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We study the possibility of detecting dark radiation (DR) produced by a combination of interactions with
the thermal bath and ultralight primordial black hole (PBH) evaporation in the early Universe. We show that
the detection prospects via cosmic microwave background (CMB) measurements of the effective
relativistic degrees of freedom ΔNeff get enhanced in some part of the parameter space compared to
the purely nonthermal case where DR is produced solely from a PBH. On the other hand, for a certain part
of the parameter space, DR that initially decouples from the bath, followed by its production from PBH
evaporation, can reenter the thermal bath leading to much tighter constraints on the PBH parameter space.
We also discuss the complementary detection prospects via observation of stochastic gravitational
waves (GW) sourced by PBH density perturbations. The complementary probes offered by CMB and GW
observations keep the detection prospects of such light degrees of freedom very promising in spite of
limited discovery prospects at particle physics experiments.
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I. INTRODUCTION

The matter content in the present Universe is
dominated by dark matter (DM) as suggested by numerous
astrophysics- and cosmology-based observations [1,2].
While a fundamental particle with the required character-
istics can give rise to DM, the dark sector, in general, can be
much richer. For example, the dark sector can contain
different light degrees of freedom, commonly referred to as
dark radiation (DR) [3]. While their contribution to the
overall energy budget of the present Universe is negligible,
they can have different phenomenological significance as
well as detection prospects. For example, a very light scalar
or gauge boson can give rise to sizable self-interaction
of DM, having the potential to solve the small-scale
structure issues of the cold dark matter paradigm [4–6].
Other relativistic degrees of freedom may arise in different
particle physics scenarios in the form of (pseudo)
Goldstone boson, moduli fields, gravitons, light sterile
neutrinos, Dirac active neutrinos, and so on.
Similar to radiation energy density at the present epoch,

these light relativistic degrees of freedom typically

contribute negligibly to the total energy budget. In spite
of that, cosmological observations can tightly constrain
their abundance. The presence of dark radiation can be
probed at cosmic microwave background (CMB) experi-
ments. Existing data from CMB experiments like Planck
constrain such additional light species by putting limits on
the effective degrees of freedom for neutrinos during the era
of recombination (z ∼ 1100) as [2]

Neff ¼ 2.99þ0.34−0.33 ð1Þ
at 2σ or 95% C.L. including baryon acoustic oscillation
data. At 1σ C.L. it becomes more stringent for Neff ¼
2.99� 0.17. A similar bound also exists from big bang
nucleosynthesis (BBN) 2.3 < Neff < 3.4 at 95% C.L. [7].
All these bounds are consistent with standard model (SM)
predictions NSM

eff ¼ 3.044 [8–10]. (Note that Refs. [11–14]
report a slightly higher value of NSM

eff as 3.045.)1 Future
CMB experiment CMB stage IV (CMB-S4) is expected
reach a much better sensitivity of ΔNeff ¼ Neff − NSM

eff ¼
0.06 [16], taking it closer to the SM prediction. Similar
precision measurements are also expected from other
planned future experiments like SPT-3G [17] and
Simons Observatory [18], as well as CMB-HD [19].
If dark radiation has sizable interactions with the SM

bath, it can be thermalized in the early Universe, followed
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1A very recent paper [15] reports NSM
eff ¼ 3.043 by taking into

account the next-to-leading order correction to eþe− ↔ νLν̄L
interactions along with finite temperature QED corrections to the
electromagnetic plasma density and effect of neutrino oscillations.
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by decoupling at some stage. Depending upon the decou-
pling temperature and internal degrees of freedom, such
dark radiation can have very specific predictions for ΔNeff,
which can either be ruled out by existing Planck data or can
be probed at future experiments. On the other hand, if DR
has feeble interactions with the SM bath, it will not be
thermalized but can still be produced via freeze-in.
The contribution to ΔNeff in such a case depends upon
the DR-SM coupling. Even in the absence of any direct
coupling between SM and DR, it is still possible for the
latter to be produced in the early Universe purely due to
gravitational effects. One such possibility arises when the
early Universe has a sizable abundance of primordial black
holes (PBHs). Depending upon the initial abundance of
PBHs, such DR produced solely from PBH evaporation
can contribute substantially toΔNeff [20,21]. Similar works
related to production of such light beyond the standard
model (BSM) particles, including dark radiation from PBH
evaporation and phenomenological implications, can be
found in [22–28] and references therein. In the presence
of DR, entire the PBH mass window in the ultralight
ballpark, namely, ∼0.1 − 108 g can be probed in future
CMB experiments, while current Planck data rule out
certain PBH masses with large initial fractions.
Motivated by this, in the present work we consider a

hybrid scenario where dark radiation can be produced both
from the thermal bath as well as from PBH evaporation.
While a PBH can give an extra contribution to ΔNeff ,
it can also dilute any initial ΔNeff generated thermally.
Additionally, depending upon DR-SM interactions, PBH
evaporation can lead to rethermalization of DR as well,
putting new constraints on PBH parameters not obtained
in earlier works carried out in the absence of additional
DR-SM interactions. We first show the results by consid-
ering different types of dark radiation with specific decou-
pling temperatures and corresponding ΔNeff . To illustrate
the issue of rethermalization we consider the DR to be in the
form of light Dirac neutrinos (right chiral part), although
the generic conclusions reached here are valid for other
types of DR as well which have sizable interactions with
the SM bath. Assuming PBHs to dominate the Universe at
early epochs such that the constraints from ΔNeff are the
strongest, we also show the prospects of gravitational waves
(GWs) complementarity in present and future experiments.
The ultralight PBH considered in our work can lead to GW
production due to PBH density fluctuations, keeping it in
the observable ballpark of millihertz–kilohertz frequencies
with peak amplitudes lying within reach of even LIGO-
VIRGO, as well as several planned experiments. We find
interesting complementarity between ΔNeff observations at
CMB experiments and GW observations at present and
near-future GW detectors.
This paper is organized as follows. In Sec. II, we briefly

summarize the production of dark radiation from evapo-
rating PBHs. In Sec. III, we consider DR production both

from thermal bath and PBH evaporation with different
examples of dark radiation. In Sec. IV, we consider Dirac
active neutrinos as a specific example with effective four-
fermion-type interactions with the SM bath and show the
possibility of rethermalization and its implications. We
discuss the gravitational waves complementarity in Sec. V
and finally conclude in Sec. VI.

