolation criticality.
There are many future directions of inquiry worth

pursuing. Let us mention two concrete follow-ups:
(i) It is possible to derive probability distributions for

other physical observables. To give one example,
consider a node of in-degree k. The joint probability
distribution for its k parents to have s1; s2;…; sk
ancestors, Pðs1;…; skjkÞ, translates to a joint dis-
tribution for the potential energy of its parents, given
by Pðv1;…; vkjkÞ. This statistics informs us on the
energy scale of the last period of slow-roll inflation,
which of course has immediate bearing on the
observational prospects of detecting primordial
gravitational waves. This also has immediate bear-
ing on the potential empty universe problem
discussed in Sec. VII. For instance, one could
condition on sufficiently large k, i.e., large number
of parents.

(ii) The connection with other complex energy land-
scapes deserves further exploration. A remarkable
aspect of protein folding networks is that they are
scale-free, with the native state acting as a hub with
very large degree [105]. Protein folding networks
also display the small-world property, and are
hierarchical. Similar properties are found in atomic
clusters with Leonard-Jones interactions [46–48]—
their funnel topography is hierarchical (funnels
nested within larger funnels), and the degree dis-
tribution is scale-free. It may be that such properties
are generic to optimization on complex energy
landscapes. It will be fascinating to explore their
implications in the context of landscape dynamics.
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APPENDIX A: PERCOLATION ON UNDIRECTED
RANDOM GRAPHS

In this appendix, we give a review of percolation on
undirected random graphs, for completeness. An undi-
rected random network is defined by specifying a degree
probability distribution:

pk ¼ probabilityof a randomlychosennodehavingdegreek:

ðA1Þ

The moment generating function is

G0ðxÞ ¼
X∞
k¼0

pkxk; ðA2Þ

with normalization condition G0ð1Þ ¼
P∞

k¼0 pk ¼ 1. Its
derivatives give as usual the moments of the distribution,
such as the average degree:

z≡ hki ¼
X∞
k¼0

kpk ¼ G0
0ð1Þ: ðA3Þ

The next important quantity is the degree distribution of
a vertex reached by following a randomly chosen edge.
This distribution is not simply pk, since we are k times more
likely to arrive at a vertex with degree k as we are at a vertex
of degree 1. Therefore this distribution is proportional to
kpk. Now, suppose we start from a randomly chosen vertex,
and follow each of its links to reach the 1st neighbors. We
are interested in the “excess degree” of the 1st neighbors,
which excludes the edge we arrived along. Let

qk ¼ probability that 1st neighbor has excess degree k:

ðA4Þ

This is shown in Fig. 7. This distribution is related to pk by

qk ¼ ðkþ1Þpkþ1P
k
kpk

¼ ðkþ1Þpkþ1

z , and its generating function is

given by

G1ðxÞ≡
X∞
k¼0

qkxk ¼
G0

0ðxÞ
z

: ðA5Þ

FIG. 7. Starting from a randomly chosen (“original”) vertex, we
follow of its links (dashed line) to a 1st neighbor. The probability
that this 1st neighbor has k edges excluding the one we followed
is qk, with generating function G1ðxÞ given by (A5).
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Now, if the original vertex has degree k, then the number
of second-nearest neighbors is generated by ðG1ðxÞÞk.
This ignores loops, which are negligible in the large N
limit below the percolation threshold, as argued below. It
follows that number of 2nd neighbors is generated byP∞

k¼0 pkðG1ðxÞÞk ¼ G0ðG1ðxÞÞ. For instance, the average
number of 2nd neighbors is

z2 ¼
d
dx

G0ðG1ðxÞÞ
����
x¼1

¼ G00
0ð1Þ; ðA6Þ

where we have used (A3) and G1ð1Þ ¼ 1.

