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In this paper we analyze the exclusive photoproduction of the D-meson pairs with large invariant mass.
We perform evaluations in the collinear factorization framework and in the leading order of the strong
coupling αs, expressing the cross section in terms of generalized parton distributions (GPDs) of different
parton flavors in the proton. We focus on the photoproduction of the pseudoscalar-vector pairs, like, e.g.,
D�D�∓, D0D̄�0, Dþ

s D�−
s , which gets the dominant contribution from the chiral even GPDs of the target,

and estimate the cross section in the kinematics of the future Electron Ion Collider. In all channels the
amplitude of the process obtains comparable contributions from gluons and only one of the light quark
flavors. This finding signals that the process potentially could be used to single out the contributions of the
individual chiral even GPDs of light flavors. We found that the process is mostly sensitive to the behavior of
GPDs in the so-called Efremov-Radyushkin-Brodsky-Lepage region. Numerically, the cross section of the
process is sufficiently large for experimental studies and thus can be used as a complementary probe for
studies of the GPDs.

DOI: 10.1103/PhysRevD.108.096031

I. INTRODUCTION

In the last three decades the generalized parton distri-
butions (GPDs) of the nucleon turned into a standardized
tool to encode information about the nonperturbative inter-
actions of individual partons in the hadronic target [1–6],
and for this reason have been in the center of theoretical and
experimental studies. The GPDs allow to understand the
contributions of different parton flavors to various observ-
ables which characterize the hadronic target. At present it is
not possible to evaluate the GPDs directly from first
principles, and for this reason studies of these objects rely
on phenomenological extractions from experimental data
or results of lattice simulations [7–11]. However, the
existing lattice studies, due to technical challenges, at
present mostly focus on the special zero-skewedness
(ξ ¼ 0) limit and studies of some moments of GPDs,
whereas phenomenological extractions suffer from various
uncertainties, even for the cleanest and best understood
channels [12]. This motivates the search for new processes
which could be used for extractions of the GPDs [13–16].
The expected high-luminosity experiments at the future

Electron Ion Collider stimulated interest in various channels,
which were previously disregarded due to the smallness of

the cross section. For studies of GPDs, a special interest is
present in exclusive 2 → 3 processes, which have already
been analyzed in the literature [17–30]. Due to their different
kinematic structure, these new probes could complement
existing studies and provide new independent constraints on
existing phenomenological models of GPDs. For amplitudes
of such processes, the factorization theorem has been proven
in the kinematics case when all the produced hadrons are
well-separated kinematically, i.e., the pairwise invariant
masses (≈relative velocities of the produced hadrons) are
sufficiently large to avoid soft final-state interactions [31,32].
Most of these studies focused on the production of pairs of
light mesons and photons, and it has been discussed in detail
how these novel channels could help to access new infor-
mation about the GPDs [27,28,33–35].
Potentially the production of the heavier meson pairs,

like D mesons and quarkonia, might be also used for the
same purpose: in the kinematics where factorization the-
orems are applicable, the overall cross section suppression
by the heavy quark mass is comparable to the suppression
by a large invariant mass. However, for these mesons the
theoretical treatment should be adjusted, since the heavy
quark masses cannot be disregarded, and should be
considered as one of the heavy scales in the problem.
This breaks the conventional twist suppression used for
light quarks, and leads to new probes of the GPDs
(compared to light meson production channels with the
same quantum numbers). Furthermore, due to lack of
substantial contributions from intrinsic heavy flavors in
the proton, the heavy meson production channels might be
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used to disentangle the flavor structure of the GPDs, thus
avoiding the usual superposition of GPDs of all light
flavors. For heavy quarkonia pair production, this allows
to single out the contribution of the gluon GPDs [36–43].
For the D mesons, the cross sections get an additional
contribution from one of the light flavors [13–16], which
potentially allows to test individually the GPDs of light
flavors. In this paper we will focus on the production of
scalar-vectormesons pairs, likeDþD�−,D0D̄�0, andDþ

s D�−
s

which has not been discussed so far in the literature andmight
be used as a complementary probe of the target GPDs. This
choice of quantum numbers also allows to avoid the con-
tribution of the photon-photon fusionmechanism, which has
been discussed previously in [44], and the contribution of the
poorly known chiral odd transversity GPDs of the target,
discussed in [27,28]. We will analyze this process in the
conventional collinear factorization approach, although
maintaining the heavy quark mass as a hard scale, and will
provide numerical predictions in the kinematics of low- and
middle-energy electron-proton collisions at the forthcoming
Electron Ion Collider (EIC) [45–48].
The paper is structured as follows. In the next Sec. II we

introduce the framework and provide analytical expressions
for the amplitude and cross section of the process. In
Sec. III we estimate numerically the cross sections, using
publicly available parametrizations of the proton GPDs and
D-meson distribution amplitudes (DAs). Finally, in Sec. IV
we draw conclusions.

II. EXCLUSIVE PHOTOPRODUCTION
OF MESON PAIRS

Below, in Sec. II A, we define the kinematic variables,
discuss their typical ranges in EIC kinematics and introduce
the light cone decomposition for momenta of all particles,
which will be used later. In the next Sec. II B, we evaluate
analytically the amplitude of the process in the collinear
factorization framework.

A. Kinematics of the process

For our evaluations we will use the photon-proton
collision frame, in which the photon and proton move
along the axis z, so the light cone decomposition of their
momenta are given by

q ¼
�
−

Q2

2q−
; q−; 0⊥

�
; q− ¼ Eγ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
γ þQ2

q
; ð1Þ

P ¼
�
Pþ;

m2
N

2Pþ ; 0⊥
�
; Pþ ¼ Ep þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
p −m2

N

q
; ð2Þ

where the shorthand notation q stands for the momentum
of the photon, Q2 ¼ −q2 is its virtuality, and P, P0, are
the proton momenta before and after the collision. For
the production of light mesons and meson pairs the analysis

is frequently done in the so-called Bjorken kinematics
[33–35,49,50], when the hard scale is set by the photon
virtualityQ2, exceeding significantly the nucleon massm2

N ,
as well as all light quark masses. For processes involving
heavy mesons this regime is hardly achievable experimen-
tally, due to the rapid decrease of the flux of equivalent
photons as a function of Q. Furthermore, due to the
expected smallness of the cross sections, most of the
detected events will proceed via quasireal photons with
Q ≈ 0. For the sake of generality, in expressions for
kinematical prefactors in this section we will keep nonzero
virtuality Q, assuming that it may take any value between
zero and heavy quark mass mQ, although eventually in
numerical estimates we’ll focus on the photoproduction
regime. Since the spectrum of equivalent quasireal photons
emitted from the electron falls off rapidly as a function of
the transverse photon momentum, at high energies the
photon-proton frame should be close to the laboratory
frame, in which case the electron-proton collision axis
points in the direction of the axis ẑ. In the limit Q → 0, this
frame, up to a trivial longitudinal boost,1 coincides with the
frame used in earlier studies of exclusive photoproduction
γp → γMp [17–26]. In this frame, the polarization vectors
of the virtual photons may be chosen as

εL ¼
�
Q
q−

; 0; 0⊥
�
; εð�Þ

T ¼
�
0; 0;

1ffiffiffi
2

p ;� iffiffiffi
2

p
�

ð3Þ

for the longitudinal and transverse polarizations, respec-
tively. The 4-momenta p1, p2 of the produced heavy D
mesons can be parametrized in terms of the rapidities ya
and transverse momenta p⊥a of these heavy mesons as

pa ¼
�
M⊥

a

2
e−ya ;M⊥

a eya ; p⊥a
�
; M⊥

a ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

a þ ðp⊥a Þ2
q

;

a ¼ 1; 2; ð4Þ

where the positive rapidity is chosen in the photon
direction. As we will see below, the cross section falls
rapidly as a function of transverse momenta; for this reason
the dominant contribution to the cross section in EIC
kinematics comes from the region of relatively small
momenta p⊥

a . In these notations, the four vector Δ of
momentum transfer to the target is given by

Δ ¼ P0 − P ¼ q − p1 − p2 ¼ ðΔþ;Δ−;Δ⊥Þ; ð5Þ

1In the Q ¼ 0 limit the correspondence with previous papers
[17–26] might be achieved making longitudinal boost of all
vectors kμ as kþ → kþΛ, k− → k−=Λ, where Λ ¼ q−

ffiffiffiffiffiffiffi
2=s

p
, and

substituting Pþ → sð1þ ξÞ=ð2q−Þ, where ξ is the skewedness
variable and s ¼ ðW2 −m2

NÞ=ð1þ ξÞ. We prefer to maintain our
notations, in order to have a better understanding how the
different observables behave as functions of the lab-frame
rapidities y1, y2, defined in (4).
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Δþ ¼ −
Q2

2q−
−
M⊥

1 e
−y1

2
−
M⊥

2 e
−y2

2
; Δ− ¼ q− −M⊥

1 e
y1 −M⊥

2 e
y2 ; Δ⊥ ¼ −p⊥1 − p⊥2 ð6Þ

and the Mandelstam invariant t≡ Δ2 is parametrized as

t ¼ Δ2 ¼ −ðq− −M⊥
1 e

y1 −M⊥
2 e

y2Þ
�
Q2

q−
þM⊥

1 e
−y1 þM⊥

2 e
−y2

�
− ðp⊥1 þ p⊥2 Þ2;

¼ −Q2 þM2
1 þM2

2 − q−ðM⊥
1 e

−y1 þM⊥
2 e

−y2Þ þQ2

q−
ðM⊥

1 e
y1 þM⊥

2 e
y2Þ þ 2ðM⊥

1 M
⊥
2 coshΔy − p⊥1 · p⊥2 Þ: ð7Þ

The 4-momentum of the recoil proton

P0 ¼ Pþ Δ ¼
�
q− þ m2

N

2Pþ −M⊥
1 e

y1 −M⊥
2 e

y2 ; Pþ −
Q2

2q−
−
M⊥

1 e
−y1 þM⊥

2 e
−y2

2
;−p⊥1 − p⊥2

�
; ð8Þ

should satisfy the onshellness condition ðPþ ΔÞ2 ¼ m2
N , which provides an additional constraint

q−Pþ ¼ PþðM⊥
1 e

y1 þM⊥
2 e

y2Þ −m2
N þ t
2

þ m2
N

4Pþ

�
M⊥

1 e
−y1 þM⊥

2 e
−y2 þQ2

qþ

�
: ð9Þ

The Eq. (9) may be solved with respect to q−, yielding

q− ¼
M⊥

1 e
y1 þM⊥

2 e
y2 − m2

Nþt
2Pþ þ m2

N
4ðPþÞ2 ðM⊥

1 e
−y1 þM⊥

2 e
−y2Þ

2

� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
M⊥

1 e
y1 þM⊥

2 e
y2 −

m2
N þ t
2Pþ þ m2

N

4ðPþÞ2 ðM
⊥
1 e

−y1 þM⊥
2 e

−y2Þ
�

2

þQ2m2
N

ðPþÞ2

s
; ð10Þ

which, together with (1), allows to find the energy of the photon Eγ ≈ q−=2 in terms of the kinematic variables ðya; p⊥a Þ of
the produced D mesons. In terms of these variables, the invariant energyW of the γp collision and the invariant massM12

of the produced heavy quarkonia pair can be rewritten as

W2 ≡ sγp ¼ ðqþ PÞ2 ¼ −Q2 þm2
N þ 2q · P; ð11Þ

and

M2
12 ¼ ðp1 þ p2Þ2 ¼ M2

1 þM2
2 þ 2ðM⊥

1 M
⊥
2 coshΔy − p⊥1 · p⊥2 Þ ð12Þ

respectively. In the high-energy limit q−; Pþ ≫ Q;Ma ≫ fmN;
ffiffiffiffiffijtjp g, the results found earlier in this section may be

simplified to

q− ≈M⊥
1 e

y1 þM⊥
2 e

y2 ; t ≈ −ðp⊥1 þ p⊥2 Þ2; W2 ≈ 2q−pþ: ð13Þ

In this kinematics the rapidities y1, y2 and their difference can be rewritten in terms of the invariant Mandelstam variable(s)
u1, u2, defined as

ua ≡ ðpa − PÞ2 ¼ m2
N þM2

a −M⊥
a

�
2Pþeya − e−ya

m2
N

2Pþ

�
≈m2

N þM2
a − 2PþMaeya; a ¼ 1; 2; ð14Þ

ya ≈ ln

�
m2

N þM2
a − ua

2PþMa

�
; Δy ¼ y1 − y2 ≈ ln

�
m2

N þM2
1 − u1

m2
N þM2

2 − u2

�
: ð15Þ

EXCLUSIVE PHOTOPRODUCTION OF D-MESON PAIRS WITH … PHYS. REV. D 108, 096031 (2023)

