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We develop semiclassical methods for studying bubble nucleation in models with parameters that vary
slowly in time. Introducing a more general rotation of the time contour allows access to a larger set of final
states, and typically a non-Euclidean rotation is necessary in order to find the most relevant tunneling
solution. We work primarily with effective quantum mechanical models parametrizing tunneling along
restricted trajectories in field theories, which are sufficient, for example, to study thin wall bubble
nucleation. We also give one example of an exact instanton solution in a particular Kaluza-Klein
cosmology where the circumference of the internal circle is changing in time.
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I. INTRODUCTION

Almost fifty years ago, Coleman and collaborators
developed powerful Euclidean path integral methods
to compute vacuum decay rates in a semiclassical expan-
sion [1–3]. The phenomenon is of clear cosmological and
existential relevance, and continues to drive interesting
theoretical work, most importantly the development of new
calculational tools [4–14].
Euclidean path integral techniques are most straight-

forwardly applied to systems with time-independent cou-
plings. However, if the tunneling field is coupled to other
dynamically evolving fields, the tunneling potential may
become effectively time dependent. In this paper we
discuss generalizations of the semiclassical approach that
can be used to compute tunneling probabilities in systems
with time dependent parameters.
In Sec. II we describe a formulation of the semiclassical

tunneling problem convenient for analyzing scenarios
with explicit time dependence. The time dependence must
be adiabatic, so that it makes sense to focus on the
instantaneous semiclassical false and true vacua. The main
differences with the usual Euclidean approach are (a) the
introduction of a generalized time contour, and (b) a
reformulation of the variational problem, from fixed initial
position and fixed energy, to fixed wave packetlike initial

and final states at fixed times. Actually, the wave packet
formulation is mainly useful for interpreting the results of
computations where the initial energy is still provided: it
maps the real and imaginary parts of the initial and final
momenta in the semiclassical solution to simple features of
the initial and final packet wave functions.
In Sec. III we examine the role of the rotation angle of

the time contour in time-independent systems. We find that
adjusting this contour allows us to identify different final
states outside the potential barrier, all related to each other
by classical time evolution. Another way to view this is
that the time contour controls the time at which barrier
penetration begins. In Sec. IV we turn to time-dependent
systems, beginning with a toy model that can be solved
analytically. In this case the generalized time contour turns
out to be essential: controlled solutions are only obtained if
the time contour is not too close to the Euclidean axis. Next
we study thin-wall bubble nucleation in 3þ 1 dimensions
with time dependent parameters. The leading correction to
the semiclassical action can be obtained analytically, and
solutions for the tunneling trajectories are easily obtained
numerically. We describe how to make an optimal choice of
continuation parameter depending on the path integral of
interest.
In Sec. V we discuss gravitational effects. We outline a

general treatment, then consider some particular cases
where approximations can make the problem more trac-
table. We find, for example, that the leading OðHÞ contri-
bution to the real part of the action vanishes for thin-wall
nucleation on a fixed Friedmann–Robertson–Walker
(FRW) background. We also describe, in Sec. VI, an
example of a Kaluza-Klein cosmology where a full bubble
solution for the fields can be obtained. In this case the
Lorentzian bubble metric is real, but the instanton is quasi-
Euclidean, corresponding to a complex metric.
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Section VII contains some comments on directions for
further development.

II. SEMICLASSICAL FORMULATION

In the usual semiclassical treatment of vacuum decay,
one searches for saddle points of the Euclidean path
integral that interpolate between the false vacuum and a
bubble of true vacuum, or in quantum mechanics, between
the false vacuum and a point outside the well.
To get a different perspective on the problem, let us

consider real-time quantum mechanical transition ampli-
tudes of the form

hψfðR; TfÞjψ iðR; TiÞi ¼ N
Z

dRidRf

Z
RðTfÞ¼Rf

RðTiÞ¼Ri

DReiS=ℏ;

S ¼ SiðRiÞ − SfðRfÞ

þ
Z

Tf

Ti

dtLð∂tR; R; tÞ: ð1Þ

The initial and final states are given by wave functions
parametrized as ψðRÞ ¼ eiSi;fðRÞ=ℏ, where Si;f are complex
functions. In tunneling problems these wave functions
should be localized inside and outside of a false vacuum
well. We have written explicit factors of ℏ to indicate
that we are interested in states where both the real and
imaginary parts of Si;f contain contributions of order one in
the ℏ expansion, like coherent states, but subsequently we
will drop the ℏs. A similar starting point was used to study
complexified path integral trajectories in [15].
Next, we perform a general rotation of the time contour,

t → eiγτ. The Euclidean continuation corresponds to
γ ¼ −π=2, but it turns out to be useful to keep γ arbitrary.
This technique was applied to the symmetric double well
tunneling problem in [16].1

After rotation of the time contour, the path integral
appearing in the amplitude is

Z
dRidRf

Z
RðTfÞ¼Rf

RðTiÞ¼Ri

DRe−Sc ;

Sc ¼ −iSiðRiÞ þ iSfðRfÞ − i
Z

Tf

Ti

dτLcð∂τR; R; τÞ

Lcð∂τR;R; τÞ ¼ eiγL
�
e−iγ∂τR; R; eiγτ

�
: ð2Þ

In the leading semiclassical approximation we are inter-
ested in solutions to the bulk Euler-Lagrange equation,
δLc=δR − ∂τðδLc=δ∂τRÞ ¼ 0. The equation of motion can

be replaced by the conservation of energy condition if L
does not depend explicitly on t.
Finally, we relax the Dirichlet boundary conditions used

in ordinary semiclassical treatments of the path integral.
Since we have introduced general initial and final states, we
can consider unrestricted boundary variations. Stationarity
of the action then gives rise to the following boundary
relations:

pi ≡ δLc

δ∂τR

����
τ¼Ti

¼ S0iðRiÞ

pf ≡ δLc

δ∂τR

����
τ¼Tf

¼ S0fðRfÞ: ð3Þ

Equation (3) will be important for understanding the
various semiclassical tunneling solutions we obtain below.
These conditions relate the initial and final momenta of
the semiclassical trajectories to the gradient of the wave
function at the initial and final positions. A totally generic
initial and final wave function, and a given solution RðτÞ,
will not in general satisfy Eq. (3), and so will not provide a
single saddle point approximation to the full path integral,
including the initial and final states as described above. Our
approach will be to find solutions to the bulk equations of
motion first, and then use Eq. (3) to infer wave functions
with consistent properties, such that those solutions provide
genuine saddle points of the full path integral. These are
generally weak constraints on the initial and final wave
functions, only constraining their gradients at points, but
we must determine them after the fact.
These self-consistency conditions have very natural

physical interpretations. For example, the real part of the
momentum at the semiclassical endpoints has to match the
momentum of the initial and final state wave functions in
the eikonal approximation.
At leading order in the semiclassical expansion, then,

the task is to solve the equations of motion subject to
the boundary conditions (3). The canonical variables in the
solution are generally complex-valued. In addition to the
eiγ , Si;f are complex if, say, the states defined on real Ri;f

are modeled as Gaussian wave packets or some similar
perturbative ground state. To estimate a total decay prob-
ability, one must also extremize over semiclassically
inequivalent final states, and integrate over any zero modes.
Although this is an acceptable formulation of a tunneling

problem, generally it is not what is done in standard, time-
independent tunneling problems. One instead solves a
variational problem with fixed energy:

EE ¼ EFV ð4Þ

where EE is the Euclidean energy and EFV ¼ VðRFVÞ is the
value of the potential in the classical false vacuum RFV .
Typically there is a solution to Eq. (4) that starts at RFV and

1Among the interesting phenomena observed in [16] is that the
ordinary Euclidean instanton, with a hyperbolic tangent profile,
becomes a complex space-filling curve in the real-time limit
γ → 0. γ will play a somewhat different role in the decay
problems considered here.
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reaches the classical turning point R ¼ RTP with zero
momentum at some later time, which is determined by
the solution. For example, in an inverted quartic double
well model,

