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We study rotating compact stars that are mixtures of the ordinary nuclear matter in a neutron star and
fermionic dark matter. After deriving equations describing a slowly rotating system made up of an arbitrary
number of perfect fluids, we specialize to the two-fluid case, where the first fluid describes ordinary matter
and the second fluid describes dark matter. Electromagnetic observations of the moment of inertia and
angular momentum directly probe ordinary matter and not dark matter. Upon taking this into account, we
show that the /-Love-Q relations for dark matter admixed neutrons stars can deviate significantly from the

standard single-fluid relationships.

DOI: 10.1103/PhysRevD.108.103016

I. INTRODUCTION

Dark matter admixed neutron stars are mixtures of the
ordinary nuclear matter in a neutron star and dark matter
modeled as either a bosonic or fermionic particle. If a
sufficient amount of dark matter is present in the star,
observable properties such as the mass and radius can be
affected. Models exist in which dark matter is enveloped by
ordinary matter and forms a dark matter core or dark matter
envelopes ordinary matter and forms a dark matter cloud.
Neutron star observations therefore offer the intriguing
possibility of indirectly probing the properties of dark matter.

Static spherically symmetric dark matter admixed neutron
stars have been studied extensively. For a sampling of work
in which dark matter is assumed to be a bosonic particle
see [1-8] and for dark matter assumed to be a fermionic
particle see [9-22]. If one moves away from static and
spherically symmetric spacetimes, then there are fewer
studies. Spherically symmetric dynamical studies have
simulated dark matter admixed neutron stars with bosonic
dark matter [23-31] and fermionic dark matter [32].
Axisymmetric spacetimes allow for rotating dark matter
admixed neutron stars. Reference [33] studied the gravita-
tional waves produced by a rotating star with bosonic
dark matter, Ref. [34] studied a rotating neutron star with
fermionic dark matter using a single-fluid model, and
Refs. [35,36] studied rotating white dwarfs using a New-
tonian formalism. A full three dimensional simulation of a
binary inspiral where the stars contained bosonic dark matter
was performed in [26]. Possible formation mechanisms
leading to systems with sufficient amounts of dark matter
have been considered in [24,27,32,36-40].

In this work, we study rotating dark matter admixed
neutron stars with fermionic dark matter. As far as we are
aware, this has not previously been considered in detail
using a multifluid model. We use Hartle’s slowly rotating
approximation in which the stationary axisymmetric metric
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is written as a perturbation about the static spherically
symmetric metric with perturbations kept through second
order [41,42]. Hartle’s formalism requires ordinary matter
and dark matter to be rotating uniformly, though it allows
them to rotate at different speeds. By slow, we mean that

Q, <\/GM. /R, (1)

where €, is the angular velocity of either ordinary matter or
dark matter, G is the gravitational constant, and M, and R,
are the mass and radius of the nonrotating star.

There are a couple important reasons why using the slowly
rotating approximation can be more advantageous than
numerically solving the full Finstein equations. First, in
the slowly rotating formalism, the angular dependence is
described analytically with Legendre polynomials. This
results in a set of linear ordinary differential equations
(ODEs) that are significantly easier to solve than the set
of nonlinear partial differential equations which follow from
the full Einstein equations. As a consequence, when appli-
cable, the slowly rotating solutions are the most accurate
available. Second, the vast majority of observed neutron stars
have rotation speeds consistent with Eq. (1) [43]. The slowly
rotating approximation therefore has significant practical
value, in addition to being easier to solve.

Dark matter direct detection experiments have placed
strong bounds on the interaction strength between nuclear
matter and dark matter. With respect to bulk properties of
the star, such as the mass and radius, these bounds indicate
that the interaction strength is negligibly small and can be
ignored [16,37]. We model both ordinary matter and
fermionic dark matter as perfect fluids. Our system is then
a two-fluid system where the fluids have only gravitational
interfluid interactions.

A two-fluid system using Hartle’s slowly rotating
approximation was developed by Andersson and Comer
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in [44] (see also [45]) for the study of superfluid neutron
stars, in which neutrons act as a separate fluid from the
remaining charged particles. Their construction allows for
nongravitational interfluid interactions and relies heavily
on notation that is largely unfamiliar in the study of dark
matter admixed neutron stars. In this work, we neglect
nongravitational interfluid interactions for the reasons
explained above and use more familiar notation. As a
generalization to [44], we derive the system of equations
for an arbitrary number of perfect fluids. We then specialize
to the two-fluid case, where the first fluid describes
ordinary matter and the second fluid describes dark matter.

The use of a perfect fluid to describe matter requires
specification of an equation of state, which describes the
particle content and interactions between the particles.
Unfortunately, properties of nuclear matter at the extreme
pressures found in the core of a neutron star are largely
unknown. As a consequence, the correct equation of state
for the ordinary matter in a neutron star is also unknown
and many equations of state have been proposed. The
situation is worse for dark matter, since even less is known
about the properties of dark matter. Nonetheless, a choice
for the equation of state for dark matter must be made.

The I-Love-Q relations for neutron stars are relation-
ships between the moment of inertia /, the Love number,
and the quadruple moment Q that are universal in that they
are approximately independent of the equation of state [46—
49]. These relationships were originally discovered using
the slowly rotating approximation, but have since been
confirmed for rapidly rotating [50,51] and magnetized [52]
neutron stars. The /-Love-Q relations allow one to make
nontrivial statements about neutron stars without having to
rely on a choice for the equation of state.

In this work, we study the /-Love-Q relations for dark
matter admixed neutron stars. Two-fluid studies of /-Love-Q
were recently made for superfluid neutron stars in [49,53]
using the formalism of [44,45]. We present a complementary
two-fluid study of /-Love-Q before focusing on dark matter
admixed neutron stars. An important difference between an
arbitrary two-fluid system and a dark matter admixed system
is that dark matter cannot be probed electromagnetically. We
study how properties of I-Love-Q that rely on electromag-
netic measurements would then depend on ordinary matter
alone, while properties of /-Love-Q that depend on gravi-
tational measurements would depend on the full mixed star.
After taking this into account, we find significant deviation
from the standard single-fluid /-Love-Q relations. Further,
the I-Love-Q relations can no longer be parametrized by one-
parameter curves.

This paper is organized as follows. In Sec. II, we present
a detailed derivation of the system of equations for a slowly
rotating star with an arbitrary number of perfect fluids that
have only gravitational interfluid interactions. In Sec. III,
we explain our numerical methods and present example
configurations. In Sec. IV, we describe the I-Love-Q

relationships and present results for a straightforward
generalization of /-Love-Q for two fluids and results for
I-Love-Q for dark matter admixed neutron stars. We
conclude in Sec. V. In writing equations, we use units
such that ¢ = A = 1 and retain the gravitational constant G.

II. SLOWLY ROTATING MULTIPLE-FLUID
SYSTEM

In this section, we derive the equations describing
an arbitrary number of slowly rotating perfect fluids.
We assume the fluids rotate uniformly about a common
rotation axis. As described in the Introduction, we further
assume that the fluids have only gravitational interfluid
interactions.

Following Hartle [41], we write the stationary axisym-
metric metric as a perturbation about a static spherically
symmetric metric,

ds? = —et) [ +2h(7,0)]dr?
2m(7,6) 5
r—ZGM [ F—2GM(F )}drz
72 [1 + 2k(7,0)]{d0* + sin®*0[dp — w(7)d1]*}, (2)
where

0) = ho(F) + hy(¥)P5(cos ) + O(Q*)
m(7,0) = my(F) + my(F)Py(cos 0) + O(Q*)
0) = ko (7)P»(cos 0) + O(Q)*

= [02(F) = hy(7)]P2(cos 0) + O(Q)*.  (3)

In this metric, v and M are equilibrium fields which
parametrize the static spherically symmetric metric; @ is
a perturbation that is first order in the angular velocity Q;
and h, hg, hy, m, mgy, my, k, k,, and v, are second order
perturbations. P,(cos@) = (3 cos’d —1)/2 is the second
order Legendre polynomial. Subscripts on perturbations
indicate whether they are spherical (£ = 0) or quadrupole
(Z = 2) perturbations. The bar on 7 indicates that this is the
original radial coordinate. Soon, we will transform to a new
radial coordinate.

