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In the wake of measurements on Bþ
c → J=ψKþ, Bþ

c → J=ψπþπ−πþ, and Bþ
c → J=ψKþK−πþ at Large

Hadron Collider experiments, we propose to study the decays Bþ
c → J=ψMþ comprehensively, with M

being the light charged pseudoscalar (P), vector (V), scalar (S), axial-vector (A), and tensor (T) mesons,
within the improved perturbative QCD (iPQCD) formalism at leading order in the Standard Model.
The theoretical predictions for experimental observables such as branching fractions, relative ratios, and
longitudinal polarization fractions in the iPQCD formalism await near future examinations relying on the
upgraded Large Hadron Collider, even the forthcoming Circular Electron-Positron Collider. We emphasize
that the investigations on the factorizable-emission-suppressed or -forbidden decays like Bþ

c → J=ψSþ,
Bþ
c → J=ψAþ

11P1
, and Bþ

c → J=ψTþ, should go definitely beyond naive factorization to explore the rich

dynamics, which could, in turn, further help understand the QCD nature of Bc meson, as well as that of
related hadrons. The future confirmations on those predictions about the relative ratios between the
branching fractions of Bþ

c → J=ψb1ð1235Þþða0ð980Þþ; a0ð1450Þþ; a2ð1320ÞþÞ and Bþ
c → J=ψπþ could

further examine the reliability of this iPQCD formalism. Because of containing only tree-level b̄ → c̄
transitions, the CP asymmetries in the Bþ

c → J=ψMþ decays exhibit naturally zero.

DOI: 10.1103/PhysRevD.108.096006

I. INTRODUCTION

In 1998, the first discovery of Bc meson at Tevatron [1,2]
proclaimed the beginning of its experimental studies. After
that, its properties, e.g., lifetime and mass, were measured
combined through semileptonic decay B�

c → J=ψl�νl
[3,4] and nonleptonic decay B�

c → J=ψπ�, the so-called
“golden channel” in Bc-meson decays [5,6]. Ever since the
running of Large Hadron Collider (LHC) in 2009, the
attention has always been be payed from the community of
heavy flavor physics on the measurements of Bc-meson
decays. The underlying reason is that a Bc meson is the
ground state of a unique meson family containing two
different kinds of heavy flavor, namely, b and c, in the
Standard Model [7,8] and it is the only meson whose
decays of both constituents compete with each other.
The Bc-meson decays contain rich dynamics in the per-
turbative regimes, besides the nonperturbative nature. What
is more, its decays might shed light on possible new physics
beyond the Standard Model (for example, see very recent
literature [9–12] and references therein).

The LHC experiments have measured several nonlep-
tonic decay channels of Bc meson [13,14], however,
unfortunately, the exact values of individual branching
fractions (B) for those observed decays are not available
yet because of experimentally complicated background
with proton-proton collisions at LHC. Among them, the
Bc-meson decays into J=ψ plus a light meson such as
Bþ
c → J=ψa1ð1260Þþ (In the following context, we will

describe it as aþ1 for convenience, unless otherwise stated.)
and Bþ

c → J=ψKþ were observed through the relative
ratios of branching fractions between the related Bþ

c
decays. Explicitly,

(i) In 2012, the decay Bþ
c → J=ψπþπ−πþ was reported

for the first time by the Large Hadron Collider-
beauty (LHCb) Collaboration [15]. The ratio be-
tween the branching fractions of Bþ

c → J=ψπþπ−πþ
and Bþ

c → J=ψπþ was measured to be

RExp
3π=π≡BðBþ

c →J=ψπþπ−πþÞ
BðBþ

c →J=ψπþÞ ¼2.41�0.45; ð1Þ

where “the background-subtracted distribution of
the Mðπþπ−πþÞ mass for the Bþ

c → J=ψπþπ−πþ
data exhibits an a1 peak” [15]. In 2015, the CMS
Collaboration at LHC confirmed this ratio with
newly measured value as [16]

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 108, 096006 (2023)

2470-0010=2023=108(9)=096006(20) 096006-1 Published by the American Physical Society

https://orcid.org/0000-0001-9419-7462
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.096006&domain=pdf&date_stamp=2023-11-08
https://doi.org/10.1103/PhysRevD.108.096006
https://doi.org/10.1103/PhysRevD.108.096006
https://doi.org/10.1103/PhysRevD.108.096006
https://doi.org/10.1103/PhysRevD.108.096006
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


R0Exp
3π=π≡BðBþ

c →J=ψπþπ−πþÞ
BðBþ

c →J=ψπþÞ ¼2.55�0.87: ð2Þ

In the above two ratios, the statistic and systematic
errors have been added in quadrature. By combining
these two measurements, the Heavy Flavor Averag-
ing Group gave the averaged ratio as 2.45� 0.40
[14]. Theoretically, the decay Bþ

c → J=ψπþπ−πþ
has been investigated via definition R3π=π in
Refs. [17–21] with different values, however, which
are basically consistent with the current data, except
for a smaller value 1.5 estimated in [18].
Moreover, in 2013, the decay Bþ

c →J=ψKþK−πþ
was also detected for the first time by the LHCb
Collaboration [22], and the ratio between BðBþ

c →
J=ψKþK−πþÞ and BðBþ

c → J=ψπþÞ was measured
to be

RExp
2Kπ=π ≡ BðBþ

c → J=ψKþK−πþÞ
BðBþ

c → J=ψπþÞ ¼ 0.53� 0.11;

ð3Þ

where various errors have been added in quadrature
too. This measurement agrees well with the available
theoretical predictions 0.49 and 0.47 [23] corre-
sponding to the resonance approximation with con-
tribution of a1.
Very recently, the LHCb Collaboration studied the

Bc-meson decaying to charmonia plus multihadron
final states and reported the ratio between the
branching fractions of Bþ

c → J=ψKþK−πþ and
Bþ
c → J=ψπþπ−πþ, largely proceeding via aþ1 →

KþK̄�0 → KþK−πþ and aþ1 → ρ0πþ → πþπ−πþ,
respectively, as follows [24],

RExp
2Kπ=3π ≡BðBþ

c → J=ψKþK−πþÞ
BðBþ

c → J=ψπþπ−πþÞ ¼ 0.185� 0.014;

ð4Þ

with the statistic and systematic uncertainties being
added in quadrature. This ratio deviates slightly from
0.22� 0.06 deduced by the previous LHCb mea-
surements as presented in Eqs. (1) and (3).

(ii) In 2013, the decay Bþ
c → J=ψKþ was observed for

the first time by the LHCb Collaboration [25]. The
ratio between the branching fractions of Bþ

c →
J=ψKþ and Bþ

c → J=ψπþ was measured to be

RExp
K=π ≡ BðBþ

c → J=ψKþÞ
BðBþ

c → J=ψπþÞ ¼ 0.069� 0.020; ð5Þ

and, subsequently, this ratio was updated in 2016
with a good precision as [26],

R0Exp
K=π ≡ BðBþ

c → J=ψKþÞ
BðBþ

c → J=ψπþÞ ¼ 0.079� 0.008: ð6Þ

The ratio R0Exp
K=π supersedes the previous RExp

K=π how-
ever still agrees well with each other. Notice that the
errors from different sources in the above two ratios
have been added in quadrature. Interestingly, the
theoretical predictions for this ratio locate at a broad
region of [0.052, 0.088] (See them in Table I), which
implies different understanding on the dynamics in
different formalisms for these two Bc-meson decays.
That is to say, the adequate and complementary
studies are still demanded to further clarify the
involved dynamics, in particular, based on certain
frameworks of QCD-inspired factorization.

Certainly, along with the successful upgrade of LHC,
around 1010 Bc-meson events could be accessed per year.
Thus more varieties of Bc-meson decays would be mea-
sured by the upcoming experiments at the ongoing LHC,
even the forthcoming Circular Electron-Positron Collider
(CEPC).
Motivated by the above-mentioned observations and

near future rich measurements on the Bc-meson decays,
we propose to study the decays Bþ

c → J=ψMþ, in which,
M denotes the pseudoscalar (P), vector (V), axial-vector
(A), scalar (S), and tensor (T) mesons composed of light
quarks, in a comprehensive manner within the improved
perturbative QCD (iPQCD) formalism at leading order
[41,42]. It is worth emphasizing that the resummation
formula adopted in the conventional PQCD approach to
Bc-meson decays [38,43,44] is not appropriate. The con-
ventional PQCD formalism has recently been improved
by taking into account the finite charm quark mass effects

TABLE I. Relative ratios from the branching fractions for the decays Bþ
c → J=ψPþ, Bþ

c → J=ψVþ, and Bþ
c → J=ψaþ1 in the literature

at both aspects of theory and experiment.

Ratios [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [21] [37] [38] [39] [40] Data

RK=π 0.077 0.076 0.052 0.074 0.049 0.082 0.076 0.079 0.088 � � � 0.075 0.079 0.082 0.076þ0.015
−0.015 0.075þ0.005

−0.005 0.079þ0.008
−0.008

RK�=ρ 0.054 0.054 0.054 0.057 0.038 0.063 0.057 0.058 0.050 � � � 0.053 � � � 0.057 0.059 0.056 � � �
Rρ=π 3.01 3.22 2.85 2.85 19.31 2.62 2.88 3.16 � � � 5.29 2.77 � � � 3.31 3.52 5.65 � � �
RK�=π 0.16 0.17 0.15 0.16 0.73 0.16 0.16 0.18 � � � 0.26 0.15 0.16 0.19 0.21 0.32 � � �
Ra1=π � � � � � � 4.0 � � � � � � � � � � � � � � � � � � � � � 5.5 � � � � � � � � � � � � � � �
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through kT resummation at the next-to-leading-logarithm
accuracy [42]. The resultant Sudakov factor scðQ; bÞ
makes the framework for the Bc-meson and B-meson
decays into charmonia plus light mesons really complete
at leading order. So far, partial decay modes of Bþ

c →
J=ψMþ such as Bþ

c → J=ψPþ and Bþ
c → J=ψVþ, even

Bþ
c → J=ψaþ1 , have been investigated in many different

models or methods based on factorization assumptions and
the relative ratios of their branching fractions between the
different Bþ

c decays are collected in Table I. But, it is
indicated that different branching fractions with large
discrepancy for these Bþ

c → J=ψPþ, Bþ
c → J=ψVþ, and

Bþ
c → J=ψaþ1 channels appear, though the ratios among

these branching fractions are comparable to each other,
even to data. As discussed in [45], the Bþ

c → J=ψPþ
decays, as well as the Bþ

c → J=ψVþ ones, are predomi-
nated by the factorizable emission amplitudes, in associ-
ation with the negligible nonfactorizable emission ones. It
means that the theoretical predictions for RK=π in various
kinds of models and methods should be consistent with
each other, as naively anticipated in factorization ansatz.
That is to say, if the Bþ

c → J=ψVþ decays are basically
governed by the longitudinal polarization contributions,
then RK�=ρ is expected to be close to RK=π . Certainly, they
cannot tell us more dynamics in the related decays, even
if RTheo

K=π and RTheo
K�=ρ agree well with those at experiments.