II. DARK RADIATION FROM A PBH

Considering PBHs to be formed in the early radiation-
dominated Universe at a temperature, say T in, the initial
mass of a PBH is related to the mass enclosed in the particle
horizon and is given by [29–31]

min ¼
4π

3
γ
ρRðT inÞ
H3ðT inÞ

; ð2Þ

where γ ≈ 0.2 [30], ρRðT inÞ is the initial radiation density,
and H is the Hubble expansion rate. The temperature of a
black hole can be related to its mass as [32]

TBH ¼ 1

8πGMBH
≈ 1.06

�
1013 g
MBH

�
GeV: ð3Þ

PBHs may dominate the energy density of the Universe
depending on their initial abundance, characterized by the
dimensionless parameter

β ¼ ρBHðT inÞ
ρRðT inÞ

: ð4Þ

Once PBHs form,2 they lose mass through Hawking
evaporation at a rate given by [38]

dMBH

da
¼ −

ϵðMBHÞκ
aH

�
1 g
MBH

�
2

: ð5Þ

Here a is the scale factor and κ ¼ 5.34 × 1025 g s−1 [21].
Because of only gravitational effects, production of all
particles takes place, regardless of their interaction with
other particles. The evaporation function ϵðMBHÞ [21]
contains contributions from both SM and BSM particles.
The temperature of the thermal plasma when the PBHs
have completely disappeared can be found by integrating
Eq. (5) and can be written as [39]

Tev ≃
�
9g�ðTBHÞ
10240

�1
4

�
M5

P

m3
in

�1
2

; ð6Þ

where MP denotes the reduced Planck mass.

2Since our primary motive is to explore the effect of PBHs on
dark radiation, in this work we remain agnostic about the
formation mechanism of PBHs. PBHs with our desired mass
range and initial energy density can be formed through several
mechanisms, say from inflationary perturbations [33–35], Fermi-
ball collapse [36], loop quantum gravity [37], etc.
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For the early Universe to be black hole dominated, the
initial energy density of a PBH should satisfy [21]

β ≥ βcrit ≡ 2.5× 10−14γ−
1
2

�
MBHðT inÞ
108 g

�
−1
�
ϵðMBHðT inÞÞ

15.35

�1
2

:

ð7Þ

Since PBH evaporation produces all particles, including
radiation that can disturb the successful predictions of
BBN, we require Tev > TBBN ≃ 4 MeV. This can be
translated into an upper bound on the PBH mass. On the
other hand, a lower bound on PBH mass can be obtained
from the CMB bound on the scale of inflation [40]:
HI ≡HðT inÞ ≤ 2.5 × 10−5MP, where HðT inÞ ¼ 1

2tin
with

tðT inÞ ∝ min. Using these BBN and CMB bounds together,
we have a window3 for allowed initial mass for an
ultralight PBH that reads 0.1 g≲min ≲ 4 × 108 g. We
consider this allowed mass range of an ultralight PBH
in the context of dark radiation. For simplicity, we
consider a monochromatic mass function of PBHs imply-
ing that all PBHs have identical masses. Additionally, the
PBHs are assumed to be of Schwarzschild type without
any spin and charge.
Now, if there exist any light BSM degrees of freedom

or dark radiation, they can be produced directly from
evaporating PBHs, contributing to the effective number of
relativistic degrees of freedom Neff defined as

Neff ¼
8

7

�
11

4

�
4=3

�
ρR − ργ

ργ

�
; ð8Þ

where ρR, ργ denote total radiation and photon densities,
respectively. In order to track the evolution of the energy
densities, we need to consider the following set of
Boltzmann equations [21]:

dρBH
da

þ 3
ρBH
a

¼ 1

MBH

dMBH

da
ρBH; ð9Þ

aH
dρR
da

þ 4HρR ¼ −
ϵRðMBHÞ
ϵðMBHÞ

aH
MBH

dMBH

da
ρBH; ð10Þ

a
dρBHX
da

þ 4ρBHX ¼ −
ϵXðMBHÞ
ϵðMBHÞ

a
MBH

dMBH

da
ρBH: ð11Þ

Here, ρBHX denotes energy density of a light species X
produced solely from the evaporation of PBHs. The ϵR and
ϵX are the evaporation functions of SM particles and X
species, respectively. The combined evaporation function is

denoted by ϵ ¼ ϵR þ ϵX. The Hubble parameter H entering
in the above equations is given by

H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρBH þ ρSM þ ρX

3M2
P

s
: ð12Þ

Since entropy is not conserved due to PBH evaporation, we
track the evolution of the thermal bath separately through
the equation given by

dT
da

¼ −
T
Δ

�
1

a
þ ϵSMðMBHÞ

ϵðMBHÞ
1

MBH

dMBH

da
ρBH

4ðρSM þ ρXÞ
�
;

ð13Þ

where

Δ ¼ 1þ T
3g�sðTÞ

dg�sðTÞ
dT

: ð14Þ

The extrarelativistic degrees of freedom ΔNeff is defined as

ΔNeff ¼
ρXðTeqÞ
ρνL;1ðTeqÞ

: ð15Þ

Here ρνL;1ðTeqÞ denotes the energy density of one species of
SM neutrinos at the time of matter-radiation equality. In
terms of energy densities at the time of PBH evaporation,
the above expression turns out to be [21]

ΔNBH
eff ¼

�
8

7

�
4

11

�
−4
3 þ NSM

eff

�

×
ρXðTevÞ
ρRðTevÞ

�
g�ðTevÞ
g�ðTeqÞ

��
g�sðTeqÞ
g�sðTevÞ

�4
3

; ð16Þ

where NSM
eff ¼ 3.044 and ρXðTevÞ; ρRðTevÞ denote the

energy density of species X and SM after PBH evaporation,
respectively. The relativistic degrees of freedom in
energy and entropy densities are denoted by g� and g�s,
respectively.
Now, in the case when a PBH dominates the

energy density of the Universe at some epoch, Eq. (16)
simplifies into

ΔNBH
eff ¼ 13.714 ×

ϵXðMBHÞ
ϵðMBHÞ

g�ðTevÞ
g�sðTevÞ43

: ð17Þ

From the above equation, we can see that ΔNeff remains
constant for those values of PBH mass for which PBHs
evaporate before the electroweak scale since g�; g�s remains
constant at high temperatures. As we keep on increasing
the PBH mass further, ΔNeff keeps on increasing. In the
left panel of Fig. 1, we show the variation of ΔNeff with the
initial PBHmassmin, for three different types of DR, which

3The range of PBH masses in this window remains typically
unconstrained [30].
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include the right chiral part of Dirac active neutrinos νR,
the massless gauge boson (MGB), and the Goldstone
boson (GB). The current 2σ bound from Planck 2018 [41]
and the future sensitivity of CMB-S4 [16] is also shown in
the same figure.