The total energy-momentum tensor, 7%, which is used
on the right-hand side of the Einstein field equations,

m = 8uG Ty (4)

where G*¥ is the Einstein tensor, has contributions from
each fluid. With only gravitational interfluid interac-
tions, the total energy-momentum tensor separates and is
given by

Tloo =Y T, (5)
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where x labels the fluid, and
T = (Ec + P)ukul + P g™ (6)

is the energy-momentum tensor for an individual perfect
fluid. In (6), £, is the energy density, P, is the pressure, and
u% is the four-velocity for fluid x. Each of these quantities
depends on 7 and @ and accounts for effects having to do
with rotation. The four-velocities are given by

uh = ul(1,0,0,9,), (7)

where €, is the angular velocity of the fluid. Since we are
assuming each fluid rotates uniformly, Q, is a constant.
From g, ukut = —1, we have

u, = [_(gtt + 29t¢Qx + g¢¢9)2c)]_1/2- (8)

As mentioned, the energy density £, and the pressure P,
take into account the effects of rotation. We can therefore
write these as

E(7,0) = e, (F) + 6E,(7,0)

Px(7.0) = pi(F) + 6P(7.0). ©)
where ¢, and p, are the equilibrium fields and 6€, and 6P,
are perturbations.

With only gravitational interfluid interactions, the equa-
tions of state for each fluid also separate,

P = Px(gx), (10)

in that P, only depends on its respective energy density &,
and not on properties of other fluids, and the individual
energy-momentum tensors are independently conserved,

V, T =0, (11)

A. Equations of motion

Conservation of the individual energy-momentum ten-
sors in (11) lead to the equations of motion

0,P, = (£, +P,)0,(In ul). (12)
This equation can be solved analytically. Defining
& d¢,
=& - —, 13
=P - [ e

where a prime labels the integration variable, the equations
of motion can be written

0

(L —1nu}) =0, (14)

with solution
I,—Inu. =Inp, (15)

where the u, are constants.

Following [41,54], we expand I', analogously to the
metric fields,

T.(F.0) = T(F) + 6pso(F) + 6paa(F)Pa(cos 6).  (16)

where I'}Y is the equilibrium value and 8p,q and 6p,, are
second order perturbations. The use of the symbol p in dp
and dp,, is standard, but we note that these are not
perturbations to the pressure. Indeed, the pressure and
energy density perturbations are defined in (9). Using that
dl', = dP,/(E, + P,), one can show that the pressure and
energy density perturbations are given by

SP.(7,0) = [ex(F) + px(7)][6px0(F) + 8paa(F) P2 (cos 6)]
_ 0e.(7)
op(7)

SE(7,0) 5P, (7,0). (17)

B. Coordinate transformation

A subtlety in defining the rotational perturbations arises
even at the nonrelativistic level [41]. In the absence of
rotation, the star is a sphere. Rotation causes the star to
deform and become oblate, pushing matter into regions that
previously did not have matter. The matter in the previously
empty regions is described entirely by perturbations, since
the equilibrium values vanish. As a consequence, in these
previously empty regions, the perturbations are not small
with respect to the equilibrium values.

This can be handled by transforming the radial coor-
dinate [41],
F=r+&(r.0). &(r.0) =&(r)+&(r)Py(cosh), (18)
where r is the new radial coordinate and &, &,, and &, are
second order perturbations.1 The edge of the star in both the
rotating and nonrotating cases is defined by the smallest
radial coordinate such that the total pressure vanishes [45].
Since we are assuming equations of state that take the
barotropic form in (10), this is equivalent to the smallest
radial coordinate such that the total energy density van-
ishes. We define the new radial coordinate r such that [45]

SOPL(Hr.0).0) = 3 pu(r). (19)

This equation can be understood as follows [41]: An
arbitrary point inside the rotating star resides on a surface
of constant total pressure. The new coordinate r is defined
to be the radius of the surface in the nonrotating configu-
ration with the same constant total pressure.

'Hartle writes the original radial coordinate as r and the
transformed radial coordinate as R in [41]. Our definitions for 7
and r agree with those in [44].
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In terms of the new radial coordinate, the energy density
and pressure perturbations are well defined. In transforming
these, let 6€, and 6P, be the perturbations in the original
coordinate system and let A€, and AP, be the perturbations
in the new coordinate system. The transformations are then

AE(r,0) = 6E,(r,0) + &(r,0) d€;£r)
AP(0) = 9P.(r.0) + £r.0) 2 (20)

These may be derived by inserting (18) into (9) and then
expanding through second order in perturbations. This same
calculation in (19) leads to

D AP.(r.0) =0. (21)

Once solutions are found, we can return to the original
radial coordinate. To do so, we will need expressions for &,
and &, in (18). We can obtain such expressions from the
transformations for the pressure perturbations. Using (21)
in (20) gives

S P (r0) = - 0) S ). ()

Combining Egs. (17), (18), and (22), we find the desired
formulas for the radial coordinate perturbations,

Zx[ex(r) + px(r)}ép)CO(r)

olr) =~ > ,dpy(r)/dr
_ Zx[ex(r) + px(r)}(sp)d(r)
D N (e

We must write all equations in terms of the new radial
coordinate, since it is the new radial coordinate that leads
to well-defined energy density and pressure perturbations.
This requires transforming the Einstein tensor and the
energy-momentum tensor. Let SG* and 6T%" be the pertur-
bations in the original coordinate system and let AG* and
AT%" be the perturbations in the new coordinate system. The
coordinate transformations are then

AG™(r,0) = 5G*(r,0) + &(r, 0) dG:r(’)
AT (r,0) = STY (r,0) + £(r, 0) dTWr( ), (24)

where G*(r) and T%"(r) in the derivatives are equilibrium
values.
The equilibrium energy-momentum tensor for an indi-
vidual fluid is
(), =

diag[—e.(r), p«(r), px(r), px(r)].  (25)

Using this and the equilibrium Einstein field equations, the
components of the Finstein tensor perturbations we will
need are

AG'(r,0) = 6G',(r,0) — 8xGE(r, 9)§Z€x(r)
pr
pr
pr

AG',(r.0) = 8G",(r,0) + 82GE(r, 0)
AGY(r,0) = 5G%(r,0) + 8zGE(r, 0)

AG?,(r,0) = 5G? 4(r,0) + 8xGE(r,0)

AG"y(r,0) = 8G’(r.0)
AG'4(r,0) = 5G' 4(r,0). (26)

For the components of the energy-momentum tensor
perturbations, we plug the energy density and pressure
perturbations in (9) into (6) and use (8). Expanding the
results through second order in perturbations and canceling
terms using (21), we find

AT (0, == Sl + pm (e,
=Y AE(r.0)
:zsinza
[ATt0t<r’6)]¢(/) = +WZ[€X(”) + px(r)]wx(r)gx
ATy =+ o)+ (), (27)
where
@) = 0~ o), (28)

with all other components vanishing. In particular,

(AT)", =0. (ATi)% =0, (ATy)’; =0.  (29)

which we shall use. In (27), sin? @ can be written as

2 2
sin?g = 373 P, (cos ). (30)

C. Integrals of motion

The equations of motion in (15) are written in terms of
the constants u,. Following Hartle [41], we can write these
constants as

e = p 1+ 7, + 0(QY)), (31)

where u;! are the equilibrium values and the y, are
constants that are second order in Q. To derive the integrals
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of motion, we insert the expansion for I, in (16), 1 in (8),
and p, in (31) into the equations of motion and then expand
through second order in the perturbations. We then trans-
form to the new radial coordinate and use (30). We find for
the integrals of motion

1
Vx = 5px0(r) + ho(l") - nge—u(r)wi(r)
1
0=36pan(r) +hy(r) + gr%‘”(’)ﬁﬁ(r% (32)
where @, is defined in (28).

D. Einstein field equations

In this subsection, we present the Einstein field equa-
tions, which are the principle equations we solve in our
study of rotating dark matter admixed neutron stars. The
Einstein tensor for stationary axisymmetric spacetimes can
be found, for example, in [41,55]. In the exterior of the star,
all fluids have vanishing energy density and pressure. As a
consequence, the solutions to the Einstein field equations
take the same form in the exterior as they do in the single-
fluid case and we can use the analytical exterior solutions
presented in [41].

