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Results from the experiments like LSND, and MiniBooNE hint towards the possible presence of an extra
eV-scale sterile neutrino. The addition of such a neutrino will significantly impact the standard three-flavor
neutrino oscillations; in particular, it can give rise to additional degeneracies due to new sterile parameters.
In our work, we investigate how the sensitivity to determine the octant of the neutrino mixing angle 0,3 is
affected by introducing a sterile neutrino to the standard three generation framework. We compute the
oscillation probabilities analytically in the presence of a sterile neutrino, using the approximation that A,;,
the smallest mass squared difference, is zero. We use these probabilities to understand the degeneracies
analytically at different baselines. We present our results of the sensitivity to octant of 0,3 for beam
neutrinos using a liquid argon time projection chamber (LArTPC). We also obtain octant sensitivity using
atmospheric neutrinos using the same LArTPC detector. For the latter, we present our results assuming
(i) no charge identification capability, and (ii) partial charge identification capability using the charge
tagging ability of muon capture in argon. In addition, we include the charge tagging capability of muon
capture in argon which allows one to differentiate between muon neutrino and antineutrino events. The
combined sensitivity of beam and atmospheric neutrinos in a similar experimental setup is also delineated.
We observe that by combining simulated data from the beam and atmospheric neutrinos (including charge-
id for muons), the sensitivity to the octant of 0,3 for true values of 6,3 = 41°(49°) exceeds 46(3¢) for more

than 50% values of true &;3.

DOI: 10.1103/PhysRevD.108.095050

I. INTRODUCTION

Coming a long way since the first observation of
neutrino oscillations, the standard three-flavor neutrino
oscillation paradigm is well-established now, with most
of the parameters being measured with considerable pre-
cision [1-3]. The parameters describing the standard three-
flavor oscillations are the three mixing angles 6,, 6,3, and
6,3 corresponding to mixing between the mass eigenstates
with mass eigenvalues m, m,, and ms, the Dirac CP phase

513(8¢p), the two mass squared differences Ay, = m3 — m?

driving the solar neutrino transitions and Az; = m3 — m?

governing the atmospheric neutrino oscillations. The
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oscillation probabilities are also dependent on the exper-
imental parameters like the baseline distance L traversed by
the neutrinos from the source to the detector and the energy
of the neutrinos E,. Currently, the unknowns in the
standard oscillation sector are the mass ordering among
the three neutrino states, the octant of the atmospheric
mixing angle 6,3, and the value of the CP violating phase
Ocp- The mass ordering refers to whether the sign of the
atmospheric mass squared difference Aj; is positive
[Normal Ordering (NH)] or negative [Inverted Ordering
(IH)]. The octant of 6,5 signifies if the value of the angle
lies above [Higher Octant (HO)] or below [Lower Octant
(LO)] 45°. One of the most impeding factors in the precise
determination of these three parameters is the occurrence
of degeneracies, i.e., various sets of different values of
unknown parameters giving rise to equal probability,
making an unambiguous determination of these parame-
ters difficult. In view of the current unknowns in the
three-flavor framework, the existing degeneracies can be
understood through a generalized hierarchy-octant-6-p
degeneracy [4]. Measuring these parameters with consid-
erable precision and alleviating the existing degeneracies
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are the focus of the ongoing and upcoming experiments
such as T2K [5], NOvA [6], T2HK, DUNE [7], ESSvSB
[8], etc. Planned atmospheric neutrino experiments like
HyperKamiokande [9], KM3NeT [10], PINGU [11], INO
[12], etc., can also throw light on these parameters. Synergy
and complementarity between atmospheric and beam
experiments have been explored in the context of three
generation framework in [13-21].

Although neutrino oscillation is unequivocally the lead-
ing solution for the flavor conversion to explain solar,
atmospheric, reactor, and accelerator observations, the
possibility of other beyond standard model (BSM) effects
at a subleading level cannot be precluded. Several new
physics effects have been discussed in the literature, includ-
ing sterile neutrinos, long rang forces, neutrino decay,
nonstandard interactions, etc. Among these BSM scenarios,
the existence of a light sterile neutrino is one of the most
promising new physics hypotheses to explain the anomalies
observed by LSND and MiniBooNE experiments.

The idea of the light sterile neutrino was initiated in view
of the results from the LSND experiment, which reported a
signature of 7, oscillation at 3.8¢ [22]. Later
MiniBooNE experiment with the same L/E ratio also
confirmed this result at 4.8¢ significance [23]. If we want to
interpret these results through effective two-flavor oscil-
lations then corresponding to L/E ~ 1 GeV/km in these
experiments, there should be a new mass-squared differ-
ence A; ~ 1 eV2. This new mass-squared difference does
not fit in the standard three-flavor oscillation scheme,
requiring one to incorporate at least one extra neutrino
with a mass of eV scale. The result of the invisible decay
width of the Z boson at CERN suggests that there can only
be three different neutrinos below the mass range of half of
the Z boson [24]. Hence, this extra neutrino has to be inert
with no standard model gauge interactions.

Additional support in favor of an additional light sterile
neutrino came from the observation of electron neutrino v,
deficit in gallium-based radio-chemical experiments SAGE
and GALLEX (Gallium anomaly) [25,26] which has been
reinforced with the recent results from BEST experiment [27]
at 50. There was also the reactor antineutrino anomaly in
which several reactor neutrino experiments showed a deficit
in the measured flux with an improved calculation of the
inverse beta-decay cross section [28,29]. These could also be
explained in terms of a sterile neutrino with a mass of the
order of eV. However, the results from reactor experiments
such as DANSS [30,31], NEOS [32], STEREO [33], and
PROSPECT [34] excluded most of the reactor antineutrino
anomaly region [35] at more than 90% C.L. So far, the 3 4 1
framework including a light sterile neutrino with a mass of
1 eV first introduced in [36], offers the most economical
scenario to explain these anomalies. However, the 3 4 1
framework suffers from a tension between the v, disappear-
ance and appearance data. This tension [37] originates from
the nonobservation of any similar supportive signal in the

-0,

accelerator-based disappearance experiments in P, channel
like CDHSW, MINOS [38,39], Super-Kamiokande [40],
IceCube DeepCore [41], MicroBooNE [42], and NOvA [43].
Reactor-based electron disappearance searches in the experi-
ments Bugey3 [44] and DayaBay [45] also did not provide
any evidence in support of sterile neutrino. The global fit
performed in [46], allowed three narrow regions around
Ay ~ 1-2 eV? with 0.00048 <sin®26,, <0.002. However,
after adding Bugey3, DayaBay, and MINOS -+ data, the
goodness of fit decreases drastically [45]. The most recent
results from the MicroBooNE experiment did not report any
evidence of electron neutrino disappearance in their three
years of data [47,48]. However, it was shown in [49] that
MicroBooNE data cannot exclude the electron neutrino
excess observed in MiniBooNE in a model-independent
way. The joint analysis of results from MiniBooNE, and
MicroBooNE experiments preferred the 3 4 1 scenario over
no oscillation [50].

One of the sternest challenges for the existence of sterile
neutrino comes from cosmology [51]. The inclusion of an
extra sterile neutrino increases the effective no of neutrinos
relevant for the big bang nucleosynthesis. It was proposed
in [52] that secret interaction between sterile neutrinos can
remedy this situation but it was later disfavored by cosmic
microwave background analysis [53]. Recently, a joint
analysis of short baseline and cosmological data showed
that a sterile neutrino with a mass around 1 eV can be
allowed for interaction with a new light pseudoscalar. To
summarize, the existence of sterile neutrinos is still an open
question while more experimental efforts are underway to
resolve this.

The upcoming TRISTAN detector at the KATRIN [54],
SBN [55] at Fermilab, JSNS? detector [56] at J-PARC are
following up the results of LSND and MiniBooNE. The
results from these experiments are expected to help in
reaching a definitive conclusion about the existence of an
eV scale sterile neutrino. If these experiments confirm the
presence of an eV scale neutrino, then some new physics
will be required to explain the tension between the
disappearance and the appearance data. Some ideas in this
direction can be found [57,58].

If we consider the sterile neutrino hypothesis to be true,
then the standard framework of neutrino oscillations is
going to see some important modifications. The addition of
a light sterile neutrino comes with three extra active-sterile
sector mixing angles and two additional CP phases. These
will compound the effect of the parameter degeneracies that
already exist in the standard three-flavor framework. In
particular, it was shown in [59] that for the (3 + 1)-
oscillation framework, the octant degeneracy is more
pronounced due to the effect of an additional interference
term in the v, — v, vacuum oscillation probability rel-
evant at long baseline setups in the context of the DUNE
detector. It is well-known that the addition of neutrino
and antineutrino can evade the octant-6;; degeneracy for
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three-flavor case [4,60]. However, in presence of a sterile
neutrino, the octant-6,4 degeneracy cannot be resolved even
after the addition of neutrino plus antineutrino [61].
Implications of additional octant degeneracies associated
with the new phases in the 3 + 1 framework have also been
studied in the context of the NOvA [61,62] experiment.
Other studies in the context of long baseline experiments in
presence of a sterile neutrino can be found, for instance,
in [63-70].

The primary focus of our paper is to study the octant
sensitivity if an additional light sterile neutrino is present. We
perform a comprehensive study of the octant sensitivity
usinga LArTPC detector. LArTPC, first proposed in [71]
constitutes one of the most important classes of scintillator
detectors at present because of its superior capabilities, which
provide several advantages in the precise reconstruction of
neutrino events. Some of the current and future detectors
using this technology are MicroBooNE, SBND, DUNE, etc.
Earlier studies performed for three neutrino generations and
atmospheric neutrinos in a liquid argon (LAr) detector can be
found, for instance, in [14,16,72]. In this paper, we extend
our scope to investigate if the effect of additional degener-
acies arising from an extra light sterile neutrino can be
reduced in the presence of a large matter effect encountered at
higher baselines. This has been studied for the combined
analysis of beam neutrinos at a baseline of 1300 km and
atmospheric neutrinos, which provide larger baselines as
well as higher energies in this experimental setup, along with
aseparate study for each. Additionally, we present the results,
including the charge tagging capability of muon capture in
liquid argon, allowing one to differentiate between ™+ and y~
events in the context of atmospheric neutrinos.

In order to have a proper understanding of the octant
degeneracy seen from numerical analysis, the study of the
analytic expressions of neutrino oscillation probabilities is
important. We obtain analytic expressions of the neutrino
oscillation/survival probabilities assuming the solar mass
squared difference A,; to be negligible as compared to the
mass squared differences Az, and A4, = m3 — m? driving
the atmospheric and sterile neutrino oscillations, respec-
tively. We use the analytic expressions to understand the
octant degeneracy at some representative baselines, e.g.,
1300 km and 7000 km. There are other analytical calcu-
lations of oscillation probabilities in the presence of sterile
neutrino in matter using the rotation methods [73], an exact
analytical method [74]. We discuss the region of validity
and the error of the analytic expressions compared to the
exact numerical probabilities.

Studies related to sterile neutrinos in the context of
atmospheric neutrino observations at India-based Neutrino
Observatory (INO) experiment have been performed in
[75,76]. More recently, an analysis in [77] considers sterile
neutrinos in atmospheric baselines for a wide A,; mass
squared range 10™>: 100 eV? in the context of the INO
experiment. This paper obtained bound on the active-sterile

mixing angles as well as the sensitivity to the neutrino mass
ordering in the (3 + 1)-oscillation framework. Our study in
this paper focuses on the impact of resonant matter effect on
the probabilities at very long baselines and its influence on the
sensitivity to determine the octant. To the best of our
knowledge, this kind of study of the degeneracies in presence
of a light sterile neutrino under the influence of resonance
matter effect at very long baselines has not been looked into in
past. We also explore this aspect in the context of atmospheric
and beam neutrinos in a long baseline experimental setup of
1300 km both separately as well as together using a LAITPC
detector and examine the complementarities between these
two. Such studies in the context of a generic LAr detector have
been performed for the three generation case earlier in [16].