III. THERMALIZED DARK RADIATION
IN THE PRESENCE OF A PBH

If we consider the extrarelativistic species to have
interactions with the SM bath, ΔNeff would receive a
thermal contribution that depends on the temperature at
which the thermal species decouple from the bath, namely,
Tdec. It can be written as [42]

ΔNth
eff ¼ 0.0267 × fnXgX

�
106.75
g�sðTdecÞ

�
4=3

; ð18Þ

where gX, nX is the internal spin degree of freedom of X and
number of different species of type X, respectively. f takes
the value of 7=8 for fermions and 1 for bosons. Tdec denotes
the decoupling temperature of the thermalized species.
In the right panel of Fig. 1, we show the corresponding
ΔNeff by considering DR to be of thermal origin only. The
x axis denotes the decoupling temperature Tdec of DR from
the thermal bath. As expected, a lower decoupling temper-
ature leads to a larger contribution to ΔNeff .
As we will see, in the presence of a PBH, the total

contribution to ΔNeff from thermalized DR is decided by
the interplay between the thermal and the nonthermal
contribution. Interestingly, the total contribution depends
on when the PBH evaporates relative to the decoupling
temperature of the thermalized species. Depending on the
initial fractional energy density (β) and the initial mass
(min) of a PBH at the time of formation, we can broadly
divide our study into two categories: (a) a PBH dominates
the energy density of the Universe at some epoch, and (b) a

PBH never dominates the energy density of the Universe.
These two possibilities lead to different observational
consequences, which we discuss below.

A. PBH domination

The evaporation of a PBH will produce all the SM
particles along with DR. In the hybrid scenario considered
here, DR can be produced gravitationally from a PBH as
well as from the SM bath by virtue of nonstandard DR-SM
interactions. Therefore, we can think of the total contri-
bution to the extra number of relativistic species ΔNeff as
the contribution from DR emitted from a PBH and the
already existing thermal counterpart, which was thermal-
ized followed by decoupling from the thermal bath.
The decoupling temperature of extra light species X

depends on its coupling with SM particles. A smaller value
of coupling can lead to an early decoupling. In such a
scenario, the duration between decoupling and PBH
evaporation can be quite long. Thus, to begin with, we
neglect the interaction between the decoupled X and X
produced from a PBH. So, both decoupled and light species
from a PBH can be treated as different species while
considering their individual contribution to ΔNeff . In a
follow-up section, we explicitly consider a specific type of
DR, namely, Dirac-type active neutrinos with four-fermion-
type interactions of right chiral part with the SM and study
the validity of this assumption. On the other hand, for a
larger value of DR-SM coupling, the PBH evaporation can
occur much before the decoupling of light species X. In that
case, the emitted X from a PBH will be thermalized
completely with the SM bath, and both emitted and
preexisting thermal X will behave as a single species.
Here, we make an estimate of ΔNeff in the two limits

discussed above. The evaporation temperature of a PBH is
connected to the initial PBH mass min through Eq. (6).
Assuming that the species X decouples at the same

FIG. 1. Left: variation of nonthermal contribution toΔNeff coming from a PBH, with Tev (ormin) for different species. Right: variation
of thermal contribution to ΔNeff with Tdec for different species.
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temperature as PBH evaporation, we can draw the solid red
line in Fig. 2 corresponding to Tev ¼ Tdec. Now, depending
upon the values of its coupling with SM and min, we can
have the two different scenarios, i.e., either Tev > Tdec
(above the red line) or Tev < Tdec (below the red line). We
discuss the dynamics for these two cases below.

1. PBH evaporation before decoupling of thermalized DR

We first consider the scenario where the PBH evapo-
rates earlier than the decoupling of thermalized species X.
In such a case, the species X produced from PBH
evaporation will also get thermalized. Therefore, the
contribution to ΔNeff comes only from the thermalized
X and is given by Eq. (18). For example, if X is considered
to be the right chiral part of Dirac active neutrinos, this
equation reduces to

ΔNeff ≃ 0.027 × 2 × 3 ×
7

8

�
106.75
g�ðTdecÞ

�
4=3

≃ 0.14175 ×

�
106.75
g�ðTdecÞ

�
4=3

: ð19Þ

Thus, ΔNeff becomes independent of min. For decoupling
temperature Tdec ≲ 500 MeV,ΔNeff is more than 0.28, the
current Planck bound at 2σ level. This is indicated by the
region above the solid blue line in Fig. 2. A larger
decoupling temperature reduces the contribution to Neff .
Note that this also requires a smaller value of PBH mass
to make sure that a PBH evaporates earlier compared to
the decoupling epoch. Above a certain value of Tdec, the
contribution to ΔNeff saturates at a value of 0.14, indicated

by the triangular region between solid green and solid red
lines of Fig. 2.

2. PBH evaporation after decoupling of thermalized DR

Next, we consider the scenario where a PBH evaporates
after the thermal decoupling of species X. In this case,
ΔNeff can, in principle, get contributions from both sources.
We can write

ΔNeff ¼ ΔNBH
eff þ ΔNth

eff ; ð20Þ

where the first term on the right-hand side (rhs) denotes the
contribution from a PBH and the second term indicates the
thermal contribution. Now, for PBH domination, evapora-
tion of a PBH will lead to entropy injection to the thermal
bath. Thus, the thermal contribution from X to ΔNeff gets
diluted. Taking into account the effect of dilution, the above
equation for Dirac active neutrinos can be written as

ΔNeff ¼ 0.772
g�ðTevÞ

ðg�sðTevÞÞ4=3

þ 0.14175 ×

�
106.75
g�ðTdecÞ

�
4=3

ξ−4=3; ð21Þ

where the parameter ξ quantifies decrease in ΔNeff due
to entropy dilution. It can be written as the ratio of the
comoving entropy density at PBH evaporation ðTevÞ to that
at thermal decoupling of X ðTdecÞ

ξ ¼ Sev
Sdec

¼ g�sðTevÞa3ðTevÞT3
ev

g�sðTdecÞa3ðTdecÞT3
dec

: ð22Þ

FIG. 2. ΔNeff contours in the plane of initial PBH mass versus decoupling temperature. Here, we consider the extra light species X to
be νR. The left side is for the case where PBHs dominate the energy density at the time of evaporation, whereas on the right, PBH energy
density is always less than that of radiation. The black vertical dashed line indicates the upper bound on PBH mass from the BBN limit.
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Without any entropy injection, conservation of entropy
gives ξ ¼ 1. For entropy injection due to PBH evaporation,
we have ξ > 1. It turns out that for PBH-dominated region,
ξ ≫ 1, diluting the contribution from thermal νR or X, in
general. Thus, one can safely neglect the second term on
the rhs of Eq. (20). Hence, only the X from a PBH
will contribute to ΔNeff . PBH mass greater than around
4 × 107 g leads to ΔNeff greater than the Planck 2σ bound,
as shown earlier (cf. left panel of Fig. 1).