1. Equilibrium: v and M

For the equilibrium equations, we drop all perturbations.
The Einstein field equations and the equations of motion
reduce to the multifluid Tolman-Oppenheimer-Volkoff
(TOV) equations,

dv _ 8zGriy_ .p.+2GM

dr r(r—2GM)
am
E = 47["226)(
dp, 1 dv
Pro et (33)

These equations may be integrated outward from r =0
using the inner boundary conditions

dnG

v(r) =v(0)+ r2T [e:(0) +3p.(0)] + O(r)

4z
M(r)= r3?;€x(0) +0(r)
Px(r) = px(0) - rZZHTG [e(0) + P (0)]Y _e,(0) +3p,(0)]
+0(r%). (34)

The edge of each fluid occurs at the smallest value of
r = R, such that

px<Rx) =0. (35)

We label the edge of the outermost fluid as r = R, which
marks the edge of the star. The total nonrotating mass of the
star is given by

M, = M(R,). (36)

In the exterior of the star, the equilibrium solution is the
Schwarzschild solution. The interior and exterior solutions
must match at » = R,, which means

2GM,
R,

e”(Rx) =1

(37)
and that M, gives the Arnowitt-Deser-Misner mass.

2. First order:

The first order equation follows from the #¢) component.
The t¢ component of the Einstein tensor is

sin0 . d (_, .dw
- <r ]E>, (38)

Gy = <
¢ 22 g7

where

j=ev2\/1-2GM]r. (39)

Using (26) and (27) we find for the Einstein field equation
ld [, do 4dj _

Equation (40) is a second order ODE. To facilitate
solving it numerically, we write it as a system of first
order ODESs. Defining

dw(r)
dr ’

u(r) = =r(r)

Eq. (40) is equivalent to

du 1672Gr

Pl YTy > (ex+ P

dn, u 4xGriy,

@ A 2o 2O TPy (42)

y

Notice that each term on the right-hand side of the du/dr
equation is for an individual fluid. It will prove useful to
decompose u as

u(r) = u(r), (43)

where the u, satisfy
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du,  162Gr
dr  r—2GM

(€x + Py (44)
These equations may be integrated outward from r =0

using the inner boundary conditions

167G
_ 5
ux(r) r 5

[€:(0) + p<(0)]n.(0) + O(r")

() =10+ {5 16 0) 4,00, 0)

~ 226, (0)3 e, (0) + py<0>1} Lowt). (43)

5
where
1:(0) = e 0/2,(0). (46)

The interior and exterior solutions must match at r = R,
which leads to [41]

2J
nx(R*) = Qx - F? (47)

*

u(R,) = 6J,

where J is the total angular momentum of the system. We
expect the total angular momentum to be equal to the sum
of the angular momentum for each fluid. Using the
decomposition of u in (43), we can see that [12]

ux<R*) =0J,, (48)

where

With these equations we can find the angular momentum
and angular velocity of each fluid. We can then compute the
moment of inertia for each fluid,

I, =—, (50)

and the total moment of inertia of the system,

=1, (51)

3. Second order: my and dp.

The relevant Einstein tensor perturbations are

jo d do 1_ dw 2 dmy
6G' )y = 55— A -5
(6G" e = 32 37 <r dr)+6” <a’r P dr
1 dw dv 2m,
5G” 72 i2 0
(6G" om0 =57 <dr> (dr+'> 7
2GM\ 2 dhy
1- ——. 52
+ ( F > Fdr (52

To derive the desired equations, we use (26), (27), and (29).
We also use (20), (23), (40), the derivative of the first
integral of motion in (32), and the dv/dr TOV equation in
(33). We find

dmy u? 82Gr 5
ar 127 30— 2GM) 2_ect P

+ 47zGrZZ

+ py)

dép,o u’ B mo(1 +82Gr’y ], py)
dr  12r*(r —2GM) (r—2GM)>?
4zGr? 2r’n u
T 1+ p)s _ e 2
r—2GM;(€y PO 305G {
n,(r—3GM — 475Gr3zypy) (53)
r—2GM ’

These equations may be integrated outward from r =0
using the inner boundary conditions

4dnG de
m(r) =P 4S5 +2)
15 2<\dp.|_,

x [6,(0) + p,(0)]nz(0) + O(r7)

2 1z(0)
3

3p.o(r) = +0(r). (54)

The interior and exterior solutions must match at r = R,
which leads to [41]

J2

where 6M is the correction to the mass of the star due to
rotation. The total mass of the star is given by

M =M, + M. (56)

4. Second order: m,

The relevant Einstein tensor perturbations are

3 m
8G% — 8G?, = sin*0 |- ( h 2
0 = sin { <2+ —2GM>
1 s dw jo d dw
+2] d (d?) +2r2dr( dr)}

(57)
Using (26), (27), and (29), we find the algebraic equation

my u? 87rG

e T4 e~V
=Ty —hy +— 5 + r Zw €.+ py). (58)
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5. Second order: v, and h,

The relevant Einstein tensors are

1 dw dv 1\ 2m
5G” —_7 =2 2 _ 2
(6G" o2 = 5T <dr> (dr+ ) A

dhz

(6G"g)p—y = 7 T h (?—2‘1?

(1_

1 1 dl/> dk2 my

2GM\ |2 dh, ) dk, + 2
7 7 dr dr dr

1 1dv
ar *w(ﬁm) (59)

1
= (6hy + 4k;)

To derive the desired equations, we use (26), (27), and (29). We also use (23), the second integral of motion in (32), (58),

and write k, = v, — h, from (3). We find

dv, , 1N\ [u?
2 )=
2= 2+(r+2 +

82Gr
6rt  3(r—2GM

)Zni(ex + px)}

AGM 4o, 1
{ r—2GM [SﬂGZ €t Po) = r }} - r(r—2GM)7
u?

8zGr*

. rv/ 1 1
6r \ 2 r—ZGMIJ

where o/ = dv/dr is given by the TOV equation in (33).
The inner boundary conditions for these equations are

M) =AR+0("). () = BrA+0(),  (6)
where
B =030, (0) + p, (O)}(0)
~AZOS 0 430 ()

X

The value for A is determined by an outer boundary
condition [41].

Following [41] we can construct the general solution by
writing it as the sum of particular and complementary
solutions,

vi(r) + Co5(r).  ho(r) = hi(r) + Ch3(r).

