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Phantom scalar theories are widely considered in cosmology, but rarely at the quantum level, where they
give rise to negative-energy ghost particles. These cause decay of the vacuum into gravitons and photons,
violating observational gamma-ray limits unless the ghosts are effective degrees of freedom with a cutoff Λ
at the few-MeV scale. We update the constraints on this scale, finding thatΛ≲ 19 MeV.We further explore
the possible coupling of ghosts to a light, possibly massless, hidden sector particle, such as a sterile
neutrino. Vacuum decays can then cause the dark matter density of the universe to grow at late times. The
combined phantom plus dark matter fluid has an effective equation of state w < −1, and functions as a new
source of dark energy. We derive constraints from cosmological observables on the rate of vacuum decay
into such a phantom fluid. We find a mild preference for the ghost model over the standard cosmological
one, and a modest amelioration of the Hubble and S8 tensions.
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I. INTRODUCTION

Ghosts, or phantoms, are scalar fields with a wrong-sign
kinetic term. They have been widely studied in cosmology,
as a source of matter with equation of state w < −1, as was
suggested in early determinations of the dark energy
equation of state [1–4]. If such an object exists in nature,
it must have not only classical behavior, but also quantum
mechanical: negative energy particles which are the quanta
of the ghost field.1

Even if such exotic particles have no direct couplings
to the standard model (SM), they cannot avoid being
gravitationally coupled. As a result, through virtual
graviton exchange, the vacuum is unstable to decay into
pairs of ghosts plus positive-energy particles [5], and the
rate for such processes is unbounded unless there is an
ultraviolet cutoff Λ on the phase space of the ghosts: in
other words, any consistent theory of ghosts must be a
low-energy approximation that breaks down at momenta
larger than Λ. Nonobservation of excess gamma rays from

vacuum decay leads to a bound that was roughly estimated
as Λ≲ 3 MeV [6].
As pointed out in Ref. [6], the low-energy effective

theory of ghosts must be Lorentz-violating, since Λ is a
bound on the magnitude of the 3-momenta of the ghosts,
which implies a preferred reference frame. Explicit, UV-
complete models that give such a momentum cutoff were
constructed in Refs. [7–9]. In the present work, we will not
be concerned with the microphysics underlying such ghost
models, but rather with the late-time cosmological impli-
cations of the low-energy effective theory.
Another possible signature of phantom theories could be

decay of the vacuum into ghosts plus dark matter (DM). If
both types of particles had the same dispersion relation,
apart from the overall sign, there would be no net
cosmological effect, at the homogeneous level, due to
the cancellation of stress-energies of the two components.
Here we will consider the case of massless ghosts, which
can have a nonvanishing effect, since the negative-energy
density of the ghosts redshifts faster than that of the created
dark matter. The result is a net creation of DM at late times.
Wewill show that for purely gravitationally coupled ghosts,
this process is too slow to give detectable results. But it is
consistent to couple the ghosts and the DM more strongly,
for example by exchange of a heavy gauge boson, allowing
for significant late-time DM creation.
In the present work, we examine the effect of such late-

time DM creation on the cosmic microwave background
(CMB) and structure formation. Even if the contributions of
the two fluids cancel exactly at the homogeneous level,
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1They are unlike the Faddeev-Popov ghosts for fixing gauge
symmetries in quantum field theory, which carry positive energy
but with negative probability.
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in the case of massless ghosts and massless sterile neu-
trinos, their perturbations do not cancel. This leads to
constraints on the rate of DM plus phantom fluid creation,
and consequently on the energy scale of new physics
linking phantom particles to dark matter.
Unlike most previous studies, we are interested here in

the quantum production of the phantom particles, rather
than a classical field condensate. To keep these issues
cleanly separated, we focus on the case of massless
phantoms, whose potential vanishes. It is therefore con-
sistent to neglect any phantom vacuum expectation value in
the present work.
We start by revisiting the upper bound on Λ from diffuse

gamma rays in Sec. II, and make a fully accurate deter-
mination. In Sec. III we describe the particle physics model
for a phantom sector coupled to dark matter, and solve for
the cosmological component densities created by decay of
the vacuum. There we also derive preliminary constraints
based on type Ia supernovae. In Sec. IV, the consequences
for the CMB and large scale structure are studied using a
full Monte Carlo search of the parameter space, resulting in
an upper bound on the vacuum decay rate and correspond-
ing new-physics energy scales. We investigate the potential
of the model for providing a new source of dark energy, and
for addressing various cosmological tensions. Conclusions
are given in Sec. V.

II. CONSTRAINT ON Λ

In Ref. [6], a rough estimate was made of the rate for
vacuum decay into ghosts and photons. Here we compute
the rate more quantitatively. The computation is identical to
that for gravitational scattering of ghosts into photons,
ϕϕ → γγ, except that the initial state particles are treated
as final state particles, and integrated over with momenta
restricted by jp⃗ij ≤ Λ. The matrix element has been
computed in Refs. [10,11], and is given by2

X
spin

jMj2 ¼ 1

8m4
P

�
tu
s

�
2

; ð1Þ

where the Mandelstam invariants are defined in the
usual way, and we can pretend that the ghost energies
are positive since the momentum-conserving delta function
is δðE1 þ E2 − E3 − E4Þ where E1;2 are ghost energies and
E3;4 are photon energies. Here mP ¼ 2.43 × 1018 GeV is
the reduced Planck mass.
Carrying out the phase space integrals as described in

appendix A, we first compute the instantaneous spectrum
of gamma rays dΓ=dE. The result is shown as the black

solid curve in Fig. 1. However the observed flux is a
line-of-sight integral, similar to that for decaying dark
matter [12], which can be expressed as an integral over the
redshift of the corresponding emission distance,

dJ
dE

¼ 1

4π

Z
∞

1

dz
1

HðzÞð1þ zÞ3
dΓ
dE

ðð1þ zÞEÞ; ð2Þ

where the Hubble rate is HðzÞ ≅ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmð1þ zÞ3 þΩΛ

p
,

ignoring the small contribution from radiation. Here
Ωm ≃ 0.32 and ΩΛ ≃ 0.68 are the total matter and dark
energy abundance, respectively. The result is shown as the
red dashed curve in Fig. 1, in units of Λ7=ð4πH0m4

PÞ. This
must be compared to the observed diffuse electromagnetic
spectrum, which in the region of interest was measured
by the COMPTEL experiment [13] to be approximately
dJ=dE ≅ 5.3 × 10−3ðE=E0Þ−2.4 MeV−1 cm−2 s−1 sr−1 with
E0 ¼ 1 MeV. By demanding that the predicted flux in
Eq. (2) not exceed the observed one, we derive a 95% con-
fidence level (CL) limit of

Λ≲ 18.8 MeV; ð3Þ

which is somewhat weaker than the rough estimate origi-
nally derived in Ref. [6]. Here we assumed the ghost
particles are real scalars; the bound in Eq. (3) should be
reduced by a factor ð1=2Þ1=9.4 ≈ 0.93 for complex scalar
ghosts, giving Λ≲ 17.5 MeV.
We have also estimated the constraint arising from

vacuum decay to ghosts and eþe− pairs; using the matrix
elements computed in Ref. [11] [see Eq. (4) below], we find
a decay rate per unit volume Γd ¼ Λ8=ð368640π5m4

PÞ in
the approximation me ≪ Λ. The present density of e� is
of order ne ¼ Γd=H0, giving the rate Γs ∼ neσ for a
CMB photon to scatter on e�, with σ ∼ 8πα2=ð3Λ2Þ.

FIG. 1. Solid: Instantaneous photon spectrum (Λ× decay rate
per unit volume and energy) from vacuum → ϕϕγγ (real scalar
ghosts plus photons) decay, with units of Λ8=m4

P. Dashed:
Observed flux accounting for cosmological redshift, with units
of Λ7=ð4πH0m4

PÞ, as given by Eq. (2).

2We use the interaction Lagrangian Lint ¼ hμνTμν=ð2mPÞ,
where hμν is the graviton field and Tμν is the total energy-
momentum tensor, as done in Ref. [11]. This choice differs from
the Lagrangian used in Ref. [10] by a factor of 1=2.
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The probability to scatter is of order Γs=H0, which should
be less than ∼10−4 [14]. This leads to a bound of
Λ≲ 350 MeV, significantly weaker than Eq. (3).

III. GHOST/DARK MATTER MODELS

We next consider the decay of the vacuum into massless
ghosts ϕ and massive hidden sector particles νs, which for
definiteness is considered to be a sterile Dirac neutrino.
(The main results are not expected to be sensitive to
different possible choices, such as scalar dark matter.)
Such a process can increase the energy density of the
Universe at late times, due to the faster redshifting of the
ghost versus the massive particle contribution.

A. Gravitational coupling

The matrix element for the gravitational scattering
between Dirac fermions with mass mνs and scalar particles
is [11]

jMgj2 ¼ −
ðt −m2

νsÞðsþ t −m2
νsÞðsþ 2t −m2

νsÞ2
32m4

Ps
2

; ð4Þ

where the Mandelstam invariants s, t, u have their usual
definitions, after changing p1;2 → −p1;2. The vacuum
decay rate, per unit volume, is given by the phase-space
integral

Γ ¼ ð2πÞ4
Z Y4

i¼1

d3pi

ð2πÞ32Ei
δðE1 þ E2 − E3 − E4Þ

× δð3Þðp⃗1 þ p⃗2 − p⃗3 − p⃗4ÞjMgj2; ð5Þ

where we have taken p1;2 → −p1;2, so that all energies are
positive. The ghost momenta p1 and p2 should be inte-
grated up to the cutoff Λ. In appendix A we carry out
the numerical integration of the vacuum decay rate per
unit volume. By numerically fitting, the result can be
approximated as3

Γg ≅ 4.4 × 10−9
Λ8

m4
P

�
1 −

�
mνs

Λ

�
2
�
exp

�
−5.3

�
mνs

Λ

�
4.2
�
;

ð6Þ

assuming the ghosts ϕ are real scalar particles, and that
mνs ≤ Λ by energy conservation.
One can estimate the expected energy density in νs today

following Ref. [6],

ρνsðt0Þ ∼ Λnνsðt0Þ ∼ ΛΓgt0; ð7Þ

where nνsðtÞ is the number density of sterile neutrinos
and t0 ∼ 1=H0 is the age of the Universe. Taking the
maximum value Λ ∼ 19 MeV and dividing by the critical
density today ρcrit, we find that Ωνs ¼ ρνs=ρcrit ≲ 10−9,
which is far below the sensitivity of observational
constraints. It follows that the vacuum decay rate must
be ∼9 orders of magnitude larger than that arising from
purely gravitational interactions to have an observable
cosmological impact.

B. Scalar or vector coupling

Since the gravitational interaction of νs is too weak to
have appreciable cosmological effects, we introduce a
heavy mediator coupling ϕ to νs, which can be either a
scalar Φ or a vector Z0. Integrating out the mediator results
in an effective interaction of the form

Λ
M2

s
jϕj2ν̄sνs or

i
M2

v
ðϕ�

∂

↔

μϕÞν̄sγμνs; ð8Þ

where Ms and Mv are the new-physics mass scales, to be
constrained.4 For simplicity, we take the ghost to be a
complex scalar in both cases, and νs to be a Dirac fermion.
This choice insures there is no gauge anomaly for the vector
mediator case. Figure 2 shows the Feynman diagrams of the
vacuum decay processes.
Labeling the ghost momenta as p1;2 and the νs momenta

as p3;4, we obtain the following new-physics matrix
elements for the vacuum decay

jMnj2 ¼
8<
:

2Λ2

M4
s
½s − 4m2

νs �; scalar

2
M4

v
½s2 − ðt − uÞ2�; vector

; ð9Þ

where again the Mandelstam invariants s, t, u have their
usual definitions, after negating the 4-momenta of the
ghosts so that kinematically they look like initial-
state particles with positive energy. Integrating Eq. (5)

FIG. 2. Diagrams of vacuum decay mediated by a scalar Φ or a
vector boson Z0.

3In reality Γg falls to zero whenmνs → Λ since the phase space
vanishes, but the small discrepancy with Eq. (6) is numerically
insignificant for our purposes.

4The choice of parametrization for the scalar coupling strength
is motivated by assuming that the dimensionful coupling of the
scalar to ghosts will not exceed the cutoff Λ.
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numerically we find that the decay rate for both mediators
can be approximately fit by the formulas5

Γn ≅ 1.1 × 10−5Λ8

8>><
>>:

1
M4

s
exp

h
−6.7

�
mνs
Λ

�
2.1
i
; scalar

1
M4

v
exp

h
−5.7

�
mνs
Λ

�
4.2
i
; vector

;

ð10Þ

(see appendix A).

