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Endpoint behavior of distribution amplitudes of pion and longitudinally
polarized rho meson under the influence of renormalon-chain contributions
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We calculate the two-point massless QCD correlator of nonlocal (composite) vector quark currents with
chains of fermion one-loop radiative corrections inserted into gluon lines. The correlator depends on the
Bjorken fraction x related to the composite current and, under large-f, approximation, gives the main
contributions in each order of perturbation theory. In the mentioned approximation, these contributions
dominate the endpoint behavior of the leading-twist distribution amplitudes of light mesons in the
framework of QCD sum rules. Based on this, we analyze the endpoint behavior of these distribution

amplitudes for z and longitudinally polarized p! mesons and find inequalities for their moments.
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I. INTRODUCTION

Distribution amplitudes (DA) of mesons are the key
hadronic characteristics in hard exclusive reactions with
participation of hadrons—due to “factorization theorems,”
they determine the behavior of the form factors and
amplitudes of the corresponding exclusive processes.
The DA reflects the consequences of the long-distance
QCD dynamics for partons within the meson that carries
the xp fraction of the meson momentum p. Here we
investigate the role of higher radiative corrections to the
correlator of nonlocal currents in its relation to QCD sum
rules (SR) for DAs of light mesons. Finally, we will focus
on the behavior of DAs near the endpoints of the interval
x€(0,1). We have two main, different in nature, radiative
contributions to QCD SR for the 7/p-meson (light meson)
DAs [1,2] that determine the behavior near the endpoints:
(i) a,-corrections to the purely perturbative part of the
corresponding correlator [3,4], (ii) and a,-corrections to the
four-quark condensate interaction for this correlator. Both
kinds of corrections are considered here in the renormalon
n-bubble approximation to massless perturbative QCD.1
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n QCD, SU(N,.) with N, = 3, the Casimir invariants are
Cy =N, and Cp = Tg(N2-1)/N,, Tg = 1/2. The one-loop
p-function coefficient is fy = %C "= % Tgny; =9 at ny=3

massless quark flavors. a, = a,/(4x) is the coupling constant.
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The paper is organized as follows. In Sec. II, we start
with the results of calculating the two-point correlators
IT,(x,0; L) of nonlocal vector quark currents within the
n-bubble approximation (or, equivalently, at large fya,) in
MS scheme,

G n
7Z§NCCFA Hn('):vya L)

= /ane"’”’<0|T [T (n; ) (05 )] |0)

Here, n is a space-time point; L = In(P?/u*) with
P? = —p?, p being the external momentum and p the
renormalization scale, and the constant A = %as Tgny can
be replaced by —a,f as is prescribed by the naive non-
abelianization (NNA) trick [5], where a, = a,/(4x). In
Eq. (1), the nonlocal vector quark current J(; x), denoted
diagrammatically with a vertex ®, is defined as the inverse
Mellin transform ¥~! of a quark bilinear involving the Nth
derivative of the quark field operator:

J(;x) =0 (N), T N) =d(n)i(iiiV)Vu(n),  (2)

where x is the Bjorken fraction; V, = d, — igt,Af is the
QCD covariant derivative; 7* is the light-like vector,
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1> = 0. In Egs. (1) and (2), as everywhere in what follows,
the arguments of the Mellin transform are underlined, i.e.,
f(a) =1f(x) = [J dxf(x)x*. The nonlocal current (2)
emerges naturally in the description of QCD factorization
in hard exclusive processes—its projection on a meson
state gives the corresponding DA of the leading twist. The
investigation of the correlator IT,(x,y;L) is a general
problem consisting of a few parts that will be a subject
of another publication. Below, we consider a special case of
the correlator IT,,(x, 0; L) and its derivatives with respect to
L which have an immediate application in the area of QCD
SRs, as discussed in Sec. IIL.

