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Production of electron-positron pairs by a high-energy γ photon and a bichromatic laser wave is
considered where the latter is composed of a strong low-frequency and a weak high-frequency component,
both with circular polarization. An integral expression for the production rate is derived that accounts for
the strong laser mode to all orders and for the weak laser mode to first order. The structure of this formula
resembles the well-known expression for the nonlinear Breit-Wheeler process in a strong laser field, but
includes the dynamical assistance from the weak laser mode. We analyze the dependence of the dynamical
rate enhancement on the applied field parameters and show, in particular, that it is substantially higher when
the two laser modes have opposite helicity.
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I. INTRODUCTION

Electron-positron pair production from vacuum by a
constant electric field is a genuinely nonperturbative
process that was first studied by Sauter in the early days
of relativistic quantum mechanics [1]. Later on, Schwinger
treated the process within the framework of quantum
electrodynamics (QED) and established its famous rate
R ∼ expð−πEc=E0Þ that has been named after him [2].
It contains the critical field of QED, Ec ¼ m2c3=ðeℏÞ≈
1.3 × 1016 V=cm, and exhibits a nonanalytical, manifestly
nonperturbative dependence on the applied field strength
E0. Here, m and e denote the positron mass and charge,
respectively. Intuitively, the exponential field dependence
indicates a quantum mechanical tunneling from negative-
energy to positive-energy states.
Pair production rates in various other strong-field con-

figurations share the characteristic Schwinger-like form
(see Refs. [3–6] for reviews). For example, pair production
in homogeneous electric fields oscillating in time [7,8] and
pair production in combined laser and Coulomb fields via
the nonlinear Bethe-Heitler effect [9–11] show exponential
dependencies on the inverse field strength as well, provided
they occur in a quasistatic regime where the pair formation
time is much shorter than the scale of field variations (and
the applied fields are subcritical).

Because of the huge value of Ec, Schwinger pair
production and its Schwinger-like variants have not been
observed experimentally yet [12]. However, motivated by
the enormous progress in high-power laser technology,
several high-field laboratories are currently aiming at the
detection of the fully nonperturbative regime of pair
production. They focus, in particular, on the nonlinear
Breit-Wheeler process where pairs are created by a high-
energy photon colliding with a high-intensity laser wave
[13–21], according to ω0 þ nω → eþe−, with the numbers
of absorbed laser photons n ≫ 1. The corresponding rate in
the quasistatic regime (ξ ≫ 1, χ ≪ 1) has the Schwinger-
like form R ∼ exp½−8=ð3χÞ�, where χ ¼ 2ξℏ2ωω0=ðm2c4Þ
(assuming counterpropagating beams) denotes the quantum
nonlinearity parameter and ξ ¼ eE0=ðmcωÞ is the classical
laser intensity parameter. The experimental realization of
this regime—that would complement the successful obser-
vation of nonlinear Breit-Wheeler pair creation in a few-
photon regime (n ∼ 5, ξ≲ 1) at SLAC in the 1990s [22]—
still represents a formidable challenge which is currently on
the agenda of several high-field laboratories [23–27].
To facilitate the observation of Schwinger-like pair

production, a mechanism termed dynamical assistance
has been proposed theoretically [28]. It relies on the
superposition of a very weak, but highly oscillating
assisting field onto a strong (quasi)static background.
Energy absorption from the assisting field can largely
enhance the pair creation rate, while preserving its non-
perturbative character. Dynamically assisted pair produc-
tion has been studied for various field configurations,
comprising the combination of static and alternating
electric fields [28–32], static electric and plane-wave
photonic fields [33–35] as well as two oscillating electric
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fields with largely different frequencies [36,37], including
spatial field inhomogeneities [38,39]. Only few studies
revealed moreover the impact of dynamical assistance in
the nonlinear Bethe-Heitler [40,41] and Breit-Wheeler
processes [42].
In the present paper, we study nonperturbative Breit-

Wheeler pair creation with dynamical assistance. To this
end, the laser field is composed of a strong low-frequency
and a weak high-frequency component. By considering
both field components to be circularly polarized and taking
the fermion spins into account, we complement and extend
the earlier study [42] where dynamically assisted nonlinear
Breit-Wheeler pair creation of scalar particles has been
considered in two mutually orthogonal laser field modes
of linear polarization. An integral representation for the
production rate will be derived within the framework of
strong-field QED that includes the weak laser mode to
leading order and allows to describe the absorption of one
high-frequency photon from this mode during the pair
production process. We will show that the latter can lead to
a very strong dynamical rate enhancement and discuss its
dependencies on the applied field parameters. In particular,
it will be demonstrated that the circular field polarization
offers an interesting additional setting option because the
rate enhancement is found to be substantially larger when
the two laser modes are counter- rather than corotating.
By suitable adjustments of the experimental setup, our

results could be probed in the framework of the ongoing
campaigns to detect the nonperturbative Breit-Wheeler
process [23–27]. A corresponding observation would con-
stitute a proof of principle of the dynamical enhancement
mechanism of strong-field pair production and, as such, an
important step towards future experimental studies of the
dynamically assisted Schwinger effect.
It is worth mentioning that apart from rate enhancements

by dynamical assistance, nonlinear Breit-Wheeler pair
production in bichromatic laser fields comprises further
interesting effects. In the case when both field modes have
commensurate frequencies, characteristic quantum inter-
ference effects arise [43–45], whereas multiphoton thresh-
old effects were presented for incommensurate frequencies
of similar magnitude [46]. A bichromatic field configura-
tion may, moreover, allow for additional pair production
channels involving photon emission processes [47]. And,
for the so-called laser-assisted Breit-Wheeler process, i.e.
pair creation in the collision of high-frequency (say, γ-ray
and x-ray) photons taking place in the presence of a low-
frequency background laser field, pronounced redistrib-
ution effects in the created particles’ phase space have
been revealed [48].
Our paper is organized as follows. In Sec. II we present

our analytical approach to the problem that is based on the
S matrix in the Furry picture employing Dirac-Volkov
states for the fermions. An expression for the rate of Breit-
Wheeler pair production by absorption of an arbitrary

number of photons from the strong laser mode and a single
photon from the weak laser mode is derived. The physical
content of this expression is discussed in Sec. III where we
illustrate the rate enhancement by dynamical assistance in
the nonlinear Breit-Wheeler effect by way of numerical
examples. Our conclusions are given in Sec. IV. Relativistic
units with ℏ ¼ c ¼ 4πε0 ¼ 1 are used throughout, unless
explicitly stated otherwise. Products of four-vectors are
denoted as ðabÞ ¼ aμbμ ¼ a0b0 − a · b and Feynman slash
notation is applied.