C. Phantom sector spectra

Once the massless ghosts ϕ and the massive sterile
neutrinos νs are produced from the vacuum decay, their
cosmological evolution is described by the Boltzmann
equation in an expanding universe,

∂f0i
∂t

−Hpi
∂f0i
∂pi

¼ Si; ð11Þ

where pi ¼ jp⃗ij, t is the physical time, H is the Hubble
parameter, f0i ðt; piÞ is the (dimensionless) phase-space
distribution function, and Si is the collision or source term
for the species i ¼ ϕ; νs, both at the homogeneous back-
ground level. The latter quantity is defined by [15]6

Si ¼
ð2πÞ4
2Ei

Z Y4
j≠i

d3pj

2Ejð2πÞ3
δðE1 þ E2 − E3 − E4Þ

× δð3Þðp⃗1 þ p⃗2 − p⃗3 − p⃗4ÞjMnj2F 0; ð12Þ

where we used the same labeling as in Eq. (5) (i.e., ghost
energies are replaced by their absolute values), and

F 0 ¼ ½1þ f01ðp⃗1Þ�½1þ f02ðp⃗2Þ�½1 − f03ðp⃗3Þ�½1 − f04ðp⃗4Þ�
− f01ðp⃗1Þf02ðp⃗2Þf03ðp⃗3Þf04ðp⃗4Þ: ð13Þ

If the occupation number of the produced particles from the
vacuum decay is small, namely f0i ≪ 1 (we will validate
this assumption a posteriori), then F 0 ≃ 1 and the collision
term in Eq. (12) becomes independent of the phase-space
distributions. This allows us to integrate Eq. (11) directly,
obtaining [16,17]

f0i ðt; piÞ ¼
Z

t

tin

dt0Si

�
aðtÞ
aðt0Þpi; t0

�

¼
Z

aðtÞ

ain

da0

a0Hða0Þ Si
�
aðtÞ
a0

pi; a0
�

ð14Þ

where tin, or interchangeably the scale factor ain, is the
initial time of integration, and the factor aðtÞ=aðt0Þ
accounts for the redshifting of the momenta between t0

and t. We take ain ≃ 10−8 to be well deep inside the
radiation era, when the vacuum decay is completely
negligible; our results are insensitive to the precise value
of ain. We will compute the collision terms first.
The source term for the ghosts is relatively easy to

evaluate, since the integrals over final-state particles have
exactly the same form as for the cross section ϕϕ → νsνs
of positive-energy massless ϕ particles. One can as usual
perform this calculation in a Lorentz-invariant manner to
obtain the cross section as a function of the Mandelstam
variable s ¼ ðpμ

1 þ pμ
2Þ2 ¼ 2p1p2ð1 − cos θÞ, where θ is

the angle between p⃗1 and p⃗2,

Sϕðp1Þ ¼
1

2ð2πÞ2p1

Z
d cos θ

Z
Λ

0

dp2p2sσðsÞ; ð15Þ

with

σðsÞ ¼

8>><
>>:

Λ2

8πM4
s

�
1 − 4

m2
νs
s

�
3=2

; scalar

sþ2m2
νs

12πM4
v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4

m2
νs
s

q
; vector

: ð16Þ

The neutrino spectrum is slightly more complicated to
calculate because the phase space of the ghosts is restricted
by the momentum cutoff Λ; hence one cannot write a
completely analogous expression involving the cross sec-
tion for νsνs → ϕϕ. Instead,

Sνsðp3Þ ¼
1

16ð2πÞ4
1

E3

Z
dc12dc13dφ

×
Z

Λ

0

dp2

p2
1jMj2ΘðΛ − p1Þ
E3 − p3c23

; ð17Þ

where cij¼ p̂i · p̂j, and p1¼p2ðE3−c23p3Þ=ðp2ð1−c12Þ−
ðE3−c13p3ÞÞ. The integrals in Eqs. (15) and (17) can
be evaluated numerically and they correspond to the
instantaneous spectrum dΓn=dpi once multiplied by the
factor 4πp2

i =ð2πÞ3.
We can use the computed collision terms to derive the

phase-space distributions at the present time, which are
given by Eq. (14) with t ¼ t0 or equivalently a ¼ a0 ¼ 1
and where

HðaÞ ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm

a3
þ Ωr

a4
þ ΩΛ þ ΩgðaÞ

r
: ð18Þ

5See footnote 3.
6The collision term for both species is positive since it

describes the probability of collision. For massless ghosts, which
carry negative energies, one has generally that Eϕ ¼ −pϕ ≤ 0
with pϕ ≥ 0, and hence f0ϕ ≥ 0, nϕ ≥ 0, ρϕ ≤ 0, Pϕ ≤ 0, and
wϕ ≥ 0, from Eqs. (19) and (21). The negative pressure indicates
that ghosts antigravitate.
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Here, Ωm, Ωr, and ΩΛ are the relative abundances of total
matter (baryonic plus cold dark matter), radiation (photons
plus massless SM neutrinos), and dark energy described by
a cosmological constant, respectively, and the contribution
from the ghost plus νs densities is ΩgðaÞ ¼ ðρϕðaÞ þ
ρνsðaÞÞ=ρcrit with the critical density defined as usual,
ρcrit ¼ 3H2

0=ð8πGÞ. In practice, one can neglect Ωr since
the ghost fluid is produced mainly at late times. In the
following, we will assume for simplicity a flat universe,
which is also the expectation after a period of early-time
acceleration dubbed as inflation [18]. In this way, we have
ΩΛ þΩm þΩg ¼ 1, where we have defined Ωg ≡Ωgða0Þ
for simplicity.
The distribution functions in (14) are normalized such

that the particle number densities are given by7

niðtÞ ¼
Z

dpip2
i f

0
i ðt; piÞ

¼ Λ3

Z
dx x2f0i ðt; xÞ: ð19Þ

The shapes of the spectra at the present epoch for the
vector and scalar mediator models are shown in Fig. 3.
It is straightforward to show that the redshifted spectra
f0i ðt0; piÞ computed via Eq. (14) are identical to those
derived through Eq. (2).
It can be convenient to have an explicit formula for f0νs in

the case where mνs ¼ 0 and vector mediator,

p2f0νsðpÞdp ¼ AΛ4H−1
0 x2e−πx

2

dx; ð20Þ

where x ¼ p=Λ and A ¼ 7.7 × 10−4ðΛ=MiÞ4. Although
this is a numerical fit, the coefficient π in the exponent turns
out to be accurate to three digits.8

D. Phantom fluid evolution

Treating the ghosts and sterile neutrinos as
cosmological fluids, one can compute their energy density,
pressure, and equation of state (EOS) at the background
level as

ρiðtÞ ¼
Z

dpip2
i Eif0i ðt; piÞ;

PiðtÞ ¼
Z

dpip2
i
p2
i

3Ei
f0i ðt; piÞ;

wiðtÞ ¼
PiðtÞ
ρiðtÞ

; ð21Þ

where f0i ðt; piÞ is given by Eq. (14), and Eϕ ≤ 0. Figure 4
shows the scale-factor evolution of the energy densities of
ϕ and νs for different values of the sterile neutrino mass
mνs , in addition to their sum. As expected, in the case of
massless νs there is no net contribution of the two new
species to the total energy density of the Universe, while for
mνs > 0, there is a clear difference between jρiðaÞj for the
two components.
The energy densities shown in Fig. 4 can be derived in a

simpler way, directly from the Boltzmann equation (11),
after weighing by the energy Ei and integrating over the
particle three-momentum. This gives

FIG. 3. Left: Present-day sterile neutrino momentum spectrum, divided by Λ5=ð128π6M4
i H0Þ, withMi ¼ Ms (scalar mediator) orMv

(vector mediator), for several choices ofmνs =Λ. Here x ¼ p=Λ and we usedΩm ¼ 0.32. Solid (dashed) curves are for the vector (scalar)
mediator model. Right: Momentum distribution for ghosts.

7In Eq. (19) and from now on, we include the numerical factor
4π=ð2πÞ3 in the definition of the phase-space distribution f0i ,
given by Eq. (14).

8For other choices of mνs we find similar fits by
replacing x2e−πx

2

→ ð2=3Þx1.59e−4x2.28 for mνs =Λ ¼ 0.5 and
→ 0.349x1.57e−8.255x

2.39
for mνs =Λ ¼ 0.75.
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dρϕ
dt

þ 4Hρϕ ¼ −Γρ;

dρνs
dt

þ 3Hð1þ wνsÞρνs ¼ þΓρ; ð22Þ

where Γρ is the rate of change in the particle energy density
due to the vacuum decay, computed in Appendix B [see
Eq. (B12)] which gives approximately

Γρ ≅ ΓnΛ ×

	
0.76; scalar

0.82; vector
≡ cmΓnΛ; ð23Þ

in terms of Γn from Eq. (10).

In Eq. (22), the equation of state for sterile neutrinos wνs
depends upon mνs , and it could a priori also be a function
of time. wνs ranges between zero for nonrelativistic
particles when mνs ∼ Λ to 1=3 for relativistic ones, when
mνs ∼ 0. This is confirmed by Fig. 5 (left), which shows the
present-day wνs computed via Eq. (21) as a function ofmνs .
We find that a good fitting formula is

wνsðx̃Þ ≃
	
1=3 − 1.33x̃2 þ 1.92x̃3 − 1.07x̃4 þ 0.16x̃6;

1=3 − 1.05x̃2 þ 0.82x̃3 þ 0.01x̃4 − 0.12x̃6;

ð24Þ

respectively for the vector and scalar mediator, where
x̃≡mνs=Λ∈ ½0; 1�.

FIG. 4. Scale-factor evolution of the absolute value of the energy densities for ghosts ϕ (which have ρϕ < 0) and sterile neutrinos νs
(Left), and of their sum (Right) for the vector mediator case. The units of ρiðaÞ are Λ9=ð128π6M4

jH0Þ (j ¼ v, s). Solid lines are the result
of numerically solving Eq. (21). The color shaded band represents the uncertainty on the backreaction from ΩgðaÞ in the Friedmann
equation (18) for the values of Γρ allowed by Type Ia supernova (see Sec. III E). The green dotted lines are given by the analytic formulas
in Eq. (31), derived from the Boltzmann equations in (22) when backreaction is neglected. For both plots, we usedΩm ¼ 0.32 and ΩΛ is
determined by the flatness condition ΩΛ ¼ 1 − Ωm − Ωg.

FIG. 5. Left: Present-day equation of state of sterile neutrinos wνs as a function of the sterile-neutrino mass to cutoff ratio. The
numerical results are shown with solid lines, while green dotted curves correspond to the numerical-fit functions (24). Right: Scale-
factor evolution of wνs for different choices ofmνs . The solid curves are for the vector mediator model, whereas the dashed curves are for
the scalar model. The band thicknesses and Ωm and ΩΛ are as in Fig. 4.
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The νs equation of state turns out to be time independent,
to a good approximation, as displayed in Fig. 5 (right). It
can be shown that the time independence is exact whenever
the scale factor has a simple power law behavior, aðtÞ ¼ tp,
because in that case the integrals in Eq. (21) factorize to
the form ρi ¼ FðtÞρ̂iðpÞ and Pi ¼ FðtÞP̂iðpÞ such that the
time dependence cancels in their ratio. Since most of the
ghost fluid production takes place while the Universe is
approximately matter dominated, this analytic behavior is
realized by the full numerical solution.
It is convenient to recast the Boltzmann equations (22) in

dimensionless form, with y ¼ a3 playing the role of time,

dΩϕ

dy
þ 4

3y
Ωϕ ¼ −

ϵρ
yĤðyÞ ;

dΩνs

dy
þ 1þ wνs

y
Ωνs ¼

ϵρ
yĤðyÞ ;

ĤðyÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΩΛ þ Ωm=yþ ΩgðyÞ

q
; ð25Þ

and ϵρ ≡ Γρ=ð3H0ρcritÞ. Evidently, in the limit of
massless νs, wνs ¼ 1=3 and the net contribution ΩgðyÞ ¼
ΩϕðyÞ þ ΩνsðyÞ remains exactly zero, as expected.
Taking massless ghosts and massive neutrinos rather

than vice versa is an arbitrary model-building choice. The
system of equations for the alternative choice is trivially
related, by exchanging the roles of Ωϕ and Ωνs in Eq. (25),
and relabeling wνs → wϕ. The first choice results in Ωg > 0

while the second gives Ωg < 0. We will consider the
general case in the following, which results in a sign
choice � for the solutions given below.
By solving the system (25) numerically, one finds that

the net production ΩgðyÞ is approximately linear in ϵρ, for
ϵρ ≲Oð10Þ. For larger ϵρ, linearity breaks down because
the backreaction of the ghost plus νs fluid appears in Ĥ and
reduces the production; however such large values are ruled
out by observations of late-time cosmology, namely super-
novae, as we will show. Hence we focus on the linear
regime. Useful approximate fits to the numerical solutions
are given by

Ωνs=ϕðyÞ ¼ �ϵρA0yA1−A2y−A3yð1−yÞ;

ΩgðyÞ ≅ �ϵρfðwνsÞð1þ 0.109 ln yÞ3.09;
fðwνsÞ ≅ 0.163 − 0.594wνs þ 0.321w2

νs ð26Þ

where the coefficients Ai are linear functions of the
equation-of-state parameter w, shown in Table I, and the
factor ð1þ 0.109 ln yÞ3.09 should be interpreted as zero at
small ywhere it would become negative. The choice of sign
corresponds to taking massless ghosts and massive νs (þ)
or vice versa (−). For smallmνs , one can read from Eq. (24)

that ð1=3 − wνsÞ ≅ Cmðmνs=ΛÞ2 with Cm ≅ 4=3 for the
scalar mediator and Cm ≅ 1 for the vector mediator.

