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We revisit the change of the electric permittivity of the QED vacuum by a strong constant electric field,
motivated by the analogy between the dynamically assisted Schwinger effect in strong-field QED and the
Franz-Keldysh effect in semiconductor physics. We develop a linear-response theory based on the
nonequilibrium in-in formalism and the Furry-picture perturbation theory. Applying the developed
formalism and also utilizing the Kramers-Kronig relation, we calculate the electric permittivity for wide
values of the field strength and the probe frequency, including the supercritical field and/or high probe
frequency that the previous research has not fully covered. We discover that the electric permittivity
exhibits a characteristic oscillating feature in the high probe-frequency regime, which directly reflects the
change of the QED-vacuum structure by the strong field. We also establish a quantitative correspondence
between the electric permittivity and the number of electron-positron pairs produced by the dynamically

assisted Schwinger effect.
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I. INTRODUCTION

At the quantum level, Dirac predicted that the vacuum of
quantum electrodynamics (QED) is not just empty space,
and has a structure similar to the semiconductor, called the
Dirac sea [1]. The physics of QED, thus, has some striking
analogies with the semiconductor due to the existence of
the Dirac sea. The semiconductor exhibits nontrivial
responses when exposed to an external field because of
the interaction between the field and the particles in
the valence band. Similar responses also appear in QED
under a strong field, where the Dirac sea plays the
role of the valence band of the semiconductor. The study
of such strong-field-QED phenomena was pioneered by
Heisenberg and Euler in 1936 [2] and has been developed
by many researchers (see Refs. [3—5] for review). Strong-
field QED attracts more attention owing to the recent
availability of strong electromagnetic fields with high-
power lasers (e.g., Extreme Light Infrastructure [6]) as
well as their appearance in various physical systems under
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extreme conditions such as heavy-ion collisions [7-10]
and compact stars [11].

Various strong-field QED phenomena have been pre-
dicted theoretically. Among those, the (Sauter-)Schwinger
effect [12,13] is one of the most intriguing and is important
for our motivation to revisit the problem of the vacuum
electric permittivity, which was first studied in the 1950s
[14]. The Schwinger effect is an analog of the dielectric
breakdown of the semiconductor, or the Landau-Zener(-
Stiickelberg-Majorana) effect [15-18]. It states that the
QED vacuum decays spontaneously against pair produc-
tion under a strong constant electric field eE > eE,, = m?,
where m is the mass of a charged particle of interest, e.g.,
m =511 keV and E,, = 1.32 x 10"V /m for the electron.
Observing the Schwinger effect, or the vacuum pair
production in general, is one of the biggest goals of
strong-field QED experiments. Unfortunately, the required
field strength eE, surpasses the available field strength by
several orders of magnitude [19]. Thus, observing the
vacuum pair production is an extremely challenging task
at the moment. Nonetheless, it is proposed that the vacuum
pair production can be stimulated considerably and may be
within the reach even with the current and near-future lasers
by superimposing a time-dependent electric field onto the
constant one. This is the idea of the dynamically assisted
Schwinger effect, proposed by Schiitzhold, Gies, and
Dunne in 2008 [20,21]. Making a deeper understanding
of the dynamically assisted Schwinger effect is thus an
important subject of strong-field QED.
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The dynamically assisted Schwinger effect can be
understood as an analog of the Franz-Keldysh effect in
semiconductor physics [22-25]. This is an effect that
stimulates the dielectric breakdown of a semiconductor
with the same superimposed field setup. Conversely, it is
also commonly interpreted as an effect to enhance the
absorption rate of the injected time-dependent field with
frequencies below the threshold band-gap energy by the
presence of the strong constant electric field. The Franz-
Keldysh effect also predicts a characteristic oscillating
dependence in the injected probe frequency above the
threshold [26,27], which has been confirmed recently with
strong-field-QED calculations [24,28-30]. Those charac-
teristic features of the Franz-Keldysh effect below and
above the threshold are originating from the change of the
valence-band-electron distribution by the strong field (see,
e.g., Ref. [31]).

It is remarkable that the Franz-Keldysh effect was
predicted fifty years before the dynamically assisted
Schwinger effect. The Franz-Keldysh effect has also been
observed experimentally with various solid-state materials,
since the first observation by Boer et al. with bulk semi-
conductors in 1958 [32,33], and has been applied to design
electric devices such as electroabsorption modulators that
are widely used in high-speed digital communications in
our daily lives. The Franz-Keldysh effect is, thus, a well-
known and -tested phenomenon in semiconductor physics.

Therefore, it should be instructive to import the wisdom
of semiconductor physics to strong-field QED. As such, we
in this paper revisit the change of the electric permittivity of
the QED vacuum by a strong constant electric field. This is
analogous to that of the semiconductor investigated exten-
sively in the context of electroreflectance: Suppose we
have a semiconductor and inject a probe electric field onto
it. The electric response of the material to the probe can be
characterized by the so-called electric permittivity. In
general, the electric permittivity (in the frequency space)
takes complex values. The real and imaginary parts,
respectively, account for the dispersive and absorptive
phenomena due to the interaction between the valence-
band electrons and the injected probe. The material
property changes with environments such as the presence
of an external field; so does the electric permittivity. The
Franz-Keldysh effect describes the change of the absorp-
tion rate of the probe under a constant electric field, which
is directly related to the imaginary part of the electric
permittivity. The imaginary part, thus, exhibits character-
istic features originating from the Franz-Keldysh effect.
The change of the imaginary part in turn implies that the
real part should also be modified, as the imaginary and real
parts are not independent quantities but are related to each
other through the Kramers-Kronig relation because of
causality [34-36]. Meanwhile, the electric permittivity is
closely related to the refractive index of the material (e.g.,
for nonmagnetic materials, the refractive index is simply

given by the square of the electric permittivity). Therefore,
the change of the electric permittivity means the refractive
index is no longer constant and is modified significantly by
a constant electric field, which is called electroreflectance
and has been discussed widely in the semiconductor
community [37-43].

Considering the analogy between QED and a semi-
conductor and also that between the dynamically assisted
Schwinger effect and the Franz-Keldysh effect, it is natural
to expect a similar modification to the electric permittivity
of the QED vacuum should happen and can be analyzed in
an analogous manner to semiconductor physics. The main
purpose of this paper is to explore this idea. A common
strategy in semiconductor physics to calculate the electric
permittivity is first to calculate the absorption rate of the
probe, which can be converted into the imaginary part, and
then to utilize the Kramers-Kronig relation to get the real
part from the imaginary part [37—43] (cf. a similar Kramers-
Kronig approach has recently been adopted in strong-field
QED, in connection to the nonlinear Breit-Wheeler proc-
ess, in Refs. [44-46]). We shall provide a theoretical
foundation of this semiconductor approach in QED based
on the nonequilibrium in-in formalism of quantum-field
theory (see, e.g., Refs. [47-49]) and the Furry-picture
perturbation theory (see, e.g., Refs. [50,51]). We shall,
then, use the developed formalism to explicitly calculate
the electric permittivity of the QED vacuum and discuss its
quantitative features, including similarities/differences with
semiconductor physics.

We have several other motivations, besides the analogy
to semiconductor physics: (i) In the presence of an electric
field, the system becomes genuinely nonequilibrium.
Typically, what is discussed in the literature are the cases
of, e.g., magnetic fields, constant-crossed fields, and the
weak-field limit. In such situations, there is no energy
supply from the fields, and therefore the system stays
equilibrium, i.e., the situation is totally different from our
nonequilibrium electric case. In a nonequilibrium situation,
a careful distinction between the in states and out states
must be made, and the conventional in-out formalism
cannot be applied because the physical observables are
in-in expectation values and not the in-out amplitudes [52].
To the best of our knowledge, there has been no such in-in
formulation of the electric permittivity, or in general QED
response functions.

(i1) The idea of the change of the electric permittivity, or
the refractive index, in strong-field QED is actually not
new. It has been pointed out by the classical work by Toll in
1952 [14] and since then has been under intensive inves-
tigation both theoretically (see, e.g., Ref. [53]) and exper-
imentally (e.g., PVLAS [54]). Nonetheless, the previous
studies focus mainly on the equilibrium situations and also
are based typically on weak-field and low-frequency
approximations such as the Heisenberg-Euler approach
and semiclassical methods. Thus, little is known for electric
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field and beyond the weak-field and low-frequency limit
(cf. Ref. [55] for the refractive index in a very strong
electric-field limit based on the electromagnetic duality).
Our calculation does not assume such weak-field and low-
frequency conditions, and therefore is able to reveal novel
aspects of the electric permittivity in a new parameter
regime.

(ii1) As far as the authors are aware, there is no clear
argument on the relation between the dynamically assisted
Schwinger effect and the electric permittivity. In semi-
conductor physics, it is well known that the imaginary part
of the electric permittivity is directly related to the dielectric
energy loss of material, which can then be related to the
number of pairs produced via the Franz-Keldysh effect.
Establishing a similar relation in QED is useful, in
particular, for experimental purpose. Namely, using the
relation, the observation of the pair production can be used
to directly quantify the response function of the QED
vacuum, i.e., the imaginary part of the electric permittivity
and in turn the real part through the Kramers-Kronig
relation. Conversely, the measurement of either the imagi-
nary or real part can be used to confirm the dynamically
assisted Schwinger effect. Note that a similar idea has
been advocated in Refs. [45,46] in the context of the
nonlinear Breit-Wheeler process. We remark that what is
relevant for the number of pairs in the dynamically
assisted Schwinger effect is the in-in expectation value,
not the in-out amplitudes, and therefore arguments based
on the in-out formalism, such as the optical theorem, are
not very appropriate to establish the relation. Therefore, a
careful in-in formulation (i) is crucial to achieve the
motivation (iii).

The organization of this paper is as follows. We first
clarify our physical setup and assumptions in Sec. II. We
then develop a linear-response theory to calculate the
electric permittivity based on the nonequilibrium in-in
formalism of quantum-field theory and the perturbation
theory in the Furry picture in Sec. IIl. Using this, we
explicitly calculate the electric permittivity and quantita-
tively discuss its properties in Sec. IV. We summarize our
results and discuss possible experimental implications in
Sec. V. We also have two Appendixes A and B, where some
technical details of the derivations of analytical formulas
are explained.

Notation and convention. We adopt the natural units
A=c=1 and ¢y = py = 1, where # is the Planck con-
stant and ¢, €, and y are, respectively, the speed of light,
electric permittivity, and magnetic permeability of the
vacuum without external fields. Our metric convention is
the mostly minus g, := diag(+1,—1, -1, —1). We express
the components of the coordinate four-vector x* as
x#=:(t,x)=:(t,x,y,z). We occasionally use the Roman
letter to express the absolute value of a three vector as
X := |X|. Unless otherwise stated, repeated indices are
always summed over.

II. SETUP

We consider QED in the presence of a strong electric
field and wish to understand the response, i.e., electric
permittivity, against a probe electric wave. The electron’
dynamics is determined by the Dirac equation,

0= [id— eA + my, (1)

where y is the electron-field operator and A* is the gauge
potential for the total electric field, i.e., the sum of the
strong and probe electric fields.

We assume that the strong field is constant in spacetime
and that the probe field is spatially homogeneous but is
dependent on time with a monochromatic frequency @ > 0
(which can be interpreted as a sort of timelike off shell
photon). Namely,

- E
A(t) = —Ete, + —cos(wt + ¢), (2)
N—— [
v ————
=A0) = A1)

where we fixed the gauge as A* = (0,A). The gauge
potentials for the strong and probe electric fields are
denoted by A and A, respectively. We took the direction
of the strong electric field E := —9,A along the z axis
e. =E/E.