B. Radiation domination

If the ratio of the initial energy density of PBH to that of
radiation energy density is less than βcrit, the early Universe
remains dominated by radiation only. Similar to the
PBH-dominated universe, we can also have the same
two scenarios, namely, Tev > Tdec and Tev < Tdec. The
solid red line in the right panel of Fig. 2 corresponds to
Tdec ¼ Tev. We discuss the two scenarios corresponding to
either side of this solid red line below.

1. PBH evaporation before decoupling of thermalized DR

Similar to the case of PBH domination, here the thermal
contribution is the only contributing factor toΔNeff . Hence,
the region and bounds are same as that of PBH domination,
as already discussed in Sec. III A 1.

2. PBH evaporation after decoupling of thermalized DR

Here, the total contribution to ΔNeff can be written in the
form of Eq. (20), with the nonthermal contribution ΔNBH

eff
given by Eq. (16). ΔNBH

eff is evaluated by solving the
Boltzmann equations (9)–(11). Unlike the case of PBH
domination, here the contribution from the thermalized DR
cannot be neglected as the entropy injection is negligible
(i.e., ξ ∼ 1) for β < βcrit. Hence, ΔNeff will bear contribu-
tion from both thermalized as well as PBH generated DR.
Also, for PBH domination, ΔNBH

eff is independent of the
parameter β, whereas in the present scenario β plays a
significant role. The role of β can be seen from the magenta
colored lines shown in the right panel plot of Fig. 2. The
magenta colored lines denote a total ΔNeff ¼ 0.20. As the
initial mass of PBH increases, its contribution to ΔNeff also
increases. As a result, one needs to reduce the value of β to
get the same ΔNeff . Let us consider the magenta line
with min ¼ 107 g. The straight vertical portion of the line
indicates a thermal contribution of 0.14 and a PBH
contribution of 0.06. The contribution from PBH can be
set to the required value by adjusting β. Decreasing Tdec in
the right panel plot up to ∼200 GeV leads to no changes
in the thermal contribution as g�s remain constant, giving a
constant contribution to ΔNth

eff . Decreasing Tdec below
∼200 GeV, the thermal contribution increases due to the
reasons discussed earlier. So, one requires a smaller
contribution of ΔNBH

eff in order to maintain a total contri-
bution of 0.20. This can be done by either decreasing PBH

mass or by decreasing β. Here we decrease the PBH mass,
keeping β constant. This leads to the bending of magenta
lines for Tdec < 200 GeV.

C. Summary of results

Now let us look at the combined results of PBH and
radiation domination in the β-min plane. In the PBH-
dominated case, the magenta-shaded region in Fig. 3 shows
the portion of parameter space where ΔNeff > 0.28, cor-
responding to PBH initial mass min ≳ 4 × 107 g (cf. blue
dashed contour of left panel plot in Fig. 2). Now, this
constraint is only valid if νR (or DR, in general) decouples
from the bath before PBH evaporation, i.e., if Tdec >
150 MeV (intersection of the blue dashed contour with
the solid red line in the left panel plot of Fig. 2). If νR
decouples after PBH evaporation, then ΔNeff will bear
contribution from thermalized νR (existing thermal νR þ νR
from PBH that will also get thermalized). In such a case, no
constraint on the PBH parameters β or min can be obtained,
since the contribution is purely thermal.
In the radiation-dominated region, if the thermalized νR

decouples earlier, then even for very small β, one expects
a minimum contribution of ΔNth

eff ¼ 0.14 to ΔNeff . For
example, let us fix Tdec ≈ 35 GeV. So, for PBH mass
greater than∼7 × 105 g, the decoupling of νR occurs before
PBH evaporation. The thermal contribution to ΔNeff is
about ≈0.17. So, if the PBH contribution to ΔNeff is more
than 0.11, the total ΔNeff would exceed 0.28. The blue-
shaded region in Fig. 3 denotes the area for which
ΔNeff > 0.28. Note that there is a discontinuity between

FIG. 3. ΔNeff contours in the β-min plane. The magenta and
blue region are the portion for PBH and radiation domination,
respectively, where ΔNeff > 0.28. The black vertical dashed line
indicates the upper bound on PBH mass from BBN limit.
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the magenta- and blue-shaded regions. This is because we
have assumed that, in the PBH-dominated era, the thermal
contribution to ΔNeff will be totally diluted away due to
subsequent PBH evaporation and hence can be neglected.
However, in the vicinity of the solid red line, i.e., β ∼ βcrit,
the dilution would be smaller, leading to a non-negligible
thermal contribution that should be counted for. At the
same time, for the radiation-dominated case, we have
assumed no entropy dilution for the thermal contribution,
which is not completely true in the vicinity of β ∼ βcrit. This
is due to the fact that even a subdominant but sizable
abundance of PBHs can lead to some entropy dilution,
howsoever small. All these intricacies will be taken care of
when we explicitly solve the relevant Boltzmann equations
by properly taking into account the entropy dilution factor
near the transition region from PBH to radiation domina-
tion, which we discuss below.
We perform a numerical analysis to evaluate the total

contribution to ΔNeff . For this purpose, we use the publicly

available code FRISBHEE [26] to calculate the nonthermal
contribution ΔNBH

eff and to properly include the entropy
dilution factor [cf. Eq. (22)], which goes into the calcu-
lation of the thermal contribution ΔNth

eff . For illustrative
purposes, we consider the DR or the extra light species X to
be of three types, namely, (i) νR, (ii) the Goldstone boson,
and (iii) the massless gauge boson.

1. Dirac neutrino

Here, we consider three species of νR as the extra light
degrees of freedom, as in usual Dirac active neutrino
scenarios. In Fig. 4, we show the total contribution to
ΔNeff in the min-β plane for four different subcases. In the
top left panel, we show the results where νR is produced
purely from PBH due to negligible interactions with
the SM bath. The black dashed contour corresponds to
ΔNeff ¼ 0.28, the maximum allowed by Planck 2018 data
at 2σ level. This plot can be taken as a reference to compare

FIG. 4. Dirac neutrino: Variation of ΔNeff in the min versus β plane for four different scenarios related to Dirac neutrinos: without any
extra interactions of νR (top left), with interactions giving ΔNth

eff ¼ 0.14, Tdec ¼ 100 GeV, (top right), ΔNth
eff ¼ 0.21, Tdec ¼ 1 GeV

(bottom left) and ΔNth
eff ¼ 0.24, Tdec ¼ 850 MeV (bottom right), respectively. The regions to the right of the black dashed line indicate

