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The impact of momentum anisotropy of the medium on the heavy quarks (HQs) dynamics has been
investigated in a hot QCD medium while considering both collisional and radiative processes within the
ambit of the Fokker-Planck approach. The relative orientation of the HQs motion (momentum vector) with
respect to the direction of anisotropy is responsible for the character of transport coefficients. Therefore, the
drag and diffusion coefficients of the HQs are decomposed, respectively, into two and four components by
considering a general tensor basis. The transport coefficients of the HQs are decomposed into two (drag
coefficients) and four (diffusion coefficients) components by assuming a general tensor basis. Each
component of the drag and diffusion coefficient of the HQs has been analyzed in detail. It is observed that
the anisotropy has a significant impact on the transport coefficients of the HQ for both the collisional and
the radiational processes. The nuclear suppression factor, RAA, has been computed considering the
anisotropic medium. It is observed that the momentum anisotropy affects the RAA of the HQs significantly
in both elastic and inelastic cases.
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I. INTRODUCTION

There are strong indications that the hot QCD matter,
commonly termed as quark-gluon plasma (QGP), has
already been observed in ultrarelativistic heavy-ion colli-
sions (HICs) at Relativistic Heavy-ion Collider (RHIC) and
the Large Hadron Collider (LHC) [1–5]. The QGP turned
out to be short-lived with an expected lifetime of a few fm/c
(4−5 fm=c at RHIC and 10−12 fm=c at LHC) [6,7].
On the other hand, understanding the properties of the

QGP through the heavy quarks (HQs) (charm and beauty)
dynamics is a field of high interest as they are considered to
be one of the most prominent probes [8–20] since they are
produced at a very early stage in HICs and due to having a
huge mass, their thermalization time is quite larger than the
constituents particles of the medium. Consequently, HQs
can act as an excellent probe to witness the entire space-
time evolution of the QGP medium and acts as non-
equilibrium degrees of freedom in the equilibrated QGP.
In several studies, the associated experimental observables,
such as heavy-quark nuclear suppression factor, RAA, have

been discussed within the framework of the Langevin
dynamics [7,21–23]. The inclusion of momentum
anisotropy in these analyses is another crucial aspect in
the study of the HQs dynamics.
The momentum anisotropy of the medium may induce

instabilities in the Yang-Mills fields that may lead to
turbulence in the plasma [24–27] and could help in
understanding the evolution of the QGP medium. The
presence of momentum anisotropy causes the chromo-
Weibel instability in the hot QCD medium that affects the
transport coefficients of the HQs and modifies the energy
loss of the HQs in the QCD medium. This has been studied
for collisional processes in Ref. [28] and later extended for
radiational processes in Ref. [29]. In the HICs, the fast
evolution of the QGP medium leads to an imbalance in the
longitudinal and transverse expansions and causes momen-
tum anisotropy in the medium. Therefore, it is interesting to
investigate the impact of momentum anisotropy on the
properties of the QGP. Earlier, the anisotropic aspects have
been studied in the context of electromagnetic probes
[30–32], gluon self-energy [33], heavy quark, and jet in
the preequilibrium phase [34,35] to evaluate the impact of
shear and bulk viscous coefficients of the HQs transport in
the medium [36–38]. The effect of momentum anisotropy
has been observed for the quarkonium states [39].
In this work, our focus is to study the effect of anisotropy

in the hot QCD medium via the transport coefficient of the
HQs considering collisional and radiative processes (as
gluon bremsstrahlung) [40–44]. References [45,46] have
already performed a comparative study on the transport
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coefficient for elastic and inelastic processes in the iso-
tropic medium. The properties of the medium will be
studied through the transport coefficients; namely, the drag
and the diffusion coefficients of the HQs within the
framework of stochastic Langevin dynamics [47] where
the transport coefficients are needed as input.
In this paper, a general framework is adopted to evaluate

the HQs motion in the momentum anisotropic QGP
medium. Based on the relative direction of anisotropy
and the HQs momentum, the HQs drag force decomposed
into two components and that of momentum diffusion
tensor into four components using a tensor basis [48]. The
effect of anisotropy enters through the nonequilibrium
distribution of the constituent particle of the hot QCD
medium and will be seen through the transport coefficients.
We further have studied the RAA of the HQs in the medium,
considering both the radiative and collisional cases. The
major focus is on the impact of anisotropy on the HQs
dynamics in inelastic processes in the medium.
The article is organized as follows. Section II is

dedicated to the dynamics of the HQ through the transport
coefficient for the collisional and radiative processes. Here,
the transport coefficients are shown to decompose in
several components in the anisotropic medium. In
Sec. III, we present the results of the current analyses.
Finally, the work is concluded in Sec. IV.
Notations and conventions. The subscript k in the manu-

script represents the particle species, i.e., k ¼ ðg; qÞ, where g
and q denote gluons and light quarks, respectively. The
energy of the HQs is denoted by Ep and can be written as

Ep ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jpj2 þM2

HQ

q
, where MHQ is the mass of the HQs.