We make several more assumptions for the electric fields
for simplicity. First, we assume that the probe field is very
weak, so as to justify a perturbative treatment in |E|.
Second, we assume formally that the electric fields are
switched off adiabatically at the infinite past and future
A, A — const, so that the asymptotic states are well-
defined. Third, we neglect backreaction from electrons
onto the fields; otherwise, the electric field changes its
value in time, for which the electric permittivity is not well-
defined.

Although we focus on the simple field configuration
(2), it is in principle straightforward to extend our
formalism to general field configurations such as strong
fields with magnetic components and a more realistic on
shell photon probe. This shall be discussed in a future
publication. The reason why we consider the configura-
tion (2) in this paper is that it is the simplest and is widely
used in semiconductor physics. Therefore, it provides a
good starting point to pursue the analogy between QED

'Our formulation is equally valid for charged particles obeying
the Dirac equation (1). This means that the “electron” here can
actually be any charged elementary/composite/quasi fermion
such as quark and proton (so long as the external field is not
too strong that the point-like-particle treatment is justified). The
only difference is that the value of the mass m changes if we
change the particle species. Therefore, we do not specify a
specific value of the mass m nor take it to be the electron one,
unless necessary.
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and semiconductor physics. In fact, the electric permit-
tivity can be measured with dielectric spectroscopy (see,
e.g., Ref. [56]), whose typical setup corresponds to
Eq. (2): A material to be investigated is sandwiched by
a set of plates, which form up a capacitor, and an
alternating current (ac) voltage is applied to the capacitor.
Then, the measurement of the impedance of the capacitor
can determine the electric permittivity of the material. In
our case, the material corresponds to the vacuum in a
strong electric field E, and the ac voltage plays the role of
the probe £.

III. THEORY

We calculate the change of the electric permittivity for
the probe electric wave (2) in the presence and absence of
the strong constant electric field E. The calculation of the
electric permittivity is reduced to evaluating the in-in
vacuum expectation value of the electric current (see
Sec. IIT A). We first write down a formal expression for
the electric current, and thereby the electric permittivity,
by developing a linear-response theory based on the in-in
formalism of quantum-field theory in the Furry picture,
where the probe field is treated perturbatively while the
strong field nonperturbatively (see Sec. III B). The central
task shall be then to evaluate the formal expression, which
has two difficulties. The first difficulty is that evaluation
of the real part of the electric permittivity (corresponding
to evaluating a fermion one-loop diagram) in general
suffers from subtleties of quantum-field theory such as the
ultraviolet divergence and therefore is complicated. In
contrast, the imaginary part (corresponding to a tree
diagram, obtained by cutting the fermion loop diagram)
does not have such complications, and the evaluation is far
easier. We shall thus avoid directly evaluating the electric
permittivity; instead, we shall calculate the imaginary part
first and then make use of the Kramers-Kronig relation to
get the real part, which is much easier than the direct
evaluation. This is actually a widely adopted approach in
the semiconductor context [37—43], and therefore fits our
purpose of pursuing the QED analog of semiconductor
physics. In Sec. III C, we shall justify this treatment based
on our in-in formulation, which is manifestly causal and
naturally yields the Kramers-Kronig relation. The second
difficulty is that there appears infrared divergence in
the low-frequency limit of the probe w — 0, implying
the need of resummation of higher-order processes in the
probe (see Sec. III D). We here deal with the infrared
divergence rather phenomenologically, without explicitly
carrying out the resummation, by relating the electric
permittivity to the number of pairs produced by the
dynamically assisted Schwinger effect (see Sec. IIIE)
and determining a physically reasonable counter term by
requiring the number of pairs to be finite (see Sec. IIL F).
Our final formula for the change of the electric permit-
tivity shall be summarized in Sec. III G.

We shall be dedicated to the theoretical foundation only
in this section and put all the quantitative and phenom-
enological discussions in Sec. IV.

A. Definition and generality of the electric permittivity

We begin with clarifying the definition and the under-
lying assumptions of electric permittivity. To define the
electric permittivity, we first need to define the electric
displacement vector. To this end, we write down the
Ampere-Maxwell law for our spatially homogeneous
configuration (2):

E= _Jext _Jvac’ (3)

where E = E + £ is the total electric field, J.,, is the
external current, and

Joac = €<V3C; in|l/_/7W|VaC; 11’1> (4)

is the contribution from the vacuum polarization. The
state |vac;in) is the initial vacuum, and y*:=(y",y):=
(¥°,y",7%.7?) are the Dirac matrices (the precise definition
of the initial vacuum shall be clarified below in Sec. III B).
We stress that the in and out states must be distinguished
carefully. Indeed, the electric field brings time dependence
to the system by supplying energy, and hence the system is
not in equilibrium. The electric current (or physical
observables in general) is an in-in expectation value, which
is distinct from in-out amplitudes (which are not direct
physical observables) that are typically calculated in the
literature.

We can naturally introduce the total electric displace-
ment vector D as

D = _Jexu (5)

i.e., D is defined as a renormalized electric field such that it
absorbs the vacuum-polarization effect:

D(1) = E(1) + / " 4T (). (6)

—0o0

We have implicitly imposed an initial condition D = E at
t = —oo, as we are physically interested in a situation
where the electric field is (adiabatically) applied at = —c0
and then the nontrivial vacuum polarization develops
from null.

As we are interested in the electric permittivity for the
probe, we need to decompose the total electric displace-
ment vector D (6) into the strong D and probe D parts. To
do this, we expand the vacuum polarization J . in the weak
probe field &€, keeping the strong field E exactly, as
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Jvac(t;E’g> =‘Jvac<t;E,0)
+o0 _
T / df'o;(t.3E)E (1) + O(EP).  (7)

To be precise, the perturbative expansion in € needs special
care in the low-frequency limit @ — 0, where nonlinear
corrections by £ can become non-negligible even though
the strength |£| is weak and can lead to divergent behaviors.
We shall come back to this point in Sec. IIIF. We also
remark that the function o;; depends on the two time
variables in general; only when the system is invariant
under the time translation, can o;; become a single-variable
function. This is important for the definition of the electric
permittivity to make sense, which we shall discuss in more
detail below.

We can now naturally identify the electric displacement
vector for the probe D. Substituting Eq. (7) into Eq. (6),
picking up the probe-dependent terms, and dropping the
nonlinear term O(|€|?), we find

D;i(t) = E(1) +/t dt’/m Ao, (7, 1 E)E;(").  (8)

The zeroth-order term J,,.(t; E,0) is probe independent,
and hence contributes only to the electric displacement
vector for the strong field D and is irrelevant to D.

We are in the position to define the electric permittivity
for the probe ¢;;. It is standard to identify the electric
permittivity as a linear coefficient between the applied
probe and the corresponding displacement vector in the
Fourier space (see textbooks on electromagnetism in
matter, e.g., Ref. [57]). Namely,

Dy(w) =e;y(w)E; (@), ©)

where f(w) := [+ dte™f(¢) is the Fourier transforma-
tion of a single-variable function f. Note that, more
generally, the electric permittivity is defined as a function
of the wave four-vector k#* = (w, k), with k being the wave
three-vector of the probe. In our setup (2), the probe field is
assumed to be spatially homogeneous, and therefore the
value of k is fixed to be k = 0.

We wish to apply the definition (9) to our problem,
but this needs some discussion. Namely, the definition (9)
is not applicable for general nonequilibrium situations,
where D and & are related with each other by a
convolution integral in the frequency w, instead of the
simple product form (9). Indeed, sending Eq. (8) to the
Fourier space yields

Do) = [ 5 [2attr - o)+ L0000,

o 27

(10)

where the Fourier transformation of the two-variable
function &;; is defined similarly to the single-variable
case as f(o, @)= [*XdtdleT et f(1,1). From
Eq. (10), it is evident that the standard definition (9) is
applicable only when &;; is sharply peaked at @ = ' and
can be decomposed with a delta function as

G6;j(w, 0 ) =2n6(w — @') X 6;;(w), (11)

for which case the electric permittivity is given by
i
€j(w) =1 —I—Eaij(a)). (12)

The condition (11) is satisfied if and only if o;; in the
coordinate space depends solely on the difference between
the two variables 7 — 7 and is independent of the sum
t+1,ie., 6, is invariant under the time translation. It is
achieved only if the system is in equilibrium or in a steady
state. For general strong fields, in particular under strong
time-dependent electric fields, the system is genuinely in
nonequilibrium and the condition (11) is not satisfied,
meaning that the standard definition of electric permit-
tivity (9) does not make sense.

Even though the standard definition (9) is invalid for
general electromagnetic fields, this is, fortunately, not the
case in our problem. That is, a steady state is realized for a
constant electric field E and hence o; ; can be reduced to a
single-variable function. Therefore, the definition (9), or
Eq. (12), can be applied. This seems not possible to be
shown by general arguments but requires explicit calcu-
lations, which we shall do in the next section, Sec. III B.

We are thus able to calculate the electric permittivity in
our problem according to the standard definition (12).
Before proceeding to the detailed calculations, let us, for
later use, make several remarks on the general properties of
the electric permittivity.

The first remark is that in general the electric permit-
tivity €;; can take nonzero values even in the absence of
the strong field E. This is because the probe alone (i.e.,
even without E) can excite electron-positron pairs from
the vacuum and thus can contribute to the vacuum
polarization J,,., once the frequency gets above the
threshold band-gap energy @ > 2m. Therefore, to see
the strong-field effects in a clearer manner, it is more
useful to look into the difference between the presence and
absence of the strong field. Thus, in what follows, we shall
focus on the difference,

Acij(@; E) = e;j(@: E # 0) — (03 E = 0),  (13)

instead of the original value of the electric permittivity
€;;- This is also advantageous to our Kramers-Kronig
approach, as the high-frequency behavior of Ae;; is better

than ¢;;, resulting in better numerical convergence when
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performing the Hilbert transformation in the Kramers-
Kronig relation.

The second remark is that the tensor structure of the
electric permittivity can be constrained by symmetry. Our
system (2) has no special directions other than e, set by the
strong electric field E. Accordingly, the physics should not
change by rotating the system around e, (rotation sym-
metry) and by reflecting it with respect to e, (parity
symmetry). This means that the electric permittivity should
be invariant under the corresponding transformations:

€ = ReR", (14)
where
cosf) —sinf 0 +1 0 0
R=| sinf cosf® 0O | and 0 1 0], (15

o 0 1 0 0 1

for the rotation with an angle 6 and the parity trans-
formation, respectively. Solving Eq. (14), we find that the
electric permittivity must be diagonal and that the trans-

verse components take the same value, €,, = €,, =:¢,, as
€ 0 0

€ij = 0 €| 0 . (16)
0 0 €||

In general, €, # €., =€, i.e., the vacuum is birefringent.
This is because we have the special direction E o e, and
the response should distinguish £||e, and £_Le_. Note that
for general field configurations, the symmetry structure can
be changed and accordingly the electric permittivity can
have a different tensor structure; e.g., in a strong magnetic
field, the off diagonal elements are not necessarily vanish-
ing, as the parity symmetry is broken.

The final remark is that the real and imaginary parts
of the electric permittivity must be even and odd functions
in w:
Ree(w) = Ree(—w) and Ime(w) = —Ime(—w). (17)
This follows from the reality of the probe and the electric
displacement vector in the coordinate space X(f)€R?
(X = &, D). From reality, we find that the Fourier trans-
formations must satisfy X(w) = [X(—w)]*, substituting
which into the definition of ¢;; (9) immediately yields the
relation (17).

B. Linear-response theory in a strong electric field

We calculate the leading-order correction to the current
o;; (7) to obtain a formal expression for the electric
permittivity via Eq. (12), by developing a linear-response

theory in strong fields based on the in-in formalism of
quantum-field theory and the perturbation theory in the
Furry picture.