E. Constraints from type Ia Supernovae

Because the net fluid of ghosts plus sterile neutrinos is
produced at late times, a sensitive probe of its effect
on cosmology is the use of supernovae as standard
candles [19,20]. Below, in Sec. IV B, we will do a full
analysis including other cosmological datasets. This pre-
liminary study serves to define the parametric region of
interest for the later Monte Carlo exploration.
The luminosity distance dLðzÞ of type Ia supernovae

can probe deviations from the standard expansion history of
the Universe. It is given by

dLðzÞ ¼ ð1þ zÞc
Z

z

0

dz0

Hðz0Þ ð27Þ

where HðzÞ is given by Eq. (18) with a¼ð1þzÞ−1. It is
related to the distance modulus μðzÞ¼5 log10ðdLðzÞ=10 pcÞ,
which is experimentally determined from the observed
and modeled absolute luminosities of the supernovae.
Given a covariance matrix Cij, the log likelihood can be
computed in the standard way,

−2 lnL ¼ χ2 ¼ δμ⃗TC−1δμ⃗; ð28Þ

where δμ⃗ is the vector of residuals between theory and
observation. One minimizes the χ2 with respect to the
cosmological parameters to find the best-fit values and
confidence intervals. This is known in the literature as
frequentist profile likelihood, which is complementary to
the Bayesian Markov Chain Monte Carlo (MCMC) since
the latter identifies large regions in the parameter space
that exhibit a good fit to the data. In the present case,
the parameters over which to minimize the χ2 are the
Hubble rate H0, the present contribution to the energy
density from the ghosts and sterile neutrinos Ωg, and that
from the total matter contribution, Ωm. There may also be a
nuisance parameter, the correction factor of the absolute
magnitude of the supernovae M, which is degenerate
with H0 for uncalibrated supernovae. We assume flatness,
so that the dark energy contribution is determined as
ΩΛ ¼ 1 − Ωm −Ωg.

TABLE I. Dependence of the coefficients Ai in Eq. (26) on
the equation-of-state parameter w. For massive neutrinos,
w ¼ wνs < 1=3, for massless ghosts w ¼ 1=3, and vice versa
for massless neutrinos and massive ghosts.

A0 ≈ 0.7969 − 0.486w
A1 ≈ 0.4128 − 0.017w
A2 ≈ 0.0587 − 0.003w
A3 ≈ 0.4296þ 0.076w
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This procedure was followed for three different (but
not all mutually exclusive) datasets: Union 2.1 [21],
Pantheon [22], and Pantheonþ SH0ES [23], comprising
580, 1048, and 1657 supernovae, respectively.9 In an
alternative analysis of Pantheonþ, the smaller sample of
1590 SNe is used, omitting the nearby SNe whose absolute
distances are calibrated using Cepheid variables; this leaves
H0 and M undetermined. The determination of the other
parameters gives the same result in both cases.
The results of minimizing the χ2 for the different

datasets are shown in Fig. 6 (left). There is no preference
for Ωg ≠ 0, but large magnitudes are allowed at 95% CL,
down to −0.75 for the case of massive ghosts and up to
0.45-0.9 for massless ghosts, depending upon the dataset.
Figure 6 (right) displays the preferred values of ΩΛ and
Ωm as a function of Ωg, along with the dependence of the
Hubble parameter H0 on Ωg. Two values are shown,
corresponding to the Union 2.1 and Pantheonþ samples
(since Pantheon does not determine H0). Both are linearly
increasing functions of Ωg, but are offset from each other
by about 4 km=s=Mpc. The Union 2.1 fit gives a mini-
mum value of H0 ≅ 69.3 km=s=Mpc at Ωg ≅ −0.75,
which is still in tension with the Planck determination
67.4� 0.5 [24] at nearly 4σ. In Sec. IV B we will show
that this preliminary result agrees with a more careful
analysis where all of the standard ΛCDM parameters are
allowed to vary.

The 95% CL bounds onΩg in Fig. 6 restrict the allowed
values of the dimensionless parameter ϵρ [defined below
Eq. (25)] or its dimensionful counterpart Γρ. Figure 7
(left) shows these limits for massless ghosts and massive
sterile neutrinos as a function of the νs equation-of-state
parameter wνs. As already anticipated, values of ϵρ larger
than Oð10Þ are excluded by supernova data, except when
wνs ∼ 1=3. However, for such values of wνs the magnitude
and shape of the energy densities of the new species
become irrelevant since their contributions cancel, giving
a negligible effect in the Friedmann equation (18).
Therefore, the use of the approximate fits in Eq. (26),
which assume linearity in ϵρ, is justified even for these
larger values of ϵρ.
The minimum value of χ2 for each dataset, compared to

the χ2 value for the standard ΛCDM parameter values,
can be characterized by Δχ2 ¼ χ2min − χ2ΛCDM. It is given
by −2810.4 (Pantheon+), −1.1 (Pantheon), and −94.5
(Union 2.1). The discrepancy for Union and Pantheonþ
arises from the dependence on H0 in the χ2min, which is
calibrated using Cepheids. The superficial appearance that
the ghost model gives a better fit than ΛCDM is a reflection
of the Hubble tension between the supernovae and the
larger cosmological datasets. This tension is hidden for the
Pantheon analysis since H0 is marginalized out. We will
confirm a mild preference for the ghost model over ΛCDM
in Sec. IV B.
An interesting question is whether Ωg can explain all

of the dark energy, replacing the cosmological constant.
Figure 6 suggests that this is indeed possible, using the
Union and Pantheon datasets, by taking Ωg ∼ 0.6. However
it is in tension with the Pantheonþupper bound Ωg <0.45,
which requiresΩΛ ≳ 0.2. In general, the capability ofΩg to

FIG. 6. Left: 95% CL allowed regions for the ghost plus sterile neutrino contribution to the present composition of the Universe, for
the three supernovae datasets considered. The triangles indicate the best-fit values for Ωg. Right: Most likely values of ΩΛ (solid),
Ωm (dashed), and H0 (dot-dashed) as a function of Ωg. The 95% CL regions of the latter are indicated as dotted vertical lines.

9The Pantheonþ sample contains 1701 spectroscopically
confirmed type Ia supernovae up to redshift z ≃ 2.3, but only
1657 of them have z > 0.01. We followed Ref. [23] in omitting
supernovae with z < 0.01 from the analysis because of their large
peculiar velocities, which preclude an accurate determination of
the cosmological parameters.
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function as dark energy can be understood through the
effective EOS of the ghost fluid

weff ¼
Pϕ þ Pνs

ρϕ þ ρνs
; ð29Þ

whose redshift dependence is plotted in Fig. 7 (right).
Notably, it violates the weak energy condition since
weff < −1.3 both at early and late times. The early-time
limit weff → −1.5 can be derived analytically from the
exact solution (31) that will be introduced below, in the
regime where backreaction of the ghost fluid is negligible.
The late-time limit weff ≅ −1.3 depends weakly on the
value of mνs=Λ. Coincidentally, such a value of weff was
shown to solve the Hubble tension by shifting the central
value of H0 without broadening its uncertainty, although
the associated model would be strongly disfavored with
respect to the ΛCDM baseline model [25]. It is striking that
the ghost fluid (in conjunction with the produced positive-
energy particles) can function as dark energy even in the
absence of a classical condensate, or indeed a potential
VðϕÞ, which was the original motivation for phantom fields
in cosmology. The latter conclusion was originally drawn
by Ref. [7], which obtained similar redshift evolution of
weff as we derived in Fig. 7 (right), directly from the
conservation of the energy-momentum tensor.

IV. CMB AND LARGE SCALE STRUCTURE

Even if their combined contributions to the energy density
of the Universe are negligible, the creation of massless
ghosts and positive-energy particles can leave an imprint on
the CMB and matter power spectra. In particular, if both
species are massless, their energy densities cancel exactly,
but they can nevertheless alter the cosmological evolution

and the formation of structure through their perturbations,
depending on the production rate.
As noted above, the expansion history of the Universe is

modified if the ghosts and νs are not degenerate in mass.
We estimate that the results for mνs > 0 will revert to those
of the massless case when mνs ≲ 2 × 10−5Λ. This was
found by comparing the effects on the CMB and matter
power spectra, including the linear order perturbations, and
either including or neglecting the zeroth-order contribu-
tions of the new species. In the following sections we will
study the two qualitatively distinct regimes, depending on
the scale of mνs .

A. Massless νs case

If νs is sufficiently light, its contribution to the total energy
density of the Universe cancels that of the presumed
massless ghosts and there is no appreciable effect at the
background level. The first nontrivial contribution arises at
linear order in the cosmological perturbations. We derive the
relevant equations in Appendix B and find that the pertur-
bations for ϕ and νs do not cancel each other, mainly because
of the different phase-space distribution between the two
species, shown in Fig. 3; see also Eqs. (B29) and (B30).
The perturbations were implemented in a modified

version of the Boltzmann code CAMB [26]. To the six
parameters comprising the ΛCDM model,10

FIG. 7. Left: Mapping of Fig. 6 to the parameters ϵρ ¼ Γρ=ð3H0ρcritÞ or Γρ as a function of the equation-of-state wνs for sterile
neutrinos. Right: Redshift evolution of the effective equation-of-state parameter weff for the ϕþ νs fluid. The band colors distinguish the
vector and scalar mediator models respectively. Ωm and ΩΛ are fixed as in previous figures (weff depends only weakly on these
assumptions).