ΔNeff > 0.28 ruled out by Planck 2018 data at 2σ level. The dashed blue vertical line separates the regions Tdec < Tev and Tdec > Tev
(not applicable to the top left figure due to no DR-SM interactions). The gray vertical dashed line indicates the upper bound on PBH
mass from BBN limit.
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the results in the presence of extra interactions. In the top
right panel of Fig. 4, we show the results when the
contribution from thermal νR is ΔNth

eff ∼ 0.147. For this
particular value of ΔNth

eff , the decoupling temperature
should be Tdec ≳ 100 GeV corresponding to PBH mass
min ∼ 4 × 105 g. PBH masses greater than ∼4 × 105 g will
evaporate later, satisfying Tev < Tdec. The vertical dashed
line distinguishes these two regions. For β ≫ βcrit, there is
no change on the Planck 2018 bound compared to the
results without interactions, as the contribution of thermally
decoupled species is negligible because of entropy dilution
from PBH evaporation. However, near β ∼ βcrit, i.e., the
transition region between PBH and radiation domination,
we can see a decrease, albeit small, in the values of β
required to produce the same value of ΔNeff as in the case
without interactions. This is because, near the boundary of
the transition region, the effect of the thermal contribution
starts appearing; hence we need a lower value of β such that
the nonthermal contribution ΔNBH

eff decreases, resulting in a
similar value of the total ΔNeff . This explains the slight
lowering of the black dashed contour corresponding to
ΔNeff ¼ 0.28. Note that the minimum contribution of the
thermal species is 0.147, which is visible as we depart from
the transition region. This is in sharp contrast to the results
without interactions, where the value of ΔNeff fades away
to zero as we move deeper into the radiation domination
ballpark. In the bottom panel, we have ΔNth

eff ¼ 0.21 (left)
and 0.24 (right). Because of the higher values of ΔNth

eff , and
hence a lower decoupling temperature, the dashed vertical
line shifts to the right, corresponding to higher values of
PBH mass (lower Tev). Here, the change in the transition
region is more apparent, due to a decrease in the contri-
bution from the PBH, namely, ΔNBH

eff . We can see that, for
ΔNth

eff ¼ 0.24, much more parameter space near the tran-
sition region is ruled out by current Planck 2018 data
compared to that in the case without interactions (cf. top left
panel of Fig. 4).

2. Goldstone boson

Let us consider the extra light species to be a Goldstone
boson, a massless scalar. From Fig. 1 discussed before, we
can see that the maximum contribution of Goldstone boson
produced solely from an evaporating PBH to ΔNeff is 0.10,
which is below the Planck 2018 limit. However, it comes
under the sensitivity of future experiments like CMB-S4.
The top left panel of Fig. 5 shows the bound on ΔNeff
without any interaction. Unlike the case of νR, here the
region to the right of the black dashed contour represents
ΔNeff > 0.06, the CMB-S4 sensitivity, as Planck 2018 data
do not rule out any region of the parameter space at 2σ
level. The top right panel and the bottom panel show the
corresponding bounds with interactions between GB and
SM. In the top right panel, the decoupling temperature is
Tdec ¼ 100 GeV and in the bottom panel, the decoupling

temperature is Tdec ¼ 1 GeV. These correspond toΔNth
eff ¼

0.028 and 0.042, respectively. Similar to the previous
situation, a lower decoupling temperature gives a stronger
constraint on the β versus min plane.

3. Massless gauge boson

From Fig. 1 discussed earlier, it can be seen that, in the
absence of a PBH, the contribution of thermalized massless
gauge boson to ΔNeff is within the future CMB-S4
sensitivities for decoupling temperature Tdec ≲ 100 GeV.
As a result, a wide range of interactions of MGBs with the
SM for which Tdec ≲ 100 GeV can be probed by future
CMB experiments like CMB-S4 (cf. right panel of Fig. 1).
On the other hand, if a PBH dominates in the early
Universe, the contribution to ΔNeff always remains beyond
the reach of future sensitivities, as shown in Fig. 1 (left
panel). Thus, even if CMB-S4 rules out large coupling
between MGBs and SM, which would produce largeΔNeff ,
such large couplings (or, equivalently, lower Tdec) would
still be allowed if we consider PBH domination in the early
Universe. This would be possible if we consider that the
PBH evaporates after the decoupling of MGBs and suffi-
ciently dilutes the thermal contribution.

IV. AN EXAMPLE: THERMALIZED DIRAC
NEUTRINO IN THE PRESENCE OF PBH

In the previous sections, we have studied the conse-
quence of thermalized DR in the presence of PBH, while
considering different examples of DR as well as PBH
parameters, corresponding to both PBH and radiation
domination in the early Universe. However, we discussed
our results only in terms of decoupling temperatures of
thermalized DR while being agnostic about the type of
interactions with the SM bath. In this section, we consider
a specific type of DR, namely, light Dirac neutrinos and
discuss our results for effective four-fermion-type inter-
actions with the SM parametrized by the coupling
parameter Geff. Enhancement of ΔNeff in Dirac neutrino
models (without PBHs) have been studied in several
recent works [42–57].
The SM extended by three right-handed singlet Dirac

neutrinos with Yukawa interactions LY ¼ −Yab
ν la

L Φ̃ νbR
can explain tiny neutrino mass of OðeVÞ, with Yν ∼ 10−12

as a result of electroweak symmetry breaking induced by
the SM Higgs doublet Φ. However, such small interactions
cannot thermalize the νR. Because of the smallness of
Yukawa coupling, the nonthermal or freeze-in contri-
bution to ΔNeff from νR also remains negligible [49].
Thermalization of νR may be possible in the presence of
nonstandard interactions, which we consider to be of four-
fermion-type interactions with the SM neutrinos νL [46]
(see the Appendix for details). This allows us to work in a
model-independent manner while constraining the effective
interactions as well as PBH parameters. The total
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interaction rate of νR arising from such four-fermion
operators can be written as