The energy of a parton is denoted by Eq, where the
constituent particles are massless.

II. FORMALISM

The dynamics of the HQs in the QGP medium has been
carried within the framework of the nonequilibrium
Boltzmann equation given as [49]

pμ
∂μfHQs ¼

�
∂fHQs
∂t

�

int
; ð1Þ

where fHQs represents the momentum distribution of the
HQs. We follow the assumption of soft momentum transfer
as a result the relativistic nonlinear Boltzmann equation
will be converted to the Fokker-Plank equation [50] as
follows:

∂fHQs
∂t

¼ ∂

∂pi

�
γiðpÞfHQs þ

∂

∂pj
ðDijðpÞfHQsÞ

�
; ð2Þ

where γi is the drag coefficients and Dij the diffusion
coefficients of the HQs. The transport coefficients govern
the dynamics of the HQ in the QGP medium, where the

HQs are treated as Brownian particles. Below, we discuss
collisional and radiative aspects of HQ transport in the
presence of momentum anisotropy.

A. Collisional processes

When the HQs propagate through the medium, they go
through collisional interactions with the medium particles.
Two-component (HQs and medium particles) interactions in
collisional processes are HQsðPÞ þ lðQÞ → HQsðP0Þþ
lðQ0Þ, where P, Q are four-momentum before the collision,
P0; Q0 are four-momentumafter the collision [49], and l stand
for light quarks, antiquarks, and gluons.
Next, the transport coefficients of the HQ can be

expressed in terms of the momentum of the partons as [49]

γi ¼
1

2Ep

Z
d3q

ð2πÞ32Eq

Z
d3q0

ð2πÞ32Eq0

Z
d3p0

ð2πÞ32Ep0

1

γHQ

×
X

jM2→2j2ð2πÞ4δ4ðPþQ − P0 −Q0ÞfkðqÞ
× ð1þ akfkðq0ÞÞ½ðp − p0Þi�

¼ ⟪ðp − p0Þi⟫ ð3Þ

and

Dij ¼
1

2Ep

Z
d3q

ð2πÞ32Eq

Z
d3q0

ð2πÞ32Eq0

Z
d3p0

ð2πÞ32Ep0

1

γHQ

×
X

jM2→2j2ð2πÞ4δ4ðPþQ − P0 −Q0ÞfkðqÞ

× ð1þ akfkðq0ÞÞ 1
2
½ðp − p0Þiðp − p0Þj�

¼ 1

2
⟪ðp − p0Þiðp − p0Þj⟫; ð4Þ

where the energy of partons, Eq, and the momentum, q
correspond to those before collision whereas, E0

q, and q0

represents those after the collisions with the HQs. The
conservation of energy momentum is taken care of by the
delta function. The temperature dependency of transport
coefficients enters through the phase space distribution
function, fkðq0Þ of medium particles. The scattering matrix
element,

P jM2→2j2 sustain the information of the HQs
interaction with the partons of the hot QCD medium. The
alternative realization of γi is the thermal average of the
momentum transfer of the HQs, while Dij is the thermal
average of the square of the momentum transfer of the HQs.
For the isotropic case, the momentum dependency of γi and
Dij can be noted as follows:

γ ¼ ⟪1⟫ −
⟪p:p0⟫
p2 : ð5Þ

The diffusion coefficients contain two components in the
isotropic medium, the transverse part (D0), and the longi-
tudinal part (D1) given as
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D0 ¼
1

4

�
⟪p02⟫ −

⟪ðp0:pÞ2⟫
p2

�
; ð6Þ

D1 ¼
1

2

�
⟪ðp0:pÞ2⟫

p2
− 2⟪ðp0:pÞ⟫þ p2⟪1⟫

�
: ð7Þ

With the relevant choice of FðpÞ in the center of the mass
frame, one can write the average of a function, ⟪FðpÞ⟫ for
the collisional processes in an isotropic medium as