The fact is that the decay amplitude in the decays like
Bþ
c → J=ψPþ, Bþ

c → J=ψVþ, even Bþ
c → J=ψaþ1 can be

approximately written into the product of decay constant
and transition form factor as described in naive factoriza-
tion, then the above-mentioned ratios can be further written
as the ratio of squared decay constants multiply by the ratio
of squared Cabibbo-Kaboyashi-Maskawa (CKM) matrix
elements. Then, for example, the relation of the branching
factions between the Bþ

c → J=ψKþ and Bþ
c → J=ψπþ

decays could be naively derived as,

RK=π ≡ BðBþ
c → J=ψKþÞ

BðBþ
c → J=ψπþÞ ≃

jVusj2
jVudj2

·
f2K
f2π

∼ 0.081; ð7Þ

with jVusj ¼ 0.2265, jVudj ¼ 0.9740, fK ¼ 0.16 GeV, and
fπ ¼ 0.131 GeV [13]. This naive expectation agrees per-
fectly with the latest measurements as shown in Eq. (6)
indeed. Notice that, however, for the decays with sup-
pressed or vanished factorizable-emission amplitudes
while with enhanced nonfactorizable emission ones, e.g.,
Bþ
c → J=ψSþ, Bþ

c → J=ψTþ, etc., one should go beyond
naive factorization to explore the rich but complicated
dynamics within the factorization framework based on
QCD. We can then understand deeply the perturbative
and nonperturbative QCD dynamics involved in these
Bc-meson decays.
The Bc meson is treated as a heavy-light system [41]

and the related decays are analyzed in its rest frame with

momentum P1 ¼ mBc
=

ffiffiffi
2

p ð1; 1; 0TÞ in the light-cone coor-
dinates. Then, for Bþ

c → J=ψMþ decays, M and J=ψ
mesons are assumed to move correspondingly in the plus
and minus z-directions carrying the momenta P2 and P3 as,

P2 ¼
mBcffiffiffi
2

p ð1 − r23; r
2
2; 0TÞ; P3 ¼

mBcffiffiffi
2

p ðr23; 1 − r22; 0TÞ;

ð8Þ

associated with polarization vectors ϵ2 and ϵ3 in the
longitudinal (L) and transverse (T) polarizations, if M is
V or A, as,

ϵ2ðLÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1 − r23Þ
p

r2
ð1 − r23;−r22; 0TÞ;

ϵ2ðTÞ ¼ ð0; 0; 1TÞ; ð9Þ

ϵ3ðLÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1 − r22Þ
p

r3
ð−r23; 1 − r22; 0TÞ;

ϵ3ðTÞ ¼ ð0; 0; 1TÞ; ð10Þ

where the ratios r2 ¼ mM=mBc
and r3 ¼ mJ=ψ=mBc

, and
those two polarization vectors (The capital L and T in the
parentheses describe the longitudinal and transverse polar-
izations, respectively. Not to be confused with the abbre-
viation T for tensors.) satisfy P · ϵ ¼ 0 and ϵ2 ¼ −1.1

Notice that, due to conservation of the angular momentum,
only the longitudinal polarization vector ϵ3L of J=ψ is
required in the decays Bþ

c → J=ψPþ and Bþ
c → J=ψSþ.

We stress that, due to small contributions around 5% to the
Bþ
c → J=ψMþ branching fractions, the terms proportional

to r22 and r42 will be safely neglected in the numerators
of factorization formulas. The momenta of the spectator
quarks in the involved hadrons are parametrized as

k1 ¼ ðx1Pþ
1 ; x1P

−
1 ;k1TÞ;

k2 ¼ ðx2Pþ
2 ; x2P

−
2 ;k2TÞ;

k3 ¼ ðx3Pþ
3 ; x3P

−
3 ;k3TÞ; ð11Þ

where xi (i ¼ 1, 2, 3) is the momentum fraction of valence
quark in the involved mesons.
The Bþ

c → J=ψMþ decay amplitude in the iPQCD
formalism can therefore be conceptually written as follows,

1As described in Ref. [46], since only three helicities
l ¼ 0;�1 contribute to the Bþ

c → J=ψTþ modes, the involved
light tensor meson can then be treated as a vectorlike meson with
tensor meson mass. In other words, the polarization tensor of
tensor meson can be constructed through the spin-1 polariza-
tion vector of vector meson [47]. A new polarization vector ϵT
for tensor meson can then be read as ϵTðLÞ ¼

ffiffi
2
3

q
ϵðLÞ and

ϵTðTÞ ¼
ffiffi
1
2

q
ϵðTÞ [48].
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AðBþ
c → J=ψMþÞ ∼

Z
dx1dx2dx3b1db1b2db2b3db3

· Tr
�
CðtÞΦBc

ðx1; b1ÞΦMðx2; b2Þ
×ΦJ=ψðx3; b3ÞHðxi; bi; tÞe−SðtÞ

�
;

ð12Þ

where bi is the conjugate space coordinate of transverse
momentum kiT ; t is the largest running energy scale in hard
kernel Hðxi; bi; tÞ; Tr denotes the trace over Dirac and
SU(3) color indices; CðtÞ stands for the Wilson coefficients
including the large logarithms lnðmW=tÞ [49]; and Φ is the
wave function describing the hadronization of quarks and
antiquarks to the meson. The Sudakov factor e−SðtÞ arises
from kT resummation, which provides a strong suppression
on the long distance contributions in the small kT (or large
b) region [50] The detailed discussions for e−SðtÞ can be
easily found in the original Refs. [41,42,50]. Thus, with
Eq. (12), we can give the convoluted amplitudes of the
decays Bþ

c → J=ψMþ explicitly through the evaluations of
the hard kernel Hðxi; bi; tÞ at leading order in the αs
expansion with the iPQCD formalism.
The wave function for Bc meson with a heavy-light

structure can generally be defined as [41,49,51]

ΦBc
ðx; kTÞ ¼

iffiffiffiffiffiffiffiffi
2Nc

p �ð=PþmBc
Þγ5ϕBc

ðx; kTÞ
�
αβ; ð13Þ

where α, β are the color indices; P is the momentum of Bc
meson; Nc ¼ 3 is the color factor; and x and kT are the
momentum fraction and intrinsic transverse momentum of
charm quark in the Bc meson; ϕBc

ðx; kTÞ is the Bc-meson
leading-twist distribution amplitude.
For the vector J=ψ meson, its wave function has been

studied within the nonrelativistic QCD approach [52]. The
longitudinal and transverse wave functions have been
derived as,

ΦL
J=ψ ðxÞ¼

1ffiffiffiffiffiffiffiffi
2Nc

p �
mJ=ψ=ϵLϕL

J=ψðxÞþ=ϵL=Pϕt
J=ψðxÞ

�
αβ; ð14Þ

ΦT
J=ψ ðxÞ¼

1ffiffiffiffiffiffiffiffi
2Nc

p �
mJ=ψ=ϵTϕv

J=ψ ðxÞþ=ϵT=PϕT
J=ψðxÞ

�
αβ: ð15Þ

Here, x describes the distribution of charm quark momen-
tum in J=ψ meson, ϵL and ϵT are the two polarization
vectors of J=ψ , and ϕL

J=ψðxÞ and ϕT
J=ψðxÞ are the twist-2

distribution amplitudes, while ϕt
J=ψ ðxÞ and ϕv

J=ψ ðxÞ are the
twist-3 ones.
The light-cone wave functions including distribution

amplitudes for light pseudoscalars, scalars, vectors,
axial-vectors, and tensors have been given in the QCD
sum rules up to twist-3. They are collected as follows:

(i) For P and S mesons [53–57],

ΦPðxÞ ¼
iffiffiffiffiffiffiffiffi
2Nc

p γ5
n
=PϕA

PðxÞ þmP
0ϕ

P
PðxÞ

þmP
0 ð=n=v − 1ÞϕT

PðxÞ
o
αβ
; ð16Þ

and

ΦSðxÞ ¼
iffiffiffiffiffiffiffiffi
2Nc

p
n
=PϕSðxÞ þmSϕ

S
SðxÞ

þmSð=n=v − 1ÞϕT
SðxÞ

o
αβ
; ð17Þ

with mSðmP
0 Þ denoting (chiral) mass of light (pseu-

doscalars) scalars, n ¼ ð1; 0; 0TÞ and v ¼ ð0; 1; 0TÞ
being the light-like dimensionless vectors on the
light-cone. And ϕA

PðxÞ and ϕSðxÞ are the leading-
twist distribution amplitudes, while ϕP;T

P ðxÞ and
ϕS;T
S ðxÞ are the twist-3 ones.

(ii) For V and A mesons with polarizations [58–61],

ΦL
VðxÞ ¼

1ffiffiffiffiffiffiffiffi
2Nc

p
n
mV=ϵLVϕVðxÞ þ =ϵLV=Pϕ

t
VðxÞ

þmVϕ
s
VðxÞ

o
αβ
; ð18Þ

ΦT
VðxÞ ¼

1ffiffiffiffiffiffiffiffi
2Nc

p
n
mV=ϵTVϕ

v
VðxÞ þ =ϵTV=Pϕ

T
VðxÞ

þmViϵμνρσγ5γμ=ϵTνV nρvσϕa
VðxÞ

o
αβ
; ð19Þ

and

ΦL
AðxÞ ¼ γ5ΦL

VðxÞ; ΦT
AðxÞ ¼ γ5ΦT

VðxÞ; ð20Þ

where m, P, and ϵ are the mass, the momentum and
the polarization vector for (axial-)vector mesons,
ϕðxÞ and ϕTðxÞ are the leading-twist distribution
amplitudes, and ϕt;sðxÞ and ϕv;aðxÞ are the twist-3
ones, and x is the momentum fraction of quark
carrying in the (axial-)vector mesons.

(iii) For T mesons with polarizations [62,63],

ΦL
TðxÞ ¼

1ffiffiffiffiffiffiffiffi
2Nc

p
n
mT=ϵLTϕTðxÞ þ =ϵLT=Pϕ

t
TðxÞ

þmTϕ
s
TðxÞ

o
αβ
; ð21Þ

ΦT
TðxÞ ¼

1ffiffiffiffiffiffiffiffi
2Nc

p
n
mT=ϵTTϕ

v
TðxÞ þ =ϵTT=Pϕ

T
TðxÞ

þmTiϵμνρσγ5γμ=ϵTνT nρvσϕa
TðxÞ

o
αβ
; ð22Þ
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with the tensor meson mass mT , the twist-2 distri-
bution amplitudes ϕTðxÞ and ϕT

TðxÞ, the twist-3
distribution amplitudes ϕt;s

T ðxÞ and ϕv;a
T ðxÞ, the

momentum P and polarization vector ϵT satisfying
P · ϵT ¼ 0, and the momentum fraction x carried by
quark in the tensor meson.