10Ωbh2 and Ωch2 are the present-day abundances of baryons
and cold DM, respectively, multiplied by the square of the
reduced Hubble constant h. 100θMC is a CosmoMC parameter
describing approximately the position of the first acoustic peak,
and is used instead of H0 because it is less correlated with other
parameters. τ is the reionization optical depth, while As and ns are
the primordial scalar amplitude and spectral index respectively.
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Ωbh2;Ωch2; 100θMC; τ; lnð1010AsÞ; ns; ð30Þ

we add two new ones: Γρ, which controls the amplitude
of the background energy densities of the dark species, and
Γρ=Λ4, which determines the strength of the first-order
perturbed collision term. We assume vanishing initial
conditions for the ϕ and νs perturbations in the early
radiation era (a ≪ 10−5).
For the background energy densities, the Boltzmann

equations (22) can be rewritten in terms of the scale factor a
and solved analytically, since the net density of the new
species vanishes in the Friedmann equation (18). The
solutions are

ρϕðx̄Þ ¼ −
2Γρ

11H0

ffiffiffiffiffiffiffi
ΩΛ

p ffiffiffī
x

p
2F1

�
1

2
;
11

6
;
17

6
;−x̄

�
;

ρνsðx̄Þ ¼
Γρ

3ð3=2þ wνsÞH0

ffiffiffiffiffiffiffi
ΩΛ

p ffiffiffī
x

p

× 2F1

�
1

2
;
3

2
þ wνs ;

5

2
þ wνs ;−x̄

�
; ð31Þ

defining x̄≡ a3ΩΛ=Ωm, where 2F1ða; b; c; zÞ is the hyper-
geometric function.11

The effects of the two new species on the CMB
temperature and linear matter power spectra are shown

in Fig. 8. The main modification on the former is an overall
decrease of the late Integrated Sachs-Wolfe (ISW) effect,
visible at large angular scales (small l), which is due to
the increase of the gravitational potential along the path
of photons between the time of last scattering and today.
This makes the photons lose energy as they travel through
gravitational potential wells that are growing in time.
More precisely, the late ISW contribution to the CMB

anisotropy in Fourier space is given by [32]

CISWl ∝
Z

dk k2
�Z

τ0

τ�
dτðΨ0 −Φ0Þjlðkðτ0 − τÞÞ

�
2

; ð32Þ

where τ� and τ0 are the conformal times at last scattering
and today, respectively, Ψ and Φ are the potential and
curvature in conformal Newtonian gauge [33], the prime
indicates the conformal time derivative, and jl are the
spherical Bessel functions. The Newtonian curvatureΦ and
potential Ψ for the mode k are set by the total density
contrast δtot, velocity θtot, and shear σtot perturbations [34],

Φ ¼ 4πGa2

k2

�
ρδþ 3H

k2
ðρþ PÞθ

�
tot
;

Ψ ¼ −Φ −
12πGa2

k2
½ðρþ PÞσ�tot; ð33Þ

whereH ¼ aHðaÞ is the conformal Hubble parameter. The
terms in the square brackets in Eq. (33) are gauge invariant
and hence they can be evaluated in the frame comoving
with the cold DM (CDM), corresponding to synchronous
gauge. In a flat ΛCDM universe, the late ISW contribution
is zero during matter domination because both Ψ and Φ

FIG. 8. For the special case of mνs ¼ 0. Left Prediction of the ΛCDMϕνs model (black curve) for the CMB temperature
autocorrelation spectrum, compared to the ΛCDM best-fit model (blue curve). The Planck 2018 data points are taken from Ref. [24].
Right: Predictions for the linear matter power spectrum. The data points, used only for display purposes, are given by Ref. [27], which
contains data from Planck 2018 [28], eBOSS DR14 [29], SDSS DR7 [30], and DES YR1 [31]. For both plots, the vector mediator is
assumed, we used Γρ ≃ 10−69 MeV5, Γρ=Λ4 ≃ 10−41 MeV and fixed the six ΛCDM parameters and H0 to their Planck 2018 best-fit
values. Residuals between the model predictions and the data points are shown at the bottom.

11Eq. (31) are valid whenever backreaction of the new species
on the Hubble-parameter evolution can be neglected, and they
apply for any value of mνs . One should keep in mind that Γρ is
generally a function ofmνs [see Eqs. (23) and (10)], which in turn
affects the value of wνs as described by Eq. (24).
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remain constant, but as dark energy begins to dominate, the
curvatureΦ decays, reducing the magnitude of the potential
Ψ. This effect is enhanced if (i) there is extra radiation
pressure, (ii) the Universe expands faster than in ΛCDM,
or (iii) a nonzero spatial curvature is present [35–37].
In the present case, one can understand the decrease of

the late ISW effect directly from Eq. (33). Figure 9 (left)
shows the large-scale evolution of the synchronous-gauge
physical perturbations for sterile neutrinos νs and ghosts ϕ,
which can be treated as a single effective fluid since both
species are relativistic. The ghost nature as a negative-
energy particle manifests itself through the opposite sign in
the physical perturbations ðρϕFϕ;lÞ with respect to those
for νs, having negative density contrast and velocity, but
positive shear stress perturbations, which is due to ρϕ ≲ 0.
Positive physical shear stress is a generic feature of
phantom cosmological species and the main effect is to
drive clustering [38]. This is exactly the opposite of what
happens for normal species like SM neutrinos, where the
presence of the shear stress leads to erasure of fluctuations
that might initially be present in the fluid, suppressing
further growth.
Due to the larger phase space available for νs,

12 which
increases its first-order perturbed collision term, the relative
perturbations for νs are expected to dominate over those
for ϕ at high hierarchy multipoles (see discussion in
Sec. (I. a) of Appendix B). Since the relative shear σ

and higher hierarchy multipoles for a single relativistic
species are generally negative at large scales, as occurs
for SM massless neutrinos and photons, we expect σϕ
to be more negative than σνs . As a consequence, the
physical shear for the effective νs þ ϕ fluid, defined by
ρνsσνs þ ρϕσϕ, becomes positive, as borne out in Fig. 9
(left) with the dot-dashed green curve. The effect of the new
species is therefore to decrease the value of the potential Ψ
in Eq. (33), favoring matter clustering. This is shown with
the red dashed curve in Fig. 9 (right).
On the other hand, the density contrast δ and the velocity

perturbation θ for the effective single fluid turn out to be
positive and negative, respectively, which makes it harder
to predict a priori the net contribution of the new species
to Φ. The evolution of the latter is shown with the green
dot-dashed curve in Fig. 9 (right). The net effect of the
νs þ ϕ fluid is to reduce Ψ −Φ, which generally leads to
smaller CISWl in Eq. (32) than in ΛCDM. A similar trend
occurs in phantom dark energy models with non-negligible
anisotropic stress [39].
For larger values of Γρ and Γρ=Λ4, at the largest angular

scales, the shear perturbation σ increases faster than the
lower multipole perturbations δ and θ, driving ðΨ −ΦÞ to
smaller values on shorter time scales. This results in a larger
contribution to the late ISW effect in the CMB temperature
power spectrum because of the square in Eq. (32), which
is visible in Fig. 8 (left) around l ∼ 2–3. The divergent
nature of the perturbations for large values of Γρ=Λ4 or Γρ is
not surprising, since theories with ghosts are generically
subject to instabilities. The growth of the instability is

FIG. 9. Left Scale-factor evolution of the cosmological perturbations at large scales (k=h ¼ 5 × 10−4 Mpc−1) for sterile neutrinos νs
(red) and ghosts ϕ (blue), rescaled by 1=200. The physical perturbations are given by ΩiFi;l, where i ¼ ϕ; νs, ΩiðaÞ is the fractional
energy density and Fi;l is the relative perturbation, Eq. (B13): Fi;0 ¼ δi (solid line), Fi;1 ¼ ð1þ wiÞθi=k (dashed line), and Fi;2 ¼
3
2
ð1þ wiÞσi (dot-dashed line); δi, θi, and σi are the perturbations for the density contrast, velocity, and shear, respectively. For massless

ϕ and νs, wi ¼ 1=3. The sum
P

i ΩiFi;l for δ, θ, and σ, is shown in green (not rescaled). Right: Scale-factor evolution of the Newtonian
curvature Φ and potential Ψ at the same scale. Thick lines include the contribution from the new species, while thin lines correspond to
ΛCDM. Γρ, Λ, H0, and mediator are as in Fig. 8.

12The momentum of νs can reach 2Λ for extreme kinematic
configurations, while that of the ghost is limited to Λ.
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controlled by the ghost momentum cutoff Λ and the
mediator mass Mi, and the analysis carried out below will
exclude parameter values leading to excessive growth.13

We note that the effect of weak gravitational lensing on
the CMB power spectra (e.g., Ref. [40]), in the presence
of ghosts and sterile neutrinos, does not deviate appreciably
from the ΛCDM scenario because the Weyl potential
ðΨ −ΦÞ=2 in the two cases is essentially identical at small
angular scales (large l).
The modifications to the matter power spectrum in our

scenario are also negligible for allowed values of Γρ and
Γρ=Λ4, and the main effect is a small rise of the spectrum at
large scales, as shown in Fig. 8 (right). The small positive
contribution to PðkÞ is due to its dependence on the ratio
between the matter density perturbation δρm and the
background matter density ρm. In fact, neither νs or ϕ
contribute directly to δρm nor ρm, except through the
metric perturbations appearing in the equation governing
the evolution of δρm. The increase in the matter power
spectrum signals that the ghost and sterile neutrino effective
fluid favors a mildly more efficient matter clustering than
ΛCDM at large angular scales, which was already noticed
from the CMB power spectrum.

1. Method and Results

To constrain the new parameters Γρ and Γρ=Λ4, in
conjunction with the ΛCDM ones, we ran the publicly
available MCMC code CosmoMC [41]. Convergence of the
MCMC chains was monitored through the Gelman-Rubin
parameter R − 1 [42], by requiring R − 1≲ 0.01. The
cosmological datasets we considered are:

(i) Planck: the full range of the CMB measurements
from Planck 2018, which include the temperature
and polarization anisotropies, as well as their cross-
correlations [24];

(ii) Lensing: the 2018 Planck measurements of the CMB
lensing potential power spectrum, reconstructed
from the CMB temperature four-point function [43];

(iii) BAO: the distance measurements of the baryon
acoustic oscillations given by the 6dFGS [44],
SDSS-MGS [45], and BOSS DR12 [46] surveys;

(iv) DES: the first year of the Dark Energy Survey galaxy
clustering and cosmic shearmeasurements [31,47,48];
and

(v) Pantheon: distance measurements of (uncalibrated)
type Ia supernovae from the Pantheon sample,
comprising 1048 data points in the redshift range
z∈ ½0.01; 2.3� [22].

We did not include the Halofit modeling of the
nonlinear part of the matter power spectrum because

additional modifications of the standard nonlinear cluster-
ing model might be needed. Since this is beyond the scope
of the present work, we consider only linear observables in
our analysis.
Figure 10 shows the constraints on Γρ and Γρ=Λ4, for the

vector and scalar mediator models, as derived from the
CosmoMC analysis, in addition to the COMPTEL bound of
Eq. (3). Regarding the cosmological limits, one observes
two features: the models in agreement with the data lie
in the region of Γρ=Λ4 ≲ 10−38 MeV, and for sufficiently
small Γρ=Λ4, the dependence on Γρ disappears. We
qualitatively explain such features in Appendix B, since
they are closely related to the form of the perturbation
equations. The constraints on the scalar mediator model are
slightly stronger than those of the vector model, due to
differences in the perturbation equations for the two
interactions, which arise from their energy dependence;
see, e.g., Eq. (9).
The constraints on Γρ=Λ4 versus Γρ can be mapped onto

the plane of the ghost momentum cutoff Λ versus the
mediator mass scale Mi, using Eq. (23). The resulting
limits are shown in Fig. 11 (left) and they are essentially
independent of the mediator type. Also shown is the
consistency condition for neglecting the Pauli-blocking
and Bose-Einstein stimulated-emission factors in the colli-
sion term of Eq. (12). This is inferred by demanding that
f0i ∼ 2π2Γρ=ðΛ4H0Þ≲ 0.1, which translates into the bound
Γρ=Λ4 ≲ 10−41 MeV. For massless νs, this is equivalent to
Mi ≳ 1.0 × 106ðΛ=MeVÞ1.25 GeV for both the vector
(i ¼ v) and scalar (i ¼ s) mediator cases. The 95% CL
bounds onMi versus Λ can be approximately expressed by

FIG. 10. Constraints on Γρ=Λ4 versus Γρ, assuming mνs ¼ 0.
Red and blue regions correspond to the 95% CL cosmological
bounds for the vector and scalar mediator models, respectively.
Violet indicates the gamma-ray excluded region, Eq. (3).
The green region is inconsistent with the technical assumption
f0i ≲ 0.1 in Eq. (13).

13Conceivably, higher order perturbations could cut off the
instabilities. In this work we constrain the effect of the first order
perturbations, such that the higher-order contributions, propor-
tional to higher powers of Γρ=Λ4 ≪ 1, are negligible.
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Mi

GeV
≳ 4.6 × 108Λ̂1.3−0.05 log10 Λ̂; ð34Þ

where Λ̂≡ Λ=MeV∈ ð10−7; 102Þ.
We found that the two new parameters in the massless νs

case leave the standard six ΛCDM parameters almost
unchanged compared to their Planck 2018 best-fit values,
without ameliorating any current cosmological tensions,
such as the H0 and S8 tensions [49,50]. This will be
considered in more detail in Sec. IV C below. The corre-
lations between these parameters are shown in Appendix C.
Based on the foregoing discussion, the constraints on Γρ

and Γρ=Λ4 are expected to be dominated by the CMB
power spectra rather than large-scale-structure observables.
We verified this by excluding BAO, DES, and Pantheon
datasets in a separate CosmoMC run, finding that the results
in Fig. 11 (left) were only slightly modified.
From the bounds in Fig. 10, one can estimate how large

the abundance of massless sterile neutrinos can be today,
while remaining consistent with cosmological data. This is
shown in Fig. 11 (right), displaying Ωνs versus the ghost
momentum cutoff Λ for both mediator models. The
surprisingly large values of Ωνs ≫ 1 are viable because
of their exact cancellation by Ωϕ, so that the constraints
arise only at the level of the perturbations. The maximum
values of Ωνs are reached by saturating the gamma-ray
constraint, Eq. (3), leading to

Ω95% CL
νs ≲

	
9.6 × 1025; scalar mediator

3.4 × 1025; vector mediator
; ð35Þ

for Λ ∼ 19 MeV. Despite the large numbers, these νs gases
are still dilute, by many orders of magnitude, relative to a

degenerate Fermi gas with Fermi energy Λ. Thus the
occupation number fνsðpÞ ≪ 1, even for this extreme case.