096031-3



In these notations, the conventional Bjorken variable xB
can be represented as

xB ¼ Q2 þM2
12

Q2 þW2
γp −m2

N
≈

Q2

2q−Pþ þM1⊥
Pþ e−y1 þM2⊥

Pþ e−y2 :

ð16Þ
In the literature sometimes the variable xB is replaced by the
so-called skewedness variable ξ, which is defined as [3]

ξ ¼ xB
2 − xB

; xB ¼ 2ξ

1þ ξ
: ð17Þ

This variable is directly related to the longitudinal light cone
momentum transfer ξ¼ −Δþ=2P̄þ ¼ −Δþ=ð2Pþ þΔþÞ.
Using Eq. (16), it is possible to express ξ in terms of the
rapidities y1, y2. As we can see from Fig. 1, the typical values
of ξ; xB are relatively small even for the lowest energy
electron-proton beam at EIC; for this reason, we cannot
disregard the gluon GPDs contributions. However, the
kinematics of interest is still far from the saturation regime
xB ⋘ 1, and for this reason we may disregard saturation
effects in our analysis.
The meson pair production in ep collisions is dominated

by single photon exchange between the leptonic and
hadronic parts; for this reason the cross section of the
process can be expressed as

dσep→eM1M2p

d ln xBdQ2dΩh
¼ αem

πQ2

�
ð1 − yÞ dσ

ðLÞ
γp→M1M2p

dΩh

þ
�
1 − yþ y2

2

�
dσðTÞγp→M1M2p

dΩh

�
; ð18Þ

where dσðTÞ; dσðLÞ are the photoproduction cross sections of
the transversely and longitudinally polarized virtual photons,
y is the inelasticity (ratio of the energies of the virtual photon
and electron), and dΩh the phase volume of the produced
heavy meson pair, which will be specified below.
The cross section of the photoproduction process is

related to the corresponding amplitude by

dσðL;TÞγp→M1M2p
¼ dy1dp2

1⊥dy2dp2
2⊥dϕjAðL;TÞ

γp→M1M2p
j2

4ð2πÞ4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðW2 þQ2 −m2

NÞ2 þ 4Q2m2
N

p
× δððqþ P1 − p1 − p2Þ2 −m2

NÞ; ð19Þ
where the δ function in the right-hand side of (19) reflects
the onshellness of the recoil proton. Using a light cone
decomposition (1)–(4), the argument of the δ function can
be rewritten as

ðqþ P1 − p1 − p2Þ2 −m2
N

¼ ðqþ P1 − pjj
1 − pjj

2Þ2 − ðp⊥1 þ p⊥2 Þ2 −m2
N

¼ ðqþ P1 − pjj
1 − pjj

2Þ2 − ððp⊥
1 Þ2 þ ðp⊥

2 Þ2
þ 2p⊥

1 p
⊥
2 cosϕÞ −m2

N; ð20Þ

where ϕ is the azimuthal angle between the transverse
momenta p⊥1 ; p⊥2 , of the producedDmesons. This allows us
to rewrite the δ function in (20) as

δððqþ P1 − p1 − p2Þ2 −m2
NÞ ¼

δðϕ − ϕ0Þ
2p1⊥p2⊥j sinϕ0j

; ð21Þ

ϕ0¼ arccos

�ðqþP1−pjj
1−pjj

2Þ2−ððp⊥
1 Þ2þðp⊥

2 Þ2þm2
NÞ

2p⊥
1 p

⊥
2

�
;

ð22Þ

which permits us to integrate out the dependence on ϕ.
The condition j cosϕ0j ≤ 1 at fixed invariant energies W
of the photon-proton collision leads to a nontrivial
constraint on the possible rapidities and transverse
momenta of the produced D mesons. In Figs. 2 and
3 we illustrate the kinematically allowed domains for
transverse momenta of the D mesons, at several fixed
rapidities of the D mesons and photon-proton energies.
From Fig. 2 we may see that an increase of D-meson
rapidities y1, y2 leads to an increase of their longitudinal
momenta, and due to energy conservation, this decreases
the allowed transverse momenta of the produced mes-
ons. These qualitative explanation also allows to under-
stand Fig. 3: increasing the rapidity or the transverse
momentum of one of the D mesons at fixed total
invariant energy W inevitably decreases the allowed
rapidities or transverse momenta of the other meson.
The color coding in all plots reflects the value of cosϕ0,
fixed from (22). In the heavy quark mass limit, the
difference of masses of the various D mesons is sup-
pressed as M1 −M2 ∼OðΛ2=mQÞ, where Λ is some soft
scale, and mQ is the mass of the heavy quark [51]. For
simplicity we disregard this difference altogether,
assuming M1 ¼ M2 ¼ ðMDþ þMD�þÞ=2 ≈ 1.9 GeV; for
this reason the plots in the left column of Fig. 2 are
symmetric with respect to the permutation of the trans-
verse momenta p1⊥; p2⊥. In the experiment the invariant
energy W and the kinematics of the D mesons are
measured with finite precision; for this reason the
narrow domains shown in Figs. 2 and 3 will be smeared,
with the values of cosϕ distributed over some interval,
which depends on the width of the bins in rapidity ðΔyÞ
and transverse momenta ðΔp⊥Þ.
The complexity of the above-mentioned kinematic

restrictions is a consequence of fixing the invariant
energy W. In view of the symmetry of the final-state
D-meson pair with respect to permutations of both
mesons, in electroproduction experiments it might be
easier not to impose conventional constraints on W and
work with D-meson momenta as independent uncon-
strained variables. The energy W in each event can be
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rewritten in terms of these variables. The δ function in
the right-hand side of (19) may be represented as

δððqþ P1 − p1 − p2Þ2 −m2
NÞ

¼ δðW2 þM2
12 − 2ðqþ P1Þ · ðp1 þ p2Þ −m2

NÞ

¼ δðW −W0Þ þ δðW þW0Þ
2W0

; ð23Þ

W2
0 ¼ 2ðqþ P1Þ · ðp1 þ p2Þ þm2

N −M2
12

¼
�
q− þ m2

N

2Pþ

�
· ðM⊥

1 e
−y1 þM⊥

2 e
−y2Þ

þ 2

�
Pþ −

Q2

2q−

�
· ðM⊥

1 e
y1 þM⊥

2 e
y2Þ þm2

N −M2
12:

ð24Þ

FIG. 1. The contour plots illustrate the dependence of the skewedness variable ξ ¼ −ðPþ
f − Pþ

i Þ=ðPþ
f þ Pþ

i Þ on the rest-frame
rapidities y1, y2, of theDmesons, for different fixed photon virtualitiesQ and proton energies Ep. Each dashed line corresponds to a line
ξ ¼ const in the y1, y2 plane, with the value of constant ξ shown as a label on the contour line. For simplicity, we disregard the transverse
momenta of the produced D mesons. The upper and lower rows differ by the choice of the proton energy Ep (41 and 100 GeV,
respectively).
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The integration of (18), over all xB ∼ 1=ðW2 þQ2 −m2
NÞ, allows us to rewrite the electroproduction cross section as

dσep→eM1M2p

dQ2dΩh
¼ αem

4πQ2

�
ð1 − yÞ dσ̄

ðLÞ
γp→M1M2p

dΩh
þ
�
1 − yþ y2

2

�
dσ̄ðTÞγp→M1M2p

dΩh

�
; ð25Þ

dσ̄ðL;TÞγp→M1M2p
¼ dy1dp2

1⊥dy2dp2
2⊥dϕjAðL;TÞ

γp→M1M2p
j2

4ð2πÞ4W2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðW2

0 þQ2 −m2
NÞ2 þ 4Q2m2

N

p ; ð26Þ

FIG. 2. The colored bands show the kinematically permitted regions for D-meson pair production, for fixed rapidities y1, y2, at fixed
photon energy Eγ, virtualityQ and proton energy Ep. The color of each pixel reflects the cosine of the angle ϕ (azimuthal angle between
the transverse momenta of the D mesons), fixed from (22). The variable Y ¼ ðy1 þ y2Þ=2 is the average rapidity of the D mesons. The
left and right columns differ by the choice of the rapidity difference (Δy ¼ 0 and Δy ¼ 1, respectively). The upper and lower rows differ
by the choice of the photon energy Eγ in the lab frame (3 and 5 GeV, respectively). The borders of the kinematic domains have very mild
dependence on Q2 (up to 2–3 units of M2

D) and mild sensitivity to the proton energy Ep.
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where the variables (y1; p1⊥; y2; p2⊥;ϕ) fully characterize

the kinematics of the process, and dσ̄ðL;TÞγp→M1M2p
are the

photoproduction cross sections of longitudinal and trans-
verse photons, for photons energy given by (10).