(63)

vy(r) =

where C is a constant. The particular solution is any
solution to (60), which means we may choose the value
of A arbitrarily (in practice, we use A = 1) and then choose
B according to (62). The complementary solution is the
solution to the complementary equations, which are the
homogenous versions of (60) and are obtained by setting
u=rn, =0 in (60),

+ 30— 280) (w T )an(eerpx (60)
[
a;,vfz—y’hzc
Z_%:hg{_”/ﬂ—erMyl |:871'GZ €t pi) - 4(5M]}
C
(e (64)

The inner boundary conditions for the complementary
equations are

hS (r) = ar’* + O(r%), v§(r) = br* + O(r%), (65)

where
b= 3 lel0)+ 30,0 (66)

a may be chosen arbitrarily (in practice, we use a = 1) with
b chosen according to (66), since the integration constant is
accounted for by C in (63). Equation (63) gives the general
solution when C is arbitrary.

The interior solution in (63) must match the exterior
solution at r = R,. This leads to [41]

J? 2M,

v(R.) + Cof(R,) = =25+ K RGN

01(9)

PR CR — 2
HR)+ s R) =2 (3

+Rif§) + KQ3(¢), (67)

where K is a constant,
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00 - -2 B -Zan(3)]

-1 {1
W (1) 38 -5¢
030 =3 - () =253 (68)

are associated Legendre functions of the second kind, and
{=R,/M,— 1. From (67), we can solve for C and K.
Using C in (63), we have the interior solution. With K, we
can compute the quadrupole moment [42],

J2 8

+—KM3. (69)

Q:M* 5

6. Second order: op,,

0p,, is found algebraically using the second integral of
motionin (32). Having found 6p, and 6 p ,», we can compute
the radial coordinate perturbations &, and &, in (23).

To find the shape of the star, we can replace dp,/drin &,
and &, with the TOV equation in (33) and then take the limit
r — R,. This gives

R.(R. —2GM.,)

EO(R*) = GM ‘SP*O(R*)
R.(R, —2GM,
bk, = BB R, 0

where 6p,y and dp,, are perturbations for the outermost
fluid. The shape of the star in the original coordinate system
is then given by

R. = R.+&(R.) + &(R)Ps(cosd), (71
which follows from (18).

III. NUMERICAL METHODS AND EXAMPLE
CONFIGURATIONS

We solve the equations presented in the previous section
numerically. Solutions are identified by the central pres-
sures p,(0) and the central values w,(0) = Q, — @(0),
which are used in (46). Ideally, we would be able to specify
the angular velocities Q,, but the angular velocities are
determined for each solution from (47). Once the p,(0) and
w,(0) are specified, the system of ODEs can be integrated
outward from r = 0. We describe our numerical procedure
for solving the equations in the Appendix.

Once we have a solution, the shape of the star can be
computed using (70) and (71). The energy density and
pressure curves are given by

E(r,0) =e.(r)+ AE(r,0)
P(r,0) = p(r) + AP(r,0), (72)

which can be computed using (17), (20), and (23). The
energy density and pressure can then be plotted in terms of
the original radial coordinate 7 using (18).

We now focus on the two-fluid system, where the first
fluid describes the ordinary nuclear matter inside a neutron
star and the second fluid describes dark matter. We must
choose an equation of state for each fluid. For ordinary
matter, we use SLy [56,57], which is a realistic equation of
state. Since precise properties of dark matter are largely
unknown, we err on the side of simplicity and use a
polytropic equation of state,

Pam = KE, (73)

dm’

with K = 100 GeV~ and y = 2. We do not have reasons
for choosing these equations of state beyond those men-
tioned and we consider these equations of state to be
illustrative.

The slowly rotating approximation allows for different
fluids to rotate at different angular velocities. Since non-
gravitational interfluid interactions are negligible between
ordinary matter and dark matter, we do not have have
entrainment between the fluids [58]. In the case of rapidly
rotating ordinary matter initially residing in a cloud of
nonrotating bosonic dark matter, it was found in [33] that
dark matter accretes onto the star and continues to be
nonrotating. It is therefore unclear what the relative angular
velocities should be and, in this section and the next, we
consider different possibilities.

Figure 1 displays two example configurations. In each
plot, solid lines display the rotating solution, dashed lines
display the nonrotating solution, blue/yellow is for
ordinary matter with the SLy equation of state, and
green/black is for dark matter with the polytropic
equation of state. The top row displays a configuration
with a dark matter core and the bottom row displays a
configuration with a dark matter cloud. Figures 1(a)
and 1(d) display a cross section in cylindrical coordi-
nates, Figs. 1(b) and 1(e) display the pressure in the
equatorial plane (with @ = z/2), and Figs. 1(c) and 1(f)
display the pressure along the rotation axis (with 6 = 0).
We can see the oblateness of the rotating solutions, with
the fluids expanding in the equatorial plane and con-
tracting along the rotation axis. Properties of these
solutions are listed in Table I.

The complete system of equations has scaling sym-
metries. Specifically, given a solution, a new solution can
be found by multiplying the first order perturbations by an
arbitrary constant and the second order perturbations by the
square of the same constant [41]. For example, consider a
single-fluid solution with angular velocity €, angular
momentum J, and quadruple moment Q. We can quickly
find a new solution such that the perturbations equal
i =au, i =an, b =a*v,, hy = a?h,, etc., where a is
a constant. From (47) and (69), the angular velocity,
angular momentum, and quadruple moment for the new
solution equal
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Two example configurations are shown. Properties for these configurations are listed in Table I. In all plots, solid lines display

the rotating solution, dashed lines display the nonrotating solution, blue/yellow is for ordinary matter with the SLy equation of state, and
green/black is for dark matter with the polytropic equation of state. (a)—(c) display a solution with a dark matter core, since ordinary
matter extends beyond dark matter. (d)—(f) display a different solution with a dark matter cloud, since dark matter extends beyond

ordinary matter. (a),(d) plot a cross section in cylindrical coordinates. (b),(e) plot the pressure in the equatorial plane (8 = z/2). (c),(f)
plot the pressure along the rotation axis (6 = 0).

Q:aﬁ,

0.

(74)

By choosing a = Q,,,/€, the new solution has angular

velocity Q.-

TABLE 1.

configurations shown in Fig. 1. 7., and 74, are rotational periods.
The other quantities are defined in the main text. The bottom
three quantities are dimensionless.

Figs. 1(a)-1(c)

Figs. 1(d)-1(e)

Pom(0) [MeV /fm?]
Pam(0) [MeV/fm?]
@om(0) [kHz]
wdm(o) [kHZ]

Tom [MS]

Tgm [mMS]

RO ™) [km]
R [km]

M. Mo

SM [M)

Lo/ M3

Idm/Mz

(M, /J?)

100
10
0.198
0.077
2.76
4.13
11.1
8.24
1.36
0.017
10.7
0.238
4.82

100
100
0.099
0.149
3.55
3.01
8.62
17.6
1.93
0.031
0.918
8.17
4.57

Various properties are listed for the two example

Our main focus is with the two-fluid case. In the two-fluid
case, we have two angular velocities and we can form a new
solution with

Ql :(IQ], Qz :aQQ, j:a.l, QIGZQ.
The scaling symmetry allows us to quickly form solutions
that preserve the ratio Q;/Q,.

(75)

IV. I-.LOVE-Q

Neutron stars rotate, which deforms the shape of the star.
The rotation can be characterized by the moment of inertia /
and the deformation can be characterized by the quadruple
moment Q. When a neutron star is in a binary orbit, the
shape of the star is deformed by the gravitational field of
the companion star. This deformation can be characterized
by the second Love number or equivalently by the tidal
deformability A.

The physics of neutron star interiors is contained within
the equation of state. Since we do not know what matter
does at the extreme pressures found in the core of neutron
stars, we do not know which equation of state we should
be using. This has led to a large number of proposed
equations of state, each one based on different assumptions.
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The celebrated /-Love-Q relations [46—48] are relationships
between the moment of inertia /, the tidal deformability 4,
and the quadrupole moment Q which are universal in that
they are approximately independent of the equation of state.

