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Quantum lattice models that preserve continuous translation symmetry
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Bandlimited approaches to quantum field theory offer the tantalizing possibility of working with fields
that are simultaneously both continuous and discrete via the Shannon sampling theorem from signal
processing. Conflicting assumptions in general relativity (smooth spacetime) and quantum field theory
(high-energy deviations from low-energy emergent smoothness) motivate the use of such an appealing
analytical tool that could thread the needle to meet both requirements. Bandlimited continuous quantum
fields are isomorphic to lattice theories—yet without requiring a fixed lattice. Any lattice with a required
minimum spacing can be used. This is an isomorphism that avoids taking the limit of the lattice spacing
going to zero. In this work, we explore the consequences of this isomorphism, including the emergence of
effectively continuous symmetries in quantum lattice theories. One obtains conserved lattice observables
for these continuous (Noether) symmetries, as well as a duality of locality from the two perspectives. We
expect this work and its extensions to provide useful tools for considering numerical lattice models of
continuous quantum fields (e.g., lattice gauge theories) arising from the availability of discreteness without
a fixed lattice, as well as offering new insights into emergent continuous symmetries in lattice models and

possible laboratory demonstrations of these phenomena.
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I. INTRODUCTION

The combination of effects of quantum mechanics with
those of general relativity is generally expected to imply the
existence of a minimum length scale [1-5]: in essence,
higher precision in measurements in position leads to
higher uncertainty in momentum and thus higher uncer-
tainty in curvature. Inevitably, a point will be reached
where the uncertainty in curvature fundamentally restricts
our ability to precisely measure position, implying that the
notion of distance breaks down in some way at a minimum
length scale. It is estimated that this minimum length Ax is

on the order of the Planck length [, =, /%¢ ~ 107 m.

This notion of a minimum length scale also appears in
quantum field theory. Despite being some of the most
successful theories of the last century for matching pre-
dictions with experimental results, our current best quan-
tum field theories (QFTs) break down at the smallest scales
and give nonsensical results, which are resolvable in some
circumstances using renormalization [6]. This indicates that
it may be natural to assume that spacetime, at its smallest
scales, is not arbitrarily smooth and distances cannot be
resolved to arbitrary precision. Most of the current
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approaches to quantum gravity acknowledge some sort
of small-scale structure or indefiniteness to spacetime at the
smallest scales, including string theory [7-9], spinfoam
models of loop quantum gravity [10,11], and causal set
theory [12] (see [1] for a recent review).

Given this apparent breakdown of continuous quantum
fields at the smallest scales and the implication of a
minimum length scale discussed previously, it would make
sense to simply switch to a lattice field theory when
considering systems at very small scales. This has been
done previously with considerable success in lattice QCD
where switching to a lattice theory aids in computation
[13,14]. That being said, a quantum field theory based
purely on a lattice is still limited by the fact that it is difficult
to merge with general relativity. Einstein’s equations of
relativity require spacetime to be a continuous and smooth
manifold at all scales, meaning that it is unlikely for a
lattice theory to be compatible.

This notion that spacetime may be simultaneously
continuous and discrete presents an apparent contradiction.
However, a method of representing a mathematical object
such as a function or field as equivalently continuous and
discrete while simultaneously introducing a minimum
length scale can be found in information theory.

Consider a classical signal whose Fourier transform has
compact support in frequency. Such a signal is called

© 2023 American Physical Society


https://orcid.org/0000-0002-5809-9950
https://orcid.org/0000-0002-3964-233X
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.096024&domain=pdf&date_stamp=2023-11-27
https://doi.org/10.1103/PhysRevD.108.096024
https://doi.org/10.1103/PhysRevD.108.096024
https://doi.org/10.1103/PhysRevD.108.096024
https://doi.org/10.1103/PhysRevD.108.096024

LEWIS, KEMPF, and MENICUCCI

PHYS. REV. D 108, 096024 (2023)

f(x)

Bandlimited function
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FIG. 1. Example of a bandlimited function (blue line) and its
discrete equivalent (red dots) produced by sampling the function
on an evenly spaced lattice.

bandlimited, with the width of the support in frequency
called the bandwidth. A bandlimited signal can be recon-
structed perfectly—i.e., with zero loss of information in the
absence of noise—from any sufficiently dense lattice of
sample points [15,16]. The same holds for spatial functions
bandlimited in spatial frequency. Notably, for a spatial
function f(x) with symmetric frequency support about
zero, i.e., for |k| < Q, where k is the spatial frequency
(wave number), the continuous function can be recon-
structed from its values on a uniform lattice of spacing
Ax = 6 where Q is the bandlimit (i.e., maximum spatial
frequency). Ax is called the Nyquist spacing and is the
maximum lattice spacing from which a continuous band-
limited function can be perfectly reconstructed. Note that
under these conditions, the reconstruction of the function
from its samples is perfect—i.e., it is not an approximation
[15-17], as seen in Fig. 1.

The same is true for a field, whether classical or quantum
[18-22]. In fact, in QFT it is already possible to describe an
inability to resolve distances to arbitrary precision. This is
done using bandlimited fields—i.e., those with a hard UV
cutoff. It was shown by Pye, Donnelly, and Kempf [17] that
the spatial profile of a continuous bandlimited quantum
field reconstructed from a lattice will be incompressible
below the Nyquist spacing, meaning that a reconstruction
of a bandlimited field from a denser lattice than that
prescribed by the Nyquist condition is completely equiv-
alent to a reconstruction of the same field from a lattice at
the Nyquist spacing.

Many common quantum field theories are represented in
terms of their Fourier transform [6,23], making the act of
imposing a UV cutoff as simple as limiting the domain of
the Fourier representation of the fields. A fiducial cutoff
may be applied as part of a renormalization process [6].
Instead, we consider here that nature itself possesses a finite
UV cutoff, analogous to the maximum frequency with
which a human ear can perceive sound, where frequencies
higher than this are not detected, thus are “cut off” [24]
naturally, and do not need to be considered when

transmitting or receiving audio signals. In this cutoff
universe, frequencies beyond the cutoff cannot interact
with nor be detected by anything existing below the cutoff.
As a result, those frequencies can be treated as if they do
not exist at all. Thus, we take the notion of a UV cutoff to
quantum fields and treat it as a physical property of our
universe as opposed to a tool of renormalization.

Bandlimited quantum fields have been investigated to
some extent over the past two decades [17,25-29], with
much of said investigation being done by one of us (Kempf)
[17-19,26-28,30]. These results have shown that a cova-
riantly bandlimited quantum field in Minkowski space can be
achieved by cutting off the spectrum of the D’ Alembertian
[27]. Unlike in the noncovariant case, a field featuring such a
covariant UV cutoff may still have spatial modes at or beyond
the “bandlimit.” However, the temporal bandwidth for such
modes are suppressed to the extent that they are essentially
frozen in time and do not significantly affect the dynamics of
the spatial modes below the cutoff. For a theoretical study and
applications in cosmology, see [27,31-33]. That being said,
sampling theory for a covariantly cutoff field requires func-
tional analytic tools, and attempting to reconstruct such a
field from a lattice after boosts becomes unwieldy [27].

Here we consider only a noncovariant momentum cutoff
as a limiting case of the covariant cutoff [27]. Imposing a
hard, noncovariant, UV cutoff to quantum fields has the
distinct benefit of creating a bridge between the continuous
and the discrete with a sampling theory that is relatively
easy to handle mathematically and whose qualitative results
should still have some analog in the fully covariant case in
the nonrelativistic limit [17,27,34]. In this paper, we use the
framework of noncovariantly bandlimited quantum fields
to provide a toolbox for the representation of lattice theories
as continuous fields and vice versa. We investigate the
emergence of continuous symmetries in the lattice frame-
work, discuss the arbitrariness of the particular chosen
lattice, and discuss the duality of locality and nonlocality
when transforming between the two pictures. We limit our
discussion to (1 + 1)-dimensional scalar fields for simplic-
ity of presentation, leaving extensions to other fields to
future work. In Sec. II, we outline the notion of bandlimited
quantum field theories and introduce the mathematical
toolbox that comes with bandlimitation, including discrete
equivalents to traditionally continuous operations that are
lattice independent despite being discrete.