B. Amplitudes of the meson pair production process

As we have seen in the previous section, in the
kinematics that we consider here, the typical values of
xB; ξ are small, although still far from the saturation regime,
and the dominant contribution to the cross section comes
from the region of small transverse momenta of D mesons,
p⊥ ≲MD. In this kinematic regime, it is convenient to use a
collinear factorization framework for the evaluation of the

amplitudes AðaÞ
γp→M1M2p

, and express the latter as a con-
volution of perturbative coefficient functions with distri-
bution amplitudes of produced D mesons and the GPDs of
the target [1–6]. The natural hard scales in this approach
are the heavy quark mass mQ and the invariant mass
M12 ∼mQ of the producedD-meson pair. In order to avoid
nonperturbative final state interactions, we will assume
additionally that all hadrons in the final state are kinemat-
ically well separated from each other, having sufficiently
large (frame-invariant) relative velocities

vrel ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

p2
1p

2
2

ðp1 · p2Þ2

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4M2
1M

2
2

ðM2
12 −M2

1 −M2
2Þ2

s

≳ 2αsðmcÞ ≈ 0.7 ð27Þ

for each pair of final-state hadrons. For production of
meson pairs at central rapidities, this constraint is satisfied
almost everywhere, except in the small near-threshold
region M12 ∼M1 þM2. Since in the evaluation of the
coefficient functions the transverse momenta of partons are
disregarded, in order to guarantee the validity of (27), we
will only consider the kinematics when the mesons are
separated from each other at least by one unit of rapid-
ity, Δy≳ 1.
In the collinear factorization picture all hadrons can be

replaced with collinear partons, convoluted with non-
perturbative distribution amplitudes that describe the
momentum sharing between these hadrons, and con-
tracted with appropriate spin projectors. For the proton
target, in leading twist the Fock state is dominated by the
two-partonic component, which is described by the quark
and gluon GPDs. In what follows we disregard the
contribution of the intrinsic heavy flavors in the proton,
since they should be very small according to phenom-
enological estimates. Furthermore, we also do not take
into account the contributions of the poorly known
transversity GPDs HT; ET; H̃T; ẼT , since their contribu-
tions are accompanied by momentum transfer to the
target Δμ and thus should be small for unpolarized
observables in the small-Δ (small-t) kinematics which
we study here (see Refs. [15,52] for more details). In the
chiral even sector we should take into account the
contributions of both quarks and gluons. The other
(chiral-even) GPDs contribute to the amplitude of unpo-
larized process in the combination

FIG. 3. Kinematic constraints on the rapidity and transverse momenta of one of the D mesons, when the momentum of the other (its
rapidity y2, transverse momentum p2⊥) is fixed. The photon virtuality Q and energy Eγ, as well as proton energy Ep are fixed to values
shown in the upper part of the figure. The color of each pixel reflects the value of the angle ϕ (azimuthal angle between the transverse
momenta of the D mesons), fixed from (22). The left and right columns differ by the choice of the rapidity interval for y2.
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X
spins

jAðaÞ
γp→M1M2p

j2 ¼ 1

ð2 − xBÞ2
�
4ð1 − xBÞðHaH�

a þ H̃aH̃
�
aÞ − x2BðHaE�

a þ EaH�
a þ H̃aẼ

�
a þ ẼaH̃

�
aÞ

−
�
x2B þ ð2 − xBÞ2

t
4m2

N

�
EaE�

a − x2B
t

4m2
N
ẼaẼ

�
a

�
; a ¼ L; T; ð28Þ

where the index a distinguishes the transverse and longitudinal polarizations of the photons, and, inspired by the
previous studies of Deeply Virtual Compton Scattering (DVCS) and Deeply Virtual Compton Scattering (DVMP)
[53,54], we introduced the double meson form factors

Haðξ;Δy; tÞ
Eaðξ;Δy; tÞ

�
¼

X
κ¼q;g

Z
1

−1
dx

Z
1

0

dz1

Z
1

0

dz2φD1
ðz1ÞφD2

ðz2ÞCðκÞ
a ðx; ξ;Δy; z1; z2Þ ×

�
Hκðx; ξ; tÞ
Eκðx; ξ; tÞ

; ð29Þ

H̃aðξ;Δy; tÞ
Ẽaðξ;Δy; tÞ

�
¼

X
κ¼q;g

Z
1

−1
dx

Z
1

0

dz1

Z
1

0

dz2φD1
ðz1ÞφD2

ðz2ÞC̃ðκÞ
a ðx; ξ;Δy; z1; z2Þ ×

�
H̃κðx; ξ; tÞ
Ẽκðx; ξ; tÞ

: ð30Þ

The variables z1, z2, are the light cone fractions of the total
momentum carried by the quarks in the D mesons. In the
evaluation of (29), (30) we took into account that the final-
stateDmesons are kinematically separated from each other;
for this reason the Fock state of the final system is a direct
product of Fock states of individualD mesons, which in the
heavy quark mass limit might be described by D-meson
distribution amplitudes φDðzÞ. The detailed definitions of
these distributions and discussion of their parametrizations
may be found in Appendix A. The remaining partonic amp-

litudes CðκÞ
a ; C̃ðκÞ

a can be evaluated perturbatively, taking into
account the diagrams shown in Figs. 4 and 5. The appli-
cability of the perturbation theory is justified for this purpose
in the heavy quark mass limit and large invariant massM12

of the producedDmesons. The first diagram in the upper row
of Fig. 4 presents the leading order in OðαsÞ contribution;
however, it is forbiddenkinematically: theheavyquarks in the

produced D mesons carry significant fractions of the mo-
mentum, and thus are expected to have a large positive
invariant mass ðpc þ pc̄Þ2 ≳ 4m2

c, whereas the photon in the
electroproduction process has q2 ¼ −Q2 ≲ 0. For the same
reason, in the next-to-leading order there is no contributions
whichmerely renormalize the propagators and vertices in this
forbidden “leading order” diagram. Since we are mostly
interested in the photoproduction regime, in what follows we
will focus on the contribution of the transversely polarized
photons; the contribution of the longitudinal photons is
suppressed as ∼Q=mQ and thus may be disregarded. The

complete expressions forCðκÞ
a ; C̃ðκÞ

a and some technical details
of their evaluation may be found in Appendix B.
The quark and gluon GPDs of the target contribute in

the amplitudes (29), (30) integrated over the light cone
fraction x, and it is important to understand which region
gives the dominant contribution in this convolution. The x

FIG. 4. First diagram in the upper row: the leading-order ∼OðαsÞ diagram, which describes the (light) quark contributions to the
D-meson pair production. As explained in the text, a diagram of this type does not contribute in the collinear approximation. Other
diagrams: representative (sub)leading ∼Oðα2sÞ diagrams, which describe the (light) quark contributions to theD-meson pair production.
The thin and thick lines correspond to light and heavy quarks respectively. Each diagram should be understood as a sum of diagrams with
all possible permutations of the photon coupling to quark lines at fixed gluonvertices (so the second diagram in the upper row corresponds
to six different diagrams, whereas each of the other diagrams should be understood as a sum of seven different diagrams).We disregard the
diagrams with heavy quark lines attached to the proton, since the intrinsic heavy flavors in the proton are negligibly small.
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dependence of each individual Feynman diagram has a

form of the rational function of the variable x, and for this

reason the coefficient functions CðκÞ
a ; C̃ðκÞ

a can be repre-

sented as a sum of such contributions,

Caðx; y1; y2Þ ∼
X
l

PlðxÞ
QlðxÞ

; ð31Þ

where the functions PlðxÞ;QlðxÞ are polynomials of the
variable x. The polynomialsQlðxÞ in the denominators can

FIG. 5. The leading order diagrams, which describe the contribution of the gluons to D-meson pair production. Each diagram should
be understood as a sum of two diagrams with complementary assignment of quark flavors (heavy light and light heavy).
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include up to nl nodes xðlÞk in the region of integration,
where nl is the number of free propagators in the
corresponding Feynman diagram.2 The integral near the
poles exists only in the principal value sense and should be
evaluated using

1

x − xðlÞk � i0
¼ P:V:

�
1

x − xðlÞk

�
∓ iπδðx − xðlÞk Þ: ð32Þ

In Fig. 6 we provide the density plots which show the
dependence of the light quark coefficient function
Cq
Tðx; ξ;Δy; z1; z2Þ on some of its arguments. At fixed

z1, z2, the poles show up as bright lines on a dark
background. As could be seen from the analytic
expressions in Appendix B, in the small-ξ limit all

the poles scale as xðlÞk ∼ ξ, with proportionality coef-
ficient which depends on Δy; z1; z2; for this reason, all
the pole trajectories (bright lines in the density plot,
Fig. 6) are nearly straight. However, in the final result
the coefficient functions contribute in the convolution

FIG. 6. Density plot which illustrates the light quark coefficient function Cq
T (in relative units) as a function of the variables x and

skewedness ξ, at fixed rapidity difference Δy, between the heavyD mesons and the fixed quark light cone fractions z1, z2 in D mesons.
The first and the second row differ by the choice of the values of z1, z2; the left and the right columns differ by the values of Δy. For the
sake of definiteness we consider DþD�− in all plots. Thick white lines effectively demonstrate the position of the poles xlk of the
coefficient function (31). For reference, we also added red dashed lines x ¼ �ξ, which separate DGLAP and ERBL regions.

2For some diagrams the number of poles might be smaller due
to accidental cancellations of the x dependence.
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with relatively broad D-meson distribution amplitudes,
via the effective (integrated) coefficient function

Cq
intðx; ξ;ΔyÞ≡

Z
1

0

dz1

Z
1

0

dz2φD1
ðz1ÞφD2

ðz2Þ

× Cq
Tðx; ξ;Δy; z1; z2Þ: ð33Þ

As we can see from Fig. 7, the function Cq
int does not

have any singularities. The imaginary part of Cq
int

appears due to a deformation of the integration contours
in the integrals over z1, z2 near the poles, which is
carried out using the conventional ξ → ξ − i0 prescrip-
tion.3 The integrated function Cq

int is mostly concentrated
in the region jxj ≤ ξ, which suggests that the process is
mainly sensitive to the behavior of GPDs in that domain
[the so-called Efremov-Radyushkin-Brodsky-Lepage
(ERBL) region]. For the gluonic coefficient function,
we observe a similar behavior: there are poles for fixed
z1, z2, although they are smeared after convolution with
the distribution amplitudes.

III. NUMERICAL RESULTS

For the sake of definiteness we will make predictions
using the Kroll-Goloskokov parametrization of the GPDs
[52,55–59]. This parametrization effectively incorporates

the evolution of the generalized parton distributions,
introducing a mild dependence of the model parameters
on the factorization scale μF. In Fig. 8 we show how the
cross sections depend on the choice of this factorization
scale. This dependence is mild at moderate energies, but
becomes very pronounced at very high energies (small xB).
Such behavior is not surprising: it is known from studies of
other channels [60–63] that this dependence exists, due to
the omitted higher order corrections, which become espe-
cially important in the kinematics of small xB. in what
follows, for the sake of definiteness, we will choose the
factorization scale μF ¼ μR ¼ 4 GeV ≈ 2MD.
In Fig. 9 we can see the Q dependence of the cross

section of the photoproduction subprocess γð�Þp →
M1M2p. The dependence is very mild up to Q2 ≲
ðM1 þM2Þ2, since in the hard amplitudes the contribution
of the OðQ2Þ terms is negligibly compared to the OðM2

12Þ
contributions. However, for large Q2 ≫ ðM1 þM2Þ2 the
virtuality Q2 turns into the hard scale and leads to strong
suppression of the cross section. In electroproduction
experiments the flux of equivalent photons decreases
rapidly as a function of Q2, and thus the kinematics where
Q dependence becomes pronounced, is hardly achievable
in the foreseeable future. For this reason in what follows we
will focus only on the photoproduction regime Q ≈ 0.
In Figs. 10 and 11 we show the dependence of the cross

section (26) on the momentum transfer t to the target, and
the related distributions of the produced D mesons on
transverse momenta and angle between them in the photon-
proton frame. In the collinear factorization picture, the
transverse momenta are disregarded in evaluation of the

FIG. 7. Left: density plot which shows the integrated coefficient function Cq
int (33), as a function of the variables x and skewedness ξ, at

fixed rapidity difference Δy between the heavy D mesons. Right: the real, imaginary, and absolute parts of the coefficient function Cq
int

as a function of x=ξ, at fixed ξ;Δy. For the sake of definiteness we considerDþD�− in all plots. Both plots illustrate that the singularities
were smeared after convolution with the final-state D-meson distribution amplitudes. Similar behavior is observed for other choices of
kinematics and other mesons.

