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The absence of semitauonic decays of charmed hadrons makes the decay processes mediated by the
quark-level ¢ — dr v, transition inadequate for probing a generic new physics (NP) with all kinds of Dirac
structures. To fill in this gap, we consider in this paper the quasielastic neutrino scattering process
v, +n — 17 + A, and propose searching for NP through the polarizations of the z lepton and the A,
baryon. In the framework of a general low-energy effective Lagrangian, we perform a comprehensive
analysis of the (differential) cross sections and polarization vectors of the process both within the Standard
Model and in various NP scenarios, and scrutinize possible NP signals. We also explore the influence
on our findings due to the uncertainties and the different parametrizations of the A, — N transition form
factors, and show that they have become one of the major challenges to further constrain possible NP

through the quasielastic scattering process.
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I. INTRODUCTION

Over the past few years, several intriguing anomalies have
been observed in the processes mediated by the quark-level
b — clv, transitions, particularly in the ratios R ) [1-11],

B(B — D%,
RD<*) = ( - T_V ) 5 (1)
B(B — D¥¢-u,)

with £ = e, u. These anomalies continuously challenge the
lepton flavor universality, a central feature of the Standard
Model (SM) of particle physics, and arouse a surge of
phenomenological studies of new physics (NP) beyond the
SM in B physics (for recent reviews, see, e.g., Refs. [12—15]).
In view of the potential violation of the lepton flavor
universality in B-meson decays, it is also natural to inves-
tigate if such phenomena also emerge in the charm sector.
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Among the various processes used to probe the phenom-
ena, the ones mediated by the quark-level ¢ — drtv,
transition attract certain attention [16—19]. In particular,
a ratio R somewhat similar to R, can be defined as

(D" - tfy,)
T/ = + )’ (2)
(D" = uty,)

and serve as an important avenue to test the SM in the
charm sector [16,17]. Interestingly enough, the ratio R, is
constructed from the purely leptonic D-meson decays
rather than from the semileptonic ones, which is in contrast
to the ratios R .. The underlying reason for this is that the
largest accessible phase space for semileptonic D-meson
decays is given by mp+ —m o ~1.735 GeV, which is
smaller than the z-lepton mass, rendering the semitauonic
D-meson decays kinematically forbidden. The same con-
clusion also holds for the charmed-baryon decays.

The absence of semitauonic decays of charmed hadrons
makes, therefore, the decay processes mediated by the
¢ — dr'v, transition suitable for probing NP with only a
subset of Dirac structures. For example, the purely leptonic
D-meson decays are known to be only sensitive to the
axial and pseudoscalar four-fermion operators of a general
low-energy effective Lagrangian [denoted by L. as
introduced in Eq. (3)], making the tauonic vector, scalar,
and tensor operators seemingly inaccessible at the low-
energy regime [18-21]. Although these operators can be
probed through the high-p; dilepton invariant mass tails at

T/u
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high-energy colliders under additional assumptions [22,23],
other new processes and observables, particularly the low-
energy ones, are still badly needed in order to pinpoint all
the possible NP Dirac structures. In some cases, these
low-energy processes and observables can also provide very
complementary information about NP [24,25].

In this paper, we will consider the quasielastic (QE)
neutrino scattering process v, +n — 7~ + A, induced by
the quark-level v,d — 7~ ¢ transition. This process is free
from the kinematic problem that the semitauonic charmed-
baryon decays face and involves all the effective operators
of L. However, even with the purely tauonic D-meson
decays and the high-py dilepton invariant mass analyses, it
still cannot provide enough observables to fully pinpoint all
the NP Dirac structures and determine the corresponding
complex Wilson coefficients (WCs). Thus, we will also
propose searching for NP through the polarizations of the 7
lepton and the A, baryon.1 The polarization observables
to be considered in this work involve all the effective
operators of L, and can fill the gap (at least partially),
though they are generally more difficult to measure than the
cross sections. Based on a combined constraint on the WCs
of the effective operators set by the measured branching
ratio of D — 771, decay [17] and the analysis of the high-
pr dilepton invariant mass tails [22], we will perform a
comprehensive analysis of all the observables involved
both within the SM and in various NP scenarios, and
scrutinize possible NP signals.

The hadronic matrix elements of the scattering process
will be parametrized by the n — A_ transition form factors,
which are in turn related to the A. — N (nucleon) form
factors by complex conjugation. However, since a scatter-
ing process generally occupies a negative kinematic range
(¢* < 0) while a decay process happens at the positive one
(¢*> > 0), an extrapolation of the A, — N transition form
factors from positive to negative g> becomes necessary.
This requires that the form-factor parametrization must
possess analyticity in the proper ¢> range [24,25,29]. In this
paper, we will consider three different models with three
different form-factor parametrizations for the A, — N
transition form factors to compute the cross sections and
polarization vectors in various NP scenarios. Our major
results will be, however, based on the lattice QCD (LQCD)
calculations [30], since they also provide the theoretical
uncertainties, which we will propagate to all the observ-
ables considered. Nonetheless, a detailed comparison of all
the observables calculated with different form-factor para-
metrizations will be provided as well.

The paper is organized as follows. In Sec. II, we begin
with a brief introduction of our theoretical framework,

'We note that the polarizations of the final lepton and the
produced nucleon in a charged-current QE neutrino-nucleus
scattering process induced by the quark-level v,d - £~ uorv,u —
¢*d/s transition have also been discussed in Refs. [26-28].

including the most general low-energy effective Lagrangian
as well as the kinematics, the cross sections, and the various
polarization vectors of the scattering process. In such a
framework, we study in Sec. IIT A the total cross section
and the averaged polarization vectors in various NP
scenarios, and then in Sec. III B the differential cross
sections and the Q2-dependent polarization observables.
In Sec. III C, we revisit the scattering process together with
the Q?-dependent observables in the limit of small WCs
(i.e., small g;). The subsequent two subsections contain our
exploration of the influence on our findings due to the
uncertainties and the different parametrizations of the
A, — N transition form factors. Finally, we collect our
main conclusions in Sec. IV, and relegate further details on
the form factors and explicit expressions of the various
observables to the Appendixes.

II. THEORETICAL FRAMEWORK

A. Low-energy effective Lagrangian

Without introducing the right-handed neutrinos, the
most general low-energy effective Lagrangian responsible
for the v,d — 77 c transition can be written as

4G
Lt = _TZFVcd {(1 + g4) Oy + g3 OF + g5 O%

ROk 4 9%0%] | He., 3)

with

oy = (er"PLrd)(7y, PLV:),
OéwR = (Z‘PL,Rd)(%PLUT)7
Ok = (co*Pd)(76,,PLv,), (4)

where Pr; = (1 +y5)/2 are the right- and left-handed
projectors, and ¢** = i[y*,y*]/2 the antisymmetric tensor.
Note that the tensor operators with mixed quark and lepton
chiralities vanish due to Lorentz invariance. The WCs g; in
Eq. (3) parametrize possible deviations from the SM and
are complex in general. Such a framework is only appli-
cable up to an energy scale of O(m,,), with m,, denoting the
bottom-quark mass, above which new degrees of freedom
would appear.

It should be pointed out that the L. can also be presented
in another operator basis, in which the majority of basis
operators possess definite parity (see, e.g., Ref. [19]). The
WCs associated with this set of basis operators can be related
to the g; in Eq. (3) through the following relations:

gva = 91\3 igf,,

And the former become very handy for discussing the D-
meson leptonic decays, since these decays are only sensitive

gsp = 9§ + 9§9 gr = 9%- (5)
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to g4 and gp, as shown in Eq. (23). However, we will focus on
the operators listed in Eq. (4), since we will also take account
of the constraints set through the analysis of the dilepton
invariant mass tails in pp — v, processes at high pr [22],
which are based on the very same set of basis operators as in
Eq. (4) and much severer in general than the ones set by the
DT — 7tu, decay (see the colored regions in Fig. 2).

B. Cross section, form factors, and kinematics

The differential cross section of the QE scattering
process v(k)+n(p) =7 (K') +A.(p'), with p=(m,,0),

p' = (E,.p'), k= (E.k), and k' = (E'.k'), is given by
L K 1y P
4p -k (2n)* 2E' (2x)° 2E,,
x (2m)**(p+k—p' = k), (6)

where the amplitude M can be generically written as [31]

4Gr
V2

when all the effective operators in Eq. (3) are taken into
account. The lepton currents in Eq. (7) are defined as

M="TEy (JHJL etk J“ﬂjgﬁ) (7)

J%aﬂ) = ﬁf(k/ r)F(aﬂ)PLuD (k r) (8)
with T4 = (1,74, 044), While the hadron currents as
J(aﬁ> A O 9
W = (A (p 5[0  dIn(p, s)), 9)
with
1
On =5 (95 + 9p7s).
1
Oty = 51*(9v = Gars)-

03 = gho P (10)
where g, , = (14 g} £ ¢¥). gs p are given by Eq. (5), and
rand s (+ and s) denote the spins of initial (final) lepton
and baryon, respectively. The amplitude squared |M|? is
obtained by summing up the initial- and final-state spins;
more details are elaborated in Appendix B.

The hadronic matrix elements (A, |c0(aﬂ d|n) in Eq. (9)
are identical to the complex conjugate of (n|(Z0\%" d)T|A.,),
which are further parametrized by the A, — N transition
form factors [30,32,33]. Since a scattering process generally
occupies a different kinematic range (¢> < 0) from that of a
decay (¢ > 0), theoretical analyses of the scattering process
require an extrapolation of the form factors to negative g>.
Thus, the form-factor parametrizations suitable for our
purpose must be analytic in the proper g> range.

Interestingly, there exist already several schemes that
meet our selection criterion and have been utilized to
parametrize the A, — N form factors by various models.
For instance, a dipole parametrization scheme has been
employed within the MIT bag model (MBM) [34,35] and
the nonrelativistic quark model (NRQM) [36], and a
double-pole one in the relativistic constituent quark model
(RCQM) [37,38]. Although the form-factor parametriza-
tions in each scheme do not result in pathological behaviors
in the ¢*> < 0 range, only the form factors associated with
the matrix element (N|dy* P, c|A.) were calculated in these
models. The primary scheme we consider was initially
proposed to parametrize the B — x vector form factor [39],
and has been recently utilized in the LQCD calculations
of the A, — N transition form factors [30]. In contrast to
other model evaluations, the LQCD calculation not only
takes care of all the form factors, but also provides an
error estimation. Thus, we will adopt the latest LQCD
results [30] throughout this work. Meanwhile, given that
the model calculations of the N — A, form factors can
significantly affect the predictions of A, weak production
in neutrino QE processes [29,40], we will also analyze
the QE scattering process v, +n — 7~ + A, in terms of the
form factors calculated within the models MBM, NRQM,
and RCQM in various NP scenarios; for more details about
the form factors in these different models, we refer the
readers to Appendix A.

The kinematics of the QE scattering process is bounded
by [24]

a—i—E\/_

m m, +2E°

a—E\/Z
- < 11
m,,+2E_ (11)

where

a=E(m} —my+m; =2m,E) +m,mz,
A=my + (mg 4 2m,E - m?)?

= 2my (my +2m,E + m3).