II. THEORETICAL APPROACH

In this section we present our analytical treatment of
dynamically assisted Breit-Wheeler pair production in a
bichromatic laser field. The latter is described by the
four-potential

Aμ
LðτÞ ¼ AμðτÞ þ ÃμðτÞ ð1Þ

in the radiation gauge and depends on space-time coor-
dinates xμ ¼ ðt; rÞ via the phase variable τ¼ðκxÞ¼ t−κ ·r,
where κμ ¼ ð1; κÞ describes the uniform wave-propagation
direction along a unit vector κ. The field is composed of the
circularly polarized frequency modes

AμðτÞ ¼ a½εμ1 cosðηÞ þ εμ2 sinðηÞ�;
ÃμðτÞ ¼ ã½εμ1 cosðη̃þ η̃αÞ þ σεμ2 sinðη̃þ η̃αÞ�; ð2Þ

that will be denoted as main mode and assisting mode,
respectively, with corresponding frequencies ω and ω̃ and
wave vectors kμ ¼ ωκμ and k̃μ ¼ ω̃κμ. The phases accord-
ingly read η ¼ ðkxÞ ¼ ωτ, η̃ ¼ ðk̃xÞ ¼ ω̃τ, whereas η̃α
denotes a constant phase shift between the modes. The
polarization vectors satisfy ðκεiÞ ¼ 0, ðεiεjÞ ¼ −δij for
i; j∈ f1; 2g. The helicity of the assisting mode is encoded
in the parameter σ: the modes are corotating for σ ¼ þ1
and counter-rotating for σ ¼ −1. The intensity parameters
associated with their amplitudes are ξ ¼ ea=m and
ξ̃ ¼ eã=m.

A. Pair production amplitude

The S matrix element for nonlinear Breit-Wheeler
pair production by a high-energy photon of wave vector
k0μ ¼ ðω0; k0Þ and polarization ε0μ in the bichromatic laser
field (1) reads

Sfi ¼ −ie
ffiffiffiffiffiffiffiffi
2π

Vω0

r Z
d4xe−iðk0xÞΨð−Þ

p0;s0=ε
0ΨðþÞ

p;s ; ð3Þ

with a normalization volume V. Here, Ψð−Þ
p0;s0 and ΨðþÞ

p;s

denote the Volkov states for the created electron, with
asymptotic four-momentum p0μ and spin projection s0, and
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the created positron, with asymptotic four-momentum pμ

and spin projection s, respectively. They are given by [15]

Ψð�Þ
p;s ðxÞ ¼

ffiffiffiffiffiffiffiffiffi
m
Vq0L

r �
1� e=κ=AL

2ðκpÞ
��

vp;s
up;s

�
exp ðiSð�ÞÞ; ð4Þ

with

Sð�Þ ¼ �ðpxÞ þ e
ðκpÞ

Z
τ
�
ðpALðτ0ÞÞ ∓ e

2
A2
Lðτ0Þ

�
dτ0:

Observe that the normalization constant of the Volkov
states is chosen with respect to the effective momentum

qμL ¼ pμ þ m2ξ2L
2ðκpÞ κ

μ; ð5Þ

involving the total intensity parameter ξL ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2 þ ξ̃2

p
.

With these details in mind, the S matrix becomes

Sfi ¼ −ieNL

Z
d4xeiðq

0μ
LþqμL−k

0μÞxμ ūp0;s0MLvp;seiΦL ; ð6Þ

with the normalization factor NL ¼ ð m
Vq0L

m
Vq00L

2π
Vω0Þ1=2, the

matrix

ML ¼
�
1 −

e=AL=κ
2ðκp0Þ

�
=ε 0
�
1þ e=κ=AL

2ðκpÞ
�
; ð7Þ

and the oscillating phase

ΦL ¼ z sinðη − η0Þ þ z̃ sinðη̃þ η̃α − ση0Þ
þ z̃α sinðη̃þ η̃α − σηÞ: ð8Þ

In the latter, we used z ¼ ea
ffiffiffiffiffiffiffiffiffiffi
−Q2

L

p
, z̃ ¼ eã

ffiffiffiffiffiffiffiffiffiffi
−Q̃2

L

p
, and

z̃α ¼ e2aã
�

1

ðk̃pÞ − σðkpÞ þ
1

ðk̃p0Þ − σðkp0Þ

�
;

with Qμ
L ¼ qμL=ðkqLÞ − q0μL =ðkq0LÞ, Q̃μ

L ¼ qμL=ðk̃qLÞ − q0μL =
ðk̃q0LÞ, and the angle η0 being determined by

cosðη0Þ ¼ ea
ðε1QLÞ

z
; sinðη0Þ ¼ ea

ðε2QLÞ
z

: ð9Þ

By virtue of the Volkov states (4), the S matrix (3)
contains both modes of the bichromatic laser field to all
orders. For our purposes, however, it is possible to simplify

this general expression. Being interested in the Breit-
Wheeler process with dynamical assistance, we shall
assume from now on that ξ̃ ≪ 1≲ ξ and ω ≪ ω̃ [49].
We may therefore expand the S matrix in powers of the
assisting mode amplitude according to [50]