The plan of the paper is as follows. To start with, we
establish the analytic framework for neutrino oscillations in
presence of sterile neutrino in Sec. II. The subsequent
Sec. III details the calculation of the probabilities. Next,
Sec. IV contains the discussion on octant degeneracy for
different baselines and energies as well as the dependence
on the CP phases d;3, and d14. In Sec. V, we describe the
experimental details for the LArTPC detector and outline
the procedure of y? analysis adopted. We discuss the results
in Sec. VI. Finally, we conclude in Sec. VII.

II. 3+1 FRAMEWORK

The minimal scheme postulated to explain the results of
LSND, and MiniBooNE is the 3 + 1 framework in which
one light sterile neutrino is added to the three active
neutrinos in the SM. In the (3 + 1)-oscillation framework,
the mixing matrix U depends on three additional mixing
angles 014, 0,4, 034 corresponding to mixing between the
light sterile neutrino v, and the active sector neutrinos, two
new CP phases 0,4, 534 along with the standard oscillation
parameters 61,, 03, 053, 613 and can be expressed as

U = R34(034. 531) Roa(024) R14 (614, 614)
% Ry3(023)R13(013. 613)R12(612), (1)

where Rj; = U%(6;)R;(0;)ULY(5;;), Ri;(0;;)'s are the
rotation matrices in i—j plane and U?j are diagonal unitary
matrices with the CP phases §;;’s. In the presence of an
additional light sterile neutrino, there is a new mass squared
difference A4;. The 3 + 1 picture considered here is m, >
ms >> m, > my which corresponds to m, being the heavi-
est mass state. The case with m, as the lowest state is
disfavored from cosmology. The mass ordering for three
generations is considered to be NH.

Recent studies about the best-fit values and allowed
ranges of the parameters associated with eV scale sterile
neutrino can be found in [37,46,78]. In particular, the
global analysis of data performed in [46] illustrates the
following 30 bounds and best-fits in sterile mixing angles
for Ay, = 1.3 eV? (Table I).
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TABLE 1. 30 Levels and best-fit values extracted from [46].
Parameters 30 range Best fit
sin” 20,4 0.04-0.09 0.079
014 5.76°-8.73° 8.15°
sin® @y, 6.7 x 1073 - 0.022 0.015
N 4.68°-8.6° 7.08°

However, the analysis performed in [45] including the
MINOS + data disfavored the allowed regions in 6,4 from
above with a new bound at 90% C.L. sin” 8,, < 0.006, i.e.,
0,4 < 4.5°. Also, the analysis of DayaBay and Bugey3
gives at 90% C.L. sin® 20, < 0.046. i.e., 0,4 < 6.2°.

III. OSCILLATION PROBABILITY

The effective matter interaction Hamiltonian in flavor
basis is given as follows:

Hip = diag(Vee, 0,0, =Vye)

= diag(v2G¢N,.0,0,V2G:N,/2), (2)

where V¢ = V2GpN, is the charge current interaction

potential, Vyc = —/2GxN, /2 is the neutral current inter-
action potential, G is the Fermi coupling constant, N, and
N, correspond to electron density and neutron density,
respectively, of the medium in which neutrinos travel. In
order to obtain the probabilities in the matter, one has to
solve the neutrino propagation equation with the total
Hamiltonian given as follows:

H= U’
2E, |0 0 Ay O
0 0 0 Ay
A0 0O
1 10 000
+2Eb0000’ 3)
0 00 %

U = R24(924)R14<0147 514)R23 (623>U¢313R13<913)

C13C14 0
_pl013 _ o014
o €7°C4813523 — €7 C13514524 €304
- 16
—eB 03813 —523
16 16
—e 1401304814 + €0138513523504  —C23524

where the propagation medium has been considered to be
the earth matter with neutron density being equal to
electron density, i.e., N, = N, and the matter potential

term is A = 2v/2GyN,E, with neutrino energy E, and the

mass squared differences are given as A;; = m? - m?

where m;’s are mass eigenvalues. This would require
diagonalization of the total Hamiltonian to go to the matter
mass basis. However, this poses difficulty even in the three-
flavor case and one has to resort to approximate methods.
A comprehensive review of the various approximations
used in the three-flavor case has been discussed in [79].
There are two well-known methods: (I) OMSD approx.;
(II) @ — 5,3 approx. These two methods can also be used for
the 3 + 1 framework. The a — s;;3 method for the sterile
case has been done in Ref. [80].

In the context of this work, we have considered the two
mass scale dominance (TMSD) approximation with A,
set as zero, similar to the well-known one mass scale
dominance (OMSD) approximation [81] in three-flavor
case. TMSD approximation allows us to obtain compact
analytic expressions for the probabilities in the matter,
which can facilitate the understanding of the underlying
physics in the 3 4+ 1 framework. Although we have used
the TMSD approx. for analytical calculations, in the
numerical analysis, we consider the current best-fit value
of A2] .

A. TMSD approximation

In the TMSD approximation, we choose A,; = 0 since
from the experimental data A, < A3} < Ay, As a
consequence, the contribution of the solar angle 6,
drops out of mixing matrix U (1) as R, commutes
with the mass matrix M in this approximation. The

A,; = 0 approximation holds well for AI%:—IDL < 1 [81]. In
our study, we further assume 65, = 0 which is allowed
within current bounds [1,3]. Thus, we have only two
additional nonzero mixing angles 4, 6,4 and a nonzero
phase &;4. This leads to the effective vacuum mixing

matrix,

C14513 e sy
10 10
€°13C13C48523 — €148 13514524 C14524 ()
9
615'36'136'23 O
16 10
—€1MCyS813814 — €715C 13803824 C14Co4

095050-4



MATTER EFFECT IN PRESENCE OF A STERILE NEUTRINO ...

PHYS. REV. D 108, 095050 (2023)

where we have used notations s;; = sin6;;, ¢;; = cos 0;;.
Since the allowed values of the vacuum mixing angles
013, 014, and 0,4 are of a similar order, these small
parameters can be expressed in terms of O(1") with 4 ~
0.15 as follows:

Sin013 >~ O(ﬂ),
Agp O(/P),

Sin 914 >~ O(/I),
A31 >~ O(/’{’;),

sin By, ~ O(A),
A=0O®). (5)

We can split the total Hamiltonian H into two parts as

1

H =
2E,

(Ho+H)p), (6)

where H,, the perturbed Hamiltonian, is proportional to
the order of Az, A[O(4%)] whereas the unperturbed
Hamiltonian H|, is proportional to A,;. These can be
written as follows:

514 €701 C 4814820 0 €740 4814
€14¢ 4848 c2.83 0 c2,cous
Ho=A,, 14524514 14524 14€2824 |
0 0 0 0
ecoucias1s Cluc8 O c14¢34
(7)
0O 0 0 O A 0 0 O
H 7 0O 0 0 O it 0 0 0 O (8)
= +
P 0 0 Ay O 0 000
00 0 O 0 0 0 %

The unperturbed and perturbed Hamiltonian can be
expressed in terms of the small parameter A in the
following manner:

(A2 22 0 2
2 20 A
H 0 ~ N
0 0 0O
A A 01

AR AR A &
o8B

r p AT I SR

_ lS _ /14 _ /14 /15

The unperturbed Hamiltonian has the smallest terms
proportional to O(4%), which is at least an order less
than the largest term in H ,, the perturbed Hamiltonian.
The terms proportional to A,, are of higher order than A3
and thus are neglected. The eigenvalues of H, are
/101 == 0, /102 = 0, /103 = 0, 104 = A41. This 1mphes the
need for degenerate perturbation theory to determine the

modified energy eigenvalues in the presence of the matter
potential. The modified energy eigenvalues evaluated
using degenerated perturbation theory in ascending order
of energy are as follows:

Eyy =5 [A35i0% (013 = 013,,) — A'sin* 040526, 3.,

2,
+A"c0s? 0,3, (1 +cos? 04+ cos? 0, sin* 0,
—Asin26,,sinf,,sin6,3sin 26,3, c0s5/2],

E,, =0,

1 .
E3, =5E [A31c08>(013 = 013,,) +-A’sin’ 024 c05 2613,
v
+A’sin?@,3,, (1 4 cos? @4 +cos? 0, 45in” O,4)

+ Asin20,,sinf,,8in6,3sin205,,c085/2),

1 . .
E4m :E[AAH +A/(1 + sm26’14 —C052614 SIH2924)], (10)

14

where A’ = A/2 = \/2G[N,, the modified angle 6,5, in
the matter is related to the original angles, and the new
phase § = (6,3 — 814) as

) Az, sin 20,5 + A’ cos §sin @4 sin 6,3 sin 20,,
sin 20,3, = 7 )

(11)

08203, = [Az; c0s20,3 — A'(1 + cos® 0,4
+cos? 0,4 8in% O, — 25in% 0,4)]/f,  (12)

where f is defined as

f = ([A?)l sin 2913 + A/SI4S23 sin 2924 COoS 5]2
+[As31 c08 20,5 — A'(1 + ¢y + ciys3, = 253,)]) /%

(13)

It is noteworthy that for the 3+ 1 framework, the
modified angle 6,3, depends on CP phases, unlike in
the three generation framework. Now if we put
sin26;3,, = 1, i.e., cos 2603, = 0, we will get maximum
013, 1.€., resonance in this sector for the matter. The
corresponding resonance energy is given by

A3|C032913

 V2GEN, (140820, 40520, 5in> 0, —25in*0,y)
(14)

res

The resonance energy for 1300 km and 7000 km are
~11 GeV, and 8 GeV respectively corresponding to
914:924 :70,613 :8.57°,A31 =2.515x% 10_3 eVz. It Only
changes minimally from the three generation -case.
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The modified active-sterile mixing angles 6,4,,, 654,, are
related to the vacuum angles as

!

A
sin @y, = sinf4 {1 + A

corou(1+s3)|. (15)
41

A/
cos @4, = cos by, {1 - A—sin2914(1 + s§4)] . (16)
41

A/
sin @y, = sin 6,4 [1 - A—cos26140052924] , (17)
41

/

A
€08 b4, = c0s by [1 + A

0052914sin2924] ) (18)
41

The mixing matrix in matter obtained from the modified
eigenvectors using degenerate perturbation theory is as
follows:

U,y = R34(024m)RT4(0140- 614)Ro3 (023) Us13R1S (013, R (O12,)
C13mC14m (Una
o —€3 o4 S 13523 = €74 C13mS 14mS24m  C23C24m
; —e%5C038 13 —523
— €1 C 13 Coam S 1am + €00 S130523524m  —C23524m

where the original vacuum angles are replaced by modified
angles as given by (11), (12), (16), (18), and null value of
the element (U);, in vacuum mixing matrix U (4) is
modified as (Um)IZ = AAME_1514CI4C23024S14S24 ~ 0(15)
This is due to the fact that the matter effect introduces
correction of mixing angle 8,, which was absent before due
to the approximation A,; = 0. The other terms related to
0, do not show up as they are > O(1°). Now we can
calculate the oscillation (survival) probabilities using the
elements of U, in place of U and A =2E,(E;, — Ejp)
replacing A;; in (20) assuming constant matter density,

N
1.27A;,L
Py =845 —4) Re(UyUgUy, U, sin® ———=

i>j v

1.27A,L

N
+2) Im(UyUpU,Up,) sin 2 (20)

i>] v

P, = 4c08? 03, c08? 014, Sin? O3, (cOS? Oy, Sin* O3 — sin? By, Sin* O34,,) sin
+ 2c0s> 0,3, c0s? 0,4, Sin O3, sin B4, $in 20,4, Sin O3 sin

—2¢08 0,3, c08% 0,4, SIn> B3, Sin B4, $in 20,4, Sin O3 sin

P2, =c08%0)4,,5in20}3,, 800} 4,, Sin 03 8in 26,4, sin

+5in? 26, 4,, 5in’ O14,, COS? B, 3,, Sin
3 _
P =

+ sin? 20,4, sin? B4, sin” ;,, sin

— €082 04, SiN 20, 3,, SN B4, Sin O3 sin 26,4, sin

ClamS13m €748 4
€01 €13 CoamS23 = €08 13 S 14mS24m  ClamS2am (19)
€1C 13,03 0 ’
— €1 ot S 13mS 14m — €7 C13:523524m  ClamCoam

|
On the other hand, the exact numerical probability at
constant matter density can be evaluated as

Pog" =

|[e_lHL](1/)’ 2’ (21)

where H is the total Hamiltonian without any approxima-
tion given by (3).