To calculate o;; (7), we need to expand the current J.,,
or the electron- ﬁeld operator y in the expectation value (4),
with respect to the probe field £. Using the Green function
technique, it is straightforward to solve the Dirac equa-
tion (1) perturbatively in &£ as

w(t.x) =y (t.x) + e / A SR (1, 5, 1) A )™ (. %)

+ O(|E). (18)

We have imposed the boundary condition y™" :=lim,_, _., y,
with /" being the zeroth-order solution to the Dirac
equation only with the strong field E,

[id — eA — m]y™ =0, (19)

because the initial condition of our problem is £ — 0 at

t - —o0. To achieve the boundary condition, the Green

function SR must be the retarded one such that

[id — eA — m|SR(t,¢;x,x') = 6(t — )6 (x —x'), (20)
SR(t,¢;x,x') =0 fort—1 <O.

To move to quantum-field theory, we need to quantize
the (asymptotic) electron-field operator yw™. To do so, we
first expand w™ with the mode functions ! ps 8

e+1px

l//lntx / 32
s—*1 2”7/

X (Dl + 9, (065 -], (21)

with p and s specifying (canonical) momentum and spin,
respectively. We impose a plane-wave boundary condition
onto the mode functions,

’

p—eA(—), )eq:i m*+(p—eA(—o0))?t
)

in -
. l//+,11,s Up_eA(—c0).s
lim A =
== l[/T,p“Y UV p—eA(~o0).s

where u, ; and vp ¢ are the usual Dirac spinors with the

normalization ups b = v; sUpy = 05, and u,,s s = 0.
Note that the normalization of the Dirac spinors automati-

. . inf _
cally normalizes the mode function as y, psl// Yps =
04 10sy. Then, imposing the canonical commutation
relation onto y'™, a I‘,“s and b},“s are quantized and satisfy
the standard anticommutation relations,

(22)
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ss’(s (l’ p) = {a;zns’a"ﬁ/ = {bllzns’b"ﬁ’}

0 = (others). (23)
As the external electric field E goes vanishing att - —oo,
we can naturally identify the operators ay'; and b”‘ to be
the annihilation operators for an electron and a positron,
respectively, with momentum p and spin s. Accordingly,
the initial vacuum can be identified as a state such that
0 = aj|vac;in) = b |[vac;in), (24)
for any p and s. The normalization of |vac;in) is arbitrary,
and we take 1 = (vac;in|vac;in) for our convenience.
Plugging the perturbative solution (18) with the quan-
tization (23) into the in-in expectation value (4), we get

vac Z/ 3W—ps 7W—pv()
+
—2e2/ dre(r—1)A,")
X ImtrZ/ 3755‘,” O )

+O(|E]P). (25)

where ©(¢) is the Heaviside step function and we have used
the fact that the retarded Green function SR can be
expressed in terms of the mode functions ' ps S

Sr(t,13x,x")

= —i®(1— 1) {y™(1.x). 5 (¢, x’)}
etip(x

=—i®(t—1) Z/d3 N Zwi,ﬂ i, (1)
+ip-(x—x')
= —1@ Z/ 2 c ]; )3 Zsipx , (26)

We emphasize the existence of the step function in Eq. (25),
which is mathematically originating from the retarded
boundary condition (20). Physically, it is the manifestation
of causality: the probe field cannot drive current before it is

applied.
Comparing Eq. (25) with the definition of ¢;; (7), we find
dp0;(t. 1)

= O(7)I;(T.7) (27)

where

t+1

T = and 7:=r-"7,

(28)

and

Hij(T’ T) = 2e

T T
i gin T4 T—-2
T
T T
yJSJrP‘( E,T—f‘E) (29)

Note that IT;; is similar to the photon polarization tensor in
the in-out calculatlons but has a slightly different form (e.g.,
no Feynman propagator), since ours is an in-in calculation.
As stressed in Sec. III A, the standard definition of the
electric permittivity (9) makes sense only if ;; does not
depend on 7+ ¢ « T. This is the case for our constant
electric field E. To show this, we recall that the field
operator ™" satisfies the Dirac equation (19), and the
corresponding mode equation is
0=[iy°, =y -pL— 1 (p.+eEt) =mly?, . (30)
The key point here is that the r dependence always appears
together with p_. This means that the time dependence of
the mode function can be absorbed into the momentum as
wiil,p,s(t) = l//ii’p+eE[’.S<t - tl) (31)
for any #. The T dependence of II;; can then be integrated
out by shifting the momentum integration variable as

T T
I _2e21mtrz / 3}/’ ‘E,,s<+ 5 5)

T T
XWSHDS( §,+§), (32)
where
Px
p.+ eET

Therefore, II;; is T independent and so is o;;.

We now Founer transform o;; to get the electric
permittivity via Eq. (12). A straightforward calculation
yields

1 +oo )
€ij(60) = 1 +;/ dTeJrlwr@(T)H[j(T). (34)

Unfortunately, it is a complicated task to fully evaluate the =
integration due to the step function, which adds one more
extra frequency integration in the Fourier space and gives
rise to ultraviolet divergence in general. However, the
evaluation is rather easy and feasible if we focus on
the imaginary part, for which it is possible to rewrite the
integrand in such a way that the step function goes away
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and the calculation just reduces to evaluating the Fourier
transformation of IT;;. To see this, we notice

Hij €R and Hl](’l') = _Hji(_T)a (35)

which immediately follows from the definition of IT;; (29).
We then find

0)2

x [Mij () + (0(z) — O(=7))I ;5 (7)]
1

= Imﬁij(w)’ (36)

—1 +o0 .
Ime,;(w) = — / dretier

(5]

where TI(;) == (IT;; + T1;)/2 and Ty = (I1

i —i)/2,
IT;; is the Fourier transformation of II;;, and we have used
16) €;;  6;;) in the second line to drop the antisymmetric
contribution ITj;j.

C. Kramers-Kronig relation

The real and imaginary parts of the electric permittivity
are related to each other through the Kramers-Kronig
relation, which essentially follows from causality of the
electromagnetic response. Therefore, we can immediately
obtain the real part, and thereby the whole electric
permittivity €;;, once the imaginary part is computed via
Eq. (36). Note that the real and imaginary parts are related
to each other due to causality, and no other physical
conditions such as unitarity are required/assumed here.

Let us show how the Kramers-Kronig relation arises
from causality. Causality is manifested in our in-in formu-
lation as the step functions in the equations, e.g., ©(z) in
Eq. (34). To see how the step functions lead to the Kramers-
Kronig relation, it is convenient to rewrite the integrand in
Eq. (34) by using the integration by parts as

€j(w) =1-7;(w), (37)

where 7 is the Fourier transformation of

2i(7) = /_ 00 d7 /_ :;dT"@(T”)nij(fﬂ). (38)

The point here is that y;;(7) = 0 for 7 < 0, as the integra-
tion range sets the hierarchy of the times, 7 > 7 > 7, and
the 77 < 0 contribution is vanishing due to the step function
©(7"), or causality of the electric permittivity. Therefore,

xij(7) = O(7)yi;(z) (39)

holds. The Fourier transformation y;; must then satisfy

Fi(@) = / e 0 (e, ()

+oo . 1 +oo
= / dre™@" — / do’
o 27 J_o

1 +o00 . 1 _
“oai /_ e Zij(@) +57ij(@).  (40)

2
where we have used the Fourier transform of the step
function in the second line and the Sokhotski-Plemelj
formula 1/(x—i0") =P.V.(1/x) +iz6(x), with P.V.
meant to take the principal value, in the last line. Putting
this relation back into Eq. (37) and taking the real part of
both sides yield

)
e-ﬁ-m) T

a)/ _ 10+/’{/lj (T)

o —w

1 +oo
Ree,-j(a)) =1 +;PV/ da)’ Imeij(a)/), (41)

—eo o' —w

which is the Kramers-Kronig relation. Note that the
imaginary part is an odd function in @ (17), and therefore
the Kramers-Kronig relation (41) can also be expressed as

1 L 20/ /

0 o =

which is slightly easier to handle than Eq. (41).

We wish to apply the Kramers-Kronig relation (42) to
obtain the real part from the imaginary part. This, however,
needs caution. In the above derivation, we have implicitly
assumed that the imaginary part Ime;; goes vanishing
sufficiently fast (faster than 1/w) at @ — oo; otherwise
the Hilbert transformation on the right-hand side of the
Kramers-Kronig relation (42) does not exist. Unfortunately,
this is the case in our problem: the imaginary part is finite at
@ — oo as we see shortly below [see Eq. (43)]. Intuitively,
this is because the Dirac sea is infinitely deep, and therefore
there always exists an electron having the excitation energy
that matches the energy supplied by the probe w, once the
threshold condition @w > 2m is satisfied.

To apply the Kramers-Kronig relation (42), we con-
sider the difference, instead of the original value, of the
electric permittivity in the presence and absence of the
strong field Ae;; (13). At @ — oo, the energy supply
by the probe field is far superior to that by the strong
field. Accordingly, the strong-field effect becomes neg-
ligible in the limit of @ — oo, which implies ¢;;(E) —
€;;(0) and hence Ae;; — 0. Thus, ImAe;; goes vanishing
sufficiently fast, to which the Kramers-Kronig relation
(42) can safely be applied. Note that there exist other
possible ways to apply the Kramers-Kronig relation (42)
for nonintegrable functions like our electric permittivity
€;;; see Ref. [36]. We nonetheless focus on the difference
in this paper, as the difference is of more interest
physically and is the quantity that is usually studied in
the semiconductor context.
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D. Evaluation of the imaginary part Ime

The imaginary part of the electric permittivity (36) can
be evaluated analytically. Simply speaking, we just have to
Fourier transform II;;. This is doable, as II;; can be
expressed with known functions because it is made up
of the mode function q/ij‘g’p_s, and the mode equation (30) is
analytically solvable. The evaluation is thus straightforward
but is quite involved, and therefore we put the details in
Appendix A 2.

We have found

Imej_ = ImeH

2 2
=Z0(@-2mn[1-4"(14+22),  @3)
3 0] 0]

for ¢E =0 and

7712

N odp,pi "

Ime |, = 4na ——e¢ "
0 nm m

@) ()
(@) (2]

od " om? (m\4
Imey — 4ra / dpipy mm” <_l>
0o m m eE\ o

M

for eE # 0. The constant a == e?/4x ~ 1/137 is the fine
structure constant of QED, MW is the Whittaker function,
and m, :=\/m?+ p3 is the transverse mass. The off
diagonal components €;; (i # j) can be shown explicitly
to be vanishing, as expected from the general consideration
(16). Note that we have assumed @ > 0. The values for
w <0 are obtained by simply multiplying (—1);
see Eq. (17).

We must discuss the infrared (i.e., low-frequency @ — 0)
behavior of ¢;; (44). Taking @ — 0 yields

0) n 2ekE

a _2[(1 m> x/m*\?
I e o+ 4 I( O(a?)|. (45b
me — —e E|:(7T+€E+2<€E>>+ (w)] (45b)

Thus, the (transverse) electric permittivity is divergent at
@ — 0. Remark that the divergence is proportional to the

2 [eE 1 1m?
Ime, — %e_”ﬁ [e—2+ <—+—m—_> + O(wz)}, (45a)

nonperturbative factor gmm’/eE meaning that the infrared
divergence is a strong-field effect. Such a nonperturbative
effect is dismissed in the weak-field limit [in fact, the free-
field result e(w; E = 0) (43) is finite at @ — 0].