In the above wave functions with polarizations, we adopt
the convention ϵ0123 ¼ 1 for the Levi-Cività tensor ϵμναβ.
Notice that the explicit expressions for all the above-
mentioned distribution amplitudes with their masses,
decay constants and Gegenbauer moments can be found
later in Appendix A.
For the Bþ

c → J=ψMþ decays induced by the b̄ → c̄
transition at the quark level, the related weak effective
Hamiltonian Heff can be written as [64]

Heff ¼
GFffiffiffi
2

p �
V�
cbVuq½C1ðμÞO1ðμÞ þ C2ðμÞO2ðμÞ�

�þ H:c:;

ð23Þ

with the Fermi constant GF ¼ 1.16639 × 10−5 GeV−2, the
CKMmatrix elements V, and the Wilson coefficients CiðμÞ
at the renormalization scale μ. The local four-quark tree
operators O1 and O2 are written as

O1 ¼ q̄αγμð1 − γ5Þuβc̄βγμð1 − γ5Þbα;
O2 ¼ q̄αγμð1 − γ5Þuαc̄βγμð1 − γ5Þbβ; ð24Þ

where q denotes the light down quark dðsÞ for the
ΔS ¼ 0ð1Þ, namely, CKM-favored (suppressed) processes
with S being the strange number (Not to be confused with
the abbreviation S for scalars).
The related Feynman diagrams for the decays Bþ

c →
J=ψMþ in the iPQCD formalism at leading order are
illustrated in Fig. 1. As presented [see Eqs. (31)–(46) for
details] in Ref. [41], we have given the factorization
formulas and analytic Bþ

c → J=ψπþ decay amplitudes with
all elements. The similar calculations could be repeated
for the rest Bþ

c → J=ψMþ decay modes in this work.
Hereafter, for the sake of simplicity, we will use Fe andMe
to describe the factorizable emission and the nonfactoriz-
able emission amplitudes induced by the ðV − AÞðV − AÞ
operators in these types of Bþ

c → J=ψMþ decays.
Furthermore, in light of the successful clarification of most
branching ratios and polarization fractions in the B → VV

decays by keeping the terms proportional to r2V ¼ m2
V=m

2
B

in the denominator of propagators for virtual quarks and
gluons with the PQCD approach [65], we will follow this
treatment in the present work. That is, we will retain the
terms like r22 and r23 in dealing with the denominators of
factorization formulas for the decays Bþ

c → J=ψMþ, which
could be examined by future measurements to further
clarify its universality. The related factorization formulas
can be found in Appendix B.
The Bþ

c → J=ψMþ decay amplitude can thus be decom-
posed into

AðσÞðBþ
c → J=ψMþÞ ¼ V�

cbVuq

�
FðσÞ
e ·fM þMðσÞ

e

�
; ð25Þ

with σ ¼ L for the modes Bþ
c → J=ψPþ and J=ψSþ

involving contributions from only longitudinal polarization
while σ ¼ L, N, T for the channels Bþ

c → J=ψVþ, J=ψAþ,
and J=ψTþ containing contributions from longitudinal,
normal, and transverse polarizations, which result in the
formulas for calculating branching fractions of the decays
Bþ
c → J=ψMþ as follows,
(i) For the decays Bþ

c → J=ψMþ with M ¼ P and S,

BðBþ
c → J=ψMþÞ
≡ τBc

· ΓðBþ
c → J=ψMþÞ

¼ τBc
·
G2

Fm
3
Bc

32π
·Φðr2; r3Þ · jAðBþ

c → J=ψMþÞj2;
ð26Þ

where τBc
is the lifetime of Bc meson and Φðr2; r3Þ

is the phase space factor of Bþ
c → J=ψMþ decays

with Φðx;yÞ≡f½1−ðxþyÞ2� · ½1−ðx−yÞ2�g1=2 [66].
(ii) For the decays Bþ

c → J=ψMþ with M ¼ V, A,
and T,

BðBþ
c → J=ψMþÞ
≡ τBc

· ΓðBþ
c → J=ψMþÞ

¼ τBc
·
G2

FjPcj
16πm2

Bc

X
σ¼L;N;T

Aσ†ðBþ
c → J=ψMþÞ

× AσðBþ
c → J=ψMþÞ; ð27Þ

(a) (b) (c) (d)

FIG. 1. Leading order Feynman diagrams for the decays Bþ
c → J=ψMþ in the iPQCD formalism.
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where jPcj≡ jP2zj ¼ jP3zj is the momentum of
either the outgoing M meson or J=ψ meson and
AσðBþ

c → J=ψMþÞ denotes the decay amplitudes
with helicities for the decays Bþ

c → J=ψVþ, J=ψAþ,
and J=ψTþ, respectively.

Now we turn to carry out the numerical calculations and
make phenomenological analyses. In numerical calcula-
tions, central values of the input parameters will be used
implicitly unless otherwise stated. The relevant QCD scale
(GeV), masses (GeV), and Bc-meson lifetime (ps) are the
following [13,49]

Λðf¼4Þ
MS

¼0.250; mW ¼80.41; mBc
¼6.275; mJ=ψ ¼3.097;

τBc
¼0.507; mb¼4.8; mc¼1.5: ð28Þ

For the CKM matrix elements, the Wolfenstein para-
metrization up to Oðλ4Þ is adopted [67],

VCKM¼

0
BBB@

1− 1
2
λ2 λ Aλ3ðρ− iηÞ

−λ 1− 1
2
λ2 Aλ2

Aλ3ð1−ρ− iηÞ −Aλ2 1

1
CCCAþOðλ4Þ;

ð29Þ

with the updated parameters A¼0.790 and λ¼0.2265 [13].

A. B+
c → J=ψðP + ;V + Þ

As inferred from the literature, the decays Bþ
c → J=ψPþ

and J=ψVþ have been studied extensively in many
different approaches and methods, though with different
individual branching fractions, for example, see
Refs. [21,27–40]. The CP-averaged branching fractions
of the Bþ

c → J=ψPþ decays in the iPQCD formalism are

BðBþ
c → J=ψπþÞ
¼ 1.17þ0.31

−0.23ðβBc
Þþ0.08
−0.08ðfMÞþ0.00

−0.00ðaπÞ × 10−3; ð30Þ

BðBþ
c → J=ψKþÞ
¼ 8.68þ2.32

−1.73ðβBc
Þþ0.64
−0.62ðfMÞþ0.66

−0.63ðaKÞ × 10−5; ð31Þ

where the dominant error arises from the shape parameter
βBc

in Bc-meson distribution amplitude. In the Bþ
c →

J=ψKþ mode, the uncertainties from the combined decay
constants of Bc and J=ψ and from the SU(3)-flavor
symmetry breaking factor aK1 can compete with each other.
These two branching ratios are around Oð10−3Þ and
Oð10−4Þ, respectively, within uncertainties. Although the
individual Bþ

c → J=ψπþ branching fraction is not defi-
nitely available yet, our iPQCD prediction for its value
agrees generally with most of the predictions from various
models and methods already presented in the literature,
in particular, with that given in QCD factorization

approach [68], and presented very recently in covariant
confined quark model [39] and light-cone sum rules
approach [40]. Furthermore, our predictions about the
Bþ
c → J=ψPþ branching fractions agree well with those

presented in Refs. [39,40].
The ratio between the CP-averaged branching fractions

of Bþ
c → J=ψKþ and Bþ

c → J=ψπþ in the iPQCD formal-
ism is therefore given theoretically as,

RTheo
K=π ≡ BðBþ

c → J=ψKþÞ
BðBþ

c → J=ψπþÞ ¼ 0.074þ0.006
−0.005 ; ð32Þ

which agrees well with the very recent predictions in
Refs. [39,40] and the latest measurement as shown in
Eq. (6) within errors. This natural agreement is trivial
because these two Bþ

c → J=ψPþ modes are absolutely
dominated by the factorizable emission diagrams while
with dramatically small nonfactorizable emission contri-
butions due to the considerable cancelation under the
isospin limit. It is clear to see that RTheo

K=π predicted in
iPQCD formalism is consistent with the naive expectation
RK=π as described in Eq. (7), besides in good consistency
with the measured one. The slight deviation between RTheo

K=π

and RK=π arises from the SU(3)-flavor symmetry breaking
effects in the leading-twist distribution amplitude of kaon,
due to the fact that the contributions induced by the
nonfactorizable emission diagrams are proportional to
ϕA
PðxÞ as shown in Eq. (33) of Ref. [41]. Therefore, as

a by-product, it could be anticipated that the above naive
expectation is also validated for Bc-meson decays into
other charmonia, e.g., ηc, χcJðJ ¼ 0; 1; 2Þ;…, plus a pion
or a kaon. However, it is worth stressing that the
measurements on the ratio while without individual decay
rate cannot help reveal the involved dynamics, even
further constrain the related hadronic parameters, for
example, the shape parameter βBc

in the Bc-meson
leading-twist distribution amplitude ϕBc

. In other words,
the investigations on the related modes with large non-
factorizable contributions are of great necessity.
Now, we turn to analyze the Bþ

c → J=ψVþ decays. The
Bþ
c → J=ψVþ branching fractions in the iPQCD formalism

can be read as follows:

BðBþ
c → J=ψρþÞ
¼ 3.69þ1.02

−0.76ðβBc
Þþ0.28
−0.27ðfMÞþ0.01

−0.00ðaρÞ × 10−3; ð33Þ

BðBþ
c → J=ψK�þÞ
¼ 2.23þ0.62

−0.46ðβBc
Þþ0.20
−0.18ðfMÞþ0.02

−0.01ðaK�Þ × 10−4; ð34Þ

where the errors are dominated by the Bc-meson shape
parameter βBc

and the combination of decay constants of the
Bc-meson and related vectors. These predictions are well
consistent with those in Ref. [39] within theoretical errors.
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Based on the helicity amplitudes, we can define the
transversity ones as follows:

AL ¼ ξm2
BA

L; Ak ¼ ξ
ffiffiffi
2

p
m2

BA
N;

A⊥ ¼ ξmVmJ=ψ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr2 − 1Þ

q
AT; ð35Þ

for the longitudinal, parallel, and perpendicular polariza-
tions, respectively, with the normalization factor

ξ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G2

FjPcj=ð16πm2
Bc
ΓÞ

q
and the ratio r ¼ P2 · P3=

ðmV ·mJ=ψÞ. These amplitudes satisfy the relation,

jALj2 þ jAkj2 þ jA⊥j2 ¼ 1: ð36Þ

following the summation in Eq. (27). Since the transverse-
helicity contributions can manifest themselves through
polarization observables, we therefore define CP-averaged
longitudinal polarization fractions fL as the following,

fL ≡ jALj2
jALj2 þ jAjjj2 þ jA⊥j2

ð¼ jALj2Þ: ð37Þ

Then the CP-averaged longitudinal polarization fractions
of the Bþ

c → J=ψVþ modes can be presented as follows,

fLðBþ
c → J=ψρþÞ ¼ ð89.1þ0.1

−0.1Þ%;

fLðBþ
c → J=ψK�þÞ ¼ ð85.6þ0.2

−0.2Þ%: ð38Þ

It is found that the decays Bþ
c → J=ψVþ are generally

governed by the longitudinal amplitudes in the iPQCD
formalism but with slightly different fractions.
The ratio between the CP-averaged branching fractions

of Bþ
c → J=ψK�þ and Bþ

c → J=ψρþ is then obtained as
follows,

RTheo
K�=ρ ≡ BðBþ

c → J=ψK�þÞ
BðBþ

c → J=ψρþÞ ¼ 0.060þ0.002
−0.002 ; ð39Þ

which roughly meets with the value RK�=ρ ∼ 0.066 antici-
pated by naive factorization with fK� ¼ 0.118 GeV,
fρ ¼ 0.107 GeV, jVusj ¼ 0.2265, and jVudj ¼ 0.9740,
and is indeed close to the ratio RTheo

K=π presented in Eq. (32)

within errors. The ratio RTheo
K�=ρ is expected to be measured at

the near future LHC experiments.
With the normalization channel, i.e., Bþ

c → J=ψπþ,
therefore the ratios between the branching fractions of
Bþ
c → J=ψVþ and Bþ

c → J=ψπþ predicted for future
examination are as follows,

RTheo
ρ=π ≡ BðBþ

c → J=ψρþÞ
BðBþ

c → J=ψπþÞ ¼ 3.15þ0.09
−0.10 ;

RTheo
K�=π ≡ BðBþ

c → J=ψK�þÞ
BðBþ

c → J=ψπþÞ ¼ 0.19þ0.01
−0.01 : ð40Þ

B. B+
c → J=ψA+

The p-wave light axial-vectors have been investigated at
both experimental and theoretical aspects. However, the
understanding about their internal structure is far from
satisfactory [69]. As presented in the particle list by Particle
Data Group, the nonstrange axial-vectors a1 and b1ð1235Þ
(In the following context, we will use b1 to denote this state
for simplification.) belong to two different types of bound
states in the constituent quark model with quantum
numbers 13P1ðJPC ¼ 1þþÞ and 11P1ðJPC ¼ 1þ−Þ, respec-
tively. While for the strange K1ð1270Þ and K1ð1400Þ
mesons (We will conveniently adopt K1 and K0

1 to denote
these two states), these two physical states are considered
as the mixtures of K1Að13P1Þ and K1Bð11P1Þ with a single
angle θK1

due to the mass difference of the strange and
nonstrange light quarks [70],

	 jK1i
jK0

1i



¼

	
sin θK1

cos θK1

cos θK1
− sin θK1


	 jK1Ai
jK1Bi



; ð41Þ

In analogy to the decays B → ϕKð0Þ
1 [71], we take both

θK1
≈ 33° and 58° into account of the calculations to

estimate the branching fractions because of the currently
unknown nature.
Then, for the two ΔS ¼ 0 channels, Bþ

c → J=ψaþ1 and
Bþ
c → J=ψbþ1 , the predictions for their branching fractions

in the iPQCD formalism can be read as,

BðBþ
c → J=ψaþ1 Þ
¼ 5.90þ1.63

−1.24ðβBc
Þþ0.66
−0.64ðfMÞþ0.00

−0.00ðaa1Þ × 10−3; ð42Þ

BðBþ
c → J=ψbþ1 Þ
¼ 7.93þ2.43

−1.83ðβBc
Þþ0.93
−0.89ðfMÞþ3.09

−2.59ðab1Þ × 10−4: ð43Þ

One can easily find that the Bþ
c → J=ψbþ1 branching ratio

suffers from large errors induced by the uncertainties
of Gegenbauer moments in the b1-meson distribution
amplitudes. Owing to the nearly vanished decay constant

fbþ
1
¼ fb1 · a

k
0b1

∼ 0.0005 (Here, fb1 and ak0b1 are the
“normalization” decay constant and the zeroth
Gegenbauer moment for the meson bþ1 , respectively, and
they could be found explicitly in Table IV of Appendix A.