L ¼ 1

2
Ṙ2 − R2 þ λR4; ð5Þ

the relevant zero-energy Euclidean solution is

R ¼ 1ffiffiffi
λ

p sechð
ffiffiffi
2

p
τÞ: ð6Þ

(In this case RFV and RTP are only reached asymptotically,
but this is not important.)
From such a solution, we may work backward and

identify problems of the type (1)–(3) to which it is also a
solution. In a corresponding problem of the type (1)–(3),
one needs a low-energy initial state, like the perturbative
ground state wave function in the false vacuum, for which
S0iðRFVÞ ¼ 0, and similarly the final state can be some
zero-momentum wave packet peaked at RTP. These
requirements are typical of time-independent problems
analytically continued to Euclidean time.
We will see that other final states arise naturally in

two more general situations: first, we consider time-
independent problems with arbitrary time continuation
parameters γ, and second, cases with explicit time-
dependence in the action. We solve the semiclassical
equations of motion with initial energy as input, finding
trajectories that end, typically, at some Rf ≠ RTP with
pf ≠ 0. From these solutions we may read off amplitudes
of the form (1) for which they also provide saddle point
trajectories. In particular Eq. (3) provides relations between
the complex semiclassical momenta and features of suitable
wave packets.
Let us pause and make a couple of tangential comments.

First, in relating a complex-time solution to the original
real-time amplitude (1), there is a little more that needs to
be said about the continuation of the parameters Ti;f back
to real time. We will discuss this issue below. Second,
we note that it is important not to consider a path integral
with fixed initial and final times and fixed initial and final
values of R. Position eigenstates have completely uncertain
momentum, and there will always be solutions, unrelated to
tunneling, that have enough energy to summit the barrier
classically. The fixed-energy formulation avoids these
complications, as does the wave packet formulation, as
long as the gradients in the wave packet are not too large.

III. TIME-INDEPENDENT TUNNELING
WITH t → eiγτ

In this section we consider the general Wick rotation
with parameter γ. For illustration, we work with examples
of the form

L ¼ −R0Rp−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð∂tRÞ2

q
þ Rp: ð7Þ

A large class of field theoretic vacuum decay processes
are described by this effective Lagrangian at the leading
semiclassical order, including thin-wall bubble nucleation
in d ¼ p spatial dimensions, Schwinger pair production in
a constant background electric field for p ¼ 1, and bubble
of nothing decays for p ¼ d − 1. (Therefore R is assumed
to be ≥ 0, since it plays the role of a radial collective
coordinate.) For example, consider a real scalar field in
3þ 1 dimensions with a double-well potential and a small
symmetry breaking parameter ϵ,

VðϕÞ ¼ 1

2
λðϕ2 − a2Þ2 − ðϵ=2aÞϕ: ð8Þ

It is well known that the effective theory (7) with p ¼ 3 is
obtained from a Born-Oppenheimer approximation to the
Klein-Gordon field theory with potential (8). Let us briefly
review the construction which will be useful to have in
mind when we include slow time dependence.
For small ϵ the semiclassical states relevant for tunneling

in the theory (8) are large spherical domain walls. Neglecting
the slow accelerations driven by curvature and the energy
gap ϵ, the equation of motion for the “heavy” degrees of
freedom is ∂

2
tϕ − ∂

2
rϕþ 2λðϕ2 − a2Þϕ ¼ 0, for which the

relevant solutions are

ϕ ≈ a tanh

� ffiffiffi
λ

p
aðRþ vt − rÞffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − v2
p

�
: ð9Þ

Here R is a large radius, v is the wall velocity, the wall
tension is given by σ ∝

ffiffiffi
λ

p
a3, and the factor of 1ffiffiffiffiffiffiffiffi

1−v2
p

accounts for length contraction of the wall thickness. To
obtain an effective action for slow variations of v driven by
curvature and pressure, we replace Rþ vt → RðtÞ, v →
ṘðtÞ, and plug these field configurations into the Klein-
Gordon action. Upon doing so, each term in the Lagrangian

is found to be proportional to fðrÞsech4½
ffiffi
λ

p
aðR−rÞffiffiffiffiffiffiffiffi
1−Ṙ2

p �. In the

thin-wall limit
ffiffi
λ

p
affiffiffiffiffiffiffiffi

1−Ṙ2
p R ≫ 1 the sech4 is sharply peaked

around r ¼ R, so we may replace fðrÞ → fðRÞ and do the
integral over space. One obtains an effective Lagrangian for
the collective coordinate RðtÞ which is, apart from a overall
multiplicative constant, given by Eq. (7) with p ¼ 3 and
R0 ¼ 3σ=ϵ. (We will be lax about such multiplicative
constants, which do not affect the equations of motion
and can be restored easily in the on-shell action.)
Since (7) does not depend explicitly on time, there is a

conserved energy. After continuation t → eiγτ, the con-
served energy is

E ¼ eiγ
�

R0Rp−1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e−2iγð∂τRÞ2

p − Rp

	
: ð10Þ
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There is a false vacuum at RFV ¼ 0 with EFV ¼ 0, and the
classical turning point is RTP ¼ R0. It is also informative
to write the energy in terms of the momentum P ¼
e−iγR0Rp−1ð∂τR=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e−2iγð∂τRÞ2

p
Þ,

E ¼ eiγ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P2 þ R2
0R

2ðp−1Þ
q

− Rp
�
: ð11Þ

For p > 1, Tf ¼ 0, and sufficiently early Ti, the sol-
utions to Eq. (4) relevant for tunneling are quite simple. In
the Euclidean case γ ¼ −π=2, they are

R ¼ Θðτ þ R0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 − τ2

q
: ð12Þ

The solution is real in the relevant range of τ, and the
nucleation point is Rð0Þ ¼ R0, where the momentum
vanishes. For other γ, R is generally not real, so we seek
a zero energy solution for which R is real at τ ¼ 0.
Equation (12) generalizes to

R ¼ Θðτ − R0 csc γÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ ðeiγτ − R0 cot γÞ2

q
: ð13Þ

The particle sits at the R ¼ 0 false vacuum until
τ ¼ τ0 ≡ R0 csc γ, then moves in the complex R plane to
the nucleation point at τ ¼ 0,

Rð0Þ ¼ R0j csc γj: ð14Þ

Curiously, the nucleation point only coincides with the
classical turning point in the Euclidean case. Examples are
shown in Fig. 1.

We should say a word about the sense in which Eqs. (12)
and (13) are saddle points of the action. Since Ṙ is not
defined at τ ¼ τ0 ¼ R0 csc γ, we must give it a definition so
that the trajectories are in the domain of the action func-
tional. Any definition of Ṙ as a discontinuous function is
sufficient and results in the same value of the action. The
discontinuity in Ṙ gives rise to a delta distribution in R̈,
which could spoil the stationarity of the action under
variations. However, for p > 1 the delta function is
multiplied by a positive power of R in the action density,
which vanishes at τ ¼ R0 csc γ.
We have assumed that the initial time is early enough,

Ti < R0 csc γ, so that the instanton can “fit.” Apart from
this constraint, the action of the semiclassical solution is
independent of Ti. The particle sits as long as it needs to in
the false vacuum, and then at τ ¼ R0 csc γ it starts the jump
to the nucleation point.
To better understand the solutions for γ ≠ −π=2, we can

ask what wave packet problems of the form (1)–(3) they
also solve. Let us examine the boundary conditions (3). The
final momentum of the solutions (13) is

pf ¼ −Rp
0 j csc γjp−1 cot γ: ð15Þ

In particular, it is real, and so is related to the gradient of
the phase of the final wave function by Eq. (3). For wave
packets the gradient of the phase is just the classical
momentum P.
Furthermore is easily seen that the real-time energy,

Eq. (11) with γ ¼ 0, vanishes for all final states labeled
by the real positions R → Rð0Þ given in Eq. (14) and real
momenta P ¼ pf given in Eq. (15). This is because
Eq. (11) only depends explicitly on γ in an overall
multiplicative factor, and Eq. (3) instructs us to map the
semiclassical trajectory momentum pf and the semiclass-
ical final state momentum P to each other. The final states
at τ ¼ 0 correspond to different points in phase space,
related by real-time classical evolution.
We conclude that different values of γ correspond to

equivalent tunneling processes in an interesting way. For
−π < γ < −π=2, the classical state is a particle somewhere
to the right of the potential barrier, moving up the hill
toward the classical turning point. For −π=2 < γ < 0, the
particle is moving away from the turning point. Classical
evolution, either forward or backward in time, takes the
particle to the state at rest at the turning point, which is the
nucleation point for γ ¼ −π=2. We may interpret this as
meaning that different γ (in the range −π=2 < γ < 0)
correspond to different times at which a bubble nucleates
at rest. The semiclassical path integral computes the
amplitude to evolve from “no bubble” at Ti to “some
bubble” at Tf, and different γ appear to naturally account
for the fact that we would also find a nonzero semiclassical
amplitude, to nucleate a bubble with a smaller pf, if we
chose earlier Ti.