1. P, channel

The appearance channel, i.e., v, — v, oscillation prob-
ability is given by
P, =Pl +Pi + P, + 09, (22)

where the different significant terms of the probability P,
are as follows:

L, L27AZL
E
1.27A%L . (1.27A7L
31 sin( 31 +5>
E E
1.27A2L . (1.27A7L
31 sin( 31 —5), (23)
E
1.27A%, 27AL
41Lsm<1 27A41L_5>
E
1.27A7 L
2 41~ (24)
1.27A7: 27AL:
mL Sin<1 2TABL 5)
E
1.27AL
ki (25)

E
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0.1 T T T T T
L: 7000 Km _ p

T T
L:1300 Km

SRR
At

0.075F

FIG. 1. The total analytic probability P, (orange) along with
its other dominant terms in the top panel and the absolute
differences |P,, — Pje™| (red) and |P,, — PG-| (cyan) in the
bottom panel at 1300 km (left), and 7000 km (right) baselines.

The total analytic probability P,.(orange) and the
dominant terms contributing to it are plotted at 1300 km
and 7000 km baselines as a function of neutrino energy E,
in the top panel of Fig. 1. For the plots, and calculations of
P, P,, in this section, we have considered 0, = 33.44°,
913 — 8.570, 623 - 490, 914 — 924 — 70, 513 — 1950, 514 -
30°, Ay, =2.515 x 1072 eV?, and A4y = 1 eV?. The ana-
lytic expression of P,, consists of three significant terms,
although there are other higher-order terms [O(A°)] that are
neglected. The first term in (23) (blue curve) which is
proportional to the modified mass squared difference A%},
is the most dominant one and provides the average curve of
the total probability as seen in Fig. 1. The fast oscillations

seen Fig. 1 are a manifestation of the terms in (24) (green
|

. . ., 1.27A% L
Pl, = cos* 0y, sin? 203, sin* 0,3 sin? —31=

+ $in 20,4, Sin O4,, SIn 40, 3,,, sin 0,3 €08 5(c0OS? Oay,, SIN? O3 — sin® oy, sin® O,3,,) sin

1 Sin2 2913m
2

+ 4 cos? 0,4, SIN? By, sin? B4, sin® 0,5

Pi, = cos* 034, cos? 013, sin? 20,3 sin

+ 4 ¢cos? 0,4, SIN? By, Sin’ B4, sin® 63, cos” B, sin

+ sin* 0,4, sin* O,4,, sin® 26, sin

curve), (25) (violet curve) which are proportional to the
modified mass squared differences related to the sterile
neutrino mass states AJ} and Alj, respectively. The fast
oscillations are not reflected in experiments, as we can only
get the average probability. Also, these terms are relatively
much smaller than the P, around probability maxima, so
in the next section, while discussing the degeneracies, we
will only use the term P},e. Putting 6,4, 6,4 angles to zero in
Egs. (23)—(25) gives the standard three-flavor oscillation
probability from the very first term of the (23) as the other
terms go to zero due to presence of sin @y, Sin Gyy,,.

We have shown the comparison of the absolute
differences |AP| of the analytic probability P,, (22) with
the exact probability Pj,™ (21) (red) as well as with the
probability PG (cyan) obtained using GLoBES [82] as a
function of neutrino energy at the bottom panel in Fig. 1.
We can see the value of |AP| is around 1073 for most of the
energies. |AP| values are smaller around the resonance
energy of 11 GeV for 1300 km and 8 GeV for 7000 km.
Also, we can see the energies at which the value of
probability is smaller we get smaller values of |AP|.
Overall we can conclude that the analytic probability
P, using TMSD approximation is in good agreement
with both numerical and exact ones, better with the exact
one P,;m for all energies (>0.5 GeV), especially around
the resonance. This is similar to probabilities derived using
OMSD approximation matching well with numerical
ones in the standard three-flavor case in the region with
significant matter effect [83,84].

2. P, channel

The disappearance channel, i.e., v, — v, survival prob-
ability is given by

_ 1 2
Pﬂﬂ_l_Pﬂ#_PﬂM

- P+ O(2°), (26)

where the significant terms of the probability are as
follows:

_,127AML
E

L 127AML
E

L 1.27A7 L

— sin® 26,3, cos? 5) sin o

L 1.27AL

L 1.27A5L

1.27A0 L

— 4.¢08> B,4,,, Sin O,4,, Sin O 4,, 5in 26,3,, cOs? O3 sin B3 cos & sin” —5 (28)
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P3, = cos* 0y, sin? 0,3, sin> 20,3 sin

+ 4 082 O,4y, SIN® Os4,, Sin? B, 4,, cOS% O3, COS” O, sin

+ 4 cos? 0,4y, Sin O34y, Sin O 4,, Sin 26,3, cOS? O3 sin O3 cos & sin?

We show the total analytic probability P,, (orange) and
the different terms contributing significantly to it at
1300 km and 7000 km baselines in the top panel of
Fig. 2 as a function of neutrino energy. The analytic
expression of P,, consists of three significant terms
(27), (28), and (29), although there are three other fast
oscillating terms that are neglected. Here, the fast oscillat-
ing terms are proportional to the sterile mass squared
differences A}, A%, A, and are of higher orders [O(49)].
The first term in (27) (blue curve), which is proportional to
the modified mass squared difference A%, has a depend-
ence on octant of 0,3 in the leading order due to the
presence of sin*6,5. P,, grows with energy initially and
decreases after resonance energy. The second, and third
terms in (28) (green curve), (29) (violet curve) which are
proportional to the modified mass squared differences A%,
and A%, respectively, show no octant dependence in the
leading order due to the presence of sin? 26,5. The second
term is the most dominant one before resonance energy but

L:1300 Km L:7000 Km

08t i osf

06 | 1 0.6F |

P,
Rl A )
P,
g g g

04f 04F

02 1 o2p |

n P MIAN O DE " o -
2 4 6 8 10 12 2 4 6 8 10 12

T T
1:7000 Km

T T
L:1300 Km

E, (GeV) E, (GeV)

FIG. 2. The total analytic probability P,, (orange) along with
its other dominant terms in the top panel and the absolute
differences |P,, — Ppu™| (red) and |P,, — PGL| (cyan) in the
bottom panel at 1300 km (left) and 7000 km (right).

L, 12743 L

,1.27A8 L
E
1.27A2 L

3 (29)

almost becomes zero after resonance energy, whereas the
third term only grows after the resonance energy. In the
case of 7000 km at oscillation maxima of 7.5 GeV,
P,,. Py, P;, all have significant contributions. Putting
the 0,4, 6,4, angles to zero, we will get back the three-
flavor oscillation probability from the first term of the
Eqgs. (27)—(29).

It has also been shown in the bottom panel of Fig. 2, the
absolute differences |AP| of the analytical probability P,
(26) with the exact probability P,,™ (21) (red) and the
probability PGl (cyan) obtained using GLoBES at 1300 km
and 7000 km baselines. We observe that value of |AP| is
mostly around 1073. The |AP| values are seen to be lower
around resonance energies. We can also see the |AP| value
going down at the minima or at the regions where the value
of probability is less. The |AP,,| for 7000 km is increasing
after resonance energy as the dominant term in those
energies is Pf'm that is proportional to A,;,, and hence is
affected by the A,; = 0 approximation [85]. Hence, we can
conclude that the analytical probability P,, using TMSD
approximation is in agreement with exact and numerical
probabilities to a good extent, matching better with the
exact one Pj,™.

IV. OCTANT DEGENERACY

The degeneracy in the determination of the octant of 6,5
can arise from both the survival/oscillation probabilities as
follows:

(i) When the probability is a function of sin® 26,3, it is
not possible to differentiate between the probabil-
ities arising due to 6,3 and 7 — 6,3. This is called
intrinsic octant degeneracy [86].

(i) When the probability is a function of sin®#,; or
cos? @3, the degeneracy of the octant arises due to
the uncertainties in the Dirac CP phase dcp,

P63, 613) = P(057"%.675). (30)

(iii) Addition of a light sterile neutrino brings an extra
phase ;4 which will also affect the determination of
octant just like in the above case through additional
degeneracies,

P05, 8,4) = P(653"%,5)y). (31)
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(iv) Considering known hierarchy and two unknown
phases, there will be a new eightfold octant-
013-014 degeneracy,

righ wron
(92’% t’ 513’514) (923 ¢ 5/1?’ 614) (32)

We consider the normal hierarchy (Aj; = 2.515 x
1073 eV?) for our octant degeneracy study. Therefore,
we have a eightfold octant-0,3-6;4 degeneracy in presence
of a sterile neutrino as depicted in Table II. For unknown
hierarchy, this will become a 16-fold degeneracy.

In order to understand the degeneracy analytically, we
follow the method outlined in [59] and use the TMSD
probabilities derived in the earlier section. The current 3¢
range of 6,5 is [39.7°, 50.9°] [1] for normal hierarchy. We
can express 0,3 with respect to z/4 as

T
2, 33
il (33)

O3 =
where the deviation in value of 6,3 from current global
analysis fit is given by 17 ~ 0.1 with the plus and minus sign
in (33) indicating higher octant (HO) and lower octant (LO)
of 0,3, respectively. The octant sensitivity will be there if
there is a difference between probabilities of the two
opposite octants even when the phases 3, 014 vary in
the range [—z, z]. The octant sensitivity from the appear-
ance channel probability P, is defined as

APochl = PlHO((SHO 5H0)

i3 Pue@(877.617) > 0. (34)

As 7 is small, we can have the following expansion
sin0) ~li sin@ NL(li ), cos@ L(IZF )
2355 n 23—\/2 n), 23—\/§ n)-
(35)

Putting P,, from (23) in (34) and using the above
expressions of (35), we get three contributions to AP,
corresponding to the three terms in Pj,,

TABLE II. New degeneracies in presence of unknown octant
and phases with fixed hierarchy.