⟪FðpÞ⟫ ¼ 1

ð512π4ÞEpγHQ

Z
∞

0

qdq

�
s −m2

HQ

s

�

×
Z

π

0

dχ sin χ
Z

π

0

dθcm sin θcm
X

jM2→2j2

×
Z

2π

0

dϕcm½ð1þ akf0kðq0ÞÞf0kðqÞ�FðpÞ; ð8Þ

where ak ¼ −1, corresponds to Fermi suppression and
ak ¼ 1 for Bose enhancement regarding the final state
phase space for the quarks and gluons, respectively. Here, s
is the Mandelstam variable. The infrared divergence
appears in the gluonic propagator within the t-channel
diagrams is screened by the Debye mass, mD. Next, we
shall discuss the incorporation of anisotropy in the current
analyses.

B. Aspect of anisotropic medium

The momentum anisotropy appears in the picture due to
the fast expansion of the hot QCD medium, and it is
captured through the nonequilibrium distribution function
of the medium particles. The general form of momentum
anisotropic distribution can be written as follows [30,51]:

fðanisoÞk ðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ ξ

p
f0k
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2 þ ξðq · nÞ2
q �

; ð9Þ

where ξ is the anisotropic variable that determines the
squeezing (ξ > 0) or stretching (−1 < ξ < 0) of the

momentum distribution along the direction n, where n is
the unit vector that defines the direction of momentum
anisotropy in the medium. Inclusion of the normalization
factor

ffiffiffiffiffiffiffiffiffiffiffi
1þ ξ

p
ensures that the total particle number

remains constant for both the anisotropic and isotropic
distribution functions [52]. This formalism has been
pursued under the weak isotropic limit, ξ ≪ 1. The modi-

fied distribution function, fðanisoÞk contains isotropic (f0k)
distribution along with the correction term (δfk), i.e.,

fðanisoÞk ¼ f0k þ δfk, as describe in Ref. [53]

δfk ¼ −
ξ

2EqT
ðq · nÞ2ðf0kÞ2 exp

�
Eq

T

�
; ð10Þ

where T is the temperature of the thermal bath, and Eq is
the energy of the medium particle. The drag coefficient
decomposes in the orthogonal basis for the anisotropic
medium as [48]

γi ¼ piγ
ðanisoÞ
0 þ ñiγ

ðanisoÞ
1 : ð11Þ

The two components of the drag coefficient in the
anisotropic medium can be expressed as follows:

γðanisoÞ0 ¼ piγi=p2 ¼ ⟪1⟫ −
⟪p · p0⟫

p2 ; ð12Þ

γðanisoÞ1 ¼ ñiγi=ñ2 ¼ −
1

ñ2
⟪ñ · p0⟫; ð13Þ

where ñ2 ¼ 1 − ðp·n̂Þ2
p2 ¼ 1 − cos2θ and angle, θ is between

the HQs momentum, and the anisotropy vector of the
medium. The additional component of drag coefficient,

γðanisoÞ1 sustain the information of relative orientation of
momentum anisotropy and the HQs motion. In this case,
the average of FðpÞ for the collisional processes in the
COM frame can be written by using Eq. (8),

⟪FðpÞiica ¼
1

ð1024π5ÞEpγHQ

Z
∞

0

qdq

�
s −m2

HQ

s

�Z
π

0

dχ sin χ
Z

2π

0

dϕ
Z

π

0

dθcm sin θcm
X

jM2→2j2

×
Z

2π

0

dϕcm½δfkðqÞð1þ akf0kðq0ÞÞ þ akf0kðqÞδfkðq0Þ�FðpÞ; ð14Þ

the transport coefficients of the HQ for the collisional
processes can be described as a combination of isotropic in
Eq. (8) and anisotropic medium in Eq. (14), as follows:

Xc ¼ Xc0 þ Xca; ð15Þ

the component of drag coefficient, γðanisoÞ0 contains the
anisotropic correction that enters through the nonequili-
brium distributions,

γðanisoÞ0 ¼ γ0 þ δγ0; ð16Þ
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in the anisotropic medium, the diffusion coefficient also
decomposes into four components, as also shown in
Ref. [30], given as