0.5 1.0 1.5 2.0 2.5 3.0
Re, Im

–4

–3

–2

–1

R

FIG. 1. Tunneling trajectories (13) with R0 ¼ 1 and a range of γ
between − π

2
(Euclidean) and − π

10
. As γ → 0− the tunneling starts

earlier and ends further outside the well, with finite classical
momentum such that the total energy is conserved.
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Consistent with this interpretation, all of the trajectories
have the same on-shell value of the real part of the action.
For example, for p ¼ 3, one finds

Re

�
−i
Z

Tf

Ti

dτLcð∂τR; R; τÞ
�
¼ πR4

0

16
ð16Þ

independent of γ.
According to Eq. (2), the tunneling exponent ReðScÞ

also receives contributions from the initial and final state
via ImðSi;fðRi;fÞÞ. These factors can also be taken to be
independent of γ. For example, the final states can be
chosen as wave packets related by translation in R. (As
long as the packets are localized away from the origin, the
fact that R is bounded from below is of no practical
consequence.)
Finally, we must consider the analytic continuation of the

amplitude back to real time. This is different from taking
the limit γ → 0 in the semiclassical solutions, because we
have identified solutions with different values of γ as saddle
points describing tunneling between different final states.
Instead we want to continue the amplitude in the complex
Ti-plane back to the real time axis, for fixed final states.
Here we will be content with a plausibility argument. We
have already seen that for fixed γ the tunneling exponent is
independent of Ti (if jTij > R0j csc γj, so that the trajectory
described by the instanton has enough time to complete.)
Furthermore on physical grounds the real time decay rate
is expected to be constant over timescales long compared
to the perturbative timescales in the false vacuum and
short compared to the lifetime. Therefore we make the
plausible assumption that Ti can be continued back to
the real axis, trivially, for any final state corresponding
to some γ. Furthermore we have seen that we obtain the
same real part of the exponent, which controls the lifetime,
for any γ.

IV. TIME-DEPENDENT TUNNELING

The formulations of the tunneling problem described
above admit a straightforward generalization to time-
dependent systems. We consider two explicit examples,
a toy model and thin-wall bubble nucleation in 3þ 1
dimensions.

A. Toy model

The first example is simple enough that we can solve it
more or less analytically:

L ¼ ð∂tRÞ2 −
�ðR0 þ vtÞR − R2

�
: ð17Þ

As before the degree of freedom is constrained to R ≥ 0, so
that on the domain of R, the classical potential has a false
vacuum at R ¼ 0. We assume v > 0 so that the barrier is

growing with time. We are free to choose the time para-
metrization so that the nucleation time is Tf ¼ 0, and we
assume that R0 is large enough so that R0 þ vTi > 0. The
model (17) has been scaled so that time is dimensionless
and v has the dimensions of R.
We perform the same general continuation as previously,

t → eiγτ, and seek solutions to the equations of motion on
which the classical Hamiltonian vanishes at some τ ¼ τ0.
The tunneling solution is

RðτÞ ¼ 1

2
ðR0 þ eiγτvÞ − 1

2
ðR0 þ eiγτ0vÞ cosh

�
eiγðτ − τ0Þ

�
−
1

2
v sinh

�
eiγðτ − τ0Þ

�
: ð18Þ

Some examples are shown in the complex-R plane in Fig. 2.
To understand the decay process described by the

solutions (18), we must determine the tunneling time, the
relevant initial and final states, and the real part of the on-
shell action. We consider each in turn.
Demanding that R is real again at τ ¼ Tf ¼ 0 determines

the tunneling time τ0 via the somewhat messy relation

R0 sinðτ0 sin γÞ sinhðτ0 cos γÞ
¼ v

�
sinðτ0 sin γÞ cosh

�
τ0 cosðγÞ

�
− τ0

�
sin γ

�
cosðτ0 sin γÞ

�
coshðτ0 cos γÞ

þ cos γ sinðτ0 sin γÞ sinhðτ0 cos γÞ

� ð19Þ

For nonzero v and Euclidean time, γ ¼ −π=2, (19) reduces
to tanðτ0Þ ¼ τ0, which has no nontrivial solution. Conversely
it is satisfied by any τ0 if v ¼ 0 and γ ¼ −π=2. We solve it

0.5 1.0 1.5 2.0
Re

–0.6

–0.4

–0.2

0.2

0.4

0.6

0.8
Im R

R

FIG. 2. Tunneling trajectories (18) with R0 ¼ 1, v ¼ 1=20, and
a range of γ between − π

6
and − 2π

3
.
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perturbatively in small v:

τ0 ¼ π csc γ

�
1 −

v
R0

cothðπ cot γÞ þOðv2Þ
	

ð20Þ

where the higher order coefficients are lengthy but easily
calculable. Near γ ¼ −π=2, the solution (20) behaves as

τ0 ∼ −
�
π þ ð1=6þ π2Þ v2

πR2
0

	
−

v
R0

�
γ þ π

2

	
−1

þ v2

πR2
0

�
γ þ π

2

	
−2

þ… ð21Þ

so the small-v expansion is only controlled for

jγ þ π=2j ≫ v
πR0

: ð22Þ

It is also possible to obtain τ0 as an expansion in γ þ π=2 for
fixed nonzero v, but one finds that Rf is small, of order
γ þ π=2, and the solutions typically do not describe tunnel-
ing out of the well. In other words, we find the surprising
property that in this problem we must not work too close to
the imaginary time axis in order to obtain classical solutions
relevant for tunneling.
Now we examine the initial and final states. To describe

tunneling between two fixed times, we set R ¼ 0 for
Ti ≤ τ ≤ τ0, and R is given by Eq. (18) for τ > τ0.
Despite its piecewise nature, it is easy to check that this
trajectory is still a genuine stationary point of the continued
action.2 As for the final state, we find anOðvÞ correction to
the nucleation point,

Rfð0Þ ¼ R0 þ
1

2
R0ðcoshðπ cot γÞ − 1Þ

−
1

2
v sinhðπ cot γÞ þ…: ð23Þ

The v ¼ 0 contribution exhibits the same behavior as the
time-independent model of the previous section: as γ → 0−

it diverges, indicating nucleation far outside the barrier.
On the other hand, near the Euclidean time axis (keeping
leading terms of order v2),

Rfð0Þ ¼ R0 þ
ð5π2 − 2Þv2

24R0

þ 1

2
vπðγ þ π=2Þ

−
v2

4R0

ðγ þ π=2Þ−2 þ…: ð24Þ

The third term is negative if γ < −π=2 and the fourth term
is negative definite. The second term is positive but for
jγ þ π=2j ≫ v=ðπR0Þ the third term is larger in absolute
value so the sum of two is also negative. Within the small-v
approximation, all of these terms must be much smaller in
magnitude than R0. So a novel feature of time dependent
systems, which do not conserve energy, is that it is possible
to obtain a nucleation point less than the classical turning
point at the nucleation time. However, in the present
model this effect is atypical and marginal in the small-v
expansion.
The final momenta of the trajectories are