II. CORRELATOR II,,(x,0; L) AND QCD SR

Within the approach of QCD SR, the Borel transform B
(see discussion in Appendix A) of the correlator (1)
determines the perturbative contributions to meson DAs,

N, [1 R
DA(x; ) ~— [ixic +a,CpB Y AMI, (x,0; L)} N E)
T

n>0

1
I, (x, 0: 1) = A I, (x. v L)dy, ()

where X = 1 — x and [ = In(M?/u?) is the logarithm of the
Borel parameter M2 appearing in the Borel transform B[L"]
of the powers of L = In(P?/u?), see Appendix A. In the
approximation of large f, (or ny), the pQCD part of SR is
completely determined by the diagrams (1) of the two-loop
topology with gluon lines dressed by chains of one-loop
fermion bubbles—renormalon chains

The general expression for these diagrams of the two-loop
topology with nonlocal vertices and an arbitrary exponent of
the gluon line propagator was derived in [6]. This “kite”
diagram can be represented in terms of the hypergeometric
functions 5 F,(x) and ;F,(X), which we will meet below in
the generating functions for I1,,(x, 0; L) [4].

A. The generating function for the
correlator II,(x,0; L)

Here we briefly discuss the properties of IT,,(x,0; L),
which is the two-point n-bubble correlator of one local and
one nonlocal (dependent on the Bjorken fraction x) quark
current, as defined in Eq. (1). The sequence I1,,(x, 0; L) can
be split into two parts originating from expansions of
different generating functions, exponential IT), and ordinary
I/, see [4]:

I,(x, 0, L) = T, (x, 0, L) + I (x, 0; ). (5)

Further, we will consider two quantities derived from IT,—
its Borel image that is defined in (A1), B[IT,], and the first
derivative II, = %H,,, the later is useful for comparison
with the known results for the Adler D function:

A, eALc
E H;(X,Q,L): 2
i n! A*(14+A)(2+A)
A _ _(nA)*cot(nA)
Al _%(A+4 2 (”7

xS{x { X(A+4x)+2xx A sin(zd)

+x(2%+A)AB;(A,1-A)
+2x2)‘cA2 F ( L11+A ‘ )}} (6)
1+42 2244244 ) S

D AT (x,0; L)

n>0

1 Ada/l {V(x,y;a)} _
——— [ = =22 dy, (7
Ao ahy @) ) (7)

where

(g (1=al(1+a)(1-a)
1(4)—(1 —2a/3)(1-2a)C(1-2a)’

L.=L-5/3, (8a)

V(x,y:a) =28 {9@ > ) G) o (1 —a—i—y%x)} . (8b)

Here, i, (&) comes from the e-dependence of the fermion
one-loop correction on the gluon propagator (D = 4 — 2¢is
the space-time dimension), its expansion in ¢ in the first
order leads to the shift ¢ = —=5/3 in L.; V(x,y;a) is a
generalization [7,8] of the one-loop ERBL evolution
kernel that allows one to take into account renormalon-
chain corrections to Vo(x,y) = V(x,y;0); f(x, )4 =

fx,y)=8(x—=y)f(0,y) is the plus distribution;

S[f(x,y)] = f(x,y) + f(x,¥). The part IT” in (7) that is
obtained from the ordinary generating function is com-
pletely determined by the counterterms to the nonlocal
vertex. From (5)—(7), we can derive explicit coefficients of
the L-expansion of the correlator

n+l (__l‘)kl]k

Hn(xa Q’L) = (_1)””! ZT n(va)' (9)
k=0 '

The highest degree term I1272(x,0) is proportional to
Jo Vo(x.y),yydy = 0 due to the vector current conserva-
tion. The first nonvanishing coefficient at k = n + 1 reads
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14
I (x,0) = zS{xlnx

1 2
— 0.0 [xlnx—zx)'c<%—5 —ln2<§>>] },

(10)

which is in agreement with the previous calculations for
n =0, 1 in [9]. The consequent terms are too cumbersome
to be written out here. Nevertheless, the highest transcend-
ence types of functions appearing in further orders can be
expressed in terms of (harmonic) polylogarithms [4]:

>

IT!_,(x,0) o« SLiz(x) + simpler polylogarithms,
12} (x,0) o SLiy(x) + ...,

n>1

I50(x, 0) o SH, (x) + ...,

where H, (x) are harmonic polylogarithms [10] with multi-
index g = py,.ooptyt i >0,> p; =n—k+3.