Sfi ¼ Sð0Þfi þ Sð1Þfi þ Sð2Þfi þ…; ð10Þ

where SðjÞfi ∼ ãj. The zeroth-order Sð0Þfi is obtained by setting
ã ¼ 0 in Eq. (6); it coincides with the well-known
expression for the nonlinear Breit-Wheeler process in a
monochromatic circularly polarized laser wave [13–15]:

Sð0Þfi ¼ −ieNfi

X∞
n¼−∞

ūp0;s0Mnvp;s

× ð2πÞ4δ4ðq0μ þ qμ − k0μ − nkμÞ: ð11Þ

The effective momenta qμ and q0μ result from Eq. (5)

by setting ã ¼ 0 therein, i.e., qð0Þμ ¼ pð0Þμ þ m2ξ2

2ðκpð0ÞÞ κ
μ; the

normalization factor becomes Nfi ¼ ð m
Vq0

m
Vq00

2π
Vω0Þ1=2,

accordingly. The four-dimensional δ function displays
the energy-momentum conservation in the process, and
the sum over the number n of photons from the main mode
Aμ originates from a Fourier series expansion of the
periodic parts in the S matrix, according to the formula
eiz sinðη−η0Þ ¼ P

n J−nðzÞe−inðη−η0Þ with the ordinary Bessel
functions Jn. The matrix Mn will be given in Eq. (13)
below. Here and in the following, the zeroth-order con-
tributions are displayed to facilitate a direct comparison
with terms involving the dynamical assistance by the weak
mode Ãμ.

The leading-order contribution Sð1Þfi is obtained by
collecting the Ãμ terms from the electronic and positronic
Volkov states contained in Eq. (7) as well as the terms linear
in z̃ and z̃α stemming from a Taylor expansion of the phase
factor eiΦL in Eq. (6). The resulting expression can be

decomposed into two terms, Sð1Þfi ¼ Sð1;þÞ
fi þ Sð1;−Þfi , with

Sð1;�Þ
fi ¼ −ieNfi

X∞
n¼−∞

ūp0;s0 ðfM�
n � eM�

n Þvp;s

× ð2πÞ4δ4ðq0μ þ qμ − k0μ − nkμ � k̃μÞ ð12Þ

corresponding to the emission (Sð1;þÞ
fi ) or absorption (Sð1;−Þfi )

of one photon k̃ from the assisting mode. Our approach is
illustrated diagrammatically in Fig. 1.

The matrices Mn, eM�
n , fM�

n in Eqs. (11) and (12) can be
expressed as
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8>><
>>:

MneM�
nfM�
n

9>>=
>>; ¼

8>>>>>><
>>>>>>:

	
=ε 0 − e2a2

2

ðε0κÞ=κ
ðκpÞðκp0Þ



B−n	

=ε 0 − e2a2
2

ðε0κÞ=κ
ðκpÞðκp0Þ



B̃�
−n

− e2aã
2

ðε0κÞ=κ
ðκpÞðκp0ÞB

�
−n

9>>>>>>=
>>>>>>;

−
�
=ε1=κ=ε 0

2ðκp0Þ −
=ε 0=κ=ε1
2ðκpÞ

�8>><
>>:

eaC−n

eaC̃�
−n

eãC�−n

9>>=
>>;

−
�
=ε2=κ=ε 0

2ðκp0Þ −
=ε 0=κ=ε2
2ðκpÞ

�8>><
>>:

eaD−n

eaD̃�
−n

eãD�
−n

9>>=
>>;; ð13Þ

with the known coefficients Bn ¼ JnðzÞe−inη0 , Cn ¼
1
2
ðBn−1 þ Bnþ1Þ, and Dn ¼ 1

2i ðBn−1 − Bnþ1Þ in the
matrixMn of the ordinary nonlinear Breit-Wheeler process
[13–15]. The remaining coefficients

B̃�
n ¼1

2
½z̃JnðzÞþ z̃αJn�σðzÞ�e−iðn�σÞη0e�iη̃α

C̃�
n ¼1

2
ðB̃�

n−1þ B̃�
nþ1Þ; D̃�

n ¼ 1

2i
ðB̃�

n−1− B̃�
nþ1Þ

B�
n ¼Bn�σe�iη̃α ; C�n ¼1

2
B�
n∓σ; D�

n ¼� σ

2i
B�
n∓σ ð14Þ

in the matrices eM�
n and fM�

n are associated with the first-

order contribution Sð1Þfi . We note that the coefficients B̃�,
C̃�, and D̃� marked by a tilde vanish in the limit ã → 0.
The coefficients B�, C�, and D� do not vanish themselves
in this limit, but are multiplied by a factor ã in the matrixfM�

n [see Eq. (13)].

All terms in Sð1;�Þ
fi scale linearly with ã. The correspond-

ing contributions to the pair production rate [see Eq. (22)
below] will therefore contain an additional factor ξ̃2 as
compared to the ordinary nonlinear Breit-Wheeler process.

In case of Sð1;−Þfi , the reduction by the factor ξ̃2 ≪ 1 is,
however, counteracted by the modified energy-momentum
balance: due to the absorption of one assisting photon k̃, the
remaining barrier—that has to be overcome by additional
photon absorption from the main mode—is lowered, which
facilitates the pair production. For suitably chosen field
parameters, the latter effect can overcompensate the reduc-
tion from the ξ̃2 scaling, this way leading to enhanced pair
production. This is the physical origin of the rate enhance-
ment by dynamical assistance. Conversely, the other first-

order term Sð1;þÞ
fi , involving the emission of a photon k̃ into

the assisting mode, corresponds to an even higher barrier
that has to be overcome by photon absorption from the
main laser mode. It will give a smaller contribution to the

rate than the assistance-free term Sð0Þfi and does not play a
role for the enhancement effect that we aim for.