7.%x 10_8 r T T T
8; — Regularized -~ Unregularized ]
6.3 1075 —  LCFA E
5.x 103 ~ ]
; /10711 - ]
N 4.x 1078 ; ]
. E i 1
E 3.)(10_8; 5.5><10‘”'i A

E 1
2.x1078F 5.x107M ]
st ]
1.x107%F 45%1071 : : : ]
ok 0 02 04 06  08]
0 2 4 6 8
w/m

FIG. 1. The number of pairs produced N as a function of the

probe frequency w. The red line corresponds to the regularized
result N¢ (61), which is compared with the unregularized result
N (59) (dotted-dashed orange) and the locally constant-field
approximation NYCFA (65) (solid black). The parameters are
eE/m?> =0.2, EH/E =0,and £, /E = 0.01.

The infrared divergence implies that multiphoton proc-
esses of O(|€|") (n > 1) need to be resummed. Indeed,
when the Keldysh parameter for the probe field
y = mw/|e€|, which controls the nonlinearity of QED,
becomes large, the lowest-order treatment is known to be
invalidated [28,58-61]. The resummation would subtract
the infrared divergence, and thereby leads to a physically
meaningful number for the linear electric permittivity at the
low-frequency regime, as is the case in the usual quantum-
field theoretic calculations of, e.g., cross section. The
subtraction is also important for our Kramers-Kronig
approach, as the Hilbert transformation does not converge
for any w if the integrand (42) contains singularities on the
integration axis. In principle, what we need to do then is to
resum higher-order processes and to see the cancellation
among them how to yield an infrared-safe linear electric
permittivity. We, unfortunately, found it difficult, as the
infrared behavior is significantly affected by the non-
perturbative strong-field effects, and the standard resum-
mation procedure established in the free-field limit (e.g.,
Refs. [62,63]) cannot be applied. [Note that although the
removal of the infrared divergence is theoretically impor-
tant and is essential to predict physical values at the very
low-frequency regime @ = 0 as explained above, it is also
true that it can give only negligible effects for most values
of w 2 0, and thus the bare formula (44) is quite sufficient
in practice; see the later discussions around Fig. 1].

We, therefore, deal with the infrared divergence rather
phenomenologically, without explicitly carrying out the
difficult resummation (which we leave as future work). We
shall explain the phenomenological idea to remove the
infrared divergence in the next two subsections. Briefly, we
remove the infrared divergence by introducing a counter
term, which is added by hand though presumably appears
as a result of the resummation. We fix the value of the
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counter term appropriately by making use of the fact that
the imaginary part of the electric permittivity and the
number of pairs produced by the dynamically assisted
Schwinger effect are in exact agreement with each other
and by regularizing the number of pairs using the estab-
lished formula for the Schwinger effect in the low-
frequency limit.

E. Relation to the dynamically assisted Schwinger effect

We show that the imaginary part of the electric permit-
tivity of the vacuum exactly agrees with the number of pairs
produced by the dynamically assisted Schwinger effect
(i.e., the electron-positron pair production from the vacuum
in a constant electric field superimposed by a time-
dependent field), up to some unimportant factors.

To establish the relation between the number of pairs
and the imaginary part of the electric permittivity, we
begin with recalling the phenomenological argument of
electromagnetism in matter that a nonzero imaginary part
Ime;; # 0 means that the injected probe £ dissipates
energy, which is the so-called dielectric loss. The rate of
the dielectric energy loss per unit spacetime volume W for
the probe with the monochromatic frequency w (2) is given
by (see, e.g., Refs. [57,64])

1

The dielectric energy loss (46) is, from a microscopic
viewpoint, caused by the decay of the probe field £ due to
particle production. As energy w is dissipated whenever the
probe field decays, we have

W = ol (47)

where I" is the decay rate of the probe field per unit
spacetime volume. Therefore, we obtain

1

We conjecture that the same relation (48) holds in QED.
As a pair is produced whenever the probe decays, the decay
rate I’ may be read off from the number of produced pairs
via the dynamically assisted Schwinger effect N:

_ N(E#0)-N(E=0)
_ v

r

, (49)

where V, = [d*x is the whole spacetime volume of the
system. We have subtracted the € =0 contribution to
remove the Schwinger contribution without the probe,
since it is irrelevant to the decay of the probe.
Expanding Eq. (49) in £ and then plugging it back into
Eq. (48), we arrive at

1 N
V40E0E ey

Im€ij =

(50)

This is the relation connecting the dynamically assisted
Schwinger effect and the imaginary part of the electric
permittivity.

We remark that Eq. (50) shows that the imaginary part is
not directly related to the scattering amplitude (or its
squared) of the in-out formalism. In fact, the number of
pairs N, which is, in a quantum-field theoretical language,

defined as an in-in vacuum expectation value of the electron

number operator at the asymptotic out-state a},’f’ﬁa},’fﬁ:

N = Z/d3p<vac;in|a§f‘ﬁa2ﬂ?|vac;in). (51)
N

This quantity should be clearly distinguished from the
squared amplitudes (i.e., the probabilities) to produce pairs
such as |(e*e™;out|vac;in)|* in the in-out formalism. In
general, an in-in expectation value is identical to the sum of
in-out amplitudes. For the number of pairs N (51), inserting
the complete set 1 =y ¢ i1states | X5 0ut) (X; out| inside of
the number operator, we find

Z Z/d3p|<Xe;.S;out|vac;in)|2. (52)

X eallstates s

N:

Using the Bogoliubov-transformation technique, it can be
shown that the vacuum at the in state equals to the
superposition of all the pair states at the out state (see
Ref. [65] for details):

|vac;in) = H[l + (const) x ag b J|vac;out),  (53)
p.s

where by'{ is the out-state positron annihilation operator.
Therefore, the nonvanishing contributions to Eq. (52) are

X = e*_'pw_s,eJ_“p‘_seJr e,

-p'.=s'"p's
+ -+ -
X etp,—AYe—p’,—s’ep’,s’e—p”,—s”ep”‘s”’ Tt (54)

Substituting this into Eq. (51) yields

Z Z/d3p|<X’;out|vac;in)|2. (55)

X' eallpairs

N =

Thus, N corresponds to the sum of all the possible squared
amplitudes to produce pairs. In the weak-field limit, the
multiple pair-production events may be suppressed, and
thus the number N can be approximately equal to the

*The number of pairs and that of electrons must be the same
because of the gauge invariance. Therefore, we do not carefully
distinguish the two quantities in this work.
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squared amplitude for the single pair production. In
general, however, this is not necessarily the case, e.g.,
for supercritical fields eE > m?.

At the moment, the relation (50) is just a conjecture.
We now turn to prove Eq. (50) by explicitly calculating
the number of pairs (51) using the Furry-picture
approach for the dynamically assisted Schwinger effect
(see Refs. [24,25,28-30,66] for details). Similarly to the in-
state annihilation operators (21), the out-state ones, a,'y and
by, are defined by expanding the field operator y°" :=
lim, o,y with the appropriate out-state mode function
we, s The out-state mode function w3,  is identified,
similarly to ym T ,s as a solution to the same mode
equation (30) but with a different boundary condition set
at t - +oo:

out _
lim (W+,1).X> o ( Up—cA(+0).s
out - _
AR AN DS VU _p—eA(+c0).s

5

) eFi m2+(p—ef_\(+oo))2t'

(56)

Then, using the orthonormality of the mode function

wi“;jsl//jj‘ps =6, 16, and the perturbative solution to

the Dirac equation (18), we find

aps 3 e P outt out
boutT = dx( )3/2 l//ip v(t)l// (tvx)
s
Pr S v )

e/d4x’SR(t, yx,x ) A ™ (7, %)

= lim

—o0

0(|5|2)] . (57)

Inserting this into the number of pairs (51), we obtain, at the
leading order in the probe &, that

2

d’p
N:V3; / F

out’r —out in
+psl// p.s _le/ +ps"4/l//_ps

(58)

The calculation of the number of pairs is thus reduced to
evaluating the overlap between in- and out-state mode

functions. As the mode equation (30) is solvable, y1 p.s and

w3, can be expressed with known functions, and hence it

is possible to analytically evaluate Eq. (58) (see
Appendix A 3 for more details). We have found

N /°°d J_pJ_ L@E

— i —
m) 2 L w?
(;)(a,) —(—)

m\ 4 ? 2
I i—— &
() m[{m, 5 (522) ]2t

2 4 2\ |2
+52 (0) () 2
w 1ﬁ% 2€E

¢E
\/ €%+ E2. Comparing this with the imagi-

2
2

M

(59)

where &% =
nary part (44), we arrive at
N(E=0) 1

N(E) 2 e
V4 = V4 +§5leel+ié’zlme”,

(60)
which proves the relation (50).

F. Removal of the infrared divergence

We utilize the exact correspondence between the
dynamically assisted Schwinger effect and the imaginary
part of the electric permittivity (50) to remove the infrared
divergence of the electric permittivity. The correspondence
implies that the number of pairs N also suffers from the
infrared divergence, and it should be regularized consis-
tently with the imaginary part. It is easier to regularize the
number of pairs N, instead of directly dealing with the
imaginary part, as there exists an established treatment of
the Schwinger effect for slowly varying fields, namely, the
locally constant-field approximation [67—70], by which the
number of pairs in the low-frequency limit can be computed
in a well-defined manner without divergence.

To be concrete, we phenomenologically introduce a
counter term AN, which presumably comes as a result
of the resummation, to the bare number (59) as

N™ := N — AN. (61)
The counter term AN is determined by matching the
physical number N™¢ to the locally constant-field-approxi-
mation result [Eq. (64) below], which gives the accurate
number in the low-frequency limit. Once the number of
pairs regularized, we can naturally obtain the regularized
imaginary part using the correspondence (50) as

g 1 92Nree

[mees = — '
Ty 08,08,

(62)

Let us illustrate the matching procedure in detail. We first
recall that the number of produced particles by a constant
electric field E is given by the Schwinger(-Nikishov)
formula [13,71]:
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. E|?
NSchwinger v, ‘e | e lem 63
4 3
T

The Schwinger formula is exact for a constant electric field
and may well be applied to slow electric field E — E(¢)
with frequency w — 0 (the locally constant-field approxi-
mation). Namely, so long as the typical timescale for the
variation of the field ~1/® is much slower compared with
that for a pair production to take place ~m/|eE|, a pair
production may be regarded as an instantaneous process
that occurs locally at each instance of time 7 with a constant
electric field with the instantaneous value E(7). Thus,

S (64)

B 22
NLCFA:V3/dt o

with V5 := f d’x being the spatial volume, gives the correct
number of pairs in the low-frequency limit @ — 0. For our
field configuration (2), the locally constant-field approxi-
mation (64) yields, after expanding with respect to the
probe &, that

cea_, (€E)? 2 1 zm*\ (E\?
NECFA = v, 2 14 (54502 ) (5

1 zm? 72 (m*\?\ [E.)\?2 2 e
+(2+2eE+4<eE> ><E> +O0(w”, €] )]-

(65)

Our idea to fix the counter term AN is to require that the
regularized number N™¢ (61) reproduces the locally con-
stant-field-approximation result N“CFA (65) at o — 0.

)2
N2y, B

Then, noticing
2
neE \/5§+g§
s M L vl S
1 7m? 5}2(4—53
* <§+4ez‘5> E

(T () o] @

we can uniquely fix AN as

(eE)* _w2meE (E)\2
AN = V4 4”3 € Tk 5; f . (67)

2
m<
E

Therefore, from the correspondence (62), the imaginary
part Ime};* should be regularized as

a ek
Ime"® = Ime | ——e™"ef —,
ps @

(68a)

Ime‘r‘eg = Ime. (68Db)

That is, we just need to subtract the most divergent part
x w2, It is evident that the high-frequency behavior is
unmodified by the subtraction.