Specifically, one computes the dimensionless quantities

A _QM

(76)

Using the scaling symmetries described in Sec. III, we
can see that for the single-fluid case, I and Q are
independent of the angular velocity Q. As a consequence,
I and Q only depend on the central pressure p(0). This is
also true for A in the single-fluid case, which will be clear
after we review the derivation of 1 below. Plots of -2,
I-0, and 1-Q are then one-parameter curves. /-Love-Q
is the observation that these curves are approximately
independent of the choice of equation of state and hence
are universal [46-48].

The study of dark matter admixed neutron stars has
primarily focused on spherically symmetric properties,
such as the mass and radius of the star. Recently, Love
numbers have been computed [40,59,60]. With fermionic
dark matter, the only study of the moment of inertia that we
are aware of, which requires only a first order analysis, is
given in [12]. As far as we are aware, the quadrupole
moment has not previously been computed, which requires
an analysis through second order.

The parameter space of nonrotating spherically sym-
metric dark matter admixed neutron stars can be described
by the central pressures of the two fluids, p,,(0) for
ordinary matter and pg,(0) for dark matter. If one of these
central pressures is sufficiently large, the system is effec-
tively a single-fluid system because the nondominant fluid
has a negligible effect on bulk properties of the star [19].
The particular values of the central pressures at which this
happens depend on the specific choices for the equations of
state for each fluid. If neither fluid dominates the system,
the system is a truly mixed star and both fluids can affect
bulk properties of the star.

We have found that this phenomenon continues to occur
for slowly rotating dark matter admixed neutron stars. This
implies that if one of the central pressures is sufficiently
large and the system is effectively a single-fluid system, the
I-Love-Q relations will be independent of the equations of
state and angular velocities. A question that we ask in this
section is what happens to the /-Love-Q relations when
neither fluid dominates and we have a mixed star?

For dark matter admixed neutron stars, we continue to
define the dimensionless 1, 4, and Q as in (76), but we have
a choice for I and J: I and J could be for a particular fluid or
they could be the total moment of inertia and the total
angular momentum. Regardless of this choice, 7, A, and O
depend on the central pressures py,(0) and pg,(0) and 1
and Q depend on the ratio Q,.,/Qq.

A. Tidal deformability

If a neutron star is in a binary orbit, the star will be tidally
deformed by the gravitational field of the companion star.
This deformation is characterized by the second Love
number or equivalently by the tidal deformability. The
tidal deformability can be measured through the gravita-
tional wave signal of a binary inspiral [61,62]. The tidal
deformability for dark matter admixed neutron stars is
computed in [37,38,40,63,64] for bosonic dark matter and
in [40,59,60] for fermionic dark matter.

The tidal deformability for a system with an arbitrary
number of perfect fluids where the only interfluid inter-
actions are gravitational is given by [37,65]

2
A= §K2R2, (77)

where [66,67]

8C3
K =5 (1 =2C)*2+2C(yg — 1) — y&]

x {2C[6 — 3yg + 3C(5yg — 8)]
+4C3[ 3—1lyg +C(3yR—2)+202( + yz)]
+3(1 =202 = yg + 2C(yg — 1)] In(1 = 2C)} !

is the second Love number and

YR = Y(R*)’

y(r) is found by solving

C=M.,/R.. (79)

ré£ﬂ+y%ﬁ+yhﬁﬁﬂ+ﬂQU>:0’ (80)
where
_r=42Gr Y (e, py)

r—2GM

4zGr Oe,
Q= TZ2GM {zx: {5% +9p. +a—px(€x + Px)}

6 82Gr’Y. . pc +2GM]?
AnGr? r(r—2GMr)

(81)

Note that y(r) depends only on nonrotating equilibrium
quantities. In practice, we solve Eq. (80) simultaneously
with the system of equations presented in Sec. II using the
inner boundary condition

4drG

y(r)=2-r"—-

205 {3300 + 60

de,

306, (0) + PO

} +0(r"). (82

r=0
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FIG. 2.

I-Love-Q plots using the definitions in (83). The blue dots are our computed data values for 1 < p,(0), pam(0) <

10° MeV/fm? and Q,,,/Qq, as indicated in the figures. The black curves are the single-fluid fitting curves given in (84). The bottom
panel in each figure gives the relative error defined by (85). For a (single-fluid) neutron star, the relative error is less than 1% [46-48].
This figure indicates that dark matter admixed neutron stars can have a relative error greater than 1%.

B. Results

We begin by straightforwardly generalizing the standard
single-fluid /-Love-Q plots to two fluids. Specifically, we
generalize the dimensionless quantities in (76) to

Iom+1dm A QM*

1 , A=—%, O0=—FTTJ\"1_.
Mi i Q (Jom_"‘,dm)2

(83)

These quantities depend on p,(0), pam(0), and Qg /Qgpm-
We show results in Fig. 2 for 1 < pyn(0), pam(0) <
10> MeV/fm® and a few representative values of
Qom/Rm- To construct these plots, for each value of
Pom(0) and py,(0), we fix w,,(0) to an arbitrary value
and search through values for wg,,(0) until the resulting
solution has the required ratio Q,/Qgm-
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In each plot, the blue dots are our computed data values and
the black curves are the single-fluid fitting curves given by

lnyi = da; + bi lnxi + ci(lnxi)z + dl-(lnxi)3 + ei(lnxi)4,
(84)

where the x;, y; are the I, 1, O plotted on the horizontal and
vertical axes and the values of the fitting coefficients a;, b;, c;,

Qom /Oy, = 0.5

d;, e; can be found in [47]. In the bottom panel of each plot, the

relative error is defined by

Y=y
Yi

error = (85)

In the single-fluid case, the relative error is less than 1%
[46-48]. An immediate feature of Fig. 2 is that the relative
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FIG. 3.

This figure is analogous to Fig. 2, except it uses the dimensionless variables defined in (86). The dimensionless variables in

(86) assume electromagnetic measurements for the moment of inertia and angular momentum which probe ordinary matter alone and not
dark matter. This figure shows large deviations from the single-fluid fitting curves.
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error can be greater than 1% for dark matter admixed
neutron stars. This occurs when the star is truly mixed and
neither fluid is dominating. This is the case for all three
types of plots and for all three angular velocity ratios. We
note that our results are consistent with those in [49].

The Neutron Star Interior Composition Explorer (NICER)
has recently made precise measurements of the mass and
radius of millisecond pulsars [68—71]. NICER measures
x-ray emissions from the surface of the star. These electro-
magnetic observations can be used to determine the moment
of inertia and angular momentum [72,73]. Since these
observations are electromagnetic, they directly probe ordi-
nary matter and not dark matter. The two-fluid generalization
we made in Eq. (83) and in Fig. 2 does not adequately take this
into account. Assuming measurements for /., and J,,, we
should define the dimensionless quantities as

- I - _ M
I, =lm 54 M. 56

om — " 2
Jom

om Mi ’ Mi ’

We show results in Fig. 3 using the definitions in (86)
and for when dark matter does not dominate the star.
Comparing with Fig. 2, we can immediately see large
deviations from the single-fluid fitting curves. Indeed, the
deviations are so large that we do not include panels for
the relative error. Note also that the results in Fig. 3 cannot
be parametrized by a one-parameter curve. An important
takeaway from Fig. 3 is that if measurements of I, 1, O
deviate significantly from the single-fluid /-Love-Q curves
and if such measurements for multiple stars do not lie along
a curve, then we have strong evidence for the existence of
dark matter admixed neutron stars.

V. CONCLUSION

Using Hartle’s slowly rotating approximation, we
derived equations describing a rotating system with an
arbitrary number of perfect fluids with only gravitational
interfluid interactions. We then specialized to the two-fluid
case for describing rotating dark matter admixed neutron
stars with fermionic dark matter. The two-fluid case is
equivalent to the formalism developed by Andersson and
Comer [44] in the limit that interfluid interactions are
neglected.