Solution with right octant

RO-RS,;-R5,,

Solution with wrong octant

WO-R&,;-Ré,,

RO-R&,3-Wé,, WO-RS,3-Ws,,
RO-W5,5-R6,, WO-W6,5,-R8,,
RO-W5,5-W,, WO-W6,3-Ws ),

APy = 817¢0s? 013, COS? O14,, COS? Oy, sin? 013, sin® DA},
AP, = X,[sin(D¥, + 6"9) — sin(D7, + 619)]

+nX, [sin(D%, + 619) + sin(D%, + 5£9)],

=Y [sin(D}; — 6"9) —sin(D}; - 6"9)]
—nY,[sin(D%; — 7€) +sin(Dy; - 6)].  (36)

APZZ

The contribution of the fast-oscillation terms PZ,, P;, to the
octant sensitivity is
APg = ZZk sin(Dgt — 819) — sin(D — 5£9)]
k=13
+ nZ[sin(Dy, — 6%9) + sin(Dj, — 8-9)].  (37)
12747
Where Dgf = —5—. Now we can rewrite (34) for octant

sensitivity as
AP, = APy + AP| + APy + APyy. (38)

Among the terms of AP ; (36), AP, has no dependence
on phase and is positive whereas the values of
AP, AP,, APy, can be both positive and negative as they
contain phases. Thus, degeneracy can occur when AP +
AP, + APy, is negative and is of the same order as APy,
making AP zero. X, Y the positive definite amplitudes of
AP;, AP, respectively as well as the amplitudes Z;, Z; of
APy, are as follows:

X| =V/2¢c08%0,3,,c0520,4,, SN0, 3,, I 4, 5iN 20,4, SIN DY},
Y1 =V/2c080,3,,C08%014,, 510> 0, 3,,, SN0 4,, 5iN 20,4, SIN DY},
7, =c0520}4,,5I020,3,, 5N 0} 4,, 50 26054,, 50 DY, /V/2,
73 =—C0520}4, 510203, 5100, 4,,, SN 20,,, S DS /V/2.
(39)
Now, if we inspect the possibility of the octant degeneracy
through the probabilities at a baseline of 1300 km. We
use the following values of the oscillation parameters:
912 — 33.470, 913 — 8.540, 914 — 70, 924 — 70, A31 —
2.515x 1073 eV? and A4 =1eV2 For 1300 km at

oscillation maxima of 2.5 GeV, the values of various terms
of AP, are

APy = 0.0279,
Z, = —0.0056,

X, =0.0073, Y, = 0.0003,
Z, = 0.0064. (40)

Therefore, AP, is negligible compared to AP, APy, and
AP, due to presence of extra sin’ 6,5, in ¥, (39). It can be
seen from (36) the square bracketed terms multiplying X,
Z,, Z5 can vary from —2:42 and therefore, for certain
phase choices, cancellation can occur resulting in loss of
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octant sensitivity in 1300 km baseline when fast oscilla-
tions considered. However, in the absence of fast oscil-
lations, there is octant sensitivity.

Next, we use the analytic expressions in (38) to under-
stand the octant sensitivity at 7000 km. In the case of
7000 km at oscillation maxima of £ = 6.5 GeV, the values
of the different terms contributing to AP are

AP, = 0.1453,
Z, = 0.0001,

X, =00133, Y, = 0.0040,
75 = —0.0164. (41)

It shows that APy, X, and Z; are the dominant contribu-
tions, and any combination of phases can not make
AP,; =0 as the value of P, is one order greater than
X,. It shows probabilities (P,,) corresponding to two
different octants will always be well-separated from each
other, i.e., the octant-5;3-6;, degeneracy will be removed.
This suggests unlike in 1300 km here, even with the
variation of phases in both octants, we can have significant
octant sensitivity at higher baselines. This is mainly
because AP, has much higher values than others at the
higher baselines due to higher-matter effects. Note that if
the values of 0,4, and 6,, are decreased, the dominant
contribution, AP, becomes larger whereas other contribu-
tions X, Yy, Z;, and Z; get smaller. Therefore, octant
sensitivity will be higher for smaller values of sterile
mixing angles.

The octant sensitivity from the disappearance channel
probability P, is defined as

APou = PylO (81, 81) = Pi® (817, 617) > 0. (42)

As we have seen earlier, the largest octant sensitive term in
P, comes from (27), we put that in the above (42) to get
the difference in opposite octant probabilities as

AP 5 = 08> 0yy,,5i0 204, 80014, SN 40 3,

1+3p
2V/2

+ 08% 024,,21COS* Oy, 802 20,3, sin*> DT . (43)

% (cos 6119 —cos 6L9) sin® DY,

It can be noted from the above expression that, the first term
has phase dependence while the second term is independent
of the phases.

A. Degeneracy in cos 6, — E, plane

To probe the octant sensitivity spanning over all the
baselines and energies, we present the oscillogram plots of
the differences in probabilities corresponding to the value
of 6,3 = 40° (LO) and 6,3 = 50° (HO) in cos 6§, — E,, plane
for normal hierarchy in Fig. 3. The phases are kept fixed at
same 6;3 = 195°, §;4, = 30° for both the octants. From the
figure, it can be seen that the maximum difference is

A P=|P(0,;=50)-P(0.5=40)| Oscillogram Plot, 0,,:7',0.,:7, A,;=1 eV’, NH

0.15

0.1

0.05

-0.4 -0.2 0
cos0,

-0.4
cos0,

FIG. 3. AP, (eft), AP, (right), i.e., the absolute differences in
probabilities for 8,3 values from opposite octant with fixed value
of d,3, and o4 in cosf, — E, plane.

obtained at the energy range of 5:10 GeV for cos 6, in the
range of —0.5:—0.8 which roughly translates to baselines
around 5000-10,000 km. This figure serves as a reference
to show at which baselines and energies the octant
sensitivity can be maximum and motivates us to add the
contribution from atmospheric neutrinos to obtain better
octant sensitivity in our analysis.

B. Degeneracy with variation of d,3, 0,4
at fixed baseline

In this section, we study the probabilities (GLoBES) as a
function of the phases to understand the dependency of the
degeneracy on these parameters. In Fig. 4, we depict the
appearance probability P,, for 6,3 =41° (red), and 49°
(blue) as a function of neutrino energy at 1300 km and
7000 km baselines. The bands correspond to the variation of
013, 014. Two different sets of representative values of 6,4, 0,4
are considered, e.g., 6,4, 0,4 = 4°, which are allowed after
MINOS+[45] bounds, and 8,4, 8,4 = 7°, which are allowed
by an earlier global fit [46] excluding the MINOS +- results.
The significant observations are as follows:

(i) The probability bands of different octants overlap at

1300 km. While at 7000 km, a difference is observed

L: 7000 km

0.125F L:1300km

FIG. 4. P, as a function of energy at 1300 km (left), and
7000 km (right). Blue and red bands are due to variation of d;3,
014 for O3 = 49°,41° using 64 = 0,4 = 4°. The regions between
blue and red dotted curves are for 49° and 41° respectively,
considering 0,4, = 0y, = 7°.
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between opposite octant bands. It shows that at a
higher baseline, sensitivity for octant will be higher.
The difference (overlap) between red and blue bands
is more (lesser) for 4° than 7°. It is obvious that with
smaller sterile mixing angles, we will get better
sensitivity.

From the above figures, we can observe that the variation in
the phases can lead to overlap in the probabilities from
opposite octants giving rise to degenerate solutions.
Therefore, it is instructive to study the variation of the
probabilities with respect to phases to understand for which
values of these parameters degenerate solutions can occur.
These plots are done at fixed energies. We choose this energy
as 2.5 GeV for P, at 1300 km, since first oscillation maxima
occur at this energy as can be seen from Fig. 4. The variation
of the probabilities P,,(left), P;(right) are shown as a
function of phases d,3 (top), and d,4 (bottom) in Fig. 5 for
values of 6,3 = 39°(gray), 42°(orange), 48°(violet), 51°
(blue) spanning over both octants. The curves for other
values of 6,3 will lie in between these ranges. The bands
correspond to variation over the nondisplayed phase
514(top) /813 (bottom) over the range —180°:180° respec-
tively. Three horizontal iso-probability lines are drawn in
Fig. 5 to indicate the values of §;5/64 for which there are
degeneracies (dot-dashed line) and there are no degeneracies
(dotted, dashed lines) between the two octants. Note that in
the probability vs d;3 plots for the three-generation case,
there is a single curve for each 6,5 whereas, in the presence of
sterile neutrino, there are bands due to 6,4 variation for a fixed
6,3. We can infer the following points from Fig. 5:

(i)

0.125

6,,=-1807:180
NH, 1300 Km, 2.5 GeV/
An=1eV*, 0147, 0207

0.1p T

0.025

9180 -120 -60 9180 -120

0
6,50

0.125 0.125;

6,,=-1807:180" == 051
NH, 1300 Km, 2.5 GeV/

L e Du=leVE 0,57, 0,7 ] L
0.1 I / 0.1

L L 0 L L L L
60 120 180 -180  -120 -60 60 120 180

0 L L
-180 -120 -60

0
6.,

FIG.5. P, (left), and P;; (right) as a function of 63 (top), &4
(bottom) for variation of the respective another phase at neutrino
energy 2.5 GeV at 1300 km baseline for NH.

®

(i)

(iif)

(iv)

)

(vi)

(vii)

(viii)
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The regions above the dotted line in the top panels
indicate the values of &;3 for which there is no
degeneracy in HO. This is around §;3 = —90°(90°)
in P,,(Pzz) channel. However, some portions of the
blue and violet bands extend below the dotted lines
in both figures and sometimes also overlap with the
orange and violet bands, indicating that for these
values of 9,3, there are still degeneracies for certain
values of &,4.

Similarly, the regions below the dashed lines in the
top panels signify the §;5 values devoid of degeneracy
for 6,3 in LO. This region for P,,(P;;) channel is
around 6;3 = 90°(—90°). Here also, the portions of
gray and orange bands above the dashed lines, as well
as the portions coinciding with the blue and violet
bands, indicate the existence of degeneracies at these
values of ;3.

From the top panels, we can clearly see a synergy
between neutrino and antineutrino channels for
octant degeneracy in both HO and LO. For instance,
for HO (LO), the degeneracy is present around 8,3 =
90°(=90°) at P,, channel but absent for P;;.

In the bottom panels, the regions above the dotted
line indicate that the no degeneracy region in HO lies
around &,4 = —60°(60°) for P,,(P;;) channel. Note
that the region has a larger spread in ;4 over
—180°:95°(=70°:140°) for 6,3 =51° and over
—180°:65°(—=50°:120°) for @3 =48 in P, (P;;)
channel. Corresponding nondegenerate regions have
a smaller spread in ;5 as seen from the top-panel
plots.

There are regions below the dashed line, signifying
no degeneracy in LO for the plots in the bottom
panels. These regions occur around §;; = —60°(60°)
for P, (P;;) channel. However, it is to be noted that
unlike in the top panel, the nondegenerate region in
LO is over the similar range of §;4 with respect to
HO as mentioned in the previous point. Therefore,
we see in the neutrino (antineutrino) channel maxi-
mum sensitivity for both HO and LO is around
514 - 600(—600).

In the bottom panels, the probability bands are
wider and the extent of overlap is higher around
—60°(60°) in P,,(P;;) channel. These give rise to
WO-R6;, degeneracies which are hard to resolve
using neutrino plus antineutrino. The synergy be-
tween neutrino and antineutrino channels for octant
degeneracy is less pronounced here.

In the bottom panels for P,, channel, around
814 = 130°, there is a small region where there is
no WO-R6, degeneracy between HO and LO for all
values of 6;3. For P ; channel there is a similar region
with minimum degeneracy around 8,4, = —130°.
When the probability bands from HO (blue and
violet) coincide with bands from LO (orange and
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gray) at the same 6,3/68,4 values, those are exam-
ples of WO-R§3/Ré;, degeneracies. While the
regions of bands from opposite octants connected
through iso-probability lines show WO-W§3/Wé,,
degeneracies.
While performing y? analysis, we take fixed true values of
parameters in one octant and marginalize y° over the relevant
parameters in the opposite octant. Therefore, a better under-
standing of the octant degeneracy can be achieved if we keep
0,3, and the phases constant in one octant and vary them in
the opposite one. We replicate this in Fig. 6 where the
probabilities in neutrino (left) and antineutrino (right) chan-
nels are drawn as a function of phase §;3. In the top [bottom]
panel, the green [red] solid(dashed) line corresponds to 8,3 =
49°[41°] and 6,4 = 0°(90°). The gray and orange [violet and
blue] bands correspond to 6,3 = 39°,42°[48°,51° in LO
[HO] for 6,4, varying over —180°:180° The horizontal
isoprobability lines in the plots demarcate different degen-
erate and nondegenerate regions. The important points from
Fig. 6 are as follows:
(i) In the top panel, the region above the dotted line
corresponds to no degeneracy. This region is around
813 = =90°(90°) at P, (P; ) channel for green solid
(614 = 0° curve. However, the green dashed
(614 = 90°) curve has a nondegenerate region only
in P;; channel around 6,3 = 90°. This suggests that
for 6,4 = 0°, the octant sensitivity comes from both
P,., and P;; channel around 6,3 ~ 0° whereas for
014 = 90° sensitivity comes only from P;; channel
around &3 ~ 90°.