We determine the Hamiltonian for the bandlimited free
Klein-Gordon field as a lattice theory using this toolbox. In
Sec. III, we determine the Hamiltonian for the continuous,
bandlimited field representing the discrete harmonic chain
(i.e., the usual example with nearest-neighbor coupling
only) and discuss the differences between the harmonic
chain field and the bandlimited Klein-Gordon field in both
the continuum and on the lattice, despite these fields
agreeing in the limit Ax — 0. Additionally, we use the
lifting of discrete fields to a continuum to introduce the
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emergence of fully continuous translational symmetry on
lattice theories and its associated Noether observable, the
total field momentum. Finally, we conclude with possible
uses of this toolbox of results in Sec. V.

II. EQUIVALENT DISCRETE REPRESENTATION
OF A CONTINUOUS BANDLIMITED
QUANTUM FIELD

A. Bandlimited quantum fields

First, we will investigate some of the effects that a UV
cutoff has on the form and behavior of a quantum field. To
do so we will introduce some of the mathematical tools
associated with bandlimited functions and how they can be
extended to bandlimited quantum fields. We begin with a
bandlimited function. As stated previously, when a func-
tion’s Fourier transform is supported only over a bounded
frequency interval D, given by

fx) = f( )~ (2.1)

that function is called bandlimited. If the region D is an open
interval symmetric about the origin, D = (—Q,Q),l the
function can be reconstructed perfectly from discrete sam-
ples on any uniform lattice under the condition that said
lattice has spacing less than or equal to &. The lattice of
spacing & is called the Nyquist lattice and the reconstruction
is given by the Shannon reconstruction formula [15,17]:

flx)= Zf x;)sinc, (x x) (2.2)
jeZ A
where’
sinc, (x) := sinc(zx) (2.3)
sinc(x) = { Sin)EX) e (2.4)
I ifx=0, '
and

'We restrict to an open interval despite the fact that f(x) =
cos(Qx) can be perfectly reconstructed from a lattice symmetric
about the origin. We do this because f(x) = sin(€2x) cannot be
reconstructed using this lattice (the reconstruction gives f(x) = 0
in this case), which means that the claim about the lattice being
arbitrary fails to hold for signals at the bandlimit Q. Since we
want to preserve this arbitrariness of the lattice, we excise the
boundary points from the spectral support D. This issue has been
addressed in previous work by one of us in Ref. [18].

In some works, sinc, is called the normalized sinc function
and is defined without the 7 subscript. We will keep the notation
introduced here to separate the definitions of sinc and sinc, and
thereby avoid any confusion.

xj = jAx + b, (2.5)
for some b € [0, Ax).

When x is restricted to integers, sinc, reduces to the
Kronecker delta:

(sincz)[z(n) = 0. (2.6)
Note that Eq. (2.2) is an equality—not an approximation. A
proof of this can be found in Appendix A.

Additionally, note that from the freedom of choice of b, the
continuous representation of f is equivalent to an infinite
number of discrete representations, where different values for
b define different lattices from which to sample f.

Finally, we note that any bandlimited function is an
entire function; i.e., it is analytic in the entire complex
plane [30,35].

Turning now to quantum fields [17,18,30], we note that a
bandlimited scalar field can be written as an infinite sum of
discrete samples on a uniform lattice of spacing Ax using
Shannon reconstruction:

A dk 2
¢(x>:/g_¢ —zkx_Zqﬁ x] sinc, < A;)

92” JEZ

(2.7)

For a bandlimited field, we write the field and its
conjugate momentum following Eq. (2.7):

Jezng sinc, (x;xx’), (2.8)
#x) =3 #lx;)sinc, <x - xf), (2.9)

jez

where ¢ and # satisfy the modified commutation relation

given by [17]
(0] = —gine (=2
z(y)] = A smc,,( = )

where we use 7 = 1 throughout. To keep the notation
compact, we define lattice operators ¢ and p in terms of ¢
and 7, respectively:

(B (x), (2.10)

(2.11a)

(2.11b)

Evaluation of Eq. (2.10) on a lattice of spacing Ax gives the
commutation relation for g and p through Eq. (2.6),
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[, Pi] = 16} - (2.12)

In Eq. (2.10) it can be seen that when x — y is a multiple
of Ax—i.e., the fields are evaluated at points from the same
lattice—the sinc, in Eq. (2.10) simplifies to the Kronecker
delta in Eq. (2.12), and thus Eq. (2.10) reduces to
Eq. (2.12). However, if x and y are not spaced by a
multiple of Ax, the commutator does not vanish for
nonlocal interactions. Note that in the continuum limit
of Ax — 0%, (Ax)~!sinc,[(Ax)~!(x — y)] acts as a nascent
delta function, and the commutator reduces to

Jim (B (). 2(y)] = i8(x = y).

(2.13)
Note that taking this continuum limit is the equivalent of
allowing the UV cutoff to extend to infinity.

One can also use Shannon’s sampling theorem to trans-
form from one lattice of samples to another, so long as the
spacing remains consistent. We have

~ A " X — Xj
e = o) = Saines (5 ). 214

jez

where k' indicates that the samples at xp are set on an
entirely different lattice to the x;’s. As such, one can
transform from one lattice to another using only linear
combinations of the samples on the first lattice.

The derivative of a bandlimited function is also band-
limited® and thus has a discrete equivalent. As a result, for
bandlimited functions, the derivative can be written as a
linear map D from the function values on a given Nyquist
lattice to the values of the function’s derivative on the same
lattice. We have

f(x;) = ZDjkf(xk)-

kezZ

(2.15)

The elements D, of this linear map are determined by
taking the derivative of the Shannon reconstruction formula
and evaluating on the lattice (see Appendix B for further
details) and are given by

L(—l)f“' .
Djk = { Ax  j—k if J ?é k’
0 if j = k.

(2.16)

We can extend on this notion by considering a vector f with
elements f(x;) that are a bandlimited function’s samples on
a Nyquist lattice. Acting on it with a matrix D whose
elements are D, produces

*In the frequency domain, the spatial derivative is multiplica-
tion by ik, which leaves the spectral support unchanged.

f' := Df, (2.17)
where f’ is a vector of the samples of the derivative of f on
the same Nyquist lattice. Note that the bandlimited deriva-
tive has an identical form to the SLAC derivative in lattice
QCD [14,36] and the infinite-order finite-difference-stencil
approximation to the derivative [37]. We will discuss this
further in Sec. V. Like the first derivative, the second
derivative of a bandlimited function is also bandlimited,
and the same treatment as was done for the first derivative
can be done for the second. Specifically, we write the
second derivative as a linear map D ;) from a function’s
samples on a Nyquist lattice to the samples of the function’s
second derivative on the same lattice. We have

f”(xj) = Z[D(Z)]jkf(xk)v

kez

(2.18)

where [D(y)]. can be determined by taking the second

Jk
derivative of the Shannon reconstruction formula or by
squaring the matrix D (see Appendix C for details) and are

given by

— if j =k,
(2.19)

—1)/k . .
e if j# k.