Using our two-fluid model, we studied /-Love-Q rela-
tions. For a standard two-fluid system, we found deviations
from the single-fluid results that are consistent with
previous results [49,53]. However, our expectation is that
measurements of the moment of inertia and the angular
momentum will be in terms of ordinary matter alone and
will not directly probe dark matter. When we parametrize
the I-Love-Q dimensionless variables in terms of the
moment of inertia and the angular momentum for ordinary
matter, we found significant deviation from the single-
fluid relations and that /-Love-Q cannot be described by
one-parameter fitting curves. Our results immediately

suggest a method for determining if neutron stars contain
sufficient quantities of dark matter such that dark matter can
affect bulk properties of the star.

We note that our analysis has only made use of one
choice for the equation of state for ordinary matter and one
choice for the equation of state for dark matter. Further, we
have only considered a few choices for the ratio of angular
velocities. Our aim with this paper is to show that dark
matter admixed neutron stars can deviate significantly from
the standard result and not to make a broad study of
different equations of state, as has been done for single-
fluid /-Love-Q. However, we have considered other equa-
tions of state and found results qualitatively similar to those
presented in this paper. Nevertheless, a systematic analysis
using various equations of state would be interesting.
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APPENDIX: NUMERICAL PROCEDURE

In this appendix, we outline our numerical procedure for
solving the various equations presented in Sec. II. Solutions
are identified by the central pressures p,(0) and the central
values @, (0). Once these values are specified, the system
of ODEs can be integrated outward from r = 0.

The first step is to integrate the TOV equations in (33)
using an arbitrary value for v(0) [in practice, we use
v(0) = 0] to find the equilibrium solution. R, is defined as
the radial position where the pressure of the outermost fluid
drops to zero. From (36), M, = M(R.). A look at the TOV
equations shows that v/(r) can be shifted by a constant with
the result still being a solution. We can therefore shift v(r)
such that the boundary condition in (37) is satisfied. Upon
making the shift, the updated inner boundary value is

2(0) = (0) - [U(R*) “In (1 - ziM*)]. (A1)

*

From this point forward, we exclusively use this updated
value for v(0). If we were to integrate the TOV equations
again, butnow using (A1) as the inner boundary condition for
v(0), we would obtain the complete equilibrium solution.

The next step is to integrate the full system of equations
outward from r = 0 to r = R,. This system includes the
TOV equations in (33), along with the bottom equation in
(42) for n,, (44) for u,, (53) for my and dp , (60) for v, and
h,, and (80) for y. At the end of the integration, we use the
results to solve Eq. (67) for the constants C and K and
Egs. (32) and (58) to solve for dp,, and m,. We now have
the complete interior solution and can straightforwardly
compute properties of the star, such as the angular
velocities €, using (47), the total moment of inertia /
using (50), the mass correction oM using (55), and the
quadrupole moment Q using (69).

103016-13



JOHN CRONIN, XINYANG ZHANG, and BEN KAIN

PHYS. REV. D 108, 103016 (2023)

[1] A.B. Henriques, A.R. Liddle, and R.G. Moorhouse,
Combined boson-fermion stars, Phys. Lett. B 233, 99
(1989).

[2] A.B. Henriques, A.R. Liddle, and R.G. Moorhouse,
Stability of boson-fermion stars, Phys. Lett. B 251, 511
(1990).

[3] C.M. G. de Sousa and J. L. Tomazelli, A model for stars of
interacting bosons and fermions, Phys. Rev. D 58, 123003
(1998).

[4] C.M.G. de Sousa and V. Silveira, Slowly rotating boson
fermion stars, Int. J. Mod. Phys. D 10, 881 (2001).

[5] V. Dzhunushaliev, V. Folomeev, and D. Singleton, Chame-
leon stars, Phys. Rev. D 84, 084025 (2011).

[6] N. Sanchis-Gual and P. Izquierdo, Ultralight bosonic dark
matter in white dwarfs and potential observational conse-
quences, Phys. Rev. D 105, 084023 (2022).

[7] S. Shakeri and D.R. Karkevandi, Bosonic dark matter in
light of the NICER precise mass-radius measurements,
arXiv:2210.17308.

[8] F. Di Giovanni, N. Sanchis-Gual, P. Cerd4d-Durén, and J. A.
Font, Can fermion-boson stars reconcile multi-messenger
observations of compact stars?, Phys. Rev. D 105, 063005
(2022).

[9] F. Sandin and P. Ciarcelluti, Effects of mirror dark matter on
neutron stars, Astropart. Phys. 32, 278 (2009).

[10] P. Ciarcelluti and F. Sandin, Have neutron stars a dark matter
core?, Phys. Lett. B 695, 19 (2011).

[11] S. Leung, M. Chu, and L. Lin, Dark-matter admixed neutron
stars, Phys. Rev. D 84, 107301 (2011).

[12] S. Leung, M. Chu, and L. Lin, Equilibrium structure and
radial oscillations of dark matter admixed neutron stars,
Phys. Rev. D 85, 103528 (2012).

[13] I. Goldman, R. Mohapatra, S. Nussinov, D. Rosenbaum, and
V. Teplitz, Possible implications of asymmetric fermionic
dark matter for neutron stars, Phys. Lett. B 725, 200 (2013).

[14] L. Tolos and J. Schaffner-Bielich, Dark compact planets,
Phys. Rev. D 92, 123002 (2015).

[15] P. Mukhopadhyay and J. Schaffner-Bielich, Quark stars
admixed with dark matter, Phys. Rev. D 93, 083009 (2016).

[16] M. I. Gresham and K. M. Zurek, Asymmetric dark stars and
neutron star stability, Phys. Rev. D 99, 083008 (2019).

[17] H.C. Das, A. Kumar, B. Kumar, S. Kumar Biswal, T.
Nakatsukasa, A. Li, and S. K. Patra, Effects of dark matter
on the nuclear and neutron star matter, Mon. Not. R. Astron.
Soc. 495, 4893 (2020).

[18] B. Kain, Radial oscillations and stability of multiple-fluid
compact stars, Phys. Rev. D 102, 023001 (2020).

[19] B. Kain, Dark matter admixed neutron stars, Phys. Rev. D
103, 043009 (2021).

[20] H. C. Das, A. Kumar, and S. K. Patra, Dark matter admixed
neutron star as a possible compact component in the
GW190814 merger event, Phys. Rev. D 104, 063028
(2021).

[21] K.-L. Leung, M.-c. Chu, and L.-M. Lin, Tidal deformability
of dark matter admixed neutron stars, Phys. Rev. D 105,
123010 (2022).

[22] M. Hippert, E. Dillingham, H. Tan, D. Curtin, J. Noronha-
Hostler, and N. Yunes, Dark matter or regular matter in
neutron stars? How to tell the difference from the coales-
cence of compact objects, Phys. Rev. D 107, 115028 (2023).

[23] S. Valdez-Alvarado, C. Palenzuela, D. Alic, and L. A.
Urefia-L6pez, Dynamical evolution of fermion-boson stars,
Phys. Rev. D 87, 084040 (2013).

[24] R. Brito, V. Cardoso, and H. Okawa, Accretion of dark
matter by stars, Phys. Rev. Lett. 115, 111301 (2015).

[25] R. Brito, V. Cardoso, C. F. B. Macedo, H. Okawa, and C.
Palenzuela, Interaction between bosonic dark matter and
stars, Phys. Rev. D 93, 044045 (2016).

[26] M. Bezares, D. Vigano, and C. Palenzuela, Gravitational
wave signatures of dark matter cores in binary neutron star
mergers by using numerical simulations, Phys. Rev. D 100,
044049 (2019).