B. Pair production rate

From the S matrix we obtain the production rate per
incident γ photon by taking the absolute square, summing
over the produced particle spins, integrating over their
momenta, averaging over the γ-photon polarizations, and
dividing out the interaction time:

R ¼
Z

1

2

X
λ0

X
s;s0

jSfij2
T

Vd3q
ð2πÞ3

Vd3q0

ð2πÞ3 : ð15Þ

The production rate R accordingly refers to a scenario
where the incident beam of γ photons is unpolarized.
In general, the absolute square of Sfi from Eq. (10)

contains—apart from diagonal terms—also cross terms that
describe interferences between different contributions.

In particular, the cross term of Sð0Þfi with Sð1Þfi leads to rate
contributions linear in ã. These terms would exist and could
cause interesting effects if the ratio of ω̃ and ω was an
integer (e.g. ω̃ ¼ 2ω). Such two-color quantum interfer-
ence effects have already been studied elsewhere [43–45];
they are not of interest in the current consideration. To be
specific, we shall assume in the following that the fre-
quency ratio ω̃=ω is not an integer. Then the cross terms

between Sð0Þfi and Sð1Þfi vanish identically because the
associated δ functions in Eqs. (11) and (12) cannot be

FIG. 1. Diagrammatic representation of the expansion up to
linear order in the assisting mode amplitude of the S-matrix
element for Breit-Wheeler pair production in the presence of a
bichromatic laser field [see Eqs. (10)–(12)]. The wavy leg,
common for all graphs, represents a quantized high-energy photon,
whereas those starting (ending) with crossed blobs denote an
absorbed (emitted) “assisting” photon. The solid arrowed lines
on the left-hand side stand for the electron and positron wave
functions interacting with the bichromatic background wave.
Conversely, the external solid double lines on the right-hand side
are the corresponding Volkov states which include the interaction
with the main mode only. The internal double lines represent the
electron-positron propagators in the field of the main mode. Note
that when the amplitude of the main mode vanishes, the leading-
order term of the S-matrix element reduces to the well-established
contributions linked to the linear Breit-Wheeler process.
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satisfied simultaneously. By requiring more strictly that
2ω̃=ω is not an integer either, we can moreover exclude

interferences between Sð1;þÞ
fi and Sð1;−Þfi as well as between

Sð0Þfi and those terms in Sð2Þfi which describe the absorption
(or emission) of two photons k̃ [42]. And by finally
imposing the stricter condition

6ω̃=ω ∉ N; ð16Þ

also interference terms of order ã3 between Sð0Þfi and Sð3Þfi as

well as between Sð1Þfi and Sð2Þfi drop out.
Under this assumption, the squared S matrix becomes

jSfij2 ¼
���Sð0Þfi

���2
∼
þ
���Sð1;þÞ

fi

���2þ���Sð1;−Þfi

���2 þOðã4Þ; ð17Þ

with the terms jSð1;�Þ
fi j2 being of order ã2. We note that the

first term jSð0Þfi j2∼ on the right-hand side of Eq. (17)

comprises the ã-independent contribution jSð0Þfi j2 along
with Oðã2Þ corrections to it. They stem from interferences

between Sð0Þfi and second-order terms in Sð2Þfi associated with
the simultaneous absorption and emission of an assisting
photon k̃ [51]. Leading to the same energy-momentum
balance as in Eq. (11), these emission-absorption processes

are strongly suppressed as compared with Sð0Þfi , since they
scale with ξ̃2 ≪ 1 but do not lower the pair production
barrier to be overcome by photon absorption from the main
mode. They can therefore be safely neglected. In contrast,

the dynamical assistance described by jSð1;−Þfi j2 can largely

dominate over the jSð0Þfi j2 term, as will be demonstrated by
numerical examples in Sec. III.
The spin summation and polarization average in Eq. (15)

can be carried out in the usual way by taking traces over
the involved Dirac γ matrices. The result for the ordinary
nonlinear Breit-Wheeler process is

1

2

X
λ0

X
s;s0

jūp0;s0Mnvp;sj2

¼ jB−nj2 þ ξ2
�
ðjB−nj2 − jC−nj2 − jD−nj2Þ

×

�
1 −

ðκk0Þ2
2ðκpÞðκp0Þ

��
; ð18Þ

whereas for the leading order in ã terms we obtain

1

2

X
λ0

X
s;s0

jūp0;s0 ðfM�
n � eM�

n Þvp;sj2

¼ jB̃�
−nj2 þ ξ2

��
jB̃�

−nj2 �Re½B�
−nðB̃�

−nÞ��
ã
a

−
����C�−n ãa� C̃�

−n

����2−
����D�

−n
ã
a
� D̃�

−n

����2
�

×

�
1 −

ðκk0Þ2
2ðκpÞðκp0Þ

��
: ð19Þ

By performing afterwards the integrations over the particle
momenta q and q0, we obtain the corresponding contribu-
tions to the pair production rate,

R ¼ Rð0Þ þ Rð1;þÞ þ Rð1;−Þ þOðξ̃4Þ: ð20Þ

Thewell-established zeroth-order contribution reads [13–15]

Rð0Þ ¼ αm2

4ω0
X∞
n≥n0

Z
un

1

du

u
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uðu − 1Þp ½2J2n þ ξ2

× ðJ2nþ1 þ J2n−1 − 2J2nÞð2u − 1Þ þOðξ̃2Þ�; ð21Þ

where correction terms of order ã2 from combined emission-
absorption photon-exchange processes with the assisting
mode that do not change the four-momentum balance have
been neglected. Here, α ¼ e2 is the fine-structure constant
and n0 ¼ 4m2�=s the photon number threshold, with the

effective fermion mass m� ¼ m
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξ2

p
dressed by the

main laser mode and the Mandelstam variable s ¼ 2ðkk0Þ.
Besides, the upper integration limit is un ¼ n=n0, and the
Bessel functions Jν ¼ JνðzÞ depend on the argu-

ment z ¼ ð8m2=sÞξ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξ2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uðun − uÞp