ReðpfÞ ¼ −R0 sinhðπ cot γÞ þOðvÞ
ImðpfÞ ¼ πvcschðπ cot γÞ þOðv2Þ: ð25Þ

As before, the final state is characterized by a nonzero
classical momentum ReðpfÞ for general γ. The new feature
is a nonzero imaginary component of pf for nonzero v. For
typical γ not too close to the Euclidean limit, ImðpfÞ is
exponentially small, of order ve−π=γ. ImðpfÞ is related to
the gradient of the final-state wave packet at the nucleation
point, in problems of the type (1), by Eq. (3). The
imaginary part of Sf and its gradient, for a wave packet
peaked at some R⋆, satisfy

ImðSfÞ ¼ ðRf − R⋆Þ2=2σ2;
ImðS0fÞ ¼ ðRf − R⋆Þ=σ2: ð26Þ

A typical size of σ is ≲Reðp−1
f Þ. Consequently the typical

distance from Rf to the peak of the wave packet, for
jγj≲Oð1Þ, is also exponentially small in π=γ. So to a good
approximation we can still think of the final state as being
peaked at Rf, if γ is not too close to the Euclidean limit, and
the state possesses finite classical momentum.
In the opposite limit, close to Euclidean time [while

maintaining the bound (22)], the classical momentum of the
final state ReðpfÞ goes to zero like γ þ π=2: the particle
nucleates approximately at rest. The gradient of the final
state wave function at the nucleation point grows like
ðγ þ π=2Þ−1: the stationary point of the wave packet
problem balances a decrease in the tunneling distance
against a decrease in the amplitude of the final state wave
function.
The decay amplitude is governed by the real part of the

on-shell action,

ReSc ¼ ImSið0Þ − ImSfðRfÞ þ
πR2

0

4
þ 1

2
π2R0v cotðγÞ

þOðv2Þ: ð27Þ

The first two terms depend on the wave packets at the
starting and nucleation points. Since typical semiclassical

2Actually, by constructing a model simple enough to solve
analytically, we have inadvertently complicated this step, because
the potential is not differentiable at the origin. Its derivative must
be defined to be discontinuous, set to zero for all t at R ¼ 0,
and R0 þ vt − 2R for R > 0. This is necessary for the vacuum
solution R ¼ 0 to exist. This technical complication will not arise
in the bubble nucleation problem considered in the next section.
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solutions permit R ¼ 0 and R ¼ Rf to lie close to the
packet peaks, these terms may be neglected. (There is a
contribution from the wave function normalizations, but it
is of higher order in the ℏ expansion.) The rest of (27)
corresponds to the real part of the action Reð−i R LcdτÞ
evaluated on the semiclassical trajectory.
The leading term in the v expansion, πR2

0=4, corresponds
to the time-independent semiclassical action. The OðvÞ
correction can actually be computed just from the OðvÞ
term in the action, evaluated on the v ¼ 0 solution. This
is not completely obvious because the perturbation also
changes the solution at the initial and final times, as well as
the initial time. The full perturbation to the on-shell action
at order v takes the form:

ΔSc ¼ v

��
ie2iγ

Z
0

τ0

dττR

	
þ �iLcðR; τ ¼ τ0Þ∂vτ0

�
þ ðip∂vRÞ

����τ¼0

τ¼τ0

�����
v¼0

ð28Þ

The second term arises from the OðvÞ correction to the
initial time τ0. It vanishes because Lc ¼ 0 at the initial time
for v ¼ 0. The third term involves the momentum p ¼
2e−iγ∂τR. It arises from the integration by parts in the
kinetic term when the on-shell action is varied with respect
to v. Physically, it translates the initial and final R by
δR ¼ v∂vR. The τ ¼ τ0 contribution from this term van-
ishes because ∂τR vanishes at the initial time. The con-
tribution from τ ¼ 0 is nonzero, but purely imaginary
because pf is real for v ¼ 0. [Of course, these boundary
variations must also cancel if Eq. (3) is satisfied.] Thus the
first, “bulk” term in (28) accounts for the full OðvÞ term
in (27), as can be verified explicitly,

ΔReScjOðvÞ ¼
1

2
π2R0v cotðγÞ: ð29Þ

Physically, theOðvÞ correction to the tunneling exponent
is sourced by several effects. First, the tunneling takes place
at earlier times, when the potential barrier was smaller
by an amount of order R0v csc γ. (Recall that we assume
v > 0, so that the barrier is growing in time; it is
straightforward to reinterpret for negative v.) This effect
decreases the action. Second, the tunneling duration jτ0j
[cf. Eq. (20)] has a OðvÞ correction, which also affects the
action at OðvÞ. The duration is longer for γ < −π=2,
increasing the action, and shorter for γ > −π=2, further
decreasing it. The netOðvÞ shift in the action is positive for
γ < −π=2 and negative for γ > −π=2.
The magnitude of the OðvÞ contribution appears to

decrease (increase) without bound as γ → 0− (γ → −πþ),
in both cases because τ0 is diverging to −∞. This reflects
two related facts. First the v expansion of the action breaks
down at large τ0 ∼ R0=v, and so (27) is not reliable unless

γ ≪ −πv=R0 and γ ≫ π þ πv=R0. Then the correction is
under control and the real part of the action is positive
definite. Second, we should incorporate the bounds
R0=v > jTij > jτ0j, so that the tunneling processes have
time to complete, and the barrier is already present at the
initial time Ti when the system was known to be in its
vacuum state. This implies the constraint πvj csc γj < R0

for small v, which limits γ in the same way.
Apart from these bounds, what γ should we pick? The

smallest action arises when tunneling starts right away, so
that Ti ¼ τ0 and the barrier is minimized. For small v this
means we have π csc γ ≈ Ti. Then we find

ΔReScjOðvÞ;max ¼ −
1

2
πR0v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
i − π2

q
ð30Þ

for any −π > Ti > −R0=v. The upper bound on Ti requires
that at least one instanton “fits” before the nucleation time
Tf ¼ 0, and the lower bound on Ti corresponds to the time
when the barrier vanishes; note that here the correction to
the action is of the same order as the leading term and of
opposite sign.
The correction (30) is straightforward to understand. Part

of the effect is translating the coupling R0 appearing in the
leading time independent action, π

4
R2
0, back to the starting

time, R0 → R0 − vTi, at first order in v. This effect is
dominant if Ti ≫ π. The rest of the correction is the leading
effect of time dependence while the particle is moving
under the barrier. It vanishes in the Euclidean case, Ti ¼ π,
because here there is an extra −iτ in the OðvÞ Lagrangian,
which makes the contribution purely imaginary.
As we found in the time-independent case, generic

values of γ correspond to bubbles in motion at Tf ¼ 0.
As in the time-independent case it is natural to conclude
that the solution is telling us that nucleation has effectively
already occurred at an early time: we can evolve the
characteristic position and momentum of a suitable wave
packet backward in real time to a state of smaller momen-
tum closer to the classical turning point at that time. Our
path integral only “asks” about events at Tf, but it “knows”
about decays that occurred earlier.
Holding γ fixed, the on-shell action Eq. (27) is inde-

pendent of Ti as long as the instanton fits. Therefore we
may trivially continue the semiclassical amplitude e−Sc

back to real time, Ti;f → e−iγTi;f. This continuation only
acts nontrivially on Ti, since Tf ¼ 0.
We conclude that the solutions (18) provide a semi-

classical approximation to the probability amplitude (1),
with some low-energy initial state peaked at R ¼ 0 at a
specified initial time, and a final wave packet localized
near Rf at Tf ¼ 0, with properties related to the real and
imaginary parts of the final momentum by Eq. (3). As
before, we have avoided the more difficult problem of
solving the boundary value problem (3) with specified Si;f
directly, and instead solve the initial value problem with
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specified R and Ṙ. The price is that we did not know exactly
what family of wave packet transition amplitudes we
solved until we computed the total tunneling time, the
nucleation point, and final momentum of the solution.