3Due to the sophisticated structure of the expressions, we
perform this evaluation numerically, replacing ξ → ξð1 − iεÞwith
ε ∼ 10−2 − 10−3 (we checked that the result has a very mild
dependence on the choice of ε).
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coefficient function, for this reason this dependence stems
entirely from the t dependence implemented in GPDs. The
phenomenological analyses suggest that this dependence
should exhibit a very pronounced (nearly exponential)
suppression as a function of jtj. For this reason, the D-
meson pairs are produced predominantly with small oppo-
sitely directed (ϕ ≈ π) transverse momenta, the so-called
back-to-back kinematics which minimizes the momentum
transfer t to the target.
In Fig. 12 we show the dependence of the cross section

on the rapidities of the produced quarkonia. For the sake of
definiteness, we assumed that the D mesons are kinemat-
ically separated by a constant rapidity gap Δy ¼ 1 units.
The growth of the cross section with Y can be understood if
we take into account that in the chosen kinematics, the
increase of Y leads to an increase of the invariant energy
W2, a corresponding decrease of xB; ξ and a growth of the
gluon GPDs. For the same reason, the cross section has a
mild dependence on proton energy Ep at constant average
rapidity Y ¼ ðy1 þ y2Þ=2. The magnitude of the cross
section depends significantly on the quantum numbers

FIG. 8. The factorization scale dependence of the cross section, for different D-meson pairs. For the sake of definiteness we consider
the production at central rapidities (Y ¼ ðy1 þ y2Þ=2 ≈ 0), for different energies Ep of the proton beam. All these values in the
photoproduction regime correspond to small xB ≲ 5 × 10−2 ≪ 1. All frame-dependent variables are given in the reference frame
described in Sec. II A.

FIG. 9. Dependence of the photoproduction cross section (26)
on the virtuality Q of the photon. In the left and right plots we
compare predictions for different rapidities yJ=ψ ; yηc and different
proton energies Ep. Both plots clearly illustrates the transition
from photoproduction to Bjorken regime in the region
Q ∼ 1–2MJ=ψ . In both plots the photon energy is evaluated from

)1(,)10 ). All frame-dependent variables are given in the reference
frame described in Sec. II A.

FIG. 10. The dependence of the production cross sections on the invariant momentum transfer t for different meson pairs. In all plots
the colored bands reflect the uncertainty due to choice of the factorization scale μF; the central line corresponds to factorization scale
μF ¼ 4 GeV ≈ 2mD, whereas the upper and lower limits of the colored bands correspond to μF ¼ 2 GeV and μF ¼ 8 GeV,
respectively. For better legibility the cross sections for Ep ¼ 275 GeV and Ep ¼ 41 GeV are multiplied by constant factors ×4 and
×1=4, respectively (shown near the left edge of each plot).
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(flavor content) of the produced D mesons. It is instructive
to understand the main sources of this dependence. As we
discussed earlier in Sec. II A, our choice of kinematics
corresponds to relatively small values of xB; ξ ≪ 1, and
therefore we expect that all quark distributions are domi-
nated by sea quarks, which have a mild dependence on
flavor. The mass of the light quarks might be disregarded in
the collinear approximation. However, some terms in the
coefficient function, namely the diagrams which corre-
spond to coupling of the photon to light quarks, include
flavor-dependent electric charges el in prefactors. Their
interference with diagrams which correspond to the cou-
pling of the photon to heavy quarks can be constructive
or destructive. Furthermore, there is additional flavor
dependence introduced by the meson decay constant
fD ≈ 209 MeV; fDs

≈ 249 MeV, which can change the
result for the cross section by up to a factor of two, since
the decay constant contributes as ∼f4D. For the DþD�−

mesons at small ðY;WÞ, the dominant contributions stem
from the quark sector, and the contribution of the gluons
becomes more pronounced at higher Y. For charged strange
mesons Dþ

s D�−
s , the contribution of the quark sector is

slightly smaller and is on par with the contribution of the
gluons. Finally, for neutral D0D̄�0 pairs, due to destructive
interference of the contributions of quark and gluon GPDs,
the cross section is smaller than for the other mesons. In
Fig. 13 we compare side by side the cross sections for

different mesons, as well as show (in the upper horizontal
axis) the dependence on the invariant energy Wγp. We may
observe that the cross sections have the same value for the
same invariant energy Wγp, independently of the proton
energy Ep or rapidity Y.
In Fig. 14 we show the dependence of the cross section

on the rapidity difference Δy between the two D mesons at
central rapidities. The cross section decreases rapidly as
function of Δy, and similarly for the quark and gluon
contributions. This behavior might be explained by an
increase of the variables xB; ξ, and of the (minimal,
longitudinal) momentum transfer jtminj at large Δy and
fixed Y; this leads to a suppression of both quark and gluon
contributions, due to t dependence encoded in the partonic
GPDs. In the limit Δy → 0 the cross sections remain finite,
although numerically grow up to large values. Since our
approach is justified only for the kinematically separated D
meson pairs, we do not consider that region.
Finally, in Fig. 15 we provide predictions for the

distribution of the produced D-meson pairs over their
invariant mass M12. For all flavors of D mesons and all
energiesW of γp pairs, the distributions have a very similar
shape. Near the threshold, the cross section grows due to
increase of the phase volume. However, in this region
the relative velocity vrel of the D mesons is small, and
thus potentially sizeable corrections might appear due
to formation of the bound states (so-called tetraquarks).

FIG. 11. Left plot: dependence of the cross section on the transverse momentum p⊥ of produced D mesons, at fixed azimuthal angle
ϕ12 between the transverse momenta. Right plot: dependence on the azimuthal angle ϕ12, at fixed transverse momentum p⊥ of the
producedDmesons. The colored bands reflect the uncertainty due to choice of the factorization scale μF: the central line corresponds to
factorization scale μF ¼ 4 GeV ≈ 2mD, whereas the upper and lower limits were evaluated with μF ¼ 8 GeV and μF ¼ 2 GeV,
respectively. In the right plot, for better legibility, the cross sections for Ep ¼ 275 GeV and Ep ¼ 41 GeV are multiplied by constant
factors ×4 and ×1=4, respectively (shown near the right edge of each plot). A sharp peak at large angles ϕ12 ≈ π and relatively small
transverse momenta corresponds to the so-called back-to-back kinematics, which minimizes the invariant momentum transfer jtj, as can
be seen from Eq. (7).
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For higher values of M12 ≳ 4 GeV the values of vrel
become large enough to exclude such soft near-threshold
effects, and the collinear theory becomes well justified. The
region of very large values of M12 ≳ 6 GeV requires large
rapidity difference Δy or large transverse momenta of the

heavymesons. In this kinematics the momentum transfer t to
the proton is large, so the cross section becomes suppressed,
in agreement with results shown in Figs. 14 and 11.
We also analyzed a possibility to study the suggested

channels in the kinematics of the proposed 22 GeVupgrade

FIG. 12. Dependence of the cross section on the average rapidity Y ¼ ðy1 þ y2Þ=2, at fixed rapidity difference y1 − y2 of the two
mesons (positive rapidity is in direction of the photon/electron). The upper row corresponds to proton energy Ep ≈ 41 GeV, the middle
row is for energy Ep ≈ 100 GeV, and the lower row is for Ep ≈ 275 GeV. The curves marked as “quarks” and “gluons” correspond to
contributions of only quark or only gluon GPDs. The curve marked as “All” takes them all into account (as well as additional term due to
interference of quark and gluon contributions in the cross section). See the text for more detailed discussion.

FIG. 13. Side-by-side comparison of the cross sections, for different mesons and different proton energies Ep. The lower horizontal
axis shows the average rapidity Y ¼ ðy1 þ y2Þ=2, whereas in the upper axis we show the corresponding values of invariant energy
W ≡ ffiffiffiffiffiffisγp

p . A comparison of different plots shows that the cross sections for the sameW, but different proton energy Ep and Y, coincide
with each other.
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at JLab [64]. However, we found that the cross sections are
extremely small in that kinematics and beyond the reach
of experimental studies. This happens because in the
kinematics of the proposed upgrade, the production would
occur with relatively large values xB; ξ ∼M2

12=W
2 ∼

0.5–1, where the GPDs are strongly suppressed, both
due to end point behavior of the underlying parton distri-
butions ∼ð1 − xÞn; n ¼ 3–5, and additional suppression due
to increase of the (longitudinal) momenta transfer to the
target, jtj≳ jtjmin ¼ m2

Nx
2
B=ð1 − xBÞ. We also made similar

estimates for photoproduction of B-meson pairs, yet found
that even in the EIC kinematics the cross sections are
extremely small (subpicobarn level). This could be under-
stood from the structure of the coefficient functions, which
scale as∼1=m5

Q in the heavymass limit and thus are strongly
suppressed. For this reason we do not include predictions
neither for JLab 22 GeV kinematics, nor for B-meson pairs.

IV. SUMMARY AND CONCLUSIONS

In this paper, we analyzed the potential of exclusive
photoproduction of D-meson pairs for studies of the
GPDs of the target. We analyzed the photoproduction of
pseudoscalar-vector pairs with opposite C parities and

different flavor content (DþD�−, D0D̄�0, and Dþ
s D�−

s ),
which get their dominant contribution from the chiral-
even GPDs. We focused on the kinematics of large
invariant masses of the produced meson pairs, moderate
values of xB ∈ ð10−3; 10−1Þ and small photon virtuality Q2

(Q2 ≪ m2
Q), achievable with low- and middle-energy ep

beams at the Electron Ion Collider. We performed evalu-
ations in the collinear factorization approach in leading
order over the strong coupling αsðmQÞ. In all channels the
amplitude of the process obtains comparable contributions
from one of the light quark flavors and gluons. This feature
might present a special interest for phenomenological
attempts to disentangle the flavor structure of the light
quark GPDs. The sensitivity of the process to different
GPD kinematics is controlled by the so-called coefficient
functions (partonic level amplitudes), which have nontrivial
behavior in the so-called ERBL region jxj < ξ, yet vanish
rapidly outside of it. Due to convolution with sufficiently
broad distribution amplitudes of D mesons, the x depend-
ence of the coefficient functions in the region jxj < ξ is
relatively moderate, with a mild peak around x ≈ ξ. The
inverse deconvolution apparently is not possible in view of
complexity of the coefficient function, however we believe
that experimental study of this process might present new

FIG. 14. Dependence of theDþD�− production cross section on the rapidity difference Δy, at fixed average rapidity Y ¼ ðy1 þ y2Þ=2
and different proton energies Ep. For other mesons we observe a similar behavior.

