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We derive a linearly causal and stable third-order relativistic fluid-dynamical theory from the Boltzmann
equation using the method of moments. For this purpose, we demonstrate that such a theory must include

novel degrees of freedom, corresponding to irreducible tensors of ranks 3 and 4. The equations of motion

derived in this work are compared with numerical solutions of the Boltzmann equation, considering an

ultrarelativistic, classical gas in the highly symmetric Bjorken flow scenario. These solutions are shown to

be in good agreement for a wide range of values of shear viscosity and initial temperatures.
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I. INTRODUCTION

Relativistic fluid dynamics has been successfully used to
describe the quark-gluon plasma (QGP) created in relativ-
istic heavy-ion collisions [1-3] at the Large Hadron
Collider (LHC) and the Relativistic Heavy Ion Collider
(RHIC). To accurately describe the evolution of the QGP,
dissipative effects cannot be neglected as they are essential
in describing rapidly expanding systems, and, indeed, they
play a fundamental role in describing the observed flow
coefficients [4]. Currently, second-order theories of fluid
dynamics are the most widely employed in the description
of relativistic viscous fluids, since such theories can be
constructed to be linearly causal and stable around global
equilibrium [5—10].1 We remark that the most traditional
second-order theory is due to Israel and Stewart [16],
developed in the 1970s for applications in cosmology, but
several additional formulations have been developed ever
since [17-25].

Naturally, one may also consider the derivation of third-
order relativistic fluid-dynamical theories. As a matter of
fact, several authors have already investigated this topic,
using different frameworks, e.g., a gradient expansion [26],
a phenomenological description using the second law
of thermodynamics [27,28], and kinetic theory, using a
method inspired in the Chapman-Enskog expansion [29].
In particular, the latter formulation was shown to be in good
agreement with solutions of the relativistic Boltzmann
equation [29,30]. These studies were performed assuming
the highly symmetric Bjorken flow scenario [31], where
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solutions of the Boltzmann equation can actually be obtained
without resorting to complex numerical schemes [32,33].

Recently, the third-order formalism developed in
Ref. [29] was shown to be linearly acausal and
unstable [34], presenting the same pathology originally
observed in Navier-Stokes theory [35]. An ad hoc modi-
fication to this theory was proposed in Ref. [34], to address
the aforementioned problem. The goal of this paper is to
obtain a more fundamental version of this framework
from kinetic theory using the traditional method of
moments [23]. We shall demonstrate that, to obtain
equations that include all terms that are asymptotically
of third order in gradients, it is necessary to include novel
degrees of freedom that correspond to irreducible tensors
of ranks 3 and 4, while the fluid-dynamical theories
developed so far only considered irreducible tensors of
ranks 0, 1, and 2. Finally, we show that solutions of our
third-order fluid-dynamical formulation are in good agree-
ment with solutions of the relativistic Boltzmann equation
assuming a Bjorken flow scenario.’

This work is organized as follows: in Sec. II, we discuss
how the basic conservation laws emerge in a Kkinetic
description and express all fluid-dynamical variables as
moments of the single-particle distribution function. In
Sec. III, we explain the method of moments and how the
single-particle distribution function is expanded using a
basis of irreducible tensors constructed from the
4-momenta. We also outline the equations of motion for
the irreducible moments of the single-particle distribution
function, which are used to derive fluid dynamics. In this
section, we present, for the first time, the equations of

*The Boltzmann equation is valid for the description of dilute
gases and, in this sense, its applicability to describe heavy-ion
collisions is not always clear. Here, we use it as a proxy to
understand the emergence of hydrodynamic behavior.

© 2023 American Physical Society


https://orcid.org/0000-0001-5237-2701
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.096020&domain=pdf&date_stamp=2023-11-21
https://doi.org/10.1103/PhysRevD.108.096020
https://doi.org/10.1103/PhysRevD.108.096020
https://doi.org/10.1103/PhysRevD.108.096020
https://doi.org/10.1103/PhysRevD.108.096020

CAIO V.P. DE BRITO and GABRIEL S. DENICOL

PHYS. REV. D 108, 096020 (2023)

motion for the irreducible moments of ranks 3 and 4. In
Sec. IV, we explain how fluid dynamics is derived using the
method of moments and detail how the truncation pro-
cedure must be modified to obtain a transient third-order
theory. Finally, in Sec. V, we compare the solutions of our
theory with solutions of the relativistic Boltzmann equation
in a Bjorken flow scenario. In Sec. VI, we summarize our
work and present our conclusions. Throughout this work,
we adopt natural units, ¢ = kz = A =1 and the mostly
minus convention for the Minkowski metric ten-
sor, g,, = diag(1,-1,-1,-1).

II. RELATIVISTIC FLUID DYNAMICS
AND THE BOLTZMANN EQUATION

The Boltzmann equation describes the time evolution of
the single-particle momentum distribution of a dilute gas. It
is an integro-differential equation of the form [36]

1

0o, = [ aKapar (5yfudid = fufuTuiy

X Wkk’<—>pp’ = C[f]’ (1)

where fy = f(x,k) is the single-particle distribution
function, k* = (Vk? + m?,K) is the 4-momentum, with
m being the mass of the particles, Wiy .,pp is the Lorentz-
invariant transition rate, and dK = dk/[(27)?k°] is the
Lorentz-invariant volume element in momentum space. We
further defined f = 1 — afy, with a = -1 (a = 1) for
bosons (fermions), while a = 0 for classical particles.