This condition indicates that the neutrino beam energy E
determines the maximal and minimal values of Q7
(Q? = —¢?), which, in turn, implies that any constraints
on Q2. and Qmln restrict the E selection. An explicit
example is that a minimal requirement for FE
(E Z 8.33 GeV) of the scattering process can be obtained
by using the condition QZ, = Q2. ; this can also be
visualized in Fig. 1 by noting the intersection point of
the red and green curves that represent the E-Q2,, and
E-Q2. relations, respectively. Besides the kinematic con-
straint on QZ.., we also consider the limit from our
theoretical framework. As our analyses are carried out in
the framework of L. given by Eq. (3), to ensure the
validity of our results, we require Q2,, to not exceed
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FIG. 1. Criteria for selecting the neutrino beam energy E, where

the red (green) curve denotes the E-Q> ) relation given by

max (min
Eq. (11), and the blue line represents the condition Q2 <
16 GeV? required by our theoretical framework. The yellow
range indicates the eligible E.

Q2 = 16 GeV?> ~m?. Such a requirement, depicted by
the blue line in Fig. 1, indicates an upper bound
E <1341 GeV, provided that the observables one is
interested in, such as the total cross section, involve

2 . Otherwise, E is not bounded from above, since
one can always concentrate on the lower Q? range, even
though a high Q2,, is available due to a high E.

It is interesting to note that the z-optimized v, flux at the
Deep Underground Neutrino Experiment (DUNE) drops
below 10 m™2year™' at E, > 14 GeV [41,42], which is
close to the upper bound of E shown in Fig. 1. If the
proposed QE scattering process were measured at the
DUNE, one could then explore all the observables con-
sidered in this work within the whole, available Q> range,
while maintaining a relatively high v, beam flux. It should
be pointed out that the neutrino oscillation experiments in
the few-GeV range at DUNE use detectors constructed of
liquid argon (see, e.g., Ref. [43]), where nuclear effects are
significant. But the knowledge of those effects remains
imperfect, which induces important uncertainties for the
experiments of neutrino oscillation as well as the proposed
QE scattering process at DUNE.

C. Polarization vectors of the final lepton and baryon

The polarization four-vector P4 of the 7 lepton produced
in the scattering process v, +n — 7~ + A, can be con-
veniently obtained by using the density matrix formalism
as [44]

o Trp (K )ytys]
PU= "))

where the spin density matrix p;(k’) of the 7 lepton is
given by

(12)

pi(K) = gbar) [A(k’)F<aﬂ>PLA(k)Pwa/)A(k’)} - (13)

Now a clarification of the various symbols in Eq. (13) is in
order. First, the hadronic tensor 7(%%#) is given by

app) _ L ap) [(@p)i
Jlapap) :EZJE" il

1 — a/ U
= STr[ AP )M AP M, (14)

where M|, denotes the Dirac y structure of the hadronic

matrix element <AC|EO§fﬁ )d|n> in Eq. (9). Clearly, M,y
involves not only the WCs g; but also the form factors. The
prefactor 1/2 accounts for the spin average over the neutron
spin. Second, M ¥ = YO A (@)1y0 Ly =7 F(aﬁ>y .
and A(k) = (K + my) is the spin projection operator for a
spin 1/2 fermion with momentum k and mass m;.

The polarization four-vector P}, of the produced A,
baryon can be obtained in a similar way, with the spin
density matrix p,(p’) given by

Pn(P') = Lapap) [A(p’)M(“m/\(p)/\N/lW)A(p’)}, (15)

where the leptonic tensor L, 4) can be written as

aﬂ adp)

_ L LT
=3 ZJ VAP
1 -
= ETI‘ [A(k/)r(amPLA(k)PRF(a//;/)} . (16)

The polarization vectors P}, of the outgoing lepton and
baryon can be decomposed as

Pl = PN+ PEENG )+ PRENG L (17)

where the two sets of four-vectors N, N7", and N%" are

defined, respectively, as

k/| k/ok/
Ly — L
= ()
kx Kk
Ly — -
iy = (o)
k' x (kxk)
LY — -
W = (0 ) (®)

and
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TABLE I.  Values of the input parameters relevant for Eq. (23),
which are all from Ref. [47].

Parameter Value

m, 1.77686 GeV

mp+ 1.86965 GeV

Tp+ 1.04 ps

Gr 1.1663787 x 107> GeV~2

me 1.27 GeV

my 0 MeV

(8.0
= (0-p)

(Nhy = (O, M) (19)

o' x (' < k)]

indicating the longitudinal (L), transverse (7°), and
perpendicular (P) directions of the final 7z lepton and A,
baryon in their reaction planes accordingly. It is then fairly
straightforward to obtain the components of P* in Eq. (17)
through
—(P-N™, a=L,PT. (20)
In order to study the dependence of these polarization
vectors on the neutrino energy E, one often introduces the

average polarizations (P5"), which are defined as [26,45]

meax Pl h

2) e 42

o

(Pa") = (21)

To characterize the overall degree of polarization of the
outgoing particles, one can also define the overall average
polarization (P"") as

(PU) = (P + (PR 4+ (PR (22)

D. Constraints on the WCs of L ¢

Here we discuss briefly the most relevant and stringent
constraints on the WCs g; from the charmed-hadron weak
decays and the high-p; dilepton invariant mass tails.

Given that the semitauonic decays of charmed hadrons
are kinematically forbidden, the D-meson tauonic decays
become the only decay processes that can be used to con-
strain the WCs g; in Eq. (3). Here we consider the Dt —
77v, decay with its branching ratio given by [18,19,46]

2 2

B(D+ -ty ) |Vcd| D+mD+m 1 — n;r 2
8 my,
2 2

miy
X1 =gy +gp——L2——| 7pr,
ga T gp m,(m. + my) Dt
(23)

where g4 and gp are introduced in Eq. (5). With the inputs
listed in Table I, |V .,| = 0.22438 + 0.00044 from the global
fit[47],and fp+ = 212.0 £ 0.7 MeV from an average of the
LQCD simulations [48-50], we can obtain the parameter
space of the WCs g; allowed by the measured branching
fraction ~ B(D* — 7tv,) = (1.20 £ 0.244, £ 0.12) ¥
103 [17]; similar works have also been conducted in
Refs. [18,19]. At the same time, constraints on these WCs
can also be set through the analysis of the dilepton invariant
mass tails in pp — 7v, processes at high py [22].

We combine in Fig. 2 the aforementioned constraints at
the 1o level. It can be seen that the most stringent
constraints on g%, ¢%, and g% are set by the high-p;
dilepton invariant mass tails, whereas the bound on g{i is
entirely dominated by the measured branching fraction of
D' — 77v, decay. Meanwhile, although the boundary of
the real part of ¢4 is set by the high-p; dilepton invariant
mass tails, the imaginary part is bounded by the D™ — 7y,
decay, as indicated by the overlapped region in color. It
should be pointed out that all the constraints denoted by the
colored regions in Fig. 2 are obtained by setting the rest of
WCs to zero. In order to fully constrain the NP operators in
Eq. (3), more processes and observables are clearly needed.

Our proposed QE scattering process together with the
polarization vectors, as will be shown in the next section, is

05 0.02

]
]
]

L
v
R
\Z
L
s

0.0 pp = TV,

Tm(g,
Im(g
Im[gL

Dt =ty
05 -0.02
1.0 D > 7y,

pp = TV

Dt 5 1ty

0.03 0.010

0.02]
0.005

]

L
T.

pp - TV, 0.000 pp— TV,

Im[gf]
o
38
Im(g.

-0.005

Dt 5ty

-0.03 -0.02 -0.01 0.00 0.01 0.02 0.03 0.0 05 1.0 15 20
L R
Relgy] Relgy]

-0.03
-0.03 -0.02 -0.01 0.00 0.01 0.02 0.03
Reg%] Relgg]

-0.03 -0.010 d

~0.03-0.02 -0.01 0.00 0.01 002 003 -0.010 -0.005 0.000 0.005 0.010
L
Re[gy]

FIG. 2. Constraints on the WCs g; within the 1o level. The region colored in pink is set by the measured branching fraction of
D" — tty, decay [17], while the region colored in light blue is allowed by the high-p; dilepton invariant mass tails in pp — v,

processes [22].
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L ¥
SM
|

o' (GeV*?)

o N & o ®

9 10 " 12 13
E (GeV)

10

E (GeV)

1 12 13 9 10 1" 12 13 9 10 " 12 13
E (GeV) E (GeV)

FIG. 3. The total cross section o', with ¢/ = 8am25/(G%|V4|?), of the scattering process v, +n — 7~ + A, as a function of the
neutrino energy E. The dark red curve denotes the SM contribution, while the dark blue points represent the total contributions from both
the SM and the NP in the presence of a single g;, whose values are varied randomly within the overlapped regions in color shown

in Fig. 2.

exactly what one is looking for. Before delving into
detailed numerical analyses to justify this statement, let
us take the g® case (i.e., except for g& # 0 all the other WCs
vanish) for a simple illustration. From Fig. 2 we have
observed that the WC g¥ is solely constrained by the D* —
77, decay, as denoted by the pink ring area. For simplicity,
let us drop the errors of the constraint for the moment,
so that the ring now becomes a circle [see Eq. (23)].
Meanwhile, the (differential) cross section of our proposed
scattering process can also provide a constraint, which will
be denoted by another circle [see Eq. (B1)]. Assuming
these two circles intersect at two points—as it happens
quite often—one then obtains two sets of possible values
for the real and imaginary parts of g. To further identify
the correct one, one must invoke another observable that

involves ¢f. Clearly, the detailed formulas of PL" in
Appendix C indicate that those polarization observables
can fill the gap. Nevertheless, it should be pointed out that
compared with the cross sections of the scattering process,
the polarization observables are generally more difficult to
measure, and thus it will be experimentally more demand-
ing to obtain the same accuracy of those observables as of
the cross sections.

III. NUMERICAL RESULTS AND DISCUSSIONS

A. Total cross section and average polarizations

We start with studying the dependence of the total cross
section o', with ¢’ = 8zm26/(G%|V 4|*), and the average
polarizations (P4") on the neutrino energy E. To this end,
by considering the range E € [8.33, 13] GeV and varying
randomly the WCs g; within the overlapped regions in color
shown in Fig. 2, we plot in Fig. 3 the total cross section ¢ of
the scattering process v, +n — 7~ + A, as a function of E,
both within the SM and in various NP scenarios.” It can be
seen that a few interesting features already emerge. First, a

“For simplicity, we will neglect the possible nuclear effects
[26,51-54] when discussing all the observables, which induce
additional important uncertainties besides the experimental ones
and the ones to be discussed in the Secs. III D and IIIE.

higher beam energy clearly favors a larger total cross
section. Second, the cross section can be significantly
affected by the allowed parameter space of ¢f and g
shown in Fig. 3, especially by the former. This in turn
indicates a larger opportunity for improving the limits on
g‘L,‘R through the proposed QE scattering process. On the
other hand, for g%, g8, and g7, stringent constraints from the
high-p; dilepton invariant mass tails do not leave much
room for possible deviations from the SM predication.
Thus, to further improve the constraints on these g;,
demanding experimental setup for the scattering process
is certainly necessary. Finally, although the allowed param-
eter spaces for gk and g% are identical to each other [see
Eq. (23) and Fig. 2], their imprints on the total cross section
are slightly different, especially at the high-E range, as
shown vaguely in Fig. 3. Such a small difference in fact
results from the different interference between O% and
Oé’R; more details could be found in Appendix B.