B. Thin-wall bubble nucleation

Our second example is the 3þ 1 dimensional thin-wall
bubble nucleation model. We consider the case of a time-
dependent domain wall tension proportional to σðtÞ and
vacuum energy splitting ϵðtÞ (as before, geometric factors
have been absorbed to reduce clutter):

L ¼ −σðtÞR2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð∂tRÞ2

q
þ ϵðtÞR3: ð31Þ

We assume that σðtÞ, ϵðtÞ are positive for all relevant times.
Before analyzing the tunneling processes in this model,

let us discuss how (31) might arise as an effective action in
a field theory coupled to a dynamical sector. For example,
we can weakly couple the model (8) to another scalar χ
rolling in a shallow potential,

Vðϕ; ξÞ ¼ 1

2
λðϕ2 − a2Þ2 − ϵ0

2a
ð1þ gχ=aÞϕþ VðχÞ: ð32Þ

Suppose that on the timescales of interest we can linearize
VðχÞ ≈ c=aχ. The specifications of “weak coupling” and
“shallow potential” mean we take the hierarchy λa4 ≫
ðcχ=a; ϵ0Þ ≫ gϵ0χ=a over all relevant χ. Then we can add
the effects of χ to the Born-Oppenheimer treatment
described in Sec. III. In the first step, we solve the
approximate “heavy” dynamics, obtaining the profile (9)
at zeroth order in ϵ0, c, and 1=R2. Subsequently we take the
thin-wall limit. Then we obtain the “light” dynamics,
finding a homogeneous rolling solution for χ at leading
order in the hierarchy c ≫ gϵ0,

χ ¼ χ0 þ vtþ 1

2
ðc=aÞt2; ð33Þ

for some χ0 and v. Evaluating the Lagrangian on the thin-
wall profile and Eq. (33) and integrating over space, we
obtain the quantummechanical model (31) with constant σ ¼
16π

ffiffiffi
λ

p
a3=3 and ϵðtÞ ¼ 4π=3½ϵ0 þ ðg=aÞðχ0 þ vtþ 1

2
ct2Þ�.

With other weak couplings and potentials we may obtain
arbitrary functions σðtÞ and ϵðtÞ, and possibly more general
couplings. It is also straightforward to include backreaction
of the ϕ profile on χ in the matching of the effective
parameters, although this is higher order in g and may be
subleading to corrections to the thin-wall limit.
Now let us study the tunneling solutions of (31), along

the same lines as our analysis of the toy model.
Unfortunately, in the present model, typically an analytic
solution is no longer available. However, it is straightfor-
ward to construct numerical solutions, and the correction to

the tunneling exponent may be obtained analytically when
the parameters vary slowly.
To construct numerical solutions we require initial

conditions. At early times the relevant nontrivial solutions
behave as

R ¼ c
ffiffiffiffiffiffiffiffiffiffiffiffi
τ − τ0

p �
1þOðτ − τ0Þ

�
;

c ¼ ieiγ=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6ðσ0 þ eiγτ0vσÞ

3iðϵ0 þ eiγτ0vϵÞ þ vσ

s
ð34Þ

where vσ;ϵ are defined by the early time expansions

σðeiγτÞ ¼ σ0 þ eiγvσðτ − τ0Þ þ…;

ϵðeiγτÞ ¼ ϵ0 þ eiγvϵðτ − τ0Þ þ…: ð35Þ

Using (34) as initial data, we may integrate the equations of
motion with specified σðtÞ, ϵðtÞ until R becomes real again,
which defines a nucleation point Rf. We may adjust τ0 so
that the nucleation time is Tf ¼ 0. We call such a solution
R̂ðτÞ. As before, we can also attach an arbitrary period of
the solution R ¼ 0 to the beginning of the solution R̂ðτÞ to
obtain a tunneling solution of longer total duration,

RðτÞ ¼ θðτÞR̂ðτÞ; Ti < τ < 0: ð36Þ

In Fig. 3 we show example trajectories in a model with
linear time dependence in σ and ϵ, such that the barrier
height grows linearly in time.
In some cases, we can compute corrections to the

tunneling exponent without knowledge of the full solution.
Suppose that the parameters vary slowly enough that the
linearizations (34) hold to a good approximation between
τ ¼ τ0 and τ ¼ 0. The Oðvϵ; vσÞ corrections to the on-shell
action are given by the Oðvϵ; vσÞ terms in the action
evaluated on the vϵ ¼ vσ ¼ 0 solution, Eq. (13).3 We
obtain:

ΔReScjOðvÞ ¼
π

4
cotðγÞR4

0

�
vσ −

3

4
R0vϵ

	
: ð37Þ

In Fig. 3 we compare the linear approximation to the full
numerical result in some examples, finding agreement
consistent with Oðv2Þ corrections.
As in the toy model studied in the previous section,

we can map these solutions to wave packet transition

3The reason is essentially the same as in the analysis of the toy
model, Eq. (28). In the bulk time window the corrections to the
solution itself only affect the action at Oðv2Þ. The various
boundary contributions either vanish because R vanishes at the
initial time, or are purely imaginary because the final momentum
for vϵ;σ ¼ 0 is real, cf. Eq. (15). Thus the entireOðvÞ correction to
the real part of the action comes from the bulk OðvÞ term
evaluated on the v ¼ 0 solution (13).
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amplitudes as in (1). The solution begins at R ¼ 0 at an
initial τ ¼ Ti. The particle remains at rest at the origin until
τ ¼ τ0, then moves to the nucleation point Rf at Tf ¼ 0,
where it possesses some final momentum pf. The action is
independent of Ti as long as Ti < τ0, and so we trivially
continue the semiclassical amplitude e−Sc back to real
time, Ti → e−iγTi.
For fixed Ti, and assuming the barrier is growing

monotonically sufficiently rapidly, the largest tunneling
amplitude corresponds to γ such that τ0 ¼ Ti. For slow time
dependence, this implies the relation R0 csc γ ≈ Ti, and the
correction to the tunneling exponent

ΔReScjOðvÞ;max ¼ −
π

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
i − R2

0

q
R3
0

�
vσ −

3

4
R0vϵ

	
: ð38Þ

Again the correction (38) is easy to interpret. Part of the
effect is translating the couplings σ0 and ϵ0 appearing in
the leading time independent action, π

16
σ40=ϵ

3
0, back to the

starting time Ti in the linearized approximation. This effect
is dominant if Ti ≫ R0. The rest of the correction is the
leading effect of time dependence while the particle is
moving under the barrier. The former correction is captured
by the replacements σ0 → σðtÞ, ϵ0 → ϵðtÞ, in the leading
on-shell action at the linearized level. However, we see
that this is an incomplete accounting of the OðvÞ terms,
and corrections that arise from time dependence during
the main part of barrier penetration are obtained in the
more systematic analysis. The correction vanishes for the
Euclidean case Ti ¼ R0 because the shift in the action is
purely imaginary; this is a consequence of linearizing the
time dependence, and nonzero corrections should be

expected even in the Euclidean case if the time dependence
is nonlinear.
More generally, the leading correction to the tunneling

exponent should be obtained from the leading time-
dependent perturbation to the time-independent action,
integrated over the time-independent trajectories, and
minimizing the real part over γ.