Note that ak0b1 ¼ 0 under the isospin limit.), therefore the
factorizable emission contributions are extremely sup-
pressed, which results in the smaller BðBþ

c → J=ψbþ1 Þ that
comes almost from the nonfactorizable emission decay
amplitudes. However, the antisymmetric behavior of the
b1-meson leading-twist distribution amplitude changes the
destructive interferences between the two diagrams like
Figs. 1(c) and 1(d) in the Bþ

c → J=ψaþ1 channel into the
constructive ones in the Bþ

c → J=ψbþ1 mode, which lead to
BðBþ

c → J=ψbþ1 Þ around Oð10−3Þ within large errors.
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The ratios between the branching fractions BðBþ
c →

J=ψaþ1 =b
þ
1 Þ and BðBþ

c → J=ψπþÞ can be defined as
follows,

RTheo
a1=π

≡ BðBþ
c → J=ψaþ1 Þ

BðBþ
c → J=ψπþÞ ¼ 5.04þ0.10

−0.15 ;

RTheo
b1=π

≡ BðBþ
c → J=ψbþ1 Þ

BðBþ
c → J=ψπþÞ ¼ 0.68þ0.26

−0.22 ; ð44Þ

which would help probe these two channels experimen-
tally in the near future. The large ratio RTheo

b1=π
needs

experimental tests as soon as possible to provide useful
hints to test the reliability of iPQCD formalism utilized in
this type of decays. If the information from experiments
is positive, then these types of Bc-meson decay modes
would offer good opportunities to help explore the shape
parameter βBc

in the Bc-meson distribution amplitude
phenomenologically.
As presented in Eqs. (1) and (2), the decay Bþ

c → J=ψaþ1
has been studied experimentally through the Bþ

c →
J=ψπþπ−πþ channel via the invariant mass distributions
corresponded to the favorite resonance state aþ1 at the
LHC experiments. When the relation of the decay rates
Bðaþ1 → πþπ−πþÞ ≈ Bðaþ1 → πþπ0π0Þ ∼ 50% is adopted
[72], then the branching fraction of Bþ

c → J=ψπþπ−πþ
could be derived under narrow-width approximation as

BðBþ
c → J=ψπþπ−πþÞiPQCD
≡ BðBþ

c → J=ψaþ1 Þ · Bðaþ1 → πþπ−πþÞ
¼ ð2.95þ0.88

−0.70Þ × 10−3; ð45Þ

which is consistent surprisingly well with the predictions
using Bc → J=ψ form factors in three different models [17]
and would be tested by the experiments at LHC in the
future. Subsequently, the ratio RTheo

3π=π between the branching
fractions of Bþ

c → J=ψπþπ−πþ and Bþ
c → J=ψπþ could be

obtained straightforwardly as 2.52þ0.05
−0.10 in the iPQCD

formalism, which is clearly in perfect consistency with
data reported by the CMS and LHCb Collaborations
and the Heavy Flavor Averaging Group. Theoretically,
the Bþ

c → J=ψπþπ−πþ decay has been investigated in
Refs. [17–21] with different ratios R3π=π, however, which
are basically consistent with the current measurements,
except for that with the result 1.5 [18]. The future tests
on RTheo

a1=π
and RTheo

3π=π in the iPQCD formalism with high
precision at the LHC, even CEPC experiments could help
understand the property of a1 meson.
Additionally, with the ratio RExp

2Kπ=π in Eq. (3) and the

branching fractions of Bþ
c → J=ψaþ1 and Bþ

c → J=ψπþ in
the iPQCD formalism, thus the branching ratio of
aþ1 → KþK−πþ could be deduced under narrow-width
approximation as

Bðaþ1 → KþK−πþÞiPQCD ≡ RExp
2Kπ=π ·

BðBþ
c → J=ψπþÞ

BðBþ
c → J=ψaþ1 Þ

≈ ð10.5þ2.0
−1.9Þ%: ð46Þ

The detection on this aþ1 → KþK−πþ branching ratio would
help understand the nature of a1 that is usually provided
from the hadron physics side. Meanwhile, with the help
of RExp

2Kπ=3π in Eq. (4) and BðBþ
c → J=ψπþπ−πþÞiPQCD in

Eq. (45), we could derive the branching fraction of Bþ
c →

J=ψKþK−πþ in the iPQCD formalism as,

BðBþ
c → J=ψKþK−πþÞiPQCD
≡ RExp

2Kπ=3π · BðBþ
c → J=ψπþπ−πþÞiPQCD

¼ ð5.46þ1.68
−1.40Þ × 10−4; ð47Þ

which is consistent with the predictions given in different
form factors [23] within a bit large errors. These two values
could be confronted with the future measurements.
In order to help investigate the behavior between the

vector ρmeson and the axial-vector a1 and b1 ones, we also
define the following two ratios with the Bþ

c → J=ψρþ
decay rate,

RTheo
a1=ρ

≡ BðBþ
c → J=ψaþ1 Þ

BðBþ
c → J=ψρþÞ ¼ 1.60þ0.10

−0.11 ;

RTheo
b1=ρ

≡ BðBþ
c → J=ψbþ1 Þ

BðBþ
c → J=ψρþÞ ¼ 0.21þ0.09

−0.07 : ð48Þ

These two ratios are expected to be measured in the
near future.
Meantime, the CP-averaged longitudinal polarization

fractions of the Bþ
c → J=ψaþ1 and J=ψbþ1 channels are

predicted in the iPQCD formalism theoretically as,

fLðBþ
c → J=ψaþ1 Þ ¼ ð74.8þ0.0

−0.3Þ%;

fLðBþ
c → J=ψbþ1 Þ ¼ ð98.9þ0.0

−0.0Þ%: ð49Þ

It is evident that the decay Bþ
c → J=ψbþ1 is governed

absolutely by the longitudinal contributions.

And, for the two ΔS ¼ 1 modes Bþ
c → J=ψKð0Þþ

1 , the
branching fractions are predicted in the iPQCD formalism
with two different mixing angles as follows,

BðBþ
c → J=ψKþ

1 Þ

¼
(
4.07þ1.26

−0.90ðβBc
Þþ0.35
−0.36ðfMÞþ0.71

−0.66ðBK1
Þ × 10−4

4.86þ1.31
−1.03ðβBc

Þþ0.52
−0.50ðfMÞþ0.55

−0.51ðBK1
Þ × 10−4

; ð50Þ

BðBþ
c → J=ψK0þ

1 Þ

¼
(
1.42þ0.43

−0.30ðβBc
Þþ0.22
−0.21ðfMÞþ0.27

−0.24ðBK1
Þ × 10−4

6.22þ2.83
−1.59ðβBc

Þþ0.52
−0.47ðfMÞþ1.38

−0.88ðBK1
Þ × 10−5

; ð51Þ
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where the first (second) entry corresponds to the value
obtained at θK1

¼ 33° (58°). The similar patterns also
appear in the following observables for related modes.
In the numerical results, the dominant errors arise from the
uncertainties of the shape parameter βBc

and from the
combined Gegenbauer moment BK1

of aK1A
and aK1B

(See
Table V for detail.). For the decay Bþ

c → J=ψKþ
1 , the

iPQCD value for branching fraction at θK1
∼ 33° can

compete with that at θK1
∼ 58°, while, for the decay

Bþ
c → J=ψK0þ

1 , the result for BðBþ
c → J=ψK0þ

1 Þ at
θK1

∼ 33° is roughly two times larger than that at
θK1

∼ 58°. As inferred from Refs. [13,24], the Bþ
c →

J=ψK0þ
1 decay might be explored through the ratio

RExp
2πK=3π ≡ BðBþ

c → J=ψKþπ−πþÞ=BðBþ
c → J=ψπþπ−πþÞ

in the near future, where the Bþ
c → J=ψKþπ−πþ mode

proceeds largely via K�0 → Kþπ−. As a by-product, the
branching fraction of Bþ

c → J=ψKþπ−πþ in the iPQCD
formalism could be derived via the currently measured ratio
RExp
2πK=3π ¼ ð6.4� 1.0Þ × 10−2 [24] and the iPQCD branch-

ing fraction BðBþ
c → J=ψπþπ−πþÞ as the following,

BðBþ
c → J=ψKþπ−πþÞiPQCD
¼ RExp

2πK=3π · BðBþ
c → J=ψπþπ−πþÞiPQCD

¼ ð1.89þ0.63
−0.54Þ × 10−4; ð52Þ

which is in good consistency with the predictions [23]
within errors, and is also expected to be detected soon at
experiments.
We also predict the longitudinal polarization fractions for

the decays Bþ
c → J=ψKð0Þþ

1 in the iPQCD formalism under
two referenced angles as follows,

fLðBþ
c → J=ψKþ

1 Þ ¼
(
ð90.2þ1.7

−1.4Þ%
ð82.7þ1.2

−1.2Þ%
;

fLðBþ
c → J=ψK0þ

1 Þ ¼
(
ð52.0þ2.5

−1.9Þ%
ð62.1þ14.9

−11.2Þ%
: ð53Þ

It is clear to observe that, within the theoretical errors, the
longitudinal polarization decay amplitudes dominate the
Bþ
c → J=ψKþ

1 mode, however, both the longitudinal and
the transverse polarization decay amplitudes generally
compete with each other in the Bþ

c → J=ψK0þ
1 channel.