Like with the first derivative, we can also write this as a
matrix D, acting on a vector of function samples to give a
vector of samples of the function’s second derivative

= D(z)f = sz (220)
Since both D and D, are Toeplitz matrices, i.e., containing
elements dependent on only (j — k), we can reindex the
sums in Egs. (2.15) and (2.18) such that k — j = m to write

= __IZ (_;)nf(xj + nAx),

X=x; Ax 20

0.f (x)

(2.21)

- : 2 Z (_12)’1 f(x; + nAx). (2.22)

For bandlimited functions, these linear maps can act on the
continuous representation of the function as well as the
discrete one, acting as equivalents to the standard notion of
the derivative. These bandlimited derivatives, indicated
with (B are shown in Egs. (2.23) and (2.24) as equiv-
alents to the first and second derivatives (note again that the
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method of calculation of these bandlimited derivatives can
be found in Appendixes B and C):

(BL) -1 (_eAxdx )n
0y '=—) —, .
sz p (2.23)
n#0
(BL) (_ Axd
Oxy & = , 2.24
Ax)2 (Ax) ; (224)
where 0., is the second x derivative and e is a
displacement operator, viz.
e f(x) = f(x +a), (2.25)

in which the left-hand side is a compact representation of
the Taylor series of f at x (expand the exponential as a
power series), and the right-hand side holds when f is
analytic—which is true for any bandlimited function
[30,35], although these operators can be applied to any
analytic function. Note also that (e%%)" = e"%, which
simply says that » iterations of the same displacement is the
same as displacing by n times the original amount.

Applying the bandlimited first and second derivative
operators to a bandlimited quantum field q?ﬁ in the continu-
ous representation gives

AL () = :CZ (‘;)" dlx+ nAx), (2.26)
n#0
OIP) = =3 5 )
2 (2.27)
n#0

When Ax generates a Nyquist lattice (or a finer one), then
0, — 6)(CBL> andd,, — 693” are valid as exact replacements.
Additionally, we define the “derivative” of the discrete field
representation on the Nyquist lattice as

= 0BU(x)| . =D Dydy. (2.28a)
kez
L= Axd®BUa(x)| _ = Dypp. (2.28b)
! kez

We note in passing that the bandlimited first and second
derivatives in Eqgs. (2.23) and (2.24) are equivalent, by
direct comparison, to the finite difference approximations
of the first and second derivatives using infinite-order

stencils [37]. This is discussed further in Appendixes B
and C.

Finally, it can be shown that integration of the product of
two bandlimited functions can be written as a sum of
products of their samples (181"

> flglar = [ fogtxdr

(2.29)

In other words, a Riemann-sum approximation to the
integral of a product of bandlimited functions is exact if
it samples the functions at or above the Nyquist rate.

B. Klein-Gordon Hamiltonian

The free Klein-Gordon field in one dimension is a simple
QFT, making it a useful starting point for determining a
discrete equivalent when it is bandlimited. Its Hamiltonian
is given as

.1

=3 A dx[#2(x) + DL+ m P )], (230)

We will now use the tools introduced above to determine its
exact equivalent representation as a discrete system (i.e.,
without taking a continuum limit) under the assumption

that (,?) and 7 are bandlimited with a UV cutoff and can be
represented using Egs. (2.8) and (2.9). Using integration by
parts to rewrite H as

1

i =5 [ 6= poud) + mwd ] @31

will make the evaluation of the Hamiltonian simpler.

By replacing d,, — 0)(06 ) and then replacing the integral
with a sum of Nyquist samples using Eq. (2.29), we can
write

=S [0 - ol

jez

D0x) + )],
(2.32)

We may expand the bandlimited derivative term using
Eq. (2.27),

“This is a special case of Parseval’s theorem for the Fourier
series (a) and the Fourier transform (b), under the assumption that

f and g are bandlimited:
dk ()
-2 [

S relatx)as? [ 7w

ieZ
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_])

n2

&(xj)éﬁ(xﬁn),

I
(98
>
e
<
/—t)
Xy
_|_
>
e

(2.33)

and then use our definitions of the field operators on a
lattice, § and p [Eqgs. (2.11a) and (2.11b)], to write

N 1 n?
H=— S04 (Z 4 (ax)m? ) g2
2ijezz[l?,+<3+( x)m>61,

2(=1)", .
+ Zquan]. (2.34)
n#0

Equation (2.34) is an exact discrete equivalent to

Egs. (2.30) and (2.31) for bandlimited g;ﬁ and 7 fields.

The contribution to the Hamiltonian from each ¢; is no
longer a local coupling between field operators represented
by the continuous second derivative. Instead, it is a non-
local, weighted, alternating sum of field operators g;
coupled to all others on the lattice. Figure 2 shows a
representation of this. Notice that each oscillator is now
coupled to all others in the lattice, and the coupling strength
decays quadratically with distance.

It is worth considering whether the dispersion relation of
this lattice model is the same as that of the continuous
Klein-Gordon field. By construction, the bandlimited
second derivative 0,(31“) acts as an ordinary second deriva-
tive d,, when applied to any function whose spectral
support is limited to (—€, Q). Recall that d,, is diagonal
in the basis of plane waves e**, with corresponding
eigenvalue —k?. This means that 6§EL), in both its continu-
ous and discrete representation, is also diagonal in this basis
when restricted to only those plane waves with |k| < Q.

0 O0® § 0O

FIG. 2. Graphical representation of interactions between §’s in
a bandlimited Klein-Gordon Hamiltonian, Eq. (2.34). A yellow
glow indicates a positive contribution to the Hamiltonian, while a
red glow indicates a negative contribution. The strength and sign
of these contributions follows from the (—1)"/n? term in
Eq. (2.34), in that the strength of coupling between oscillators
decays quadratically with distance. Note now that the presence of
springs in this figure should not be taken literally as the couplings
between the field values at each position are nonlocal. In fact, the
couplings now reach infinitely across the field, with a strength
that decays quadratically with distance between the field posi-
tions. Interestingly, it is here that we can see clearly that entirely
local theories in their continuous representations can possess
infinitely nonlocal interactions in their equivalent discrete
representations.

Thus, the Klein-Gordon Hamiltonian in its discrete repre-
sentation, Eq. (2.34), may be diagonalized in a normal-
mode basis of Nyquist-sampled plane waves, and the
dispersion relation will maintain the usual form,
w? = k> + m?, restricted to modes with k| < Q.

While this work with the Klein-Gordon field is an
example of taking a bandlimited continuous QFT and
representing it on a lattice with perfect equivalence, it is
possible to approach this equivalence from the other
direction: Starting with a Hamiltonian that is initially
defined on a lattice, we can treat it as if it were the discrete
representation of a continuous bandlimited field, thereby
lifting the lattice model to the continuum using Shannon
reconstruction, all the while avoiding ever taking the
limit Ax — 0.

III. DISCRETE QUANTUM FIELD THEORIES
LIFTED TO AN EQUIVALENT BANDLIMITED
CONTINUUM THEORY

In this section we show a simple example of treating a
discrete field as a sample of a continuous but bandlimited
field, comparing the forms of the discrete and continuous
Hamiltonians with each other as well as with those of the
bandlimited Klein-Gordon field.

A. Harmonic chain Hamiltonian lifted to the continuum

Here we will quickly derive the continuous bandlimited
equivalent to the harmonic chain Hamiltonian given by

N ok, o

HZZ[%"'E(%H—%) } (3.1)
jez

Using the definitions for ¢ and p in Egs. (2.11a) and

(2.11b), Eq. (3.1) can be rewritten in terms of continuous

bandlimited fields using Eq. (2.29):

#%(x;)(Ax)? . 5
A=y {(”(A)+’2‘[¢(xj+Ax)—¢(xj)]z}

5 [P L an-pwp|ax G2

Notably, the nearest neighbor coupling present in the discrete
representation of the harmonic chain Hamiltonian manifests

itself as an interaction of the q;ﬁ field with itself at a separation
of Ax. Additionally, it can be seen that while only lattice
translational invariance is presentin Eq. (3.1), full continuous
translational invariance of the field is present in Eq. (3.2).
This observation will be discussed later in this section.
The continuous Hamiltonian itself can also be sampled
back down to a new discrete theory using Shannon
sampling. This new sampling lattice need not have oscil-
lators at the same positions as the original discrete theory,
so long as the spacing between sample points is unchanged,
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yet still describes the same physics as the original lattice
theory. This comes from the freedom of choice of b in
Eq. (2.5) when defining the lattice of samples x;. The g’s
and p’s themselves of this new sampling can be expressed
as linear combinations of the original oscillators through
Eq. (2.14) yet will produce a model that behaves identically
to the original field. As such, through its equivalence to a
translationally invariant continuum model, we have shown
that the discrete model for the quantum harmonic chain is
entirely lattice independent.