FIG. 15. The distribution of the produced D-meson pairs over their invariant mass M12, for several fixed invariant energies W of the
γp collision (left plot) and for different flavors at fixed W (right plot). In the near-threshold region M12 ≈ 2MDðM12 ≲ 4 GeVÞ the
relative velocity vrel of the produced D mesons is small, and thus our approach might be not reliable (see the text for more explanation).
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constraints for phenomenological models of GPDs, espe-
cially in the ERBL region. The pronounced t dependence of
the cross section, which stems from the phenomenological
GPD models, implies that the D-meson pairs are produced
predominantly in back-to-back kinematics, with relatively
small and oppositely directed transverse momenta of the
mesons.
The results of this study complement our previous

analyses [42,43] of exclusive quarkonia pair production,
which is sensitive only to gluonic GPDs. If compared in the
same kinematics, the cross sections for D-meson pairs are
larger due to contribution of quark GPDs, and different
structure of the gluonic coefficient functions due to replace-
ment of one of the heavy quarks with nearly massless light
quark. This fact should facilitate experimental studies of the
suggested channel. The cross section of the suggested
process is comparable, by order of magnitude, to the cross
sections of similar 2 → 3 processes (γ�p → γMp,M ¼ π, ρ)
suggested recently in the literature [17–28] for exhaustive
studies of the light quark GPDs. This happens because the
suppression due to heavy quark mass in D-meson pair
production numerically is on par with a suppression by
the additional fine-structure constant αem in processes which
include additional emitted photon. For this reason both

γ�p → γMp and D-meson pair production could be used
as complementary tools for the study of both quark and
gluon GPDs.
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APPENDIX A: DISTRIBUTION AMPLITUDES
OF THE D MESONS

In this appendix, for the sake of completeness, we
provide definitions and parametrizations of the D-meson
distribution amplitudes. For light mesons the distribution
amplitudes are conventionally characterized (ordered) by the
twist of the corresponding quark-antiquark operator [65–69].
For spinless pseudoscalar mesonM at leading twist, there is
only one distribution amplitude, defined as

ΦðPÞðzÞ ¼
Z

dη
2π

eizp
þηh0jψ̄

�
−
η

2

�
γþγ5L

�
−
η

2
;
η

2

�
ψ

�
η

2

�
jMðpÞi; ðA1Þ

L
�
−
η

2
;
η

2

�
≡ P exp

�
i
Z

η=2

−η=2
dζAþðζÞ

�
; ðA2Þ

where p is the momentum of the meson (we assume that the meson moves in the plus direction), z is the fraction of the
momentum carried by the quark, and L is the standard path-ordered gauge link. Similarly, for the vector (spin-1) mesons

there are two independent leading-twist distributions ΦðVÞ
jj and ΦðVÞ

⊥ defined as

ΦðVÞ
jj ðzÞ ¼

Z
dη
2π

eizp
þηh0jψ̄

�
−
η

2

�
γþL

�
−
η

2
;
η

2

�
ψ

�
η

2

�
jMðpÞi; ðA3Þ

ΦðVÞ
⊥ ðzÞ ¼

Z
dη
2π

eizp
þηh0jψ̄

�
−
η

2

�
ð−iσþαε�M;αðpÞÞL

�
−
η

2
;
η

2

�
ψ

�
η

2

�
jMðpÞi; ðA4Þ

where εMðpÞ is the (transverse) polarization vector of the
meson, which satisfies n · εJ=ψ ¼ p · ε�J=ψ ;μðpÞ ¼ 0. The
definitions (A1)–(A4) may sometimes include distribution
amplitudes normalized to unity, taking out the explicit
meson decay constants fM in the right-hand side. To avoid
ambiguity, we will use the notation φðzÞ (with corre-
sponding other indices) for such normalized DAs.
These findings imply that during perturbative evaluation
of the coefficient function, the meson formation from
perturbative quarks might be described using the effective
vertices

fPφðPÞðzÞγþγ5; fVφ
ðVÞ
jj ðzÞγþ; and

−ifVφ
ðVÞ
⊥ ðzÞσþαε�M;α: ðA5Þ

Sometimes this scheme is also extended to heavy D
mesons. However, for processes involving heavy quarks,
the twist-based classification of distribution amplitudes
requires adjustments, since the heavy quark mass limit
breaks twist-based suppression of higher twist contribu-
tions in physical amplitudes. Instead of this, the distribution
amplitudes are ordered by the inverse powers of the heavy
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quark mass mQ, using the heavy quark effective theory
framework [51]. For the pseudoscalar and vector Dmesons
containing c quark, this implies that we should replace (A5)
with [44,51,70,71]

fDφ
ðPÞ
D ðz; μ2Þ

�
1þ v̂
2

γ5

�
; fDφ

ðVÞ
D ðz; μ2Þ

�
1þ v̂
2

�
ε̂ðpÞ;

ðA6Þ
where vμ ¼ pμ=MD is the four-vector D-meson velocity,
εμðpÞ is the four-vector polarization for the vector mesons,
fD is the corresponding decay constant. For the charge-
conjugate D mesons (containing c̄ quark), the definitions
(A6) should be modified as vμ → −vμ. Due to heavy quark
spin-flavor symmetry [51,72,73] it is expected that the
functional form φD should be approximately the same
for pseudoscalar and vectormesons.While there is a plethora
of different phenomenological and model-based parametri-
zations [71,74–76], they all suggest thatφDðzÞ should have a

broad peak near z ≈ 2=3 and vanish at the extremes, as
shown in Fig. 16. This shape suggests that up to 1=3
of the momentum of the D meson is carried by the
light quark.

APPENDIX B: EVALUATION
OF THE COEFFICIENT FUNCTIONS

The coefficient functions (partonic amplitudes) may be
evaluated using standard light cone rules, which may be
found in [1,3,49,77–79]. In the leading order, this requires
the evaluation of all the diagrams shown inFigs. 4 and5. This
evaluations drastically simplify in the collinear factorization
approach, assuming that in our hierarchy of scales themass of
the heavy quark mQ and photon virtuality Q are large para-
meters, Q ∼mQ ∼W ≡ ffiffiffiffiffiffisγp

p , and omitting the mass of the
proton mN and all the transverse momenta in the coefficient
functions evaluation. Below, in Appendices B 1, B 2 we
discuss some technical details and provide final results for the
coefficient functions of the light quarks and gluons.

1. Light quark contribution

The leading twist chiral even quark GPDs Hq; Eq;
H̃q; Ẽq, which are expected to give the dominant contri-
butions, are conventionally defined from quark-antiquark
correlators [3]

Fq ¼ 1

2

Z
dz
2π

eixP̄
þhP0jψ̄

�
−
z
2
n

�
γþL

�
−
z
2
;
z
2

�
ψ

�
z
2
n

�
jPi

¼ 1

2P̄þ

�
ŪðP0ÞγþUðPÞHqðx; ξ; tÞ

þ ŪðP0Þ iσ
þαΔα

2mN
UðPÞEqðx; ξ; tÞ

�
; ðB1Þ

F̃q ¼ 1

2

Z
dz
2π

eixP̄
þhP0jψ̄

�
−
z
2
n

�
γþγ5L

�
−
z
2
;
z
2

�
ψ

�
z
2
n

�
jPi

¼ 1

2P̄þ

�
ŪðP0Þγþγ5UðPÞH̃qðx; ξ; tÞ þ ŪðP0ÞΔ

þγ5
2mN

UðPÞẼqðx; ξ; tÞ
�
: ðB2Þ

L
�
−
z
2
;
z
2

�
≡ P exp

�
i
Z

z=2

−z=2
dζAþðζÞ

�
: ðB3Þ

Inwhat followswework in the light cone gauge, so the gauge
linkbecomes trivial,Lðζ1; ζ2Þ ¼ 1. The skewedness variable
ξ ¼ ðP0þ − PþÞ=ðP0þ − PþÞ can be related to the rapidities
of the heavy mesons using (17). For the sake of brevity we
do not show explicitly the dependence on the factorization
scale μ, which is described by the conventional Dokshitzer–
Gribov–Lipatov–Altarelli–Parisi (DGLAP) evolution

equations. The factorization theorems allow to rewrite
the amplitudes of physical processes as convolution of
these GPDs with cross sections of partonic processes
γq → M1M2q, where the quarks before and after interactions
have light cone momenta kþ1;2 ∼ ðx� ξÞP̄þ. The transverse
part of the quark momentumΔ⊥ is small compared to typical
hard scales (Q;mQ;M12) and thus may be disregarded in the
evaluation of the coefficient function. The evaluation of the
amplitude requires calculation of all the diagrams shown in
Fig. 4, together with all possible permutations of photon

FIG. 16. Typical shape of the D-meson distribution amplitude
φDðzÞ. For definiteness this plot was done using “model 2” from
[76]; other models described in [71,74,75] have very similar
shapes.
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vertices, assuming that gluon vertices are fixed. The explicit
expressions for the quark spinors and projectors onto Fq and
F̃q may be found in [3]; the spinor algebra was done using
FeynCalc package for Mathematica [80,81]. While the total
number of diagrams is huge, in the collinear factorization
picture many diagrams vanish. This happens because the
transversemomenta of partons are disregarded in the collinear
approach, so all the light quark propagators are given by

SðkÞ ¼ k̂ −m
k2 −m2 þ i0

≈
kþγþ þ k−γ−
2kþk− þ i0

; ðB4Þ

the gluon propagators in light cone gauge satisfy the light
cone gauge condition nμGμν ¼ 0, and for the γþ; γ− matrices
in the numerator we have standard relations of Dirac algebra
γþγþ ¼ γ−γ− ¼ 0, γþγ− ¼ 2 − γ−γþ, γ�γ⊥ ¼ −γ⊥γ�.
For example, this leads to a cancellation of all diagrams
with three-gluon vertices, whose representative is shown in
the second diagram in the first row of Fig. 4: the gluon vertex
itself is proportional to the difference of gluon momenta
li − lj, which in the collinear limit has only light cone �
components. The gluon propagator for collinear gluons is

proportional to the transverse part of the metric tensor,

g⊥μν ¼ gμν − ðnðþÞ
μ nð−Þν þ nð−Þμ nðþÞ

ν Þ=nðþÞ · nð−Þ, where nð�Þ
μ

are the light cone vectors in the� direction. After contraction
of such propagators with the � components of lμ

i − lν
j , we

can see that the three-gluon contribution vanishes (beyond
collinear approximation, giving corrections∼Oðt=M2Þ to the
coefficient function). The evaluation of the remaining dia-
grams is straightforward and was done using the FeynCalc

package for Mathematica [80,81]. In the evaluation of the
coefficient function, we replaced the final-state D mesons
with a system of collinear heavy-light quark-antiquarks (q̄Q
and Q̄q, respectively), adding appropriate spinor projectors,
as required by the definitions (A6) (see Appendix A for
details). To avoid confusion, we will use the notations z1, z2
for the light cone momenta fractions of quarks and z̄1 ≡ 1 −
z1; z̄2 ≡ 1 − z2 for antiquarks in the first and the second
mesons. Inwhat followswe focus only on theQ ≈ 0 limit and
provide the results for the transversely polarized photons
(extensions for the case Q ≠ 0 is straightforward, although
the final expressions become too lengthy for publication). The
final result for the light quark coefficient functions are

CðqÞ
T ðx; ξ;Δy; z1; z2Þ ¼ κ

�
N2

c − 1

2Nc

�
el

X4
k¼1

aðqÞk þ eH
X3
k¼1

bðqÞk

�
−

1

2Nc

�
el

X4
k¼1

cðqÞk þ eHd
ðqÞ
1

��
; ðB5Þ

C̃ðqÞ
T ðx; ξ;Δy; z1; z2Þ ¼ κ

�
N2

c − 1

2Nc

�
el

X4
k¼1

ãðqÞk þ eH
X3
k¼1

b̃ðqÞk

�
−

1

2Nc

�
el

X4
k¼1

c̃ðqÞk þ eHd̃
ðqÞ
1

��
; ðB6Þ

where

κ ¼ ð4παsÞ2
ffiffiffiffiffiffiffiffiffiffiffiffi
4παem

p
ðε�D� · εðγÞT Þ; ðB7Þ

εðγÞT and εD� are the polarization vectors of the incident photon and produced vector meson, el; eH, are the charges of the
light and heavy quarks (in units of proton charge), and the constants ak; bk; ck; dk; ãk; b̃k; c̃k; d̃k are given by

aðqÞ1 ¼ ãðqÞ1 ¼ e3Δyξ
2m5

Qz1ð1þ ξÞð1þ eΔyz2Þð1þ 2ξþ eΔyð1þ z1 þ 2ξÞÞ

×

��
x − ξþ ξ

1þ ξ

z̄2
1þ eΔy

��
ð1þ eΔyÞx − ξ

1þ ξ
ðξþ eΔyðz1 þ ξÞÞ

��
−1
; ðB8Þ

z̄α ≡ 1 − zα; α ¼ 1; 2; ðB9Þ

aðqÞ2 ¼ −ãðqÞ2 ¼ e2Δyð1 − eΔyÞ
2m5

Qz1ðeΔyz̄1 þ z2Þð1þ eΔyz2Þðz̄1 þ eΔyz2Þ
�
ð2ð1þ ξÞð1þ eΔyÞ − z̄2Þ

�
x − ξþ ξ

1þ ξ

z̄2
1þ eΔy

��
−1
;