B. Massive νs case

In Sec. III E, we made a preliminary study of the effects
of producing massive neutrinos plus massless ghosts,
comparing to supernova data but not to the other cosmo-
logical datasets. Here we undertake the more complete
analysis, implementing the energy-density evolution of ϕ
and νs at the background level, given by Eq. (26), in a
modified version of the CAMB code. It is embedded in
CosmoMC to scan the full parameter space.
In addition to the six parameters of ΛCDM, we consid-

ered Ωg ≡ Ωνsða0Þ þ Ωϕða0Þ, the net contribution of the
ghost plus νs densities today, and the equation of state
for sterile neutrinos wνs as the independent new-physics
parameters, even though they are related to each other via
Eqs. (10), (23), and (24). This allows for simultaneous
study of the scalar and vector mediator models, which
differ only by how Ωg and wνs are related to the micro-
physical parameters mνs , Λ, Mi.
The linear perturbations for the two new dark species

were included in an approximate form, given by Eq. (B38)
in Appendix B. A more exact form for the perturbations
for massive sterile neutrinos is technically challenging
to derive, and is left for a future study. We expect that
the bounds on Ωg and wνs derived here could only be
moderately strengthened by such a study, since the main
effect is through the background evolution rather than the
perturbations, as discussed in Appendix B.
Figure 12 shows the impact of massless ghosts and

massive sterile neutrinos on the CMB temperature anisot-
ropies and on the matter power spectrum, for Ωg ¼ 0.6 and

FIG. 11. For the special case of mνs ¼ 0. Left: Mapping of excluded regions in Fig. 10 to the microphysics parameters, the mediator
mass Mi (i ¼ v, s) versus the ghost momentum cutoff Λ. : Conversion of the same constraints to the present-day sterile neutrino
abundance Ωνs as a function of the ghost momentum cutoff Λ. The color coding is the same as in Fig. 10.
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wνs ¼ 0.02. To highlight the effects of the new parameters,
those of ΛCDM are fixed at their Planck 2018 best-fit
values. (Note that ΩΛ is derived from the flatness
assumption and is not a fundamental parameter in ΛCDM.)
The features in Fig. 12 differ qualitatively from those where
mνs ¼ 0, Fig. 8. In the CMB spectrum, there are two main
effects: an overall shift of the CMB acoustic peaks toward
smaller angular scales (larger l) and an increase of the late
ISW contribution at large scales.

1. Acoustic peak shift

The peak shift comes from the decrease of the dark-
energy abundance ΩΛ [37] (a derived parameter in
ΛCDM), which is required to preserve spatial flatness. If
one simultaneously keeps the other ΛCDM parameters
fixed to their Planck best-fit values,14 the Hubble rate HðaÞ
in Eq. (18) decreases relative to the standard scenario
because the density of the new species becomes significant
only at late times, as shown in Fig. 13 (top). Since the age
of the Universe is computed as t ¼ R

d ln a=HðaÞ, reducing
HðaÞ results in an older universe, and the thermal history,
including photon decoupling, has to occur earlier in the past
relative to ΛCDM. This shifts the acoustic CMB peaks to
smaller scales, as seen in Fig. 12 (left).
In detail, the location of the first acoustic peak is given

by ls ≃ π=θ�s, where [37]

θ�s ¼
r�s
D�

A
ð36Þ

is the angular size of the sound horizon at the time of last
scattering,

r�s ¼ rsðz�Þ ¼
Z

∞

z�

dz
HðzÞ csðzÞ ð37Þ

is the sound horizon with csðzÞ the sound speed of the
photon-baryon fluid, and

D�
A ≡DAðz�Þ ¼

Z
z�

0

dz
HðzÞ ð38Þ

is the comoving angular diameter distance between the last-
scattering surface at redshift z� and today. A decrease ofΩΛ
does not affect the sound horizon r�s , since it depends only
on the physics before the time of photon decoupling, when
the dark energy and the new species were negligible, but it

FIG. 12. Like Fig. 8, but for mνs > 0. We assumed Ωg ≃ 0.6, wνs ≃ 0.02, ΩΛ ≃ 0.1, and spatial flatness.

FIG. 13. Late-time evolution of (top) the Hubble parameter
HðaÞ normalized to its present-day value H0, and (bottom) the
energy densities of the main species normalized to the critical
density of the Universe today. Parameter values are as in Fig. 12.
Red curve is the total dark energy density, ΩΛ þΩg.

14In our model, the preferred values of H0 and Ωm change by
relatively smaller amounts than ΩΛ and have a subdominant
effect on the peak shift.
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does affect D�
A by reducing HðzÞ. Therefore, the comoving

angular diameter distance increases with respect to ΛCDM,
reducing the value of θ�s and shifting the location of the first
CMB peak to larger l.

2. Late ISW enhancement

The second feature in the CMB temperature anisotropy
spectrum, when nonrelativistic νs are included, is an
increase in the late ISW contribution, which can be
explained by the interplay of two competing phenomena:
the behavior of the cosmological perturbations of νs and ϕ,
and the decrease of ΩΛ.
Figure 14 (left) shows the large-scale evolution of the

synchronous-gauge physical perturbations for the ghosts
and sterile neutrinos. Similarly to the massless νs case,
the physical shear perturbation ρϕσϕ for ghosts (blue dot-
dashed line) dominates over that for sterile neutrinos (red
dot-dashed curve), leading to an overall positive contribu-
tion to the total shear (green dot-dashed line) and a
consequent decrease of the Newtonian potential Ψ, accord-
ing to Eq. (33). The impact on the Newtonian curvature Φ
from the perturbations of the new species is small, because
the positive contribution of the density contrast δ, which
is dominated by νs, is largely canceled by the negative
contribution of the velocity perturbation θ, dominated by ϕ,
as shown in Fig. 14 (left). The net effect on ðΨ −ΦÞ, whose
conformal time derivative enters the late ISW contribution
in Eq. (32), is to drive it to more negative values on a shorter
timescale, leading to an increase in the late ISW effect,
as shown in Fig. 14 (right).
The situation is complicated by the decrease of ΩΛ in the

background density evolution, which tends to counteract
the late ISW effect. The dark energy impacts the decay
of the gravitational wells which photons traverse. In
ΛCDM, the Newtonian curvatureΦ and potential Ψ, which
parametrize the depth of the gravitational wells, and remain

constant during matter domination, but they start to decay
when dark energy takes over, illustrated by the thin curves
in Fig. 14 (right). This is due to the gravitational wells
becoming shallower when the Universe starts accelerating,
enhancing the late ISW effect. Conversely, the effect is
diminished if ΩΛ is reduced [37], attenuating the increase
of the late ISW contribution arising from the ϕ and νs
perturbations.
Which of these competing effects wins is determined by

the relative values of ΩΛ and Ωg, due to the νs contribution
to the latter. If ΩΛ ≫ Ωg, the ϕþ νs contribution becomes
negligible and the late ISWeffect is reduced. In general, we
see that for relativistic sterile neutrinos, with wνs ≳ 0.1, the
late ISW effect in the CMB temperature anisotropy spec-
trum decreases, similarly to the massless νs case.

3. Spatial curvature

The previous discussion assumes that the Universe is
spatially flat, which forces ΩΛ to decrease with respect to
the Planck prediction, whenever massive sterile neutrinos
are produced. The presence of a positive curvature
(Ωk < 0) might reduce the impact of the new species on
the CMB spectrum since a nonzero curvature provides
opposite effects to those seen here [37]. A closed universe
could also reduce some discrepancies between the ΛCDM
model and the Planck 2018 data [51,52], although it is
still unclear whether they might be due to internal system-
atics [53]. We leave the study of phantom fluids in a nonflat
universe for a future work.

4. Matter power spectrum

As concerns the matter power spectrum, shown in
Fig. 12 (right), the vacuum decay into massless ϕ and
nonrelativistic massive νs leads to a suppression at all
scales. The dominant effect is the free streaming of the new

FIG. 14. Like Fig. 9, but for the massive νs case, with wνs ≃ 0.02 and Ωg ≃ 0.6.
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species, which occurs immediately after they are produced,
causing a damping of their density fluctuations compared
to standard nonrelativistic species, such as CDM.
This is particularly important for sterile neutrinos, since

they contribute to the total nonrelativistic matter and
hence to the matter power spectrum. The density contrast
for νs is smaller than that for CDM, δνs < δcdm, due to the
collision term (see Appendix B), whereas its energy
density ρνs can be of the same order as ρm, but in any
case it leads to δρνs ≲ δρcdm. Since the matter power
spectrum is defined in terms of δρm=ρm to which both νs
and CDM contribute, the net effect is a decrease of PðkÞ
relative to ΛCDM. This differs from massive SM neu-
trinos, where the suppression occurs only at scales
smaller than the free-streaming length set by the time
of relativistic-to-nonrelativistic transition [54]. Unlike SM
neutrinos, the equation-of-state wνs for νs from vacuum
decay is approximately time independent, depending only
upon the value of mνs .
However, the free streaming of νs is not the only effect

on PðkÞ. Sterile neutrinos and ghosts contribute to the
Friedmann equation and their abundance increases with
time. If the ΛCDM parameters and H0 are fixed at their
Planck values, increasing Ωg requires reducing ΩΛ to keep
the total dark energy unchanged. The net effect of the time
evolution of ΩgðaÞ þ ΩΛ on the Friedmann equation is to
lower the value of HðaÞ (Fig. 13, upper plot) and to
delay the transition from matter domination to the epoch
when dark energy, including the ϕþ νs fluid, started to
dominate (Fig. 13, bottom plot). This allowed more matter
to fall into gravitational wells and thereby enhance the
matter power spectrum.
Similarly, the perturbations of the new species, and in

particular the nonzero shear for νs and ϕ, tend to reduce
the decay of the Newtonian gravitational potential Ψ and
curvature Φ, leading to an increase of the matter cluster-
ing. This is a direct gravitational backreaction effect at the
level of perturbations, which adds to the background
effect discussed above, leading to an increase of PðkÞ
primarily affecting large angular scales, as in the case of
massless νs.
For nonrelativistic massive νs, the free-streaming effect

dominates over the background and backreaction ones, as
shown in Fig. 12 (right), producing less matter clustering.
On the other hand, the latter two effects dominate in the
case of relativistic or mildly relativistic massive νs, because
such sterile neutrinos do not contribute to the total non-
relativistic matter and hence do not directly affect the
matter power spectrum.

5. Results

Similarly to the massless νs case, the MCMC code
CosmoMC was used to constrain the two new parameters Ωg

and wνs , and to study their correlations with the ΛCDM

ones. We adopted the same convergence requirement and
datasets as used for the mνs ¼ 0 case, as described in
subsection IVA 1.
Figure 15 shows the correlations between the new

parameters and those derived from ΛCDM that are sig-
nificantly correlated. The latter include the total matter
abundance Ωm, which is separate from the νs contribution,
the dark energy abundance ΩΛ, the Hubble constant H0,
and the clustering amplitude parameter S8 ¼ σ8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm=0.3

p
.