Γ ¼ neqR hσvi

≃
3

4

ζð3Þ
π2

2T3
1

4π
4ð3.151TÞ2G2

eff ; ð23Þ

where Geff is given by

G2
eff ¼

4

3
ðGS − 12GTÞ2 þ

5

12
ðG̃S − 2GVÞ2; ð24Þ

whereGS; G̃S; GT; GV are dimensionful couplings involved
in different four-fermion operators involving νR and νL as
shown in the Appendix. The equilibrium number density is
denoted by neqR . Comparing this interaction rate Γ with the
Hubble rate of expansion [given by Eq. (12) and obtained
by solving the Boltzmann equations (9)–(11)], we can find
the decoupling temperature of νR. Note that the Hubble
parameter contains contributions from both SM radiation

and PBH, which can lead to a change in the νR decoupling
temperature compared to the standard case without PBH.
With this, we redraw Fig. 2 by replacing Tdec in the y axis

with the equivalent Geff . The resulting plots are shown in
Figs. 6 and 7 for PBH and radiation domination, respec-
tively. In the left panel of Fig. 6, the coupling GS is
nonzero, while the rest (i.e.,GT; G̃S andGV) are zero. In the
right panel, GT is nonzero and the rest are set to zero. For
Geff ≳ 10−3GF, with GF being the Fermi coupling, the
decoupling temperature of νR turns to be ≲500 MeV and
ΔNeff is more than 0.28. Similarly, below a certain value
of coupling, Geff ∼ 2 × 10−7GF, the contribution to ΔNeff
saturates at a value of 0.14. The corresponding parameter
space is shown for the case of radiation domination in
Fig. 7, which can be understood in a way analogous to the
right panel of Fig. 2 discussed earlier.
Now, in order to check whether the right-handed

neutrinos produced after PBH evaporation enters into
thermal equilibrium with the SM bath, we calculate the
interaction of νL present in the bath and nonthermal νR
produced from PBH evaporation. Following [58], the

FIG. 5. Goldstone boson: Variation of ΔNeff in the min versus β plane for three different scenarios related to the Goldstone boson:
without any extra interactions (top left), with interactions giving ΔNth

eff ¼ 0.028, Tdec ¼ 100 GeV (top right), and ΔNth
eff ¼ 0.042,

Tdec ¼ 1 GeV (bottom), respectively. The regions to the right of the black dashed contour indicate ΔNeff > 0.06, the CMB-S4
sensitivity. The dashed blue vertical line separates the regions Tdec < Tev and Tdec > Tev. The gray vertical dashed line indicates the
upper bound on PBH mass from BBN limit.
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thermal averaged cross section for two massless species
having different temperatures is found to be

hσviTevTBH
¼ 1

32ðTevTBHÞ5=2
Z

∞

0

σs3=2K1

� ffiffiffi
s

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TevTBH

p
�
ds;

ð25Þ

with K1 being the modified Bessel function of order 1.
For σ ¼ 1

4π sG
2
eff, this gives

hσviTevTBH
¼ 6

π
G2

effTevTBH: ð26Þ

Comparing the interaction rate corresponding to the above
cross section with the Hubble rate leads to the thermal-
ization condition

neqνLðTevÞhσviTevTBH

HðTevÞ
¼ C

6

π
G2

effT
2
evTBH ¼ 1; ð27Þ

where C ¼ 3
4
ζð3Þ×2× ffiffiffiffi

45
p

×MP

π2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4π3g�ðTevÞ

p .

FIG. 7. ΔNeff contours in the plane of initial PBH mass versus the effective neutrino coupling for the case of radiation domination.
Left: GT ¼ G̃S ¼ GV ¼ 0 with nonzero GS Right: GS ¼ G̃S ¼ GV ¼ 0 with nonzero GT . The black vertical dashed line indicates the
upper bound on PBH mass from BBN limit.

FIG. 6. ΔNeff contours in the plane of initial PBH mass versus the effective neutrino coupling for the case of PBH domination. Left:
GT ¼ G̃S ¼ GV ¼ 0 with nonzero GS. Right: GS ¼ G̃S ¼ GV ¼ 0 with nonzero GT . The black vertical dashed line indicates the upper
bound on PBH mass from BBN limit.
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Both Tev and TBH are functions of min as can be seen
from Eqs. (6) and (3). In the left panel of Fig. 8, we show
the parameter space in the min-Geff plane, where retherm-
alization of the PBH generated νR takes place (red shaded),
along with the region that does not lead to such retherm-
alization (blue shaded). We can see that, for a fixed PBH
mass, if Geff is smaller than a particular critical value, the
nonthermally generated νR from the PBH never thermalizes
again with the bath. A smaller value of Geff also implies a
higher initial decoupling temperature of thermal νR. Hence,
it is also possible to relate this critical value of Geff below
which rethermalization does not occur, with the initial
decoupling temperature of νR. In the right panel of Fig. 8,
we show the parameter space in the min-Tdec plane,
separating the region of rethermalization from the rest.
For a particular PBH mass, a decoupling temperature
higher than Tcrit

dec leads to the situation where νR from the
PBH will never rethermalize with the bath.4

To summarize, Fig. 8 shows the constraints on the
parameter space for which the νR produced from PBH
evaporation will never rethermalize. Once we identify the
parameter space where rethermalization occurs, the next
step is to find the new ΔNeff for these regions. However,
this requires a careful treatment of complete Boltzmann
equations to track the phase-space distribution function of
evaporated νR, which is numerically expensive and out of
the scope of the current work. Here, we assume that the new

decoupling temperature of νR after rethermalization is ∼Tev
for a particular PBH mass. This can be justified by the fact
that PBH generated νR, having a large initial energy and a
sufficiently large interaction rate with the bath responsible
for rethermalization, also suffer from instant dissipation of
the energy to the bath. Because of this instant dissipation of
energy, νR cannot maintain equilibrium for a longer period
after rethermalization, leading to decoupling of νR once
again at a temperature very close to Tev.
With this, it is possible to find new constraints on

Geff and min. In the left panel of Fig. 9, constraints
are shown in the min-Geff plane. The black dashed lines
denoteΔNeff ¼ 0.28. Taking into account rethermalization,
it is possible to obtain a stronger constraint on Geff=GF.
In the region, Tdec < Tev, ΔNeff > 0.28 implies Geff=GF ≳
5 × 10−4. However, in the rethermalization region, Geff=GF

up to ∼5 × 10−7 can be excluded, for min ≳ 107.2 g. In the
bottom triangular region, which shows the parameter
space where PBH generated νR do not rethermalize, the
results correspond to the one discussed in Fig. 4. In this
region, we have shown the ΔNeff values for a particular
value of β ¼ 10−8. In the right panel of Fig. 9, we show
the constraint in the min versus β plane for a particular
Geff=GF ¼ 10−6. Here, the region between the white
dashed lines shows the parameter space leading to retherm-
alization. As expected from the left plot, here a stronger
constraint on PBH mass can be seen.

V. GRAVITATIONAL WAVES FROM PBH
DENSITY PERTURBATIONS

PBH can be involved in the generation of gravitational
waves in several ways [59–61]. In this work, we focus on

FIG. 8. Left: min versus Geff=GF parameter space showing the possibility of rethermalization. The red (blue) colored region denotes
the parameter space for which the PBH generated νR can (cannot) come into thermal equilibrium. Right:min versus Tdec parameter space
showing the possibility of rethermalization. The red and blue colored regions have the same meaning as the ones on the left. The vertical
dashed line indicates the upper bound on PBH mass from BBN limit.