0.125 T T T T T 0.125

NH, 1300 Km, 2.5 GeV'
An=1eV*, 0,47, 847

0.075F A7 i 1 0075p

0.05

0.025F i ) 1 oozspas

0 L L L L 0 n L L
-180  -120 -60 60 120 180 -180  -120 -60 0 60 120 180
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01f

0.0751

°
a

0.051

0.025 | 1 ooasEsl
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FIG. 6. P, (left), and P;; (right) as a function of &3 for
variation of the phase §;, at neutrino energy 2.5 GeV at 1300 km
baseline for NH.

(i1) For the bottom panel, the nondegenerate regions are
below the dashed horizontal line. In P,,, channel this
region is around §;3 = 120° for §;4 = 0°. Avery small
region for 6,4, = 90° also extends below the dashed
line. In P;; channel the region of no degeneracy lies
around &3 = —120°(—60°) for 6,4 = 0°(90°).

Now we focus on the disappearance channel probabil-
ities P, (left), and Pj; (right) as a function of phases
013(top panel), 5 4(bottom panel) at 2.5 GeV in Fig. 7. The
following points may be noted:

(i) The bands due to variation of &,3/8,4 are narrower
than the ones for appearance channel. Hence, these
bands are well-separated from each other.

(i) The bands corresponding to 6,3 = 51° (blue) in
HO comes in between the bands corresponding to
6,3 = 39° (gray) and 6,3 = 42° (yellow) in LO. On
the other hand, the violet band corresponding to
6,3 = 48°is outside the whole region of LO between
the gray and yellow band. This implies the presence
(absence) of the octant degeneracy for 6,3 =
51°(48°) in P,, channel.

(iii) Similarly, 0,3 =39° (gray) in LO demonstrates
octant sensitivity since it lies outside the HO region
between the blue and violet bands, but 6,3 = 42°
(yellow) lies within the HO region and therefore is
not sensitive to the octant. A similar feature can also
be seen from probability vs d;4 plots in the bot-
tom panel.

We can conclude that for certain trues values of 0,3, the P,
channel can contribute to the octant sensitivity at 1300 km.

0.125 T T T T T 0.125

6,,=-180":180
NH, 1300 Km, 2.5 GeV
0.1F Bu=leV’,8,:7, 0,7 4 01F

0 L L L L L 0 L L L s

-180  -120 -60 0 60 120 180 -180 -120 -60 0 60 120 180

6,5(9)
T

0.125

6,;=-180":180°
NH, 1300 Km, 2.5 GeV
0.1F Au=leV? 0,7, 0,07

0.025

0 . . A . . 0 . . A . .
-180  -120 -60 0 60 120 180 -180 -120 -60 0 60 120 180
6.4(9) 6,409

FIG.7. P, (left), and P;; (right) vs ;5 (top), 5,4 (bottom) for
variation of the respective another phase at neutrino energy
2.5 GeV at 1300 km baseline for NH.
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Next, we study the behavior of the probabilities at a
higher baseline of 7000 km, where the resonant matter
effect comes into play. We observe the appearance prob-
ability P,, as a function of the phase ;3 (left), and &4
while the respective other phase variation creates band at
different values of 0,3 = 39°,42° 48° 51° spanning over
both octants at energy maxima of 6.5 GeV in Fig. 8. We see
similar variations of the disappearance channel probability
P,, at maxima energy of 7 GeV in Fig. 9. Energies of
6.5 GeV and 7 GeV are chosen as they correspond to the
maxima in P, P,, channels at this baseline, respectively.
The effect of sterile mixing angles and phases on octant
sensitivity in the P, channel at other energies can be seen
in Fig. 4. The following facts can be noted:

(i) Unlike at 1300 km, the P,, probability bands of
opposite octant at 7000 km are clearly separated. It
suggests that even with the variation of phases and
6,3 in both octants, the octant degeneracy can be
clearly removed at higher baselines.

(i) In P,, channel, the LO and HO bands are mostly
separated apart from the occurrence of WO-Wd 3
(left panel), WO-R&,4,/Wé,4 (right panel) degener-
acies respectively around &3, 8,4 values of +150° in
a tiny region. This suggests contributions to the

0.1

NH, 7000 Km, 6.5 GeV
Ay=1eV?, 0,:7, 0,27
s

6,,=-180:180" 6,,=-180:180"

0 . . , . . . . . .
<180 120  -60 0 60 120  180-180 -120 -60 0 60 120 180
615(9) 6.,(9)

FIG. 8. P, vs 63(left), and & 4(right) for variation of the
respective another phase at neutrino energy 6.5 GeV at 7000 km

baseline for NH.

0.4

6,,=-180:180"

NH, 7000 Km, 7 GeV

Ay=1eV?, 0,47, 0,7
s

6,=-180":180"

03 n n n n n n n n n
S180 -120 -60 0 60 120 180-180  -120 60 0 60 120 180
6,3(°) 6.4(°)

FIG. 9. P, vs op3(left), and &4(right) for variation of the
respective another phase at energy 7 GeV at 7000 km baseline
for NH.

octant sensitivity also come from the P,, channel.
The sensitivity of the octant in P,, comes from the
first term in (27), which has a more significant
contribution at 7000 km than 1300 km as noted in
Fig. 2 due to larger matter effect.

V. EXPERIMENTAL AND SIMULATION
DETAILS OF THE LARTPC DETECTOR

As a typical example for the long baseline analysis, we
consider an experimental setup consisting of a near detector
(ND) and far detector (FD) exposed to a megawatt-scale
muon neutrino beam produced by Long Baseline Neutrino
Facility (LBNF) at the Fermilab. The ND will be placed
close to the source of the beam, while the FD, comprising a
LATrTPC detector of 40 kt will be installed 1300 km away.
The large LArTPC detector at this depth will also collect
atmospheric neutrinos. In this analysis, we have used
beams coming from the accelerator as well as neutrinos
generated in the atmosphere by cosmic ray interactions.
The experimental setup considered in our work is similar to
that proposed by the DUNE experiment [87,88].

A. Events from beam neutrinos

We use a beam power of 1.2 MW, leading to a total
exposure of 10 x 10?! protons on target. The neutrino beam
simulation for the experiment has been carried out using the
GLoBES [82] software with the most recent publicly
available configuration file [89]. We assume experimental
run time for 3.5 years each in the neutrino and the
antineutrino mode with a total exposure of 280 kt-yr.

We have plotted the electron and muon events spectrum
for 1300 km baseline considering normal hierarchy with
sterile mixing angle of 0,4, 0,, = 7° at fixed phases §;3 =
—90°, 6,4 = 90° in Fig. 10. There are differences between
the spectra of the events for the true value of 0,3 = 41°
(green) in LO with the values of 6,5 in HO for 46° (orange),
50° (blue). This is indicative of the octant sensitivity. It
should be noted that although the green spectrum is closer
to the orange one (46°) for electron events (left panels), for
muon events (right panels) the green one is closer to the
blue one (50°). This indicates that the maximum sensitivity
occurs at different 6,3 values in the opposite octant for
electron and muon events. This will lead to the synergy
between electron and muon events when we compute the
combined octant sensitivity at y? level. The maximum
difference in events is observed in the energy region of
2-4 GeV, where the spectra of the event have maxima in the
case of both electrons and muons. We present bievents plots
in Fig. 11 considering the total no of electron neutrino and
antineutrino events obtained by integrating over the full
energy range. The elliptic regions are due to variations
in the relevant phases over their full range. This figure
shows that in the case of three-flavor oscillation framework
the ellipses for 6,; being in two different octants are
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FIG. 10. Electron (left) and muon neutrino (right) event
spectrum for neutrinos (top) and antineutrinos (bottom) as a
function of energy for true 6,3 = 41° (green) with true phases
S13 = —90°, 6,4 = 90° at 1300 km for test values of 6,3 = 46°
(blue) and 6,3 = 50° (orange) for NH.
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FIG. 11. Bievents plot in v, — b, plane for 6,3 = 41° (red,
green), 49° (blue, yellow) at 1300 km with variation of phases &3,
814 corresponding to 64,054 = 7° (left), 4° (right) for NH.

well-separated, showing no octant degeneracy with com-
bined v, + 7, events of 3.5 + 3.5 years with 40 kt LATTPC
detector. Now, if in the presence of an additional sterile
neutrino, these ellipses turn into blobs, a combination of
many ellipses [59]. From this figure, we can see that the
separation between the green (LO) and yellow (HO)
regions increases with smaller values of sterile mixing
angles 64, 0,4, leading to an enhanced octant sensitivity.

B. Events from atmospheric neutrinos

The atmospheric neutrino and antineutrino events are
obtained by folding the relevant incident fluxes with the
appropriate disappearance and appearance probabilities,

charged current (CC) cross sections, detector efficiency,
resolution, detector mass, and exposure time. The y~, and
e~ event rates in an energy bin of width dE, and in a solid
angle bin of width dQ, are as follows:

d’N, _ DerZ
dQdE  2rx

d’o o
“_|p ——=<_ P, |, (44
dcosGdE) ””+<dcos0dE> e”] (44)

d®N, DX d’o, d’®
== P ———— |P.|. (45
dQdE 2z { <d cos6dE) T\ dcosadE ) (45)

Here ®, and @, are the v, and v, atmospheric fluxes
respectively obtained from Honda et al. [90] at the
Homestake site; P,,(P,,) and P,, are disappearance and
appearance probabilities; X is the total charge current (CC)
cross section and D is the detector efficiency. The u*, and
e event rates are similar to the above expression with the
fluxes, probabilities, and cross sections replaced by those
for 0, and v, respectively. For the LArTPC detector, the
energy and angular resolution are implemented using the
Gaussian resolution function as follows:

\/Elf—m exp [— —(Emz;zEt)z] . (46)

et_gmz '20t t m2
Ry, (@0 Q) = Nexp [J ) ;(s;ne ‘ ($— ¢ >]’

RED (Et’ Em) =

(47)

where N is a normalization constant. Here, E, (€,,,) and E,
(©,) denote the measured and true values of energy (zenith
angle) respectively. The smearing width ¢ is a function of
the energy E,. The smearing function for the zenith angle is
a bit more complicated because the direction of the incident
neutrino is specified by two variables: the polar angle 6, and
the azimuthal angle ¢,. We denote both these angles
together by Q.. The measured direction of the neutrino,
with polar angle 6, and azimuthal angle ¢,, which
together we denote by €, is expected to be within a cone
of half-angle A@ of the true direction. Assumptions of the
far detector (LArTPC) parameters are mentioned in
Table III [91].