The extended version of the correlation parameter plot
shown in Fig. 15 is discussed in Appendix C, including a
table with the 68% CL limits.
Increasing Ωg, defined as the present-day energy frac-

tions of ϕ plus νs, leads to an increase in H0, which can
be intuitively understood by the phantom nature of the
effective ϕþ νs fluid. Its equation-of-state weff was found
to be < −1.3 (Fig. 7), more negative than that of the
cosmological constant. Therefore, increasing the relative
abundance of the phantom fluid causes the Universe to
expand faster today than in the ΛCDM model, leading to a
larger value of H0.
Such accelerated expansion entails weaker growth

of large scale structure, which is parametrized by
S8 ¼ σ8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm=0.3

p
, where σ8 is the linear-theory standard

deviation of matter density fluctuations in a sphere of radius
8h−1 Mpc. Namely, Fig. 15 shows a slow decrease in
the parameter S8 with increasing H0, which is most
pronounced at small values of wνs . This confirms the
observation made in subsection IV B 4, where the decrease
of the amplitude of the matter power spectrum (and hence
σ8 and S8) was observed for nonrelativistic massive νs.
We will quantitatively discuss the implications of those
findings for H0 and S8 in the next subsection, devoted to
possible resolutions of known cosmological tensions.
Another striking correlation is the decrease of both ΩΛ

and Ωm as the present-day abundance of the new species
increases. The former effect derives from the flatness
condition ΩΛ þΩm þ Ωg ¼ 1. Although Ωm is also a
derived parameter in ΛCDM, it is determined by Ωbh2

and Ωch2, which are constrained by the relative heights
of the CMB peaks [55]. Since our model affects only the
late-time evolution and hence does not alter photon
decoupling, whose physics impacts the peak height, the
value of ðΩb þΩcÞh2 remains nearly unchanged relative
to ΛCDM. This is verified in the extended correlation
plot in Appendix C. Consequently, the decrease in Ωm with
increasing Ωg comes mostly from the growth of H0, as
explained above.
For constraining Ωg and wνs , which are taken as

independent input parameters, the second-from-top left
plot of Fig. 15 displays their allowed values. It shows that
Ωg is roughly independent of wνs , which can be understood
from the definition of Ωg as the net amount of ρνs þ ρϕ that
has been produced, whose value already incorporates the
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effect of wνs . In the limit of mνs → 0, wνs → 1=3, with Γρ

fixed, it is true that Ωg would be driven to zero, but in the
Ωg − wνs parametrization, Γρ is not fixed and the former are
independent of each other. In fact, wνs does not correlate
strongly with the other ΛCDM parameters either. Its main
effect is on the linear perturbations. At the more important
level of the homogeneous energy densities, wνs has a
relatively small impact.
The 68% and 95% CL exclusion plots for Ωg and wνs

corresponding to Fig. 15 are shown in Fig. 16 (left).
We also map them onto the plane of wνs and
ϵρ ¼ Γρ=ð3H0ρcritÞ, or directly Γρ, using Eq. (26) and
Fig. 15. The resulting limits, shown in Fig. 16 (right),

resemble those obtained from the supernova analysis
of Sec. III E, Fig. 7 (left). As expected, large values of
Γρ are allowed as wνs → 1=3, since Ωg can remain fixed in
that limit.
Using Eqs. (A6), (23), and (24), one can constrain Γ0

ρ ≡
Γρjmνs¼0 versus mνs=Λ. This is shown in Fig. 17 (left) for
the vector and scalar mediator models. It does not corre-
spond to independent bounds on the microphysical param-
eters Λ and Mi, since cosmological observables are
sensitive to the derived combination Γ0

ρ. However we
can use Eqs. (23) and (A6), together with the bounds on
Γ0
ρ, to limitMi as a function ofΛ, for fixed values ofmνs=Λ,

as shown in Fig. 17 (right).

FIG. 15. Correlations between the ΛCDMϕνs model parameters, as inferred from CosmoMC for massive νs, valid independently of
the mediator model used. The datasets Planckþ Lensingþ BAO þ DESþ Pantheon are the same as described in subsection IVA 1.
The darker and lighter green shaded regions correspond to the 68% and 95% CL intervals, respectively.
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Analytically, the new physics mass scales are bounded
from below as

Mi ≳ ð1 − 5Þ × 1013
�

Λ
MeV

�
2.25

GeV ð39Þ

for neutrino masses mνs=Λ≳ 0.01. The strongest limits
occur for particular values of mνs=Λ ≃ 0.53ð0.36Þ for the
vector (scalar) mediator respectively. As expected, these
bounds are much stronger than those in the massless νs

scenario, (Sec. IVA 1), resulting mainly from modifica-
tions at the background level, as opposed to perturbations.
They depend weakly on mνs=Λ, since Γ0

ρ in Fig. 17 (left)
changes by at most few orders of magnitude from
varying mνs .

C. Cosmological tensions

In recent years, discrepancies have emerged among
various observational probes regarding the values of certain

FIG. 17. Left: Mapping of excluded regions of Fig. 16 (left) to the microphysics quantities Γ0
ρ ≡ Γρjmνs¼0 (the vacuum decay rate)

and mνs=Λ, for vector (red) and scalar (blue) mediator models. Thick (thin) curves show the 68% (95%) CL exclusion limits.
Right: 95% CL bounds on the parameters Mi (the mediator mass scale, with i ¼ s, v), versus the ghost momentum cutoff Λ,
corresponding to the left plot. Solid lines correspond to mνs =Λ ¼ 10−2, and dashed to the values that give the strongest constraints,
namely mνs =Λ ≃ 0.53ð0.36Þ for the vector (scalar) mediator case.

FIG. 16. Left: Constraints on Ωg ¼ ðρϕ þ ρνsÞ=ρcrit versus wνs ¼ Pνs=ρνs for the massive νs scenario, derived from Fig. 15. Right:
Corresponding excluded regions in the plane of ϵρ ¼ Γρ=ð3H0ρcritÞ, the dimensionless vacuum decay rate in the Boltzmann
equations (25), and wνs . (Right axis shows log10 Γρ in MeV5 units.) In both plots, the thick and thin curves show the respective 68% and
95% CL exclusion limits.
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cosmological parameters. The most notable one is the
Hubble tension, which refers to a mismatch between
early-time and late-time estimations of the Hubble
constant H0 [50,56–67]. This tension has crossed the
critical 5σ level between the two most precise measure-
ments: Planck finds H0 ¼ 67.66� 0.42 km=s=Mpc [24]
from fitting the CMB data within the ΛCDM framework,
whereas SH0ES finds H0¼73.04�1.04 km=s=Mpc [68]
based on the distance-ladder approach.15 A milder tension
also exists concerning the large-scale structure of the
Universe [47,70–76]. Estimations of the amplitude of
late-time matter fluctuations S8 from galaxy redshift

surveys are consistently lower than those inferred from
CMB data, which points to S8 ¼ 0.825� 0.011 [24],
assuming the ΛCDM model. The most recent late-time
measurement S8 ¼ 0.790þ0.018

−0.014 , from the DES Y3þ
KIDS-1000 surveys [77], agrees with the Planck value
within the ∼2σ level.
This motivates us to reconsider our main results for

the parameter distributions, Fig. 15, with respect to the
cosmological tensions. In particular, we want to determine
whether there exist models within the ΛCDMϕνs scenario
that can ameliorate the tensions, while remaining compat-
ible with all the cosmological data. Figure 18 shows the
same correlation plot between the parameters as in Fig. 15,
restricted to those models that resolve the H0 and S8
tensions within the 1σ level. Interestingly, both tensions can

FIG. 18. Correlations between the ΛCDMϕνs parameters for the models addressing the H0 and S8 tensions, selected from the full
MCMC scan shown in Fig. 15. Gray regions solve only the S8 tension, cyan addresses only the H0 tension, and blue indicates models
ameliorating both. Darker and lighter regions correspond to the 68% and 95% CL intervals, respectively.

15A recent determination of H0 from late-time measurements
can be found in Ref. [69].
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be resolved in a narrow region of the parameter space with
wνs ∼ 0.3 and Ωg ∼ 0.3–0.5, forcing both ΩΛ and Ωm to
decrease from their Planck 2018 best-fit values. In our
MCMC chains, only about 0.015% of the models can
address both tensions, while keeping a total χ2 comparable
to that of the ΛCDM model.
However, this does not constitute a successful reso-

lution of the H0 þ S8 tensions, because it comes at the
expense of creating new ones. In Table II we compare the
goodness of the fit for these models (third column) to
ΛCDM (second column). Although the fit to Dark Energy
Survey (DES) data improves, that to Planck, BAO, and
Pantheon degrades, resulting in a significantly worse
global fit, with Δχ2 ≃ 26.

Nevertheless, we find that the ΛCDMϕνs model can
ameliorate the H0 tension to the ∼3σ level, with
H0 ≃ 69.8 km=s=Mpc, while simultaneously addressing
the S8 tension. This is shown in the third column of
Table II, for the best-fit ΛCDMϕνs model. Coincidentally,
this model predicts Ωg ∼ 0.15, which is the same value that
was preferred by the Pantheon type Ia supernovae in Fig. 6.
The net improvement of Δχ2 ¼ −8.8 relative to ΛCDM
provides a mild preference of the ghost model, based on the
Akaike and Bayesian Information Criteria [78,79]. Similar
conclusions were drawn in Ref. [80] applied to generic
phantom dark energy models.

V. CONCLUSIONS

In this work, we have reconsidered the cosmological
consequences of a phantom field, a scalar with the wrong-
sign kinetic term. Such a theory must be a low-momentum
effective description, valid below some cutoff Λ. We
refined a previous estimated upper limit to show that
Λ≲ 19 MeV, from observational constraints on diffuse
gamma rays. At higher scales, phantom models must revert
to a theory with normal-sign kinetic terms.
Unlike the great majority of phantom dark energy

studies, we assumed the vacuum expectation value of the
field vanishes, so that its potential makes no contribution to
the Hubble expansion. Instead, the spontaneous breakdown
of the vacuum into phantom particles plus normal ones
produces a fluid that behaves as dark energy, as long as
there is a mismatch between the masses of the two kinds of
particles. We showed that the equation of state of this exotic
“ghost fluid” always violates the null energy condition
(NEC), since it lies in the interval −1.3≲ weff < −1.5 at all
times (see Fig. 7, right). Therefore, even if at the present
time the net contribution of the ghost fluid to the energy
budget of the Universe is small, Ωg ≪ 1, eventually it will
come to dominate over the cosmological constant. However
since the phantom theory is only an effective description
valid below the scale Λ, the usual “big rip” singularity that
would occur in the future [81] is avoided. Nevertheless,
the accelerated expansion that occurs before the cutoff is
reached will be sufficient to disrupt any object whose
density falls below Λ4. For example, the sun would be
ripped apart if Λ≳ 10 keV.
We found that the NEC-violating equation of state is at

odds with combined cosmological data if one tries to make
the ghost fluid account for all of the dark energy. Instead,
there is an upper bound Ωg ≲ 0.2, requiring it to be
subdominant to the contribution from cosmological con-
stant, 0.5≲ΩΛ ≤ 0.7.
Such large values of Ωg cannot be attained if the

phantoms couple with only gravitational strength to other
particles. Instead, we allowed for stronger interactions,
mediating the production of phantoms plus light dark
matter (with mass < Λ). It leads to a larger Hubble rate

TABLE II. Cosmological parameters for ΛCDM (second col-
umn), for the preferredΛCDMϕνs model solving both theH0 and
S8 tensions (third column), and for the best-fit ΛCDMϕνs model
found in the full MCMC scan, Fig. 15 (last column). The first six
rows are the ΛCDM parameters, and the following two are the
new-physics parameters. The remaining ones are derived from the
cosmological model. (v), (s) indicate vector and scalar mediator
models, respectively. Bottom rows give the χ2 contribution from
each dataset, the total χ2tot, and Δχ2 ≡ χ2tot − χ2ΛCDM.