It means that the significantly constructive (destructive)
interferences occur at the longitudinal polarization in the
former (latter) mode. The future measurements on these
two decays might reveal the information of the mixing
angle θK1

between Kþ
1 and K0þ

1 .
Meanwhile, for the convenience of future probes to the

decays Bþ
c → J=ψKþ

1 and J=ψK0þ
1 , the relative ratios of the

branching fractions between Bþ
c → J=ψKð0Þþ

1 and Bþ
c →

J=ψπþ could be derived in the iPQCD formalism as
follows,

RTheo
K1=π

≡ BðBþ
c → J=ψKþ

1 Þ
BðBþ

c → J=ψπþÞ ¼
(
0.35þ0.06

−0.06

0.42þ0.04
−0.05

;

RTheo
K0

1
=π ≡

BðBc → J=ψK0þ
1 Þ

BðBc → J=ψπþÞ ¼
(
0.12þ0.02

−0.02

0.05þ0.02
−0.01

: ð54Þ

We also present the ratios between the ΔS ¼ 1 and ΔS ¼ 0
decay rates in these Bþ

c → J=ψAþ modes as the following,

RTheo
K1=a1

≡ BðBþ
c → J=ψKþ

1 Þ
BðBþ

c → J=ψaþ1 Þ
¼

(
0.07þ0.01

−0.01

0.08þ0.01
−0.01

;

RTheo
K0

1
=a1

≡ BðBþ
c → J=ψK0

1
þÞ

BðBþ
c → J=ψaþ1 Þ

¼
(
0.02þ0.01

−0.00

0.01þ0.00
−0.00

; ð55Þ

and

RTheo
K1=b1

≡ BðBþ
c → J=ψKþ

1 Þ
BðBþ

c → J=ψbþ1 Þ
¼

(
0.51þ0.13

−0.08

0.61þ0.20
−0.12

;

RTheo
K0

1
=b1

≡ BðBþ
c → J=ψK0

1
þÞ

BðBþ
c → J=ψbþ1 Þ

¼
(
0.18þ0.04

−0.03

0.08þ0.03
−0.01

: ð56Þ

These ratios would be helpful to explore the QCD dynam-
ics in the considered axial-vector mesons, especially in K1

and K0
1.

C. B+
c → J=ψS+

As we currently known, our colleagues categorize the
light scalars in the two-quark structure into two different
scenarios [56], namely, the scalars below 1 GeV could be
considered as the qq̄-ground states and those around
1.5 GeV could be viewed as the first excited states
correspondingly in scenario 1 (S1), while the scalars
around 1.5 GeV might be the lowest-lying qq̄-bound states
and those below 1 GeV have to be the four-quark states in
scenario 2 (S2). This means explicitly that a0ð980Þþ (It will
be denoted as aþ0 for convenience.) and κþ in S1 and
a0ð1450Þþ and K�

0ð1430Þþ (They will be expressed as a0þ0
andK�þ

0 for simplicity.) in both S1 and S2 will be taken into
this study, due to the availability of factorization approach.
Different from the factorizable-emission-diagrams-domi-
nated decays Bþ

c → J=ψðPþ; VþÞ, due to the highly small
vector decay constant fS, the factorizable emission dia-
grams are strongly suppressed in the Bþ

c → J=ψSþ modes.
We present explicitly the decay amplitudes of Bþ

c →
J=ψSþ from the factorizable emission and nonfactorizable
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emission diagrams respectively in Table II.2 Therefore, the
estimations going beyond naive factorization are essential
for us to find out the useful constraints on βBc

with the help
of large branching fractions arising almost from the non-
factorizable emission contributions. Moreover, different
from the decay Bþ

c → J=ψbþ1 with angular decomposition,
the decays Bþ

c → J=ψSþ have only longitudinal contribu-
tions because of conservation of the angular momentum.
The CP-averaged branching fractions of the Bþ

c →
J=ψSþ decays in the iPQCD formalism are given as,

BðBþ
c → J=ψaþ0 Þ
¼ 5.98þ1.77

−1.39ðβBc
Þþ0.80
−0.78ðfMÞþ1.31

−1.22ðBiÞ × 10−4; ð57Þ

BðBþ
c → J=ψκþÞ
¼ 1.31þ0.50

−0.36ðβBc
Þþ0.18
−0.18ðfMÞþ0.41

−0.35ðBiÞ × 10−5; ð58Þ

and

BðBþ
c → J=ψa0þ0 Þ

¼
(
6.39þ2.09

−1.56ðβBc
Þþ1.52
−1.37ðfMÞþ2.19

−1.89ðBiÞ × 10−4

2.20þ0.71
−0.54ðβBc

Þþ0.54
−0.48ðfMÞþ1.37

−1.02ðBiÞ × 10−4
; ð59Þ

BðBþ
c → J=ψK�þ

0 Þ

¼
(
3.22þ0.81

−0.66ðβBc
Þþ0.74
−0.64ðfMÞþ0.37

−0.35ðBiÞ × 10−5

2.23þ0.87
−0.70ðβBc

Þþ0.55
−0.51ðfMÞþ0.65

−0.45ðBiÞ × 10−5
; ð60Þ

where the first (second) entry corresponds to the value
obtained in S1 (S2). The similar patterns also appear in the
following ratios for related modes. We stress that the less
experimental constraints on the shape parameter βBc

of Bc

meson, and on the scalar decay constant f̄S and the

Gegenbauer moments Bi in the light-cone distribution
amplitudes of scalars result in the remarkably large errors
in theory.
Generally speaking, the theoretical uncertainties induced

by the input parameters are usually canceled to a great
extent in the relative ratios of the branching fractions. The
ratios between the corresponding branching fractions of the
ΔS ¼ 1 and ΔS ¼ 0 modes in the Bþ

c → J=ψSþ decays
can then be read as,

RTheo
κ=a0

≡ BðBþ
c → J=ψκþÞ

BðBþ
c → J=ψaþ0 Þ

¼ 0.022þ0.002
−0.002 ;

RTheo
K�

0
=a0

0
≡ BðBþ

c → J=ψK�þ
0 Þ

BðBþ
c → J=ψa00

þÞ ¼
(
0.050þ0.014

−0.008

0.101þ0.050
−0.022

: ð61Þ

And, the relative ratios of BðBþ
c → J=ψSþÞ over BðBþ

c →
J=ψπþÞ are presented for future detections as follows,

RTheo
a0=π

≡ BðBþ
c → J=ψaþ0 Þ

BðBþ
c → J=ψπþÞ ¼ 0.51þ0.13

−0.12 ;

RTheo
κ=π ≡ BðBþ

c → J=ψκþÞ
BðBþ

c → J=ψπþÞ ¼ 0.011þ0.005
−0.004 ; ð62Þ

and

RTheo
a0
0
=π ≡

BðBþ
c → J=ψa00

þÞ
BðBþ

c → J=ψπþÞ ¼
(
0.55þ0.19

−0.17

0.19þ0.12
−0.09

;

RTheo
K�

0
=π ≡ BðBþ

c → J=ψK0
�þÞ

BðBþ
c → J=ψπþÞ ¼

(
0.028þ0.003

−0.003

0.019þ0.006
−0.005

: ð63Þ

Strictly speaking, the errors induced by the hadronic
parameters of light scalars are hard to be effectively
canceled due to their unknown nature. It is found that
the errors are still large in the above ratios generally.
Nevertheless, these decay modes can provide chances to
understand the QCD dynamics because they must be
studied in the factorization framework of QCD going
beyond naive factorization hypothesis.

TABLE II. The decay amplitudes (in units of 10−3 GeV−3) from different diagrams of Bþ
c → J=ψSþ in the iPQCD formalism. The

upper (lower) entry corresponds to the scalars a0þ0 and K�þ
0 in scenario 1 (2) at every line. For comparison, the decay amplitudes of

Bþ
c → J=ψπþ are also provided in the last column. For the sake of simplicity, only the central values are quoted for clarifications.

Modes Bþ
c → J=ψaþ0 Bþ

c → J=ψκþ Bþ
c → J=ψa0þ0 Bþ

c → J=ψK�þ
0 Bc → J=ψπþ

Decay amplitudes (fe) −0.11 − i0.73 −1.17 − i7.60
0.09þ i0.63 1.07þ i7.06

18.21þ i91.88−0.15 − i0.97 −1.60 − i10.60

Decay amplitudes (nfe) −48.13þ i52.70 −7.87þ i12.70
−68.32þ i33.43 −11.39þ i6.47 −2.04þ i3.22−44.16þ i7.08 −10.30þ i2.90

2Due to the SU(3) flavor symmetry breaking effects, specifi-
cally, the strange quark mass and the up or down quark mass
satisfying the relation of ms ≫ mu;d, then the considerable
contributions induced by the vector decay constants fκþ and
fK�

0
þ according to Eq. (A11) appear from the factorizable

emission diagrams in the Bþ
c → J=ψSþðΔS ¼ 1Þ channels,

relative to those in the Bþ
c → J=ψSþðΔS ¼ 0Þ modes with tiny

isospin symmetry breaking.
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D. B+
c → J=ψT +

As discussed in footnote 1, the factorization formulas
analogous to the Bþ

c → J=ψVþ decays in the modes
Bþ
c → J=ψTþ could then be easily got because of con-

servation of the angular momentum. But, extremely differ-
ent from the Bþ

c → J=ψVþ decays, the tensor mesons
cannot be produced via the vector current. Hence, the
factorizable contributions associated with T-emission in
these Bþ

c → J=ψTþ modes are forbidden intuitively. It
means that the decays Bþ

c → J=ψTþ must be explored
beyond the naive factorization approach. Their branching
fractions are contributed completely by the nonfactorizable
emission diagrams. It is emphasized that, due to few studies
on the light-cone distribution amplitudes of tensor meson,
only the available asymptotic forms of tensor meson’s
distribution amplitudes are adopted tentatively in this work.
Therefore, the branching fractions of the Bþ

c → J=ψTþ
decays predicted in the iPQCD formalism are presented as
follows,

BðBþ
c →J=ψaþ2 Þ¼1.39þ0.45

−0.33ðβBc
Þþ0.19
−0.18ðfMÞ×10−4; ð64Þ

BðBþ
c →J=ψK�þ

2 Þ¼9.05þ2.91
−2.22ðβBc

Þþ1.03
−0.98ðfMÞ×10−6; ð65Þ

where the dominant errors come from the shape parameter
βBc

and the less constrained decay constant fT , respec-
tively. Based on the assumptions of Bðaþ2 → πþπ−πþÞ ≈
Bðaþ2 → πþπ0π0Þ and the validity of narrow-width
approximation associated with the branching fractions
Bða2→3πÞ¼ð70.1�2.7Þ% [13] and BðBþ

c → J=ψaþ2 Þ ¼
ð1.39þ0.49

−0.38Þ × 10−4, the large branching fraction BðBþ
c →

J=ψaþ2 ð→ πþπ−πþÞÞiPQCD ¼ ð0.49þ0.17
−0.14Þ × 10−4 will be

tested at the relevant experiments in the near future. The
measurements on this value will help examine the reliabil-
ity of iPQCD formalism and further obtain the information
of βBc

, even the tensor mesons’ QCD behavior from the
related observables.
The longitudinal polarization fractions of the

Bþ
c → J=ψTþ modes are also predicted in the iPQCD

formalism as the following,

fLðBþ
c → J=ψaþ2 Þ ¼ ð96.1þ0.1

−0.1Þ%;

fLðBþ
c → J=ψK�þ

2 Þ ¼ ð95.3þ0.0
−0.2Þ%; ð66Þ

which meets the naively expected hierarchy, i.e., fL ∼ 1,
in the tree-level b̄ → c̄ transitions based on quark-helicity
conservation [73,74].
Like RK=π in the Bþ

c → J=ψPþ sector, we can define
RK�

2
=a2 in the Bþ

c → J=ψTþ decays and predict its value
within the iPQCD formalism as follows,

RTheo
K�

2
=a2

≡ BðBþ
c → J=ψK�þ

2 Þ
BðBþ

c → J=ψaþ2 Þ
¼ 0.065þ0.002

−0.002 : ð67Þ

It is of great interest to find that this result agrees so well
with RK�=ρ ≈ jfK�=fρj2 · jVus=Vudj2 naively anticipated in
factorization ansatz, and is also very close to the ratio RTheo

K=π .
The underlying reason is that, relative to the predominant
contributions from factorizable emission diagrams while
with negligible nonfactorizable emission contributions
in Bþ

c → J=ψVþ, the Bþ
c → J=ψTþ decays are absolutely

contributed from the nonfactorizable emission ones.
Therefore, the ratio in the latter decays could be cleanly
written as jfK�

2
=fa2 j2 · jVus=Vudj2 due to the SU(3)-flavor

symmetry in the leading-twist distribution amplitude
ϕTðxÞ, however, that in the former decays could only be
approximately expressed as jfK�=fρj2 · jVus=Vudj2 due to a
bit destructive interferences from the nonfactorizable
emission decay amplitudes in fact.
The ratios of BðBþ

c → J=ψTþÞ over BðBþ
c → J=ψπþÞ in

the iPQCD formalism could be written as,

RTheo
a2=π

≡ BðBþ
c → J=ψaþ2 Þ

BðBþ
c → J=ψπþÞ ¼ 0.12þ0.01

−0.01 ;

RTheo
K�

2
=π ≡ BðBþ

c → J=ψK�þ
2 Þ

BðBþ
c → J=ψπþÞ ¼ 0.008þ0.000

−0.001 ; ð68Þ

which will be utilized to help explore these two
Bþ
c → J=ψTþ decay modes at LHC, even CEPC experi-

ments in the future.
Because of no very rigorous constraints on the shape

parameter βBc
in the Bc-meson distribution amplitude and

on the Gegenbauer moments in the light-cone distribution
amplitudes of p-wave light hadrons from the aspects of
current experiments, we suggest our experimental colleagues
to make much more relevant measurements on the predic-
tions, especially the relative ratios of the branching fractions,
to further understand the involved perturbative and non-
perturbative QCD dynamics in the related channels, despite
no easy detections on the individual decay rates. The related
measurements could also help differentiate the reliability of
the adopted approaches and/or methods.
Finally, one more comment is that, within the framework

of this iPQCD formalism in association with the newly
derived Sudakov factor by including the charm quark
mass effects, we could extend the related studies to the
decays involving Bc to charmonia transitions, such as
Bþ
c → ðηc; χcJðJ ¼ 0; 1; 2Þ;…ÞMþ, which request detailed

investigations on the related modes because of the involved
complicated dynamics. These studies will be performed in
the future and the numerical results will be presented
elsewhere.
In summary, we have systematically studied the

Bc-meson decays into J=ψ plus a light meson by com-
pletely including the charm quark mass effects in the
iPQCD formalism at leading order. Several interesting
predictions for the observables such as branching fractions,
relative ratios, and longitudinal polarization fractions are
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presented explicitly. Based on the numerical results and
phenomenological analyses, we find that

(i) The iPQCD predictions for the ratios between
the branching fractions of Bþ

c → J=ψKþ=Bþ
c →

J=ψaþ1 ð→ πþπ−πþÞ and Bþ
c → J=ψπþ are highly

consistent with the current data, though their indi-
vidual decay rates are not yet available presently.
The branching fractions of CKM-favored Bþ

c →
J=ψPþ, Bþ

c → J=ψVþ, and Bþ
c → J=ψaþ1 decays,

which are predominated by the factorizable emission
diagrams, around Oð10−3Þ are predicted in the
iPQCD formalism and await near future tests at
the LHC experiments.

(ii) The iPQCD predictions for the branching fractions
of the factorizable-emission-diagrams-suppressed/
forbidden modes such as Bþ

c → J=ψbþ1 , Bþ
c →

J=ψSþ, and Bþ
c → J=ψTþ are provided theoreti-

cally for the first time in the literature and will be
confronted with the future measurements at LHC,
even CEPC experiments. Objectively speaking, the
investigations on these decay modes with large
nonfactorizable decay amplitudes should go beyond
naive factorization to further help understand the
involved perturbative and nonperturbative QCD
dynamics. Phenomenologically, the precise mea-
surements on this type of decays could help con-
strain the shape parameter βBc

in ϕBc
ðxÞ, as well as

explore the nature of light hadrons.
(iii) Almost all of the Bþ

c → J=ψMþ decays with polari-
zation contributions are governed by the longi-
tudinal decay amplitudes, which are consistent with
the naive expectation fL ∼ 1 in the tree-level b̄ → c̄
transitions, except for the Bþ

c → J=ψK1ð1400Þþ
channel with possibly destructive interferences be-
tween Bþ

c → J=ψKþ
1A and Bþ

c → J=ψKþ
1B in longi-

tudinal polarization. The related iPQCD predictions
will be examined at relevant experiments in the
future.

(iv) The model-independent ratio between the branching
fractions of CKM-suppressed and CKM-favored
Bþ
c → J=ψTþ decays is obtained and expected to

shed light on the information of βBc
promisingly. By

utilizing the golden channel Bþ
c → J=ψπþ as nor-

malization, the relative ratios between the branching
fractions of Bþ

c → J=ψMþðM ¼ V; A; S; TÞ and
Bþ
c → J=ψπþ are predicted in the iPQCD formalism

and would be helpful to search for these decay
modes in near future examinations.
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APPENDIX A: MESONS’ DISTRIBUTION
AMPLITUDES

As aforementioned, the distribution amplitudes of initial
and final mesons have been presented in the literature. For
the sake of simplicity, we here just collect them in this
appendix.
For the initial Bc meson, the distribution amplitude

ϕBc
ðx;bÞ in the conjugate b space of transverse momentum

kT could be written as follows [41],

ϕBc
ðx;bÞ ¼ fBc

2
ffiffiffiffiffiffiffiffi
2Nc

p NBc
xð1− xÞ exp

�
−
ð1− xÞm2

c þ xm2
b

8β2Bc
xð1− xÞ

�

× exp½−2β2Bc
xð1− xÞb2�; ðA1Þ

The shape parameter βBc
¼ 1.0� 0.1 GeV could enable

the distribution of ϕBc
ðxÞ to coincide with those proposed

in Refs. [75,76]. The normalization constantNBc
is fixed by

the following relation,Z
1

0

ϕBc
ðx;b ¼ 0Þdx≡

Z
1

0

ϕBc
ðxÞdx ¼ fBc

2
ffiffiffiffiffiffiffiffi
2Nc

p ; ðA2Þ

where the decay constant fBc
¼ 0.489� 0.005 GeV has

been obtained in lattice QCD by the TWQCD
Collaboration [77].
For J=ψ meson, the explicit forms for the distribution

amplitudes of twist-2 ϕL;T
J=ψðxÞ and twist-3 ϕt;v

J=ψ ðxÞ could be
read as [52],

ϕL
J=ψ ðxÞ¼ϕT

J=ψðxÞ

¼9.58
fJ=ψ

2
ffiffiffiffiffiffiffiffi
2Nc

p xð1−xÞ
�

xð1−xÞ
1−2.8xð1−xÞ

�
0.7
;

ϕt
J=ψ ðxÞ¼10.94

fJ=ψ
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1−2xÞ2
�

xð1−xÞ
1−2.8xð1−xÞ

�
0.7
;

ϕv
J=ψ ðxÞ¼1.67

fJ=ψ
2

ffiffiffiffiffiffiffiffi
2Nc

p ½1þð2x−1Þ2�
�

xð1−xÞ
1−2.8xð1−xÞ

�
0.7
;

ðA3Þ

where fJ=ψ is the decay constant with value
0.405� 0.014 GeV.
For light mesons, the distribution amplitudes for pseu-

doscalars, vectors, axial-vectors, scalars, and tensors have
been obtained in the QCD sum rules [62].
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(i) For light pseudoscalars (P): pion and kaon
The light-cone distribution amplitudes ϕA

P (twist-2), and ϕP
P and ϕT

P (twist-3) have been parametrized as [53–55]

ϕA
PðxÞ ¼

fP
2

ffiffiffiffiffiffiffiffi
2Nc

p 6xð1 − xÞ
h
1þ aP1C

3=2
1 ð2x − 1Þ þ aP2C

3=2
2 ð2x − 1Þ þ aP4C

3=2
4 ð2x − 1Þ

i
;

ϕP
PðxÞ ¼

fP
2

ffiffiffiffiffiffiffiffi
2Nc

p
�
1þ

	
30η3 −

5

2
ρ2P



C1=2
2 ð2x − 1Þ − 3

	
η3ω3 þ

9

20
ρ2πð1þ 6aP2 Þ



C1=2
4 ð2x − 1Þ

�
;

ϕT
PðxÞ ¼

fP
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2xÞ
�
1þ 6

	
5η3 −

1

2
η3ω3 −

7

20
ρ2P −

3

5
ρ2Pa

P
2



ð1 − 10xþ 10x2Þ

�
; ðA4Þ

with the decay constants fπ ¼ 0.131 GeV and
fK ¼ 0.16 GeV; the Gegenbauer moments
aπ1 ¼ 0, aK1 ¼ 0.17� 0.17, aP2 ¼ 0.115� 0.115,

aP4 ¼ −0.015; the mass ratio ρπðKÞ ¼ mπðKÞ=m
πðKÞ
0 ;

mπ
0 ¼ 1.4 GeV and mK

0 ¼ 1.6 GeV being the chiral
masses; and the Gegenbauer polynomials Cν

nðtÞ,

C3=2
1 ðtÞ ¼ 3t;

C1=2
2 ðtÞ ¼ 1

2
ð3t2 − 1Þ; C3=2

2 ðtÞ ¼ 3

2
ð5t2 − 1Þ;

C1=2
4 ðtÞ ¼ 1

8
ð3 − 30t2 þ 35t4Þ;

C3=2
4 ðtÞ ¼ 15

8
ð1 − 14t2 þ 21t4Þ: ðA5Þ

In the above distribution amplitudes for kaon, the
momentum fraction x is carried by the s quark (This
definition is same for the strange mesons in the
following items). We choose the parameters η3 ¼
0.015 and ω3 ¼ −3 [53,54] for both pion and kaon.

(ii) For light vectors (V): ρ and K�
The twist-2 distribution amplitudes for the lon-

gitudinally and transversely polarized vector meson
can be parametrized as [58]:

ϕVðxÞ ¼
3fVffiffiffiffiffiffiffiffi
2Nc

p xð1 − xÞ
h
1þ ak1VC

3=2
1 ð2x − 1Þ

þ ak2VC
3=2
2 ð2x − 1Þ

i
; ðA6Þ

ϕT
VðxÞ ¼

3fTVffiffiffiffiffiffiffiffi
2Nc

p xð1 − xÞ
h
1þ a⊥1VC

3=2
1 ð2x − 1Þ

þ a⊥2VC
3=2
2 ð2x − 1Þ

i
; ðA7Þ

Here fV and fTV are the decay constants of the vector
meson in longitudinal and transverse polarizations,
respectively. The decay constants and Gegenbauer
moments for light vectors at scale μ ¼ 1 GeV have
been studied extensively in the literature [58,59]
and could be found in the following Table III. The
masses of ρ and K� are taken as 0.775 GeV and
0.892 GeV, respectively.