V. COUPLING TO GRAVITY

In principle, the thin-wall bubble nucleation formalism
used above may be extended to include gravitational
effects. In static cases, like the thin-wall limit of (8), one
can construct a suitable membrane effective action. We will
discuss this case below and generalize slightly an effective
action constructed by Visser [17]. The same action was
used in [18] to compute decay rates in special cases using
Euclidean methods. In the presence of time-dependent
driving fields, however, the construction of a complete
membrane effective action is more cumbersome, and it is
convenient to adopt some approximations. In one class of
problems the gravitational field is the primary source of
time dependence, and in favorable circumstances we can
neglect the backreaction of the bubble on the gravitational
field. In another class of problems the backreaction of the
bubble on the field is accounted for, while the effects of
time-dependent sources on the gravitational field can be
neglected. We consider each case in turn.
As an example of the first type, suppose that we place

the model (8) on a rigid FRW background, ds2 ¼
−dt2 þ aðtÞ2dx2i . Slow time dependence corresponds to
tunneling processes that proceed quickly compared to the
Hubble time a=ȧ. Suppose that we are interested in
tunneling between times ti and tf, and we normalize the

0.5 1.0 1.5 2.0
Re R

–0.4

–0.2

0.2

0.4
Im R

0.10 0.15 0.20
v

–0.05

–0.04

–0.03

–0.02

–0.01

Re Sc

FIG. 3. Left: tunneling trajectories with R0 ¼ 1, R0vσ=σ ¼ R0vϵ=ϵ ¼ 1
20
, and a range of γ between −π=6 and −2π=3. Right: the

v-dependent correction to the real part of the on-shell action (solid) compared to the analytic result linearized in v [dashed, Eq. (38)], for
γ ¼ −π=4 and a range of v. (Here ΔReSc is normalized to R3

0σ0 which controls the leading v-independent term in the on-shell action.).
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scale factor to 1 at tf. Then we may set a ≈ 1þHðt − tfÞ
where H is the Hubble parameter at tf. To match to our
framework in which tunneling ends at time zero, we shift
the time coordinate, t → tþ tf. Then

a ¼ 1þHt ð39Þ

and the Klein-Gordon action expanded to OðHÞ is

S ≈
Z

d4x
�
Lflat þHt

�
3Lflat þ ð∂iϕÞ2

�

: ð40Þ

The corresponding effective Lagrangian is

L ¼ −ð1þ 3HtÞσR2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð∂tRÞ2

q
þ ð1þ 3HtÞϵR3

þ σHtR2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð∂tRÞ2

p ð41Þ

with σ and ϵ given by their flat-space values, σ ¼
16π

ffiffiffi
λ

p
a3=3 and ϵ ¼ 4πϵ0=3. We see that in addition to

time-dependent ϵ and σ, as in the model (31), there is also a
new term.
The real part of the OðHÞ correction to the on-shell

action, obtained from theOðHÞ term in Eq. (41), is found to
vanish. In typical FRW spacetimes the acceleration is of
order H2, so if there are OðH2Þ corrections they must be
found retaining both the acceleration and terms of orderH2

in the action and terms of order H in the solution. This
problem can be studied numerically, but we will not pursue
it further here.
Instead we consider another class of problems, where the

gravitational field is static, but some gravitational back-
reaction from the bubble is incorporated. We start with the
fully static problem. The Einstein-Hilbert action coupled to
a brane is4

SEHGH
1;2 ¼ 1

16πGN

Z
M1;2

ffiffiffiffiffi
jgj

p
d4xðR1;2 − 2Λ1;2Þ

þ 1

8πGN

Z
T

ffiffiffiffiffiffi
jhj

p
d3yK1;2 − μ

Z
T

ffiffiffiffiffiffi
jhj

p
d3y; ð42Þ

where K is the trace of the extrinsic curvature tensor and T
denotes the brane world volume. The effective action for
the location of the brane R is obtained by integrating out the
bulk fields. We assume that the relevant true and false
vacuum spacetimes are approximately de Sitter in the static
slicing. The appropriate action is

Seffbubble ¼
4π

8πGN

Z
dλ

2
42RṘsinh−1

0
@ Ṙ

σdSF

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2fdSF

q
1
A

− 2RṘsinh−1

0
@ Ṙ

σdST

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N2fdST

q
1
A

þ 2σdSTR
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fdSTN

2 þ Ṙ2

q

− 2σdSFR
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fdSFN

2 þ Ṙ2

q
− 8πGNμNR2

3
5; ð43Þ

where Ṙ ¼ dr
dλ and the subscripts T and F refer to the true

and false vacua with fdST;F ¼ 1 − R2=L2
T;F. In general the

value of each σdST;F could be �1. This action slightly
generalizes that of Visser [17] (to which we refer for a more
detailed derivation) by the inclusion of a metric degree
of freedom on the brane, N which allows manifest
reparametrization invariance. Varying this degree of free-
dom, δSbubble

δN ¼ 0, we find5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fdST þN−2Ṙ2

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fdSF þN−2Ṙ2

q
− 4πμGNR¼ 0: ð44Þ

The above equation is the only independent differential
equation, since it turns out that the Euler-Lagrange equa-
tion obtained by varying r is simply the λ derivative of (44).
Keeping the lapse in the action is important to obtain
the first-order equation (44) from first principles. Having
derived it as an Euler-Lagrange equation, we may now fix
the gauge on the brane by setting N ¼ 1, which identifies λ
with the proper time s along world lines of fixed angular
coordinates on the brane. Then Eq. (44) matches the
junction condition one would obtain by variation of the
fields at T in (42).
We now set N ¼ 1 and continue s → eiγ

0
s. (We use γ0

instead of γ because the proper time is not exactly the same
as the coordinate time which was continued in earlier parts
of this paper; we will derive the relationship below.) The
energy is

E ¼ eiγ
0 π

GN

�
R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fdSF þ e−2iγ

0
Ṙ2

q
− R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fdST þ e−2iγ

0
Ṙ2

q

þ 4πGNμR2

�
: ð45Þ

4Other boundary terms besides T will be neglected since they
do not affect effective action.

5We have chosen σdST;F ¼ þ1 which is the physically relevant
case when 0 < R < LF < LT , with same time orientation inside
and outside the bubble, and for small enough positive μ. For an
extensive analysis of different cases see [19] and references
therein.
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Setting N ¼ 1 and s → eiγ
0
s into Eq. (44) we note that the

energy vanishes on-shell, indicative of time reparametriza-
tion invariance. To find the classical solutions we first note
that RðsÞ ¼ 0 is a trivial solution with vanishing energy.
To find the other solution branch we rearrange (44) into
the form

e−2iγ
0
�
dR
ds

	
2

þ VðRÞ ¼ 0; ð46Þ

where VðRÞ¼ 1−α2R2, and α2¼L−2
F þðL−2

F −L−2
T −16π2G2

Nμ
2Þ2

64π2G2
Nμ

2 .

The solution with vanishing energy at s0 is

RðsÞ ¼ α−1 cosh
�
αeiγ

0 ðs − s0Þ þ iðπ=2Þ
: ð47Þ

The initial proper time s0 ¼ π
2
α−1 cscðγ0Þ is the largest

negative time for which ImRð0Þ ¼ 0. The final position at
s ¼ 0 is Rð0Þ ¼ α−1 coshððπ=2Þ cot γ0Þ which falls within
the classical allowed region R > α−1 for any γ0. Similar to
the models of Sec. III the real time energy vanishes for
the final position and momenta, and final states with
different γ0 are connected to each other at the classical
level, by real time evolution. The on-shell action is given by

the following integral −i
R Tf

Ti
dτLc ¼ −ieiγ

R Rð0Þ
0 PðRÞdR,

where PðRÞ is the on-shell momenta

PðRÞ ¼ 1

GN
R ln

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L−2

T R2
p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − L−2

F R2
p

×

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2R2 − 1

p
þ R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 − L−2

F

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2R2 − 1

p
þ R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2 − L−2

T

p
!#

: ð48Þ

As one might expect the bubble action in Eq. (43)
reduces to Eq. (7) with p ¼ 3 to leading order in
R2=GN → 0 limit [18]. If we set N ¼ 1 and expand (43)
to leading order in GN we find the following action

Seffbubble ¼
Z

ds

�
4

3
πR3ðϵF − ϵTÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Ṙ2

p
− 4πμR2

	
; ð49Þ

where ΛT;F ¼ 3L−2
T;F ¼ 8πGNϵT;F and Ṙ means derivation

with respect to proper time s. To match with (43) we also
need to express the action in terms of the Lorentzian time t.
To leading order in GN the relation between s and t is

usual time dilation relation dt ≈ ds
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðdRdsÞ2

q
. In terms of

Lorentzian time t the Lagrangian of (49) is proportional
to (43) with p ¼ 3 and R0 ¼ 3μ

ϵF−ϵT
≈ α−1.