ΛCDMϕνs

Parameter ΛCDM Solve tensions Best fit

Ωbh2 0.02246 0.02222 0.02250
Ωch2 0.1192 0.1182 0.1185
100θMC 1.04093 1.04087 1.04119
τ 0.0530 0.0609 0.05817
lnð1010AsÞ 3.040 3.0593 3.0468
ns 0.9636 0.9639 0.9667

Ωg 0.0001 0.3934 0.1430
wνs 0.2480 0.2811 0.0548

H0=½km=s=Mpc� 67.70 72.71 69.76
ΩΛ 0.6893 0.3397 0.5659
Ωm 0.3106 0.2669 0.2911
σ8 0.8062 0.8556 0.8118
S8 0.820 0.807 0.800

log10 ðΓ0
ρ=MeV5Þ −75.26ðvÞ −71.51ðvÞ −71.81ðvÞ

−75.02ðsÞ −71.38ðsÞ −70.87ðsÞ
mνs =Λ 0.331ðvÞ 0.249ðvÞ 0.805ðvÞ

0.320ðsÞ 0.235ðsÞ 0.820ðsÞ
weffðz ¼ 0Þ −1.2925 −1.3462 −1.3128

χ2Planck 2780.5 2790.0 2780.3

χ2Lensing 9.2 8.4 8.8

χ2BAO 5.7 17.9 7.4

χ2DES 523.4 510.8 512.0

χ2Pantheon 1035.0 1053.1 1036.5

χ2tot 4353.8 4380.2 4345.0

Δχ2 0 þ26.4 −8.8

CLINE, PUEL, TOMA, and WANG PHYS. REV. D 108, 095033 (2023)

095033-20



at late times, in the case of massless phantoms, since
the negative ghost energy redshifts faster than the positive
dark matter density. This constant rate of creation of
energy density is reminiscent of the old steady-state
cosmology [82,83], with the difference that the present
mechanism is rooted in quantum field theory, rather than
an ad hoc assumption. Naively, one might think it could
resolve the Hubble tension, but we find that this exacer-
bates the S8 tension, as expected on general grounds for
late-time mechanisms [84,85] (see however Refs. [86–88]).
The best-fit phantom model does soften the H0 tension,
reducing it to ∼3σ, and it provides a mild improvement
relative to ΛCDM in fitting the datasets.
A special case is where massless phantoms couple to

massless dark radiation with strength exceeding that of
gravity. Then their energy densities cancel exactly, and the
magnitude of each can exceed usual bounds on a new light
species by many orders of magnitude, since there is no
impact on the Hubble expansion. Nevertheless, linear-order
cosmological perturbations grow in this scenario, and
provide constraints via the ISW effect. In the extreme case
where the cutoff Λ saturates the gamma-ray bound, and the
new-physics scale coupling ghosts to dark radiation is
M ∼ 1010 GeV, the dark radiation could contribute as much
as Ωνs ∼ 1026 (see Fig. 10), being canceled by the negative
contribution of the ghosts.
In a companion paper, we considered a possible observ-

able effect of such a large density of dark radiation, whose
energy is of order the cutoff Λ: in the presence of an
additional interaction coupling it to electrons, it could be
seen in direct detection experiments [89]. It would be
interesting to identify other potentially observable

consequences of such a large population of energetic
particles in the late Universe. For example, there could
be a mismatch between the preferred reference frame of the
ghost fluid and that of the CMB, which for simplicity we
neglected in the present study.
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APPENDIX A: COMPUTATION OF VACUUM
DECAY RATE PER UNIT VOLUME

In this appendix the integral in Eq. (5) is evaluated,
which generalizes the computation of Sec. II when the
produced particles (apart from the ghosts) are massive.
Eliminating the integral over p⃗4 through the three-
dimensional delta function, the vacuum decay rate into
massless ghosts and massive sterile neutrinos is

Γ ¼ 1

16ð2πÞ8
Z

d3p1

p1

Z
d3p2

p2

Z
d3p3

E3

�jMj2
E4

�
p⃗4→p⃗1þp⃗2−p⃗3

δ
�
p1 þ p2 − E3 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp⃗1 þ p⃗2 − p⃗3Þ2 þm2

νs

q �
× ΘðΛ − p1ÞΘðΛ − p2Þ; ðA1Þ

where pi ¼ jp⃗ij. The two Heaviside functions restrict the ghost momenta to lie below the cutoff. The sterile neutrinos (with
momenta p3, p4) are assumed to be Dirac fermions and the ghosts (momenta p1, p2) are complex scalars. For real scalar
ghosts, an extra factor of 1=2 should be included.
Using rotational invariance to make p⃗1 parallel to ẑ and p⃗2 to lie in the x̂-ẑ plane, the measure becomes

d3p1

p1

d3p2

p2

d3p3

E3

¼ 4πp1dp12πp2dp2dc12p3dE3dc13dφ3; ðA2Þ

where cjk ≡ cos θjk for j, k ¼ 1, 2, 3, and we used pidpi ¼ EidEi. Hence

Γ ¼ 1

8ð2πÞ6
Z

Λ

0

dp1p1

Z
Λ

0

dp2

Z
1

−1
dc12

Z
1

−1
dc13

Z
dE3

Z
dφ3

p2p3

E4

jMj2p⃗4→p⃗1þp⃗2−p⃗3

× δ
�
p1 þ p2 − E3 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp⃗1 þ p⃗2 − p⃗3Þ2 þm2

νs

q �
: ðA3Þ
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Using the remaining delta function to solve for φ3 gives

δð…Þ ¼ δ
�
p1 þ p2 − E3 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
1 þ p2

2 þ E2
3 þ 2p1p2c12 − 2p1p3c13 − 2p2p3c23

q �
≡ δðgðcosφ3ÞÞ; ðA4Þ

where c23 ¼ c12c13 þ s12s13 cosφ3, with sjk ≡ sin θjk. Here δðgðxÞÞ ¼ P
xs δðx − xsÞ=jg0ðxsÞj, where xs are the roots

of gðxÞ. In this case the single root is

ðcosφ3Þ0 ¼ −
p1p2ð1 − c12Þ − p1ðE3 − p3c13Þ − p2ðE3 − p3c12c13Þ

p2p3s12s13
; ðA5Þ

with g0ðcosφ3Þ ¼ ðp2p3=E4Þs12s13. Using dcjk ¼ −sjkdθjk, the decay rate integrals reduce to

Γ ¼ 1

8ð2πÞ6
Z

Λ

0

dp1p1

Z
Λ

0

dp2

Z
π

0

dθ12

Z
π

0

dθ13

Z
2Λ−mνs

mνs

dE3

Z
dφ3jMj2δðcosφ3 − ðcosφ3Þ0Þ

¼ Λ4

4ð2πÞ6
Z

1

0

dx1x1

Z
1

0

dx2

Z
π

0

dθ12

Z
π

0

dθ13

Z
2−mνs

Λ

mνs
Λ

dy3
Θð1 − jðcosφ3Þ0jÞ

jðsinφ3Þ0j
jMj2; ðA6Þ

where xj ≡ pi=Λ, yj ≡ Ej=Λ and there is a factor of 2 for the two values of φ3 satisfying Eq. (A5). The upper limit on E3

comes from energy conservation with p4 ¼ 0, the maximum energy allowed by kinematics.
If vacuum decay is mediated by gravitons, the matrix element (4) is

jMgj2 ¼ −
Λ4

32m4
p

	½t̂ − ðmνs=ΛÞ2�½ŝþ t̂ − ðmνs=ΛÞ2�½ŝþ 2t̂ − ðmνs=ΛÞ2�2
ŝ2



; ðA7Þ

with ŝ ¼ 2x1x2ð1 − c12Þ, t̂ ¼ ðmνs=ΛÞ2 − 2x1ðy3 − x3c13Þ
are the usual Mandelstam variables divided by Λ2 and

x3 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y23 − ðmνs=ΛÞ2

q
. Numerically solving the integrals

in Eq. (A6) with jMgj2 using Vegas [90,91], we find the
analytic fit

Γg ≈ 8.9 × 10−9
Λ8

m4
P

�
1 −

�
mνs

Λ

�
2
�
exp

�
−5.3

�
mνs

Λ

�
4.2
�
ðA8Þ

for mνs ≤ Λ.
For the scalar mediator, jMnj2 in Eq. (9) simplifies to

jMsj2 ¼ 4
Λ4

M4
s
½x1x2ð1 − c12Þ − 2ðmνs=ΛÞ2�; ðA9Þ

and the result for the corresponding decay rate is

Γs ≈ 1.1 × 10−5
Λ8

M4
s
exp

�
−6.7

�
mνs

Λ

�
2.1
�
: ðA10Þ

Similarly, for the vector mediator, the matrix element (A6) is

jMvj2 ¼ 32
Λ4

M4
v
x21½y3ðx2 − y3Þ þ x3ð2y3 − x2Þc13

− x23c
2
13 − x2c12ðy3 − x3c13Þ�; ðA11Þ

leading to a vacuum decay rate

Γv ≈ 1.1 × 10−5
Λ8

M4
v
exp

�
−5.7

�
mνs

Λ

�
4.2
�
: ðA12Þ

APPENDIX B: DERIVATION OF BOLTZMANN
EQUATIONS AND HIERARCHIES

In this appendix, we derive the Boltzmann equations
describing the evolution of the background densities for
ghosts and sterile neutrinos and their perturbations at linear
order. Following Refs. [34,92], the phase-space distribution
for the particle species i is a background homogeneous
contribution f0i plus a perturbation,

fiðx⃗; p⃗i; τÞ ¼ f0i ðqi; τÞ½1þΨiðx⃗; q⃗i; τÞ�; ðB1Þ

where τ is the conformal time, related to the physical time t
by dτ ¼ dt=aðtÞ, with a the scale factor, q⃗i ≡ ap⃗i is the
comoving three-momentum with magnitude jq⃗ij ¼ qi and
unit-vector direction q̂i, and Ψiðx⃗; q⃗i; τÞ is the phase-space
density contrast. The phase-space distribution evolves
according to the Boltzmann equation, which is generically
given in terms of the comoving momentum by

dfi
dτ

¼ ∂fi
∂τ

þ qi
εi
q̂i ·∇x⃗fi þ

dqi
∂τ

∂fi
∂qi

¼
�
dfi
dτ

�
C
; ðB2Þ
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where εi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2i þ a2m2

i

p
¼ aEi is the comoving energy

and we neglected the term proportional to the derivative
of fi with respect to the direction q̂i, it being a second-order
quantity. Putting Eq. (B1) into Eq. (B2) gives at the
background level

∂f0i
∂τ

ðqi; τÞ ¼
�
dfi
dτ

�ð0Þ

C
ðqi; τÞ; ðB3Þ

and at the linear-perturbation level

∂Ψi

∂τ
ðx⃗; q⃗i; τÞ þ

qi
εi
q̂i ·∇x⃗Ψiðx⃗; q⃗; τÞ þ

dqi
dτ

∂ ln f0i
∂qi

¼ 1

f0i

�
dfi
dτ

�ð1Þ

C
−

1

f0i

�
dfi
dτ

�ð0Þ

C
Ψiðx⃗; q⃗i; τÞ; ðB4Þ

where ðdfidτ Þð1ÞC is the perturbed collision term. On the
right-hand side of Eq. (B4) we used Eq. (B3) to replace

the time-derivative of f0i with the zeroth-order collision
term. Equation (B3) reduces to Eq. (11) in terms of
the physical time t and momentum pi, and identifying

Si ≡ ðdfidτ Þð0ÞC .
It is common practice to decompose Ψi into Legendre

polynomials Plðk̂ · q̂iÞ, motivated by left-hand side of
Eq. (B4) depending only on qi, k ¼ jk⃗j and k̂ · q̂i in
Fourier space. Hence [34]

Ψiðk⃗; q⃗i;τÞ¼
X∞
l¼0

ð−iÞlð2lþ1ÞΨi;lðk;qi;τÞPlðk̂ · q̂iÞ;

Ψi;lðk;qi;τÞ¼
il

2

Z
1

−1
dðk̂ · q̂iÞΨiðk⃗; q⃗i;τÞPlðk̂ · q̂iÞ: ðB5Þ

This allows the Fourier version of Eq. (B4) to be expressed
as a hierarchy of equations for the multipole moments
Ψi;lðk; qi; τÞ [34,93]

Ψ0
i;0ðk; qi; τÞ ¼ −

qik
εi

Ψi;1ðk; qi; τÞ þ
1

6

∂ ln f0i
∂ ln qi

h0 þ Cð1Þ0 ½Ψiðk; qi; τÞ�;

Ψ0
i;1ðk; qi; τÞ ¼

qik
3εi

ðΨi;0ðk; qi; τÞ − 2Ψi;2ðk; qi; τÞÞ þ Cð1Þ1 ½Ψiðk; qi; τÞ�;

Ψ0
i;2ðk; qi; τÞ ¼

qik
5εi

ð2Ψi;1ðk; qi; τÞ − 3Ψi;2ðk; qi; τÞÞ −
∂ ln f0i
∂ ln qi

h0 þ 6η0

15
þ Cð1Þ2 ½Ψiðk; qi; τÞ�;

Ψ0
i;l>2ðk; qi; τÞ ¼

k
2lþ 1

qi
εi
½lΨi;l−1ðk; qi; τÞ − ðlþ 1ÞΨi;lþ1ðk; qi; τÞ� þ Cð1Þl ½Ψiðk; qi; τÞ�; ðB6Þ

where the collision-term multipoles are [93]