.
For the leading-order contribution with respect to ã,

which involves the absorption or emission of one photon k̃
from the assisting mode, we find

Rð1;�Þ ¼ αm2

4ω0
X∞
n≥n�

0

Z
uñ�

1

du

u
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uðu − 1Þp �

1

2
ðz̃�2J2n þ z̃2αJ2n∓σ − 2z̃�z̃αJnJn∓σÞ

þ 1

4
ðξ2½z̃�2ðJ2nþ1 þ J2n−1 − 2J2nÞ þ z̃2αðJ2n þ J2n∓2σ − 2J2n∓σÞ − 2z̃�z̃αðJn�σJn þ Jn∓σJn∓2σ − 2JnJn∓σÞ�

− 4ξξ̃½z̃�JnðJnþσ − Jn−σÞ ∓ z̃αðJ2n − J2n∓σÞ� þ 4ξ̃2J2nÞð2u − 1Þ
�
; ð22Þ
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with

n�0 ¼ n0 �
s̃
s
; uñ� ¼ ns ∓ s̃

n�0 s ∓ s̃
;

s̃ ¼ 2ðk̃k0Þ; z̃α ¼
8m2

s̃ − σs
ξξ̃u;

z̃� ¼ 8m2

s̃
ξ̃

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξ2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uðuñ� − uÞ

p
; ð23Þ

and the Bessel functions Jν ¼ Jνðz�Þ depending on the

argument z� ¼ ð8m2=sÞξ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξ2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uðuñ� − uÞp

. We note
that the constant phase shift η̃α between the laser modes has
dropped out from the pair production rate.
Equation (22) constitutes the main result of our

paper. While being somewhat more involved, its general
structure—containing an integral over the variable u that is
related to the polar emission angle of the created particles,
and a sum over the number of photons absorbed from the
strong main laser mode—closely resembles the rate expres-
sion (21) for the ordinary nonlinear Breit-Wheeler process.
The important difference is that our formula for Rð1;−Þ (or
Rð1;þÞ) accounts for the absorption (or emission [47]) of an
additional photon from the assisting weak laser mode.
Accordingly, Rð1;−Þ describes nonlinear Breit-Wheeler
pair production in circularly polarized laser fields pro-
ceeding via the absorption of many low-frequency pho-
tons from the main field mode and a single high-frequency
photon from the assisting mode, which may have either
equal or opposite helicity as the main mode. The dynami-
cal assistance provided by the weak high-frequency mode
can largely enhance the pair production rate Rð1;−Þ as
compared with Rð0Þ.
Before moving on to the next section we note that in the

limit when the main laser mode vanishes (ξ → 0) while
the assisting laser mode has low amplitude (ξ̃ ≪ 1) and
sufficiently high frequency (such that s̃ > 4m2), the expres-
sion for Rð1;−Þ reproduces the rate for the original Breit-
Wheeler process [52] of pair production by two photons
(see also Fig. 1).

III. NUMERICAL RESULTS AND DISCUSSION

In this section we illustrate our findings on the dynami-
cally assisted nonlinear Breit-Wheeler process in a bichro-
matic laser field by numerical examples.
The main mode intensity parameter is chosen as ξ ≈ 1,

lying in the nonperturbative multiphoton domain. Already
for such moderate ξ values, the rate for nonlinear Breit-
Wheeler pair production is known to closely resemble the
Schwinger-like form given in the Introduction, which
emerges asymptotically for ξ ≫ 1 and χ ≪ 1 [53]. While
closed analytical rate formulas for ξ ≈ 1 are very difficult to
obtain, a numerical treatment of this parameter regime is

well feasible and insightful. The intensity parameter of the
assisting laser mode is taken as ξ̃ ∼ 10−3.
We assume that the γ beam and bichromatic laser wave

are counterpropagating, and perform our calculations in a
frame of reference where the γ-beam and assisting laser
mode frequencies are close to each other, ω0 ≈ ω̃ (in most
cases they will exactly coincide, ω0 ¼ ω̃). This frame
offers the advantage that the remaining energy gap for
pair production, which has to be overcome by photon
absorption from the main laser mode, becomes directly
apparent. Specifically, we chose the photon frequencies as
ω0 ¼ 0.706m, ω̃≲ 0.706m and ω ≈ 0.05m.
By noting that the pair production rates shown below

can be translated straightforwardly into another frame of
reference, the chosen field parameters can be related to
those of present experimental campaigns. Under a Lorentz
boost with reduced velocity β and Lorentz factor γ along
the laser propagation direction, the intensity parameters ξ
and ξ̃ remain invariant, whereas the photon frequencies in
the boosted frame amount to

ωb ¼
ω

ð1þ βÞγ ; ω̃b ¼
ω̃

ð1þ βÞγ ; ω0
b ¼ ð1þ βÞγω0;

i.e., the products ωω0 and ω̃ω0 remain invariant.
For instance, for γ ¼ 8500, one obtains ωb ≈ 1.5 eV

and ω0
b ≈ 6 GeV which agree with the typical parameter

domains of the planned experiments on nonperturbative
Breit-Wheeler pair production [23–27]. The assisting mode
frequency ω̃b ≈ 21 eV in this case lies in the ultraviolet
domain.
The total pair production rate changes under the Lorentz

boost by just an overall factor, according to

Rbðωb; ω̃b;ω0
bÞ ¼

Rðω; ω̃;ω0Þ
ð1þ βÞγ : ð24Þ

As a consequence, the shapes of the curves shown below
remain unaltered in the boosted frame; only their absolute
height may change by a common factor. Moreover, rate
ratios are invariant even in absolute terms.
In the following figures we present the rate RDA ≔