The main equations of relativistic fluid dynamics are the
continuity equations that describe the conservation of the
number of particles (when considering binary collisions),
energy and momentum, given, respectively, by

9,N* =0, (2a)
9,T" =0, (2b)

where N* is the particle 4-current and 7" is the energy-
momentum tensor. These conserved currents can be
expressed in terms of their parallel and orthogonal compo-
nents with respect to the fluid 4-velocity, u* = y(1,V),
a normalized timelike 4-vector, u,u* =1, with y =1/

V1i-v2 being the Lorentz factor. In this case, they read

NV = nu' + n*, (3a)
T" = eutu? — A" (Py +T1) + WHuX + W¥ut + 2, (3b)
where n is the particle density in the local rest frame of
the fluid, n* is the particle diffusion 4-current, € is the energy

density in the local rest frame of the fluid, A" = ¢** — u"u”
is the orthogonal projection operator onto the 3-space

orthogonal to u#, P is the thermodynamic pressure, IT is
the bulk viscous pressure, W# is the energy diffusion
4-current, and 7 is the shear-stress tensor.

The conservation laws, Egs. (2), can also be decomposed
in terms of parallel and orthogonal components with
respect to u/, leading to

Nt = n+nf+V,n* =0, (4a)
u,0,T" =&+ (¢ + P)0 — n%0,5 = 0, (4b)
Af0, T = (e+P)it =V*P—aig+ AV, 7 =0,  (4c)

where u*0, = d/dr is the comoving time derivative,
0=0,u" is the expansion rate, o** = Awvap Vi1 is the shear
tensor, with A = (AFAAY + AMPAV®) /2 — A AP /3
being the double, symmetric, and traceless projection
operator orthogonal to the 4-velocity, and V, = A}d, is
the projected 4-derivative.

In the context of relativistic kinetic theory, the particle
4-current and the energy-momentum tensor are identified
as the first and second moments of the single-particle
distribution function, respectively [37,38],

N+ = / dKK fy, = (k"), (5a)

T — / AKKKY i, = (KR, (5b)

Once again, following a decomposition in terms of u*, the
4-momentum, k*, can be expressed as k* = Eyu* + KW,
where Ey = u, k" is the energy in the local rest frame of the
fluid, and k") = A#k,, is the orthogonal projection of the
4-momentum. Then, Egs. (5a) and (5b) can be cast in
the following form:

N = (E)ut + <k</‘>>, (6a)

1
T = (B 45 8 {by) - Bk )

+ <Ekk<”>>u" + <k<”k”>>, (6b)

where we have defined by = A, k*k and employed the

notation AW #e) = AJIH Ave to denote the irreducible
projection of an arbitrary tensor A¥"*7, with AJ!"}* being
the 2¢/-index traceless (for £ > 1) and symmetric projection
operator orthogonal to the 4-velocity in all u- and v-type
indices; cf. Refs. [37,38]. Comparing Eqgs. (6a) and (6b) to
Egs. (3a) and (3b), respectively, it is then possible to
identify the fluid-dynamical fields as moments of fy,
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n=(B), = (k) e=(E}),
Py+1I= —%(bk>, WH = <Ekk<ﬂ>>’ o — <k<yku>>_
(7)

It is then convenient to express the single-particle
distribution function as

Sk = fox + 6/« (8)
where fy is the local equilibrium distribution function,

1
— exp(foEx —ap) +a’

fox ©)
with g = 1/T being the inverse temperature, ag = u/T
being the chemical potential over temperature, commonly
referred to as the thermal potential, and §f) denoting a
deviation from equilibrium. At this point, it is convenient to
employ the following notation, introduced in Ref. [23]:

()= de(' ) ok
()5 = [dK(-+)5fk.
(10)

(-y=(-Jg+ ()5 where {

Wherefore, from Eq. (7), we can write the equilibrium and
nonequilibrium fluid-dynamical fields as

1
no=(Ex)o» ””:<k<”>>5» 0= (E})o. PO:_§<bk>0v

M=—Lip), W”:<Ekk<”>>, zr/‘”:<k<”k”>> (11)

3 5 s
Here, matching conditions are employed to determine the
temperature, 7, and chemical potential, x, in such a way
that the particle density and the energy density are fixed to
their respective equilibrium values, thus leading to the
conditions (Ey)s = (EX); =0 [38]. In the following,
we shall use Landau matching conditions [39] which
further impose that the energy diffusion 4-current vanishes,
W+ = 0.

III. METHOD OF MOMENTS

In this section we provide a brief introduction of the
method of moments [23,37,38], originally developed by
Grad for nonrelativistic systems [40]. It is one of the most
widespread frameworks to derive relativistic fluid dynamics
from the Boltzmann equation. Unlike the Chapman-Enskog
method [41], which yields theories that are unsuitable to
describe relativistic fluids [7-9,12,35,42-44], the method of
moments leads to formulations that may be causal and stable,
at least in the linear regime [5—10].

A. Outline

The first step is to rewrite Eq. (8) in the following form:

fk:fOk(1+}0k¢k)’ (12)

where we have expressed the nonequilibrium
correction to the single-particle distribution function as
ok =61 /( fOkak). Then, ¢y itself is expanded in terms
of a complete orthogonal basis of irreducible tensors,

P = Z’Igllmmk(ﬂl k) (13)
£=0

where the tensors k%1 .. k#) satisfy the following ortho-
gonality condition [37,38]:

/dKF(Ek)k<"l -~-k"f>k<yl k)

fléfm "
:mAﬁf--ﬁi/dKF(Ek)bk, (14)

with F(Ey) being an arbitrary function of Ej [23]. The

1 He)

expansion coefficients /15(” can be further expanded

using a basis of orthogonal functions Pl(f;),

N,

14
=Y oyrrIpl), (15)
n=0

/'Ll<(ﬂl o)

with N, being the number of terms considered in the
expansion. A detailed discussion on how to truncate this
expansion is developed in Sec. IV. The functions Pl(j,) are

conveniently chosen to be a power series of Ey,

Py =" aiE. (16)
r=0

and are constructed to satisfy the following orthogonality
condition;

/ dKo PP\ — 5, (17)

with the weight »(*) being

N@) ~
9 = YRR (Aa/}kakﬂ)ff()kak- (18)

(
Tt

For the sake of convenience, we take PE«? =1, for any

value of . The remaining elements of the basis, as well as
the normalization constants N (¢ ), are then obtained using
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the Gram-Schmidt orthogonalization procedure (see
Appendix E of Ref. [23] and Ref. [38] for details).