1. Erdös-Rényi example

An important example is the Erdös-Rényi graph [51].
An undirected Erdös-Rényi graph is a random graph withN
vertices, in which an edge between any two distinct
vertices has a probability p of being included. Therefore
the probability distribution pk is binomial and tends to the
Poisson distribution for large N, as given by (36). The
generating functions (A2) and (A5) in this case are given by

G0ðxÞ ¼ G1ðxÞ ¼ ezðx−1Þ: ðA7Þ

The average number of 2nd neighbors (A6) is
p2ðN − 1ÞðN − 2Þ ≃ p2N2, and therefore

z2 ≃ z2 ðPoissonÞ: ðA8Þ

To see that the probability of having loops is suppressed
by 1

N below or close to the percolation threshold, consider
the probability of having two 1st neighbors connected to
each other. For a random vertex with degree k there are
kðk−1Þ

2
possible edges between any pair of its neighbors. The

chance of having at least one loop is 1 − ð1 − pÞkðk−1Þ2 . In
Erdös-Rényi graphs, p ≃ z

N, thus the chance of having

triangular loops is ≃ zkðk−1Þ
2N ∼ 1

N in the large N limit.

2. Component size distribution

With these tools at hand, we next consider the size
distribution of connected components. For this purpose we
work below (or close to) the percolation phase transition.
We define

H1ðxÞ ¼ Gen: fcn for size of components reached

by following a randomly chosen edge: ðA9Þ

Ignoring loops, as they are suppressed by 1
N close to

the percolation threshold, we have the treelike structure
depicted in Fig. 8(a). From the definition of qk, the treelike
structure implies the consistency condition

H1ðxÞ ¼ x
X∞
k¼0

qkðH1ðxÞÞk ¼ xG1ðH1ðxÞÞ; ðA10Þ

where the last step follows from qk being generated by G1.
Similarly, we define the distribution of (finite) component
sizes reached starting from a randomly chosen vertex:

Ps ¼ probability that ðfiniteÞ component reached by

following a randomly chosen vertex has size s: ðA11Þ

We denote by H0ðxÞ the corresponding generating func-
tion: H0ðxÞ ¼

P∞
s¼0 Psxs. It satisfies the consistency

relation, depicted in Fig. 8(b),

H0ðxÞ ¼ x
X∞
k¼0

pkðH1ðxÞÞk ¼ xG0ðH1ðxÞÞ; ðA12Þ

where the last step follows from pk being generated by G0.
By definition, H0 describes finite components, i.e., it
excludes the giant component. As long we are below the
percolation threshold, such that there is no infinite cluster,
then H0ð1Þ ¼ 1. Above the percolation threshold, H0ð1Þ
gives the fraction of the vertices that do not belong to the
giant component. To be precise, let PðzÞ denote the fraction
of vertices belonging to the giant component:

PðzÞ ¼ 1 −H0ð1Þ: ðA13Þ

3. Percolation phase transition

For general random graphs, it is often difficult in practice
to solve (A10) analytically, hence we must content our-
selves with computing the moments of the size distribution,
such as the average size of (finite) connected components
SðzÞ. First let us work below the phase transition, such that

(a) (b)

FIG. 8. (a) Treelike structure satisfied by the generating function H1 for the distribution of component sizes starting from a randomly
chosen edge; (b) Same structure, but for the generating function H0 for the component sizes starting from a randomly chosen vertex.
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there is no giant component, and H0ð1Þ ¼ H1ð1Þ ¼ 1.
Using (A12), we obtain

SðzÞ ¼ H0
0ð1Þ ¼ 1þ G0

0ð1ÞH0
1ð1Þ: ðA14Þ

On the other hand, from (A10) we have H0
1ð1Þ ¼

1þ G0
1ð1ÞH0

1ð1Þ, which implies H0
1ð1Þ ¼ 1

1−G0
1
ð1Þ. Thus

we obtain

SðzÞ ¼ 1þ G0
0ð1Þ

1 −G0
1ð1Þ

¼ 1þ z2

z − z2
; ðA15Þ

where in the last step we have used (A3) and (A6). It is clear
that the percolation threshold where a giant component
emerges is given by the condition

z2 ¼ z ðpercolationÞ: ðA16Þ

[Notice that this is identical to (48), hence the percolation
structure matches that of the directed case.] This result
holds for any degree distribution pk with finite mean and
variance. More generally, above the phase transition SðzÞ
gives the average size of finite clusters, i.e., excluding
the giant component. Using (A13), the generalization of
(A14) is