Rð0Þ þ Rð1;þÞ þ Rð1;−Þ from Eqs. (20)–(22) for nonlinear
Breit-Wheeler pair creation in a bichromatic laser field,
including the effect of dynamical assistance. Two variants
of this rate exist, depending on whether the two laser
modes have equal or opposite helicities. In the figures, the
corresponding rates are denoted suggestively as RDAðσÞ,
with σ ¼ þ1 and σ ¼ −1, respectively. Comparing them
allows us to reveal the influence of the wave helicities on
the exerted dynamical assistance.
The rates RDAðσÞ in a bichromatic laser field will

moreover be compared with the corresponding “mono-
chromatic rates” when only one of the two laser modes
is present, in order to quantify the enhancement effect.
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This is, first of all, the rate Rð0Þ for the ordinary nonlinear
Breit-Wheeler process where the assisting mode is absent
(ξ̃ ¼ 0); it is denoted as RBW in the figures. Besides, the rate
for nonlinear Breit-Wheeler pair creation by the γ beam and
the assisting mode alone, when the strong field is switched
off (ξ ¼ 0) forms a second reference, denoted by R̃BW. We
note that for the chosen parameters, at least three ω̃ photons
need to be absorbed in the latter scenario to overcome the
pair creation threshold.

A. Enhanced pair creation by dynamical assistance

Figure 2 shows the contributions to the pair creation rate
stemming from the absorption of n laser photons from the
main mode. Already here a pronounced rate enhancement
through the dynamical assistance by the weak laser mode
becomes apparent, as the contributions to RDAðσÞ are much
larger than those to RBW. They are shifted besides to
smaller photon numbers because a part of the four-
momentum required for pair creation already comes
from the absorption of the high-frequency photon from
the weak mode. Note that the photon-number distributions
in Fig. 2 are shifted to values substantially higher than
the photon-number thresholds of n0 ≈ 56.7 and n−0 ≈ 42.5
[see below Eqs. (21) and (22)], respectively, which is a
characteristic above-threshold feature of pair creation at
ξ≳ 1. Furthermore, a comparison of RDAðσ ¼ þ1Þ and
RDAðσ ¼ −1Þ shows an impact of the mode helicities:
the number distribution for counter-rotating laser modes
reaches larger maximum values and is slightly shifted to
the left.
By summing the rate contributions over the number of

absorbed strong-field photons, the corresponding total pair
creation rates are obtained. They are shown in Fig. 3,

as function of the inverse value of the main mode intensity
parameter. In the chosen logarithmic representation, the
dynamically assisted rates RDAðσ ¼ �1Þ and the unassisted
rate RBW follow to a very good approximation declining
straight lines, illustrating their Schwinger-like exponential
dependence on −b=ξ, with some process-specific param-
eter b. In addition, the rate R̃BW for pair creation by γ beam
and assisting mode is included for reference along a
horizontal line.
In the chosen range of parameters, the rates for

dynamically assisted nonlinear Breit-Wheeler pair crea-
tion lie far above the monochromatic rates. The relative
enhancement is largest close to 1=ξ ≈ 1.1 (i.e. ξ ≈ 0.9) and
amounts to almost five orders of magnitude. The decline
of the curves for assisted pair creation is much slower
than for the unassisted process: by fitting our data to a
Schwinger-like exponential, we obtain b0 ≈ 35.0 for the
unassisted process [54], while b1 ≈ 14.0 (13.3) for the
assisted process with σ ¼ þ1 (σ ¼ −1). The reduced
slope arises because the absorption of the high-frequency
photon from the weak mode reduces the tunneling barrier
that remains to be overcome [28,40–42]. For comparison
we note that from a basic consideration within a quantum
mechanical tunneling model (see Eq. (14) in [42]), one
would obtain

bðtunÞ1 ¼ 4
ffiffiffi
2

p

3

m
ω

�
2mΔ
mþ ω̃

�
3=2

; ð25Þ

with Δ ¼ 1 − ω̃ω0=m2, which attains the value bðtunÞ1 ≈ 17

for the present parameters.

FIG. 2. Contributions to the pair creation rate in dependence on
the number of photons absorbed from the main laser mode. The
blue (dark gray) and green (light gray) bars refer to a bichromatic
laser wave with corotating and counter-rotating modes, respec-
tively, whereas the red (gray) bars show the unassisted case, as
indicated in the legend. The parameters are ξ ¼ 1, ξ̃ ¼ 10−3,
ω ¼ 0.05m, and ω̃ ¼ ω0 ¼ 0.706m.

FIG. 3. Total rates for dynamically assisted Breit-Wheeler pair
creation in a bichromatic laser wave, as function of the inverse
intensity parameter of the main mode; blue squares (green
diamonds) refer to corotating (counter-rotating) laser modes.
The parameters are the same as in Fig. 2. The unassisted case
(ξ̃ ¼ 0) is displayed by red crosses. Blue circles show the rate
when instead the main mode is absent (ξ ¼ 0).
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Figure 3 shows moreover that the effect of dynamical
assistance is stronger when the two laser modes have
opposite helicity. This is remarkable because (i) the intui-
tive picture of dynamical assistance relies on the fact that
the additional energy absorbed from the assisting field
facilitates to overcome the pair creation threshold and
(ii) the four-momentum of the assisting laser photon is
the same for σ ¼ �1. Hence, the reduction of the tunneling-
energy barrier by absorption of a high-frequency ω̃ photon
occurs independently of its helicity.
Mathematically, the helicity dependence of the dynami-

cally assisted rate Rð1;−Þ is attributable to terms involving
Jnþσ or Jnþ2σ in Eq. (22). They lead to larger pair
production for counter-rotating laser modes (σ ¼ −1) than
for corotating laser modes (σ ¼ þ1). The appearance of
such a helicity dependence can be associated with products
of the form AμÃ