Figure 1 shows several lowest-order contributions to
meson DAs in Eq. (3) given by the Borel transform (A1) of
Egs. (5)—(7). These curves exhibit different behaviors for
the intermediate values of x, where they decrease sequen-
tially from LO to N*LO, and at the endpoints, where their
ratios become singular. The vicinity of endpoints is
quantitatively important for the form factors of the mesons
considered. Therefore, it makes sense to look at two
integral characteristics of the correlators BI[IT,(x,0;L)],
their zeroth B[IT,(0,0;L)] and inverse B[IT,(=1,0;L)]
moments. They are mostly influenced by intermediate and
near-endpoint values of the x-dependent correlator,
respectively.
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FIG. 1. The ratios of B[II,] to the one-loop correlator LO =
x%/2: a,CpB[Ily]/LO (solid blue line), a2Crp,B[II;]/LO
(dashed red line), a,Cr(a,fy)?B[IL,]/LO (dotted green line),
and a,Cr(a,p,)* B[II;]/LO (dash-dotted purple line). All curves
are for the case of [ =0, a,(u*> = 1 GeV?) =~ 0.49.

B. The zeroth moment IT,(0,0; L)

The derivative of the zeroth moment II,(0,0;L) is
proportional to the Adler function D(a,) of QCD. The
corresponding exponential generating function (A — u)
reads

n

BII(u) = Z%HH(Q,Q;L)

2evLe
R (E T ram LGN

—®(=1,2.3 +u)]. (11)

where the function @ is Lerch’s transcendent. Using the
identity

O(-1.2.2) = 1 pi(/2) ~wi( + /2] (12

where v is the trigamma function, one can arrive at other
forms for BTI(u) [4,11]. Also, it coincides with the Adler
function D(ay, L) from [12] for n = 2, 3 and with the all-
order result for D(ay, L) from [13,14]. The behavior of the
Borel transform B[II,(0,0; L)] is depicted in Fig. 2. This
asymptotic series should be truncated at n = 3 where it
becomes divergent and bursts into factorial growth
at n~ 10.

C. The inverse moment IT,(-1,0;L)

The two generating functions for the inverse moment can
be written [4] as

BB[M)(«) = ZZ—': BIIT,(=1.0;L)]
n>0 "

_euLc

(1T —uw)(1 4+ u)(2 + u)

) (3 o

B(IT;) (=1, 0; :l ! alk(—1,a
%;A B[IT;(=1,0; L)] AA daF(=1,a), (15)
where
B '(4-2a)
F(=L.a) C6I'(2—a)’T(3+a)
{5+6a—5a2 (1+2a)[w(1—a)—w(1)]}
r'3—a) al'(1—a) :
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FIG. 2. The ratio  R,(N)=—a,BB[I,(N,0;L)]/
B[, (N,0;L)]. Top: N = 0. Bottom: N = —1. Ry is defined
as the ratio of 2-loop and 1-loop correlators, Ry(0) = 3a,Cr and
Ry(=1) = 5a,Cp [9,15]. Blue squares are for R, < 1. All free
parameters are the same as in Fig. 1.

Figure 2 illustrates the behavior of the sequence

]AS[HH(—_I, 0;L)] that can be obtained with the help of
(A1). The series becomes factorially divergent at n = 4.

III. QCD SR FOR THE z/p| DA
OF THE LEADING TWIST

The QCD SRs for the pion and longitudinally polarized

p-meson DAs of the leading twist 2, ¢, and q)H, respec-

tively, read [1,2].

(Fr)20(x) + (F4,)2@a, (x)e "2/
def

:CDPT(x;M;sé)—HI)S(x;M)—l-AC:d)ﬂ(x,M), (16a)
2 _m 2 —m?, | M?
@b ye M 4 (£l (x)e™"
= Opp(x; M;sY) = Dg(x; M)+ Ac E @, (x, M), (16b)

where @g(x; M) is the scalar-condensate contribution and

A

Dpr(x; M; 55) = / pulxss)eMds,  (16c)
0

3
Ac=ADg(x; M)+ ADy (x: M)+ > AD; (x:M).  (16d)
i=1

In Eq. (16), ¢4, and goﬂ, are the DAs for the next
resonances, s; and s are the duality intervals in the axial
(for pion) and vector (for p meson) channels, respectively.
Remarkably, the right-hand side (rhs) ®, and ®, of QCD
SRs (16) for these two channels differ only in sign of the
scalar-condensate contribution ®g. The reason for that was
discussed in [2].