Dij ¼
�
δij −

pipj

p2

�
DðanisoÞ

0 þ pipj

p2
DðanisoÞ

1 þ ñiñj
ñ2

DðanisoÞ
2

þ ðpiñj þ pjñiÞDðanisoÞ
3 : ð17Þ

Extracting all the diffusion coefficient components by
taking proper projection from the Eq. (17) [48],

DðanisoÞ
0 ¼

��
δij −

pipj

p2

�
−
ñiñj
ñ2

�
Dij;

¼ 1

2

�
⟪p02⟫ −

⟪ðp0 · pÞ2⟫
p2 −

⟪ðp0 · ñÞ2⟫
ñ2

�
; ð18Þ

DðanisoÞ
1 ¼ pipj

p2
Dij;

¼ 1

2

�
⟪ðp0 · pÞ2⟫

p2
− 2⟪ðp0 · pÞ⟫ − p2⟪1⟫

�
; ð19Þ

DðanisoÞ
2 ¼

�
2ñiñj
ñ2

−
�
δij −

pipj

p2

��
Dij;

¼ 1

2

�
−⟪p02⟫þ⟪ðp0 · pÞ2⟫

p2 þ 2⟪ðp0 · ñÞ2⟫
ñ2

�
; ð20Þ

DðanisoÞ
3 ¼ 1

2p2ñ2
ðpiñjþpjñiÞDij;

¼ 1

2p2ñ2
½−p2⟪ðp0 · ñÞ⟫þ⟪ðp0 ·pÞðp0 · ñÞ⟫�: ð21Þ

The term ⟪ðp0 · ñÞ⟫ contains the information of relative
angle of the HQs momentum to the anisotropy vector. One
can write ⟪ðp0 · ñÞ⟫ in the COM frame, where, we have
taken n ¼ ðsin θ; 0; cos θÞ. In the anisotropic medium,
the momentum of partons, q can be decomposed as
ðq sin χ cosϕ; q sin χ sinϕ; q cos χÞ. In this analysis, the
momentum of the HQs p is considered in the z direction,
such as

p · q ¼ pq cos χ; ð22Þ

p · n ¼ p cos θ; ð23Þ

q · n ¼ q sin χ cosϕ sin θ þ q cos χ cos θ; ð24Þ

further, we can define

⟪ñ · p0⟫ ¼ ⟪n · p0⟫ − ⟪p · p0⟫
cos θ
p

; ð25Þ

where angle χ is involved in the interaction of the HQs and
medium constituents, θcm and ϕcm are zenith and azimuthal
angles, respectively, in the COM frame. The momentum of
the HQs, in the Lorentz transformation that relates the
laboratory frame and COM frame can be written as

p0 ¼ γcmðp̂0
cm þ vcmÊ

0
cmÞ; ð26Þ

here, we can write the COM velocity (vcm) and γcm as

γcm ¼ Ep þ Eqffiffiffi
s

p ; vcm ¼ pþ q
Ep þ Eq

;

accordingly, the HQs momentum in the COM frame can be
decomposed as follows:

p̂0
cm ¼ p̂cmðcos θcmx̂cm þ sin θcm sinϕcmŷcm

þ sin θcm cosϕcmẑcmÞ; ð27Þ

where the momentum and energy of the HQs in the COM
frame [49] have the following forms:

p̂cm ¼ s −m2
HQ

2
ffiffiffi
s

p ;

Êcm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p̂2
cm þm2

HQ

q
:

As xcm, ycm, zcm, defined in Ref. [49] implementing here
for the anisotropic case taken from Ref. [48]

ñ · p0 ¼ γcm
1þ γ2cmv2cm

�
p̂cmðcos θcmðx̂cm · nÞ þ sin θcm sinϕcmðŷcm · nÞ þ sin θcm cosϕcmðẑcm · nÞÞ

þ γcmE0
p
ðp cos θ þ q cos χ cos θ þ q sin χ cosϕ sin θÞ

Ep þ Eq

�
−

γcm
1þ γ2cmv2cm

cos θ
p

�
p̂cmðcos θcmðx̂cm · pÞ

þ sin θcm sinϕcmðŷcm · pÞÞ þ γcmE0
p
ðp2 þ pq cos χÞ

Ep þ Eq

�
ð28Þ

and
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p · p0 ¼ γcm
1þ γ2cmv2cm

�
p̂cmðcos θcmðx̂cm · pÞ þ sin θcm sinϕcmðŷcm · pÞÞ þ γcmE0

p
ðp2 þ pq cos χÞ

Ep þ Eq

�
;

¼ EpE0
p − Ê2

cm þ p̂2
cm cos θcm: ð29Þ

The corresponding projections of the HQs momentum
and the anisotropy vector in the mediumwith the COM axis
are depicted in the Appendix.