[27] F. Di Giovanni, S. Fakhry, N. Sanchis-Gual, J.C.
Degollado, and J. A. Font, Dynamical formation and sta-
bility of fermion-boson stars, Phys. Rev. D 102, 084063
(2020).

[28] S. Valdez-Alvarado, R. Becerril, and L. A. Urefia Lépez,
Fermion-boson stars with a quartic self-interaction in the
boson sector, Phys. Rev. D 102, 064038 (2020).

[29] F. Di Giovanni, S. Fakhry, N. Sanchis-Gual, J.C.
Degollado, and J. A. Font, A stabilization mechanism for
excited fermion—boson stars, Classical Quantum Gravity 38,
194001 (2021).

[30] J. E. Nyhan and B. Kain, Dynamical evolution of fermion-
boson stars with realistic equations of state, Phys. Rev. D
105, 123016 (2022).

[31] F. Di Giovanni, D. Guerra, S. Albanesi, M. Miravet-Tenés,
and D. Tseneklidou, Fermion-axion stars: Static solutions
and dynamical stability, Phys. Rev. D 106, 084013 (2022).

[32] T. Gleason, B. Brown, and B. Kain, Dynamical evolution of
dark matter admixed neutron stars, Phys. Rev. D 105,
023010 (2022).

[33] F. Di Giovanni, N. Sanchis-Gual, D. Guerra, M. Miravet-
Tenés, P. Cerdd-Durdn, and J. A. Font, Impact of ultralight
bosonic dark matter on the dynamical bar-mode instability
of rotating neutron stars, Phys. Rev. D 106, 044008 (2022).

[34] A. Guha and D. Sen, Feeble DM-SM interaction via new
scalar and vector mediators in rotating neutron stars,
J. Cosmol. Astropart. Phys. 09 (2021) 027.

[35] H.-S. Chan, M.-c. Chu, and S.-C. Leung, Dark matter—
admixed rotating white dwarfs as peculiar compact objects,
Astrophys. J. 941, 115 (2022).

[36] H.-S. Chan, M.-c. Chu, and S.-C. Leung, Accretion-induced
collapse of dark matter-admixed rotating white dwarfs:
Dynamics and gravitational-wave Signals, Astrophys. J.
945, 133 (2023).

[37] A. Nelson, S. Reddy, and D. Zhou, Dark halos around
neutron stars and gravitational waves, J. Cosmol. Astropart.
Phys. 07 (2019) 012.

[38] J. Ellis, G. Hiitsi, K. Kannike, L. Marzola, M. Raidal, and V.
Vaskonen, Dark matter effects on neutron star properties,
Phys. Rev. D 97, 123007 (2018).

[39] M. Deliyergiyev, A. Del Popolo, L. Tolos, M. Le Delliou, X.
Lee, and F. Burgio, Dark compact objects: An extensive
overview, Phys. Rev. D 99, 063015 (2019).

[40] M. Collier, D. Croon, and R. K. Leane, Tidal love numbers
of novel and admixed celestial objects, Phys. Rev. D 106,
123027 (2022).

[41] J. B. Hartle, Slowly rotating relativistic stars. 1. Equations of
structure, Astrophys. J. 150, 1005 (1967).

103016-14


https://doi.org/10.1016/0370-2693(89)90623-0
https://doi.org/10.1016/0370-2693(89)90623-0
https://doi.org/10.1016/0370-2693(90)90789-9
https://doi.org/10.1016/0370-2693(90)90789-9
https://doi.org/10.1103/PhysRevD.58.123003
https://doi.org/10.1103/PhysRevD.58.123003
https://doi.org/10.1142/S0218271801001360
https://doi.org/10.1103/PhysRevD.84.084025
https://doi.org/10.1103/PhysRevD.105.084023
https://arXiv.org/abs/2210.17308
https://doi.org/10.1103/PhysRevD.105.063005
https://doi.org/10.1103/PhysRevD.105.063005
https://doi.org/10.1016/j.astropartphys.2009.09.005
https://doi.org/10.1016/j.physletb.2010.11.021
https://doi.org/10.1103/PhysRevD.84.107301
https://doi.org/10.1103/PhysRevD.85.103528
https://doi.org/10.1016/j.physletb.2013.07.017
https://doi.org/10.1103/PhysRevD.92.123002
https://doi.org/10.1103/PhysRevD.93.083009
https://doi.org/10.1103/PhysRevD.99.083008
https://doi.org/10.1093/mnras/staa1435
https://doi.org/10.1093/mnras/staa1435
https://doi.org/10.1103/PhysRevD.102.023001
https://doi.org/10.1103/PhysRevD.103.043009
https://doi.org/10.1103/PhysRevD.103.043009
https://doi.org/10.1103/PhysRevD.104.063028
https://doi.org/10.1103/PhysRevD.104.063028
https://doi.org/10.1103/PhysRevD.105.123010
https://doi.org/10.1103/PhysRevD.105.123010
https://doi.org/10.1103/PhysRevD.107.115028
https://doi.org/10.1103/PhysRevD.87.084040
https://doi.org/10.1103/PhysRevLett.115.111301
https://doi.org/10.1103/PhysRevD.93.044045
https://doi.org/10.1103/PhysRevD.100.044049
https://doi.org/10.1103/PhysRevD.100.044049
https://doi.org/10.1103/PhysRevD.102.084063
https://doi.org/10.1103/PhysRevD.102.084063
https://doi.org/10.1103/PhysRevD.102.064038
https://doi.org/10.1088/1361-6382/ac1b45
https://doi.org/10.1088/1361-6382/ac1b45
https://doi.org/10.1103/PhysRevD.105.123016
https://doi.org/10.1103/PhysRevD.105.123016
https://doi.org/10.1103/PhysRevD.106.084013
https://doi.org/10.1103/PhysRevD.105.023010
https://doi.org/10.1103/PhysRevD.105.023010
https://doi.org/10.1103/PhysRevD.106.044008
https://doi.org/10.1088/1475-7516/2021/09/027
https://doi.org/10.3847/1538-4357/aca09b
https://doi.org/10.3847/1538-4357/acbc1d
https://doi.org/10.3847/1538-4357/acbc1d
https://doi.org/10.1088/1475-7516/2019/07/012
https://doi.org/10.1088/1475-7516/2019/07/012
https://doi.org/10.1103/PhysRevD.97.123007
https://doi.org/10.1103/PhysRevD.99.063015
https://doi.org/10.1103/PhysRevD.106.123027
https://doi.org/10.1103/PhysRevD.106.123027
https://doi.org/10.1086/149400

ROTATING DARK MATTER ADMIXED NEUTRON STARS

PHYS. REV. D 108, 103016 (2023)

[42] J.B. Hartle and K.S. Thorne, Slowly rotating relativistic
stars. II. Models for neutron stars and supermassive stars,
Astrophys. J. 153, 807 (1968).

[43] E. Berti, F. White, A. Maniopoulou, and M. Bruni, Rotating
neutron stars: An invariant comparison of approximate and
numerical spacetime models, Mon. Not. R. Astron. Soc.
358, 923 (2005).

[44] N. Andersson and G.L. Comer, Slowly rotating general
relativistic superfluid neutron stars, Classical Quantum
Gravity 18, 969 (2001).

[45] E. Aranguren, J. A. Font, N. Sanchis-Gual, and R. Vera,
Revised formalism for slowly rotating superfluid neutron
stars in general relativity, Phys. Rev. D 107, 044034 (2023).

[46] K. Yagi and N. Yunes, I-Love-Q, Science 341, 365 (2013).

[47] K. Yagi and N. Yunes, I-Love-Q relations in neutron stars
and their applications to astrophysics, gravitational waves
and fundamental physics, Phys. Rev. D 88, 023009 (2013).