In Fig. 4, we show the average polarizations (P} ), (PL),
(PL), and (P!} of the 7 lepton as a function of the neutrino
beam energy E in various scenarios. Let us start with the
SM case. As depicted by the red curves in Fig. 4, both
the absolute values of (P} ) and (P') increase along with the
increase of E, which is not surprising, since the 7 lepton
produced through the scattering process v, +n — 7~ + A,
is left-handed in the SM. On the other hand, (P}) reaches
its peak around E = 10 GeV, while (P}) = 0 irrespective
of E because P’ in this case misses the terms containing
ELRMHI N, p},3 which essentially characterize the T com-
ponent of P'; see Appendix C for more details. Note that
(PL) = 0 in the SM qualifies itself as a null test observable.
Measuring a tiny but nonzero (P%) induced by NP effects
could be, however, challenging, as indicated by the plots in
the third column of Fig. 4.

We now move on to the NP scenarios. From the four
figures on the top panel in Fig. 4, we observe that

*Note that PIT"’ will also vanish if all the WCs g; are real, since
€[k} KN, }{p} 1S always accompanied by the imaginary unit , as
shown in Appendix C.
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FIG. 4. The average polarizations (P} ), (P%), (PL), and (P') for the scattering process v, + n — 7~ + A, as a function of the neutrino

energy E. The color captions are the same as in Fig. 3.

contributions to the average polarization (P’,) from the SM
and the WC g% are indistinguishable, because they share
the same effective operator O‘L, [see Eq. (3)]. For the WC
g%, on the other hand, large deviations of (P} ) from their
SM predictions are possible due to the sizable allowed
parameter space of ¢g¥, while (P’.) still remains zero in this
case due to the same reason as in the SM. Similar to the
case of total cross section, possible deviations of all (P.,)

from their SM predictions are relatively small for the WCs
g%, gR, and g% due to the stringent constraints on them from
the current data, as shown in Fig. 2.

Similar to the SM case, we can make the following
observations in the NP scenarios. First, there exist small
differences between (P!) associated with the WCs g% and
g% due to their different operator structures. One can see
that the overall blue bands from g% are slightly broader than
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FIG.5. The average polarizations (P}), (P%), (P%), and (P") for the scattering process v, +n — 7~ + A, as a function of the neutrino

energy E. The color captions are the same as in Fig. 3.

from g¥ in the (P.)-E planes. Second, the fuzzy blue bands
in the (P} )-E plane from g5* imply that a relatively low E
is more favored to further constrain these two WCs,
whereas a relatively high £ would be more advantaged
for further limiting g% through (P!). The situation is,
however, totally opposite in probing g%, g%, and gk through
(PL). Finally, only a relatively high E is favored for probing

gk, ¥, and gk through (PL).

We also show in Fig. 5 the average polarizations (P}),
(PhY, (P4, and (P") of the A, baryon as a function of E.
Contrary to the z-lepton case, the predominant polarization
mode of the A, baryon produced through the QE scattering
process is perpendicular in the SM. Although (P ) increases
along with the increase of E, its overall polarization degree is
only of O(1072). Meanwhile, (P}) is always zero irrespec-
tive of E for a similar reason as (P%) in the 7-lepton case.
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For the NP scenarios in this case, we observe some
similar features too. First, the average polarizations (P”)
induced by g, are also indistinguishable from the SM case,
as shown by the first four plots on the top panel in Fig. 5,
due to the same reason as mentioned in the z-lepton case.
Second, a large opportunity exists clearly for improving the
limit on g§ through the measurements of these polarization
vectors of the A, baryon. Note that, contrary to (P4, (P%)
would be nonzero in the presence of the very same NP
scenario. Finally, all (P") induced by ¢%, ¢%, and g% are
small due to the stringent constraints on these WCs.
However, given the small value of (P?) predicted in the
SM, possible deviations induced by these NP effects,
especially by g%, could still reach more than 100% at
the low-E range.

B. Differential cross section
and Q*-dependent polarizations

Taking into account the interesting behavior of (Pl,)
shown in Fig. 4 and the neutrino beam flux at the DUNE
[41,42], we will set E = 10 GeV as our benchmark beam
energy and explore how the differential cross section and
the polarizations P5" vary with respect to Q2. To this end,
by letting the WCs g; vary randomly within the overlapped
regions in color shown in Fig. 2, we plot in Fig. 6 the
resulting differential cross sections and polarizations P/, as
a function of Q? in various NP scenarios, together with the
SM predictions. Let us scrutinize the SM case first. As
indicated by the red curves in Fig. 6, the differential cross
section of the scattering process clearly prefers the low-Q?
range in the SM. A similar conclusion also holds for the
polarization P}, even though it experiences a crossover at
Q% ~8 GeV?. P!, peaks roughly at Q% ~8 GeV?, while
unsurprisingly P’ remains zero irrespective of Q2.

We now move on to discuss the NP scenarios shown in
Fig. 6, from which an overall pattern similar to that found in
the previous subsection is observed. First, large deviations
from the SM prediction for the differential cross section
are only possible for g‘L,‘R, while large deviations for the
polarizations P} , can be expected only for gf. Second, due
to the stringent experimental constraints on g%, ¢%, and ¢4,
deviations from the SM predictions for the differential cross
section and the polarizations P/, in these three NP scenarios
become much smaller.

To have a clearer view of these deviations from the
corresponding SM predictions, let us define §[do’]/dQ* =
do’ /dQ?|yp — do’ /dQ?|sy and 6PL" = Pg"|xp — P& |5y,
and plot them explicitly in Fig. 7. It can be seen that the
deviations 5P/, remain zero for the g% scenario, making the
(differential) cross section the only avenue to probe gh
through the scattering process. For g&, a relatively high Q?
is certainly preferred to observe the potentially maximum
deviations of 5P} , but at the expense of observing the

maximum deviation of the differential cross section,
whereas 6P} = 0 in the whole Q? range. In the case of
g5 and gR, the overall deviation patterns are similar for
the three polarizations P/, but opposite for the differential
cross section. Nonetheless, a relatively high Q2, e.g.,
0% ~7.5 GeV?, can be of benefit for probing g5 and g%
through these observables. In the presence of gk, on the
other hand, the situation is a little complicated. From the
four plots on the bottom panel, we observe that the low—Q2
range clearly favors the deviations of the differential cross
section and the polarization P}, whereas the slightly high-
Q7 range favors the deviations 5P}, . Overall, the maxi-
mum P! and SP) could reach 1 and 0.45 in the ¢
scenario, respectively. However, the maximum &P}
for the g%, gR, and g% scenarios could only amount to
0.02 at most, and the situation is even more challenging
for 5pr;-

Similar analyses can be applied to the polarizations P},
Ph, and P} of the A. baryon. In Fig. 8, we show the
variations of these observables with respect to Q” both
within the SM and in the various NP scenarios. It is found
that P" exhibit similar characteristics as P/, shown in Fig. 6.
For instance, both P} and P remain zero irrespective of
the kinematics Q. In addition, both P} and P} experience
a crossover and peak at the low-Q? range. Finally, both P,
and P} drop down to zero at Q% and Q2,,. Nevertheless,
distinct differences between these two sets of observables
are also observed. An obvious example is that P, and P%
peak at different Q?, Q% ~ 7 GeV? for the former whereas
Q2 ~4 GeV? for the later. In addition, the crossover
positions of P, and P! lie at different Q?, Q? ~8 GeV?
for the former whereas Q” ~4 GeV? for the later.

With regard to 5P%, the deviations from the correspond-
ing SM predictions for the polarizations P, our results are
shown in Fig. 9. Compared to the deviations 5P, shown in
Fig. 7, 6P are characterized by some new features. First,
for the ¢g¥ scenario, in contrast to 5P} and 5P, SP! and
5P, prefer a relatively low Q?, which is also favored by the
deviation of the differential cross section shown in Fig. 7. In
addition, contrary to 5P}, P! is not equal to zero in this
scenario. Second, the overall sizes of 5P in the presence of
gk, g%, and gk are smaller than that of 5P/, especially of
P!, ;. Finally, for the g¥ and g% scenarios, the minima
of 6P arise both at the medium-Q? range, whereas the
minima of 6P} arise at the Q2. and Q2. respectively.

Thus far, we have explored in detail the behaviors of the
differential cross section and the polarizations Pfl’h with
respect to Q2 and pointed out the possible Q2 regions, in
which these observables reach their maxima in various
scenarios. However, we have not provided any explana-
tions of these observed behaviors. We will postpone it to the
next subsection, where it will be worked out in the small-
g; limit.
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C. Polarization observables in the small-g; limit

In the previous subsections, we have let the WCs g; vary
randomly within the overlapped regions in color shown
in Fig. 2, which are set by the measured branching frac-
tion of D — 77y, decay [17] and the high-p; dilepton
invariant mass tails in pp — tv, processes [22]. However,
the stringent experimental constraints on g%, g%, and ¢4,

together with the overall small deviations 5Pﬁ;h shown in
Figs. 7 and 9, strongly motivate us to focus on the small-g;
regions. In this case, we can expand the polarizations P%" in
terms of g; and keep only the terms up to O(g;). As will be
shown in the following, examining PL" in such a limit can
shed light on the interesting behaviors of the deviations
6Pfl’h shown in Figs. 7 and 9.
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Given that only a single nonzero g; is activated at a time, Trlpyr®] = Nigy + 2Re[giNY, ]+ O(lgi?).  (25)
the two traces in the polarization four-vector P* [see, e.g.,

Eq. (12)] can be written, respectively, as L
a- (12)] P Y where Dgy; and Ny, stand for the SM contributions to the

- . . 5 two traces Tr[p] and Tr[py*y’] respectively, while Dy ; and
Trlpl = Do + (9" Dy + (9) Dy + Ollail) N7, ; denote the contributions to these two traces from the
= Dgm + 2Re[g Dy, ;] + O(lgil), (24) interference between the SM and the NP operator asso-
ciated with g;; explicit expressions of the various terms in

and the two traces can be found in Appendixes B and C.
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depicted in this scenario.

Clearly, the pure NP contributions are of O(|g,|?) and can
be, therefore, neglected in the small-g; regions.
The polarization four-vector can now be approximated as

Dh o Nsm + 2Re[giN, ]
DSM + ZRG[Q?DVLJ]
~ ’§M " 2Relg; ’(/L,i] _ 2Re[g; Dy.i] NgM
DSM DSM DSM DSM
_ 2Relg; I\l/L,i] _ 2Re[g; Dy pH
SM DSM DSM M
= ’éM + ,PIIlnt’ (26)

where we have ignored all the contributions from the
higher-order terms of g;, and introduced the new polari-
zation four-vector P, with

2Re[gi Ny, ] _ 2Re[g; Dy,,i]
Dsm Dsm

Poms (27)

which is induced by the interference between the SM and
the NP operator associated with g;. Projecting P&y, and Py,
onto the orthogonal bases [see Eqs. (18) and (19)], we

eventually obtain

PéflP = (PSM)Z'P + Re[gi](le)ﬁf’p, (28)

P3" = Im(g;] (P )7 (29)

where (Pgy)5" = 0 has been used.