C. Radiative processes

TheHQsmay radiate gluonwhile propagating through the
medium, and hence, the radiative processes also contribute to
the HQ transport coefficients along with the collision
processes of the HQs with the medium constituents particles
in the hot QCD medium. For the radiative process 2 → 3 as
follows, HQsðPÞþlðQÞ→HQsðP0ÞþlðQ0ÞþgðK5Þ, where
K5 ¼ ðE5; k⊥; kzÞ is the four-momentum of the emitted
gluons from the moving the HQs within the medium. The
contribution of the radiative processes to the HQ transport
coefficient can be written in terms of collisional processes.
The transport coefficient for the radiative processes in
isotropic medium [45] is given as (see also [29,40,54,55])

Xr0 ¼ Xc0 ×
Z

d3k5

ð2πÞ32E5

12g2
1

k2⊥

�
1þM2

HQ

s
e2η

�−2

× ð1þ f̂ðE5ÞÞΘ1ðτ − τFÞΘ2ðEp − E5Þ; ð30Þ

and similarly for the anisotropic medium [29], written as
follows:

Xra ¼ Xca ×
Z

d3k5

ð2πÞ32E5

12g2
1

k2⊥

�
1þM2

HQ

s
e2η

�−2

× ð1þ f̂ðE5ÞÞΘ1ðτ − τFÞΘ2ðEp − E5Þ: ð31Þ

Next, following the same description as in Eq. (15), in the
presence of anisotropy in the medium, the transport coef-
ficient for the radiation processes can be decomposed as
follows:

Xr ¼ Xr0 þ Xra: ð32Þ

This analysis is carried under the approximation of soft
gluon emission, i.e.,K5 → 0. The radiated gluons follow the
Bose-Einstein phase space distribution, f̂ðE5Þ ¼ 1

exp ðβE5Þ−1.
The emission of gluons from the HQs occurs under the two
constraints; the theta function,Θ2ðEp − E5Þ, ensures that the
energy of emitted gluon (E5) should not be greater than the
HQs energy ðEpÞ. In the densemedium, if themean free time,
the average time between two successive collisions, is of the
order of formation time or larger, then the emission of gluon

will be suppressed due to destructive interference, a phe-
nomenon known as the Landau-Pomeranchuk-Migdal
suppression [56,57]. This has been taken care of in a gross
way through the theta function, Θ1ðτ − τFÞ, as done in
Refs. [45,58]. The invariant amplitude corresponding to
radiative processes, jMj22→3 can be defined in terms of
elastic invariant amplitude jMj22→2 [59], given below,

jMj22→3 ¼ jMj22→2 × 12g2
1

k2⊥

�
1þM2

HQ

s
e2η

�−2
; ð33Þ

where η is the rapidity of emitted gluons. The right-hand side

of Eq. (33), ð1þ M2
HQ

s e2ηÞ−2 represents the suppression factor
because of the dead cone effect as detailed in Refs. [60,61].
While the HQs propagate through the medium, the energy
loss may be suppressed due to the dead-cone effect. If the
angle of emitted gluons with the direction of the HQsmotion
is smaller than MHQ=Ep, then the radiation of soft gluon
suppresses [62]. The suppression factor depends on themass
of the HQs. The energy and the transverse momentum of the
emittedgluon can bewritten in termof the rapidity variable as
follows:

E5 ¼ k⊥ cosh η; kz ¼ k⊥ sinh η; ð34Þ

and,

d3k5 ¼ d2k⊥dkz ¼ 2πk2⊥dk⊥ cosh ηdη;

the interaction time and the interaction rate (Λ) are related
because of restrictions on the τF as (for details we refer
Refs. [63,64])

τ ¼ Λ−1 > τF ¼ cosh η
k⊥

: ð35Þ

Specifically one can write, k⊥ > Λ cosh η ¼ ðk⊥Þmin and
ðk⊥Þmin denotes the minimum value of k⊥. Further, the
second constraint on the emitted gluon energy, E5,