ðB10Þ

aðqÞ3 ¼ ãðqÞ3 ¼ e2ΔyðeΔy − 1Þ
2m5

Qz1ð1þ eΔyz̄1ÞðeΔyz̄1 þ z2Þðz̄1 þ eΔyz2Þ
��

x −
ξ2

1þ ξ
−

eΔy

eΔy þ 1

ξ

1þ ξ
z1

�
ð2ð1þ ξÞð1þ eΔyÞ − z̄2Þ

�−1
;

ðB11Þ
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aðqÞ4 ¼ −ãðqÞ4 ¼ −
eΔyðeΔy − 1Þ

2m5
Qðz̄1 þ eΔyÞz1ðeΔyz̄1 þ z2Þðz̄1 þ eΔyz2Þ

�
ð2ð1þ e−ΔyÞð1þ ξÞ − z1Þ

�
xþ ξ −

eΔy

1þ eΔy
ξ

1þ ξ
z1

��−1
;

ðB12Þ

bðqÞ1 ¼ −b̃ðqÞ1 ¼ e2Δyξðξð1þ 2ξÞðe2Δy − 1Þ − eΔyðxð1þ ξÞð1þ eΔyÞ − ξð−2þ ξþ eΔyð2þ ξÞÞÞz1Þ
2m5

Qðxþ xξ − ξ2Þz1ð1þ eΔyz2Þðð1þ eΔyÞxð1þ ξÞ − ξðξz̄2 þ eΔyð1þ ξÞÞÞ

×

�
ð1þ eΔyÞ

�
xþ ξ −

eΔy

1þ eΔy
ξ

1þ ξ
z1

�
ðð1þ 2ξþ eΔyð3þ 2ξÞÞz1 − eΔyz21 − ð1þ eΔyÞð1þ 2ξÞÞ

�−1
; ðB13Þ

bðqÞ2 ¼ b̃ðqÞ2 ¼ e3Δyð1þ eΔyÞð1þ ξÞð1þ 2ξ − z1Þ
2m5

Qð2ð1þ eΔyÞð1þ ξÞ − z̄2Þð2ð1þ eΔyÞð1þ ξÞ − eΔyz1 − z̄2Þð1þ eΔyz2Þðz̄1 þ eΔyz2Þ

×

��
ð1þ 2ξÞz̄1 þ

eΔy

1þ eΔy
z1ðz1 − 2Þ

�
ðxð1þ ξÞð1þ eΔyÞ − ξðξþ eΔyð1þ ξÞÞ − ξz2Þ

�−1
; ðB14Þ

bðqÞ3 ¼ −b̃ðqÞ3 ¼ e2Δyð1þ 2ξ − z1Þ
2m5

Qz1ð2ð1þ ξÞ − eΔy

1þeΔy z1Þðxþ ξ − eΔy

1þeΔy
ξ

1þξ z1Þðz̄1 þ eΔyz2Þ
× ½ðð1þ 2ξÞð1þ eΔyÞz̄1 þ eΔyz1ðz1 − 2ÞÞðð1þ 2ξÞð1þ eΔyÞ þ eΔyz̄1 þ z2Þ�−1; ðB15Þ

cðqÞ1 ¼ −c̃ðqÞ1 ¼ −
e2Δyξðxþ xξþ ξ2 − ξz1 − ξz2Þ

2m5
Qz1ðxþ ξ − eΔy

1þeΔy
ξ

1þξ z1Þðð1þ eΔyÞð1þ 2ξÞ þ z̄2Þð1þ eΔyz2Þðxð1þ ξÞ þ ξ2 þ ξ z̄2
1þeΔyÞ

× ½ð1þ eΔyÞð1þ ξÞðxþ ξÞðz1 þ z2eΔyÞ − ξz1z2ð1þ e2ΔyÞ þ eΔyξð1 − z21 − z22Þ�−1; ðB16Þ

cðqÞ2 ¼ −c̃ðqÞ2 ¼ −
e2Δyð1 − eΔyÞξ

2m5
Qðxð1þ ξÞ − ξ2Þðz̄1eΔy þ z2Þðz̄1 þ eΔyz2Þ2ð1þ eΔyz2Þ

×

�
ð1þ eΔyÞx − ξ

1þ ξ
ðξþ eΔyð1þ ξÞÞ − ξ

1þ ξ
z2

�
−1
; ðB17Þ

cðqÞ3 ¼ c̃ðqÞ3 ¼ −
e2ΔyðeΔy − 1Þξ2

2m5
Qðxþ xξþ ξ2Þðz̄1eΔy þ z2Þð1þ eΔyz2Þðz̄1 þ eΔyz2Þ

×

�
ð1þ eΔyÞ

�
xþ ξ −

ξ

1þ ξ

eΔyz̄1 þ z2
1þ eΔy

�
ðð1þ eΔyÞxð1þ ξÞ þ ξð1þ ξþ eΔyξÞ − ξz2Þ

�−1
; ðB18Þ

cðqÞ4 ¼ −c̃ðqÞ4 ¼ −
e2Δyð1 − eΔyÞξ

2m5
Qz1ðxþ ξ − eΔy

1þeΔy
ξ

1þξ z1Þðz1 þ eΔyz̄2Þðz̄1eΔy þ z2Þðz̄1 þ eΔyz2Þ
× ððx − ξÞð1þ ξÞð1þ eΔyÞ þ eΔyξz̄1 þ ξz2Þ−1; ðB19Þ

dðqÞ1 ¼ −d̃ðqÞ1 ¼ e2Δyξ

2m5
Qz1ð1þ ξÞð1þ eΔyÞðz22 − 1þ ð1þ eΔyÞð1þ 2ξÞz2Þðxþ ξ − eΔy

1þeΔy
ξ

1þξ z1Þð1þ eΔyz2Þ

×

�
ðxþ xξþ ξ2z̄2Þ þ

2ξ

1þ eΔy
þ ðxð1þ ξÞ þ ξeΔyð1þ 2eΔyÞÞz2

− tanh

�
Δy
2

�
ξz22 þ

ξð1þ ξÞz1
1þ eΔy

�
2

�
1þ eΔy

ξ

1þ ξ

�
− ðeΔy − 1Þ z2

1þ ξ

��

×

��
ð1þ eΔyÞx − ξ

1þ ξ
ðξþ eΔyð1þ ξÞÞ − ξ

1þ ξ
z2

�

× ðξz1z2ð1þ e2ΔyÞ − eΔyξð1þ z2z̄2 − z21Þ − ðz1 þ z2eΔyÞð1þ eΔyÞðxð1þ ξÞ − ξ2ÞÞ
�
−1
: ðB20Þ
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Wemay observe that, as a function of variable x, each of the
contributions has at most one or two poles, whose position
depends on the skewedness ξ, rapidity difference Δy, and
the light cone fractions z1, z2 carried by quarks in the
corresponding D mesons. The end point singularities at
z1 ¼ 0, z1 ¼ 1, z2 ¼ 0, and z2 ¼ 1 do not present any
difficulties, neither for the factorization property at con-
ceptual level, nor for numerical integration, since in the
amplitude these coefficient functions contribute multiplied

by the distribution amplitudes of the D mesons, which
vanish rapidly at these points.

2. Gluonic contribution

The definition of the leading twist gluon GPDs is very
similar to the quark GPDs definitions and differ only by the
structure of the operators inserted between the initial and
final states, namely [3,60]

Fgðx; ξ; tÞ ¼ 1

P̄þ

Z
dz
2π

eixP̄
þhP0jGþμa

�
−
z
2
n

�
L
�
−
z
2
;
z
2

�
Gþa

μ

�
z
2
n

�
jPi

¼
�
ŪðP0ÞγþUðPÞHgðx; ξ; tÞ þ ŪðP0Þ iσ

þαΔα

2mN
UðPÞEgðx; ξ; tÞ

�
; ðB21Þ

F̃gðx; ξ; tÞ ¼ −i
P̄þ

Z
dz
2π

eixP̄
þhP0jGþμa

�
−
z
2
n

�
L
�
−
z
2
;
z
2

�
G̃þa

μ

�
z
2
n

�
jPi

¼
�
ŪðP0Þγþγ5UðPÞH̃gðx; ξ; tÞ þ ŪðP0ÞΔ

þγ5
2mN

UðPÞẼgðx; ξ; tÞ
�
; ðB22Þ

G̃μν;a ≡ 1

2
εμναβGa

αβ; L
�
−
z
2
;
z
2

�
≡ P exp

�
i
Z

z=2

−z=2
dζAþðζÞ

�
; ðB23Þ

where L is the standard path-ordered gauge link. In what follows we will use the standard light cone gauge Aþ ¼ 0, in
which L ¼ 1, and the remaining two-gluon operators in (B21), (B22) may be rewritten in the form

Gþμ⊥aðz1ÞGþa
μ⊥ ðz2Þ ¼ g⊥μνð∂þAμ⊥;aðz1ÞÞð∂þAν⊥aðz2ÞÞ; ðB24Þ

Gþμ⊥aðz1ÞG̃þa
μ⊥ ðz2Þ ¼ Gþμ⊥aðz1ÞG̃a

−μ⊥ðz2Þ ¼
1

2
ε−μ⊥ανG

þμ⊥aðz1ÞGαν;aðz2Þ
¼ ε−μ⊥þν⊥G

þμ⊥aðz1ÞGþν⊥;aðz2Þ ¼ ε⊥μνGþμ⊥aðz1ÞGþν⊥;aðz2Þ ¼ ε⊥μνð∂þAμ;aðz1ÞÞð∂þAν;aðz2ÞÞ: ðB25Þ

The integration over z in (B21), (B22) effectively corresponds to a transition to the momentum space, where the deriva-
tives ∂þz1 ; ∂

þ
z2 convert into the multiplicative factors kþ1;2 ∼ ðx� ξÞP̄þ, and thus (B21), (B22) may be rewritten in a joint form

as [60]