B. Locality trade-offs between discrete
and continuous representations

The relationship between the continuous and discrete
equivalents for the bandlimited Klein-Gordon field and the
harmonic chain are compared in Fig. 3.

It can be seen that the different methods of producing
continuous fields from the harmonic chain result in different
Hamiltonians. That is, taking the limit for lattice spacing
approaching zero is a very different approach to Shannon
reconstruction and results in an entirely different field. This
difference is mirrored in the fact that the discrete form of the
bandlimited Klein-Gordon Hamiltonian in the bottom left
corner of Fig. 3 is very different from the harmonic chain
Hamiltonian in the bottom right, despite the harmonic
chain being the “traditional” discrete analog to the Klein-
Gordon field.

When comparing the discrete Hamiltonians from Fig. 3,
one can see that the key difference comes from the
contributions of the position operators and how each ¢

Continuous harmonic
chain field

Continuous
Klein—Gordon field

Continuous
Representations
- Non-local ¢ coupling
- Local 7 coupling

- Local ¢ coupling
- Local 7 coupling

Shannon
reconstruction

Bandlimiting
and sampling

Discrete
Klein—Gordon field

Discrete harmonic
chain field

Discrete
- Non-local § coupling Representations
- Local p coupling

- Nearest-neighbour § coupling|
- Local p coupling

FIG. 3. Diagram of the relationship between the Klein-Gordon
and harmonic chain Hamiltonians. Note that the boxes in orange are
the continuous representations of these fields, while the boxes in
blue are the corresponding discrete ones. The details in each box
describe the type of interaction that the corresponding fields have
regarding their locality. The top left, top right, bottom left, and
bottom right boxes correspond with Egs. (2.30), (3.2), (2.34), and
(3.1), respectively. The orange arrows represent the action that can
be taken to recover one field from another, such as taking the limit
as the lattice spacing approaches zero—as represented by
Ax — O—or using bandlimitation techniques such as sampling
or Shannon reconstruction.

couples to others in the lattice. For the harmonic chain
Hamiltonian, Eq. (3.1), we can write the sum of the g
coupling terms as

(harmonic chain coupling terms)

k., R
= ZE(Q}'—H - 6Ij)2

jez

koo .. .
= 25(261? =441 = 4;q;41)-  (3.3)
jez

Graphically, the position coupling of the harmonic chain
Hamiltonian can be visualized using Fig. 4, where the field
itself is modeled by a chain of balls and springs, with the
positions of the balls denoted g;, and the interaction of
each ball with its nearest neighbors contributes to the
Hamiltonian of the system. We see that the interactions of
each ball with its neighbors is local in the sense that no
interactions exist beyond the nearest neighbors.
Comparatively, the position interaction terms for the
bandlimited Klein-Gordon Hamiltonian are not nearest
neighbor at all. Instead, they are infinitely nonlocal with
alternating sign and a strength of each consecutive term that
decays quadratically with distance. The coupling terms in
the bandlimited Klein-Gordon Hamiltonian, Eq. (2.34), are
reproduced here for easy comparison with Eq. (3.3) above:

(Klein-Gordon coupling terms)

1 7? . 2=,
= mz |:<?+ (Ax)2m2>q? =+ Z—nz_quj+n .

jeZ n#0
(3.4)

Here, the contribution to the Hamiltonian comes from the
coupling of each ¢; with every other g in the lattice.
Notably, this is not just a nearest neighbor interaction;
instead, each point on the lattice is coupled to all others. A
visualization of this interaction was shown in Fig. 2.
There is a stark difference between the position coupling
in the bandlimited Klein-Gordon field and those in the
harmonic chain. This difference comes from the fact that
the two fields are discretized using completely different

FIG. 4. Graphical representation of coupling between an
oscillator in a harmonic chain with its neighbors. Here, the
coupling is between just g; and its two neighbors, the sign and
strength of each coupling and its contribution to the Hamiltonian
is indicated by the color and size of the glow as given by
Eq. (3.3). Ayellow glow indicates a positive contribution while a
red glow indicates a negative contribution. A lack of any glow
indicates no coupling between that oscillator and the center one
taking place.
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methods. Specifically, the harmonic chain is a field that is
initially discrete, with a finite, real, length spacing between
individual oscillators. The nonbandlimited Klein-Gordon
field can be produced from the harmonic chain by taking
the limit as the spacing between the oscillators approach
zero and replacing mass with mass density. That being said,
the relationship between the bandlimited Klein-Gordon
field and its discrete representation is not one of taking the
limit and changing the lattice spacing. Instead, it is one of
restricting the density of information contained within the
field [17] in the sense that taking more measurements of the
field than required by the Nyquist spacing does not provide
any further information on the field configuration. Due to
this restriction on information density, local operations on
the continuous field that are more finely grained than the
lattice spacing—such as the derivative—will be infinitely
nonlocal on the lattice, as information from all other points
on the lattice are required to describe continuous behavior
between lattice points.

IV. REVEALING CONTINUOUS TRANSLATION
SYMMETRY AND CONSERVED MOMENTUM
WITHIN DISCRETE MODELS

When comparing the continuous and discrete
Hamiltonians of either the Klein-Gordon field or the har-
monic chain, one can see that the continuous Hamiltonians
possess fully continuous translational symmetry, while their
discrete counterparts contain only a lattice symmetry at first
glance. However, for bandlimited fields, the discrete is
equivalent to the continuous, and thus the apparent loss
(or gain) of symmetry when moving from the continuous
representation to the discrete one (or the other way around)
should be nothing more than an illusion. That is, these
discrete fields actually contain full translational symmetry,
and through Noether’s theorem, there must be a conserved
quantity related to said symmetry.

It is important to note here that many discrete fields have
periodic boundary conditions on their Fourier transform.
Changing these boundary conditions to Dirichlet boundary
conditions, as is done when raising the discrete lattice to a
continuum (see the discussion in Sec. II), is likely the
underlying reason behind the presence of fully continuous
translational invariance in these discrete fields. For a
quantum field, there must also be an operator relating to
this conserved quantity that generates a translation along
the symmetry. For a continuous field with full translational
symmetry, this is the total momentum operator P. A unitary
operator in the form of an exponentiation of the total
momentum operator generates a translation in the field. As
such, under the assumption that a discrete field can be
treated as some Shannon sampling of a continuous but
bandlimited field, there must also be a total momentum
operator that can generate an arbitrary continuous

translation in the discrete field—in a sense that we will
clarify below.

In order for an operator P to enact horizontal translations
on a field, the following conditions must be met:

[p(x). P] = —id.h(x),

[#(x), P] = —io & (x),

(4.1a)
(4.1b)

where P is the total momentum [6]. For a continuous field,
the operator that satisfies these conditions is the total
momentum operator. As such, the most likely candidate
for an operator that satisfies Egs. (4.1) for the discrete form
of a bandlimited field would be the discrete form of the
bandlimited total momentum. Here we introduce said
operator and check if its discrete form satisfies the above
conditions.

The total momentum operator for a quantum field in
1 4 1 dimensions is given in the form [6]

Pe=— A e ()0, (x). (4.2)

Here, we will explore the discrete form of this operator
when éﬁ and 7 are bandlimited such that they are given by
Egs. (2.8) and (2.9), respectively. Additionally, given that
the fields are bandlimited, the spatial derivative in Eq. (4.2)
can also be replaced with the bandlimited spatial derivative.
That is,

ieZ n#0
1 (=",
:_ZZ Piqitn
Axfz iz
== Z Di;piq;, (4.3)
ez

where D;; are elements of the derivative matrix D given in
Eg. (2.16). By using the matrix elements D;; to describe P,
we can write the bandlimited total momentum operator in
terms of vectors p and q that are defined as column vectors
with operator elements p; and §;, respectively. We have
P =-p"Dq, (4.4)
where T indicates a row vector of operators instead of a
column vector. While this form of P will not be used
explicitly in this work, it may be of use in the future.
Now, one can check that P commutes with the
Hamiltonians of both the harmonic chain and the Klein-
Gordon field in their lattice representations—i.e.,
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[Axg. P] =0, (4.5)

[Hyic. P =0. (4.6)
In fact, this is just a special case of the following theorem,
which generalizes this commutation to all fields with
quadratic Hamiltonians.