The irreducible moments of the nonequilibrium distri-
bution function are defined as

plrHe = <E|r(k<”‘ e kﬂf’>>5, (19)
and can be shown to be related to dY"*) through
. NO e (£
q)fzﬂ He) 720p/;l Wa’(”)‘ (20)

Finally, the expansion of the single-particle distribution in a
basis of irreducible momenta reads

& N )
fk:f0k+f0kf0kzzzj\;! ay)

=0 n=0 r=0

4
x Pi(n)p;’f] Wk(#l o .kﬂf>’

(21)

At this point, we note that the fluid-dynamical variables
in Eqgs. (11) can be expressed in terms of the irreducible
moments as

1
M= —zmpy, " = pf, W = pll, 2 = . (22)

As it was previously discussed, the traditional Landau
matching conditions imply that p; =0, p, =0, and
WH = p} = 0. We note that a derivation of fluid dynamics
from the method of moments considering generic matching
conditions was studied in Ref. [45].

B. Equations of motion

To obtain the evolution of the dissipative currents, it is
necessary to calculate the equations of motion satisfied by
the irreducible moments. The equations of motion for the
moments of ranks 0, 1, and 2 have already been derived in
Ref. [23] and are reproduced below. First, the equation of
motion for the scalar moment is

G r v G r
pr=Coo + 00+ rpl_yi, =V, pl 2 0,nk + [(r — Py + =7 oy,
D5 Dy
1 2 G2r
+5 |(r=1m’p,_ = (r +2)p, —3~T1|0. (23)
3 Dy

The moments of rank 1 satisfy the following equation of motion:

v Q| 14 1 Q,
Pl = Cly o+ al Viag o+ rinplty = NVl pl ), 4 S = mPpl_y = (r 4+ 3)110 + (r = Dogpr s

1 1 1
+3lrmPpy = (r 4 3)p it =3V m%p,y = priy) + 5120 = 2)mPpi_y = (2r + 3)pi]a,

J
+ ﬂgiz J;*;; (i — VHII + Ala,z+%), (24)

while the irreducible moments of rank 2 satisfy
) )y () 2 4 2 v v
pr = Cr—l + 2a," 0" + E [(I" - 1)m Pr—2— (27‘ + 3)m Prt (r + 4)pr+2]6ﬂ + rp/;_lu/l
2 i .y 2 v v A 2 va,
+3 [rmzpﬁ’il - (r+ 5)p§’+1} i =SV (mzﬂ)-l - prll) + 200", + (r= )Y 4
2 A A v 1 v v v a
+ 2 [@r=2mol = @r 4 5)pi| o) + 5 [(r = oty = (r+ 410 - MV (25)
Furthermore, in this work, we also calculate the equations of motion for the irreducible moments of ranks 3 and 4, since

these currents are essential to the derivation of a third-order formalism [34], as it will be discussed later. For the irreducible
moments of rank 3, we obtain

- (v vy | 1 v v 6 .

p = Cililﬁ> +§ [(V - )m2p = (r + 5)pf 1}0 + 35 o [(r B 1)m4pi>_2 - @rSympl + (r+ 6)/)?)*2}
3 V. L.

7V<” (mzpr/?l _Prﬁl)

3 v v . L, apo; VAQY
5 [l = (r+ )l [ i) = MY, 4 (= Vo (26)

oy 1 vi)a vi)a .
+ 3,0(r<” a)/1>a 4 §6(<1# [m2(2r _ 2)prﬁ>2 - (2r+ 7)'0/1) } =+ ruap}w/la -
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Finally, the irreducible moments of rank 4 satisfy the following equations of motion:
. va, v va, voy r voy 4 oy 1427 va, oYY,
pﬁﬂ p) _ C(ﬂ p) + rigpt Pr 4 4n [ 5 s /i> _ <1 +§>pr+ﬂl>} _§v( (mzp, /i) pr+/3l>) A;éwazv/{ rl/ﬂﬂ
4 ¢f [eJ [eJ rva vapLc
oo (= moly = @r+ Tymp? + (r 4 8)ph | +4p 0, + (r = oyl
4 1427 1427 1 va voy
+ ol | @r=2ml ) = @r+ 9| 42 |(r = Dol — (4 6)0 0. (27)

In deriving these equations, we have used the following identities:

1
KR W) = ) + gA”"bk, (28a)
1
K pla) = plejev o 1 5 by AW k(@) (28b)
( 6 3
K W @ B = kv ko kP + 5 by AW k@ B) — = by AFEAD) (28¢)
10 15,
K 1@ D) jle) = g ke il kep) - > by AW @ P o)) — 3 by AW AZP ) (28d)
15 45
K k) @) | B pod jelo) = jelejer k@ kP kP ko) - I b AW k@ B) ) (o)) — 99 bk by A (v AP |P) Jlo))
15
+ 293 bk S AW AT AP, (28e)

where the parentheses denote all possible permutations between the indices. We further used the equations of motion for the
thermal potential, inverse temperature, and 4-velocity, that stem from the conservation laws, Egs. (4),

ao:D—{ J30(nof + 0,n") + Jao[(&9 + Py + )0 — 75, ]}, (292)