The purely perturbative contributions ®pr(x; M; s5) and
Dpp(x; M; s(‘)/) in the rhs of Egs. (16a) and (16b) can be
obtained from higher order corrections to TI(x;L) by
integrating the spectral density py(x;s) = IA}%S_) Pz)l'[(x;L)
in Eq. (16c), see Appendix B. These perturbative terms
dominate in the rhs of Egs. (16a) and (16b) in accordance
with the standard practice of processing QCD SR [16]. The
first two terms of p,,; are s-independent and have been known
[15,17] for a long time,

N 2 X
pp(Xs8) = 2—C <x)'c + a,Cpxx [5 - %—l— In? <{)] + )

(17)

In the vicinity of the endpoints x = 0 and 1, the scalar con-
densate @¢(x; M) dominates the nonlocal condensate (NLC)
contributions that include condensates A®gy 7 (x; M)
[1,18,19] collected in the term Ac(x; M) in Eq. (16d). To
estimate the behavior near the endpoints, we take into
account only these two dominant terms, ®pr and ®g, in
the rhs of Egs. (16a) and (16b), which is represented
diagrammatically in Fig. 3.

Note, that we apply here the usual factorization approxi-
mation for the four-quark condensate. Our estimates will be
made under the renormalon-chain approximation for pQCD
corrections, or, in other words, in the approximation of
large fya, in both ®@pr and Py. Let us call “reduced NLC
SRs” those that contain in their rhs of (16) only the

B?saP%@"’ oo~ ppe(8); B(]yﬂ*)pzy@-ﬁ—m,c.

FIG. 3. Left diagram: the renormalon-chain contribution to the
perturbative part of QCD SR, ®@pr, via the density p,. Right
diagram: the contribution of a,-corrections to ®g(x; M) with a
pair of nonlocal scalar condensates depicted by two ovals; the
hard propagators of the coefficient function with a renormalon-
chain are emphasized with thicker lines; m.c. here means the
mirror conjugate diagram.
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dominant terms ®@pr, @y, while all other contributions are
neglected.

A. Effects of renormalon-chain corrections
to pion DA

With growing powers of fya,, the bubble-chain correc-
tions lead to “swelling” of the perturbative part ®pt of DA
@, at the endpoints, which is shown in the top panel of
Fig. 4 in comparison with the leading-order contribution—
the asymptotic ®,, = 6xx. We restrict ourselves to con-
sidering orders up to a,(a,f)* (the next order a,(a,f,)*
does not change the result significantly) for which the series
convergence stays good enough and the series does not yet
succumb to factorial growth, see the discussion of Fig. 2 in
Secs II B and II C. At the same time, the corrections to the
NLC part @g(x; M) have the opposite effect, see top panel
of Fig. 5—they alleviate the swelling of the perturbative
part ®@pr. The final result of this mutual compensation in
the sum ®pr(x; M) + Og(x; M) is illustrated in Fig. 4
(bottom panel). We should mention here that Eq. (16)
should be considered as equalities in a weak sense, i.e., for
smooth convolutions of both sides of equations within the

‘®pr

O
15¢ OB BEEEN - 1
I 3 .
1.0} g N ]
®sr-0.5(x)
» 4 —— ®Psr-15(X) \ ]
0.5} 7 D\ i
L A Pas(x) A\
/,/ N\
7 \
7 A
|- i’ W\ 1
00 L X v
0.0 0.2 0.4 0.6 0.8 1.0

FIG. 4. Top: the perturbative part ®py of the rhs of NLC SR up
to a,(a,By)* (solid blue line) in comparison with ®,(x) (dashed
red line). Bottom: the rhs of NLC SR, @, is the sum of the
condensate and perturbative contributions up to a,(a,f;)* for the
Borel parameter M in the interval [M2 = 0.5 (blue line), M3 =
1.5 (red line)] GeV? at its lower and upper bounds.