Theorem 1. Let I:Iquad be a discrete-translationally
invariant, quadratic Hamiltonian on a one-dimensional
lattice of oscillators. That is,

f{quad = Z}Alj, (47)
jez
where
i:ljZZ( W )Qqu+n+C£' >quj+”+c’(1 )ﬁjﬁfr”)' (48)

nez

In such a system, the bandlimited total momentum operator
P, Eq. (4.3), is conserved:

A guaas P = 0. (4.9)

Proof. The proof of this theorem—and thus, by extension,
Egs. (4.5) and (4.6)—can be found in Appendix D. [

It is important to note that higher powers of the field
operators in a Hamiltonian will not generally commute with
P. One can see this immediately by checking that

> a3, P #0,

jez

(4.10)

a proof of which can also be found in Appendix D. Thus,
Hamiltonians with terms beyond quadratic order will not
always5 possess continuous translation symmetry.

A. Interpretation of continuous translation
symmetry in a discrete system

We are still left with the challenge of interpreting a
continuous translation in a continuous system. To do this,
we will use the discrete form of P, (4.3), and show how
to interpret the action it generates on a lattice field
configuration.

Commuting P with the discrete representation of the
field operators ¢ and p at a point on the lattice gives their
(bandlimited) spatial derivative:

While interacting theories on lattices with local interaction
terms such as §* do not possess continuous translational
invariance, it is possible to start with a continuous interacting
theory and sample this field onto a lattice using Shannon theory.
This field will, by construction, possess continuous translational
symmetry in its discrete representation, at the cost of being
nonlocal. Given this, it may be possible to engineer nonlocal
interacting lattice theories that are continuously translationally
invariant. We discuss this further in Sec. V.

qJ’ Z Dkl CIJ’ pk = _ZZD/lql l@37
klez lezZ
15
(4.11a)
[p), P] Z Dy pi P,, Q) = —lZDﬂl’z —ip’,
klez lez
—15
(4.11b)

where §) and p’; are defined in Eq. (2.28).
Collecting these into operator-valued column vectors, we
have

(4.12a)
b, P] = —iDp = —ip. (4.12b)

Now, we replace ¢ and p (as well as ¢’ and p’) in
Egs. (4.11) with their definitions as samples of continuous

fields $ and 7 from Eq. (2.11) to write the commutator of P
with the continuous fields:

[b(x;). P]

[#(x). P] =

<>

= —iaﬁBL><27(x)|x:Xj, (4.13a)

—i0BL 7 (x)| (4.13b)

X=X

As P is independent of choice of lattice so long as the
spacing is 4 or denser, Eq. (4.13) can be extended to

[B(x), P] = =i (), (4.14a)
[#(x), P] = —id®" 7 (x). (4.14b)

As such, since we can replace OSCBL) — 0, for bandlimited

fields, we can see that the discrete form of the bandlimited
total momentum operator does indeed satisfy the conditions
for generating translations, Egs. (4.1). Additionally, we can
see that the commutator of P with either the discrete or
continuous representation of the bandlimited field will
yield the derivative of the field. From Eq. (4 14), it follows
that the exponentiation of P acting on ¢ as a unitary
operator in the Heisenberg picture generates a horizontal
translation. That is,

eii’a(%(x)e—if’a — Q,IB(X _ Cl),

where a is an arbitrary distance. When a > 0, this action
shifts the field configuration to the right by a. Importantly,
this arbitrary translation is possible in both the continuous
and the discrete representations of ¢, meaning that one can
take discrete fields on a lattice and continuously translate
them by an arbitrary distance. We define the operator that
generates these translations as

(4.15)
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U(a) = e, (4.16)

such that

U(a)'¢(x)U(a) = d(x — a). (4.17)

When considering the effect of U in a continuous sense,
one need only think of a usual translation along x. From the
discrete point of view, however, it is a little more compli-
cated. The effect of I/ on a discrete field on a lattice is the
equivalent of doing Shannon reconstruction of the con-
tinuous field using the lattice values, doing a continuous
shift on the reconstruction, and then resampling the
translated field on the original lattice.

Such a shift in the discrete representation has the form

ePige ™ = v —a) =4, (4.18)

which can be expressed in terms of the original discrete
field as

R . X, —X;—a
q,({ ) = d(xy—a) = qusmc,r <k71> (4.19)

This shifted discrete field f],(f) can be interpreted as a
sample of the translated continuous field. Figure 5 shows a
graphical representation of this process.

The samples ?155” of the translated field, taken on the
original lattice, can also be used to reconstruct said
continuous field using Shannon reconstruction:

- Original discrete samples

—————— Reconstructed field

- Translated field

- New discrete samples
//0, \\ a
b

O /\
|
\
\
e it &
/ 0-~ N \\ ,/ \\ 7e
\ [} \
/¢ Gy e \ /
/ = \
\
\

/
/
/
/
. & ¢

FIG. 5. Graphical representation of a lattice field undergoing
continuous translations. The initial lattice field operators g; (red
circles) are lifted to a continuous field (;S(x) (dashed line) through
Shannon reconstruction. This field is then continuously translated
to the right by an arbitrary positive distance a. This translated
field ¢p(x — a) (solid blue line) is then sampled back down onto
the original Nyquist lattice to give new samples g; (blue dots).
Note that the plots here represent the expectation value of the field
at position x, as opposed to being plots of the field itself.

P(x) = p(x—a) = Zc},({a)sincﬂ <x ;;k) (4.20)

kez

To restate this, the displacement operator defined in
Eq. (4.16) allows us to shift the continuous object under the
lattice of field values across by an arbitrary distance,
affecting the value that the field samples take at those
lattice points. This is analogous to shifting the position of a
continuous field by an arbitrary distance.

Recall that P commutes only with quadratic Hamiltonians
on a lattice and generally fails to commute when the
polynomial order of any term in the Hamiltonian is greater
than two. This means that lattice QFT's described by discrete-
translationally invariant Hamiltonians of order higher than
quadratic do not necessarily possess continuous translational
invariance. One may observe this intuitively from Eq. (2.29),
which shows that for sums or integrals of quadratic powers of
bandlimited functions or fields, their discrete and continuous
representations can easily be interchanged. However,
Eq. (2.29) does not apply to polynomial products of fields
greater than two, meaning that while higher order poly-
nomials of bandlimited fields still have equivalent discrete
representations—by direct substitution of the Shannon
sampling theorem—and vice versa, lattice translational
invariance in such discrete fields cannot necessarily be
promoted to continuous translational invariance.

It is still possible to start with a continuous translation-
ally invariant interacting field and sample down to a lattice
field that possesses this continuous translational invariance,
by virtue the lattice counterpart still being equivalent to a
continuous theory.

To recap, we have shown that a discrete-translationally
invariant discrete field with only quadratic terms in its
Hamiltonian possesses continuous translational symmetry
when it is treated as a sampling of a continuous, band-
limited field.

V. DISCUSSION AND OUTLOOK

Throughout this paper, it has been evident that the
transition from a bandlimited continuous theory to a
discrete one (or vice versa) affects a few concepts of
quantum field theory in interesting ways. Two key exam-
ples are locality (particularly the locality of the derivative
and the quasilocality of nearest neighbor interactions) and
translational symmetry.