20

. 1

Po = Do {=J20(n00 + 9,1n*) + J1o[(eo + P + )0 — 2**0,, |}, (29b)
20

= ViP —ILit* + VAL — Ak o, n), 29

" & +P0( o ) )

and introduced the following thermodynamic variables: (=1}
v [ AKEb o (310

=
aso) =1-ri, _IrO_&UZOGZr_GSr)’ (30a) @+ Dy
Dy
1 Gij=JioJjo —Jic10d j4+1.0 (31c)
a! =J1—hy' . (30b)
Dy =JijJic1j— (-]ij)27 (31d)
2) _
=1, — D)1, 5,. 30 . .
¢ w21+ (r=Dlriaa (30c) and defined the generalized collision term
We have also employed the notation
Cgm--m = /dKElr(kw ...kmc[f], (32)
’ :(;W/dKE’ bl fox (31a)
Yoo2j+ ! . following the notation of Ref. [23].
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The equations of motion for the irreducible moments up
to rank 2, Eqs. (23)—(25), all have the same structure: the
dominant terms are the so-called Navier-Stokes terms, which
are given by irreducible projections of first-order derivatives
of temperature, chemical potential, and 4-velocity, i.e., V¥a,
0, and ¢". These types of terms are of first order in the
Knudsen number and appear as the dominant contribution in
a gradient expansion of these irreducible tensors [37,38]. The
remaining terms in these equations of motion are at least of
second order in Knudsen number in a gradient expansion.

The equations of motion for the irreducible moments of
ranks 3 and 4, Eqgs. (26) and (27), respectively, on the other
hand, display qualitative differences from the scenario
depicted above. First, such equations do not contain any
term that is of first order in the Knudsen number. This
happens because it is not possible to construct irreducible
tensors of rank higher than 2 solely from first-order deriv-
atives of temperature, chemical potential, and 4-velocity.
Therefore, in these equations of motion, the dominant
contribution in a gradient expansion is at least of second
order in the Knudsen number. Thus, in the same way that
gradients of 7', y, and u* act as source terms for the dissipative
currents appearing in N* and 7", irreducible moments of
ranks 1 and 2 and derivatives thereof act as the dominant
source terms for the irreducible moments of ranks 3 and 4.

We finally note that the irreducible moments of ranks 3 and
4 only appear in the equations of motion for p,, p, and p”
multiplied by a term of first order in gradients or being
differentiated. Thus, such contributions would be at least of
third order in a gradient expansion. This is the reason why
these terms are usually neglected in the derivation of the so-
called second-order theories [23], since such formulations
only include contributions to the conserved currents that are
up to second order in a gradient expansion. In this work, our
goal is to derive a third-order theory and, for this purpose,
these contributions cannot be ignored. Thus, as argued in
Ref. [34], we shall include degrees of freedom that can be
matched to irreducible tensors of ranks 3 and 4 and will
incorporate such corrections. We remark that irreducible
moments of rank 5 or higher are at least of third order in the
Knudsen number in a gradient expansion (appearing as
corrections of fourth order or higher in the dynamics of
the particle diffusion 4-current and the shear-stress tensor)
and will not contribute to a third-order formulation.

The next step is to use the equations of motion for the
irreducible moments of the nonequilibrium distribution
function, Eqgs. (23)—(27), to obtain a closed set of equations
of motion for the dissipative currents. This task is the main
goal of this paper and will be carefully performed in the
following section.

IV. HYDRODYNAMIC EQUATIONS FROM THE
METHOD OF MOMENTS

It is now necessary to truncate the expansion of
the nonequilibrium distribution function to describe a

fluid-dynamical system using a reduced—and, in particu-
lar, finite—number of degrees of freedom. In this section,
we detail the truncation procedure adopted in this work, an
extension of the 14-moment approximation developed by
Israel and Stewart [16], and employ it to obtain a set of
third-order fluid-dynamical equations.

A. A new minimal truncation scheme

In their original work, Israel and Stewart [16] truncated
the expansion of ¢ at second order in momenta,

1S = 2+ Mk, + 2k, k, + O(K). (33)

In this truncated expansion, there is a total of 14 degrees of
freedom, which can be matched to the number of inde-
pendent components of the particle 4-current, N, and the
energy-momentum tensor, 7#*. This procedure is usually
referred to as the 14-moment approximation.

This approach can also be implemented using the
complete basis of irreducible tensors introduced in the
previous section [23]. In this case, one expresses ¢ up to
second order in momenta as

S = D + 4k + A kkyy + O(K). (34)

The coefficients Ay, /11<(”>, and /1|<(” Y now carry a momentum
dependence and are written in terms of orthogonal poly-
nomials so that only terms that are of second order or less in
momentum remain,

/Ik = (DO + P]((OI)(I)] + Pl((oz)q)z, (353)
0 o+ Aol st
W= o, (35¢)

This approximation corresponds to truncating the expan-
sion defined in (15) using No =2, Ny = 1,and N, = 0 and
is equivalent to the 14-moment approximation proposed by
Israel and Stewart.

As already stated, the truncation above is not motivated
by an expansion in terms of a small parameter, as occurs in
the Chapman-Enskog expansion [41]. It is a truncation in
degrees of freedom, and one simply stops when the number
of degrees of freedom in the expansion becomes identical
to the number of degrees of freedom expected in the fluid-
dynamical theory (in the case of second-order fluid dyna-
mics, 14 fields). For this reason, we included three terms in
the expansion of the scalar coefficient (£ = 0), since one of
them is mapped onto the bulk viscous pressure, while the
other two are determined from the matching conditions
that define the temperature and chemical potential. For the
4-vector coefficient (£ = 1), we included two terms, since
one is mapped onto the particle diffusion 4-current and the
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other onto the energy diffusion 4-current—one of these
currents (here, the energy diffusion) is traditionally
eliminated by matching conditions that define the fluid
4-velocity. Finally, for £ = 2, we included only one term
in the expansion that is mapped onto the shear-stress
tensor. This truncation procedure is usually referred to as
a minimal truncation scheme.