From the definition of P}, in Eq. (27), one can already
see that N, ,, = N%, and Dy, y;, = Dgy for the g}
scenario. Since both N, and Dgy; are real, Py, vanishes,
which in turn leads to Py, = 0. In other words, it is
impossible to distinguish the g% scenario from the SM
through the polarization vectors, which has already been
observed repetitively in the previous subsections.

We then show in Fig. 10 the variations of (Pgy;)%" and
(P )i with respect to Q2 in various NP scenarios, where,
for simplicity, we have labeled them by PL" uniformly.
From the P! -Q? plot (the left-top one in Fig. 10), one can
see that (Pp, )} behave in a very similar way for the gk and
g% scenarios, which are denoted by the blue and green
dashed curves, respectively. Together with another straight-
forward observation that the magnitude of (Py,)! at any Q?
in the g case is always larger than in the g¥ case, it is
expected that the maximum deviation 6P} for the g% and g&
scenarios must have a similar shape but with the former
broader than the latter. Such a behavior has already been
observed explicitly in Fig. 7. From the dot-dashed red
curve, one can see that, below Q%> = 5 GeV?, (Py,)} for the
g scenario behaves just like that for g%, indicating a similar

shape of 6P} within this Q? range. However, the shape of
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5P will become narrower as Q? increases, even narrower
than that for the g¥ scenario at the high-Q? range. Such an
expectation is, unfortunately, buried by the vast shadow of
the 6P} -Q? plot shown in Fig. 7, due to the large parameter
space of gf. Compared with (Pgy)" denoted by the black
curve, the absolute value of (Py, )" for the gk scenario (see
the long-dashed purple curve) is always larger. However,
their difference decreases as Q7 increases, justifying that a
low Q? is favored to observe a maximum deviation of §P/,
in the g% scenario, as shown in Fig. 7.

We now turn to discuss the various curves in the Ph-0Q?
plot (the middle-top one in Fig. 10). It can be seen that the
blue and green dashed curves behave in a similar way—
both peak roughly at Q> = 7.5 GeV>—but with different
magnitudes. Although the dashed purple curve also peaks
at a similar Q2, it behaves less dramatically within the range
Q? €[3,7] GeV2. Nonetheless, all of these three curves
drop to zero at Q% and Q2. Taking all these points into
account, one can understand the interesting features of the
deviation 6P, observed in the g%, g%, and gk scenarios, as
shown in Fig. 7. For the g8 scenario, as indicated by the
dot-dashed red curve, the deviation 5Pfo shall behave
similarly to that for the ¢g§¥ scenario but with a more
flattened curvature at the high-Q? range. This is different
from the behaviors of the deviation P! in the same NP
scenarios, as can be clearly seen from Fig. 7.

Let us move on to the P?-Q? plot (the left-bottom one in
Fig. 10). A couple of observations can already be made.
First, all of the curves except the dashed blue one
experience a crossover, indicating that the deviations
SP! become zero at a certain Q2 for the g%, g%, and gk
scenarios, while in the g§ case 6P,’f increases along with the
increase of Q. Second, both the green and purple dashed
curves cross the P! = 0 line at Q% ~ 5 GeV?, suggesting a
similar behavior of SP! for the gf and gk scenarios.
However, the pattern of small at the Q2. while relatively
large at the Q2 region of (P, )" reveals that the deviation
SP" must be narrower at the Q2. than at the Q2,,, one for
the g% scenario. This is contrary to the pattern of 5P
observed for the gk scenario, as can be clearly seen from
Fig. 9. Finally, the similar behavior between the green and
blue dashed curves indicates that the deviation 5P shall
behave similarly for the ¢f and ¢¥ scenarios, provided they
are both assumed at the small-g; limit.

With regard to the P%-Q? plot (the middle-bottom one in
Fig. 10), one can draw some similar observations as from
the P5-Q? plot. For instance, the similar behavior between
the green and blue dashed curves predicts a close shape of
SP% for the gk and gR scenarios. The small difference
between the resulting values of ( Py, )%, however, suggests
that the deviation 5P}, for the former must be broader than
for the latter, as shown in Fig. 9. Meanwhile, the blue and
green dashed curves in the P%-Q? and P%-Q? plots indicate

that both 5P and 5P in these two scenarios shall peak at
Q?% ~7 GeV?. Another example is that the red and purple
dashed curves reveal that the maximal 5P}, occurs at low
0%, 0 ~ 3.4 GeV?, contrary to its counterpart 5P, for the
g¥ and gk scenarios.

We conclude this subsection by giving a brief discussion
of the P%-Q% and P!-Q? plots in Fig. 10. Since the SM
contribution to P%" denoted by the dark line is zero, the
shapes of other curves reveal not only the behaviors of the
polarizations PIT'h but also the deviations 5PIT"’ directly. It
can be seen that the blue, green, and purple dashed curves
in the P%-Q? plot behave similarly in general with only
some small differences, indicating a similar pattern of the
deviation 5P} for the gk, g%, and g% scenarios. The blue,
green, and purple dashed curves in the P%-Q? plot, on the
other hand, behave quite differently in both their curvatures
and peak positions, justifying the distinct shapes of 6P for
the g%, g%, and gk scenarios, as shown in Fig. 9. Finally, the
deviation 6P for the gR scenario in Fig. 9 behaves just like
the dashed red curve in Fig. 10, even though the latter
works only in the small-g; limit.

D. Observables with uncertainties due
to the form factors

As mentioned in Sec. II B, one of the reasons that we
adopt the LQCD calculations of the A, — N transition
form factors is that they provide us with an error estimation.
Yet our calculation has only involved the central values of
these inputs so far. In this subsection, we study how our
predictions of the observables are affected by the uncer-
tainties of these form factors. As a simple illustration, we
focus on the NP scenarios in the presence of the WCs g%
and gR, and consider only the Q*-dependent observables,

i.e., the differential cross section and the polarizations Pﬁ;h.
To this end, we first scan randomly ¢ and ¢¥ within the
available parameter space shown in Fig. 2 and propagate
the uncertainties of the form factors to each observable for
all the allowed data points of g and ¢g¥. We then plot in
Figs. 11 and 12 the central, upper, and lower values of each
observable in blue, green, and red accordingly, instead of
presenting them in error bars. In this way, the combined
regions of the green and red ones as well as the regions
between them can be naively understood as the overall
uncertainty of the observable considered.

From Figs. 11 and 12, we see that there exist large
overlaps among the three colored regions in the low-Q?
region for each observable in the ¢f scenario, indicating
that the dominant factor determining the overall shape of
these observables is still due to the vast available parameter
space of ¢gf. But the impact from the uncertainties of the
form factors becomes gradually distinct, particularly in
the relatively high-Q? region where the uncertainty from
the form factors for each observable can more than double.
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FIG. 11. Uncertainties of the differential cross section as well as the polarizations P}, P, and P} due to the A, — N transition form
factors, in the ¢¥ (top panel) and ¢¥ (bottom panel) scenarios. The blue points denote the resulting observables calculated with the
central values, whereas the green (red) points the observables computed with the upper (lower) values at 1o level of these form factors.

Note that the neutrino beam energy has been fixed at £ = 10 GeV for consistency.

As for the g¥ scenario, the large blank spaces between the
blue and green (red) regions represent the impacts on the
observables from the uncertainties of the form factors,
which clearly dwarf the effect of the WC ¢® due to the
stringent experimental constraint on it. The only exceptions
are P} and P% in both NP scenarios, on which the impacts
from the uncertainties of the form factors and the available
parameter space of the WCs seem comparable. These
observations can be easily applied to other NP scenarios too.

Besides the above comparisons, it may be also interest-
ing to explore how the uncertainties of the observables
propagate along the kinematics Q. To this end, let us focus
on the observables in the ¢g¥ scenario as an illustration.
First, the green and red regions on the bottom panel of
Figs. 11 and 12 clearly indicate that the overall uncertain-
ties of the differential cross section and the polarizations
Pi" increase along with the increase of Q2. Second, the

uncertainties of P5" and P%" shrink at the Q2

min and Qrznax
regions, mainly due to the characteristic behaviors of Pf,;h
and P5", but the general pattern is still consistent with what
we have just observed. Such a pattern is closely related to
the behaviors of the form factors with respect to Q2. As can
be seen from Fig. 16, the uncertainties of all the form
factors follow the same pattern as the observables do—the
total uncertainties in particular increase dramatically along
with the increase of Q2. Because of the relatively milder
behaviors of the statistical uncertainties, we take them
instead of the total uncertainties into account in Figs. 11
and 12, as well as in the rest of this work.

In short, although the LQCD calculation [30] of the
A, — N transition form factors comes with an error
estimation—one of its advantages over the model evalu-
ations presented in Refs. [55-57], the persistently increas-
ing uncertainties along with the increase of Q” have
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= H <
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FIG. 12. Uncertainties of the polarizations P/, P%, and P} due to the A, — N transition form factors, in the g¥ (top panel) and g%
(bottom panel) scenarios. The other captions are the same as in Fig. 11.
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FIG. 13. The differential cross section as well as the polarizations P", P%", and P5" as a function of Q2, predicted with the form
factors calculated in LQCD (blue), NRQM (green), and RCQM (red), respectively. Here we focus only on the g§ scenario. Note that
the 1o-level statistical uncertainties of the form factors in LQCD have been propagated to all the observables, as denoted by the outer

blue regions.

become one of the major obstacles to further probe or
constrain the NP scenarios through the QE neutrino
scattering process. This calls for either better control of
the uncertainties of the form factors in future LQCD
calculations or new model estimations of these form factors
with a good error estimation within the relevant kinematic
ranges.

E. Observables with different form-factor
parametrizations

The parametrization scheme adopted in Ref. [30] is not
the only way to describe the ¢ dependence of the A, — N
transition form factors; nor is the LQCD the only method
for evaluating the form factors. As discussed in Sec. I[I B
and detailed in Appendix A, there exist already three
different parametrization schemes, which can be extended
to the ¢*> < 0 range, and have been employed by the
MBM, NRQM, and RCQM models, as well as the LQCD
calculations. Moreover, these parametrization schemes are
validated against the experimental measurements of the A,
semileptonic decays reported by the BESIII Collaboration
[58,59].4 However, direct calculations of the QE weak
production of the A. baryon through the v, scattering off
nuclei reveal that large deviations arise by using the
different schemes of the form factors, demonstrating a
direct consequence of the ambiguities induced by extrapo-
lating the form factors to the moderately large positive

“Note that the BESIII collaboration has improved the meas-
urement of the absolute branching fraction of Al — Ae'tr,
decay [60].

0? [29]. Given that our analysis is based on the same
extrapolation, we examine in this subsection if the same
observation applies to the observables considered here in
various NP scenarios.