Before proceeding, let us mention that the infrared
divergence and the regularization procedure can affect only
the very low-frequency regime w = 0. This is illustrated in
Fig. 1, in which the bare and regularized numbers, (59) and
(61), respectively, are plotted against w. It implies that in
practice it is sufficient to use the bare N (59), or Eq. (44) for
the imaginary part, when making a comparison with
experiments. In fact, experimentally, it is not always easy
to realize very low-frequency fields, since @ = 0 is just an
idealistic limit of theory. Let us make a quantitative
estimate of when the infrared divergence can be significant.
By taking the ratio between the counter term AN (67) and
the locally constant-field-approximation result N“CFA (65),

AN  meE [E\?
NICFR = 3 2 (f) ’ (69)

we understand that the infrared divergence can be manifest
when

W< g\e/‘% (70)

This is formally vanishing in the limit of weak probes
|E| = 0. In other words, in order for the infrared divergence
to be significant for finite w, the probe £ needs to be rather
strong (at least comparable to the strong field E).

G. Final formula for the change of the electric
permittivity
Let us summarize our formula for the change of the
electric permittivity Ae;; under the constant strong electric
field (2).
The imaginary part after removing the infrared diver-
gence is, from Eqgs. (43) and (68), given by

wd m
Ime'® =4ra SPLPL —ny
0 m m

AG) (%)

2 2
~20(w-2m) 1—4m—2<1+2m—2>, (71a)
w ®
d
Imelrleg :4ﬂa/°o PLPL
0 nm m
w2 4 2\ |2
N il s M . il
eE \ w i\ 2eE
m 2
® w
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The transverse-momentum p | integration can be done
numerically. Note that in the semiconductor case, the
imaginary part is given in terms of the Airy function,
rather than the Whittaker function [41,72]. This is essen-
tially because QED is relativistic, while it is nonrelativistic
in semiconductor, and therefore they have different dis-
persions. Nevertheless, from a mathematical viewpoint,
those two functions are similar to each other in the sense
that both functions obey differential equations with a single
turning point. It is a general feature of such differential
equations that the behavior of the solution changes from/to
oscillation to/from damping at the turning point. This is the
mathematical origin of the characteristic oscillating pattern
in the electric permittivity (or the Franz-Keldysh effect),
which we shall discuss in detail in the next section.

The real part can be obtained from the imaginary part
(71) by using the Kramers-Kronig relation:

00 /
ReAeﬁjg(a))—%P.V./o dw’wlzzi)wZImAegjg(a)’). (72)
The frequency ' integration can be done numerically. Note
that the Kramers-Kronig relation holds equally even after
regularizing the infrared divergence. Indeed, the subtrac-
tion of the divergent =2 term is equivalent to shifting IT(w)
in Eq. (36) by a constant. In the coordinate space, this
means that T1(7) is shifted by a delta function §(z). The
proof of the Kramers-Kronig relation in Sec. III C remains
valid, since the essence of the proof is the step function
dependence of y(7) (39), which is unmodified by the shift
of II(z).

IV. RESULT

We turn to discuss the physics of the electric permittivity
in a strong constant electric field based on the theoretical
foundation in Sec. III. We discuss the imaginary part Ime;;
in Sec. [IVA and then the real part Ree;; in Sec. IV B by
numerically carrying out the integrations in Egs. (71)
and (72).

For notational simplicity, we do not explicitly write the
superscript “reg” in what follows. All the numerical results
presented here are the regularized values.

A. Imaginary part ImAe;

Figure 2 shows the frequency @ dependence of the
imaginary part ImAe;; (71). It exhibits two characteristic
features: (i) the exponential tail below the band-gap energy
w < 2m and (ii) the oscillating behavior above @ > 2m.
Those are the QED analog of the electroreflectance in the
semiconductor, where very similar features, including the
order of the sign and magnitude of the oscillation, have
been observed, e.g., with Si [73].

Those characteristic features are directly related to the
change of the QED-vacuum (or the Dirac-sea) structure by

the strong electric field [24]. Namely, the strong electric
field E tilts the QED vacuum in the direction of the strong
field e,. As a consequence, the electrons in the Dirac sea can
tunnel into the gap, inside of which less energy is needed for
the probe to excite a pair, and thus the pair production is
enhanced. More particle production means more dielectric
energy loss, and hence the electric permittivity acquires a
larger imaginary part compared with the free-field limit,
which is the origin of the exponential tail below the band-gap
energy (i). On the other hand, that the quantum tunneling
into the gap occurs means that the complementary process of
the quantum tunneling, i.e., quantum refection by the gap,
must occur. Accordingly, the electrons in the Dirac sea
interfere with those reflected by the gap. This quantum
interference leads to an oscillating distribution of the Dirac-
sea electrons. The pair production is likely to occur from
where the Dirac-sea electrons exist more, and the excitation
energy w that the probe needs to supply for pair production is
different, depending on where an electron is located in the
Dirac sea. Thus, the resulting number of pairs produced, and
therefore the imaginary part, shows an oscillating depend-
ence in w (ii). Note that an oscillatory dependence similar to
ours (similar but has different features such as square-root
divergences at thresholds) has also been obtained for strong
magnetic fields [74,75], which is also induced by the change
of the QED vacuum but is due to the Landau quantization of
the electron energy level.

As the change of the QED vacuum by the strong field E
is the essence of the two features, the direction of the probe
1s not crucial here, and thus ImAeH and ImAe | basically
have the same @ dependencies. Nonetheless, a closer
comparison shows that they slightly deviate from each
other, which is the manifestation of the vacuum birefrin-
gence by the strong electric field.

Let us have a closer look at the oscillating peak structure;
see Fig. 3, where the peak locations and heights are
plotted against the field strength E. Note that we identify
the first peak as the positive sharp peak at w/m =2 in
Fig. 2 and the second as the negative peak right after the
first one around w/m ~2.1-2.2, and successively define
the n-th peaks.

We first discuss the peak locations; see the top of Fig. 3.
The first peak appears precisely at the threshold band-gap
energy o = 2m, regardless of the field strength E. The
independence of E is simply because the first peak is
caused by the threshold behavior of the free-field result
¢;;(E =0) (43). In contrast, the subsequent peaks show
monotonically increasing behaviors in E and can be fit well
with a square-root function,

® JeE
Z: Cq +C2 W (73)

See the caption of Fig. 3 for the best-fit parameters (c;, ¢5).
The square-root E dependence reflects how the Dirac-sea
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FIG. 2. The change of the imaginary part of the longitudinal and transverse electric permittivities, ImAe (left) and ImAe
(right), as functions of the probe frequency @. The color distinguishes the strength of the strong field e E£/m?. Note that if m is taken to be
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ImAe (right), plotted against the strength of the strong field eE/m?. The gray dashed lines show fitting results of the curves: a square-
root fit w/m = ¢; + ¢31/eE/m?* (73) for each peak location on the top and a power-function fit InAe;; = d, (eE/m?)% (74) for the
heights of the largest first peaks on the bottom. The best-fit parameters (¢, ¢,) were found to be (2.00, 0.00), (1.94, 0.536), (1.75, 2.03),
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structure changes with E. Let us make a rough semi-
classical argument on this. Owing to the presence of the
constant strong electric field, the electron wave function in
the Dirac sea would acquire an additional phase factor
eine _ ot [ dlr=eEs) | oFieE2 Tpe plus and minus signs,
respectively, specify the moving direction of the Dirac-sea
electrons heading to and receding from the gap. Those two
waves interfere with each other. Thus, the resulting
electron distribution is oscillating in the z direction

« cos(2eEz?), which has the period of Az« 1/VE.
This indicates that the electron distribution, when viewed
as a function of the electron energy &, has maxima with the

period Ae = eEAz VE because the electron potential
energy is tied with the z coordinate as ¢ = —eEz. The pair
production is thus more likely to occur and develop a
larger imaginary part when the probe frequency @ matches
the energies ¢ at which the distribution has maxima. This
means that the imaginary part has maxima with the period

Aw = Ae < VE. Therefore, the peak positions scale

roughly as « VE, as observed in Fig. 3. Note that
semiconductor calculations predict Aw o« E3/2 [26]. The
difference is stemming from the nonrelativistic dispersion
of solid-state materials.

The peak locations are less sensitive to the probe
directions. Indeed, the deviations between the peak loca-
tions of the longitudinal and transverse electric permittiv-
ities in Fig. 3 are just a few percent. This is physically
reasonable, as the peak locations are essentially determined
by the modified Dirac-sea structure by the strong field, as
explained above. Therefore, the probe can only have a
minor effect on the locations.

In contrast, the heights of the peaks are sensitive to the
probe directions; see the bottom of Fig. 3. Indeed, the
heights are directly related to the size of the dielectric
energy loss, i.e., how many pairs are produced, which is
determined by how they are excited by the probe and hence
should be sensitive to the probe profile. Figure 3 shows that
the height of the first peak of the transverse electric
permittivity ImAe, is significantly smaller than the longi-
tudinal one ImAe). We can understand this as reminiscent
of the fact that a longitudinal probe enhances the particle
production in the low-frequency regime more than a
transverse one does [see Eq. (65)]. This is because the
magnitude of the total electric field |E| = |E + &| is
maximized (minimized) when E| & (E_LE). In contrast to
the first peak, the tendency is found to be the opposite for
higher peaks (n > 3): the peak heights of the transverse
electric permittivity ImAe | are larger than the longitudinal
one ImAe. This implies that it is easier with a transverse
probe to observe the change of the electric permittivity in
the high-frequency regime.

From an experimental viewpoint, the largest peaks, i.e.,
the first peaks (the red lines on the bottom of Fig. 3) are of

particular interest, as they may be the easiest to be accessed
by experiments among all the other peaks. To better
understand the parameter dependence, we have tried fitting
the curves with elementary functions and eventually found
that a power function,

B\
ImAeij = dl <e ) s (74)

m2

gives the best fit; see the caption of Fig. 3 for the best
fitting parameters (d,, d,). Note that the height is free from
the nonperturbative exponential suppression o g/ eE
which is effective only in the low-frequency regime (or
the semiclassical regime where the semiclassical approx-
imations such as the worldline instanton method
[61,68,69,76,77] can be applied). The exponent d, roughly
equals 1/3, which agrees with the value predicted in
semiconductor calculations [78]. This compact formula (74)
enables us to discuss the weak-field regime eE/m?* < 1
rather easily, as the direct numerical evaluation of our
formula (71) becomes difficult for small field strengths [this
is because Eq. (71) contains the nonperturbative factor
e_ﬂmz/d_‘:’ which becomes extremely small for eE/ m? -0,
and therefore it becomes difficult to assure the numerical
precision]. It is also useful for making experimental
predictions (see Sec. V), for which weak fields are more
relevant owing to the current unavailability of strong fields.

Finally, we point out another important feature of Fig. 2:
the imaginary part of the electric permittivity is nonvanish-
ing even at ® = 0*.* This is a nonperturbative strong-field

effect o e™™'/¢E which is evident from Eq. (45).
Physically, the pair production occurs, and therefore non-
zero imaginary part develops, even with a zero-frequency
probe due to the additional energy supply by the strong
field. Note that the imaginary part is vanishing exactly in
the weak-field limit, where all the nonperturbative factors
are approximated to be zero. The nonzero imaginary part at
@ = 07 affects the @ = 0" behavior of the real part through
the Kramers-Kronig relation, and thereby makes it deviate
from the conventional result for the weak and low-
frequency limit; see Sec. IV B.