Recently, it was argued in Ref. [34] that, to obtain a
linearly causal and stable third-order fluid-dynamical
theory, the shear-stress tensor must be coupled to a novel
dissipative current that satisfies its own transient dynamics.
In the linear regime, this novel degree of freedom corre-
sponds to an irreducible third-rank tensor, which effectively
describes part of the third-order contributions that appear in
the theory. As we argued in the previous section, in the
nonlinear regime, fourth-rank tensors will also contribute to
a third-order fluid-dynamical theory. Therefore, this will
require including more degrees of freedom in the moment
expansion and the truncation procedure described above for
the nonequilibrium correction ¢, must be reevaluated.

We then propose a new minimal truncation for the
expansion of ¢y that takes the following form:

¢fs{rd—order =N + /1]<(ﬂ>k(y) + ﬂf{”wk(ﬂkb) + ﬂglu@k(ﬂkyka)
+ 2Pk e kg + O(KS). (36)

We note that, recently, the truncation of the expansion of
the distribution function in momenta of rank 3 has also
been studied in the context of relativistic shock waves [46].

(H1-pe)

The expansion coefficients A are given by

M =0+ PV, + P, (37a)
A = ol 4+ Pl (37b)
A = o), (37¢)

A — @i (37d)
amab) _ plpwet). (37¢)

The expressions for the expansion coefficients of ranks 0, 1,
and 2 are identical to the ones used in the 14-moment
approximation [see Egs. (35)]. The expansion coefficients
of ranks 3 and 4 are new and guarantee that irreducible
moments of ranks 3 and 4 can be introduced as novel
dynamical variables. This is the minimal truncation scheme
for a linearly causal and stable third-order theory. We note
that these new terms in the expansion of ¢y increase the
number of independent fields from 14 to 30, since each
tensor contributes with 2 + 1 degrees of freedom, with ¢
being the rank of the respective tensor, given that they are
symmetric, traceless, and orthogonal to ## in all indices.

B. Equations of motion

So far, we have truncated the expansion for the non-
equilibrium distribution function, imposing that it can be
determined in terms of 30 degrees of freedom. This
procedure will naturally lead to a closed set of equations
of motion for such variables. For the sake of convenience,
we shall now derive relations between the irreducible
moments of the nonequilibrium distribution function and
the coefficients of the truncated moment expansion. In
other words, our goal is to obtain relations between ®,!"**
and the irreducible moments p}'**. From Egs. (13)—(16),
one can show that

n

N
P = 1S S O e (39

n=0 m=0

Therefore, given the truncation scheme adopted (Ny = 2,
N, =1, and N, = N3 = Ny, = 0, with higher-rank con-
tributions being completed neglected), it follows that the
irreducible moments are given by

pr =711, (39a)
ol =yint, (39b)
P =y, (39¢)
P = e, (39d)
Pt = yeml, (39)

where we have defined Q*** = p** and @ = p’émﬂ , and
introduced the following thermodynamic coefficients:

7/9 = AHJV,O + AHJrJr].() + Cl_[]r+2.()’ (403')
o a0 " J31d 130 ’ (40D)
D5, D5,
yr = Jriaa g _ Jri63 o _ Jri84 (40c)
T da T Jes Tsa
with
3 D
Ap=—— 30 . (41a)
m 120D20 + J30G12 + J4OD10
3 G
By =-—5 2 . (41b)
m J20D2() + J30G12 + J40D10
3 D
o 2 (410)

m? JooDog + J30G1z +J30D1o
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In particular, note that there is an infinite number of
equations of motion for the irreducible moments, labeled
by the subindices r; cf. Egs. (23)—-(27). Therefore, there is
an ambiguity in the choice of the dynamic variable of the
theory: one has the freedom to take any particular value for
r and construct the theory around the corresponding
irreducible moment [22]. Following Ref. [22], we choose
r =0, hence taking the equations of motion for the
irreducible moments pj' " as the starting point for our
derivation.

A relation for the generalized collision term in terms of
the irreducible moments is still required. For the sake of
simplicity, in this work we employ the relaxation time
approximation [47,48]. For the matching conditions
employed in this work and assuming an energy-indepen-
dent relaxation time, this approximation yields

Clf = = -ofi. (42)

with t; being the relaxation time. In this case, we obtain a
rather simple expression for the generalized collision term,
given by

17 He

We remark that such a prescription for the collision term
is only consistent with the conservation of energy and
momentum as long as one imposes Landau matching
conditions. A generalization of the relaxation time appro-
ximation for which the conservation laws are fulfilled
for arbitrary matching conditions was first addressed
in Ref. [48].

We are now in position to obtain a closed set of equations
of motion for the dissipative currents, I1, n*, and 7***, and,
more importantly, for the novel fields Q“** and ®*“* . For
this purpose, we insert the relations in Egs. (39) and (43)
into the equations of motion for the irreducible moments,

|

Egs. (23)—(27), for r = 0. We then obtain, for the bulk
viscous pressure,

THH + 1= —69 - TnnnMV”PO - fnnaﬂnﬂ - 61_[1_[1_[9
+ A"V, a0 + Aoy, (44)

For the particle diffusion, we have

7,0% + nt =k, Viay — t,n,0"* — 8,,n"0
+ 7,n[IV*Py — 7,7V Py — €, VFII
+ Ly AT = 0" + A TVH e,
= Ape NV 0 — Tnyg_zzﬂﬂaﬁaaﬁ. (45)

The equation of motion for the shear-stress tensor reads

T,,ir<”’“> + 7" = 2ot + 2T,,7r/<1” o’ — O ppitt 0 — T,mﬂff’ )

+ Ao — 7,n* V¥ Py + £,V ¥n?)
+ /17n1n<ﬂvy> ap + Tr <_}/£—2] Aﬁ;vﬁgaﬂﬂ
+ ﬂﬂggﬂldviao + Tﬂguagﬂva

o, ). o

We remark that these equations are identical to the ones
obtained in Ref. [23], with the exception of the third-order
corrections that are considered in the present work. The
expressions for the novel transport coefficients of the
theory are explicitly listed in the Appendix. The coeffi-
cients that already appeared in the second-order version of
this formulation can be found in Ref. [23].