Ep > E5 ¼ k⊥ cosh η; ðk⊥Þmax ¼
Ep

cosh η
: ð36Þ

Under the assumption of soft gluon emission, we keep
E5 ¼ k⊥ cosh η ≪ T. Now, the distribution function of the
emitted gluon is approximated as follows:
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1þ f̂ðE5Þ ≈
T

k⊥ cosh η
: ð37Þ

Finally, the contribution of radiative processes to the
dynamics of the HQs in the anisotropic medium can be
calculated through Eq. (32), while the elastic contribution
can be calculated through Eq. (15). The overall contribution
of both processes can be calculated by taking the summa-
tion of Eqs. (15) and (32) as depicted in the following
results section. We shall also discuss the potential impact of
momentum anisotropy on the dynamics of the HQs by
computing experimental observables, nuclear suppression
factor, RAA.

III. RESULTS AND DISCUSSIONS

We have obtained the transport coefficients of the HQ,
namely charm quarks, in the presence of momentum
anisotropy in the hot QCD medium. The mass of charm
quark is taken as 1.3 GeV, and αs is a two-loop running
coupling constant [65] are taken in the calculation. The
effects of anisotropy enter through the momentum distri-
bution of medium constituents that have been incorporated
for the radiative and collisional processes. Since we assume
the weak anisotropy limit, the anisotropic parameter is
taken to be, ξ ¼ 0.2, 0.3, 0.4 (these values of ξ are in line
with the numbers obtained within the hydrodynamics
approach [66]). The presence of anisotropy in the medium
affects the transport coefficients of the HQ in the QGP
medium and impacts the RAA substantially, as discussed
below in detail.

A. Transport coefficients in the anisotropic
medium for elastic and inelastic process

The propagation of the HQs (charm quarks) in the
thermalized medium has been studied through the transport
coefficient [67]. This analysis found that the relative
orientation of the HQs with the anisotropy vector plays
a vital role in the HQ dynamics. To incorporate that, we
refer to Ref. [48] for collisional processes. This analysis

explored the dynamics of the HQs in an anisotropic QCD
medium for the collisional and radiation processes. We have
noticed the effect of anisotropy due to the anisotropic angle.
The transport coefficient of the HQ, namely, the drag
coefficient, decomposes in two-component, γðanisoÞ0 and

γðanisoÞ1 as defined in Eqs. (12) and (13), respectively.
The effect of momentum anisotropy on the transport

coefficients for the elastic and inelastic processes is depicted
inFig. 1. The transport coefficients of theHQs are plotted as a
function of momentum corresponding to the initial maxi-
mum temperature at RHIC energies, T ¼ 360 MeV. The
effect of anisotropy has been calculated for θ ¼ π=4, and
anisotropic strength, ξ ¼ 0.3. The drag coefficients of the
HQs are shown in Fig. 1(left panel).
For both processes, we have observed that the HQs in the

anisotropy medium suffer lesser hindrance while propa-
gating through the QGP medium. The anisotropic contri-
bution to the isotropic drag coefficient in Eq. (11)
suppresses the overall drag coefficient of the HQs in the
anisotropic medium. The effect of momentum anisotropy
on the transport coefficients is almost similar for both
elastic (represented by the black line) and inelastic proc-
esses (represented by the red line) processes. The diffusion
coefficient is plotted in Fig. 1 (middle panel). For the
radiative processes, the anisotropic correction to the iso-
tropic drag coefficient strongly depends on the direction of
anisotropy and anisotropic strength in the medium, espe-
cially at lower momentum regimes, as shown in Fig. 1
(right panel). Also, the anisotropy direction alters at lower
regimes of momentum than at high momentum. In Fig. 2
(left panel) for the radiation processes, we found that the

γðanisoÞ1 have negligible contribution at higher momentum.
We further realize that the additional drag component
strongly depends on the strength of anisotropy.
We have shown the anisotropic correction to the HQs

diffusion coefficient in Fig. 2 (middle and right panel),

DðanisoÞ
0 ¼ D0 þ δD0, and DðanisoÞ

1 ¼ D1 þ δD1. The effect
of momentum anisotropy is more noticeable at the low
momentum regime. The HQs diffusion coefficient depends
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FIG. 1. Momentum dependence of the HQs drag coefficient (left panel), diffusion coefficient D0 (middle), and anisotropic correction
to isotropic drag coefficients as a function of momentum at a fixed temperature, T ¼ 360 MeV (right panel).
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strongly on θ and ξ. One can realize that in the limit, ξ → 0,

anisotropic diffusion coefficient,DðanisoÞ
0 andDðanisoÞ

1 reduce
to the isotropic diffusion coefficients one as described in
Ref. [49] (for the same parameter).
The component, DðanisoÞ