Similarly we can recover the solution (13) from (47) in
the R2=GN → 0 limit. If we continue the time dilation
relation we find

eiγdτ ≈ eiγ
0
ds

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ e−2iγ

0
�
dR
ds

	
2

s
: ð50Þ

If we now integrate the time dilation relation, use α−1 ≈ R0

to leading order and the initial conditions s0,τ0 we find

eiγτ − R0 cot γ ¼ α−1 sinh

�
αeiγ

0
s −

π

2
cot γ0

	
: ð51Þ

Making use of (51) it is easy to check that the solution (47)
reduces to (13). The relation between the coordinate time
continuation parameter γ and the proper time parameter γ0
can also be found, if we set τ ¼ s ¼ 0 into (51). We find
cot γ ¼ sinh ðπ

2
cot γ0Þ, which together with (51) implies

Rð0Þ ¼ R0j csc γj as expected.
Now let us include some time dependence. A field

theory model that can be mapped more or less straight-
forwardly to a time-dependent generalization of (43) is
given by

V ¼ 1

2
½λ0 þ ðg=aÞχ�ðϕ2 − a2Þ2 − ðϵ=2aÞϕþ V0 þ VðχÞ:

ð52Þ

As in the nongravitational example, and for similar reasons,
we consider the hierarchy λ0a4 ≫ V0 ≫ ðVðχÞ; ϵÞ > 0, so
that the bubble profile is dominated by the ϕ4 potential, and
the state of the gravitational fields in the true and false
vacua can be approximated by de Sitter space. We assume χ
and ϕ are weakly coupled, which means both that g is small
and that the metric in the bubble background does not
substantially alter the background solution for χ, which is
consistent with the small ϵ approximation.
The relevant rolling solution for χ at Oðg0Þ is homo-

geneous in the flat slicing of dS. The static slicing is
more convenient for the present problem, so χ is a function
of the form χðtþ L log

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − r2=L2

p
Þ, with L2 ≈ 3M2

p=V0

and r and t the static radial and time coordinates,
respectively.
This model is obviously not the most general case, since

the background spacetimes are approximated as time-inde-
pendent and the underlying field theory model is certainly
fine-tuned. Its main virtue is that the effective action is
almost entirely recycled from the time-independent case. In
the thin-wall limit the bubble dynamics of the model (52)
maps to a membrane effective action of the form (43) with
μ → μðtdSF ; RÞ. The spacetime dependence of the tension
appears at OðgÞ and is inherited from the background
solution for χ in static coordinates.
If we set lapse variation of (43) to zero with μ time

dependent, rearrange and apply a λ derivative on both sides
we find
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d
dλ

"
R�
∂q
∂N

��2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fdST þ N−2Ṙ2

q
− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fdSF þ N−2Ṙ2

q
− μ̃R

	#

¼ −NR2
∂μ̃

∂tdSF
; ð53Þ

where we defined q≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f−1dSFN

2þf−2dSF Ṙ
2

q
and μ̃≔ 8πGNμ.

Equation (44) is a first order equation analogous to a
conservation of energy law. Equation (53) is a second order
equation describing the nonconservation of energy by the
varying μ.
From this point one may proceed to rotate the time

contour and seek suitable tunneling solutions connecting
the vacuum to nucleated bubble states. Similarly to the
nongravitational cases, at leading order (in the derivative of
μ with respect to the flat time slicing) corrections to the
tunneling probability may be found from the unperturbed
solutions (47) and extremization over γ.

VI. AN INSTANTON IN A KALUZA-KLEIN
COSMOLOGY

We conclude with an example where an exact solution of
the field equations in a time-dependent background may be
obtained. The setting is purely gravitational and describes
tunneling in a certain Kaluza-Klein cosmology. We begin
with the metric

ds2 ¼ −dy2 þ y2dϕ2 þ dt2 þ dx2 þ x2dψ2; ð54Þ

with timelike coordinate y and nonstandard Kaluza-Klein
identification

ðt;ϕÞ ∼
�
tþ 2πn

μffiffiffiffiffiffiffiffiffiffiffiffiffi
μ − a2

p ;ϕ − 2πn
affiffiffiffiffiffiffiffiffiffiffiffiffi

μ − a2
p 	

ð55Þ

and 0 ≤ a2 ≤ μ. For nonzero a the KK circle is twisted with
spatial Milne-type coordinate ϕ. Indeed, the metric (54) can
be extended in a similar way to the Milne extension to
Minkowski. First we define

ϕ̃ ¼ ϕþ ða=μÞt: ð56Þ

At fixed ϕ̃ the periodicity is simply t ∼ tþ 2πn μffiffiffiffiffiffiffiffi
μ−a2

p . We

then transform y2 ¼ z2 − w2, tanh ϕ̃ ¼ z=w to obtain

ds2 ¼ −dz2 þ
�
1þ a2

μ2
�
z2 − w2

�	
dt2

þ 2a
μ
dtðwdz − zdwÞ þ dw2 þ dx2 þ x2dψ2: ð57Þ

This will play the role of our vacuum spacetime. Locally,
it is just flat space, but globally there is a KK circle with
interesting properties. For a ¼ 0, (57) is ordinary KK

spacetime which can decay by nucleating a bubble of
nothing [20]. The instanton is the Euclidean continuation of
5D Schwarzschild-Tangherlini. For nonzero a, the vacuum
spacetime is more exotic: it is cylindrically symmetric,
time dependent, and exhibits a Killing horizon for ∂t at
w2 ¼ w2

s ≡ z2 þ μ2=a2, beyond which the KK circles are
closed timelike curves (CTCs). The presences of CTCs is
certainly an upsetting feature, and we will assume that (57)
is only valid out to some cutoff w̄2, with

w̄2 < w2
s ; ð58Þ

beyond which the spacetime is “completed” in a more
physical way. (This is clearly a strong assumption. We will
see at least a physical argument below that for a2 ≪ μ there
is a parametric separation between the spacetime region
supporting bubble nucleation and the region exhibiting
CTCs, lending some support to the idea that the regions
can be studied independently.) The most interesting feature
is that for w2 < w2

s the proper circumference of the KK
circle is time (z) dependent, shrinking to a minimum size

2π
ffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2−a2w2

μ−a2

q
at z ¼ 0. Then an explicit instanton solution

describing the decay of this approximate spacetime may be
obtained by analytic continuation of a Myers-Perry black
hole [21].6

The 5D Myers-Perry solution with one nonzero angular
momentum parameter is given in Boyer-Lindquist-type
coordinates by the Lorentzian metric

ds2 ¼ −dt2 þ sin2θðr2 þ a2Þdϕ2 þ μ

ρ2
ðdtþ asin2θdϕÞ2

þ ρ2

r2 þ a2 − μ
dr2 þ ρ2dθ2 þ r2cos2θdψ2; ð59Þ

where ρ2 ¼ r2 þ a2 cos2 θ, a2 < μ, and the horizon is at
rH ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
μ − a2

p
. Let us review the limiting behaviors.

Asymptotically, the metric takes the form

ds2¼−dt2þdr2þ r2ðdθ2þ sin2 θdϕ2þ cos2 θdψ2Þ: ð60Þ

The angular part describes an S3 in “Hopf” coordinates.
ϕ;ψ range from 0 to 2π and θ ranges from 0 to π=2. Next
we inspect the near-horizon limit, following the notation
of [22]. Define the Killing vector l ¼ ∂t − ða=μÞ∂ϕ. Then
the horizon is a fixed surface of l, l2jrH ¼ 0. Introducing

the coordinate ϕ̃ ¼ ϕþ ða=μÞt as above, which is constant
on the orbits of l, the near-horizon metric at fixed θ; ϕ̃;ψ
takes the form

6Reference [22] also studied continuations of Myers-Perry
solutions. We will differ in the choice of continuation, and
therefore also in the interpretation.
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ds2 ¼ 2ðμ − a2 sin2 θÞ
�
−
rH
μ2

ðr − rHÞdt2 þ
1

4rH

dr2

r − rH

	
;