1

P̄þ

Z
dz
2π

eixP̄
þhP0jAa

μ

�
−
z
2
n

�
Ab
ν

�
z
2
n

�
jPi

				
Aþ¼0 gauge

¼ δab

N2
c − 1

�
−g⊥μνFgðx; ξ; tÞ − ε⊥μνF̃gðx; ξ; tÞ
2ðx − ξþ i0Þðxþ ξ − i0Þ

�
: ðB26Þ

FIG. 17. Schematic illustration of the diagrams with direct and permuted t-channel gluons, which are related to each other by an
inversion of sign in front of light cone fraction x ↔ −x, and permutation of the Lorentz indices μ ↔ ν.
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The factors �i0 in the denominator of (B26) reflect the
conventional ξ → ξ − i0 prescription used to define the
deformation of the integration contour near the poles of
the amplitude. The structure of the numerator of Eq. (B26)
implies that the coefficient functions Ca and C̃a may be
extracted from the corresponding partonic amplitude of
γg → D1D2g, contracting the Lorentz indices of the gluons
with g⊥μν and ε⊥μν, respectively.
In the leading order over αs, the partonic amplitude γg →

D1D2g gets contribution from the Feynman diagrams
shown in the Fig. 5. Each diagram in that figure should
be understood as a sum of two contributions, with photon
coupled to heavy or light quark line, and complemented
with diagrams which differ by permutation of the t-channel
gluons, as demonstrated in Fig. 17. The latter permutation
leads to contributions which differ only by the sign in front
of the light cone variable x and interchange of the Lorentz
indices μ ↔ ν. As explained earlier, the coefficient func-
tions Ca, C̃a, may be found contracting the free Lorentz
indices μ, ν with symmetric g⊥μν or antisymmetric ε⊥μν; for
this reason Ca and C̃a will be even or odd functions of the
variable x, respectively. In the collinear picture we assume
that the quarks and antiquarks in the produced D mesons
carry the light cone momenta zapa and ð1 − zaÞpa,
respectively, so all the parton momenta in leading-order
diagrams of Fig. 5 may be fixed by energy-momentum
conservation and represented as linear combinations of the
momenta of the D mesons and t-channel gluons. Using
(B26), we may rewrite the coefficient functions of the
transversely polarized photons as

CðgÞ
T ðx; ξ;Δy; z1; z2Þ

¼ κ
CTðx; ξ;Δy; z1; z2Þ þ CTðx; ξ;Δy; z1; z2Þ

ðx − ξþ i0Þðxþ ξ − i0Þ ; ðB27Þ

C̃ðgÞ
T ðx; ξ;Δy; z1; z2Þ

¼ κ
C̃Tðx; ξ;Δy; z1; z2Þ − C̃Tðx; ξ;Δy; z1; z2Þ

ðx − ξþ i0Þðxþ ξ − i0Þ ; ðB28Þ

where the constant κ was defined earlier in (B7), and the
factors ðx� ξ ∓ i0Þ−1 in (B27), (B28), come from (B26).
Since the gluon GPDs Hg, Eg, are even functions of the
variable x, and H̃g; Ẽg are odd functions [3], in the con-
volution over x both terms in the numerators of (B27),
(B28) give equal nonzero contributions. Numerically the
dominant contribution to unpolarized cross section comes
from the GPD Hg, whereas the contribution of H̃g is
negligibly small. The evaluation of the diagrams from
Fig. 5 was done using the FeynCalc package forMathematica
[80,81] (see the beginning of the previous Appendix B 1 for
some technical details); the contributions to Ca and C̃a were
extracted, contracting the free Lorentz indices μ, ν of the
partonic amplitude with g⊥μν or ε⊥μν, respectively.
Explicit expressions for the functions CT; C̃T are given by

CT ¼ el

�
N2

c − 1

4Nc

X7
k¼1

ak −
1

4Nc

X3
k¼1

bk

�

þ eH

�
N2

c − 1

4Nc

X7
k¼1

Ak −
1

4Nc

X3
k¼1

Bk

�
; ðB29Þ

where el; eH, are the charges of the light and heavy quark
(in units of the proton charge), and the expressions in front
of them correspond to a sum of the diagrams in which
photon is connected to the light or heavy quark lines
respectively. Explicitly, these contributions are given by

a1 ¼
2e2Δyðe2Δy − 1Þð−eΔyðξþ 1Þðx − ξÞ þ ðξþ 1Þz2ð2eΔyξþ ξ − xÞ þ ξð2ξþ 1Þ þ ξz22Þ
m5

QðeΔy þ z2ÞðeΔyz̄1 þ z2ÞðeΔyz2 þ 1Þ2ðeΔyz2 þ z̄1Þð2eΔyðξþ 1Þ þ 2ξþ z2 þ 1Þ
× ðξðeΔyðξþ 1Þ þ ξÞ − ððeΔy þ 1Þðξþ 1ÞxÞ þ ξz2Þ−1; ðB30Þ

A1 ¼
2e2Δyðe2Δy − 1Þ

m5
Qz2ðz2 þ eΔyz̄1ÞðeΔyz2 þ e2Δy þ 1ÞðeΔyz2 þ z̄1Þ

½ðxþ ξÞz2ð1þ ξÞðeΔyz2 þ e2Δy þ 1Þ

− ξðz2 þ 2ÞððeΔy þ 1Þð2ξþ 1Þ þ z2ð2ðeΔy þ e2ΔyÞð1þ ξÞ þ 1Þ þ eΔyz2z̄2Þ�
× ½ððeΔy þ 1Þð2ξþ 1Þ þ z2ð2e2Δyðξþ 1Þ þ eΔyð2ξþ z2 þ 1Þ þ 1ÞÞ
× ððx − ξÞð1þ ξÞðeΔy þ 1ÞðeΔyz2 þ 1Þ þ ξðeΔyð1þ z2z̄2Þ þ z̄2ÞÞ�−1; ðB31Þ

a2 ¼
2ðeΔy þ 1Þð−2ξþ z2 − 2Þ

m5
Qz̄2ðeΔyz̄2 þ z1ÞðeΔyð1þ 2ξÞ þ 2ðξþ 1Þ − z2ÞðeΔyð2ξþ z1 þ 1Þ þ 2ξ − z2 þ 2Þ

× ðξðeΔyðξþ 2Þ þ ξÞ þ ðeΔy þ 1Þðξþ 1Þðxð1 − z2eΔyÞ þ z2ξðeΔy − 2ÞÞ − ððeΔy − 1Þξz22ÞÞ
× ½ð2ðeΔy þ 1Þðξþ 1Þz2 − z22 þ 1ÞððeΔy þ 1Þðξþ 1Þz2ðx − ξÞ − ξþ ξz22Þ�−1; ðB32Þ
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A2 ¼
2ðeΔy þ 1Þð2ξþ z̄2ÞððeΔy þ 1Þðξþ 1ÞðeΔyðx − ξÞ þ 2ξÞ þ ðeΔy − 1Þξz2Þ

m5
Qz2ðeΔyz̄2 þ z1Þðz2 − 2ðeΔy þ 1Þðξþ 1ÞÞðeΔyð2ξþ z1 þ 1Þ þ ð2ξþ z̄2 þ 1ÞÞ

× ½ððeΔy þ 1Þð2ξþ 1Þ þ z2ð−eΔyð2ξþ 1Þ − 2ξþ z2 − 3ÞÞððeΔy þ 1Þðξþ 1Þðx − ξÞ þ ξz2Þ�−1; ðB33Þ

a3 ¼ −
2eΔyðe2Δy − 1Þ

m5
Qz1ðz2 − 1ÞðeΔy þ z̄1ÞðeΔyz̄1 þ z2ÞðeΔyz2 þ z̄1ÞðeΔyð2ξþ 1þ z̄1Þ þ 2ðξþ 1ÞÞ

× ½ðx − ξÞðξþ 1Þðð4ξ − z2 þ 3Þz1eΔy þ z̄1ð2ξ − z2 þ 2Þ þ ðe2Δy − z1eΔyð2ξþ 1ÞÞÞ
þ e2Δyξz1ð2ξþ 1Þ − eΔyz1ξðð3þ 2ξÞðz2 þ 2ðξþ 1ÞÞ þ z1ð−2ξþ z2 − 2ÞÞ�
× ½ðð2ξþ 1ÞeΔyξþ 2ξþ 1þ z̄2ÞððeΔy þ 1Þðξþ 1Þðx − ξÞ þ eΔyξz1Þ�−1; ðB34Þ

A3 ¼ −
2eΔyðe2Δy − 1Þ

m5
QðeΔyz̄1 þ z2ÞðeΔyz2 þ z̄1Þðe2Δyð2ξ − z1 þ 2Þ þ eΔyð4ξ − z1z̄1 þ 3Þ þ 2ð1þ ξÞð1 − 2z1ÞÞ

× ½ðx − ξÞðξþ 1ÞððeΔy þ 1Þ2ð2ξþ 1Þ − ðeΔy þ 1Þð2ξþ 1Þz1 − ð2eΔy þ 1Þz2 þ z1z2Þ
þ eΔyξðz1 þ 1ÞððeΔy þ 2Þð2ξþ 1Þ − 2ðξþ 2Þz2 þ z1ð−2ξþ z2 − 1ÞÞ�
× ½ððeΔy þ 1Þð2ξþ 1Þ − z2ðeΔyð2ξþ 1Þ þ 2ξ − z2 þ 3ÞÞðeΔyξþ ðeΔy þ 1Þðξþ 1Þz1ðξ − xÞ − eΔyξz21Þ�−1; ðB35Þ

a4 ¼
2eΔyðeΔy þ 1Þð2ξ − z2 þ 2Þ

m5
Qz̄1z̄2ðeΔyðeΔy þ 1Þð2ξþ z1 þ 1Þ þ z1ðeΔyð2ξþ z1Þ þ 2ðξþ 1ÞÞÞðð2ξþ 1ÞðeΔyξþ 1Þ þ z̄2Þ

× ½ðx − ξÞðeΔy þ 1Þðξþ 1Þz1 þ eΔyξðz1 − 1ÞððeΔy þ 1Þð2ξþ 1Þ þ ðeΔy − 1Þz1Þ�
× ½ðz1 þ eΔyz̄2Þðξð1þ z1eΔyÞ − ðeΔy þ 1Þðxð1þ ξÞ − ξ2ÞÞðeΔyð2ξþ z1 þ 1Þ þ ð2ξþ 1þ z̄2ÞÞ�−1; ðB36Þ

A4 ¼ −
2eΔyðeΔy þ 1Þð2ξþ z̄2Þ

m5
QðeΔy þ z1ÞðeΔyz̄2 þ z1ÞðeΔyð2ξþ z1 þ 1Þ þ 2ðξþ 1ÞÞðeΔyð2ð1þ ξÞ − z̄1Þ þ 2ð1þ ξÞ − z2Þ

× ½ðx − ξÞðeΔy þ 1Þðξþ 1ÞðeΔy þ z1Þ þ eΔyξðz1 − 2Þð2ðeΔyξþ ξþ 1Þ þ ðeΔy − 1Þz1Þ�
× ½ðz̄2ðeΔy þ 1Þð2ξþ 1Þ þ z2ðz2 − 2ÞÞððeΔy þ 1Þðξþ 1Þz̄1ðx − ξÞ þ eΔyξðz1 − 2Þz1Þ�−1; ðB37Þ

a5 ¼
2e2ΔyðeΔy þ 1Þξðxð1þ ξÞ þ ξðξþ z1 þ 2z̄2ÞÞ

m5
Qz1z̄2ðz1 þ eΔyz̄2Þðð2ξþ 1ÞðeΔy þ 1Þ þ z̄2ÞððeΔy þ 1Þð1þ ξÞðx − ξÞ þ eΔyξz1Þ

× ð−ðeΔy þ 1Þðξþ 1Þz̄2ðx − ξÞ þ ξz1ð2ðeΔyξþ ξþ 1Þ þ ðeΔy − 1Þz2ÞÞ½ððeΔy þ 1Þðξ2 þ xð1þ ξÞÞ þ ξðeΔyz1 þ z̄2ÞÞ
× ððeΔy þ 1Þð1þ ξÞðeΔyð2z2 − 1Þ − z1Þðxþ ξÞ − ξðe2Δyz̄1ð2z2 − 1Þ − eΔyð1þ z1z̄1 þ 2z2z̄2Þ − 2z1z2ÞÞ�−1; ðB38Þ