μ which arise in Eq. (10) from the expanded
Volkov states and which, setting η̃α ¼ 0, are proportional
to Reðeiðkμ−σk̃μÞxμÞ. These phase factors oscillate faster for
σ ¼ −1 and thus facilitate the pair production more
effectively in that case.
We note in this context that from the different values

of the fit parameter b1 obtained for co- and counter-rotating
laser waves one cannot draw the conclusion that the
Schwinger-like tunneling exponent of the dynamically
assisted rate depends on the wave polarization. The reason
is that our fitting procedure does not take the variability of
the preexponential factor with the field parameters into
account. This factor may, however, contain the helicity
dependence of the rate.
Physically, the more pronounced enhancement effect of

an assisting mode with opposite helicity can be explained
by angular-momentum conservation. The circularly polar-
ized laser photons in our scenario carry definite angular
momentum along the propagation axis of þℏ or −ℏ. When
the modes corotate, the angular momentum of each
absorbed photon points in the same direction. In contrast,
when the modes counter-rotate, the absorption of the
assisting photon reduces the total angular momentum of
all absorbed photons. Accordingly, for fixed strong-field
photon number n, the angular momentum that is transferred
to the created pair amounts to ðnþ σÞℏ.
In a semiclassical picture, the orbital angular momentum

of the electron and positron is determined by their relative
momentum. In case of the unassisted Breit-Wheeler proc-
ess, it amounts to l ≈ 2½n0ðn − n0Þ�1=2ℏ [53]. This quantity
is bounded from above according to l ≤ nℏ. Large con-
tributions to the production rate can be expected when l
approximately balances the angular momentum of the
absorbed photons [53].
In case of the assisted Breit-Wheeler process, we have

to demand l ≈ ðnþ σÞℏ with l ≈ 2½n−0 ðn − n−0 Þ�1=2ℏ,
accordingly. For counter-rotating waves, the condition
l ¼ ðn − 1Þℏ is very well met for n ≈ 73 in Fig. 2 and,
indeed, exactly in this region of photon numbers we find

the highest rate contributions. For corotating waves,
however, the condition l ¼ ðnþ 1Þℏ cannot be satisfied
because l is at most nℏ. In this case, the angular-
momentum balance can only be fulfilled when both particle
spins are oriented along the laser propagation direction,
this way providing an extra contribution of one unit of ℏ to
the total angular momentum of the pair. Such an additional
constraint is absent for counter-rotating waves, so that the
accessible spin space is larger in this case. As a result,
the total pair production rate is higher when the modes
counter-rotate [55,59].
Our semiclassical consideration also explains the hori-

zontal shift between the number distributions for σ ¼ −1
and σ ¼ þ1 in Fig. 2. Since in the latter case, l ≈ nℏ is
favorable, the region of highest rate contributions moves to
larger n values than in the former case. We note that
asymptotically for ξ ≫ 1, one would expect the highest
rates at n ≈ 2n−0 ≈ 85 for corotating waves [53].
The larger effectiveness of an assisting photon of

opposite helicity is also seen in Fig. 4, displaying the
relative enhancement due to dynamical assistance as
compared with the sum of the monochromatic rates. At
ξ ≈ 0.9, the pair creation rate for counter-rotating modes is
almost twice as large as for corotating modes. The bell-
shaped form of the relative enhancement curves is a
consequence of the rate dependencies shown in Fig. 3.
The curves reach their maximum close to the point where
the monochromatic rates RBW and R̃BW cross. For smaller
values of 1=ξ, the relative enhancement is reduced due
to the different slopes of the dynamically assisted rates
RDAðσÞ as compared with the unassisted rate RBW.

FIG. 4. Relative enhancement of the dynamically assisted
Breit-Wheeler process in a bichromatic laser field over the
sum of the respective monochromatic rates. Blue squares (green
diamonds) refer to corotating (counter-rotating) laser modes. The
parameters are the same as in Fig. 2.
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For larger values of 1=ξ, it is reduced as well, since the rates
RDAðσÞ are falling while R̃BW is constant.
The dashed lines in Fig. 4 show fit functions of the form

½c1 expð−b1=ξÞ þ expð−b0=ξÞ�=½c0 þ expð−b0=ξÞ�, with
four free parameters b0, b1, c0 and c1 for σ ¼ �1 each.
While in the first place serving to guide the eye, these fit
functions have a physically motivated form, relying on the
Schwinger-like exponential ξ dependencies of the assisted
and unassisted nonlinear Breit-Wheeler rates and the ξ
independency of R̃BW. One obtains here b0 ≈ 32.4 and
b1 ≈ 12.7 for σ ¼ þ1, whereas b1 ≈ 12.1 for σ ¼ −1.

B. Parameter study of relative enhancement

For the field parameters considered in the previous
section, we found a relative enhancement of the dynamically
assisted rates RDAðσÞ over the sum of the monochromatic
rates RBW and R̃BW up to about 5 × 104 for σ ¼ þ1 and
9 × 104 for σ ¼ −1 (see Fig. 4). In the following we will
study the dependencies of the relative enhancement due to
dynamical assistance on the applied parameters.
Figure 5 shows the relative enhancement for various

values of the weak mode intensity parameter in the interval
5 × 10−4 ≤ ξ̃ ≤ 5 × 10−3. The dashed green lines with
diamond symbols refer to ξ̃ ¼ 10−3, as considered in
Sec. III A. One sees that the maxima of the relative
enhancement curves shift to larger values of 1=ξ and
increase in magnitude, when ξ̃ decreases. These trends
can be understood by taking reference to Fig. 3 and noting
that the dominant contributions Rð1;−Þ to the dynamically
assisted rates RDAðσÞ scale with ξ̃2, while the monochro-
matic rate R̃BW scales more strongly with ξ̃6; the unassisted
rate RBW remains unaltered when ξ̃ is varied. Accordingly,
when the value of ξ̃ is reduced, the rate R̃BW decreases
much more strongly than the rates RDAðσÞ, while RBW
stays the same (see Fig. 3). The position of the maximum
relative enhancement thus shifts to the right towards larger
values of 1=ξ and grows in magnitude. We note, moreover,
that the ξ̃ dependence for corotating and counter-rotating
laser modes in Figs. 5(a) and 5(b), respectively, has very
similar appearance.
In Fig. 6, the relative enhancement is displayed when

the main mode frequency is varied in the range 0.04m ≤
ω ≤ 0.06m. The maxima of the curves decrease and move
towards larger values of 1=ξ when ω grows. That the
relative enhancement reaches higher values whenω is small
can be attributed to the growing ratio of ω̃=ω so that a
single high-frequency photon corresponds to an increasing
number of low-frequency photons. Interestingly, the prod-
uct ωξ attains an approximately constant value at all curve
maxima, corresponding to an electric field strength of the
main mode of E ≈ 0.045Ec. Thus, close to this field
strength, the dynamical assistance is most efficient in the
present scenario.