1. Charge identification using muon capture
in liquid argon

Magnetizing the large 40 kt LArTPC detector is difficult
and expensive, but the charge id of the muon can be
identified using the capture vs decay process of the muon
inside the argon as studied previously for the DUNE
detector [92]. We have implemented the charge id of the
muon as follows: some fraction of the x4~ like events that
undergo the capture process are identified using capture
fraction efficiency, and the rest of the muons, as well as all
the u* undergo muon decay. The lifetime of the muon
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resulting from the capture and decay processes can be

written as
1 -1
. <_+ 0 ) , (48)

Tcap Tfree

where 7, is the lifetime in the capture process, 7f.. is the
decay lifetime, and Q is the Huff correction factor [93]. We
can define u~ capture fraction as

ew— T (49)

7:cap Tfree

We use the most precise value of x4~ lifetime in argon [94],
u~ capture fraction becomes €’ = 71.9%. Electron charge
identification is impossible at GeV energies and electron
events are summed for each energy and angular bin. For the
sensitivity calculation, the y~ and ut are separated as
follows; the p~ events selected that undergo muon capture
are given by

N.

i P =€ XN, (50)

and the remaining = events are included within the u™
event bin as follows:

Nreﬂt

it + N;

(1 - ecap)Ni‘J e

ijut (5 1)
In Fig. 12, we show the absolute differences of atmospheric
events between HO and LO in E, - cos 8, plane for u™ + p~
(left), and et + e~ (right). This clearly shows that the
difference is larger at the matter-resonance region, as
observed from the probability oscillogram plot in Fig. 3.
The electron event spectrum shows a significant difference
in the energy range of 2-8 GeV for cos#, range of
—0.5:-0.9. The muon events also contribute, especially
in a few parts of the energy range 3—8 GeV for cos 6, range
of —0.5:—0.9. This plot captures the octant sensitivity at
different baselines and energies for fixed values of oscil-
lation parameters.

A N=|N(0,,=50)-N(0,,=40)| Plot, 8,,:7',0,::7', A,,=1 V>, NH

0.5

-1 -0.8 cos0, -0.4 -0.2 -1 -0.8 cos0, -0.4 -0.2
FIG. 12. The difference of atmospheric events between HO and
LO has been plotted in E, — cos 8, plane for e™ + e~ (left), and
U+ u (right) events.

)(2 (gk) = Z ! Nex
I\

C. x* analysis

The computation of y? is performed using the method of
pulls. This method allows us to take into account the
various statistical and systematic uncertainties in a straight-
forward way. The flux, cross sections and other systematic
uncertainties are included by allowing these inputs to
deviate from their standard values in the computation of
the expected rate in the i — jth bin, N{Jh Let the kth input
deviate from its standard value by o\, where oy is its
uncertainty. Then the value of ijh with the modified inputs
is given by

npull
NI = N (std) + Zc £ (52)

where N{'(std) is the expected rate in the i~ jth bin
calculated with the standard values of the inputs and
npull=5 is the number of sources of uncertainty. The
&’s are called the pull variables and they determine the
number of ¢’s by which the kth input deviates from its
standard value. In Eq. (52), ck ¢;; is the change in ijh when the
kth input is changed by oy (i.e., by one standard deviation).
Since the uncertainties in the inputs are not very large, we
only consider changes in ijh that is linear in &. Thus, we

have the modified y? as

[Nyh (Std) + ZEPUIH CE ex npull

Zék, (53)

where the additional £2-dependent term is the penalty
imposed for moving the value of the kth input away from
its standard value by o&. The y?> with pulls, which
includes the effects of all theoretical and systematic
uncertainties (as mentioned in Table III), is obtained by
minimizing y*(&) with respect to all the pulls & as
follows:

ij

g = Ming [ (&)]. (54)

TABLE III. Assumptions of the LArTPC far detector param-
eters and uncertainties.

Parameter uncertainty Value

ut/= Angular 2.5°

e/~ Angular 3.0°

GLB files for each E bin [89]
GLB files for each E bin [89]

/=, e*/7) Energy
Detection efficiency

Flux normalization 20%
Zenith angle dependence 5%
Cross section 10%
Overall systematic 5%
Tilt 5%
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TABLE 1V. True values of all the oscillation parameters and
their range of marginalization. Two different sets of 0,4, 0,4 are
considered. Set A is according to Global fit. Set B is taken
considering MINOS+ bounds.

Parameter True value Marginalization range
0, 33.47° N.A.

0,3 8.54° N.A.

053 49°(41°) 39°:44°(46°:51°)
014, 024 (A) 7° 3°:9°

014, 024 (B) 4° 0°:6°

Az 7.42 %1075 eV? N.A.

Az 2,515 x 1073 eV? N.A.

Ay 1 eV? N.A.

0135 O1a many —180°:180°

In the case of a LArTPC detector without charge-id and
with change-id, y? is defined as

X%v/ocharge—id :Zﬁ:ﬂﬁ +Z§’+e+’ (55)
)(gharge—id - )(/24* +)(124+ +}(3_+e+ . (56)

Finally, Ay? is marginalized over the oscillation parameters
as mentioned in Table IV.

VI. RESULTS AND DISCUSSION

The results are demonstrated for beam only, atmospheric
only, and a combination of both of these. We also explain
the underlying degeneracies through the contour plots of
octant sensitivity in §;3 — d14 test plane. In Fig. 13, the
sensitivity to the octant of 6,5 degeneracy (Ay?) has been
plotted as a function of true §;3 for NH. The marginalized
Ay? values for true 6,5 = 41° (blue), 49° (red) have been
shown for true 6,4 = 0° (left panel), 90° (right panel). The
observable points are as follows:

(1) The sensitivity of #,5 is prominently higher for LO

as compared to HO for most of the 6{3° values.

30
61/=90°

201

Ay?

LO
10 \ 30

o ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
-180 -120 -60 0 60 120 180-180 -120 60 0 60 120 180
61() 6159

FIG. 13. Sensitivity to the octant of 8,3 with beam only analysis
as a function of §73° due to 653° = 41° in LO (blue), and 49° in
HO (red) for 8i}° = 0° (left), 90° (right).

(ii) The Ay? vs 8,5 curve has strikingly different features
for different 8{3° values as can be seen from the two
panels in Fig. 13.

(iii) For 8{4¢ = 0° and LO the highest sensitivity comes
around 6,3 = £+120°. This feature can be understood
from Fig. 6 which shows that there is no degeneracy
in P,,(P;;) channel at 6,3 = 120°(—120°).

(iv) On the other hand for 84° = 90° the maximum
sensitivity occurs for d;3 = —90°. From the red
dashed curves depicted in the bottom panels of
Fig. 6, we can see that this sensitivity comes from
Py channel.

(v) For HO and 67} = 0° the octant sensitivity is higher
around the range 6,3 = —60°:60°. From the solid
green curve drawn in the top panels of Fig. 6, we can
see that there is no degeneracy in the range
—120°:0°(0°:120°) comes from P,,(P;;) channel
with a maximum difference between the HO curve
and the LO band occurring at §;3 = —60°(60°).

(vi) In case of 84 = 90° in HO, the highest sensitivity
is at §;3 = 90°. From the top panel in Fig. 6, it
can be seen that is no degeneracy in P;; around
613 — 900.

In the above discussion, we try to explain the salient
features of Fig. 13 in terms of the probabilities plotted in
Fig. 6 for an energy of 2.5 GeV. However, it should be
borne in mind that the source has a broadband beam and
contributions from other energy bins also influence the
Ay?. In Fig. 14, we have shown the sensitivity to the octant
of 0,5 for atmospheric neutrinos without and with partial
charge id of muon events (blue and violet curves respec-
tively) as well as combining both beam and atmospheric
data (green and orange curves) using the 40 kt far detector.
In the figure, we also present the Ay? for beam only data
(red curve). These plots are obtained for true values of

30

T T T
. NH, [3.5+3.5] yrs , 61:0° .
B=al® 161, B51=7, 16f, 651=3':9 65,=49°

\ (6%, 6i3)=-180: 180 P

- Beam only

- Atm (w/o charge id) only

- Atm (w/o charge id) + Beam
- Atm (charge id) only

o - Atm (charge id) + Beam

?180 71‘20 7(;0 0 6‘0 1;0 180-180 71‘20 7‘60 0 (;0 1;0 180
6i5(°) 635(°)
FIG. 14. Sensitivity to the octant of 0,5 as a function of 5J3° at
84 = 0° for 053¢ = 41° (left) and 49° (right). The representative
plots are shown for simulated data from beam only (red),
atmospheric only without charge-id (blue), atmospheric only
with charge-id (violet), beam + atmospheric without charge-id
(green), and beam + atmospheric with charge-id (yellow) analy-
sis with 280 kt-yr exposure.
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0,3 = 41° (left), and 49° (right) respectively. Here are the
observations from Fig. 14:

(i) The sensitivity for atmospheric data is less than 2o
for HO and slightly higher than 26 for LO for whole
SY%¢ parameter space.

(i) For the case including charge id, the sensitivity
increases slightly. In matter P,,, and P probabil-
ities are very different due to the presence of
resonant matter effect in P,, since we are consid-
ering normal hierarchy. This leads to a synergy when
neutrino and antineutrino y* are added separately
and enhances the sensitivity.

(iii) Combining atmospheric and beam data, the sensi-
tivity increases up to more than 4¢(3¢) for LO(HO)
depending on the values of &/3°.

(iv) The Ay? for atmospheric data has very less depend-
ence on 8}3°. Therefore, in the combined case, the
nature of Ay” is mostly dictated by the beam data.

The percentage of values of 6]3° for which Ay? value of

octant sensitivity for true value of 8,4, 8,4 = 7°is above 20,
and 3o are shown in the above Table V:

(i) The percentage of values of the 6}§° for which 3o
sensitivity is achieved, is higher for 653° in lower
octant than in higher octant.

(ii) The sensitivity for 653 = 41° (LO) is more than 3¢
for 46%(32%) values of the 83 for 614 = 0°(90°)
with beam only data. However, in case of 65}° = 49°
(HO) 30 sensitivity isn’t observed for any values of
8% as 20 sensitivity is achieved for 42%(100%)
values of the 6J3° for &7} = 0°(90°).

(iii) For the combination of both the beam and the
atmospheric data (without charge-id), the sensitivity
for 6,3 = 49° increases to more than 3¢ for 38%
(30%) values of the 13 while for 41° the whole &3°
parameter space is allowed.

(iv) When we use the combined data for beam, and
atmospheric neutrinos with charge-id, the sensitivity
improves further to provide more than 3¢ for all 5{3°
values 0,3 = 41° and for 53%(48%) of &73¢ values
corresponding to 8{4¢ = 0°(90°) for 6,3 = 49°.

In Fig. 15, the octant sensitivity is depicted as a function of
814 corresponding to 655¢ = 41° (blue) and 49° (red) for

TABLE V. The percentages of 83 parameter space that has e
value above 20, 3¢ for various combination of true values of 6,3,
814 and 04, 60,4, = 7° as seen in Figs. 13 and 14.

50 50

T T v
NH, 6%, 6%]=-180: 180"
161, 6%,1: 4, (81, 85]=0": 6

. .
I\ 8o ge-id)+Beam, LO
i 0

----= Beam only, H
a0f ~ 4 40H —- Atm(charge-id)+Beam, HO

30F

AY*

20 ™

10}

0 . . . . . 0 . . . . .
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6% ) 65 )

FIG. 15. Sensitivity to the octant of 8,5 with beam only (dotted)
and beam + atmospheric with charge-id (dashed) analysis as a
function of &3 for true values of §;, = 0° (left), 90° (right). The
representative plots are shown for true values of 8,3 in HO (red),
LO (blue), and 0,4, 0,4 = 4°.

true values of 84, 65, = 4°. In the left panel, 61} is taken as
0°, and in the right panel, it is 90°. The dotted curves denote
sensitivity for beam only cases, whereas, the dashed ones
are for beam 4 atmospheric (with charge id) cases. We
observe the following in Fig. 15:

(i) An increase in the sensitivity in beam only and
beam + atmospheric scenarios compared to the
sensitivity obtained for the true value of 64, 6,, =
7° (Fig. 14).

(i) The sensitivity for 6,3 =49° is more than 3o
irrespective of &3¢ values when we consider the
beam + atmospheric (with charge-id) analysis.