For the case of the bandlimited derivative when treated in
the continuous sense, the derivative is exactly equivalent to
the standard derivative when it is acting on a function that is
bandlimited with the appropriate UV cutoff. However,
when working with the discrete form of the bandlimited
derivative acting on either a bandlimited continuous or
discrete function or field, at first glance, the derivative
appears to act very differently from its continuous counter-
part due to the appearance of an infinite sum over all values
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on the lattice (analogous to an infinitely distributed
weighted average). Yet, these two approaches must be
exactly equivalent so long as their UV cutoffs are com-
patible. That is, the discrete form of the bandlimited
derivative as an infinite weighted sum can act on the
continuous form of a bandlimited function or field and
produce the same result as one would get from taking the
derivative of said function normally.

The bandlimited derivative itself, while determined
through an information theoretic approach, is equivalent
in form to the SLAC derivative used in lattice QCD [14]
and the infinite-order-stencil approach to finite-difference
derivative approximations [37]. However, from the infor-
mation theoretic approach, we can see that the bandlimited
derivative (and by extension its SLAC and stencil equiv-
alents) is entirely lattice independent (through the free
choice of b in Eq. (2.5) and can act on either continuous or
discrete functions provided the samples of said functions
are sufficiently dense. Additionally, we see that when
acting on functions that do possess an inherent ultraviolet
cutoff, the SLAC and stencil derivatives cease to be
approximations.

If the discrete bandlimited derivative acts on a band-
limited field with UV cutoff less than the one on the
derivative, i.e., the lattice spacing used for the discrete
derivative is smaller than the Nyquist spacing of the
bandlimited field, then the derivative will be oversampled
and still be equivalent to the standard continuous derivative.
However, if the lattice spacing for the bandlimited deriva-
tive is greater than the Nyquist spacing or if the bandlimited
derivative is acting on a field that is not bandlimited, then
the bandlimited derivative will only give an approximation
of the standard derivative, even if infinite samples are taken.
That being said, it would be interesting to investigate the
precision with which the derivatives of bandlimited func-
tions and fields can be approximated using Shannon
reconstruction and the bandlimited derivative using only
a finite number of samples.

It is particularly interesting that several different
approaches to determining a discrete representation of
the derivative have resulted in the same form. The fact
that this derivative can act on both discrete and continuous
functions, maintains lattice independence, and is an exact
equivalent to the derivative when acting on bandlimited
functions is an indication of the value that this derivative
may have as an analytical and computational tool that is
more powerful than was previously believed. Additionally,
we show in Appendix C that applying the bandlimited
derivative map twice produces the second bandlimited
derivative map. This is an indication that there may be
more to the notion of bandlimited calculus than just an
approximation (or discrete equivalent) to the derivative.
Work is being done to generalize this composition to
higher-order derivatives and to other rules of derivative
calculus such as the product rule. The toolbox of

bandlimited calculus may well acquire more and more
discrete equivalents to the conventional methods of differ-

ential and integral calculus.

Furthermore, the continuous-discrete equivalence of the
bandlimited derivative—along with the continuous-discrete
equivalences of the studied quantum field theories—may
also be connected to perfect lattice actions studied in the
1990s [38,39], where nonlocal lattice operations are used to
approximate or replicate continuous physics results in
quantum field theory and high-energy physics. It is an
open question as to what precisely the connection is
between these perfect lattice actions and bandlimitation
and how these two approaches to a continuous-discrete
equivalence relate. Such an investigation is beyond the
scope of this work but is an interesting open question that is
worth further study in follow-up work.

For the case of the restoration of translational symmetry
when moving from a discrete field to a bandlimited
continuous one, one must ask the question: Do discrete
fields always have full translational symmetry that we have
not previously observed, or does treating a discrete field as
a sampling from a continuous but bandlimited one generate
this translational symmetry? This is an interesting question
that leaves room for some interpretation.

While it is always possible to consider a lattice field as a
set of samples of some continuous but bandlimited field, it
is not necessarily true that every such continuous field is
translationally invariant, even if the field is translationally
invariant on a lattice. For instance, we have shown that
momentum is not always conserved for local interacting
fields on a lattice and, as such, their associated continuous
fields will not possess continuous translational invariance.
An interesting place to explore further details on this may
come from the work of Pye er al. [17] and Grimmer [22]
and the notion of the inability to exactly localize a lattice
point as a sample from a bandlimited field. With that being
said, it would be interesting to investigate the effects that
this notion of full translational symmetry on lattices would
have on gauge theories as well as interacting field theories.

It will be an interesting challenge to try to define an
interacting field on a lattice that does possess fully
continuous translational invariance. However, such inter-
actions would likely be highly nonlocal on the lattice. We
know that interacting lattice theories with continuous
translation symmetry can exist as we can start with a
continuous interacting theory and use Shannon sampling to
produce its equivalent lattice theory. As such, through the
study of the forms of such theories on a lattice, it may be
possible to engineer an interacting lattice theory that
generally possesses continuous translation symmetry.
Ongoing work is being done in this regard to further
improve lattice models that replicate continuous theories
with interactions. We also note that while quadratic fields in
flat spacetime do not interact, it is possible for such fields to
interact with gravity in curved spacetime [40,41]. As such,
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it would be an interesting avenue for future work to
investigate the possible continuous translation symmetry
of quadratic discrete field on curved spaces, while acknowl-
edging the limitations of this approach since our band-
limitation is noncovariant.

The bandlimited total momentum operator, being a
generator of arbitrary translations of a lattice field theory,
may have applications in quantum information in determin-
ing the group velocity and hitting time of quantum random
walks, extending upon work by Kempf and Portugal [42].
Extending the notion of continuous symmetry to discrete
fields in higher than 1 4 1 dimensions is also an interesting
avenue to explore. It seems unlikely that restoring con-
tinuous rotational symmetry to a discrete field would work
similarly to the case of translational symmetry, but it would
be interesting to explore whether it can be done.
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APPENDIX A: SIMPLE PROOF OF THE
SHANNON SAMPLING THEOREM

This is a simplified adaptation of Shannon’s sampling
theorem [15] with an included proof following along the
lines of Ref. [43].

Theorem 2. Let f be a continuous bandlimited function
f:R - C with finite, open spectral support (—Q,Q),
where Q is the bandlimit, i.e., the UV cutoff. Then, f
can be perfectly reconstructed from a lattice of samples
using

= 3" f(x;)sine, ( xf), (A1)
JEZ Ax
where Ax = &.
Proof. We start with a bandlimited function f with a UV
cutoff Q:
Q dk -
£ = [ S iwen (A2)
Q 2
We can rewrite f(k) using its Fourier series,
Jk)y =7 cjem, (A3)
jez

1 2aijk
=55 | dkf( Je .

(A4)

Now, noting that § = Ax, we can rewrite Eq. (A4):

1
Cj E

= ﬁf(ij)-

dkf( Jeikiss
(A5)

Combining these equations, we can write f(x) as

/ Zf ]AX ik(x—jAx)

jGZ

=—ZfJAx/

JEZ

sm (x — jAx)]
Zf z(x — jAx)

JEZ

= Zf(ij)sinc,, (x _AiAx> .

jez

1k( —jAx)

(A6)

Now, noting that jAx is simply the jth point on the lattice
x;, we can rewrite Eq. (A6) in the form used throughout this
work:

(A7)

gy ((52)

JjEZ

APPENDIX B: FIRST DERIVATIVES
OF BANDLIMITED FUNCTIONS

A bandlimited function can be equivalently described as
both continuous and discrete, and as such it follows that
many continuous operations that can be done on band-
limited functions must also have discrete equivalents.

Here we will introduce the discrete form of the derivative
of bandlimited functions. Note that we simply call this the
bandlimited derivative throughout this work for brevity.