stability domain in M?. Usually, such convolutions are
chosen as moments (¢ = 2x — 1)V or x!, but, in general, it
can be any appropriate function of x. In addition, the rhs of
the QCD SR for DA should not be a smooth function of x,
the smoothness of its behavior depends on a certain model
for NLC, see, e.g., discussion in [2]. We use here the
simplest Gaussian model for the NLC [1,15,20] that
introduces a single parameter for nonperturbative QCD
vacuum, an average virtuality of vacuum quarks (k7) =
2= <E]D2q)/@q>|ygzl Gev? At A7 ~0.45 GeV? [21]. This
model ignores any (still speculative) details of vacuum
quark-gluon distributions at the cost of finite discontinuous
contributions to the rhs of NLC SR, see the behavior of
solid blue/red curves for ®g(x; M) in Fig. 5 (top). The
contribution of ®g(x; M) is comparable to ®pr(x; M) near
the lower bound M2 (blue curve) of the stability interval
and significantly decreases at the upper bound M2 (red
curve). Let us briefly clarify the calculation of ®g(x)
presented as a right diagram in Fig. 3. The ®g(x) is a
convolution of a pair of scalar NLCs and a coefficient
function (for details see [15,22]), the latter includes now a
renormalized bubble-chain. Due to the Gaussian decay of
the scalar NLC, the corresponding Feynman integrals for

T T T T T T T T T

L (D S l
06 B
04f :
o2l — Bs_05(x) |

I — ®s_15(x)
0.0+ B

Lo L L " X " L L |

0.0 0.2 0.4 0.6 0.8 1.0

T T T T T T T T T

15F p JPU EEEE - ]
10+ / N 1

L 4 N

/// \\\
// \\
Vi N

I I/ \\ 4
05r / — ®pgr-g5(X) \\ ~

L / |

\
-/ —— ®psg_15()
F /
\

o Dps(x)

0.0}’ 1
ey X
0.0 0.2 0.4 0.6 0.8 1.0

FIG. 5. Top: NLC scalar condensate ®g up to a,(a,f,)> for the
parameter M2 in the interval [M% = 0.5 (blue line), M2 = 1.5
(red line)] GeV2. Bottom: the rhs of NLC SR for (p,ll, Eq. (19) up
to az(ayBy)? in the interval [M2, M2%] GeV>.
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this convolution are well convergent and do not need
to be renormalized. An important calculation of ®g(x)
of the order a,(a,B,)° was performed in [15] (see also
Appendix A of [22])—our calculations are similar to those.
The key integrals for the bubble-chain inclusion in the
gluon line of the coefficient function are presented in
Appendix C.

Our goal here is to estimate how the QCD corrections
affect the behavior of DA at the vicinity of endpoints rather
than the whole profile of DA. Moreover, extending the
analyses to moderate values of the Bjorken variable would
require taking into account the other condensates
ADg v 7,(x; M), which are numerically significant some-
where in the middle of the interval of x. So one can expect
that the profile of the “true” pion DA lies somewhere within
the yellow region between the blue (at M?> = M?) and red
(at M? = M?) bounds in Fig. 4 (bottom) (with some
uncertainty in the middle of the x-interval). The incline
of DA near the endpoints varies” from 6 to 7. The inverse
moment (x~!') , an important integral characteristic of
D, is

! d
<x‘1>,,s/O <I),r(x;M)7xz3.4 forM>e[M2,M?%]. (18)

This estimate of (x~!), seems reasonable because the
inverse moment is mostly formed by the behavior of DA
near the left endpoint. The estimate in (18) is only a bit
higher than the previous ones obtained in NLC SR [18] and
lies within the acceptable region of the phenomenological
analysis of the pion transition form factor (TFF) [23].

B. Effects of renormalon-chain corrections to DA q)ﬂ

For the case of p| DA that is determined from the NLC
SR in the vector channel, the 4-quark NLC contribution @
comes with the opposite sign relative to the pion case,
which leads to the relation [2]

@m~%&%%%memwwmkmﬁ (19)

Y

where
mg 242
C(M) = W +In (fﬂ'/ /))7 (20)
2 2 2
AAHO’ ()C, M) = (%) e_mAl/M (ﬂA] ()C)
N2 2 2
- (];_,,) M @y(x). (21)

*For this estimate we have used the technique of average
incline elaborated in [22].

The symbol “approximately equal” in Eq. (19) means that
we suppose Dpr(x; M; sé) ~ Opyp(x; M, s(‘)’ ) for the purely
perturbative parts in both channels. The term A, , is
determined by the difference of the contributions of higher
resonances in the phenomenological parts of QCD SR for
the axial and vector channels.