B. Real part ImAe;

Figure 4 shows the frequency @ dependence of the real
part ReAe;; (72). As the real and imaginary part are
closely related with each other through the Kramers-
Kronig relation (72), the real part also exhibits a similar
oscillating structure. Note that very similar oscillating

The oddness of the imaginary part (17) indicates that it is
vanishing precisely at @ = 0. This is compatible with the
finiteness at @ = 0T, as @ = 0T means o is infinitely close to
zero and does not mean @ = 0, though it is inevitable to have a
discontinuity at @ = 0.
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FIG. 4. A similar plot to Fig. 2 but for the real part. Namely, the change of the real part of the longitudinal and transverse electric
permittivities, ReAe| (left) and ReAe, (right), are shown as functions of the probe frequency .

behaviors have also been observed in various solid-state
materials (e.g., in Ge [37]).

We discuss details about the oscillating structure; see
Fig. 5. Note that we have identified the first peak as the
small positive bump just before the threshold band-gap
energy @ < 2m [e.g., » ~ 1.9 in the red lines (e E/m?=0.2)
of Fig. 4] and the second peak as the largest negative sharp
peak at w =~ 2m, and successively define the higher peaks.
As we shall discuss later, the first peak can be absent for
strong fields, for which the real part diverges logarithmi-
cally at w ~ 0, and then the first peak can be hidden under
the divergence. This is the reason why the red curves in
Fig. 5 disappear at around eE/m?* ~ 0.57 and ~0.80 for ¢|
and €, respectively.

As the oscillating structure is reminiscent of that in the
imaginary part, the peak locations can be fit well by the
square-root function (73); see the top of Fig. 5.
Nevertheless, although it can be fit by the same function
(73), the fitting parameters (cy, c,) and thus the values of
the locations are different. The peak locations of the real
part are roughly in the middle of those for the imaginary
part [e.g., the location of the third peak of the real part at
eE/m*> =1.0 is w/m~3.1, which is just around the
middle of the second (w/m = 2.5) and third (w/m ~ 3.9)
peaks of the imaginary part]. From the viewpoint of the
Kramers-Kronig analysis, this is because the Hilbert trans-
formation is a transformation such that it splits a peak of the
integrand into two. To understand this, let us consider, as an
example, the Lorentz model of dielectrics [79], which is
widely used in the phenomenological modeling of the
electric permittivity in solid-state physics. The imaginary
part in this model is

T'o

ImA Lorentz . 2 ,
€ @b (0* — 0})? + Tw)?

(75)

where a)g is some constant (identified as the plasma

frequency in the original context). The imaginary part

ImAet " has a single positive peak at @ = @, with the
width I'. Now, we Hilbert transform Eq. (75) to see how the
Hilbert transformation acts on a peak. This is exactly
doable and yields

2 _ 2
ReAglorentz — _ )2 @ @

P a3+ Tw)

(76)

Differentiating with respect to ®, we immediately
understand that the real part (76) has two peaks around
@ = wy separated by the distance I'; namely, a positive
peak atw = \/wy(wy — I') =~ wy — I'/2 and a negative peak
at ® = \/wy(wy+T) ~wy+T/2. This confirms our
statement that the Hilbert transformation splits a peak into
two. Now, we consider applying the Lorentz-model argu-
ment to our problem. In general, including our electric
permittivity, the imaginary part of the electric permittivity
can have several peaks, which can be modeled by super-
imposing the Lorentz models (75) with various peak
profiles. We can, thus, understand the peaks of the real
part in Fig. 5 as a collection of those of the imaginary part
in Fig. 3 after the splitting by the Hilbert transformation.
For example, the first positive peak of the imaginary part at
w/m = 2 splits into two, one of which gives a positive peak
below the threshold band-gap energy, and the other is a
negative peak above it, and those peaks are separated
roughly by the peak width of the imaginary part. The
location of the peak of the real part below the band gap
decreases its value as the field strength increases. This is
because, as the field strength becomes larger, the width
becomes larger (see Fig. 2), which is essentially because the

“The first peak of the imaginary part is very sharp and skewed
in our case, and therefore the application of the Lorentz model is
actually a bit naive. In fact, the second peak of the real part is
always sticked at w/m =~ 2 and does not clearly show the positive
shift from the original peak position of the imaginary part.
Nonetheless, it is still useful to get an intuition of the peak
locations of the real part, as we explain in the main text.
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A similar plot to Fig. 3 but for the real part. Namely, the peak locations (with respect to @) (top) and heights (bottom) of the

change of the electric permittivities, ReAe| (left) and ReAe (right), are shown as functions of the strength of the strong field eE/m?.

The gray dashed lines show fitting results of the curves, i.e., square-root fits w/m = ¢; + ¢,/ eE/m? for each peak location on the top
and a power-function fit ReAe;; = d,; (eE/m?)® for the heights of the second peaks, which are the largest among the peaks, on the
bottom. The best-fit parameters (¢, ¢,) are found to be (2.18, —1.27), (2.00,0.00), (1.82, 1.38), (1.73,2.46), (1.70, 3.21) (in order from
the first to fifth peaks) and (d;,d,) = (=1.51 x 1073,0.382) for ReAe| and (2.19,-1.21),(2.00,0.00), (1.90, 1.13), (1.79,2.27),

(1.72,3.10) and (d;,d,) = (—1.35 x 1073,0.340) for ReAc, .

Schwinger effect at @ =0 creates more particles and
accordingly the exponential tail below the band gap
develops more. A similar argument applies to the second
and higher peaks: the peak locations of the real part are
basically shifted from those of the imaginary part by the
peak widths. Consequently, the peak locations of the real
part are roughly in the middle of those for the imagi-
nary part.

We turn to discuss the peak heights; see the bottom of
Fig. 5. The basic features are qualitatively similar to the
imaginary case because the real part is tied with the
imaginary part through the Kramers-Kronig relation
(72). Namely, (i) the heights are more sensitive to the
probe direction than the locations are, i.e., the real part also
exhibits the birefringent nature of the vacuum in strong
fields. (ii) Except for the largest second peak, the heights
are relatively larger in the transverse electric permittivity
than in the longitudinal one. The heights of the second
peaks are roughly comparable between the longitudinal
and transverse cases, though the transverse one is slightly

smaller (x~10%) than the longitudinal one, which is
reasonable as the largest peak of the imaginary part (which
gives the dominant contribution to the second peak of the
imaginary part, as we have explained in the last paragraph)
of the transverse electric permittivity is smaller than the
longitudinal one. (iii) The largest second peak can be fit
well by the power function (74); see the caption of Fig. 5
for the best fitting parameters (d;, d,). Compared with the
largest peak of the imaginary part (see Fig. 3), the values of
the exponent d, are somewhat increased (~10%) but stay
around 1/3, indicating that the e¢E/m’> dependence is
essentially unchanged. Contrarily, the overall factor d; is
significantly increased (=100%), and thus the real part has
larger peak heights than the imaginary part.

Next, let us discuss the low-frequency behavior of the
real part of the electric permittivity. We have found it to be
logarithmically divergent; see Fig. 4. This is originating
from the finiteness of the imaginary part at @ = 0T [see
Eq. (45) and Fig. 2], which yields from the Kramers-Kronig
relation (72) that
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FIG. 6. A comparison between our results (thick and dashed color lines) and the Heisenberg-Euler result (79) (dotted gray lines),
which is valid in the weak and zero-frequency limit. The thick and dashed lines represent the real part with and without subtracting the

logarithmic divergence, Eqgs. (72) and (78), respectively.

w—0 —2ImA€U(O)

ReAeij(a)) — ——Ihow
T
_”Qza C_EI:_‘_; (% + %ZL_Z nw for J_,
= /nz
_ﬂ_zzae—nﬁe + 21_2 +2 (”%)2) Inw for ||
(77)

Equation (77) clearly shows that the logarithmic divergence

—xm?/eE
m /eE’ and

is a nonperturbative strong-field effect o e
hence is dismissed in the weak-field calculations.

To get a better understanding of the logarithmic diver-
gence and also the relation between the known result in the
literature and ours, we made Fig. 6, where the known result
based on the Heisenberg-Euler effective Lagrangian [see
Eq. (79) below] is compared with ours (72) and that with

subtracting the logarithmic divergence (77) by hand,

log sub
ReAe;*™

for L,

2
a1 1m?
ReAe; ——*e «E(”—f—ng) Inw

ReAg| —‘ﬂ—%”‘e_”%(%+%+§ (L"—;)z) Inw for ||.
(78)

As shown in Fig. 6, the subtracted number (78) is
finite at @ — 0. It also shows that the subtraction does
not change the value significantly for weak fields, meaning
that the logarithmic divergence can be significant only for
strong fields.

In the literature, the electric permittivity has been
typically calculated with the Heisenberg-Euler effective
Lagrangian and found to be (see Appendix B for the
derivation) [80,81]

ReAellF = (79)

which is valid in the weak and slow limit E, @ — 0. Note
that the imaginary part is strictly zero in this approach.
Figure 6 shows that our result, which is valid even to strong
fields and finite frequencies, coincides with the
Heisenberg-Euler result (79) at and only at E, @ — 0
(the same applies to the imaginary part; see Fig. 2, which
shows that our results go to zero at E, w — 0). The
agreement becomes better if we drop the logarithmic
divergence, as this is a part of the weak-field approxima-
tion made in the Heisenberg-Euler approach. Our results
deviate from the Heisenberg-Euler one for strong fields
eE/m? > 0.2 at  ~ 0. Meanwhile, for weak fields below
this value, we observe good agreements between the two
for wide values of the frequency below the threshold
band-gap energy w/m < 1. Thus, we conclude that our
result is consistent with the conventional Heisenberg-
Euler result in the weak and slow limit, while significant
deviations appear for strong or fast fields, for which the
Heisenberg-Euler result (79) is invalid and ours (72) must
be used instead.

V. SUMMARY AND DISCUSSION

In summary, we have revisited the change of the electric
permittivity, as a response of the vacuum against a probe
electric wave, in the presence and absence of a strong
constant electric field. As described in Sec. III, our
calculation is based on a linear-response theory in the
strong electric field, which we have formulated using the
nonequilibrium in-in formalism and the Furry-picture
perturbation theory. Our in-in formulation is manifestly
causal, which naturally yields the Kramers-Kronig relation.
By subtracting the infrared divergence appropriately, we
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have first calculated the imaginary part of the change of the
electric permittivity (71) and then made use of the Kramers-
Kronig relation to numerically obtain the real part (72) and
thereby the whole electric permittivity. We have also
established a clear relation between the electric permittivity
and the number of pairs produced by the dynamically
assisted Schwinger effect (50). Our approach is beyond the
conventional weak-field and zero-frequency-probe limit,
and has revealed intriguing features for strong fields and/or
probes with finite frequencies; see Sec. IV. In particular, we
have found (for the first time in the context of strong-field
QED to the best of our knowledge) that both the real and
imaginary parts of the electric permittivity exhibit charac-
teristic oscillating patterns with respect to the probe
frequency. This is quite analogous to what has been
observed in semiconductor experiments in the context of
the Franz-Keldysh effect and electroreflectance. The oscil-
lating structure is directly related to the change of the QED-
vacuum structure (cf. the square-root E dependence of the
peak locations). This implies that the measurement of the
electric permittivity serves as a probe to quantitatively
diagnose the QED vacuum. Another notable feature is that
the low-frequency behavior is modified due to a non-
perturbative strong-field effect. This modification is sup-
pressed strongly by the field strength, e /E and
therefore is just a minor effect for weak fields but can
have significant impacts for strong fields such as the
logarithmic divergence in the real part.