The derivative of a bandlimited function can be found
simply by taking the derivative of the Shannon reconstruc-
tion formula’:

We note for completeness that the sinc function is closely
related to the spherical Bessel functions j,(x). In particular,
sinc(x) = jo(x), and derivatives of sinc are related to those of
the j,s, although not in an overly simplistic way. In fact, j,(x) =
(=x)"(x~'0,)"sinc(x), so that sinc(x) = jy(x), sinc’(x) = —j, (x),
but the simple pattern then breaks with sinc”(x) = j,(x)—
x~1j,(x). However, for some applications this relationship may
be helpful, so we include it for reference. We choose not to use it
here because it does not assist in simplifying the expressions to any
meaningful extent that we can see.
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fok()smc(A )

keZ

—Zf xk

x [cos (A”x (x—xk)> _sinc, (x;;")] .

When evaluated at a point x; on the same lattice as x; this
reduces to

(BI)

k
)i= 5/. '

0./ ()| -

Zf Xi) Ax

kez

(B2)

X=X;

The fraction in Eq. (B2) can be shown to equal zero when
i = j by treating x; and x; as real numbers in Eq. (B1) and
taking the limit of x; — x;. As such, we can write the
bandlimited derivative in the form

flo)=0f(x)| =) Duflx).  (B3)
X=X; kez
where D is given by
L<_1)j_k if i
Dy = {Ax -k 1 J # k. (B4)
0 if j =k,

as defined in Eq. (2.16).

Since D, are elements of a Toeplitz matrix, as men-
tioned in Sec. II, we can offer some additional intuition
about the bandlimited derivative as follows. By rewriting
Eq. (B2) and reindexing the sum such that k — j = m, we
have

0.f (x)

It e Gt
=, - A_xg m f(xj+m)
I (D)

Axm#)

f(x; +mAx), (BS)

which agrees with Eq. (2.26). Hence, the bandlimited
derivative can also be viewed as a weighted sum of all
points on the lattice except the point at which the
bandlimited derivative is being taken. The falloff in con-
tribution is proportional to m~!, where m is the number of
lattice steps away from the point in question.

It is interesting to consider this interpretation in contrast
with the usual, finitely extended, discrete approximations to
continuous derivatives. The forward difference is simply
(Ax)7'[f(x;41) = f(x;)], the backward difference is sim-
ilarly (Ax)~'[f(x;) = f(x;-1)], yet the average of these
gives a better estimate, the centered difference
(2Ax)7'[f(xj41) = f(xj=1)]. In fact, the bandlimited

derivative results from the infinite limit of higher orders
of finite-difference approximations [37].

Using Eq. (2.25), we can express Eq. (B5) using the
translation operator e%%:

R )

X=X; Ax

X=X;

m#0 J

B ;1 (_eAxdx)m f(x)

Axm;eo m

(B6)

X=X

Since the choice of lattice is arbitrary, this holds for any
point x, so we can write

1 (—exox)m
sz m

m#0

0.f (x) = (B7)

since f is bandlimited. Now we can define the bandlimited
partial derivative clearly as an infinite sum of horizontal
transformations of spacing Ax:

-1 (—e
Ax s m

Axo,\m
a(BL) — )

X

(B8)

which agrees with Eq. (2.23).
To gain further insight into this form, we consider the
following equivalence:

-1

-1
Ax( —Axo,) = —log(e‘Ax‘)v*).

0
¥ Ax

(B9)
The only issue with this is that the log is multivalued. We
choose the branch cut such that Imlog(-) € (—z, ). Since
the derivative operator has plane-wave eigenfunctions e’**,
with associated purely imaginary eigenvalues ik, the
eigenvalues of e 2% are e A% = ¢=7/?  Given the
branch we chose, taking the log of this formula only
returns —izk/Q if |k| < Q. Here we see bandlimitation
arising for a functional-analytic reason. The final path to
obtain Eq. (BS8) is to first use the relation

log(a) = log( Lt ‘f1>

I+a
= log(1 + a) —log(1 + a~')

(B10)

and expand the logarithms in a Taylor series about 1. Let us
consider the first case, which gives

10g 2.0: - am + io: <_,:1)m a"m.

m=1 m=1

(B11)

The first series converges for |a| < 1 by analyticity, and this
convergence extends to |a| <1 excluding a=-—1.
Analogously, the second series converges for |a| > 1
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excluding a = —1. So the two series together converge
only on the unit circle for a except at a = —1. We can
change summation variables of the first series to combine it
with the second to obtain

—1)m
Sy

m#0
Vae{z:|z| =1,z # -1}

log(a)
(B12)

In the case we want to use this formula, a is being replaced
with e~2%% which has eigenvalues e~/ since Ax = 7/Q.
Convergence requires that —z < —zk/Q <z, which
reduces exactly to our bandlimit condition |k| < Q—but
this time for a functional-analytic reason. Finally, plugging
BL).

this into Eq. (B9) gives an expression for 65(

-1 (_l)m mAxo,
sz m ’

m#0

0, ~ P = (B13)

where ~ represents the fact that these two operators are
exactly equal when the function f being acted upon is
bandlimited as above. Rigorously, then,

0.f (x) = o f (x) (B14)
if f is bandlimited. Since OJ(CBL) is defined with respect to a

spacing Ax, this is what determines the bandlimit for f for
which the ordinary derivative is recovered.

APPENDIX C: SECOND DERIVATIVES OF
BANDLIMITED FUNCTIONS

Here we will quickly show a derivation of the second
derivative by taking the second derivative of the Shannon
reconstruction formula,

xxf Zf(xk axxSIIlC < ;;k)

kez
[ 2Axcos (£ (x — x))
B kezzf( [ m(x — xk)2

2Axsinc, (52k

L3 e

m(x = xp)

" Sinc R +
Ax "\ Ax
Evaluating this at a point on the lattice x = x; creates a

removable singularity in the k = j term in the sum, so we
will take the limit x — x; to evaluate that term:

}Lrgdxxsincﬂ <x A;’)f(xj) = —%ZT)zﬂxj)a (C2)

which follows from the Taylor expansion

) 0 (_l)n(ﬂx)Zn 7[2X2 .
sSmce,x = ZOW: 1 —T"‘ O(X )

For all other lattice points x;, j # k, only the first term in
the summand of Eq. (Cl) is nonzero. Thus, the second
derivative evaluated at x = x; can be written as

2 —k

x:x':_3(A ) j (szzf k)2

J k#j .1

axxf ('x)

2 -

T
:_3(A) %) (szzf )

m#0

=

(C4)

which agrees with Eq. (2.27). As with the first derivative,
we can write this using the displacement operator

Axa
axxf(x) =, = ( )zf Ax 2; )
(C5)

Since the lattice we use is arbitrary, we can define the
bandlimited second derivative operator as

(BL) (_ Axd
Oy =
Ax)2 (Ax)? Z

(Co)

which agrees with Eq. (2.24). For another perspective on
this operator, we can start with Eq. (C6) and recover the
second derivative using the polylogarithm function [44],
defined using the power series

X n

Li(2) =) .l < 1.

n=1

(C7)

This function can be extended by analytic continuation to
all ze C, with a branch point at z =1 and a branch cut
typically chosen along the real axis, (1,00). The special
case s = 2 is called the dilogarithm Li,(z), for which the
following identity will turn out to be useful:

) =3 (5 + =),
z€C\(1, ).

Liy(z) + Lia (2~

(C8)

The sum over m in Eq. (C6) can be split into two
dilogarithm functions that have the same form as the
left-hand side of Eq. (C8), giving
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BL Axd
o = { +22 ]
m#0
-1 [
= W |:? + 2Li2<—€Axa”) + 2Li2(—€_Axa"):|
1
“a T
=0, (C9)

The UV cutoff—while not explicitly present in the final
iteration of Eq. (C9)—can also be recovered from the
limiting condition of Eq. (C8). The condition on z in
Eq. (C8) informs us of the condition on —e* and by
extension, the limiting condition on the spectrum of the
derivative operator. The eigenvalues of the derivative
operator are imaginary. Thus, the spectrum of the argument
of the dilogarithm is a complex phase that, from the
limiting condition on Eq. (C8), cannot cross the positive
real axis. Accounting for the negative sign in this argument,
we can write

Spec(Im(Axoa,)) €

(—m, 7), (C10)

where Spec indicates the eigenvalue spectrum of the
operator. Since Ax =&, and assuming Spec(Axd,) goes
around the complex plane only once, the limiting condition
can be simply written as

Spec(Imo,) € (—Q, Q). (C11)
As such, Eq. (C9) is applicable only when the spectrum of
the derivative operator is bounded by the UV cutoff. In
other words, Eq. (C9) is true only when the function or field
that the derivative operator is acting upon is bandlimited
with a UV cutoff.