[48] K. Yagi and N. Yunes, Approximate universal relations for
neutron stars and Quark stars, Phys. Rep. 681, 1 (2017).

[49] C.-H. Yeung, L.-M. Lin, N. Andersson, and G. Comer, The
I-Love-Q relations for superfluid neutron stars, Universe 7,
111 (2021).

[50] G. Pappas and T. A. Apostolatos, Effectively universal
behavior of rotating neutron stars in general relativity makes
them even simpler than their Newtonian counterparts, Phys.
Rev. Lett. 112, 121101 (2014).

[51] S.Chakrabarti, T. Delsate, N. Giirlebeck, and J. Steinhoff, I-Q
relation for rapidly rotating neutron stars, Phys. Rev. Lett.
112, 201102 (2014).

[52] B. Haskell, R. Ciolfi, F. Pannarale, and L. Rezzolla, On the
universality of I-Love-Q relations in magnetized neutron
stars, Mon. Not. R. Astron. Soc. 438, L71 (2014).

[53] E. Aranguren, J. A. Font, N. Sanchis-Gual, and R. Vera,
Revisiting the I-Love-Q relations for superfluid neutron
stars, arXiv:2309.03816.

[54] S. Chandrasekhar and J.C. Miller, On slowly rotating
homogeneous masses in general relativity, Mon. Not. R.
Astron. Soc. 67, 63 (1974).

[55] S. Chandrasekhar and J. L. Friedman, On the stability of
axisymmetric systems to axisymmetric perturbations in
general relativity, I. The equations governing nonstationary,
stationary, and perturbed systems, Astrophys. J. 175, 37
(1972).

[56] F. Douchin and P. Haensel, A unified equation of state of
dense matter and neutron star structure, Astron. Astrophys.
380, 151 (2001).

[57] P. Haensel and A. Y. Potekhin, Analytical representations of
unified equations of state of neutron-star matter, Astron.
Astrophys. 428, 191 (2004).

[58] G.L. Comer, Slowly rotating general relativistic superfluid
neutron stars with relativistic entrainment, Phys. Rev. D 69,
123009 (2004).

[59] A. Das, T. Malik, and A. C. Nayak, Dark matter admixed
neutron star properties in light of gravitational wave
observations: A two fluid approach, Phys. Rev. D 105,
123034 (2022).

[60] Y. Dengler, J. Schaftner-Bielich, and L. Tolos, Second Love
number of dark compact planets and neutron stars with dark
matter, Phys. Rev. D 105, 043013 (2022).

[61] B.P. Abbott et al. (LIGO Scientific, Virgo), GW170817:
Observation of gravitational waves from a binary neutron
star inspiral, Phys. Rev. Lett. 119, 161101 (2017).

[62] B.P. Abbott et al. (LIGO Scientific, Virgo Collaborations),
GW190425: Observation of a compact binary coalescence
with total mass ~3.4M,, Astrophys. J. Lett. 892, L3 (2020).

[63] D.R. Karkevandi, S. Shakeri, V. Sagun, and O. Ivanytskyi,
Bosonic dark matter in neutron stars and its effect on
gravitational wave signal, Phys. Rev. D 105, 023001 (2022).

[64] R.F. Diedrichs, N. Becker, C. Jockel, J.-E. Christian, L.
Sagunski, and J. Schaffner-Bielich, Tidal deformability of
fermion-boson stars: Neutron stars admixed with ultra-light
dark matter, Phys. Rev. D 108, 064009 (2023).

[65] P. Char and S. Datta, Relativistic tidal properties of super-
fluid neutron stars, Phys. Rev. D 98, 084010 (2018).

[66] T. Hinderer, Tidal love numbers of neutron stars, Astrophys.
J. 677, 1216 (2008).

[67] T. Hinderer, B. D. Lackey, R. N. Lang, and J. S. Read, Tidal
deformability of neutron stars with realistic equations of
state and their gravitational wave signatures in binary
inspiral, Phys. Rev. D 81, 123016 (2010).

[68] T.E. Riley et al., A NICER view of PSR J0030 + 0451:
Millisecond pulsar parameter estimation, Astrophys. J. Lett.
887, L21 (2019).

[69] M. C. Miller et al., PSR JO030 + 0451 mass and radius from
NICER data and implications for the properties of neutron
star matter, Astrophys. J. Lett. 887, L24 (2019).

[70] T.E. Riley et al., A NICER view of the massive pulsar PSR
JO740 + 6620 informed by radio timing and XMM-Newton
spectroscopy, Astrophys. J. Lett. 918, L27 (2021).

[71] M. C. Miller et al., The radius of PSR J0740 + 6620 from
NICER and XMM-Newton data, Astrophys. J. Lett. 918,
L28 (2021).

[72] J. M. Lattimer and B. F. Schutz, Constraining the equation
of state with moment of inertia measurements, Astrophys. J.
629, 979 (2005).

[73] H. O. Silva, A. M. Holgado, A. Cardenas-Avendafio, and N.
Yunes, Astrophysical and theoretical physics implications
from multimessenger neutron star observations, Phys. Rev.
Lett. 126, 181101 (2021).

103016-15


https://doi.org/10.1086/149707
https://doi.org/10.1111/j.1365-2966.2005.08812.x
https://doi.org/10.1111/j.1365-2966.2005.08812.x
https://doi.org/10.1088/0264-9381/18/6/302
https://doi.org/10.1088/0264-9381/18/6/302
https://doi.org/10.1103/PhysRevD.107.044034
https://doi.org/10.1126/science.1236462
https://doi.org/10.1103/PhysRevD.88.023009
https://doi.org/10.1016/j.physrep.2017.03.002
https://doi.org/10.3390/universe7040111
https://doi.org/10.3390/universe7040111
https://doi.org/10.1103/PhysRevLett.112.121101
https://doi.org/10.1103/PhysRevLett.112.121101
https://doi.org/10.1103/PhysRevLett.112.201102
https://doi.org/10.1103/PhysRevLett.112.201102
https://doi.org/10.1093/mnrasl/slt161
https://arXiv.org/abs/2309.03816
https://doi.org/10.1093/mnras/167.1.63
https://doi.org/10.1093/mnras/167.1.63
https://doi.org/10.1086/151566
https://doi.org/10.1086/151566
https://doi.org/10.1051/0004-6361:20011402
https://doi.org/10.1051/0004-6361:20011402
https://doi.org/10.1051/0004-6361:20041722
https://doi.org/10.1051/0004-6361:20041722
https://doi.org/10.1103/PhysRevD.69.123009
https://doi.org/10.1103/PhysRevD.69.123009
https://doi.org/10.1103/PhysRevD.105.123034
https://doi.org/10.1103/PhysRevD.105.123034
https://doi.org/10.1103/PhysRevD.105.043013
https://doi.org/10.1103/PhysRevLett.119.161101
https://doi.org/10.3847/2041-8213/ab75f5
https://doi.org/10.1103/PhysRevD.105.023001
https://doi.org/10.1103/PhysRevD.108.064009
https://doi.org/10.1103/PhysRevD.98.084010
https://doi.org/10.1086/533487
https://doi.org/10.1086/533487
https://doi.org/10.1103/PhysRevD.81.123016
https://doi.org/10.3847/2041-8213/ab481c
https://doi.org/10.3847/2041-8213/ab481c
https://doi.org/10.3847/2041-8213/ab50c5
https://doi.org/10.3847/2041-8213/ac0a81
https://doi.org/10.3847/2041-8213/ac089b
https://doi.org/10.3847/2041-8213/ac089b
https://doi.org/10.1086/431543
https://doi.org/10.1086/431543
https://doi.org/10.1103/PhysRevLett.126.181101
https://doi.org/10.1103/PhysRevLett.126.181101