Let us discuss possible experimental and phenomeno-
logical implications. As mentioned in the Introduction,
strong electromagnetic fields can be realized in extreme
physical systems such as heavy-ion collisions and compact
stars and also with recent/near-future high-power lasers
under laboratory conditions. Unfortunately, the direct
application of our results to the extreme physical systems
is premature, since the electromagnetic-field configurations
realized there are very different from our simple constant-
electric-field configuration (2). For example, the electro-
magnetic fields in heavy-ion collisions have extremely
small spacetime volume, for which our constant-field
approximation cannot be applied. Compact stars such as
magnetars and charged black holes may have strong
electric fields, but other strong-field effects including
magnetic and/or gravitational ones are more significant.
Therefore, our present calculation with the simple con-
figuration (2) is premature for discussing anything concrete
in those extreme physical systems, which we leave as future
work. Nonetheless, we expect that the essence of the
physics should not change depending on the field con-
figurations. That is, our basic finding that the change of the
QED vacuum structure by a strong field leads to intriguing
frequency- and polarization-dependent changes in the
electric permittivity, or the refractive index in general,
should be valid. Such a change would be the most
significant at around the gap energy w ~ m. It is interesting

and worthwhile to try observing the change with, e.g., the
recent and future photon- and/or dilepton-polarization
measurements in heavy-ion collisions and astronomical
x-ray observations (e.g., with IXPE and XL-Calibur).

Let us next discuss implications with high-power lasers
in a quantitative manner. High-power lasers are advanta-
geous than the extreme physical systems in that the field
configuration can be designed rather easily, and thus in
principle our simple field configuration (2) can be realized.
It would also be advantageous in that experimental noise is
suppressed and can be controlled. Therefore, it is more
motivating to consider the case of high-power lasers than
the extreme physical systems. In short, however, it seems
difficult to observe our frequency-dependent change of
the electric permittivity within the current experimental
technology. The most difficult part (but at the same time
only the problem) is that extremely fast coherent-light
sources of the order of the zeptosecond, w 2 m = 1.24 x
10%° Hz (for electrons), are needed as probes. Such a
zeptosecond light source is still unavailable,’ though
there have been significant developments in ultrafast
lasers in the attosecond regime in the last decade [82—
85] and exist various proposals to achieve the zeptosecond
order (e.g., Ref. [86-88]). To proceed, let us suppose
anyway that such an extremely fast light source is
available and discuss what we can say then. The easiest
to be observed is the largest peak at @ =~ 2m. The peak
height can be approximated well by Eq. (74). In physical
units, it reads as

I 0.15
ImAe = (11x 104 x ("
mae = (1.1x )X<1x1023 W/cm2) ’

! )0'18, (80)

ImAe, = (0.98x 104)x [+
mae, =(0.98x )X<1x1023W/cm2

and

» I 0.19
ReAe|~(=1.4x107%) x <1X1023W> ,

) 6

Rede| ~(-1.7x1074) x [ ——r——
eherm( ) <1x1023W/cm2

’Instead of using coherent lights, it may be possible to use
high-energy incoherent photons as the fast probe field such as
bremsstrahlung photons emitted from and highly Lorentz-
boosted Coulomb field of high-energy electrons (or charged
particles such as proton or heavy ions). This is an interesting
possibility, but our setup (2) is too idealistic for such a situation
(we need to consider incoherent photons rather than the coherent
ones, finite photon momentum k # 0, and so on), and also we
need to reformulate our theory to extract the information of the
electric permittivity from incoherent photons. Thus, we do not
make any quantitative discussion for this possibility.
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where I := E?/2 is the intensity of a tightly focused laser
pulse. As an example, let us consider the state-of-art
strongest pulse with a 4-PW laser [19]: I=1x
102 W/cm? (or E =9 x 10'* V/m) with ¢ = 1 pm and
7 = 20 fs being the spot size and the time duration of the
pulse, respectively. The estimates, (80) and (81), indicate
that the order of the change is A¢;; =1 X 1072% and
the difference between the longitudinal and transverse
ones (i.e., the signature of the vacuum birefringence) is
|Aej — Ae; | =2 x 107°%. Those are not large numbers
but are significantly larger compared with the weak-
field and low-frequency limit (79), Aejl® = O(107%).
We emphasize that the estimates, (80) and (81), depend
on the intensity very weakly Ae;; o [/2 ~ I'/°. This
means that sizable signals can remain even for weak
fields. Namely, to lower the magnitude of the change
by 1 order, we need to change the intensity by about 6
orders. For example, even for a GW laser, we still have
a sizable magnitude of the changes, Ae¢;; = 1 X 1073%
and |Aej — A€, | =2x 107*%. Those changes may be
measured directly with the standard technique of
dielectric spectroscopy (see, e.g., Ref. [56]), or indi-
rectly through measurement of other observables. One
possible observable is the change of the speed of light
in the vacuum ¢, which is related to the electric
permittivity as ¢ = 1/,/eu (with u being the magnetic
permeability), and therefore the change of ¢ immedi-
ately means that of c. Our result is, however, premature
to discuss anything quantitative about the change of the
speed of light (e.g., need to calculate the change of the
magnetic permeability, to include photon momentum
k # 0, and so on); nonetheless, we may naively expect a
similar order of the change appears in the speed of light
as well. If so, we have Ac = O(1072%) and |Ac) —

Ac;| = O(1073%) for photons around the threshold
band-gap energy w = 2m, which may be tested with,
e.g., the photon polarimeter (e.g., PVLAS [54]) and the
Michelson-Morley interferometer [89]. Another inter-
esting observable is the number of pairs produced by
the dynamically assisted Schwinger effect, which is
related to the imaginary part through Eq. (50). In
physical units, it reads as®

*To be precise, the left-hand side of Eq. (82) should be
understood as N(€ # 0) — N(€ = 0), i.e., the number of pairs
produced solely by the probe field. For weak fields eE < m?,
which are relevant for the current experimental technology, the
Schwinger contribution without the probe is negligible
N(E=0)~0. Therefore, N(E#0)—N(E=0)~N(E+#0),
i.e., we do not need to carefully distinguish the total number
of produced pairs and those solely by the probe.

1 E\? EN?
N~ am“(f% Kem—zl) ImAe ;| + <%> ImAe”]
3
~0.20 x <i> <1>
pm fs

gl 2 I 0.18
0.98
X{ ><(1><1015V/m> <1x1023W/cm2>

g, 2 I 0.15
1.1 z
X (1 x 101 V/m> (1 x 1073 W/cm2) ]

(82)

per a single shot of a laser pulse. Suppose we have
pulses with a repetition rate of f =0.1 Hz and take
the probe-field strength to be £ = 1 x 10'> V/m (corre-
sponding to the GW regime with the same focusing
parameters). Then, the total number of pairs produced
per unit time with the 4-PW-laser configuration is
the order of N/sec~(4 x 107°) x f ~4 x 107, indicat-
ing that a pair is produced per three days. For the difference
between the longitudinal and transverse probes,
(Ny—=Ny)/secm(6x107%) x f~6x 1077, it roughly
requires three weeks to observe. As was the case in
Ag;j, the number of pairs is also suppressed weakly in /

as NI'/0, and therefore even for weak fields we still have

a chance to observe the pair production and thereby the
change of the electric permittivity. Note that for a fixed
peak power P, the intensity scales as / « P/6> = N

1'/°63 « 6%3. Thus, a looser focusing is more beneficial
for the pair production (e.g., for6 = 10 pm, the rate N/ sec
is enhanced by a factor of about 500, N/sec~2 x 1073,
which means about 200 pairs are produced in a day). We,
thus, conclude in this discussion that the observation of our
predicted change of the electric permittivity is not easy at
the moment but should be feasible once a zeptosecond
light source becomes available.

We conclude this paper by again emphasizing the
usefulness of the analogy between strong-field QED and
semiconductor physics (and also other physical systems).
Although there are subtle differences between semicon-
ductor and QED [semiconductor has smaller O(1 eV) mass
gap, the (effective) speed of light deviating from the
vacuum one, impurities, lattice structure, dimensionality,
etc; see, e.g., Ref. [90]], they essentially have the same
band structure and hence respond against electromagnetic
fields in a very similar manner. Previously, the analogy
between the dynamically assisted Schwinger effect in QED
and the Franz-Keldysh effect was discussed and was
successful [24,25]. Motivated by this success, we in this
paper have pursued the QED analog of the electroreflec-
tance in semiconductor physics and succeeded in finding
the novel behaviors in QED (e.g., the oscillation in the
high-frequency regime) and the useful relation connecting
the Schwinger effect and the electric permittivity (50). This
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clearly demonstrates that importing the wisdom of semi-
conductor physics is useful in developing a better under-
standing of strong-field QED. Although we have mainly
focused on importing semiconductor knowledge to QED,
the converse (i.e., export) should also be useful. For
example, topological insulators can effectively be described
in terms of the Dirac equation [91,92]. Relativistic
dispersion is realized in, e.g., graphene [93] and Weyl/
Dirac semimetal [94]. In those materials, our relativistic
QED calculation is more relevant than the conventional
nonrelativistic semiconductor one. Our results indicate that,
although the qualitative features remain the same, the
quantitative ones must change, e.g., the different scaling

of the peak locations Aw « V'E for relativistic and o« E3/2
for nonrelativistic (see Figs. 3 and 5). To make a more
realistic prediction regarding condensed-matter experi-
ments, however, it is crucially important to carefully take
into account the matter properties, and therefore we do not
make any further predictions here; we leave them as future
work. Finally, let us mention that the analogy may also be
extended to other physical systems such as in the presence
of strong color fields as realized in the early-stage
dynamics of heavy-ion collisions (e.g., glasma [95])
and gravitational fields in the Universe. As we have
learned from the analogy, the change of the vacuum
structure is the essence for modifying vacuum response
functions. Such a change can equally be induced by strong
fields other than an electromagnetic one, and therefore it is
natural to expect similar modifications to vacuum
response functions. It is an interesting topic to study such
cases, to which our in-in formalism can be generalized
straightforwardly, and discuss possible phenomenological
consequences, e.g., modification of jets in heavy-ion
collisions by the strong color fields and vacuum birefrin-
gence in curved spacetime.
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APPENDIX A: DETAILS OF THE EVALUATIONS

In this appendix, we describe some calculation details of
the imaginary part Ime;; (36) and the number of pairs
produced by the dynamically assisted Schwinger effect N
(58). The essential part of the calculations is the evaluation
of the Fourier transformations of bispinor products of the
mode functions %, o (as =in, out). We begin with
recalling the exact forms of the mode functions y%, - in
Appendix A 1 and then perform the Fourier transformations

for the imaginary part and the number in Appendixes A 2
and A 3, respectively.

1. Solution of the Dirac equation in a
constant electric field

The analytical expressions of the mode functions y¢, ¢
are known [24,28,65]. To display them, we decompose the

mode functions ¥, - in the spinor space as

om+vL 'PL]
oMm+7vL 'PL} r.

Vm? +p?