The influence of the main mode frequency is more
pronounced for corotating laser modes [see Fig. 6 (a)].
The maximum relative enhancement decreases from left
to right by about 40%, reaching 6.4 × 104 for ω ¼ 0.04m
and 4.0 × 104 for ω ¼ 0.06m. In contrast, the relative
enhancement for counterpropagating laser modes in panel
(b) decrease only by about 20%, from nearly 105 for
ω ¼ 0.04m to 7.8 × 104 for ω ¼ 0.06m.
Very interesting structures arise when the relative

enhancement is considered under variation of the assisting
mode frequency ω̃. The results are shown in Fig. 7 within
the interval 0.706m ≥ ω̃ ≥ 0.354m. Note that the figure
legend contains selected ω̃ values in order to not overload
it. The top curve on the left corresponds to the frequency
ω̃ ¼ 0.706m that has been considered so far. When this
value is lowered, the relative enhancement curves go down
and slightly shift to the right until ω̃ ≈ 0.5m is reached.
Their decrease is due to the fact that the reduction of the
tunneling barrier is less and less pronounced when the
assisting mode frequency becomes smaller.

(a)

(b)

FIG. 5. Relative rate enhancement due to dynamical assistance
for different values of the weak mode intensity parameter.
The γ-photon and laser frequencies are the same as in Fig. 2.
Panels (a) and (b) refer to co- and counter-rotating laser modes,
respectively.
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However, when ω̃ is decreased further, the relative
enhancement curves start to grow again and shift consid-
erable to the right, until the value ω̃ ¼ 0.472m is reached.
At this frequency, the monochromatic process of nonlinear
Breit-Wheeler pair creation by the γ beam and the assisting
mode alone changes its character in the sense that now at
least four (rather than three) ω̃ photons are required to
overcome the creation threshold. The corresponding rate
R̃BW therefore drops down considerably, being suppressed
by an additional factor of ξ̃2 ≪ 1. As a consequence, the
crossing point with the unassisted rate RBW shifts to the
right (see Fig. 3), close to which the maximum relative
enhancement occurs, in agreement with the shift of the
curve maxima arising in Fig. 7. When the assisting mode
frequency is even further decreased, the same transition
takes place again. The curves decrease until ω̃ ≈ 0.38m is
reached, afterwards start to increase again up to the value
ω̃ ¼ 0.354m, from which point onwards at least five ω̃
photons must be absorbed to produce pairs via the mono-
chromatic channel associated with the rate R̃BW.

In order to highlight the gradual transitioning due to
multiphoton-channel closings, we have marked the maxima
of the relative enhancement curves in Fig. 7 by black
circles. The distinguished frequencies of the assisting
mode ω̃∈ f0.706m; 0.472m; 0.354mg, where the main
maxima in Fig. 7 arise, are of the form ω̃ ≈

ffiffiffi
2

p
m=ñ0 with

ñ0 ∈ f2; 3; 4g, corresponding to s̃ ¼ 4ω̃ω0 ≈ 4m2=ñ0.

IV. CONCLUSION

Dynamically assisted nonlinear Breit-Wheeler pair cre-
ation has been studied in a bichromatic laser field, con-
sisting of a strong main mode of low frequency and a weak
assisting mode of high frequency, both with circular
polarization. By taking the weak mode in leading order
into account, an integral expression for the corresponding
pair creation rate with absorption of one high-frequency
laser photon has been obtained, whose structure resembles
the well-known formula for the ordinary (i.e. unassisted)
nonlinear Breit-Wheeler process [13–15].

(a)

(b)

FIG. 7. Relative rate enhancement due to dynamical assistance
for a sequence of decreasing values of the weak mode frequency
between ω̃ ¼ 0.706m and ω̃ ¼ 0.354m (from left to right). The
γ-photon frequency, main mode frequency and assisting mode
intensity parameter are the same as in Fig. 2. Black circles mark
the curve maxima. Panels (a) and (b) refer to co- and counter-
rotating laser modes, respectively.

(a)

(b)

FIG. 6. Relative rate enhancement due to dynamical assistance
for different values of the main mode frequency. The γ-photon
frequency and assisting mode parameters are the same as in
Fig. 2. Panels (a) and (b) refer to co- and counter-rotating laser
modes, respectively.
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We have shown that the assistance from the weak laser
mode can enhance the pair creation rate by several orders of
magnitude. In particular, the enhancement is more pro-
nounced when the two laser modes have opposite helicities.
This interesting effect can be attributed to a lowering of
the angular-momentum barrier of the process. The relative
enhancement due to dynamical assistance, as compared
with the rates for nonlinear Breit-Wheeler pair creation by
each laser mode separately, was found to be the larger, the
smaller the main mode frequency and the assisting mode
intensity parameter are. Quite complex structures have
arisen when instead the assisting mode frequency is varied,
which are caused by multiphoton-channel closings.

Our analysis complements a previous study where
dynamically assisted nonlinear Breit-Wheeler pair creation
of scalar particles was considered for mutually orthogonal,
linearly polarized laser waves [42]. It is of potential
relevance for future experiments on strong-field pair
creation at high-intensity laser facilities [23–27].
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