(iii) For true value of 0,3 = 41°, the octant sensitivity is
greater than 4o over the full range of 43

The percentage of 83 values for which more than 20, 36
octant sensitivity for true value of 8,4, 65, = 4° is achieved
have been enlisted in Table VI. One of the noteworthy
features of a liquid argon detector is its sensitivity to both
electron and muon events. In order to explore if there is
any synergy between these, we show in Fig. 16 how the
value of y? for octant sensitivity from muon (red) and
electron events (blue) varies with 653'. These sensitivity
curves are obtained using true values of 6,3 =41°
d13 = —90°, 614 = 90° for beam (left) and atmospheric

TABLE VI.  The percentages of §3¢ parameter space that has e
value above 20, 3¢ for various combination of true values of 6,3,
O14, and 6,4, 6,4 = 4° as seen in Fig. 15.

053 O14 Above 20 Above 36 Above 20 Above 3o

03 6,4 Above 26 Above 36 Above 26 Above 3o

Beam + atmospheric w/o(with) charge-id Beam

Beam + atmospheric with charge-id Beam

True value 3.5+ 3.5 Years, 04, =7°,60,4 =7° True value 3.5+ 3.5 Years, 0, =4°,6,, =4°

41° 0° 100%(100%) 100%(100%) 100% 46% 41° 0° 100% 100% 100% 100%
49° 0°  100%(100%) 38%(53%) 42% 0% 49° 0° 100% 100% 100% 50%
41° 90° 100%(100%) 100%(100%) 100% 32% 41° 90° 100% 100% 100% 75%
49°  90° 100%(100%) 30%(48%) 100% 0% 49° 90° 100% 100% 100% 36%
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FIG. 16. Octant sensitivity as a function of 653" from beam
(left), and atmospheric (right) neutrinos using 280 kt-yr exposure
of LArTPC detector with 65, = 41°, 6, = —90°, &}, = 90°.

(right) neutrinos. The observations from Fig. 16 are as
follows:

(1) In the case of beam neutrinos, the octant sensitivity
for appearance channel increases with 653" whereas
the sensitivity for disappearance channel mimics the
nature of sin” 26,5 with minima at 41° and 50°. This
different feature of octant sensitivity for P, P,,
channels can be seen in Fig. 10. When we combine
these two channels, the position of minimum sensi-
tivity at 053" = 50° is still guided by muon events but
due to the rising nature of electron y” a large octant
sensitive contribution gets added and increases the
overall value of the y?.

(i) For atmospheric neutrinos, both muon and elec-
tron y? are similar. The muon y? is dictated by
probabilities P,,, P,,, and the octant sensitivity
coming from these channels is opposite, which
dilutes the sensitivity for muons. On the other hand,
for electron events, the octant sensitivity comes from
only P, since P,, doesn’t depend on 6,3. Therefore,
even though atmospheric v, flux is almost twice as
v, flux, both muon and electron events can give
similar values of y?. These features were also noted
in three-flavor case in [16].

In order to understand the 60,3 — ;35 — d;4 degeneracies
listed in Table II, we have provided the contour plots in
013-014 plane showing the regions with octant sensitivity
more than 3¢. In Fig. 17, the 30 contours are shown for the
true value of sterile CP phase §;, = 0° with four different
true values of §;3 = —90°,0°,90°, 150°. In each panel, solid
(dashed) lines represent the RO (WO) solutions. The blue,
yellow (violet, red) correspond to contours from beam
only (beam and atmospheric combined) analysis for
053¢ = 41°,49°, respectively.

The noteworthy observations from Fig. 17 are as follows:

(1) In panel a, the solid contours spanning the full range
of ;4 indicate true solutions with poor precision in
814 for both 053¢ = 41°,49°. We also observe dashed
contours indicating WO-R&;3-Wd,4 solutions for
both 65%¢.
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61, O%,): 7' [0 651=3":9"
P (a) 3.5+3.5] years, NH (b)
90 -

N 7
e I
i
\ il
-180 ol

180
8590/, B0’
©

T
1
[ 61i=150, 620" !
\
1
\

—_
=
-~

N
(RN
\/;1]/

::'; 0 30 Levels ®
©w
< True value /
—- 41-WOB /
49-WO B
~ 41-ROB
o s,
—- 49-WO B+A f A
— 41-RO B+A { ,/\\
—  49-RO B+A Y
1 \
H 1 \
-180 - ri
-180 -90 0 90 180-180 -90 0 90 180
850) (0]
FIG. 17. 3o contour plot of sensitivity to the octant of 8,5 in test

813 — 814 plane with 7 years of data for 8% = 0° and &3¢ =
—90°,0°,90° 150° in panels a,b,c,d respectively. The represen-
tative plots are shown for the true value of 8,3 = 41°in LO (blue
and violet) and 49° in HO (yellow and red) for right octant
solutions(solid) and wrong octant solutions(dashed) for simulated
beam only (B) and beam + atmospheric (B + A) data.

(i1) Inpanelb, the precision of the true solutions improves
significantly. A small region of WO solutions for
053¢ = 49° occurs adjacent to the true value. We also
find WO-R&,3-Wé,, solutions for 053¢ = 41°.

(iii) Comparing the true solutions in panels ¢ and d but
the precision of 6,4 is notably better in d. In these
panels, WO solutions are present for only
053¢ = 49°. For 043¢ = 41°, the octant can be de-
termined at more than 3¢ sensitivity as seen from the
solid blue curve in the left panel of Fig. 13 and hence
WO solutions are not observed. In panel ¢ we find
WO-R63-Wdy4 solution whereas the WO-RJ;
solutions are observed in panel d.

(iv) Inclusion of atmospheric analysis shrinks all the
contours improving octant sensitivity. The choice of

13¢ affects the precision of RO solutions as well as
the occurrence of degeneracies.

TABLE VII. The degeneracies for different true value of 3
with true 64, = 0° as seen in Fig. 17.

True 6,3 True 0,4 Present degeneracies

-90° 0° WO-R63-Wé 4

0° 0° WO-RS;3-R614(49°), WO-RS,3-W5,4(41°)
90° 0° WO-RS3-W5,4(49°)

150° 0° WO-RS;3-R614(49°), WO-RS,3-W5,4(49°)
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180
; I
o= 615=0', 61,=90" 7
/ i, 0%: 7, 16,
90

TABLE VIII. The degeneracies for different true value of d;3
with true 64, = 90° as seen in Fig. 18.

13 ol

(a) 30 Levels (b)

g0 < Truevalue

— 41woB ||
49-WOB
~ 41-ROB ’\’
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\\ =150, 67:290°
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-180
180
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-180
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850) 650)

FIG. 18. 30 contour plot of sensitivity to the octant of 0,5 in test
013 — 014 plane with seven years of beam only simulated data for
8¢ = 90° and 81%° = —90°,0°,90°, 150° in panels a, b, ¢, and d,
respectively. The representative plots are shown for true value of
6,3 = 41° in LO (blue) and 49° (yellow) in HO for right octant
solutions (solid) and wrong octant solutions (dashed).

Similarly, we have plotted the 3¢ contours in Fig. 18
showing WO (dashed), and RO (solid) solutions with respect
to true values of 6,3 = 41° (blue), and 49° (yellow) for the
true value of 6,4, = 90° with 6,3 = —90°, 0°,90°, 150° using
beam-only analysis. The observations from Fig. 18 are as
follows:

(1) In panel a, we see the WO-R§ ;5 solutions spanning
the full range of 6,4 for only 053¢ = 49°. We also find
true solutions with notable precision in 84 for both
053¢ = 41°,49° as compared to panel a in Fig. 17.

(ii) In panel b, the precision of ;4 in true solutions
deteriorates with respect to panel a covering the
full 6,4 range. We observe a small region of
WO-R53-Wéy4 solution for 053 = 49°, along with
a bigger region of WO-Rd;3-Wdy, solution for
e = 41°.

23

(iii) In panels ¢ and d, the true solutions show better
precision in §;4 as compared to the same panels
in Fig. 17. We can also observe for 05}¢ =49° a
tine region of WO-Wd;3-Wdy, in panel ¢ while in
panel d WO-R&3-Wd,4 solutions occur. There are
WO-R5;3-Wéy, solutions for 655¢ =41° in both
panels ¢ and d but the region is smaller in c.

(iv) Overall, we see the precision of the RO true
solutions along with the size and type of WO
contours depend on &73¢ for fixed &3¢

The most common degeneracies seen in Figs. 17 and 18 are
WO-R93-Ré14, and WO-RS3-Wé 4. It indicates that the

True 65 True o4 Present degeneracies

—90° 90°  WO-RS5-R5,,(49°), WO-RS5-W,,(49°)
0° 90° WO-R6,3-Ws,,
90° 90°  WO-W6,5-W5,4(49°), WO-RS,5-W,,(41°)
150° 90° WO-RS,3-Ws,,

presence of §;, creates more problems in precise measure-
ment of the octant of 8,5. We also observe true solutions with
poor precision in d4. If we repeat the above analysis for true
values of 04, 0,, = 4° along with marginalization in the
range of 0-6°, the 3¢ contours get smaller due to higher
octant sensitivity.

The regions under 3¢ sensitivity in the contour plots of
Figs. 17, and 18 can be understood using the difference in
the probability plots in §;5 — §;4 plane. We will mainly
focus on the dominant P,,, channel to understand the effect.
In Fig. 19, the contour plot in test d;3-6;4 plane represents
the difference between the probabilities P,, of opposite
octants while varying the 6,3 value only in same (left) /
opposite (right) octant for the true 6,3 = 49° (top), 41°
(bottom) with 8}, = —90°, 6], = 0° corresponding to panel
a of Fig. 17. The understandings are as follows:

(1) First, we consider the right octant solutions in the
panels at the left side column. It can be clearly seen
that the black and darker red regions around the true
value on the left side of §;5 — d;4 plane where the
difference in the probability is minimum in Fig. 19 is

A P, Contour Plot [6}5:-90’, 6,:07]

1(9)

6

6%
90 180 -180-90

L180

61309

FIG. 19. Contour plot in test 63 — dy4 plane showing the
difference in probability AP,, with 6,3 being fixed at one octant
while 6,3 varies in the opposite octant for WO solutions (right)
and in the same octant for RO solutions (left) at true values of
013 = —90° 8614 = 0° 0,3 = 49° (top), 41° (bottom). Black and
dark red show the least differences, while blue and white show the
highest.
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similar to the 3¢ regions under the solid curves in
panel a of Fig. 17. These darker regions also indicate
poor precision of 4.

(i) For 49°-WO solution, minima arise in the darker red
region including the true value in the top-right panel
of Fig. 19 similar to the yellow-dashed contour in
panel a of Fig. 17. Similarly, for 41°-WO solutions in
the bottom-right panel, the minimum difference is
observed in the darker red region just above the true
value similar to the blue-dashed contour in panel a of
Fig. 17. These darker red regions clearly show
precise WO-R§3-Wé,4 degenerate solutions.

VII. CONCLUSIONS

In this work, we expound the possibility of determining
the octant of 6,3, in the 3 + 1 framework, assuming the
presence of an extra sterile neutrino in addition to the three
standard ones. We present our results for a beam-based long
baseline experiment as well as for atmospheric neutrinos
considering a LArTPC detector. We also do a combined
analysis of beam and atmospheric neutrinos and probe the
synergies between these two options, which can result in an
enhanced sensitivity. For the beam neutrinos, the typical
baseline considered in our study is 1300 km, similar to that
proposed by the DUNE Collaboration. We provide the
analytic expressions for oscillation probabilities in the
presence of an extra sterile neutrino using the approxima-
tion that the mass squared difference A,; is zero. We show
that these expressions match well with the numerical
probabilities, especially in the resonance region.