1 and DðanisoÞ
0 , are nearly equal in

the limit p → 0 as shown in Fig. 3 (left panel). However,
for the higher regimes of momentum, the component

DðanisoÞ
1 is dominant over DðanisoÞ

0 . The other two compo-

nents in Fig. 3, DðanisoÞ
2 (middle panel) and DðanisoÞ

3 (right
panel) components of momentum diffusion, show a strong
dependence on the angle of anisotropy vector and the
strength of anisotropy at lower momentum regimes. It
should be noted that these additional coefficients become
negligible as the system approaches isotropic medium, that
is when the anisotropic parameter ξ → 0.

B. Nuclear suppression factor, RAA

To study the impact of the anisotropy on the exper-
imental observable, we have estimated the nuclear sup-
pression factor, RAAðpTÞ, in a static medium. The nuclear
suppression factor, RAAðpTÞ for the HQs is defined as
follows:

RAAðpTÞ ¼
fτfðpTÞ
fτ0ðpTÞ

: ð38Þ

The final momenta spectrum of charm quarks is fτfðpÞ,
at the end of time evolution τf, which is assumed 6 fm=c in
our calculation. The initial momenta spectra, fτ0 , is taken
according to the fixed order þ next − to − leading log
calculations [68,69]. We employ stochastic Langevin
dynamics [70], as follows:

dxi ¼
pi

E
dt; ð39Þ

dpi ¼ −γpidtþ Cijρj
ffiffiffiffiffi
dt

p
; ð40Þ

where dpi and dxi are the change in momentum and
position of the HQs, respectively, with the time step dt. In
Eq. (40), two forces act on the HQs motion in the hot QCD
medium: the dissipative force and the stochastic force. The
dissipative force governs the drag coefficient, γ, where Cij

is the covariance matrix that describes stochastic force in
terms of independent Gaussian-normal distributed random
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FIG. 2. Relative significance of γ1 in comparison with γ0 with a momentum (p) at a fixed temperature, T ¼ 360 MeV (left panel).
Anisotropic corrections to D0 (middle panel) and the anisotropic corrections to D1 (right panel).
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variable, ρj, known as the white noise with hρiρji ¼ δij and
hρji ¼ 0. The covariance matrix is written as follows:

Cij ¼
ffiffiffiffiffiffiffiffiffi
2D0

p �
δij −

pipj

p2

�
þ

ffiffiffiffiffiffiffiffiffi
2D1

p pipj

p2
: ð41Þ

Thus, at p → 0, the coefficient, D0 ¼ D1 ¼ D, further
Cij ¼

ffiffiffiffiffiffiffi
2D

p
δij, where D is the diffusion coefficient of the

HQ. We take transport coefficients as an input kernel in the
Langevin equation to compute the momentum evolution of
the HQs in the hot QCD medium.
We investigate the effect of momentum anisotropy on

RAA of the HQs considering both collisional and radiative
processes. In Fig. 4, RAA is plotted as a function of pT at
T ¼ 360 MeV for radiation (left panel), and summing both
collisional and radiative processes (right panel). The effect
of momentum anisotropy has been calculated for the
anisotropic angle, θ ¼ π=9, and anisotropic strength,
ξ ¼ 0.4. The emission of gluons by the HQs in the QGP
medium significantly changes the value of RAA. The impact
of momentum anisotropy is quite visible on RAA. In the
higher pT regimes, the momentum anisotropy increases
RAA, approximately 18% (indicated by the red dashed line),
leading to less suppression. This could be a consequence of
the momentum anisotropy delivering a lesser hindrance for
the charm quark motion in the QGP at high pT . In Fig. 4
(right panel) we have included both collisional and radi-
ative contributions showing a stronger suppression. One
can say that the energy loss of the HQs gets suppressed in
the presence of anisotropy in the hot QCD medium.