SðzÞ ¼ H0
0ð1Þ

H0ð1Þ
¼ 1þ zH2

1ð1Þ
ð1 − PðzÞÞ½1 −G0

1ðH1ð1ÞÞ�
; ðA17Þ

where H1ð1Þ ¼ u is the probability that there is no infinite
cluster going down an edge. It is the smallest solution of
u ¼ G1ðuÞ, with 0 ≤ u ≤ 1.
As an explicit example, consider Erdös-Rényi graphs.

Combining (A8) and (A16), we recover the classic result
that percolation occurs at a critical mean degree zc ¼ 1, and
corresponding critical probability pc ≃ 1

N. Using (A7), the
implicit equations (A10) and (A12) are readily solved in
terms of the Lambert W function:

H0ðxÞ¼H1ðxÞ¼−
1

z
Wð−zxe−zÞ ðERgraphsÞ: ðA18Þ

The fraction of vertices belonging to a giant cluster (A13) is
given by

PðzÞ ¼ 1 −H0ð1Þ ¼ 1þWð−ze−zÞ
z

: ðA19Þ

Equivalently, PðzÞ satisfies the well-known implicit rela-
tion PðzÞ ¼ 1 − expð−zPðzÞÞ. As shown in Fig. 9 (blue
curve), PðzÞ vanishes identically below percolation,
starts growing at the percolation threshold zc ¼ 1, and
approaches unity for large z. Using the general expression
(A17), the average size of finite clusters in this case is
given by

SðzÞ ¼ 1

1 − zð1 − PðzÞÞ : ðA20Þ

As shown in Fig. 9 (purple curve), this diverges at
criticality.

4. Tail component size distribution
near percolation threshold

Close to the percolation, the tail of the component size
distribution Ps takes the form (53). Analogously to the
directed case, at criticality this distribution has a power-law
tail, with the same −3=2 critical exponent [52]:

Ps ∼ s−3=2: ðA21Þ

See Appendix B for a brief proof of this result. A related
quantity is ns, the probability distribution for the number of
clusters of size s, which also exhibits a power-law tail
ns ∼ s−5=2 at criticality. In general, ns is related to Ps by
Ps ¼ sns, where the factor of s accounts for the fact that
one is s times more likely to randomly pick a node
belonging to a cluster of size s than an isolated node.
The giant component is of size N2=3 at criticality. All other
components have size OðlogNÞ. Above the percolation
threshold, the giant component grows to encompass an
Oð1Þ fraction of all the nodes.

APPENDIX B: CRITICAL EXPONENT
FOR COMPONENT SIZE DISTRIBUTION

In the main text we claimed that, for undirected random
graphs, the distribution Ps of (finite) component sizes from
a randomly chosen vertex develops a power-law tail at
criticality. In this appendix, for completeness we briefly
outline the proof of this result, closely following [52].
We focus on the Erdös-Rényi universality class, which

FIG. 9. Percolation criticality for Erdös-Rényi graphs. Blue
curve: The fraction of vertices PðzÞ belonging to the giant
component, given by (A19). Purple curve: The average size of
finite clusters, SðzÞ, excluding the giant component, given
by (A20).
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includes all degree distributions with finite mean and
variance.
Near the percolation threshold, the tail of Ps takes the

form

Ps ∼ s−τe−s=smax : ðB1Þ

As usual, the asymptotic behavior of Ps is encoded in the
behavior of its generating function H0ðxÞ near its radius of
convergence jx⋆j [106]. (The radius of convergence is
defined as the singularity in H0ðxÞ closest to the origin.)
Concretely, the correlation length smax is given by

smax ¼
1

log jx⋆j
: ðB2Þ

Given the implicit relation (A12), and using the fact that the
first singularity inG0ðxÞ lies outside the unit circle, one can
deduce that x⋆ also corresponds to the singularity in H1ðxÞ
closest to the origin.
With these facts at hand, consider the implicit relation