The asymptotic forms of the twist-3 distribution
amplitudes ϕt;s

V and ϕv;a
V are [78]:

ϕt
VðxÞ ¼

3fTV
2

ffiffiffiffiffiffiffiffi
2Nc

p ð2x − 1Þ2;

ϕs
VðxÞ ¼ −

3fTV
2

ffiffiffiffiffiffiffiffi
2Nc

p ð2x − 1Þ; ðA8Þ

ϕv
VðxÞ ¼

3fV
8

ffiffiffiffiffiffiffiffi
2Nc

p ð1þ ð2x − 1Þ2Þ;

ϕa
VðxÞ ¼ −

3fV
4

ffiffiffiffiffiffiffiffi
2Nc

p ð2x − 1Þ: ðA9Þ

(iii) For light scalars (S): a0, κ, a0ð1450Þ and K�
0ð1430Þ

In general, the leading-twist light-cone distribu-
tion amplitude ϕSðx; μÞ can be expanded as the
Gegenbauer polynomials [56,57]:

TABLE III. Decay constants (in GeV) and Gegenbauer moments for light vectors.

fρ fTρ ak1ρ ak2ρ a⊥1ρ a⊥2ρ
0.107� 0.006 0.105� 0.021 � � � 0.15� 0.07 � � � 0.14� 0.06

fK� fTK� ak1K� ak2K� a⊥1K� a⊥2K�

0.118� 0.005 0.077� 0.014 0.03� 0.02 0.11� 0.09 0.04� 0.03 0.10� 0.08
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ϕSðx; μÞ ¼
3ffiffiffiffiffiffiffiffi
2Nc

p xð1 − xÞ

fSðμÞ þ f̄SðμÞ

×
X∞
m¼1

BmðμÞC3=2
m ð2x − 1Þ

�
; ðA10Þ

where fSðμÞ and f̄SðμÞ, BmðμÞ, and C3=2
m ðtÞ are the

vector and scalar decay constants, Gegenbauer mo-
ments, and Gegenbauer polynomials for the scalars,
respectively.
For charged scalar mesons, there exists a relation

between the vector and the scalar decay constants,

f̄S ¼ μSfS and μS ¼
mS

m2ðμÞ −m1ðμÞ
; ðA11Þ

where m1 and m2 are the running current quark
masses in the related scalars.
The values for scalar decay constants and Ge-

genbauer moments in the scalar meson distribution
amplitudes have been investigated at scale μ ¼
1 GeV in Ref. [56] and are collected in Table IV.
The masses of the considered scalars are ma0 ¼
0.98 GeV, mκ¼0.845GeV, ma0ð1450Þ ¼1.474GeV,
and mK�

0
ð1430Þ ¼ 1.425 GeV, respectively.

As for the twist-3 distribution amplitudes ϕS
S and

ϕT
S , we adopt the following asymptotic forms:

ϕS
S ¼

1

2
ffiffiffiffiffiffiffiffi
2Nc

p f̄S; ϕT
S ¼ 1

2
ffiffiffiffiffiffiffiffi
2Nc

p f̄Sð1 − 2xÞ:

ðA12Þ

Notice that, as inferred from Ref. [79], the Gegen-
bauer polynomials of twist-3 distribution amplitudes
for light scalars are only available in S2 [80] and
could mainly modify CP asymmetries in the
B-meson decays. Because of no CP violations in
the considered Bc-meson decays, we will left this
issue for future investigations.

(iv) for light axial-vectors (A): a1, b1, K1A, and K1B
More discussions on light-cone distribution am-

plitudes of the light axial-vectors have been made in
the literature [60,61]. Here, we just simply collect
the expressions adopted in this work. The details
about these distribution amplitudes could be found,
e.g., in Ref. [60]. The twist-2 distribution amplitudes
for the longitudinally and transversely polarized
axial-vector 13P1 and 11P1 mesons can be para-
metrized as [61],

ϕAðxÞ ¼
3fffiffiffiffiffiffiffiffi
2Nc

p xð1 − xÞ
h
ak0A þ ak1AC

3=2
1 ð2x − 1Þ þ ak2AC

3=2
2 ð2x − 1Þ

i
; ðA13Þ

ϕT
AðxÞ ¼

3fffiffiffiffiffiffiffiffi
2Nc

p xð1 − xÞ
h
a⊥0A þ a⊥1AC

3=2
1 ð2x − 1Þ þ a⊥2AC

3=2
2 ð2x − 1Þ

i
; ðA14Þ

As for twist-3 distribution amplitudes for axial-vector meson, we use the following form [61]:

ϕt
AðxÞ ¼

3f
2

ffiffiffiffiffiffiffiffi
2Nc

p

a⊥0Að2x − 1Þ2 þ 1

2
a⊥1Að2x − 1Þð3ð2x − 1Þ2 − 1Þ

�
; ðA15Þ

ϕs
AðxÞ ¼

3f
2

ffiffiffiffiffiffiffiffi
2Nc

p d
dx

�
xð1 − xÞða⊥0A þ a⊥1Að2x − 1ÞÞ�: ðA16Þ

ϕv
AðxÞ ¼

3f
4

ffiffiffiffiffiffiffiffi
2Nc

p

1

2
ak0Að1þ ð2x − 1Þ2Þ þ ak1Að2x − 1Þ3

�
; ðA17Þ

ϕa
AðxÞ ¼

3f
4

ffiffiffiffiffiffiffiffi
2Nc

p d
dx

n
xð1 − xÞðak0A þ ak1Að2x − 1ÞÞ

o
: ðA18Þ

where f is the “normalization” decay constant (More related discussions could be found in [61]).
The decay constants and Gegenbauer moments have been studied extensively in the literature (see, e.g., Ref. [60]

and references therein), here we adopt the values at scale μ ¼ 1 GeV as collected in Table V. Moreover, the masses of

TABLE IV. Scalar decay constant f̄S (in GeV) and Gegenbauer
moments B1;3 for light scalars.

Scalars f̄S B1 B3

a0 0.365� 0.020 −0.93� 0.10 0.14� 0.08

κ 0.340� 0.020 −0.92� 0.11 0.15� 0.09

a0ð1450Þ −0.280� 0.030 0.89� 0.20 −1.38� 0.18
0.460� 0.050 −0.58� 0.12 −0.49� 0.15

K�
0ð1430Þ

−0.300� 0.030 0.58� 0.07 −1.20� 0.08
0.445� 0.050 −0.57� 0.13 −0.42� 0.22
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related axial-vectors are ma1 ¼ 1.23 GeV, mb1 ¼
1.23 GeV, mK1A

¼1.32GeV, and mK1B
¼1.34GeV,

respectively.
(v) For light tensors (T): a2 and K�

2

Here, we present the light-cone distribution
amplitudes of light tensor mesons following
Refs. [62,63]:

ϕTðxÞ¼
3fTffiffiffiffiffiffiffiffi
2Nc

p ϕkðxÞ; ϕT
TðxÞ¼

3fTTffiffiffiffiffiffiffiffi
2Nc

p ϕ⊥ðxÞ;

ϕt
TðxÞ¼

fTT
2

ffiffiffiffiffiffiffiffi
2Nc

p htkðxÞ; ϕs
TðxÞ¼

fTT
4

ffiffiffiffiffiffiffiffi
2Nc

p d
dx

hskðxÞ;

ϕv
TðxÞ¼

fT
2

ffiffiffiffiffiffiffiffi
2Nc

p gvkðxÞ; ϕa
TðxÞ¼

fT
8

ffiffiffiffiffiffiffiffi
2Nc

p d
dx

ga⊥ðxÞ;

ðA19Þ

with

ϕkðxÞ ¼ ϕ⊥ðxÞ ¼ xð1− xÞ½a1C3=2
1 ðtÞ�;

htkðxÞ ¼
15

2
ð1− 6xþ 6x2Þt; hskðxÞ ¼ 15xð1− xÞt;

gv⊥ðxÞ ¼ 5t3; ga⊥ðxÞ ¼ 20xð1− xÞt: ðA20Þ

with the Gegenbauer moment a1 ¼ 5
3
for the first

rough estimates. It is worth commenting that, in
principle, the Gegenbauer moments for a2 and K�

2

should usually be different due to the expected
SU(3)-flavor symmetry breaking effects. Therefore,
the larger Gegenbauer moment a1 adopted here will
demand further improvements through precise mea-
surements. The decay constants for a2 and K�

2 are
presented in Table VI. Moreover, the masses for a2
and K�

2 are adopted as 1.318 and 1.427 GeV,
respectively.

APPENDIX B: FACTORIZATION FORMULAS
FOR B+

c → J=ψM + DECAYS

In this section, we present the factorization formulas
explicitly for the Bþ

c → J=ψMþ decays calculated in the
iPQCD formalism. First of all, the expressions for Bþ

c →
J=ψPþ decays could be referred to Ref. [41] for details,
and are no longer presented here. For Bþ

c → J=ψSþ decays,
the factorization formulas are presented as follows,

(i) For factorizable emission diagrams,

FeðSÞ ¼ −8πCFm4
Bc

Z
1

0

dx1dx3

Z
∞

0

b1db1b3db3ϕBc
ðx1; b1Þðr23 − 1Þ

×

h
r3ðrb þ 2x3 − 2Þϕt

J=ψ ðx3Þ − ð2rb þ x3 − 1ÞϕL
J=ψðx3Þ

i
haðx1; x3; b1; b3ÞEfðtaÞ

þ ½r23ðx1 − 1Þ − rc�ϕL
J=ψðx3Þhbðx1; x3; b1; b3ÞEfðtbÞ

�
; ðB1Þ

where the ratios rb ¼ mb=mBc
and rc ¼ mc=mBc

. The hard function hiðxi; biÞ and the evolution function EfðtiÞ
could refer to those expressions in Ref. [41] and are collected in Appendix C.

TABLE V. Decay constants (in GeV) and Gegenbauer moments for light axial-vectors.

fa1 ak0a1 ak1a1 ak2a1 a⊥0a1 a⊥1a1 a⊥2a1
0.238� 0.010 1 � � � −0.02� 0.02 0 −1.04� 0.34 � � �
fb1 ak0b1 ak1b1 ak2b1

a⊥0b1 a⊥1b1 a⊥2b1
0.180� 0.008 0.0028� 0.0026 −1.95� 0.35 � � � 1 � � � 0.03� 0.19

fK1A ak0K1A
ak1K1A

ak2K1A
a⊥0K1A

a⊥1K1A
a⊥2K1A

0.250� 0.013 1 0.00� 0.26 −0.05� 0.03 0.08� 0.09 −1.08� 0.48 0.02� 0.20

fK1B ak0K1B
ak1K1B

ak2K1B
a⊥0K1B

a⊥1K1B
a⊥2K1B

0.190� 0.010 0.14� 0.15 −1.95� 0.45 0.02� 0.10 1 0.17� 0.22 −0.02� 0.22

TABLE VI. Decay constants (in GeV) for light tensors.

fa2 fTa2 fK�
2

fTK�
2

0.107� 0.006 0.105� 0.021 0.118� 0.005 0.077� 0.014
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(ii) For nonfactorizable emission diagrams,

MeðSÞ¼
32ffiffiffi
6

p πCFm4
Bc

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBc
ðx1;b1ÞϕSðx2Þðr23−1Þ

×

h
ðr23−1Þðx1þx2−1ÞϕL

J=ψ ðx3Þþr3ðx3−x1Þϕt
J=ψ ðx3Þ

i
EfðtcÞhcðx1;x2;x3;b1;b2Þ

þ
h
ð2x1−ðx2þx3Þþr23ðx2−x3ÞÞϕL

J=ψðx3Þþr3ðx3−x1Þϕt
J=ψ ðx3Þ

i
hdðx1;x2;x3;b1;b2ÞEfðtdÞ

�
: ðB2Þ

Then, for Bþ
c → J=ψVþ decays, the factorization formulas with polarization contributions are collected as the following,

(i) For factorizable emission diagrams,

FL
e ðVÞ ¼ 8πCFm4

Bc

Z
1

0

dx1dx3

Z
∞

0

b1db1b3db3ϕBc
ðx1; b1Þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − r23

q

×

h
r3ðrb þ 2x3 − 2Þϕt

J=ψðx3Þ − ð2rb þ x3 − 1ÞϕL
J=ψðx3Þ

i
haðx1; x3; b1; b3ÞEfðtaÞ

þ
h
r23ðx1 − 1Þ − rc

i
ϕL
J=ψðx3Þhbðx1; x2; b1; b2ÞEfðtbÞ

�
; ðB3Þ

FN
e ðVÞ ¼ 8πCFm4

Bc
r2

Z
1

0

dx1dx3

Z
∞

0

b1db1b3db3ϕBc
ðx1; b1Þ

×

h
ðr23ðrb þ 4x3 − 2Þ þ rb − 2ÞϕT

J=ψðx3Þ− r3ðð4rb þ x3ð1þ r23Þ− 2ÞÞϕv
J=ψðx3Þ

i
haðx1; x3; b1; b3ÞEfðtaÞ

− r3
�
r23 þ 2rc − 2x1 þ 1

�
ϕv
J=ψðx3Þhbðx1; x2; b1; b2ÞEfðtbÞ

�
; ðB4Þ

FT
e ðVÞ ¼ 16πCFm4

Bc
r2

Z
1

0

dx1dx3

Z
∞

0

b1db1b3db3ϕBc
ðx1; b1Þ

×

h
ðrb − 2ÞϕT

J=ψ ðx3Þ þ r3x3ϕv
J=ψðx3Þ

i
haðx1; x3; b1; b3ÞEfðtaÞ − r3ϕv

J=ψðx3Þhbðx1; x2; b1; b2ÞEfðtbÞ
�
;