We study in detail the different parameter degeneracies,
emphasizing especially the influence of the phases 3, d14
in the determination of octant of 6,3. This is done by
plotting the probability curves for two different 6,3 values
belonging to the opposite octants: (i) as a function of
813/6,4 for fixed energy and baseline; (ii) as a function of
energy, for varying d,3, d;4 at fixed baselines. We also
illustrate (iii) the difference in the appearance and dis-
appearance probabilities for two values 6,53 belonging to
opposite octants in the cos @, — E plane.

We perform a y? analysis and show that for a set of true
values of sterile parameters, one can achieve more than 3¢
octant sensitivity depending upon the true value of &5
using beam neutrinos. The representative true values of the
sterile neutrino parameters considered by us correspond
to A41 =1 CV2, [914,924] = 7° and 40, 514 = 00, and 900,
034 = 0°. For true values of 0,4, 0,4 = 7°, 0,3 = 41°(49°),
and 6,4 = 90° one gets more than 3¢ sensitivity for 51%
(18%) of the 673 space. On the other hand for true values of
014,054 = 4°, the sensitivity for 8,3 = 41°(49°), and &4, =
90° reaches more than 3¢ sensitivity for 75% (36%) of the
8% space. It can be noted that greater sensitivity is
obtained when true values of 8,4, 6,4 are smaller.

In case of 0y4,0,, = 7°, combining the beam and the
atmospheric neutrinos (with charge-id), we can obtain 3¢

sensitivity in the 100%(48%) of the &3¢ space for
03 = 41°(49°), 5,4, = 90°. However, the sensitivity for
0y = 41°(49°), 8,4, = 90° is over 3¢ for entire range of
5&%18 when 914, 924 = 4°.

At fixed hierarchy, there can be a total of eightfold degen-
eracies (Table II) with at least one of the parameters—
octant of 6,3, 813, 014 assuming a wrong value. We also
identify the extra degeneracies due to the presence of ;4
assuming the normal hierarchy and summarise these in
Tables VII, and VIII. We can conclude that the presence of
the phase 014 leads to the occurrence of new degeneracies
that hinder the discovery of the octant of 6,5 precisely.

In summary, the combination of the beam and the
atmospheric neutrinos provides promising results using a
LArTPC detector in the presence of an eV scale sterile
neutrino.
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APPENDIX: PROBABILITY CALCULATION
USING CAYLEY-HAMILTON FORMALISM

We will now find out the analytic probability using the
Cayley-Hamilton formalism [95-97]. We calculate the time
evolution operator and do not introduce auxiliary matter
mixing angles.

The flavor eigenstates y, and mass eigenstates y,; are
related as

vi= Y Ulw, (A1)

j=e.uz,s

where U,; is component of unitary mixing matrix corre-
sponding to mixing between y,, v ;,

U = R34(034, 834) R4 (024)R14(014, 514)Ra3(023)

X Ry3(013,813)R12(0)2). (A2)
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The Schrodinger equation in mass basis is given as

o) = Hop ), (A3)

where total Hamiltonian H,, in mass basis, and interaction
Hamiltonian V; in flavor basis are given as follows:

H,=H,+U'VU, (A4)

V; = Hy, = diag(24’,0,0,A). (A5)

Equation (A3) gives the solution with time-evolution
operator e~"n’ as

W(t) = ey, (0). (A6)

We get the solution in terms of distance L traveled by
neutrinos in time f as

Ym (L) = l//m(t: L) = e_lell//m (0) =U, (L)l//m (O) (A7)

Solution in flavor state v, is expressed at t = L as

wi(L) = Upy(L) = Ue "' U™ Uy, (0)

= Ue™ Uy s(0) = Uy (L)ys(0).  (A8)

We will calculate the time evolution operator, i.e., the
exponential of the matrix 7, using the Cayley-Hamilton
theorem. We construct a traceless matrix out of H,, as

1
H,=T+ 1 (trH,,)1. (A9)
The time-evolution operator is then redefined as
U, (L) = e Mnl = =L, (A10)

The elements of the traceless matrix 7" in mass basis are as
follows:

T\ = A[—cos? 0,(2 sin @3 cos 0,5 sin @, 4 sin O3 sin 4 cos B4 cOS(513 — 514) + €08 203 sin? O,4)

+28in @1, cos B, cos O3 sin B4 (cos &3 sin B3 sin O3 sin Gy — €08 54 cOs B3 sin B4 cos Oy

+ cos? 01, cos? 03(2 — sin? O,4(sin? O,4 + sin? 0,3) — sin” O},

3A 1

+ c0s? O3 sin O] — — + 1 (=41 — Az — Ayy),

4

(A11)

T\, = A[—sin @, cos 0,,(2sin 03 cos O3 sin @4 sin O3 sin Oy €OS Opy cOS(813 — 514) + €08 26,5 sin” O,y

— $in @3 sin 0,3 cos O, sin” O, (€793 cos? B, — €™ sin® O;,)

+c0s 63 sin 0}, cos O3 sin Oy €08 Or4 (€014 cos? O, — €14 sin® 6, ,)

+sin 0}, cos O}, cos? 03(2 — sin? Oy, (sin® 14 + sin? Oy3) — sin? O,,)],

(A12)

T3 =A[—e®472013¢080,,5in> 055in0) 4 SiNO35iN Oy COS Oy — 147013 5in 6, 5iNG, 5 5INO, 4 COSO,35IN G4 COS O,y

+e7 14 c0s0),c08% 0351604 5N O3 5N 054 COSOry + €013 cOS O, 5InG3c0860,3 (2 —5in? B4 (sin? O 4 +5in%Op3) —sin?H4)]

—Asin#,,cos0;55in0y3c086,35in% 6,4,

Ty = Ale™1 cos 0}, sin 05 cos 0,4 sin O3 sin Oy €0S Ory + €701 cos O}, cos O3 sin 64 cos O 4(2 — cos? O,4)

+ sin 0y, cos B4 cos O,3 sin B4 cOs O],

T, = A[—sin?0,,(2sin6,5c086,35in 0,4 5in 03 8in G4 08 B2y cOS(813 — 814) + 082603 5in% 0,4

+25in6;,cos 6, cos O3 8in 6,4 (c0s 5140803 5inH4 c08Or4 —COS 53 8iN6;35IN 653 8in6y)

+5in% @, cos? 03(2 — sin? 0,4 (sin? @, 4 + sin’ B,3) —sin® ,4) + cos? O3 sin® O] IR (3Ay — Az —Ay),

(A13)
(Al14)

34 1
i (A15)

Ty =A[—e1472%35in ), sin” 0,3 5in 6, 4 SiN O3 8in O, COSOoy + 01471013 cO8 O, 5IN G5 5N 6 4 OSB3 5N 04 COS Oy

+e 1 5in6),,c0s> 03 5in 0,4 5in O3 5in 0,4 cOs O,y + 7013 5in6), 5inO 5 c05 0 5(2 —sin B4 (sin? @ 4 +sin’ O,3) —sin? 0, 4)]

+Acosf;,c0s0;55in0y;3cos0y35in> 6,y

(A16)
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Toy = Ale™15 sin 0}, sin 0,5 cos 0,4 sin O, sin B4 cos O + 7014 5in @, cos O, 5 sin B4 cos 04 (2 — cos? Oy,

— €080}, cos 04 cos O3 sin O, cos O,4], (A17)

T33 = A[2sin 03 cos 0,3 sin 04 sin B3 sin 4 cos O, c0s(513 — 514)

3A 1
+ Sin2 613(2 - Sil’l2 924(51]’12 914 + Sin2 923) - Sin2 914) + Sin2 923 Sin2 624] - T + Z (—A21 + 3A31 - A41), (Alg)
T3, = Ale®37%14 5in 6,5 sin 0} cos 14(2 — cos? 54) — cos O3 cos 04 sin O3 sin Oy cOS O,4], (A19)
2 2 ) 34 1
T4y = Alcos? 014 cos” 0y + 2A sin” 0,4] — T + 3 (—Ay — Az 4+ 3A4). (A20)

The Cayley-Hamilton theorem is used to get the form of the time evolution operator e~'7%. We need to solve the
characteristic equation of matrix 7" given by

/14+C3ﬂ3+02ﬂ,2+6'1j.+00 :O (A21)
to obtain the energy eigenvalues A where the constants are defined as follows:

A2 1 A . . . .
€ =128 A (8sin® 014 +29) + 64 [(—A3, +2A%, A1 + 3A3;A%)) sin 203 sin 0 sin 6,3 sin 20,4 cos (513 — 514)
+ A3, (3 — 4 cos? 03 sin? 0,3 sin? Oy — 4Q sin” 0,3)
+A3,A41(8cos? O3 sin? O3 sin® Oy + 12 cos? Oy — 40 (208?013 + 1) +9)

+A3;A3,(12 cos? 6,3 sin? O3 sin® 04 + 8 cos? Oy +40(1 —3cos? 0)3) + 1) — A, (4 cos? 04 — 40 + 5)]

Ay, 3A%, A3 A, TAR A2 Ay A3 3A%
Z2LA3 —5A2 Ay — 5AL, A2 A3 _ 31 31 31741 31741 41 , A22
Foga (A5 73RN =SAAL H AW T\ m 50t e T s T 256 (A22)
1o 2 A ) ) 2 )
= §A Ay (5—"Tsin*0y4) + §A3] (3 — 4 sin* 6,3 sin* O,4 cos” 013 — 4Q sin” 63)
A 2 A 2 2
—§A41(5+4C0S 624—4Q) +RA31A41<4+8COS 924—5PCOS 613)
A
+ Z (—A312 + A31A41) Sin 2913 Sin 914 Sin 923 Sin 2924 005(513 - 514)
A 1
- % (Aar = Ag1)* 5 (A3, + A3 Ay + 85145, = A), (A23)
A ) ) 2 -2 A 2
C) = ZA31(3 — 48in* 0,3 sin* B4 cos” O3 — 4Q sin” 63) — ZAM (5+4cos* 0y, —40Q)
n, A, . o
- §A - EA:;] sin 2913 Sin 914 sin 923 Sin 2924 COS(513 - 514)
A 1
+ o (B Agp) + ¢ (303 4245,y —34). (A24)
c3 = Trace(T) = 0, (A25)
P =2 —sin? @y, — sin® O, (sin® ;4 + sin® O,3) (A26)
Q =2- Sin2 614 - Sin2 924 Sin2 914. (A27)
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The energy eigenvalues are as follows:

Aip = —% _\/mi \/—Cz — 1o =24/ —4co + t%]’

- (A28)
34 = —% _—mi \/—02 — 1o+ 24/ —4co + f(z)}

- (A29)
where ¢, is a real root of the following equation:

£ — ¢yt — 4ot + 4coey — 2 = 0. (A30)

The general form of probability is given by
44
= S B B, (a3
a=1 b=l

where

(c1 4220 +23)8up+ (o +22) T g+, T2+ T3y
4/13 + Cq +2C'2/1“

(Ba)(zﬂ -

’

(A32)

0.1 T T T T T 0.4 T T
L: 1300 Km L:7000 Km

6
E, (GeV)

FIG. 20. Comparison of the probabilities using GLoBES PfeL
(red), the Cayley-Hamilton method PZ (green), and TMSD
approx. P,, (blue) at 1300 km (left), 7000 km (right) baseline.

and the components of 7, T2, and T3 in flavor basis are
defined as the following:

Top = (@UTU7B), T2 = (aUT?U'|B). (A33)

In Fig. 20, we see that the Cayley-Hamilton probabilities
at lower energies show a better match with numerical
probabilities evaluated using GLoBES, whereas at higher
energies, especially at resonance region, the TMSD prob-
abilities match better, as was also seen in Figs. 1 and 2.
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