The dissipative currents are now coupled to novel
degrees of freedom, which satisfy their own equations of
motion. First, the equation of motion for Q** is derived
substituting Eq. (39d) into Eq. (26) for r = 0, leading to

) 3
TQQOWG) + QT = 5999’4”&9 + f9n0<ﬂ’/na> + 3799’19‘”(0“)1 + TQQJE”QMXM + iﬂngﬂ'y@ + /19,,71<’“’V">a

+ TQ,,HWV“)P — 31.97/71:”(;”/”0:) + AQ@@”UGﬂVﬁa + TQ@@’H/aﬂI;tﬁ — TQY?IAgZZVﬂGAGpﬂ. (47)

Finally, substituting Eq. (39¢) into Eq. (27) for r = 0, one
obtains an equation of motion for @,
TG(;)(ﬂmﬂ) 4 @uah — 5®®@ﬂ»aﬂ9 + 4T®@i<ﬂvaa)ﬂ> 3

+ T@@af{' Qv 4 £ oW gP)

+ oo VHQYP) 1060 HQrap)

+ Ao VP qy, (48)

|
where all transport coefficients in these equations are listed
in Appendix. We emphasize that, since we employ the
relaxation time approximation, all relaxation times are
identical, 7 =1, = 17, = 79 = 79 = I-

These are the third-order fluid-dynamical equations from
the method of moments. In the derivation of Eq. (48), we
have used Eq. (29¢) to express gradients of the thermody-
namic pressure in terms of the time derivative of the fluid
4-velocity, further omitting fourth-order terms. On top of
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that, we have also used the covariant version of the Gibbs-
Duhem equation,

vﬂﬂo (”ovyao —ﬁovﬂpo)- (49)

T et Py

Moreover, causality and stability of a linearized version
of this theory were first investigated in Ref. [34] and such
properties are simultaneously fulfilled as long as the
transport coefficients satisfy the following inequalities:

n 27
37,(1 - Cg) —480 TP, TQ > 571979177:(1 - C%) (50)
4n
3(1=c)z, > 51
(1=, 2 T (51)

which are Egs. (104) and (105) of the above-mentioned paper
adapted to the notation used in the present work (7, — nar?,
and 7, — 7). The second condition is well known and is also
applicable to second-order theories while the first condition is
specific to third-order theories. In particular, with all the
assumptions considered in this work, i.e., the classical and
massless limits, as well as the relaxation time approximation,
the conditions above simplify, respectively, to

49
Ho < ?TTH, (52)
21
T Z ’ 53
w2 p (53)

where we have used that ¥, = 1/(77) in the classical and
massless limits. Our results for the transport coefficients, 7, =
5n/(ey + Py) and ng = 677, listed in Appendix, are thus
consistent with the fundamental conditions listed above.
Naturally, it is necessary to verify if these conditions are still
satisfied when the full collision term is considered.

V. BJORKEN FLOW

We are interested in analyzing the agreement between the
solutions of the third-order equations of motion with sol-
utions of the relativistic Boltzmann equation. A particularly
convenient configuration to perform this study is the Bjorken
flow [31], ahighly symmetric framework constructed as a toy
model for studying relativistic heavy-ion collisions. In this
case, it is rather convenient to employ Milne coordinates,
which are related to Cartesian coordinates through

=12 =72, 5, = tanh™! (%), (54)

with 7 being the proper time and 7, being the spacetime
rapidity. The first is invariant under Lorentz boosts in the
z-direction, while the second is simply shifted by a constant

value under such boosts. Milne coordinates are described by
the following metric tensor:

G = diag(1,—1,-1,-7%), (55)

and therefore the only nonvanishing Christoffel symbols are

Go=e Th=Th=1. (5

A series of assumptions is taken for simplicity. First, it is
assumed that the fluid is homogeneous in this coordinate
system. That is, all the fluid-dynamical fields do not depend
on the spacetime coordinates, x, y, and 7, only on the
proper time, 7. We further assume that the system is
symmetric under rotations in the transverse xy-plane and
is symmetric under reflections around the longitudinal
ng-axis.

In Milne coordinates, we assume the trivial solution for
the fluid 4-velocity, u* = (u*, u*, w’, u’s) = (1,0,0,0). We
also note that the aforementioned assumptions further
imply that all 4-vectors that are orthogonal to u* vanish,
since there cannot be any preferred direction in the trans-
verse xy-plane and in the longitudinal 7,-axis. Therefore, in
Bjorken flow, both the particle diffusion 4-current, n#, and
the energy diffusion 4-current, W¥, are zero. Moreover, it
can be shown that spatial gradients of scalar functions are
identically zero [38]. The shear tensor and shear-stress
tensor, on the other hand, can be expressed in the following
form:

1 1 2t T T
:d 0_7_7__ 5 MD:d. O,—,—,——’
On 1ag<’3r 37 3> " lag< 22 12)
(57)

while the expansion rate is given by @ = 1/7. Therefore, the
conservation of energy, Eq. (4b), reduces to

ﬁz—l(e%—P—zz). (58)
dr T
The momentum conservation equation, Eq. (4c), is trivially
satisfied. To compare our results to those of Ref. [29], we
neglect any contribution of the particle density, setting it to
zero, and Eq. (4a) becomes trivially satisfied as well.
Since we consider a classical gas of massless particles,
the energy density and thermodynamic pressure are related
through ¢ = 3P. On top of that, the energy density is a
quartic function of the temperature, € ~T*. It is then
convenient to rewrite Eq. (58) as a differential equation
for the temperature,

dr T

E—E(ﬁ—l), (59)

with # = 7/ (ey + Py).
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Tp=300 MeV, 7p=0.25 fm
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Pressure anisotropy in Bjorken flow for RHIC (left panel) and LHC (right panel) energies, as calculated from the Chapman-

Enskog method [29], method of moments and solutions of the Boltzmann equation from BAMPS for several values of 77/ s, considering

19 =7, = =% [23].