4Considering a radiation-dominated universe during de-
coupling, the value of this critical decoupling temperature is
found to be

Tcrit
dec ≃ ðT2

evTBHÞ1=3: ð28Þ
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the gravitational waves induced by the density fluctuations
of a PBH after their formation [62–64]. This is primarily
because, for the PBH mass range we are working with, the
GW spectrum produced through this route can be within the
sensitivity of near-future GWexperiments. Moreover, these
induced gravitational waves are independent of the for-
mation mechanism of PBH.
After the formation of PBHs, they are distributed

randomly in space following Poissonian statistics [62].
These inhomogeneities in the distribution of PBHs induce
curvature perturbations when the PBHs begin to dominate
the energy density of the Universe, which at second order
can source gravitational waves. The amplitude of these
gravitational waves is further enhanced during the evapo-
ration of the PBH. The dominant contribution to the
present-day GW amplitude can be written as5 [63,66,67]

Ωgwðt0; fÞ ≃Ωpeak
gw

�
f

fpeak

�
11=3

Θðfpeak − fÞ; ð29Þ

where Ωpeak
gw indicates the peak amplitude and is given by

Ωpeak
gw ≃ 2 × 10−6

�
β

10−8

�
16=3

�
min

107 g

�
34=9

: ð30Þ

Now, for length scales smaller than the mean separation
between PBHs, the assumption of the PBH as a continuous
fluid ceases to hold true. This imposes an ultraviolet cutoff
to the GW spectrum, with fpeak corresponding to comoving
scales representing the mean separation between PBHs.
The peak frequency is found to be

fpeak ≃ 1.7 × 103 Hz

�
min

104 g

�
−5=6

: ð31Þ

Since GWs behave like radiation, they can contribute to
extrarelativistic degrees of freedom during BBN. This gives
an upper bound on β, depending on PBH mass, which is
given by [63]

β ≲ 1.1 × 10−6
�

min

104 g

�
−17=24

: ð32Þ

This upper bound on β for ultralight PBHs is stronger than
other bounds, obtained, e.g., in Ref. [62] to avoid the
backreaction problem.
Now, if PBHs play a role in sourcing the extrarelativistic

degrees of freedom ΔNeff , then the peak amplitude and the
peak frequency of the GW spectrum discussed abovewould
depend on the value of ΔNeff , since min in Eqs. (30)
and (31) is connected to ΔNeff , as we have already seen
in earlier discussions. Hence, observation of such a GW
spectrum would provide a complementary probe to ΔNeff
observations at CMB experiments. In the left panel of
Fig. 10, we show the GW spectrum arising from PBH
density fluctuations, for different values of ΔNeff , in the
absence of extra interactions of the right-handed neutrinos.
Note that such a GW spectrum is absent for the radiation-
dominated case. For PBH domination, a higher value of
ΔNeff corresponds to a higher value of min (cf. Fig. 1),
which shifts the peak frequency given by Eq. (31) to lower
values. Any spectral line to the right of the one colored
in dark cyan would correspond to the same value of
ΔNeff ≃ 0.16, since PBH masses in that range evaporate
above the electroweak scale, giving the same value ofΔNeff
(see Fig. 1). Here, β remains a free parameter since ΔNeff is
independent of β for PBH domination. In the right panel of

FIG. 9. Left: variation of ΔNeff in min-Geff=GF plane for three different regions where (i) Tdec < Tev, (ii) PBH generated νR
rethermalize, and (iii) PBH generated νR do not rethermalize, separated by white dashed line. The dashed black colored line
distinguishes the regions with ΔNeff > 0.28 and ΔNeff < 0.28. Right: variation of ΔNeff in the min-β plane for a particular
Geff=GF ¼ 10−6. A new constraint is obtained in the rethermalized region. The black vertical dashed line indicates the upper bound on
PBH mass from BBN limit.

5The amplitude of the induced GW spectrum is sensitive to the
PBH mass distribution [65]. Here, we consider a monochromatic
mass spectrum for simplicity, as mentioned earlier.
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Fig. 10, we show the GW spectra in the presence
of extra interactions of right-handed neutrinos, with the
strength of the interactions taken such that the thermal νR
decouple at a temperature of ∼850 MeV. This case

corresponds to the bottom right panel of Fig. 4. Here,
any spectral line to the right of the one colored in dark cyan
would correspond to the same value of ΔNeff ¼ 0.24,
since PBHs in this mass range evaporate at a temperature
higher than 850MeV. Thus, the thermal contribution would
dominate as discussed earlier, contributing to a total ΔNeff
of 0.24, similar to the bottom right panel of Fig. 4. In both
the plots shown in Fig. 10, the experimental sensitivities
of relevant GW detectors, namely, LISA [68], DECIGO
[69], BBO [70], ET [71], CE [72], and LIGO-VIRGO [73]
are shown.
As we have seen already, the value of ΔNeff is indepen-

dent of β for PBH domination. Thus, future observations of
Neff from CMB observations will not be able to tell us
anything about β provided β > βcrit. However, the value of β
can be inferred from future GW detection with the spectral
shape similar to the one generated by PBH density pertur-
bations, since the peak of the GW amplitude is determined
by β. In Fig. 11, we show the contours of the peak amplitude
of GWs in themin-β plane, indicating the values of fpeak and
ΔNeff , considering no extra interactions of νR with the SM.
The future sensitivities of several GW experiments are also
shown in the same figure. In the presence of extra inter-
actions, the values of ΔNeff would be different as discussed
above (cf. Fig. 10). ΔNeff values would also be different for
other light species. Finally, we summarize the GWand CMB
complementarities in Tables I and II by choosing a few

FIG. 10. GW spectra from PBH density fluctuations for different values of ΔNeff , without extra interactions (left) and in the presence
of extra interactions (right) of right-handed neutrinos. The various shaded regions indicate the future sensitivities and current bounds of
GW detectors, which includes LISA, BBO, DECIGO, LIGO-VIRGO, ET, and CE. The arrows indicate a constant ΔNeff beyond a
particular frequency (see text).

FIG. 11. Contours of peak amplitude of GWs induced by
PBH density perturbations. The corresponding ΔNeff due to PBH
generated νR are shown assuming no (or very feeble) νR-SM
interactions. The black dashed line indicates the upper bound on
β [cf. Eq. (32)].

TABLE I. Without DR-SM interaction.