In Fig. 13, we evaluate the differential cross section and
the polarizations P4" with the form factors calculated in
LQCD (blue), NRQM (green), and RCQM (red), respec-
tively.” To be thorough, we also take account of the 15-level
statistical uncertainties of the form factors in the LQCD
case. As an illustration, we focus only on the NP scenario in
the presence of gX. From Fig. 13, it can be seen that there
exists large disparity between the red (green) and blue
regions, indicating that the resulting deviations of do, Péh s

and P due to the different parametrization schemes of the
form factors dwarf that from the 1o-level statistical uncer-
tainties of the form factors in LQCD. For the polarization
P.., on the other hand, the overall blue region prevails over
the others, indicating a totally opposite situation. Finally,
comparing the red region with the overall blue one in the
P%-Q? plot, one can see that the deviation of P% in RCQM
from the LQCD predication can be comparable to that from
the lo-level statistical uncertainties of the form factors
in LQCD.

The SM predictions of (P, ), and (Py,)" are presented
in the first columns of Figs. 14 and 15, respectively. One
can see that among the three cases, the LQCD predicts the
largest differential cross section of the QE scattering

>We do not present the results with the form factors calculated
in MBM, because both MBM and NRQM employ the dipole
form for the ¢° dependence of the form factors [55,56] (see
Appendix A for details).
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FIG. 14. Variations of (P, )!, with respect to Q% in various NP scenarios, as predicted with the form factors calculated in LQCD (blue),
NRQM (green), and RCQM (red), respectively. The 1o-level statistical uncertainties of the form factors in LQCD have been propagated
to (P, as denoted by the yellow region. The neutrino beam energy has been set to E = 10 GeV.
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FIG. 15. Variations of (Py,)" with respect to Q? in various NP scenarios, as predicted with the form factors calculated in LQCD (blue),
NRQM (green), and RCQM (red), respectively. The other captions are the same as in Fig. 14.
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process in the SM, while the NRQM yields the smallest.
Such a pattern is also consistent with that observed in the
QE weak production of the A, baryon through the process
v, +'%0 >y~ + A.+X [29]. However, the situation
becomes more complicated for other observables. For
instance, the crossover behavior of P makes the P" =0
line a watershed: above it the RCQM (LQCD) predicts the
largest P! (P"), while below it the LQCD (RCQM)
predicts the largest P} (P7). In addition, the RCQM always
seems to produce a larger Pi;h than the NRQM does.

The small width of each fuzzy colored region in Fig. 13
results from the variation of the WC ¢¥ within the allowed
parameter space shown in Fig. 2. To have a clearer view of
this effect, we work in the small-g; limit and plot in Figs. 14
and 15 the variations of (Pgy )5 and (Pyy)L" with respect
to Q% with the form factors calculated in LQCD (blue),
NRQM (green), and RCQM (red), both within the SM and
in the ¢¥, g%, and ¢¥ scenarios. Note that the g% scenario is
not considered here, because the relevant tensor form
factors have not been calculated in NRQM and RCQM.
Once again, the 1o-level statistical uncertainties of the form
factors have been taken into account in the LQCD case (see
the yellow regions shown in Figs. 14 and 15).

Since the resulting P5" due to the mixing O%-Ok
correspond exactly to the SM case, which has been
discussed above, let us now move on to the next three
mixing scenarios. For the mixing O%L-OX . it can be seen
that, contrary to (P, )%, the resulting (P, );"» from NRQM
and RCQM are opposite in sign. At the same time, the
absolute values of all the (P, )5" in these two models are
compatible with the LQCD results at the 1o level. These
observations can be applied to the mixing O%-O¥ as well,
except that the NRQM forecasts the largest absolute value
of (Py)%". For the mixing O} — O%, on the other hand,
one can see that the RCQM always predicts the smallest
absolute values of all the (Py,)4", while the NRQM results
are in general compatible with that of the LQCD at the
lo level.

All in all, despite the complicated behaviors of each
polarization observable calculated with various form-factor
parametrization schemes in different scenarios, an overall
observation is that the uncertainties of the polarization
observables due to the different schemes even overwhelm
that from the error propagation of the statistical uncertain-
ties of the form factors.

IV. CONCLUSION

The absence of semitauonic decays of charmed hadrons
makes the decay processes mediated by the quark-level
¢ — dr'v, transition inadequate for probing a generic NP
with all kinds of Dirac structures. To fill in this gap, we
have considered in this paper the QE neutrino scattering
process v, +n — 7~ + A, and proposed searching for NP

through the polarizations of the 7 lepton and the A, baryon.
Working in the framework of a general low-energy effec-
tive Lagrangian given by Eq. (3) and using the combined
constraints from the measured branching fraction of the
purely leptonic D — 71wy, decay and the analysis of the
high-p; dilepton invariant mass tails in pp — 7v, proc-
esses, we have performed a comprehensive analysis of the
(differential) cross sections and polarization vectors of the
v, +n — 1~ 4+ A, process both within the SM and in
various NP scenarios.

For the SM, we have shown that the dominant polari-
zation mode of the outgoing 7 lepton is longitudinal and
that of the A, baryon is perpendicular, whereas the trans-
verse polarizations (P7) of both the 7 and A, remain zero in
such a QE scattering process. We have also explored the
variations of the polarization vectors with respect to the
kinematics Q?, and observed that both P} and P! expe-
rience a crossover, and the peaks of P, and P’ are both
reached within the available kinematic range, though
happening at different Q* points.

For the various NP scenarios, the overall observation we
have made is that, due to the stringent experimental
constraints on the WCs g%, ¢%, and ¢k, there exist only

small [of O(1072)] deviations between the SM and the g,

g, and g% scenarios for the polarizations P, By contrast,

the larger available parameter space of the WC ¢f makes all
the deviations 6P5" much bigger, except for 5P which
remains zero. As for the gﬁ scenario, since it shares the
same effective operator O% with the SM, all the deviations
éPﬁih always remain zero, making the (differential) cross
section the only avenue to probe gf through the QE
scattering process.

We have also explored the impacts of the uncertainties of
the A, — N transition form factors, and shown that they
have become one of the major challenges to further probe
or constrain the NP scenarios through the QE neutrino
scattering process. Furthermore, we have considered three
different form-factor parametrization schemes employed by
NRQM, RCQM, and LQCD respectively, and discovered
large differences among their predictions in the SM, which
is also consistent with the observation made in the QE weak
production of the A. baryon through the v, scattering off
nuclei [29]. For the NP scenarios, although the deviations
sPi! predicted in NRQM and RCQM are still compatible
with the LQCD results at the 1o level, the overall
observation is that large uncertainties of the polarization
observables arise from using the different schemes and
dwarf that from the error propagation of the form factors,
which demonstrates a direct consequence of the ambigu-
ities induced by extrapolating the form factors to the large
positive Q7.

Finally, we would like to make a comment on the
detection of the outgoing 7 lepton. It is known that the
lepton decays rapidly and its decay products contain at least
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one undetected neutrino, making its identification very
challenging and its polarization states hard to be measured.
However, its kinematic and polarization information can
be inferred from the visible final-state kinematics in its
subsequent decays [61-71]. In our upcoming work, we will
incorporate this idea into our further analysis of the QE
scattering process.
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APPENDIX A: DEFINITIONS
AND PARAMETRIZATIONS
OF THE A, - N TRANSITION
FORM FACTORS

The A, — N transition form factors used in this work are
defined in the helicity basis [30,32,33]. For the vector and
axial-vector currents, their hadronic matrix elements are
defined, respectively, by

(N(p.s)ldr'c|A.(p'.s"))

- aN<p,s>{ o) (ma,

and

(N(p.s)ldy'rclAc(p'.s))

_ q"
=—iiy(p.s)y° {90(612)("% + mzv)?

/ 2 214"
p"+p"—(mAC—mN)?

5 mAC — My
) s

+94(q

2m 2m
b ) (14 22 ) L (). (A2

where g =p'—p and sy = (m, +my)*—¢*>. From
Egs. (Al) and (A2), we can obtain the hadronic matrix
elements of the scalar and pseudoscalar currents through
the equation of motion, which are given, respectively, by

(N(p.s)lde|Ac(p'.5))

:Wfo(ﬁlz)ﬁN(P,S)MA‘(p’,s’), (A3)
(N(p.s)ldriclA.(p'.s"))
_(mp Amy) s
= T tmy 90(q*)an(p, s)rus (P’ s"),  (A4)

where m,.) denotes the d(c)-quark running mass. Finally,
the hadronic matrix element of the tensor current is given by

(N(p.s)ldioy,clA(p'.s))

''p,— D! my +m
:ljiN( )|:2h+pupy pypy+hj_( Aqu N

S+

1
X (Quyu - quyu) -2 <? +

= 2
+hy <iam, .

1
—ymm—MmO
S+

——[mp, (Pury = Pu¥u) — mn Py — DY)

q—s <(m3\[ - my = q*)
2

- 7up;1) - (mA( - mN + qz)(}/ypu

+ pup, — PZP;J) + hJ_
- Vupﬂ)

) (Pl p;mﬂ un (95,

X (yup,

+2(my, — (AS5)

where 6, = i[y,.7,]/2.
The parametnzatlon of these A, — N transition form
factors calculated in LQCD takes the form [30,39]

Mmax

flq*) = allz(2)]".  (A6)
- / mpole nz::
with the expansion variable defined by
Vi, — ¢ — i, — 1
2(q?) == — (A7)

Vie—@+ -1

where 1, = (mp, + m,)? is set equal to the threshold of Dz
two-particle states, fo = (m, —my)> determines which
value of g* gets mapped to z = 0, and the lowest poles are
already factored out before the z expansion, with their
quantum numbers and masses listed in Table IV of Ref. [30]
for the different form factors. The central values and the

statistical uncertainties of 36,1,2 in Eq. (A6) for different

form factors f(g?) have been evaluated in Ref. [30] by the
nominal fit (n,,,, = 2), while their systematic uncertainties
can be obtained by a combined analysis of both the nominal
and higher-order (n,,,x = 3) fits; we refer the readers to
Ref. [30] for further details.

In Fig. 16, we depict the central values as well as the
statistical and total uncertainties of these form factors with
respect to the kinematics Q2. It can be seen that the yellow
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FIG. 16. The Q? dependence of the different form factors, where the red and blue dashed lines denote the statistical and total

uncertainties of the form factors within 1o error bars, respectively.

region in each plot increases dramatically along with the
increase of Q, indicating a larger total uncertainty in the
larger Q? range. Although the statistical uncertainties also
increases along with the increase of 02, their behaviors are
much milder. Therefore, we only take the statistical
uncertainties into account throughout this work.