A5 ¼
2e2ΔyðeΔy þ 1Þξðð1þ ξÞðxþ ξÞ þ ξðz1 − 2z2ÞÞ

m5
QðeΔyðz2 − 1Þ − z1ÞðeΔyð2z2 − 1Þ − z1ÞððeΔyz̄2 þ 1Þð2ξþ 1Þ − z2ð2ð1þ ξÞ þ z̄2ÞÞ

× ððeΔy þ 1Þð1þ ξÞz2ðx − ξÞ þ ξðz1 þ 1ÞððeΔy þ 1Þð2ξþ 1Þ þ ðeΔy − 1Þz2ÞÞ
× ½ðeΔyξ − ðeΔy þ 1Þð1þ ξÞz1ðx − ξÞ − eΔyξz21ÞððeΔy þ 1Þðξ2 þ xð1þ ξÞÞ þ ξðeΔyz1 − 1þ 2z̄2ÞÞ
× ððeΔy þ 1Þðξ2 þ xð1þ ξÞÞ þ ξðeΔyz1 þ z̄2ÞÞ�−1; ðB39Þ

a6 ¼
2eΔyðeΔy þ 1Þξðxð1þ ξÞ − ξ2 − 2ξþ ξz2Þ

m5
Qz̄2ðeΔyz̄2 þ 2z1ÞðeΔyz̄2 þ z1Þðð1þ 2ξÞðeΔy þ 1Þ þ z̄2ÞððeΔy þ 1Þðxð1þ ξÞ − ξ2Þ − ξðeΔyz1 þ z̄2ÞÞ

× ½ðeΔy þ 1Þðξþ 1Þz̄2ðx − ξÞ þ ξz̄2ðeΔyððeΔy þ 1Þð2ξþ 1Þ þ 1Þ − ðeΔy − 1Þz2Þ þ 2ξz1ð2ððeΔy þ 1Þξþ 1Þ
þ ðeΔy − 1Þz2Þ�½ððeΔy þ 1Þðxð1þ ξÞ − ξ2Þ − 2eΔyξz1 − ξz̄2ÞððeΔy þ 1Þðξþ 1Þz2ðξ − xÞ þ ξð1 − z22ÞÞ�−1; ðB40Þ
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A6 ¼ −
2eΔyðeΔy þ 1Þξðð1þ ξÞðx − ξÞ þ ξz2Þ

m5
Qz2ðeΔyz̄2 þ z1ÞððeΔy þ 1Þð2ξþ 1Þ þ z2ðð2ξþ 1ÞðeΔy þ 1Þ þ z2 − 2ÞÞ ½ðe

Δy þ 1Þð1þ ξÞz2ðx − ξÞ

− ξðð1þ 2ξÞðeΔy þ 1Þ2 − ðe2Δy − 1Þð1þ 2ξÞz2 þ 2z1ð1þ 2ξÞðeΔy þ 1Þ þ ðeΔy − 1Þz2ð1þ 2z1ÞÞ�
× ½ððeΔy þ 1Þð1þ ξÞðx − ξÞ þ ξz2ÞððeΔy þ 1Þðxð1þ ξÞ − ξ2Þ − ξðeΔyz1 þ z̄2ÞÞ
× ððeΔy þ 1Þð1þ ξÞðeΔyz̄2 þ 2z1Þðx − ξÞ þ e2Δyξz̄2ð1 − 2z1Þ − eΔyξð4z21 − 2z1 − z2z̄2 − 1Þ þ 2ξz1z2Þ�−1; ðB41Þ

a7 ¼
2eΔyðe2Δy − 1Þ

m5
Qz̄2ðeΔyz̄1 þ z2ÞðeΔy þ z2ÞðeΔyz2 þ 1ÞðeΔyz2 þ z̄1Þ

×
2eΔyðe2Δy − 1ÞðξðeΔy þ z2Þð2ξþ z̄2Þ − ððξþ 1ÞðeΔyz2 þ 1ÞÞðx − ξÞÞ
ðeΔyz2 þ z̄1Þðð2ξþ 1ÞðeΔy þ 1Þ þ z̄2Þðξz̄2 − ðeΔy þ 1Þðxð1þ ξÞ − ξ2ÞÞ ; ðB42Þ

A7 ¼
2eΔyðe2Δy − 1Þ

m5
Qz2ðeΔyz2 þ e2Δy þ 1ÞððeΔy þ 1Þð2ξþ 1Þ − z2ððeΔy þ 1Þð1þ 2ξÞ þ z̄2 þ 1ÞÞ

×
ðξðz2 þ 2Þð−z̄2ðeΔy þ 1Þð2ξþ 1Þ − z̄12 þ 1Þ − ððξþ 1Þz2ðeΔyz2 þ 2ÞÞðxþ ξÞÞ
ðz2 þ eΔyz̄1ÞðeΔyz2 þ z̄1ÞðξðeΔyz̄2 þ z2z̄2 þ 1Þ þ z̄2ð1þ ξÞðeΔy þ 1Þðx − ξÞÞ ; ðB43Þ

b1 ¼
2e2ΔyðeΔy þ 1Þξðξ2 þ xð1þ ξÞ − ξz1Þ

m5
Qz1z2ðeΔyð2ξþ z1 þ 1Þ þ 2ξþ 1ÞðeΔyξð1 − z21Þ þ ðeΔy þ 1Þð1þ ξÞz1ðxþ ξÞÞ

×
ðz1ððeΔy þ 1Þðξþ 1Þðξ − xÞ þ ðeΔy − 1Þξz2Þ þ ðeΔy þ 1Þξð2ξþ 1Þz2Þ

ðeΔyz̄2 þ z1ÞððeΔy þ 1Þðξ2 þ xð1þ ξÞÞ þ eΔyξz1 þ ξz̄2ÞððeΔy þ 1Þðξþ 1Þðx − ξÞ þ ξz2Þ
; ðB44Þ

B1 ¼
2e2ΔyðeΔy þ 1Þξðð1þ ξÞðxþ ξÞ − ξz1Þ

m5
Qz1ðeΔyðz2 − 1Þ − z1Þðz1ðeΔyð2ξþ z1 þ 1Þ þ 2ξþ 1Þ − eΔyÞððeΔy þ 1Þðξþ 1Þðxþ ξÞ − eΔyξz1Þ

×
ðξz̄2ð2ðeΔyðξþ 1Þ þ ξÞ þ ðeΔy − 1Þz1Þ þ ð1þ ξÞðeΔy þ 1Þðz1 þ 1Þðx − ξÞÞ

ððeΔy þ 1Þðξþ 1Þxþ ξðeΔyðξþ z1Þ þ ξþ z̄2ÞÞððeΔy þ 1Þðξþ 1Þz2ðx − ξÞ − ξð1 − z22ÞÞ
; ðB45Þ

b2 ¼
2eΔyðe2Δy − 1Þξ

m5
Qz1z2ðeΔyz̄1 þ z2ÞðeΔyz2 þ z̄1ÞðeΔyξz1 − ðeΔy þ 1Þðξþ 1Þðξþ xÞÞ

×
ðξ2z2ðz̄1eΔy þ 2ξþ 2Þ − ξðξþ 1ÞðeΔyz1 − ðeΔy þ 1Þz2Þðx − ξÞÞ

ðeΔyξz1 − ðeΔy þ 1Þð−ξ2 þ xð1þ ξÞÞÞððeΔy þ 1Þð1þ ξÞðx − ξÞ þ ξz2Þ
; ðB46Þ

B2 ¼
2ξeΔyðe2Δy − 1Þ

m5
QðeΔyz̄1 þ z2ÞðeΔyz2 þ z̄1ÞðeΔyξð1 − z21Þ þ ðeΔy þ 1Þð1þ ξÞz1ðxþ ξÞÞ ½ðe

Δy þ 1Þð1þ ξÞ2z1ðx − ξÞ2

þ ξðξþ 1ÞððeΔy þ 1Þz1ð2ξþ z2 þ 1Þ þ eΔyð1 − z21ÞÞðx − ξÞ þ ξ2z̄2ð2eΔyξ − 2z1ð1þ ξÞ − eΔyz1z̄1Þ�
× ½ðeΔyξð1 − z21Þ þ ðeΔy þ 1Þz1ðxð1þ ξÞ − ξ2ÞÞððeΔy þ 1Þð1þ ξÞz2ðx − ξÞ − ξð1 − z22ÞÞ�−1; ðB47Þ

b3 ¼
2e2ΔyðeΔy þ 1Þξðð1þ ξÞðx − ξÞ þ ξðz2 − 2z1ÞÞ

m5
Qz1ðeΔyz2 þ z̄1ÞððeΔy þ 1Þð2ξþ 1Þ þ z1eΔyÞðeΔyξz1 − ðeΔy þ 1Þðxð1þ ξÞ − ξ2ÞÞ

×
ðeΔy þ 1ÞðeΔyðxð1þ ξÞ − ξ2Þ þ ξð2ξþ 1ÞÞ − eΔyðeΔy − 1Þξz1

ðeΔy þ 1Þð1þ ξÞðeΔyz2 þ 1 − 2z1Þðx − ξÞ þ ξðeΔyðz22 − 4z1z̄1Þ þ z2ð1 − 2z1Þðe2Δy þ 1ÞÞ
× ððeΔy þ 1Þðxð1þ ξÞ − ξ2Þ − ξðeΔyz1 þ z̄2ÞÞ−1; ðB48Þ

B3 ¼ −
2e2ΔyðeΔy þ 1Þξðxð1þ ξÞ þ ξðz2 − 2z1 − ξÞÞ

m5
QðeΔyz2 þ 1 − 2z1ÞðeΔyz2 þ z̄1Þðz1ððeΔy þ 1Þð2ξþ 1Þ þ z1eΔyÞ − eΔyÞ

×
ðeΔyðeΔy þ 1Þðξþ 1Þðz1 þ 1Þðxþ ξÞ − ξðeΔy − 1ÞððeΔy þ 1Þð2ξþ 1Þz1 − eΔyð1 − z21ÞÞÞ
ððeΔy þ 1Þðxð1þ ξÞ − ξ2Þ − ξðeΔyz1 þ z̄2ÞÞððeΔy þ 1Þðxð1þ ξÞ − ξ2Þ − ξð2eΔyz1 þ z̄2ÞÞ

× ððeΔy þ 1Þz1ðxð1þ ξÞ − ξ2Þ þ eΔyξð1 − z21ÞÞ−1: ðB49Þ
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Similar to the case of quark coefficient functions, all the
contributions can have up to three noncoinciding poles as a
function of variable x. The position of the poles depends on
the kinematics of the producedD mesons (variables Δy; ξ),
as well as the light cone fractions z1, z2 carried by the

quarks inside the D mesons. As we mentioned in the main
text, all the convolutions (integrals) which include these
coefficient functions, should be interpreted in the principal
value sense, using the standard ξ → ξ − i0 prescription [60]
for contour deformation near the poles.
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