The next step is to obtain the equations of motion for the
dissipative currents that couple with the conservation of
energy and momentum in Bjorken flow. First, we note that
the bulk viscous pressure is zero, since we are considering a
system of massless particles [cf. Eq. (22)]. As already
stated, the particle diffusion 4-current is identically zero
in Bjorken flow, since it is orthogonal to the 4-velocity.
Furthermore, all irreducible moments of odd rank also
vanish in this framework [38]. Wherefore, the relevant
fluid-dynamical equations reduce to

T,[z'ro"“) + " = 2nott — 6,70 — T,mzrg” oV

— 7,79, 0P Cups (60a)
T@@(/wa/i) 4 Quap — 5®®®yuaﬁ9 + T®®6§ﬂ®uaﬁ>i
+ o0 aP) . (60b)

In the massless limit, these transport coefficients are

5]’] 57[” 4 Trr 10 ® 1 5@@
T”’:_’_:_’_:_’y—z:—z’—
Ts o, 3 7, 7 12T 7¢
36
= 2,500 _ T p — 64T, (61)
(1¢) 11

where 7 is the shear viscosity coefficient and s is the
entropy density. We remark that the first three transport
coefficients were first calculated in Ref. [23], while the last
four were calculated in this work. Once again, general
expressions for the latter can be found in Appendix.

It is convenient to define a unitary 4-vector, Zy =
(0,0,0,1), and project Egs. (60a) and (60b) with z,z,
and z,z,2,24, respectively, to obtain a closed equation of

motion for the longitudinal components of 7#* and @,
These equations then become

d 4 107 472 1§
om0 (60a)

dr t, 15¢ 21t 3¢ 727’

do » 168% 60(p @

ap _ _ ¢ 109z 0% _,¢n (62b)
dr 9 357 T« T

where we have used Eq. (59) to obtain an equation of motion
for the dimensionless variable ¢ = @)% /[(e + P)T?] and
employed the transport coefficients given in Ref. [23].

In Fig. 1, we compare the results for the pressure
anisotropy in Bjorken flow, defined as P; /Py = (1 — 4#)/
(1 +2#), calculated within the third-order formalism
developed in Ref. [29] (blue dashed lines), the one
proposed in this work (red solid lines), and solutions of
the Boltzmann equation (black dots). In the left panel, we
compare to solutions of the Boltzmann equation calculated
assuming the relaxation time approximation, with initial
time and temperature calibrated to describe the matter
produced in heavy-ion collisions at RHIC energies [32]. In
the right panel, we compare to solutions of the Boltzmann
equation calculated using the Boltzmann approach to
multiparton scatterings (BAMPS) [33]. The initial time
and temperature were calibrated to describe the matter
produced in heavy-ion collisions at LHC energies. In both
scenarios, we have assumed an initially isotropic pressure
configuration, P; /Py = 1. We see that solutions of both
third-order fluid-dynamical theories are in good agreement
with solutions of the microscopic theory, with the method
of moments displaying a slightly better description. We
remark that BAMPS solves the full Boltzmann equation
without relying on the relaxation time approximation for
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FIG. 2. Pressure anisotropy in Bjorken flow for LHC energies, as calculated from the Chapman-Enskog method [29] and method of
moments for several values of 7/s, considering 7 = 7, = 1 [23], as well as 7o = 0.4 fm, Ty = 500 MeV, and $(0) = 0.5.

e+P

the collision term. Thus, the agreement with the fluid-
dynamical calculations may suggest that this approxima-
tion is reasonable, at least for the purposes of describing the
time evolution of the shear-stress tensor.

In Fig. 2, we display the pressure anisotropy assuming
nonequilibrium initial conditions. In particular, we con-
sider two different scenarios, in which the pressure
anisotropy is either initially positive [#(0)=3/14] or
negative [#(0)=1/2]. In both cases, we consider 7, =
0.4 fm, Ty = 500 MeV, and @(0) = 0.5. Tt can readily be
seen that the agreement between solutions from the
Chapman-Enskog method and the method of moments is
stronger at sufficiently late times, especially when 7/s is
small. We remark that different values of @(0) do not
qualitatively change this behavior.

To =300 MeV, 7p=0.25 fm

—— Varying 7(0)
020 Varying $(0)
0.151
&
R 0.101
0.05 1
0.00 1
0 1 2 3 4 5
T/,
FIG. 3.
assuming g = 7, = E_i”P [23].

For the sake of completeness, in Figs. 3 and 4, we
display # and @, respectively, as functions of z/7,, for a
wide set of initial values of 7 (black solid lines) and ¢ (red
dashed lines), considering both the RHIC and LHC
scenarios described above. In both cases, we observe that
these quantities approach the same universal values at large
proper times, regardless of which set of initial conditions is
being used. This universal behavior displayed by the fluid-
dynamical variables at late times in spite of the initial
conditions is called the hydrodynamic attractor and was
first investigated in Ref. [49]. Here, we see that the novel
field ¢ also displays this attractor behavior.