Keeping only the contribution ®py(x; M) — Dg(x; M)
(reduced NLC SR) in the rhs of (16b), one gets the profile

of goﬂ(x) that becomes wider near the endpoints. This

endpoint “swelling” of the go,‘i(x) profile is seen clearly in

Fig. 5 (bottom panel). This effect can be traced back also in

the representation (19) for go,H, (x) through ¢, (x). The incline

of the pll meson DA near the endpoints is certainly larger
than for the pion DA and averages between 9 and 12 with
the value of the inverse moment being (x~'), ~ 3.8.

Here it is impossible to reliably estimate the moments
(&M, ¢ = x — % of 7 and pl DAs due to the fact that the
reduced NLC SR neglects some of the condensate con-
tributions, but we can still suggest inequalities for the
moments. The significant swelling effect near the endpoints
should lead to the obvious inequalities

() > (&) > (En =5, (22)

and, therefore,
a’z’H > a3 >0, (23)

where a! is the 2nd Gegenbauer moment of DA of a meson
M. Since the omitted contribution A in the rhs of the NLC
SR (16) is the same for both channels, it does not violate the
inequalities. The results of lattice calculations [24,25]
support the conclusion (23),

@ = 0.132(27) (Latt) > af = 0.116(20) (Latt),
while a% (LattQCD) ~ a%(SR) (24)

at pf, =4 GeV?, 22~0.45 GeV? for aj(SR) in [21].
Note that the previous versions of NLC SR for DAs of z
and pl [2,26] yielded an opposite hierarchy of the mo-
ments, af =0.032(46) < a% =0.149"0952 (a2 = 1 GeV?).
The contributions of the orders a,(a,f3y)", n = 2, 3 to the
dominant components of SRs reverse this situation—
allowance for the renormalon-chain effects in the reduced
NLC SRs of Eq. (16) provides a new estimate for aﬁ” (in the
same frame as for a3) that complies with the hierarchy (23)
suggested by lattice QCD:

&) %015 > aZ~007 at 4 =1 GeV2.

Let us emphasize that we insist on the validity of inequality
(23) for a%’[, M = zand p|, per se, rather than on the precise

096015-6



ENDPOINT BEHAVIOR OF DISTRIBUTION AMPLITUDES OF ...

PHYS. REV. D 108, 096015 (2023)

values of the moments which serve only as an illustration
here. To obtain well-grounded estimates of the moments
aX! one needs the standard treatment of the complete NLC

SRs (16).

IV. CONCLUSION

(i) Taking into account renormalon-chain corrections of
any order a,(ay ;)" in pQCD, we have calculated
the correlator T1(x,0; L) of two vector quark cur-
rents, with one of the currents being nonlocal, which
makes the correlator a function of the Bjorken
fraction x. The generating functions for this corre-
lator and some of its moments have been con-
structed. The zeroth and inverse Mellin moments
of the correlator have been obtained for any order n.
The zeroth moment as well as some other fixed-
order special cases agree with all previous calcu-
lations in the literature.

The correlator TT(x, 0; L) at any fixed order n can
be expressed in terms of harmonic polylogarithms of
weight not higher than n 4+ 3. Investigating the
asymptotic series in ag(a,fy)" for the moments of
the correlator, we found that these series should be
truncated at n = 3 or 4.

(i) These radiative corrections to perturbative and con-
densate parts of QCD SR for pion distribution
amplitude, ¢,(x), do not change the behavior of
@,(x) at the endpoints x =0 and 1 significantly.
Although these changes looks visible and corre-
sponding incline is a bit higher now—up to 7. But
this effect cannot disturb the agreement of previous
calculations of transition form factor and the phe-
nomenological processing of the data process
Y+ = 2% [21,23].

(iii) The same class of radiative corrections to the
distribution amplitude of longitudinally polarized

p-meson, q),!(x), drastically changes the behavior of

the DA near the endpoints in such a way that leads to
the inequality (£2), > (&), (@5 > af > 0). This
inequality agrees with the results of lattice calcu-
lations in [24,25].