Similar to the case of the first derivative, we write a
matrix D(,) that acts on a vector of function values on the
lattice f and maps them to a vector of the values of the
function’s second derivative on the lattice f”, in that

" = Dy f, (C12)
where
axxf(xj) = axaxf(x)|x=xj = Z[D(Z)]jkf(xk)’ (C13)
iez
and [D(y)];, is given by
2
__=x —k
(a7 =k
Dy, = . (C14)
Jk 2 (_})( k) ] + k.

as seen in Sec. II. Note that these values of [D(2)]jk agree

with the infinite-order-stencil finite-difference approxima-
tion to the second derivative of a function [37]. We can
verify that Dy = D* by checking [D(y], = 32, DDy

Evaluating the right-hand side using Eq (B4) gives

(1) (1)
2 Pl = <A P2 —i) (k-1

lez 1¢{j.k}
() !
S 2 a-i-n
S

We will now evaluate the sum S noted above. Assuming
Jj # k, and writing m = k — j, we can reindex the sum in
two different ways (I — [ &= m) and take an average:

Z 2 Y =
2 o ) 2 gfozm L+ m)l
1 Z 1 1 1
2
2m g o }21 [l—-m [+m
= —1 + g ! (C16)
) 2 20
2m g {0 D) IF—m
where, in the second line, we separated out the / = —m in

the first sum and the / = m term in the second. Now
consider the absolutely convergent series expansion [45],
with z € C\Z,

mcotnz 1 1
==+ E —-—. C17
z 7 n e (C17)

This function has poles for all z€ Z. The pole at z =0 is
already isolated into a separate term (the first one), and we
can separate out the ones at z = +m similarly:

meotnz 1 2

> le (C18)

1¢{0,£m}

Rearranging and taking the limit z — m, along with the
Laurent expansion

mcotmz 1 1
= _— 0 — s
z m(z—m) m? +0(z—m)

lets us evaluate
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1 1
S =——+Ilim
2 T 0 2_ 2
2m o 1¢{0,+£m} -z
B + lim n 2 mcotmz
Tom2 " iom 12 2 —m? Z

2 1
- i lml -
o2 T [mz m(z + m)}
2
- = (C20)
m

Substituting this into Eq. (C15) gives

2( 1)/~* :
ZD]lle (A2 — k)2 (J#k). (C21)
lez
When j = k, we can directly evaluate
) L o B )
lez ey (Ax)z I#j (l_j)z Ax)z 37

which uses the well-known solution to the Basel problem
[46]: Y°°_, m~2 = /6.

Since Egs. (C22) and (C21) represent the two cases in
Eq. (C14), we have proven that

D(; = D?, (C23)

and thus, as expected,

BL) BL)

oY = 9Pl (C24)

APPENDIX D: PROOF OF THEOREM 1

Proof. The Hamiltonian in question, A quad»> contains only
quadratic terms of the form §;q; 4> 4;jPj+a> a0d PjPjiq-
Our strategy will be to calculate the commutator of P with
each of these terms and then show that the sum over j for
each of these cancels to zero.

We start with the definition of P, reproduced from
Eq. (4.3) and using the abbreviation of the coefficients
from Eq. (B4):

pP= Z Z DnOﬁi@iJrn

ieZneZ
=~ Z Dy pid (D1)
klez
where we have used Dy, = D;_;y = —Dy; and reindexed

the sum on the second line, where § and p are column
vectors of the associated operators, and T indicates a row
vector of operators instead.

To begin, we calculate

;. P Z Dylg Q,,Pk = —ZZDJIQI —iq},
Kiez ez
15
(D2a)
[p;. P] Z Dypilpj @) = =iy Djp; = —ip’,
kilez ~— ; !
—i6j
(D2b)

where g and p’; are defined in Eq. (2.28). Compare these
with Egs. (4.1) to confirm the relationship with the
continuous version.

We now evaluate the possible quadratic commutators
using the above results, along with

~

AB.¢] = AlB.C) + [A. CJB. (D3)
which holds for any operators A, B, C:
(@41 P) = =i (Dud;ar + D i), (D4a)
lez
(@i P = —lz Dyg;pi+ Djgipr), (D4b)
lez
[pjpi- Pl = =i _(Dupipi+ Dypipr).  (Ddo)
lezZ
All three of these equations are of the form
[‘:Ejék’p] = _iZ(Dkl%jél + Djl%lak)
lezZ
~i(&;i + &80, (D5)

with & and ¢ each standing for either ¢ or p. We recognize
this as a bandlimited version of the derivative product rule
in the discrete representation.

The quantities we actually want are all of the form

Z[éjéj+a3 ﬁ] = _lZ(E/éll/Jra + %;‘a/'+a)'

JEZ JEZ

(Do)

To evaluate this, we use the following equivalent ways to
express the action of the bandlimited derivative:

%; = ZDjlél = ZDmOZ:j—m == ZDmOZ:j+m7

lez mezZ mez

(D7)

where the second and third sums are reindexed with m =
j—1land m = [ — j, respectively, and we use the properties
of D discussed below Eq. (D1). Using these, we can expand
Eq. (D6) as
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Z[%Eﬁmﬁ’] =—i Z DmO(%jéj-&-a-&-m - Ej—n12j+a)

jez mjez

==i > DuoElirarm = Eivarm)
mjez

=0, (D8)
where we have used one form each from Eq. (D7) in the
first line, and we have reindexed the j sum (j + j + m) in
the second. Thus,

Z[Qj‘?ﬁra’ﬁ] =0, (D9)
jez
> [a;pjra Pl =0, (D10)
jez
jez

as we wanted to prove.

This process shows that, due to the antisymmetry of the
coefficients of the sum over m and the freedom to reindex
the sum over j, every term in the summation will have a
counterpart of opposite sign. As a result, the total sum will
be zero. Finally, as all of these are equal to zero, any linear
combination of them will also be equal to zero. As such,
any lattice-translationally invariant quadratic Hamiltonian
H 54 will commute with P. And thus, the bandlimited total

momentum P is conserved in such a system. u
While P commutes with (lattice-translationally invariant)
Hamiltonians of quadratic order, the same is not always

true for Hamiltonians of polynomial order greater than two.
One can check this by calculating

G P1 = (@a,. P+ g5la;. Pla; + [a,. Pa?)

JjEZ JjEZ

-,

JEZ

(D12)

Like the product rule acknowledged above, this is an
example of a bandlimited version of the derivative chain
rule in the discrete representation. Using the properties of D
discussed below Eq. (D1), we can rewrite Eq. (D12) using a
process similar to the one shown in Eq. (D8):

Z[Eﬁ’p] =-3i Z Dmoflfé}j-‘rm

jez mjeZ

. 1 o A2 A
=-3i Z EDmo((quHm —61?+m61j>- (D13)

mjez

However, unlike the case of Eq. (D8), the sums over m and
j cannot be reindexed such that the terms inside the
brackets of Eq. (D13) cancel to zero. As a result, we have

> a3 Pl #o0.

jez

(D14)

Crucially, this means that while Hamiltonians of quadratic
power will always commute with the total momentum
operator of the field, the same is not true for Hamiltonians
of polynomial power greater than two, indicating that
interacting fields on a lattice may not possess continuous
translational invariance, unlike their free field counterparts.
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