(A10) for H1:

H1ðxÞ ¼ xG1ðH1ðxÞÞ: ðB3Þ

Letting w≡H1ðxÞ, this can be expressed as

x ¼ H−1
1 ðwÞ ¼ w

G1ðwÞ
: ðB4Þ

The singularity at x⋆ entails that dx
dH1

jx¼x⋆ ¼ 0, and there-

fore dH−1
1
ðwÞ

dw jw¼w⋆
¼ 0. Using (B4), this last statement

implies

G1ðw⋆Þ ¼ w⋆G0
1ðw⋆Þ: ðB5Þ

Given a solution w⋆ to (B5), we can solve (B4) to find the
corresponding x⋆:

x⋆ ¼ w⋆

G1ðw⋆Þ
; ðB6Þ

and thus smax via (B2). It should be stressed that (B5) need
not have a solution. When it does not, then the asymptotic
behavior of Ps is not of the form (B1). We will see,
however, that a solution to (B5) exists close to the phase
transition.
Indeed, at the percolation threshold, defined by

G0
1ð1Þ ¼ 1, (B5) and (B6) are solved by

x⋆ ¼ w⋆ ¼ 1 at percolation: ðB7Þ

Correspondingly, smax → ∞. To determine the power-law
forPs at criticality, let us expand (B4) around x⋆ ¼ w⋆ ¼ 1:

x ¼ H−1
1 ðwÞ ¼ 1þ ðw − 1Þ

G1ð1þ ðw − 1ÞÞ
≃ 1 −

1

2
G00

1ð1Þðw − 1Þ2 þ… ðB8Þ

where we have used G1ð1Þ ¼ G0
1ð1Þ ¼ 1. The derivation

clearly relies onG00
1ð1Þ being finite. From (A5), this amounts

to assuming that the first three moments of the degree
distribution are finite. This is the case, in particular, for
the Poissonian distribution, but not for scale-free graphs.
It follows from (B8) that

j1 − wj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

jG00
1ð1Þj

s ffiffiffiffiffiffiffiffiffiffiffi
1 − x

p
: ðB9Þ

Therefore, since w ¼ H1ðxÞ, we deduce that the singular
behavior of H1, and therefore that of H0ðxÞ as well, near
x ¼ 1 is given by

H0ðxÞ ∼H1ðxÞ ∼ ð1 − xÞβ; with β ¼ 1

2
: ðB10Þ

The critical exponent β ¼ 1=2 is related to the critical
exponent τ for Ps as follows. On the one hand, from (B10)
we have

β ¼ 1þ lim
x→1

ðx − 1ÞH
00
0ðxÞ

H0
0ðxÞ

: ðB11Þ

On the other hand, the asymptotic form (B1) implies that
H0ðxÞ can be expressed as

H0ðxÞ ¼
Xa−1
s¼0

Psxs þ C
X∞
s¼a

s−τe−s=smaxxs þ… ðB12Þ

where C is a constant, and a is sufficiently large. The
singular behavior as x → 1 is encoded in the infinite sum.
Focusing on this term we have

β ≃ 1þ lim
x→1

x − 1

x

P∞
s¼a s

2−τxs−1P∞
s¼a s

1−τxs−1
: ðB13Þ

In the limit of large a, i.e., large s, the infinite sums can be
approximated as integrals:

P∞
s¼a s

2−τxs−1P∞
s¼a s

1−τxs−1
≃
R
∞
a dss2−τxsR
∞
a dss1−τxs

¼ −
1

log x

R∞
−a log x dtt

2−τe−tR
∞
−a log x dtt

1−τe−t

¼ −
1

log x
Γð3 − τ;−a log xÞ
Γð2 − τ;−a log xÞ : ðB14Þ

DIRECTED PERCOLATION CRITICALITY IN ETERNAL … PHYS. REV. D 108, 103541 (2023)

103541-21



Substituting into (B13) and taking the limit x → 1, we
obtain

β ¼ τ − 1: ðB15Þ

Since β ¼ 1=2, it follows that τ ¼ 3=2, which proves (54).