ðB5Þ
(ii) For nonfactorizable emission diagrams,

ML
e ðVÞ¼

32ffiffiffi
6

p πCFm4
Bc

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBc
ðx1;b1ÞϕVðx2Þ

ffiffiffiffiffiffiffiffiffiffiffi
1−r23

q

×

h
ðr23−1Þðx1þx2−1ÞϕL

J=ψðx3Þþr3ðx3−x1Þϕt
J=ψðx3Þ

i
EfðtcÞhcðx1;x2;x3;b1;b2Þ

þ
h
ð2x1−ðx2þx3Þþr23ðx2−x3ÞÞϕL

J=ψ ðx3Þþr3ðx3−x1Þϕt
J=ψðx3Þ

i
hdðx1;x2;x3;b1;b2ÞEfðtdÞ

�
; ðB6Þ

MN
e ðVÞ ¼ −

32ffiffiffi
6

p πCFm4
Bc

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBc
ðx1; b1Þr2

×

h
ðr23ðx1 − x2 − 2x3 þ 1Þ þ x1 þ x2 − 1Þϕv

Vðx2Þ þ ð1 − r23Þ2ðx1 þ x2 − 1Þϕa
Vðx2Þ

i
× ϕT

J=ψ ðx3ÞEfðtcÞhcðx1; x2; x3; b1; b2Þ þ
h
ððr23ðx1 þ x2 − 2x3Þ þ x1 − x2Þϕv

Vðx2Þ

þ ð1 − r23Þ2ðx1 − x2Þϕa
Vðx2ÞÞϕT

J=ψðx3Þ þ 2r3ððx3 − x2Þr23 þ x2 þ x3 − 2x1Þϕv
Vðx2Þϕv

J=ψ ðx3Þ
i

× hdðx1; x2; x3; b1; b2ÞEfðtdÞ
�
; ðB7Þ
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MT
e ðVÞ ¼ −

64ffiffiffi
6

p πCFm4
Bc

Z
1

0

dx1dx2dx3

Z
∞

0

b1db1b2db2ϕBc
ðx1; b1Þr2

×

h
ðr23ðx1 − x2 − 2x3 þ 1Þ þ x1 þ x2 − 1Þϕa

Vðx2Þ þ ðx1 þ x2 − 1Þϕv
Vðx2Þ

i
× ϕT

J=ψðx3ÞEfðtcÞhcðx1; x2; x3; b1; b2Þ þ
h
ððx1 − x2Þϕv

Vðx2Þ þ ðx1ð1þ r23Þ2 þ x2ðr23 − 1Þ − 2r23x3Þ

× ϕa
Vðx2ÞÞϕT

J=ψðx3Þ þ 2r3ðx3ðr23 þ 1Þ − x2ðr23 − 1Þ − 2x1Þϕv
Vðx2Þϕv

J=ψðx3Þ
i
hdðx1; x2; x3; b1; b2ÞEfðtdÞ

�
:

ðB8Þ

For Bþ
c → J=ψAþ decays, the factorization formulas

could be easily obtained as

Fh
A ¼ −Fh

V; Mh
A ¼ −Mh

V; ðB9Þ

associated with the replacements of ϕV → ϕA and rV → rA
correspondingly.
And, for Bþ

c → J=ψTþ decays, as discussed in Ref. [46],
the related factorization formulas could be straightfor-
wardly obtained through those for Bþ

c → J=ψVþ decays
as follows,

ML
T ¼

ffiffiffi
2

3

r
ML

V; MN;T
T ¼

ffiffiffi
1

2

r
MN;T

V : ðB10Þ

in association with the corresponding replacements of
ϕV → ϕT and rV → rT .

APPENDIX C: RELATED FUNCTIONS

We here collect the related functions, i.e., hard functions
hiðxi; biÞ and evolution functions EfðtiÞ, in the factoriza-
tion formulas.

The general form of hiðxi; biÞ in the factorization formulas could be written as follows,

ha;bðx1; x3; b1; b3Þ ¼
h
θðb3 − b1ÞI0ð

ffiffiffiffiffiffiffiffi
βa;b

p
b1ÞK0ð

ffiffiffiffiffiffiffiffi
βa;b

p
b3Þ þ ðb1 ↔ b3Þ

i
K0ð

ffiffiffi
α

p
b1Þ; ðC1Þ

hc;dðx1; x2; x3; b1; b2Þ ¼ ½θðb2 − b1ÞI0ð
ffiffiffi
α

p
b1ÞK0ð

ffiffiffi
α

p
b2Þ þ ðb1 ↔ b2Þ�K0ð

ffiffiffiffiffiffiffiffi
βc;d

p
b2Þ; ðC2Þ

with the factors α and βa;b;c;d and the hard scales ta;b;c;d,

α ¼ −½ðx1 − x3ð1 − r22ÞÞðx1 − x3r23Þ�m2
Bc
; ðC3Þ

βa ¼ −½ð1 − x3ð1 − r22ÞÞð1 − x3r23Þ − r2b�m2
Bc
; βb ¼ −½ð1 − x1 − r22Þðr23 − x1Þ − r2c�m2

Bc
; ðC4Þ

βc ¼ −½ðx3r23 þ ð1 − x2Þð1 − r23Þ − x1Þðx3ð1 − r22Þ þ ð1 − x2Þr22 − x1Þ�m2
Bc
; ðC5Þ

βd ¼ −½ðx2r22 þ x3ð1 − r22Þ − x1Þðx3r23 þ x2ð1 − r23Þ − x1Þ�m2
Bc
; ðC6Þ

ta ¼ maxð
ffiffiffiffiffiffi
jαj

p
;

ffiffiffiffiffiffiffiffi
jβaj

p
; 1=b1; 1=b3Þ; tb ¼ maxð

ffiffiffiffiffiffi
jαj

p
;

ffiffiffiffiffiffiffiffi
jβbj

p
; 1=b1; 1=b3Þ; ðC7Þ

tc ¼ maxð
ffiffiffiffiffiffi
jαj

p
;

ffiffiffiffiffiffiffi
jβcj

p
; 1=b1; 1=b2Þ; td ¼ maxð

ffiffiffiffiffiffi
jαj

p
;

ffiffiffiffiffiffiffiffi
jβdj

p
; 1=b1; 1=b2Þ: ðC8Þ

Note that, as α and βa;b;c;d are negative, the associated Bessel functions transform as

K0ð
ffiffiffi
y

p Þ ¼ K0ð−i
ffiffiffiffiffi
jyj

p
Þ ¼ iπ

2
½J0ð

ffiffiffiffiffi
jyj

p
Þ þ iN0ð

ffiffiffiffiffi
jyj

p
Þ�; I0ð

ffiffiffi
y

p Þ ¼ J0ð
ffiffiffiffiffi
jyj

p
Þ; ðC9Þ

for y < 0.
The evolution functions EfðtÞ≡ αsðtÞCiðtÞSiðtÞ contain the Wilson coefficients

CabðtÞ ¼
1

3
C1ðtÞ þ C2ðtÞ; CcdðtÞ ¼ C1ðtÞ; ðC10Þ
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and the Sudakov factors

SabðtÞ ¼ scðx1Pþ
1 ; b1Þ þ scðx3P−

3 ; b3Þ þ scðð1− x3ÞP−
3 ; b3Þ

−
1

β1

�
11

6
ln

lnðt=ΛÞ
lnðmc=ΛÞ

�
; ðC11Þ

ScdðtÞ ¼ scðx1Pþ
1 ; b1Þ þ sðx2Pþ

2 ; b2Þ
þ sðð1 − x2ÞPþ

2 ; b2Þ þ scðx3P−
3 ; b1Þ

þ scðð1 − x3ÞP−
3 ; b1Þ

−
1

β1

�
11

6
ln

lnðt=ΛÞ
lnðmc=ΛÞ

þ ln
lnðt=ΛÞ
− lnðb2ΛÞ

�
; ðC12Þ

where the explicit expression of the Sudakov exponent
sðQ; bÞ for an energetic light quark is referred to Ref. [49]
and that of the other Sudakov factor scðQ; bÞwith inclusion
of finite charm quark mass effects can be found in
Appendix D.

APPENDIX D: SUDAKOV FACTOR ScðQ;bÞ
FOR Bc-MESON DECAYS

Here, we show the explicit form of newly derived
Sudakov factor at next-to-leading logarithm accuracy with
two-loop running coupling constant αs that could make the
framework of iPQCD formalism for Bc-meson decays more
self-consistent.

ScðQ; bÞ ¼ a1
2β1

fQ̂ ln Q̂ − ĉ ln ĉ − ðQ̂ − ĉÞð1þ ln b̂Þg þ a2
4β21


− ln

Q̂
ĉ
þ Q̂ − ĉ

b̂

�
þ a1
4β1

ln
Q̂
ĉ
ln
e2γE−1

2

þ a1β2
4β31


ln
Q̂
ĉ
þ 1

2
ðln22Q̂ − ln22ĉÞ − 1

b̂
ð1þ ln 2b̂ÞðQ̂ − ĉÞ

�

−
a2β2
4β41


1

4b̂2
ð1þ 2 ln 2b̂ÞðQ̂ − ĉÞ þ 3

4

	
1

Q̂
−
1

ĉ



þ 1

2

	
ln 2Q̂

Q̂
−
ln 2ĉ
ĉ


�

þ a2β22
16β61

	
2

27
þ 2

9
ln 2b̂þ 1

3
ln22b̂



Q̂ − ĉ

b̂
þ 19

108

	
1

Q̂2
−

1

ĉ2



þ 5

18

	
ln 2Q̂

Q̂2
−
ln 2ĉ
ĉ2



þ 1

6

	
ln22Q̂

Q̂2
−
ln22ĉ
ĉ2


�

þ a1β2
8β31


1

Q̂
−
1

ĉ
þ ln 2Q̂

Q̂
−
ln 2ĉ
ĉ

�
ln
e2γE−1

2
; ðD1Þ

with definitions: Q̂≡ ln ½xPþ=Λ�, ĉ≡ ln ½mc=ð
ffiffiffi
2

p
ΛÞ�,

and b̂≡ ln ½1=ðbΛÞ�, and the constants a1 ¼ CF ¼ 4
3
,

a2 ¼ 67
9
− π2

3
− 10

27
nf, β1 ¼ 33−2nf

12
, and β2 ¼ 153−19nf

24
with

nf being the flavor number. Notice that, when the replace-
ment ĉ → b̂ is adopted, then the formula presented in
Eq. (D1) will recover the Sudakov factor for B-meson
decays with strong running coupling constant αs at two-
loop level [49]. And furthermore, when the term β2 in
Eq. (D1) is turned off, the equation will then return to the

Sudakov factor with one-loop running coupling constant αs
that has been adopted in this work,

ScðQ; bÞ ¼ a1
2β1

fQ̂ ln Q̂ − ĉ ln ĉ − ðQ̂ − ĉÞð1þ ln b̂Þg

þ a2
4β21


− ln

Q̂
ĉ
þ Q̂ − ĉ

b̂

�
þ a1
4β1

ln
Q̂
ĉ
ln
e2γE−1

2
:

ðD2Þ
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