Often, the hadronic matrix elements of the vector and
axial-vector currents are expressed in terms of another set
of form factors f }/’A with i = 1, 2, 3, which are related to
the ones introduced in Eqgs. (A1) and (A2) by

q2

fo=—"r"——fY+ 1V
mA(.(mAL. my)
e
mp_(mp, + my)
(my +my,)
fi=H+f—,
mA(
7
o= [+ [},
mAC<mAC - mN)
2
q A
9+ = fA - f s
- ! mAC<mA( - mN) :
(my — mAC)
gL=r1+1 : (A8)
my,

c

To parametrize the g> dependence of this set of form
factors, the RCQM model adopts the following double-pole
form [57]:

1) =20 (49)

with § = ¢*/m3 , where the values of the parameters £/(0),

a, and b are listed in Table II. On the other hand, the
MBM and NRQM models employ both the monopole and
dipole parametrizations for these form factors [55,56].
For simplicity, we only consider the later, which has the
following form:

TABLE II. Values of the parameters employed in Eq. (A9) to
construct the ¢> dependence of the form factors associated with
the vector and axial-vector currents [see Eqs. (A1) and (A2)] for
the RCQM model [57].

f(0) a b
Vit 0.470 1.111 0.303
i 0.247 1.240 0.390
4 0.038 0.308 1.998
I&s 0414 0.978 0.235
4 -0.073 0.781 0.225
A —0.328 1.330 0.486
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TABLE III.  Values of the parameters employed in Eq. (A10) to
construct the ¢ dependence of the form factors associated with
the vector and axial-vector currents [see Eqs. (A1) and (A2)] for
the MBM and NRQM models [55,56].

NRQM MBM

A My (GeV) A My (GeV)
y 0.22 2.01 0.33 2.01
y 0.11 2.01 0.18 2.01
v 0.27 2.01 0.00 2.01
A 0.58 2.42 0.41 2.42
A —0.04 2.42 —0.07 2.42
A —0.10 2.42 —0.50 242

A
f(g?) = (A10)

(1—q*/M3)*

where the values of the parameters A and My, are reported in
Table III. We refer the readers to Ref. [29] for more details
about the form-factor parametrizations in different models.
In Fig. 17, we show the Q? dependence of these six form
factors associated with the matrix elements of the vector
and axial-vector currents in the suitable kinematic range
(Q? > 0) for the low-E QE scattering process. It can be
seen that the LQCD predicts the largest values for all these
six form factors. Especially for fy, f., and g., the central
values provided by the three models lie outside the 1o error
bars of the LQCD calculations. Interestingly enough, the
NRQM model produces the lowest values for f , |, while

the MBM model provides the lowest values for go ;.
Finally, it should be mentioned that another set of form
factors has also been employed to parametrize the transition
matrix elements of the vector and axial-vector currents.
They can be related to f ZV'A in a trivial way, and have been
investigated in the (light-cone) QCD sum rule approach
(see, e.g., Refs. [72-74]) and the light-front constituent
quark model (see, e.g., Refs. [75,76]). However, since the
|

= LQCD
m RCQM

= NRQM
= MBM

2 3 4 5 6 7 8 9 2 3 4 5 6 7 8 9

Q* (GeV?) Q* (GeV?)

FIG. 17. The Q? dependence of the N — A, transition form
factors deduced from extrapolating to Q> > 0 the results of
LQCD [30], RCQM [57], NRQM [55,56], and MBM [55,56],
respectively.

form factors f ¥ A were not calculated, the results presented
in these references will not be considered in this work.

APPENDIX B: AMPLITUDE SQUARED
OF THE QE SCATTERING PROCESS

For the convenience of future discussions, we provide here
the explicit expression of the amplitude squared |M|? of
the QE scattering process v, (k) + n(p) — 7~ (k') + A.(p’)
mediated by the general effective Lagrangian L. [see
Eq. (3)]. With all the operators of L. taken into account,
the amplitude square | M|? is given explicitly by

M =14 gy1PAv, v, + 19517 Aoy, + (19517 + 19§17 As, =5, + 19517 Ar,—1, + 2Re[gsg8"] As, s,
+ 2Re[gy (1 + g7 )| Av,—v, + 2Relgs (1 + g7") + g5 93" | As,—v, + 2Re[g§(1 + gv") + 9597 [ As,-v,

+ 2Re[g7(1 + gi")] Az, v, + 2Re[grg¥ [ Ar, v, + 2Re[gfgs" "] Az, _5, + 2Re[g7g§ [ Az, s, .
where the various subscripts attached to the different A on the right-hand side represent the possible interference between
the two operators (see Ref. [24] for more details). Note that, because of the chiral structures of the lepton and quark currents
involved, A with different subscripts can be identical to each other, e.g., Ag, _y, = Ag,_y, and thus only one of them is kept

in Eq. (B1). The amplitudes associated with other interference terms that are not shown in Eq. (B1) are all zero. For
convenience, we provide here the explicit expressions of the A on the right-hand side of Eq. (B1) as

(B1)

mi(m; — q°) m2(m2 — m2)
Ay, v, = # [f§(ma, —m,)*s. + g5(ma, + m,)*s_] - %
f2 (m/\(_ + mn)2
X (fof + + gog UEm,q* + (m? = ¢*)(m} =iy = %) + | = 24
+

095036-22



PROBING NEW PHYSICS WITH POLARIZED v AND ...

PHYS. REV. D 108, 095036 (2023)
2 _ 2
‘(}*(’Z‘#W] {4mnq (4E* — m? 4 ¢*) + (m% — ¢*)(m% —mj — ¢*)

Ac
<[semg + =i - @)} + (L L) {smiar + 2 - )
+ —_

X {2m3\(.q2 - 4Emn (m% - m%\‘. + q2) - (m%\( - mn) + 2m q4] }
—2f19.[4Em,q* + (m7 — ¢*)(m5_—my — q*)], (B2)
mz (mz = q*)

T(mA. —my
Avyer, =B s, = m P gy, )] = T

X (fof - + 909 JAEm,g* + (m2 = ) (m}y_ —m? — )] + [JM
gi(m/\c —m,) 2 442 2 2 2 2N(2 2 2
T} {4mnq (4E° —mi + q°) + (mi — q°)(mx_—mj — q°)
> 2
<8Em,q? + o =k = @) |+ (2 B {sEiqr + (02 - )
2 = 4w =, )= 0, =+ 2 = ]}

+2f 191 [4Em, g + (m7 — ¢*)(m}_—mi; = ¢*)],

+

(B3)

As,_s, —’” 4 12 (m,

hl R
Ar, 1, :—8(i+i> {4m4m +m} (q* = mz) +2m3 (m}—q*)(4Em,, + m;,

+ ¢*) + ¢*(4Em, + m} + ¢*)* —

my)?s, + gg(ma, +my,)?s_], (B4)

m3 [ + 6myg” + q* + 8Em,, (m}; + qz)}}
h3 (ma, +m,)? W (my, —m,)?
+16[ e 7 LRGN 7 )Hzmn@Eern)q“@Emﬁqz)
S.q S-q
mzq* (my + ¢*)(AEm,, + my + ¢7) + m}

22 — )+ m(md + )
32mz(my —my)
~ 2md(m? — @)m(m2 + ¢?) — 2Em,,q21} A, = )

q
x [m} (m?—q*) —mi(m} + q*) + ¢*(4Em, + m} + ¢*)|h ..

m?(m?
AVR_VL =

2 g mz(my —my;
P g = = gim, s =)

2 2
x (fof + = 09 J4Em,G* + (m2 = g)(md, —m3 = ¢)] + [W—“’)

g (mA( - mn>2
- T} {4’"%6]4(4152 - m% + 612) + (m% - 42)

2 2
<[8Em,q7 o =k = )|+ (D= L) 8 4 2 - )
)

+
[2mAq —4Em,,(m> mA +q%) — (my —m2)? +2mam? — ¢*|},

095036-23



KONG, LAIL LI, YAN, YANG, and ZHENG

PHYS. REV. D 108, 095036 (2023)

2 2 2
m.q mr(m » mn)
Ag,—v, = (2m7q)[ §(ma, —my)s, 4 g5(ma, + m,)*s_| + W
X (fof+ + gog+)[4Emnq2 + (mz = ¢*)(m3, —m;; = q°)], (B7)
2 2 2 02
m.(q~ — m: m.(m . my)
Asp-v, = ;qu) [fo(ma, —m,)s, = g5(mpy, +m,)>s ]+ W
X (fof+ = 909+ ) [4Em,q* + (m? = ¢*)(m}_—mi; — %)), (B8)
2m,
Ar,_y, == 7 {[m} (m7 = q*) = mz(my + q*) + ¢*(4Em,, + my + ¢*)][(my, — m,,)
X (fohy +2f1h))+ (my, +m W) (gohy +2g.hy )] — (m? - q*)[(ma, +m,)
XS_(fihy +2f 1 hy) 4 (ma, — m,)si(g:hy + 29,0}, (B9)
2m,
Ar,_y, == 7 {[m3 (m? = q*) = mi(m; 4+ ¢*) + ¢*(AEm,, + my + ¢*)][(mp_ — m,,)
X (fohy +2f1h,) - (my, + m,)(gohy +2g1hy)] — (m? - q*)[(my, +m,)
X s_(fihy +2f1hy) = (my —m,)s, (9,0, +2g.h))]}, (B10)
2 -
-ATL—SL = m—[4Emnq + (m -9 )(m/\ _m - )][ ol (my, mp) +goh+(m/\[ +mn>]7 (B11)
2 -
Aryos, = Em, g+ (2 = )0, — 3= ) [Foh (my, —my) ~ gl (my 4 m,)]. (B12)
m; —q’ 2 2 2 2
As, s, = o7 [ 5(my, —my,)*s. — gg(mp +m,) s_] (B13)

APPENDIX C: DETAILS OF THE
POLARIZATION VECTORS OF 7 AND A,

We now present the explicit expressions of Péh, Pfg,h, and

PIT’]1 of the outgoing 7 and A.. These components of the
polarization vectors are defined in Eq. (20) and read

P = —(P.- N,
_ Trlp 75Nl _ Az(zl’h) 1)
Tr[p; 1] 2mz ) M |2

Al = 1+ g A,
+ P AL,

_y, t |gV|2AVR ve T
-r, + 2Re[g (1 + gy) A

Note that the trace over the spin density matrices p;; has
been replaced in the last step by

Trlp;p] = 2ma,)

2, (€2)

which can be inferred from Eqgs. (13) and (15), and the
amplitude squared |M|? has been given in Eq. (B1). In
addition, the trace in the numerator has been redefined as

A&”’”, which are given, respectively, by

+ (lg51> + 9817 AL, g,
{/R—VL + 2Re[gf(1 + gy )ATL v,]

+ 2Re[(g5 (1 + gv") + 9§ g% )quL_vL] + 2Re[g5 95" 'ASL 5]
+ 2Re[(g§ (1 + gv*) + gégﬁ*)AlsR_vL] + 2Re[gr 95" TL—VR]

+ 2Re[gfgs AL _

5,) + 2Relgrgs A, g, .