Last, in Fig. 5, we compare a solution of Eq. (62b) to
two of its asymptotic solutions: (i) its lowest contribution
in a gradient expansion, @grq = 768#%/(357), and (ii) its

T() =500 MeV, T0= 0.4 fm

0.201 —— Varying #(0)
Varying ¢(0)
0.151
£ 0.10
R
0.05 1
0.00 1
0 1 2 3 4 5
T/,

# as a function of 7/z, for RHIC (left panel) and LHC (right panel) energies, considering several initial conditions for # and @,
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FIG. 4. { asafunction of 7/7, for RHIC (left panel) and LHC (right panel) energies, considering several initial conditions for # and @,

assuming g = 7, = Ei—”}, [23].
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To =500 MeV, 7p=0.4 fm

4 i —— Third-order
N e Gradient expansion
\ —— Slow-roll

Tty

Solution of @, starting from equilibrium, as a function of 7/z, and for /s = 0.5, compared to its respective Navier-Stokes

limit and zeroth-order slow-roll solution. Left panel shows the comparison for RHIC energies while the right panel shows the

comparison for LHC energies.

zeroth-order slow-roll solution [49-52], obtained by setting
(?) =0, ie.,

7687
Deowroll = ———————. 63
Pslow-roll 35(%+% + 271_) ( )
We consider LHC and RHIC energies and systems that
are initially in local equilibrium. In both cases, we
observe that the lowest order gradient expansion value
of @ can surpass its third-order solution by a factor of
~4, while the zeroth slow-roll solution provides a
considerably better agreement with the actual solution
at early times. On the other hand, the gradient expansion
leading solution converges to the hydrodynamic attractor

faster than the slow-roll solution. In the end, both
asymptotic values do not provide a good description
for the time evolution of .

VI. CONCLUSIONS

In this work, we have formally derived a linearly causal
and stable third-order fluid-dynamical theory from the
Boltzmann equation using the method of moments. We
demonstrated that equations of motion that include all
terms that are asymptotically of third order in gradients can
only be obtained by including novel degrees of freedom,
corresponding to irreducible tensors of ranks 3 and 4. This
is in contrast to the fluid-dynamical theories developed so
far, the so-called second-order theories, that only require
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the inclusion of irreducible tensors of ranks 0, 1, and
2—which are usually matched to the traditional fluid-
dynamical variables appearing in the conserved currents.
We generalized the minimal truncation scheme derived by
Israel and Stewart [16], so that these novel degrees of
freedom are taken into account in the derivation pro-
cedure. We derived all the equations of motion of this
theory and calculated its corresponding transport coeffi-
cients. Furthermore, we demonstrated that such transport
coefficients are consistent with the linear causality and
stability conditions derived in Ref. [34].

Last, we analyzed the derived third-order fluid-
dynamical equations within the highly symmetric frame-
work of Bjorken flow. We observed that the currents z**
and ©% are the only ones that provide nonvanishing
contributions in this flow profile, since we considered
massless particles in this comparison. We observed that
third-order fluid dynamics derived from the method of
moments provides results that are slightly different from a
derivation from the Chapman-Enskog method [29], but are
still in good agreement with solutions of the relativistic
Boltzmann equation both for LHC and RHIC energies.
Nevertheless, the formalism developed throughout
this work satisfies causality and stability in the linear
regime [34] and, thus, may be solved in more general
flow configurations.

As a future development, we intend to derive a third-
order fluid-dynamical theory without resorting to a minimal
truncation scheme or to the relaxation time approximation.
In this case, instead of directly truncating the moment
expansion, one should truncate the moment equation
employing a systematic power-counting scheme [23,38].
Such a derivation will provide more accurate expressions
for the transport coefficients of our theory.
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APPENDIX: LIST OF TRANSPORT
COEFFICIENTS

In the derivation of the equations of motion of the
theory, in Sec. IV, we have introduced several transport
coefficients.

First, in Eq. (46), we have defined

I - 3791
Ao = ht 2=
o <6a 0 0B,

oy
=fo ﬁl (A2)
where hy = (g9 + Py)/ng. Then, in Eq. (47) we introduced
Q= tR? (A3)
1
Oaq = —gfg(mzyg_zz +3), (A4)
6
an = _grﬂ(mély}iZ + sz - 67/3)’ (AS)
1
Coa = —579(2’"2}’92 + 7). (A6)
no = —ta(m*y", —77), (A7)
3 ay” ot oyrT o7
dop = —o1g | m2 (=L 4 1 Pt L1
e {’" (aao 0 0p, ) " \oao " o,
(A8)
()}’(:)1 679
dgo = —tq( oL+ byt ==L, A9
Q0 Tsz<aa0 + hy 9o (A9)
3 Po 2Ot Or
= —= —-——, Al10
far =T 1 P (’” by o (A10)
ar°
o0 = Tofo—, aﬁo (All)
Finally, in Eq. (48), we have
T — th (A12)
1
dpe = —§T®(7?zm2 +6), (A13)
4
Too = —HT®(2792’”2 +9), (Al4)
4
Coo = —579(’"2791 - }’?)’ (A15)
4
Cor = =57 Te(yTym* +7Tm* = 8y5),  (Al6)

21
4 o Lo ot Oy}
dog = —— hyl =L hyl =L
o0 9%{’" <a o 0 g ) " \aay 0 9p,

(A17)
22 _ﬁ)]
day  9fy) |

The remaining transport coefficients that were not
explicitly defined here can be found in Ref. [23].

Tea = —47¢ [7? —% <m (A18)
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In the massless and classical limits, the transport coef-
ficients listed above reduce to

P P 5
/1”9:—2—2,77:92701 QQ:—gfg,an
1447¢ 7 6 A 9 1
= —FF—. T = ——T7 = — T, = -
7,3(2) » TOQ 3 [oX/[o) B Q> AQr 14,30’
(A19)

dom = Pota o 97 o Pota 5
QG—_Y’TQ;Z—_HTQ"O’TQ@— 9 00
36 327
= —ZT@,Z/p@@ = —HT@,f@Q = 9ﬁ(?, (A20)
64’1’@ 8 70 2561’@
Cor =5 Ao = =57 Tog = — . (A21
o ,B(z) 00 95, [C19) 94, ( )

where we have used that iy = 4/f.
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