APPENDIX C: BETHE LATTICE AND ITS
PERCOLATION STRUCTURE

As a second approach to percolation on the landscape,
the underlying graph topology is modeled as a Bethe lattice
(or Cayley tree). This approach is appropriate whenever
transitions are strictly “local” in field space, i.e., they are
non-negligible only between “nearest-neighbor” vacua,
while transitions to more distant vacua can be safely
ignored.

1. Undirected Bethe lattice

A Bethe lattice is loop-free graph where all vertices have
the same degree k. Thus it is a tree with branching number
k − 1. An example is given in Fig. 10. In the undirected
case, there is nothing special about the central vertex, since
every vertex can be viewed as the root.
Thanks to the self-similar structure of this graph, the

percolation problem is easily solved. As usual, one assigns
a probability p for each edge to be included. The perco-
lation phase transition, defined by the emergence of a giant
cluster, occurs at a critical pc. More precisely, in the
N → ∞ limit, the probability PðpÞ that a vertex is part
of an infinite cluster (i.e., connected to infinitely many
vertices) vanishes for p < pc and is finite for p > pc.
Clearly PðpÞ satisfies

PðpÞ ¼ 1 −QkðpÞ; ðC1Þ

where QðpÞ is the probability that a neighboring vertex
does not connect to infinity on the other side. Due to the
similarity of the next layer of neighbor, QðpÞ satisfies the
implicit relation,

Q ¼
Xk−1
l¼0

�
k − 1

l

�
ð1 − pÞk−1−lðpQÞl

¼ ð1 − pð1 −QÞÞk−1; ðC2Þ

where the first equality accounts for all combinations of
connecting to the next layer.
The critical probability pc of percolation is defined such

that 1 > Qðp > pcÞ > 0, i.e., the boundary of p in which
QðpÞ is nonzero. To obtain an expression for pc, let us
work near the percolation threshold, where 1 −Q ≪ 1.
Expanding the implicit relation (C2) for 1 −Q ≪ 1, we
obtain

1 −Q ≃ ðk − 1Þpð1 −QÞ ⇒ pc ¼
1

k − 1
: ðC3Þ

Thus at percolation criticality each vertex has one con-
nection to the next layer on average. [For p < pc, the only
solution to (C3), and more generally (C2), is QðpÞ ¼ 1,
corresponding to PðpÞ ¼ 0.]
The next quantity of interest is the average cluster size,

SðpÞ, for p ≤ pc. It satisfies

SðpÞ ¼ 1þ kTðpÞ; ðC4Þ

where TðpÞ is the expected size of the sub-branch going
down an edge. Again, due to the self-similar structure, we
have the implicit relation

T ¼ pð1þ ðk − 1ÞTÞ: ðC5Þ

The factor p accounts for the probability of connection, and
1þ ðk − 1ÞT is the vertex itself plus the expected size of
the k − 1 vertices at the next layer. Solving for T and
substituting (C3) gives

TðpÞ ¼ pcp
pc − p

: ðC6Þ

Substituting into (C4) gives

SðpÞ ¼ pcð1þ pÞ
pc − p

ðp ≤ pcÞ: ðC7Þ

As expected, the average cluster size diverges as p → pc
from below. The probability PðpÞ and the average size of
cluster SðpÞ are plotted as a function of p in Fig. 11.
Near the percolation threshold, the tail of the compo-

nent size distribution Ps takes the same form as (B1).FIG. 10. A Bethe lattice with degree k ¼ 3.
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Remarkably, it can be shown that it has the same critical
exponent as Erdös-Rényi graphs,