(C3)
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Al =1 +9‘L/L|2-A _y, t ‘9§|2AVR v, T (lg5 1> = 1981 )‘ASL -5,
+ |g%|2A}h—TL + 2Re[gf (1 + gy )A v, + 2Rel[g7(1 + gv*)Al%L—VL]
+ 2Re[gs (1 + gy*) A5, _y, ] + 2Re[g§ (1 + 9§ ) A5, v, ]
+ 2Re[gf g8 A% _y ]+ 2Re[g5gf AL _, |+ 2Re[gfgf ALy ]
+ 2Relg7g5 A7, s, | + ZRC[Q%gg*ATL—SR] + 2Re[g5 g5 A5, s, ]- (C4)

The explicit expressions of all the A" on the right-hand side of Egs. (C3) and (C4) are presented as follows:

Ay, Ly, = M[ o(ma, —my)*sy + go(ma, +m,)*s ] = w

X (fof + + 9094 {(No - K)[AEm,q* + (m? = ¢*)(2m3_—2m}; — )]

—P(m2 = )Ny - p+ Ny p)} + 2mz[ st m )’ | gl - m")z]

q's. q's-

X {(Na k) [(mf\c —m2) (m%(m%\ —my —q*) = q*(2m3_—4m,E —2m;, + qz))

+q*(4m3 ~ qz)} —¢*(Ny-p+ Ny - p)4Em,g* + (m7 — ¢*)(m}_—mj - qz)]}

—8mzf19.[(Ny- p)(mi = q* = 2Em,) 4+ 2Em, (N, - p')]

wamd (B ) v, p)2m, =+ )+ (2 = @), 3 )

2y, ) [ =, + )+l = )]} (cs)
AVR Ve = w[ §(ma A, p)2s+ + g%(m/\c +m,)?s_] - w

X (fof+ + 909:){(Ny - K)[4Em,q* + (m? — ¢*)(2m3_—2mj — ¢*)]

2(mpy +my)?r  (my —m,)?
—q%m%—qz)(Na-1:9+Na-p’)}+2m%{+ T ]
+ —

x {(Na )3 = i) (23— it = ) = *(2m3_ —4m,E =200 + ¢7))

R = )] = PN+ Ny BB + 2 = )0 == )]}

+ 8m$ngL[(N - p)(m? — ¢* =2Em,) + 2Em,(N, - p')]

2
+ _
o+ 2m, (N - p)E (s = m%c + )+ mn<q2 - m)]}, (C6)
4m?(k- N,
AéL—SL = ASL—SL # , (C7)
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h2 il2
A, =322 () (2N, ) 2By 0, = 3+ )+ (2= )0+ = )

4y (N - p)E(m = m3 + ) +my(® = m2)] + (N; - K)s.s_ |
- 32m${(Na k) (m7 = q*)s_sy = [AEm, g + (m7 — ¢*)(m}_—my — ¢*)]

mMax —m 272
X (N p)(m} = mi+ %)+ (No - p') (mi = m3_+q ”}{%

(my, + mn>2hi} _ 128mi(m},
q's, q
= Ny P)REm, G + (m2 = ) (m} = mi - )]},

- nﬁ)hﬁu {

7 (N - p)2Em,g* + (my_—m3)(mi — ¢*)]

2m4(N, - k 2mz(m3 — m;)
Ay, = 2 B (s = = om, -+ | -
X (fof + = 9094 {(No - K)[4Em,q* + (m7 — q*)(2m3_—2m;; — ¢*)]

f%r(mAc + mn)z _ g%r(mAC - mn)z
q*s. q's_
x {(Na “k)[(m3 = mg)(mz(my —my — q*) = ¢*(2m} —4m,E = 2m; + ¢%))

—¢*(m}=q*)(N,-p+N,-p)} +2m?

+q'(@4m3 = ¢*)] = ¢*(Ny-p+ Ny p)4Em,q* + (m? = ¢*)(my_—m; — qz)]}

2 2
g
ot (L= L) [, p) 2By 03, =+ + 2 = )

+ —

X (3 +m2 = )] + 2my(Ny - pE(mE = m3 + ) +my(* = m2)] ],

2m3(N, -k m.(m% —m;
Aoy, = =2 g s, o, + s} - )
X (fof + + 909 ) {2(m2 = YN, - p) + (No - p =Ny - )
X [2Em,q* + (mj —mg)(m; — ¢*)] - 2iq2€{k}.{k’},{Na},{p}},
2m3(N; - k) 2m,(m3, — m?)
Al = =TT B By —m,)2s, = @m, 4 m,) s} — e

meq’ m.q’
X (fof + = 909 ) { *(m2 = )N+ ')+ (Na - p =Ny - )

X 2Em,q* + (my_—my)(m; = q%)] - 2iq28{k}.{k/},{zv,,},{p}},
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my —m,)foh ma + m,)goh
'Aé"L—VL = —8m§ |:( A q2 )fo - + ( . q2 )go +:| [(Na : p)(zEmn - mg + q2)
—2(Em,(Ny - p') + ieq v, py)] + AEm,G* + (m7 = g*)(my —m; — ¢*)]

X iegywyvayipy + (Na - p)(my, —my +mi —=2Em,) + (N, - p')(2Em, —m3 + m; + ¢*)]

8 T + n h 8 T ) ljl
N LICAES ST YCNEVATEN B

sS4’ s_q*
(ma, =ma)fLhy | (ma +m)gihi] .
X [ 7 + 7 2ie g wyin,y ) + (Na - p) My, = mi + mz = 2Em,)

(N, p)2Em, —md, + m2+ )] + Smf{ [4m2 g (m? — 2E7)

+ 2Emn(m% - 3q2)(m%l - m%\C + qZ) - qzs—er](Na 4 + Na : p/) - (m% + q2)
x [(mz = q*)(mz —m3_+ q*) — 4Em,q*)(N, - p) = 2i[4Em,q* + (m; — q°)

(mp, +m,)f hy  (ma, —my)g hy
+

, (C12)
s+q2 s_q*

X (my, —my — qz)}g{k}{k'}{m{p}} [

my —m,)foh ma + m,)goh
Ap -y, = s = ol L L OO ) o, = 2+ )
= 2(Em, (N, - p') + iepyqeyvayipy)] + [4Emug* 4 (mz — ¢*)(my = my — ¢*)]

x iegywyivyipy + (Na - p)(my —my +mi —=2Em,,) + (N, - p')(2Em, — m3

8m (my +m,)f h 8m,(my —m,)g, h
—i—m%—i-qz)} ( A, : )fj_ L ( A, : >9L 1 +8m,(q2—m$)
S+9q s_q

(my, — my)fihy (mp, +my)gihy] .
X [ 7 - 7 Riegyuyivagipy + Na - p)(my —m;

+mi —2Em,) + (Ng - p')2Em, —mj +m; + ¢*)] + 8m7{[4m%q2(m§ —2E?)
+2Em,(m? = 3¢%)(my —m3 +q*) = ¢*s_s,](Ny - p+ Ny p') = (m; + ¢°)
x [(m? = q*)(my; —m3_+ q*) = 4Em,q*|(N, - p) = 2i[4Em,q*> + (m7 — ¢*)

2

x (m} —my; - qz)]f{k}{k/}{m}{p}} { (C13)

(mp, +m,)fihy _ (my, — mn)gJNlﬂ
s.q° s_q° ’

2

Ay s, = 2iegy o py + (N - p)Em, —m? + ¢*) = 2Em, (N, - p')]

T
mc[

X [fohy(mp, —m,) + goihr(m/\g +my,)]. (C14)

8mz .
Af,_s, = — iy, iontpy + (N - p)(2Em, m; + q*) = 2Em, (N, - p')]

X [f0h+(mAC - mn) - gOil-t-(mA[ + mn)]’ (CIS)

2m1(k i Nu)
A = sy 16
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Ay, v, = =2mp {(Ng - K)[4Em, (my = m3, ) + (g% = m2)(m}_+ 3my = ¢%) + 2s,5_]
+ Ny p+ Ny p)AEm,g* + (m? = ¢*)(m}_—mj; — ¢*)]}
Onn +ma)f of 1, (ma, = mn>g+gi] o Hogomemy, =) s oy
S S_ q
x [2m} C( +p) = (No - p')(m}_+mi; = q*)] + 4my [AEm, g* + (m? — ¢*)
x (my = my = @){[s;s- = 2Em, (m} —mi; +q*) + (q° = m7)(my_+mi = ¢*)|(Ny - p)

— [ss_ 4+ 2Emy,(my —m}_+q*) +2m;(q* = m3)|(Ny - p')}
[(mA + mn)f+9¢ + (mp, —my,)f19.] n {(m,\ —m,)fog.L " (my, + mn)fJ_go:|
q* S-S q*s_ q2S+

x 4my m{(N, - p)[2Em,(my_—my + ¢*) + (m7 — g*)(m3_+ my — q°)]

+2mn(Na-p')[E(m%—m3\c+q2)+m (> =m3)] + (Ng - k)s,s_ }+2<fi+z_2l>
+ —

X [4Em,q* + (m7 — q*)(m}_—m;; — g*)|2m3 (Ng - p) = (No - p')(m3_+m; — q*)]
4f¢9¢
S_Sy
—myy 4 2mpmz — ¢*1}[2m3 (N, - p) = (No - p')(m}_+ m;; — ¢*)]
= 2m{[AEm,q* + (m7 — g*)(my_—m;; — ¢*)][2m} (N, p) = (Ny - p')

UON +G9o\Mmp, —m 2(m3 —my)fig.
2)”[f09+(  —m)? L Sg0lma, + )7 20my —mi)fig

{8E*myq* + (m7 — ¢*)[2m3 (mj, + ¢*) — 4Em,,(m, — m_+ ¢)

x (m% +m2—q
(ma, o+ q's_ q*s. q*s_s.

X {16E2m%,q4 + (m? - ¢?) [m%(mﬁ —my +q*)? = 4m,q*(2E(m; —my +q°) + mnqz)] }

x [2m} (N, p) = (Ng- p')(m}, +m; = q?)], (C17)

Ay ooy, = =2mp {(Ng - k)[4Em, (m5; — m3 )+ (¢* = m3)(m3_+3my — ¢*) + 25 5_]
+(Ng-p+ Ny p)AEm,q* + (m7 — q*)(my_—my — ¢*)]}

+ n — My 2 m‘% m2 _m%l
y {(’””AC my)ff L n (mp, —m )9+9L] N Jo090 (4/\‘. )(m% — )
sy S_ q

X [2m} (Ny-p) = (Ng-p')(my_ +mi = q*)] + 4my [4Em,q* + (m? — ¢*)
(m, —mg — q*){[s5_ = 2Em,(m} —my + ¢*) + (¢* = mz)(my_+mj; —q*)|(Ny - p)
— [ss_ 4+ 2Em,(m; —m} +¢*) +2m5(q* = m3)|(N, - p')}
[(mA +m )f+9¢ + (ma, —my)f194] n |:(mA —my,)fog1 n (my, + mn)flg():|

q’s_s, q’s- q’sy

X 4mA(,m%{(Na : p)[ZEmn(mlz\p - m% + q2) + (miz' - qz)(mg\c + m%l - q2)]

X

2 2
+2m, (N, - p)E(m; —m}_ + %) +m,(q*> = m7)] + (Ny - k)s s }+2<fL+i_l>
+ —_

X [AEm,q* + (m7 = ¢*)(my_—m5; — q*))[2m} (N, - p) = (N, - p')(m} +mj = q*)]
4fl9¢
S_S,

— myy + 2mum? — g*1}[2m3 (Ny - p) = (No - p')(m3y + mj; — %))