Substituting this spinor decomposition into the mode
equation (30), it can be shown that the scalar functions
Ay, By obey the Weber equation, which is analytically
solvable. For the boundary conditions (22) and (56), the
solutions read as

WEpl0) = 450 + B0

v (1) = [B;:S*(r) A1)y (A1)

A}i’n (t) = e_%{e_TpV apDia,,—l (_e_%ﬂép (t))
By (1) = e™e Dy, (—e75E, (1))

’

i

Agut(t) — e_Ee_¥D_i% (e%ﬂfp(l))

out iz -T2 i ' (Az)
B\ (1) = etse /@D, 1(e%6,(1))

where D, (z) is the parabolic cylinder function and

m’ + p3
a, ‘=———=
P 2¢E

and  &,(1) == \/Z(eEt +p.).  (A3)
eE

The four component spinors I'y, with s = =1 specifying

the spin direction with respect to e, are defined as the two

eigenvectors of y'y3 with the eigenvalue 1; e.g., in the Dirac

representation, I'; read as

1 0

I L ; J I =L (A4)
V211 V21 0
0 -1

For E = 0, the spinor decomposition (A1) needs not be
modified, but the scalar functions A;‘,S and Bf,s change.
Substituting the spinor decomposition (Al) into the free
Dirac equation, we immediately find that A5® and B}® satisfy
the usual free Klein-Gordon equation and, after imposing
the boundary conditions (22) and (56), get
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i\/m2+p2t

Ain — Aout — 1
p p V2 b m+17

Bm — Bout — 1 / _ / 2+p‘
4 V2 m +p

Below, we focus on the case of E # 0. The E = 0 case
can be done in the same manner just by replacing the scalar
|

[9)

(AS)

I1;;(w) = 2¢? /_ :o dre*”‘”lmtrz / 3}/
> = P )

where

l—‘l

F;,” (—w—k)—

oo +iwr\gyin igin T
Ps.s ((1)) = /—oo dre lP—,P, (2) \PJrPs (2) :

functions for E # 0 (A2) to those for E = 0 (A5). Or, the
E = 0 results should be able to be obtained by taking the
E — 0 limit of the E # 0 results.

2. Imaginary part Ime;

From Eq. (36), what we need to evaluate is the Fourier

transformation of IT;;, i

lll’l

T T
J §m — —
o)

[ Ps.s (+CO k)] P s, (k)] (A6)

(A7)

We first use Eq. (31) and factor out the dependence on P, of l:;',’s’s, as

2i2P
Prs

out the P, integration in Eq. (A6) to obtain

o= [ )]

Thus, our central task is to evaluate F;JZ o
spinor structure, we find

3 +1i o —i
[Fll (a))]T - [MI[AII;H*A;,H*;O)]—M[[

55
P m, m

=0 s px+ispy ink Ainx. px_ispy
[0} o (@)] = +is [7% I[AlrAln ,w]+7mL

0 (@) =

where

IXY: 0] = / dEcH e X (£)Y (8).

T
-Hw\/;gwl—n,P—Pzez x(§>y W+P P.e_s (‘S)

2{JF
= e Frox I )
eE P1.S, S

where we changed the integration variable 7 to & := £p(7/2). The function lezi

) (A8)

| sy 1s independent of P,. We can then carry

) e ()| e ()]

(A8). Using the solutions of the Dirac equation (A1) and by simplifying the

Bli’n*B;)n* ]:| 59 g=S m_l [ [Am*Am* ] + I[Bli,n*BIi,n*; w]]és’_s/7
(Al0a)
1[Bi* B a)]] 5oy + imﬂl A Al o] + I[B*Bib*; w]]6, _,
(A10b)
—21[A*BiN*; )5, ¢, (A10c)
(A1)
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Using Eq. (A2), the integrals /[A*Ai],
I[By*By] can be expressed as

I[A*Bi*], and

1A By 0] = T /@, T o), (Al2a)
[[Bliin*BIiJn*; a)] — e_%e_i”/é‘fo,o(a)), (Ale)
I[A;JH*A;H*, C()] — e_%apeﬂﬂ/étl'l.] (a))7 (AIZC)

where

Zyyw(w):= /d§e+iw£D—iap—/1(_e+%§)D_iap—,1/ (—e+i7”<§).

(A13)
|

Ty (@) = V2re =2 =D/3 ) AT (—ia, — 2 + 1) [@(—w){

[(ia, + 4)

The evaluation of the integral 7,  is a bit tedious but is
analytically doable. Using the integral representation of the
parabolic cylinder function [96],

6—152/4 0
DU(—C'H”Mf) — / dyy—u—le+i§y—iy2/2’ (A14)

e+iﬂl//4l"(_y) 0

we can exactly carry out the £ integration in Z, ; (A13).
The remaining two y integrations can also be done, and the
result can be expressed in terms of the Kummer’s and
Tricomi’s confluent hypergeometric functions, denoted by
Fi(a,b;z) and U(a, b; z), respectively:

e el

FU(- ia, — X+ 1;4 -2 + 1 +iw?)

1 iw? ~ . )
+me+7 xy Fy(ia, + 44— + 1;_1(02)}
e—ﬂapein/l’

@ -
+8(+o) [(=ia, — 4 + 1)

Now, all the integrations [except for the transverse-
momentum p, integration in I:Iij (A6), which seems
infeasible analytically] have been done. The remaining
task is quite straightforward (though quite bothersome):
just substitute the obtained Z, y (Al5) into I, i (A6) and
simplify it using identities of the confluent hypergeometric
functions [96]. Doing this yields Eq. (44) in the main text.

3. Number of pairs N

The evaluation of the number of pairs N (58) can be
done in a similar manner to Ime;; (see Sec. A?2).
|

O n — d_wellE ~1_ _‘~2_ - - 7
/dtl//+ps~¢4/w_ps _6S’S//27r\/2e—E|:<A( a)) isA%( w))\/m

— (A (~o) + is A2 (~)) ”7”’“1

l’}’l2 +pJ_

il )] s [R5

w
Am*Aout* +1 Bln*Bout*
(il ol

-] are defined in the same manner as Eq. (A11). Using the integral representation of the parabolic cylinder

The functions /[- -

e U(ia, + k- + 1; —ia)z)] .

(A15)

|
We just have to plug the mode functions (Al) into
Eq. (58) and then calculate the corresponding Fourier
transformations of the products among the scalar func-
tions A5® and Bj°.

To be concrete, we substitute Eq. (A1) into Eq. (58). The
first term in the brackets can be evaluated to [65,71]

l//?ku;rsw_p g =€ ﬂapés,s’ (A16)
The remaining second term gives
px +1isp, 1[ i ggur ® _]
V2eE
Bin*Bout*; _:| _ :43 —w (1 |:Ain*Bout*; _:|
[" ? "\V2eE 1A B
do e 5F - .~ m
) —isA*(—w)) ———
Jm +p
10}
Al7
V2eE }) ( )

function (A14), it is possible to exactly carry out the £ integration in /, which yields [28]
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ms* k. w — i —ﬂa
{A ARt \/_} 276740 (w) | /aye

2¢E

|:A1['l* BOu[* BIH*AOLI[*

it 1|

[0
I |:Bm*Bout* _ 271’6_1”/4(9(60) \/—e—nap
=ik

2¢E

W
V2eE

V2eE L w?
s M%+iap70 <lﬁ>’ (AlSa)
V2eE w?
= 2710 e " M;, i A18b
| R v () (A18b)
V2eE L w?
P %—iap,o <—1 ﬁ) . (AlSC)

Note that the Whittaker function M, ,(z) is related to the Kummer’s confluent hypergeometric function | F(a, b; z) as

M, ,(z) = exp[—z/2]z""V2 Fi(u—k + 1/2,1 + 2u; 2).

Putting everything together and carrying out the p, integration in Eq. (58), we obtain

2 o E 472 d
N :m—/ dpipre [V4e—2+32%‘/3/ =2
0

27 W

271’2 0
do mJ_ mJ_ ] . w?
i3\ ' 2eE

n 47rV/
e—
m2 )y 27 eE o?

culfon(2))])

A (w)?|M

2
— (A (@) + |4 (@))%

2

s
. i—
G0\ 2o E
24712

~ 2y, [T A )R + R @)P)

m 2w

(A19)

Note that we have assumed @ # 0 and used an identity f dp, = eEV,4/V5 [71]. Equation (59) in the main text is for the

setup (2), i.e.,

A= gﬂ[e“‘ﬁé(a} —w) + e ?5(w + w)).

APPENDIX B: HEISENBERG-EULER ANALYSIS

The Heisenberg-Euler effective Lagrangian is the one-
loop effective action of QED in the presence of constant
electric E and magnetic B fields [2]:

L=-F- / d—ie"”z"
s
Recosh 2(F+iG)) , 2
G—=(es)*F—-1{,
{ Imcosh (e \/2(.7-"—|—ig)) 3( )
(B1)
where F := (B> —E?)/2 and G:=E - B. For the purely

electric case B = 0, Eq. (B1) can be simplified to

1, 1

/a

o dy y
| A B2
y3 Lany+ 3 . (B2)

where y := eEs. Assuming the electric field is weak, it is
possible to (formally) expand Eq. (B2) in terms of the field
strength eE/m?. Expanding the terms in the square brack-
ets in y and then performing the y integration,

(A20)

[

1, mh &S (—4) 220+ 1) <eE>2f+4
L=-E2- Boyia| =

27 8P (20+4) TEHm?

1 m*[1 [eEN* 4 [eE\®

—_F24+ " | [= — | —= B
2 +8ﬂ2 [45 <m2> +315 <m2> + }’ (B3)

where B,, is the Bernoulli number. Note that Eq. (B3) does

not contain any nonperturbative factors e~ /eE (n eN),
which are implicitly dropped when doing the expansion.
Owing to the absence of the nonperturbative factor, the
Lagrangian (B3) is purely real, i.e., there is no dynamical
process (i.e., the Schwinger effect), and the system is
implicitly assumed to be in equilibrium.

We are interested in a situation where the constant
electric field E can be divided into two as

E=E+¢€, (B4)

which corresponds to the @ — 0 limit of the field configu-
ration in the main text (2). The electric displacement vector
for the probe electric field £ is given by [2,57]

oL

D_

5E° (BS)
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We emphasize that it is implicitly assumed here that the
electric field must be weak. For a strong electric field, the
Heisenberg-Euler effective Lagrangian acquires a nonzero
imaginary part o g=mm’/eE [2,13]. If so, i.e., the nonpertur-
bative factor is non-negligible e~/ eE oy /0, the corre-
sponding electric displacement vector (B5) becomes
complex, which is not allowed by the definition. Note
also that Eq. (BS) is consistent with our identification
of the displacement vector (5). Indeed, Eq. (BS) indicates
0,(6L£/8A) = —D. Also, the external current J., is related
to the effective Lagrangian £ as J ., = 6£/5.A because of
the gauge invariance. Combining those two, we understand
that the Euler-Lagrange equation gives our identification (5).

The electric permittivity can now be obtained straight-
forwardly from the standard definition (9). Now that the
electric field and the displacement vectors are constants in
the coordinate space, i.e., X (1) = X (X = € and D), their
Fourier components are simply given by X(w) = X(w)
and hence 6D/5E = §D/5E holds. Then, from Egs. (9)
and (B5), we obtain

L

sD,| 8D
C8E8E g

£=0 58/ E-0

€:: =

i = = B6

Substituting the weak-field expansion (B3) into the
electric permittivity (B6), we get

a eE 2042 (_4)f+2
=5 = B
€ = % zﬂz <m2> 20 +3)(20 +2)
X <5ij +(22+2)

Ef,)
el (2 ()
o))

(B7)

The lowest-order expression was derived independently by
Klein-Nigam [80] and Baier-Breitenlohner [81] in the
1960s. Notice that the electric permittivity is purely real, i.e.,

Ime;; = 0,

tj

(B8)

because, as we have stressed, the weak-field expansion is
assumed implicitly in the Heisenberg-Euler approach.
Setting E = Ee, and subtracting the E = 0 contribution,
we find that the change Ag;; is given by

AGJ_ = RCAEJ_
o eE 2f+2B (—4)+2 ]
T = \m? W12 2643
al2 [(eEN? 4 [eE\*
=+ | = (=) (S B9
+7z{45 <m2> 105 (m2> * ] (B9a)
AEH = RGASH
a eE 2042 (_4)rf’+2
- 27:2( 2) Brevir s

74_0{32 eE2+54 eE\*4
x| 745 \m? 105 \m?

The lowest-order terms correspond to Eq. (79) in the
main text.

+o } . (B9b)
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