APPENDIX A: BOREL TRANSFORM B

We used the standard form of the Borel transform for
QOCD SR, see, e.g., in [16], it reads ﬁ(Mz_,PZ)[f(I)] and
manifests itself as the limit of a series of derivatives of the
function f(¢) for t = P?/u® (u>*—normalization scale)

B[f(1)](M?)
ger 1. (=1)" d"
= atme T(n) dr”

n—oo

lA*(Ml—»}ﬂ)[f(t)]

@] (AL

We emphasize that the Borel transformation ﬁ( M2 p?), ACtS

on the argument P2, this differs from the images of B (the
inverse Laplace transform) acting on the powers of a, (or
the constant A ~ ay) of the perturbation theory series, the
latter have been summed and discussed here in Secs. 11 B
and IIC. A number of useful formulas for the B are
presented below that are based on the definition (A1)

o P2 M?
B[exp (——20>j| —6(1——2a>. (A2)
H H
Based on (A2) one can derive
2\ n 2\ n
A (u 1 U
Bl(L = —, A3
>8() ] ) o
Bleet] = __aet (A3b)
I'(l—a)
Here a is a constant, e.g., a = A = —a,f, as in Sec. I,

L=Int I|= 1n(’g—22). The B—images of radiation logs are

s d d. s(d -\ _ 945
B ="B=B(-—I=0)]=-BI (A4
aL _dal> (dL ) a9
B[l 2 dymt et 5
m(A(M?) = )" | — 1 N A
[In"(1)](M*) =m(-1) Kda) F(1+a)Lo (AS2)
d m—1 e TEd
——m (IB —%) m a:()’ (ASb)

here I = ln(%z) - 7.

APPENDIX B: EXTRACTION OF
SPECTRAL DENSITY p(s)

Let us define a “double” Borel transform ]ASZS) = ]AS%H )

to obtain the spectral density p,,(s) of IT(L) that is used in
Sec. III,

) d
(L) = / M — subtracted terms, (Bla)
0 s+ P
Mzﬁ(Mz_)m)H(L) - /ooppt(s)e_s/MzdS’ (B1b)
0

. 14 1
B2,110) = 1By LB a0 | =900, (B1)

where p is an intermediate variable. One obtains for every
power L" in TI(L) the contribution to p(s) as a polynomial
in I, = In(s):

096015-7



S. V. MIKHAILOV and N. VOLCHANSKIY

PHYS. REV. D 108, 096015 (2023)

- d \ " [sin(zv)
Bl L=l —— : B2
) ( ’ dIJ) [ 4 :| v=0 ( )
B2 [pal] — _gal, sin(za) B3
(s) [et] = —e® ——=. (B3)
b/
n 01 2 3 4 5

A

B2 L" 0-1 -2l z>-3[ 4la*—41 —7* +107°[ = 515

The key element of the perturbative contribution in the
“theoretical part” (rhs) of the SR is the integration of In/(s)
from (B2),

So 2 so/M?
/ ppls)e M ds = M2/ In/(M?t)e~'dt.  (B4)
0 0

Taking into account the main terms of the structure of the
correlator after summation, i.e., the terms of the generating
functions for IT" and IT” in Sec. II (see the terms in braces
below), we present the results for these functions and their
different derivatives where a is a constant,

puts) B, { ) L {expany Tm) -

(BS)
BII(L) fs{%(“”,L} - {‘%"1}’ (B6)
(L) diL {e"paﬂ,L} — {exp(al).1}.  (B7)

APPENDIX C: &g INTEGRALS

The zeroth-order calculation a,(a,f3,)° of the coefficient
function for ®g, discussed in detail in [15] (see also

Appendix A in [22]), was performed for the correlator
of the initial two-fold form IIg(x,y). For this two-fold

form, the contribution H(S") (x,y) with a n-bubble chain
looks most evident as a term of geometric progression

BILY (x.y) ~ (a,60)"$ (x.)

() -n(E) - @

&5 _ A2
A=—"5; =1-A; =1
M? 2
5
Iu% = queYE; c = —g’ (CZ)
16 (\/aqq)*> Xy . .
Flay) = 20, V% 0(A > y - 10y > &)

9 A y—x+A

x 0(y > x)0(A > x). (C3)

Finally, we integrate over y to obtain the contribution to

T (x, 0) ~ @g(x). The partial contribution @ of the order
(a,fy)" to Oy reads

202
o’ (x) = (asﬁo)"gﬂ%e(l >2A)0(A>x)x

A+x A 2 n
x/ Y [ln< A —1>—ln<%>—c] dy
A y—x+A[ \y—x 0

+(x—>Xx) (C4)

The functions of the highest transcendence that appear in
Q(S") (x) from Eq. (C4) are the polylogarithms of weight
n—+1,

Li,,H(—A)ix), Li,m(—;_A ) (x<%).  (C5)
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