BP min (g) β

ΔNeff CMB experiment (2σ)

GW experimentνR GB MGB νR GB MGB

BP1 106 1.5 × 10−8 0.167 0.052 0.023 CMB-S4 CMB-HD None CE, ET, LIGO-VIRGO
BP2 107 6 × 10−9 0.183 0.056 0.024 CMB-S4 CMB-HD None CE, ET, DECIGO, BBO
BP3 108 6 × 10−10 0.313 0.096 0.042 Planck CMB-S4 CMB-HD DECIGO, BBO
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benchmark points (BPs). PBH mass and initial energy
fraction are fixed at benchmark values and the corresponding
implications for ΔNeff and GW observations for different
types of dark radiation, namely, νR, Goldstone boson, and
massless gauge boson are shown in Tables I and II. Note that
wework with β values consistent with the upper bound given
by Eq. (32) and higher than the critical value βcrit [cf. Eq. (7)]
required for PBHs to dominate. While in Table I, no DR-SM
interactions are assumed, in Table II, thermalized DR is
considered with specific decoupling temperatures. While
BP1 and BP2 in both cases remain within future sensitivities,
BP3 for some specific type of DR is already ruled out by
Planck 2σ limits.

VI. CONCLUSION

We revisit the prospects of generating dark radiation
from primordial black holes in the early Universe, by
considering sizable DR-SM interactions. We first repro-
duce the results by considering PBH and thermal inter-
actions separately and the consequences for ΔNeff
observations at CMB experiments. We then consider the
hybrid scenario with both thermal interactions and PBH to
be the source of DR and put new constraints on the PBH
parameters as well as DR-SM interactions from the require-
ment of satisfying BBN and CMB limits on ΔNeff .
Compared to the scenario with no DR-SM interactions
discussed in earlier works, our present scenario puts tighter
constraints on the PBH parameter space, namely, initial
PBH mass and energy density.
We also find an interesting region of parameter space

involving PBHs as well as DR-SM interactions where DR
initially decouples from the bath followed by PBH evapo-
ration, leading to rethermalization of DR with the SM bath.
This leads to a lower decoupling temperature of DR
enhancing the ΔNeff and putting new constraints on the
PBH parameter space. Though we have considered a
specific type of DR, namely, light Dirac neutrinos for
the numerical analysis, the generic conclusions are appli-
cable to any thermalized DR.
We also find the gravitational wave complementarity of

this scenario by considering PBH density perturbations to
be the source of such stochastic GW. In the ultralight PBH
window considered in our work, GWs sourced from PBHs
this way not only remain within current and planned
experiments’ sensitivity, but also remains independent of

PBH formation mechanisms. We show the complementar-
ity between GW and CMB observations for different types
of DR with and without DR-SM interactions. Interestingly,
some of the benchmark points can lead to GW peak
amplitude, frequency in the LIGO-VIRGO ballpark while
keeping ΔNeff within the reach of future CMB experiments
like CMB-S4. On the contrary, some part of the parameter
space can keep GW prospects within future experiments’
reach while saturating Planck 2018 limits on ΔNeff . Such
complementary detection prospects at CMB and GW
experiments of thermalized dark radiation are particularly
interesting due to limited prospects of detecting such light
degrees of freedom at particle physics experiments.
Before we end, we briefly comment on the impact of

Kerr PBHs and a nonmonochromatic mass function of
PBHs. First of all, considering a Kerr PBH does not
significantly alter DR contribution to ΔNeff . This is true
for DR with spin 0, 1=2, and 1, but significant enhancement
is observed for spin 2 DR particles [26,74,75]. At the same
time, our results on the analysis of the GW spectrum would
almost be unchanged. This is mainly because the evapo-
ration temperature of a spinning BH changes only slightly
compared to the nonspinning case [76,77]. On the other
hand, ΔNeff can depend significantly on the mass dis-
tribution of a PBH. In Ref. [27], it was shown that the
contribution to ΔNeff might substantially change for some
choices of the mass spectrum, compared to the mono-
chromatic case. Similarly, the amplitude of induced GWs
is also sensitive to the PBH mass spectrum [65,78]. It
would be interesting to study the combined effect in the
situation where DR is produced both from thermal
bath (due to sizable DR-SM couplings) and from a
PBH with nonmonochromatic mass distribution and
nonzero spin distribution. We leave such a complete
study for future works.
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TABLE II. With DR-SM interaction.

BP min (g) β Tdec (GeV)

ΔNeff CMB experiment (2σ)

GW experimentνR GB MGB νR GB MGB

BP1 106 1.5 × 10−8 10 0.188 0.035 0.072 CMB-S4 CMB-HD CMB-S4 CE, ET, LIGO-VIRGO
BP2 107 6 × 10−9 0.8 0.242 0.046 0.092 CMB-S4 CMB-HD CMB-S4 CE, ET, DECIGO, BBO
BP3 108 6 × 10−10 0.01 3.02 0.575 1.15 Planck Planck Planck DECIGO, BBO
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APPENDIX: NONSTANDARD INTERACTIONS
OF DARK RADIATION

We consider the following effective operators for inter-
actions among SM neutrinos and νR [46]:

−L ⊃ Gsν̄LνRν̄LνR þG�
s ν̄RνLν̄RνL þ GV ν̄Lγ

μνLν̄RγμνR

þ G̃Sν̄LνRν̄RνL þ GT ν̄Lσ
μννRν̄LσμννR

þ G�
T ν̄Rσ

μννLν̄RσμννL; ðA1Þ

where GS; G̃S; GV , and GT are effective coupling constants
of respective four-fermion operators. The relevant proc-
esses that can lead to thermalization of νR are given by

νR þ νR ↔ νR þ νR;

νR þ ν̄R ↔ νL þ ν̄L;

νR þ νL ↔ νR þ νL;

νR þ ν̄L ↔ νR þ ν̄L;

νR þ ν̄L ↔ ν̄R þ νL: ðA2Þ

While we have focused on the case of right-handed
neutrinos, interactions of other species of dark radiation with
the standard model can also be realized through effective
operators. For example, coupling of Goldstone bosons (ϕ)
with theSMgauge sector at dimension5 canbewritten as [79]

L ⊃ −
1

4

ϕ

Λ
ðc1BμνB̃μν þ c2WμνW̃μν þ c3GμνG̃

μνÞ; ðA3Þ

where fBμν;Wμν; Gμνg denotes the field strength tensor
associated with SM gauge groups fUð1ÞY; SUð2ÞL;
SUð3Þcg, with fB̃μν; W̃μν; G̃μνg being their duals.
Interaction of Goldstone bosons with the SM can also be
realized through Yukawa couplings given by [79]

L ⊃ −
∂μϕ

Λψ
ψ̄1γ

μðgijV þ gijA γ
5Þψ j; ðA4Þ

where ψ denotes the SM fermions. Similar analysis per-
formed in Sec. IV for Dirac neutrinos can be carried out to
constrain the couplings of other species of dark radiation.
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