IV. CONCLUSIONS AND OUTLOOK

We have studied the transport coefficients of the HQ in
the anisotropic hot QCD medium within the framework of
Fokker-Plank dynamics while considering both collisional
and radiative processes. The analysis has been done in a
weakly anisotropic medium where the anisotropic aspects

enter through the nonequilibrium distribution of the
medium constituents. We have considered a general tensor
decomposition for the transport coefficients (the drag
coefficient split into two components and the momentum
diffusion tensor of the HQs split into four components). We
observed that the correction term (because of momentum
anisotropy) of the transport coefficient significantly con-
tributes to the isotropic components of the HQs transport
coefficients. Possibly, strong anisotropy may affect the
additional component of transport coefficients. Our pri-
mary emphasis lies in studying radiation processes; through
our study, we have come to understand that the anisotropic
effects within the medium are highly reliant on the
orientation of the HQs motion with respect to the direction
of anisotropy.
A significant influence of the anisotropy on the drag

coefficient and diffusion coefficients of the HQs has been
noticed. In particular, the impact of anisotropy is seen to be
more noticeable at lower momentum regimes. This sug-
gests that the average momentum transfer experienced by
the HQs is influenced by both the direction and strength of
momentum anisotropy within the medium. Therefore, the
inclusion of anisotropy seems to be crucial for the phe-
nomenological consistency of the HQs motion in the QGP
medium.
We further expand the current analysis while considering

the physical observables, i.e., RAA of the HQs in the QGP
medium. We have solved the Langevin equation, where the
HQs move under the dissipative and random force. The
transport coefficients, namely, the drag and the diffusion,
have served as the input to the Langevin dynamics. Within
the anisotropic medium, we have observed a decrease in the
magnitude of the transport coefficients of the HQs within
the selected momentum regimes. This reduction sub-
sequently leads to less suppression in the RAA for the
collisional and radiative processes. The energy loss of the
HQs is found to be suppressed in the presence of
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momentum anisotropy in the medium. Since momentum
anisotropy reduces the drag coefficient of heavy quarks
inside the medium, it can reduce the v2. However, the angle
dependence can also enhance the v2. It will be interesting to
study heavy quark v2 in an anisotropic medium, which is
beyond the scope of the present work and will be addressed
in the near future.
To fully investigate the phenomenological aspects of the

HQs at RHIC and the LHC energies, it is crucial to
systematically consider the scattering process (matrix
element) of the HQs within (3þ 1)D expansion of the
QGP medium. Such an approach ensures a thorough
analysis that accounts for both the specific characteristics
of the medium and the dynamics of the HQs. Exploring the
dynamics of the HQs within a strong anisotropic medium
presents an intriguing effort. We anticipate that the inclu-
sion of the additional drag and diffusion coefficients arising
from the anisotropy within the medium might play a
significant role in such a strongly anisotropic medium.
These aspects will be a matter of investigation in the
immediate future.
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APPENDIX: ANISOTROPY VECTOR
PROJECTIONS IN CENTER-OF-MASS FRAME

ðvcm · p̂cmÞ ¼ γcm

�ðp2 þ pq cos χÞ
Ep þ Eq

− v2cmEp

�
; ðA1Þ

N2 ¼ v2cm −
ðvcm · p̂cmÞ2

p̂2
cm

; ðA2Þ

v2cm ¼ ðp2 þ q2 þ 2pq cos χÞ
ðEp þ EqÞ2

; ðA3Þ

ðx̂cm · nÞ ¼ γcm
p̂cm

�
p cos θ − Ep

ðp cos θ þ q cos χ cos θ þ q sin χ cosϕ sin θÞ
Ep þ Eq

�
; ðA4Þ

ðŷcm · nÞ ¼ N−1
�ðp cos θ þ q cos χ cos θ þ q sin χ cosϕ sin θÞ

Ep þ Eq

�

− ðvcm · p̂cmÞ
γcm
p̂cm

�
p cos θ − Ep

ðp cos θ þ q cos χ cos θ þ q sin χ cosϕ sin θÞ
Ep þ Eq

�
; ðA5Þ

ðẑcm · nÞ ¼ γcmN−1 1

p̂cmðEp þ EqÞ
pq sin χ sinϕ sin θ; ðA6Þ

ðx̂cm · pÞ ¼ γcm
p̂cm

�
p2 − Ep

ðp2 þ pq cos χÞ
ðEp þ EqÞ

�
; ðA7Þ

ðŷcm · pÞ ¼ N−1
�ðp2 þ pq cos χÞ

ðEp þ EqÞ
− ðvcm · p̂cmÞ

γcm
p̂2
cm

�
p2 − Ep

ðp2 þ pq cos χÞ
ðEp þ EqÞ

��
: ðA8Þ
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