ð61Þ

and in terms of a proper radial coordinate v it is propor-
tional to

ds2 ¼ dv2 − v2
�
μ − a2

μ2

	
dt2: ð62Þ

Now we perform the analytic continuation

t → it; ϕ → iϕ; θ → iθ: ð63Þ

Under this map θ and ϕ become noncompact, and θ
becomes timelike. The continued metric is

ds2 ¼ r2 þ a2cosh2θ
r2 þ a2 − μ

dr2 þ dt2 −
μ

r2 þ a2cosh2θ

×
�
dt − asinh2θdϕ

�
2 þ r2

�
−
�
1þ a2cosh2θ

r2

�
dθ2

þ sinh2θ

�
1þ a2

r2

�
dϕ2 þ cosh2θdψ2

	
: ð64Þ

Asymptotically in r it behaves as

ds2 ¼ dr2 þ dt2 þ r2ð−dθ2 þ sinh2 θdϕ2 þ cosh2 θdψ2Þ:
ð65Þ

Transforming tanh2 θ ¼ ðz2 − w2Þ=x2; r2 ¼ x2 − z2 þ w2;
tanh ϕ̃ ¼ z=w, we recover the vacuum metric (57). The
periodicities also match, as can be seen from the continu-
ation of the near-horizon metric (62). Absence of a conical
singularity at r ¼ rH implies the periodicity t ∼ tþ
2π μffiffiffiffiffiffiffiffi

μ−a2
p at fixed ϕ̃. Then in terms of the original

coordinates we recover precisely the periodicity (55). We
also conclude that the radial coordinate is bounded, r ≥ rH,
capping off smoothly at r ¼ rH.
Thus the spacetime (64) describes something bubblelike

embedded in the cosmology (57). The induced metric on
the bubble wall world volume r → rH is

ds2 ¼ −ðμþ a2 sinh2 θÞdθ2 þ ðμ − a2Þ cosh2 θdψ2

þ μ2 sinh2 θ
μþ a2 sinh2 θ

dϕ̃2 ð66Þ

which is somewhat opaque. On the wall we make the
coordinate transformation

sinh τ ¼ sinh θ cosh ϕ̃

cosh τ cos χ ¼ sinh θ sinh ϕ̃: ð67Þ

τ is a timelike coordinate on the wall, and the induced
metric at fixed τ becomes, to Oða2Þ,

ds2 ¼ cosh2τ

��
μþ a2

4

�ðcos2χ − 1Þ cosh2τ

− ð3 cos2χ þ 1Þ�	dχ2 þ ðμ− a2Þsin2ðχÞdψ2

�
: ð68Þ

At τ ¼ 0 it has the form of the induced metric on a prolate
spheroid embedded in R3, in spherical coordinates with
polar angle χ and azimuthal angle ψ , and ratio of semiaxis
lengths c=b ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2=μ

p
. It expands exponentially and

deforms as time evolves.
To summarize, after the continuation (63), the 5D black

hole becomes a Lorentzian geometry corresponding to an
expanding bubble, embedded in a KK space with non-
standard identification of the KK circle. It is therefore a
candidate decay product for the classical solution (57).
More precisely, since we assume the solution (57) is only
valid for w2 < w̄2 ≪ ðμ=aÞ2, we have a candidate decay
product so long as the bubble fits, r2H ≪ w̄2. For small a the
cutoff must fall between μ ≪ w̄2 < ðμ=aÞ2.
Is there a saddle point of the gravitational action with

action S, such that the leading order decay amplitude
is e−ReðSÞ?
Because the black hole is stationary instead of static,

there is no real Euclidean section that can be obtained by
analytic continuation of the coordinates alone. We may
obtain a suitable candidate from (59) by making the
ϕ̃ ¼ ϕþ ða=μÞt substitution and continuing only t → it.
The result is a “quasi-Euclidean” metric with a bubble wall
at r ¼ rH and the Euclidean vacuum, Eq. (57) with
z → −iz, at large radius

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ w2

p
. The induced metric

on the z ¼ 0 nucleation hypersurface agrees between the
quasi-Euclidean instanton and the Lorentzian nucleated
bubble (64).
The action of the quasi-Euclidean solution is

S ¼ π2μ2

G5

ffiffiffiffiffiffiffiffiffiffiffiffiffi
μ − a2

p : ð69Þ

It recovers the action of Witten’s bubble in the limit a → 0
and diverges in the extremal limit a →

ffiffiffi
μ

p
, where the KK

circle size diverges.
The quasi-Euclidean solution describes the amplitude to

evolve from a state with no bubble at some early time zi to a
state with a bubble at some late time zf. The action controls
the amplitude for the bubble to nucleate, and the analytic
continuation describes the subsequent bubble evolution.
Since the background is time dependent there is no time
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translation symmetry and the instanton computes a prob-
ability rather than a rate. Note that the transition occurs
when the KK circle is smallest near the origin of the spatial
coordinates. This corresponds to the smallest potential
barrier.
We conclude this section with a few comments.
(i) The bubble of nothing example studied in this

section is similar to previous examples we have
seen, in that it involves a saddle point off in the
complexified phase space. Quasi-euclidean metrics
based on the continuation of Kerr-like solutions are
known to play a variety of useful other roles [23,24].

(ii) In a few other ways, the present example is different.
First, the presence of a time reversal symmetry
means there is a time when the quasi-Euclidean
solution returns to the real axis with zero momen-
tum. (Indeed, in the notation of previous sections we
have only considered the Euclidean continuation
γ ¼ −π=2.) Also, we have only found an explicit
solution when the initial time is early, so that the
KK circle is shrinking, and the final time is late,
when it is expanding again. In previous examples we
were able to find families of instantons for more
general initial and final times. Finally, the bubble is
neither thin wall nor spherically symmetric. In all
other cases, the background was rotationally invari-
ant and the bubble was thin-wall and spherical by
assumption.

(iii) At first sight, a more natural starting point would
be the background (54) with standard periodicity
ϕ ∼ ϕþ 2π. However, this spacetime is singular at
y ¼ 0, where the circle shrinks to zero size. The
instanton in this case is also singular and has zero
action—there is no barrier to tunneling at this
moment. The purpose of the twisted periodicity is
to regulate the circle so that it is never smaller than
μ=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
μ − a2

p
at the origin.

VII. DISCUSSION

We have surveyed the effects of slow explicit time
dependence on barrier penetration and bubble nucleation
in some simple models. The problem is interesting not
because the effects are typically dramatic, but because the
usual semiclassical techniques require some development
in order to calculate the effects. It appears to be useful
generalize the Wick rotation to other contours in the

complex time plane, which provides semiclassical access
to different tunneling times during a fixed time window.
“Nucleation,” in the sense of the bubble in the final state,
need not occur at rest, and semiclassical trajectories with
nonzero final momentum can be interpreted as providing a
saddle point solution for a path integral with wave packet
initial and final states, with the real and imaginary parts of
the final momentummapping to phases and gradients of the
wave packet.
Reduction to effective quantum mechanical models

simplified the problem enormously, essentially from a
nonlinear PDE back to a nonlinear ODE, as one has in
the fully field-theoretic treatment of Oð4Þ-symmetric prob-
lems. It is unclear if there is a practical generalization of our
methods to full field theories, although in some favorable
cases exact solutions can be guessed.
We conclude with a few directions for future work. First,

our analysis was entirely at the leading semiclassical order.
The fluctuation determinant has interesting technical fea-
tures, requiring the solution of flow equations to identify
suitable middle-dimensional integration cycles [25].
Although we have seen a variety of physical features that
suggest the complex trajectories studied here indeed
compute meaningful tunneling probabilities, explicit com-
putation of the fluctuation determinant in a model would
provide further support for the interpretation.
Second, in the effective model of membrane nucleation

coupled to gravity, the construction of the effective action
itself is somewhat nontrivial, and we only illustrated the
construction in some relatively simple classes of models.
Further analysis and generalization could be of interest for
cosmological applications.
Finally, our study of exact solutions was limited to a

single example. Some continuations of other black hole
and black ring solutions in higher dimensions presumably
describe bubble of nothing decays in more exotic Kaluza-
Klein cosmologies, and it would be interesting to cata-
log them.
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