{8E* muq® + (mz = ¢*)[2m3_(my + %) — 4Em,,(m; — m}_ + %)
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= 2m{[AEm,q* + (m7 — q*)(my_—my; — ¢*)][2m} (N, - p) = (Ny - p')

fog.(my, — m,)? f Go(mp + m,)? 2(”&6 -my)figs
X (mlz\( + m% - qZ)]} - 4 + = 4 + 4
q's_ ‘s, q's_s,
x {16E*myq* + (m7 = ¢*)[mz(my — m3_+ q*)* = 4m,q*(2E(my — m}_+ q°)
+m,g*)}2m3 (N - p) = (N - p')(m3 + mi = ¢*)], (C18)
2f090(m/2\, - m%)(m% - 612)
Af s, = — 2m3 (N - p) = (Ng - p')(my_+my = q?)], (C19)

A}%L—TL = 32m;

Flmy ~m, R B(m, +m,)’
L 2 LI 7 - )R, = = ) + 4B
- +

X [2m} (Ng-p) = (N, - p')(my +m; —q*)] — 64my [(m? — ¢*)(my —mi; — ¢7)

+4Em,q*{[s_s; = 2Em,(m} —my + ¢*) + (¢* — m3)(m3_+ m;; — ¢*)|(Ny - p)

= [s_sy +2m,E, (m; —m}_+q*) +2m;(q* = mZ)|(N, - p')}

« h+I:lJ_(mAC -m,) + I:l+hL(mA(. +m,) i [hﬂu(mm +m,) i INMEL(’"AC
s_s.q 5+q° s-q

x 64my mi{[s_s, —2Em,(m} —mp; + ¢*) + (¢* = m?)(mi_+m; —¢*)|(N, - p)

— [s_sy +2m,E(m; —m3 +¢*) + 2m3i(¢* = m3)|(N, - p')}

_ 64th¢(mic —my)

- mn)

{(m? — ¢*)[m3(s_s. + 2m3q*) — 4m,q* E(m;,

4
S-5+4
—my +q°) = 2muq*] + 8E*mq* Y 2m} (N, - p) = (No - p')(m}, +m;; — )]
32h+il+ 2 2 2(,.2 2 2 2 2 2.2 2
_ﬁ{(mt = q*)[=4m;(q* — m7) = 8m,E(my —m3 + q*) — s_s,] + 16E°myq°}
x [2m3 (No - p) = (No - p')(m3, +my = q*)], (C20)

Ay = 8imp [fygy(ma, +my) = frg(my, = my)legy vy + 2[4Em,q°

i g
+(m? = g*)(my —mi—g*)|2m} (Ny-p) = (Ny-p)(md +mi—q)] (s—L -
+ -

—2mp {[25,5_ +4Em, (my —m3 ) + (g% — m7)(m3_+ 3my — ¢*)|(N, - k)

+ [4Em,q* + (mf — q*)(m3 —my;—g*)}(Ny-p+ Ny p')

y [f+f¢(m/\c + m,) B 991 (my, — mn)] ’ (c21)
S, s_
dimpy m egan, /
AgL—vL =- in}{ et [(ma, +my)gogL + (ma, = my,)fof (]
2my m, ((my +m my —m,
_ Ae {( A, p)ngO I ( A, )ngL}{(Na ) p)[ZEm,,(mf\ _ mﬁ I qz)
m, s, S_ ¢
+ (m% - qz)(’”i( + m% - qZ)] + Zmn(Na ’ p/)[E(m%l - m?\( + q2) + mn(qz - m%)]
+ (Ny - k)sis_} + m[4Em,q* + (m7 — ¢*)(m}_—m;; — ¢*)|[2m} (N, - p)
(my, + m,)figo  (my, —my)fog
= ()3, | T [ o
m.q-s, meq-s_
2f090m1(m%\. - m%)
- qz‘ (g% =mz)2m3 (N, - p) = (No - p')(my+ m; — %)), (C22)
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_ Amy Mg (v, () ')

AgR—VL = m [(ma, +my)gogy — (ma, —my,)fof 1]
2mp m, ((mp, —my,)fog (ma, +m,)f 190
e : — L N, - p)REm,(m3 —m + ¢*
e {2 SR LN, - p)REm, (i + )

+ (m? = ¢*)(my_+mj; — ¢*)] +2m, (N, - p')[E(mg —m3 + ¢*) + m,(q* — m7)]

+ (N k)ses_} + m[4Em,q* + (m? — ¢*)(m} —m3; — ¢*)|[2m3 (N, - p)

(m ¢ mn)zf g (m [ + mn)zf g
= (N )3, ][ TSt L I e, (€23)
meq-s_ m.q S+
dimy m e n, '
AgL—v = - in}{N Heite'y [(m,\ +m,)g09. — (m/\c - mn)fOfL]
2m mg (m . mn)f g (m + mn)f g
2t o Zemfogs R LA, ) 2Em, (o, = + )
m, s_ S.
+ (mz = g*)(my, + my = q*)] 4+ 2m, (N, - p")[E(m; — m}+ ¢*) + m,(q*> — m3)]
+ (Na : k)S+S_} - mr[4Emnq2 + (m12- - ‘]2)(’/’112\C - mt21 - qZ)][zm/z\e(Na : P)
(ma, —my)*fogs  (mp, +m,)*fig
- ()R, - | oD ER ] (C24)
meq-s_ meq-sy
dimp m €gaqn, /
Agk—vk = ;{n}{ Heite'y [(mp, +my)gogy + (ma, —my,)fof 1]
2mp m, ((my —m, my +m,
L2, {( A )f09¢+< A, )flgo}{(Na-p)[ZEmn(mf\(_—m%—qu)
m. S_ Sy
+ (m? = ¢*)(m}_+my = q*)] 4+ 2m, (N, - p')E(my = m3 + ¢*) + m,(¢* — m7)]
+ (No-k)sis_} = m[4Em,q* + (m = ¢*)(m3 —my — ¢*)|[2m3 (N, - p)
(my, —m )2f09+ (my, +m )2f+go
—(N.-p 2 2 _ 2 c n c n
|
2f0g0m7(m2 T m%z)
- - qﬁ‘ (¢ =m3)2m3 (Ny-p) = (Ng - p')(my_+m; —q*)], (C25)
. (md_ —m2)(fohy + goh, + fihi +g.h)) -
Ay, = 161’”@’"{ A 7 - L fuhy 9¢h+} ELMHI N Hp)
h —m,)? h +m,)?
+ 8my m;, {ng L(mA"z ) +f+ L(mA"z ) ]{[s_s+ —2Em,(m% —m?+ q*)
s_q 5+q ‘

+ (¢* =m3)(m +m—g*)|(N, - p) = [s_s; + 2Em, (mj; —m3 + ¢*)

(= N, 1)) - (0 L)

x SmA(,mT{s_u(Na k) + (N p)REm,(m} —m3; + ¢°) + (m? — ¢*)(m3
+ m%z - qZ)] + 2mn(Na ' p/)[EO’)’l% - m%\(, + qZ) + mn(q2 - m%)]}

(ma, —m,)(2g.hy — fohy) n (mp, +m,)(2f Lhy — gohy)
2 P
S-q S+4

+4m, [ } [4Em,q*
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+ (m7 = q*)(my_—my = g)][2m} (N, - p) = (Ng - p')(my_+my = q°)]
(ma, +my) (291 hy —fihy) i (mp, = m,)(2f Ly — g+h+)} (m2 — )

—4m
T 7 7

X 2 (Ny - p) = (Ny - p/) (3, + m2 — )] + 4mAcmT{<m% T )s_si (N, - K
+ [4Em,q* + (m? = g*)(my_—mi; — )Ny - p)(mi —my + ¢*)

hy(my —m, hy(my + m,)?
+(Na'p’)(m%—m,2\(’+q2)]}[ 0 J_(SA;.I4 ) +90 J_( AL»4 ):|’ (C26)

S+4

(m3 —m2)(fohi —gohi + fihy — g hy) -
{ C q + iy - th+] ERHK HN Hp})

h + n 2 il — My 2
+ 8my m, {f+ l(mArz ) _o L(mAfz ") }{[S_M —2Em,(m% —m%+ q%)

54q s_q ‘
—I—(qz—m%)(mi—l—m%—qz)](Na-p) [s_s, + 2Em,(m;, mA +q%)

2m2(a? 2 / Jihy 9Lh+ 2 2 2
+ mn(q - mr)]<Na P )} - S— _S— 8mAcmr{s—s+(Na : k) + (Na : p)[ZEmn<mAL. —my, +q )
+ —
+ (mz = ¢*)(mi_+my; — g*)] +2m,(No - p')[E(mg; —m3_+q°) +m,(q* —m3)]}
+m,)2f L hy + goh —m,) (g, 0, +
+am, (my, +m,)( fé 1+ gohy)  (my, —my)( glz L+ fohy) 4Em, ¢
S+4q s_q
+ (mz = q*)(mi_—my = @*)|2m3 (Ny - p) = (No - p')(my_+m; — q*)]
(my, = m,)(2f 1hy +g.h.) (mp, +m,) (29 hy + fihy) 2 2
— 4m, q2 - q2 (m‘r -—q )
x [2m3 (Ng - p) = (Ng - p')(my, + my = q*)] + 4mp m A{(mz 4 ¢*)s_s (N, - k)
+ [4Em,q* + (mi — ¢*)(m} —m5; — ¢*)][(Ny - p)(m3 —m; + ¢?)
foiu(mAc - m,)? gohy (my, + m,)? 27
s a* - 4 ’ ( )
-9 S+q
Aj g = 4AEm,q* + (m? — g*)(my_—mj; — q*))[2m3 (N, - p) = (N, - p')(m} + my —q?)]
« [Oma,=ma)fohs  (ma, & my)gohy] _ 16ima (s, = mi)eqww)in,ir)
m.s_ me.s, m,

h _ .
Az, _y, = 16imy m

+ (Ng - p')(mp, —m3 +q*)]}

X (fohy + goh1) — 4{[4Em,q* + (m? — ¢*)(m} —mi — ¢*)][(N, - p)(mi_—m; + ¢%)
+ (No - p)(mi —miy_ + @) + Ny - k) (mz + g*)[m}y, —2m3_(m5 + ¢%)
h +m,)?goh
i (m% _ q2)2]} {m/\(, (mA ) fohy mAL.(mA(, 2m )7 9oh 1 7 (C28)
cq S_ m.q S+
Al = 4[4Em,q* + (m? — ¢*)(m}_—mj — g*)][2m3 (N - p) = (N, - p')(m} + mi = ¢*)]

[Oma, = ma)fohs  (ma, +ma)goh.] _16imy (m3, —mp)eq wyiv,)in)

mgs_ mes, me

X (fohi — goh1) — 4{[4Em,q* + (m? — ¢*)(m3_ —m3 — ¢*)|[(N, - p)(m} —m3 + ¢*)
+ (Ng - p')(my = my 4 ¢*)| + (Ng - k) (m7 + ¢*)[my_—2m3 (m; + %)
mp (mp, —m,)?fohy  my (my + m,)*goh (C29)

+<mz—q2>21}[ a _ma(ma, + ,

m.q-s_ meq-s
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h
‘ASL—SR

where &y (1 (v, 1 {p} = Ewapk KV NEPP, with & being a totally

that A"" with the same subscripts are always real.

=0, (C30)

antisymmetric tensor. From the equations above, it is clear
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