Ps ∼ s−3=2; ðC8Þ

for any k [90,91]. To show this, one starts with the quantity

nsðpÞ∶ the number of s-size cluster per site; ðC9Þ

such that snsðpÞ is the fraction of sites belonging to an
s-size cluster. In general, the chance of forming an s-size
cluster is

nðs; pÞ ¼ gs;αps−1ð1 − pÞα; ðC10Þ

where ps−1 accounts for s − 1 connected edges, ð1 − pÞα
accounts for α disconnected edges at the “boundary” of the
cluster, and gs;α is a combinatoric factor. One can easily
figure out that α ¼ sðk − 1Þ þ 2, therefore

nðs; pÞ
nðs; pcÞ

¼ pc

p

�
1 − p
1 − pc

�
2

× exp

�
s ln

�
ðk − 1Þp

�ðk − 1Þð1 − pÞ
k − 2

�
k−2

��

∼
pc

p

�
1 − p
1 − pc

�
2

exp

�
−

s
lðpÞ

�
; ðC11Þ

where we only focus on the proximity of the percolation
threshold, and

1

lðpÞ ¼
1

2p2
cð1 − pcÞ

ðp − pcÞ2 þOððp − pcÞ3Þ: ðC12Þ

Furthermore we can approximate that, for large s and
k > 2,

nðs; pÞ ∝ s−σ exp

�
−

s
lðpÞ

�
: ðC13Þ

Therefore the average cluster size SðpÞ, can be approxi-
mated as

SðpÞ ¼
X
s

s2nðs; pÞ ≈
X
s

s2−σ exp

�
−

s
lðpÞ

�

≃
Z

∞

1

dss2−σ exp

�
−

s
lðpÞ

�
≃ ðlðpÞÞ3−σΓð3 − τÞ
∝ ðp − pcÞ2σ−6: ðC14Þ

At the same time we know that SðpÞ ∝ ðpc − pÞ−1 from
(C7), therefore

σ ¼ 5

2
: ðC15Þ

By definition, the chance of a randomly chosen site
belonging to an s-size cluster is then,

PsðpÞ ¼ snðs; pÞ ∝ s−3=2 exp

�
−

s
lðpÞ

�
: ðC16Þ

At criticality, lðpÞ diverges per (C12), and we recover (C8).

2. Directed Bethe lattice

In the situation of interest, the downward approximation
implies that the graph is a directed Bethe lattice. This
reflects the fact that low-lying (high-lying) vacua have
mostly incoming (outgoing) edges. Choosing a fixed vertex
as the center, we denote by r the probability that an edge is
directed outward from this center, and by s ¼ 1 − r the
probability of the edge being directed inward. Thus the
probability of including an inward edge is pr. For general
r, vertices are no longer indistinguishable since the chosen
center vertex is indeed the center. (The exception is
r ¼ 1

2
, where every vertex is still statistically the same.)

Nevertheless, away from the center vertex, layers after
layers still have the same self-similarity structure.
Certain properties are insensitive to r, such as the

emergence of the giant component. One can ask about
the probability for the existence of a directed path from the
center vertex to infinity. The derivation of PðpÞ in the
undirected case applies just as well to the directed case with
the replacement p → pr. Therefore the probability for the
existence of a path to infinity and the probability for a path
from infinity are respectively given by

a path to∞ ∶ PðprÞ;
a path from∞ ∶ PðpsÞ: ðC17Þ

FIG. 11. The probability PðpÞ for a vertex to belong to an
infinite cluster (blue) and the average cluster size SðpÞ (orange)
as a function of p for an undirected Bethe lattice with degree
k ¼ 4, corresponding to pc ¼ 1=3.
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Similarly, the average size of the outward- and inward-pointing clusters are respectively given by SðprÞ and SðpsÞ.
Obviously their sum must be strictly smaller than the average cluster size in the undirected case,

SðprÞ þ SðpsÞ − 1 < SðpÞ; ðC18Þ

below the percolation threshold, p ≤ pc.
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