Cð1Þl ½Ψiðk; qi; τÞ�≡ 1

f0i

�
dfi
dτ

�ð1Þ

C;l
ðk; qi; τÞ −

1

f0i

�
dfi
dτ

�ð0Þ

C
Ψi;lðk; qi; τÞ; ðB7Þ

and

�
dfi
dτ

�ð1Þ

C;l
ðk; qi; τÞ≡ il

4π

Z
dΩk⃗Plðk̂ · q̂iÞ

�
dfi
dτ

�ð1Þ

C
ðk⃗; q⃗i; τÞ; ðB8Þ

with Ωk⃗ the solid angle subtended by the wave vector k⃗.
The collision term for sterile neutrinos νs on the right-hand side of Eq. (B2) comes from the vacuum decay into ϕϕνsν̄s,

which has the same matrix element as the scattering process ϕðq1; q⃗1Þϕðq2; q⃗2Þ ↔ νsðε3; q⃗3Þνsðε4; q⃗4Þ when the ghost
energies are treated as being positive

�
dfνs
dτ

�
C
ðq⃗3Þ ¼

a
2ε3

Z
d3q⃗1

ð2πÞ32q1

Z
d3q⃗2

ð2πÞ32q2

Z
d3q⃗4

ð2πÞ32ε4
jMj2ð2πÞ4δðq1 þ q2 − ε3 − ε4Þδð3Þðq⃗1 þ q⃗2 − q⃗3 − q⃗4Þ

× ½ð1þ fϕðq⃗1ÞÞð1þ fϕðq⃗2ÞÞð1 − fνsðq⃗3ÞÞð1 − fνsðq⃗4ÞÞ − fϕðq⃗1Þfϕðq⃗2Þfνsðq⃗3Þfνsðq⃗4Þ�: ðB9Þ

Expanding fi as in Eq. (B1) and neglecting the Pauli-blocking and Bose-Einstein stimulated-emission factors, the
background contribution and the linear-order perturbation of the collision term are respectively
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�
dfνs
dτ

�ð0Þ

C
ðq3Þ ¼

a
2ε3

Z
d3q⃗1

ð2πÞ32q1

Z
d3q⃗2

ð2πÞ32q2

Z
d3q⃗4

ð2πÞ32ε4
jMj2ð2πÞ4δðq1 þ q2 − ε3 − ε4Þδð3Þðq⃗1 þ q⃗2 − q⃗3 − q⃗4Þ

× ½1þ f0ϕðq1Þ þ f0ϕðq2Þ − f0νsðq3Þ − f0νsðq4Þ�; ðB10Þ

and

�
dfνs
dτ

�ð1Þ

C;l
ðk; q3Þ ≈ a

il

4π

Z
dΩk⃗Plðk̂ · q̂3Þ

1

2ε3

Z
d3q⃗1

ð2πÞ32q1

Z
d3q⃗2

ð2πÞ32q2
×
Z

d3q⃗4
ð2πÞ32ε4

jMj2ð2πÞ4δðq1 þ q2 − ε3 − ε4Þδð3Þðq⃗1 þ q⃗2 − q⃗3 − q⃗4Þ

× ½2f0ϕðq1ÞΨϕðq1!Þ − f0νsðq3ÞΨνsðq3!Þ − f0νsðq4ÞΨνsðq4!Þ�; ðB11Þ

where the dependence on ðk⃗; τÞ is suppressed and the
symmetry q1 ↔ q2 was used to combine two terms in the
last line. Similar expressions can be derived for the ghosts
ϕ. Subleading contributions were kept in Eq. (B10), arising
from the terms f0i ≪ 1, that will be relevant in the collision
multipoles (B7).
Integrating Eq. (B10), weighted by the sterile neutrino

energy ε3, and neglecting subleading contributions gives
the numerical fit.16

Γρ ≡ 1

a

Z
d3q3
ð2πÞ3 ε3

�
dfνs
dτ

�ð0Þ

C

≈

8<
:

8.4 × 10−6 Λ9

M4
s
exp

h
−6.6

�
mνs
Λ

�
2.1
i
; scalar

9.0 × 10−6 Λ9

M4
v
exp

h
−5.5

�
mνs
Λ

�
4.3
i
; vector

;

ðB12Þ

which appears in Eq. (22). The same result arises from the

integral of ðdfϕdτ Þð0ÞC weighted by the ghost energy q1.
The computation of the perturbed collision term in

Eq. (B11) in the case of massive sterile neutrinos is
nontrivial, requiring not only the integral of Ψi;l [defined
in Eq. (B5)] and solution of the multipole hierarchy (B6),
but also depending on two free parameters: the Λ and amνs .
It simplifies in the relativistic limit, q ≫ amνs , approxi-
mated by mνs ∼ 0 in the preceding expressions. This is the
most interesting case for the perturbation analysis, since
then the background contributions to the energy density
from ghosts and sterile neutrinos cancel and modifications
of the CMB and matter power spectrum can arise only
through the perturbations. We consider this scenario in
detail in the following subsection, B 1, and derive an

adequate approximate description for the more general
case in subsection B 2.

1. Relativistic sterile neutrinos

In the relativistic limit, it is a common simplification to
integrate over q⃗i in (B6), weighted by the energy and the
background phase-space distribution [34]. The equations
can then be expressed in terms of the relative perturbation
variables: the density contrast δi, the divergence of the
velocity field θi, and the anisotropic stress σi, where
i ¼ ϕ; νs. They are defined in terms of

Fi;l ≡
R
dqq3f0i ðqÞΨi;lðqÞR

dqq3f0i ðqÞ
; ðB13Þ

by δi ¼ Fi;0, θi ¼ 3kFi;1=4, and σi ¼ Fi;2=2. Then the
perturbation equations (B6) reduce to [34,93]

δ0i ¼ −
4

3
θi þ

2

3
h0 þ Cð1Þ

0 ½Fi�;

θ0i ¼ k2
�
1

4
δi − σi

�
þ Cð1Þ

1 ½Fi�;

F0
i;2 ¼ 2σ0i ¼

8

15
θi −

3

5
kFi;3 þ

4

15
h0 þ 8

5
η0 þ Cð1Þ

2 ½Fi�;

F0
i;l ¼ k

2lþ 1
½lFi;l−1 − ðlþ 1ÞFi;lþ1� þ Cð1Þ

l ½Fi�;
ðB14Þ

with collision multipoles

Cð1Þ
l ½Fi�≡

R
dqq3ðdfidτ Þð1ÞC;lR
dqq3f0i ðqÞ

− Fi;l

R
dqq3ðdfidτ Þð0ÞCR
dqq3f0i ðqÞ

: ðB15Þ

The numerators can be evaluated by integrating Eqs. (B10)
and (B11). In terms of xj ≡ qj=Λ, the collision terms
for νs are

16See footnote 3.
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Z
dq3q33

�
dfνs
dτ

�ð0Þ

C
¼ aΛ5

8ð2πÞ4
�Z

∞

0

dx3K3ðx3Þ þ 2

Z
1

0

dx1f0ϕðx1ÞK1;0ðx1Þ −
Z

∞

0

dxf0νsðxÞðK3ðxÞ þK4;0ðxÞÞ
�
; ðB16Þ

Z
dq3q33

�
dfνs
dτ

�ð1Þ

C;l
¼ aΛ5

8ð2πÞ4
�
2

Z
1

0

dx1fϕ;0ðx1ÞΨϕ;lðx1ÞK1;lðx1Þ −
Z

∞

0

dxf0νsðxÞΨνs;lðxÞðK3ðxÞ þK4;lðxÞÞ
�
; ðB17Þ

depending on the dimensionless kernels

K1;lðx1Þ ¼
Z

∞

0

dx3x23

Z
1

0

dx2

Z
π

0

dθ13Plðcos θ13Þ
Z

π

0

dθ23jMj2 Θð1 − j cosφ2jÞ
j sinφ2j

;

K3ðx3Þ ¼ x23

Z
1

0

dx1

Z
1

0

dx2

Z
π

0

dθ13

Z
π

0

dθ23jMj2Θð1 − j cosφ2jÞ
j sinφ2j

;

K4;lðx4Þ ¼
Z

∞

0

dx3x23

Z
1

0

dx1

Z
π

0

dθ34Plðcos θ34Þ
Z

π

0

dθ13jMj2 Θð1 − j cosφ1jÞ
j sinφ1j

Θð1þ x1 − x3 − x4Þ; ðB18Þ

with cosφ2 and cosφ1 given by

cosφ2 ¼
x1x2ð1 − c13c23Þ − x1x3ð1 − c13Þ − x2x3ð1 − c23Þ

x1x2s13s23
;

cosφ1 ¼
x1x3ð1 − c13Þ þ x1x4ð1 − c13c34Þ − x3x4ð1 − c34Þ

x1x4s13s34
; ðB19Þ

and cjk ¼ cos θjk, sjk ¼ sin θjk. Analogously, the collision terms for ghosts (with overall − signs from their negative
energy) areZ

dq1q31

�
dfϕ
dτ

�ð0Þ

C
¼ −

aΛ5

8ð2πÞ4
�Z

1

0

dx1W1ðx1Þ þ
Z

1

0

dxfϕ;0ðxÞðW1ðxÞ þW2;0ðxÞÞ − 2

Z
∞

0

dx3f0νsðx3ÞW3;0ðx3Þ
�
;

ðB20ÞZ
dq1q31

�
dfϕ
dτ

�ð1Þ

C;l
¼ −

aΛ5

8ð2πÞ4
�Z

1

0

dxfϕ;0ðxÞΨϕ;lðxÞðW1ðxÞ þW2;lðxÞÞ − 2

Z
∞

0

dx3f0νsðx3ÞΨνs;lðx3ÞW3;lðx3Þ
�
;

ðB21Þ
where

W1ðx1Þ ¼ x21

Z
1

0

dx2

Z
∞

0

dx3

Z
π

0

dθ12

Z
π

0

dθ13jMj2 Θð1 − j cosφ3jÞ
j sinφ3j

;

W2;lðx2Þ ¼
Z

1

0

dx1x21

Z
∞

0

dx3

Z
π

0

dθ12Plðcos θ12Þ
Z

π

0

dθ13jMj2Θð1 − j cosφ3jÞ
j sinφ3j

;

W3;lðx3Þ ¼
Z

1

0

dx1x21

Z
1

0

dx2

Z
π

0

dθ13Plðcos θ13Þ
Z

π

0

dθ12jMj2 Θð1 − j cosφ3jÞ
j sinφ3j

; ðB22Þ

and

cosφ3 ¼ −
x1x2ð1 − c12Þ − x1x3ð1 − c13Þ − x2x3ð1 − c12c13Þ

x2x3s12s13
: ðB23Þ

The kernels in Eqs. (B18) and (B22) are fitted by polynomials

ðK;WÞðxÞ ¼ x3ða0 þ a1xþ a2x2 þ a3x3 þ a4x4 þ a5x5 þ a6x6Þ; ðB24Þ
with coefficients aj given in Table III for the K and W kernels.
The kernels associated with ghost particles (subscripts i ¼ 1, 2) have only the two leading coefficients nonvanishing;

therefore, the integrals over ghost momenta in Eqs. (B17) and (B21) take the form
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Z
dxx3f0ϕðxÞΨϕ;lðxÞðK;WÞðxÞ ≈

Z
dxx3f0ϕðxÞΨϕ;lðxÞða0 þ a1xÞ; ðB25Þ

the first term of which is proportional to Fϕ;l, while the second one is a higher-order correction. To estimate the latter,
we assume Ψϕ;lðxÞ depends weakly on x so that

Z
dxx3f0ϕðxÞΨϕ;lðxÞðK;WÞðxÞ∼

Z
dxx3f0ϕðxÞΨϕ;lðxÞ

�
a0þa1

R
dxx4f0ϕðxÞR
dxx3f0ϕðxÞ

�
∼Fϕ;l

ρϕ
Λ4

	 ½a0þ0.66a1�; scalar

½a0þ0.69a1�; vector
; ðB26Þ

using f0ϕðxÞ defined in Eq. (14); see Fig. 3. The factor 1=Λ4 comes from the normalization of the background phase-space
distribution according to the number density, so that f0i ðxÞ ∝ Γρ=ðΛ4H0Þ, while ρiðaÞ ∝ Γρ=H0 as in Eq. (31). For νs, the
analogous procedure leads toZ

dxf0νsðxÞΨνs;lðxÞðK;WÞ≈
Z

dxx3f0νsðxÞΨνs;lðxÞða0 þ a1xþ a2x2 þ a3x3 þ a4x4 þ a5x5 þ a6x6Þ

∼
Z

dxx3f0νsðxÞΨνs;lðxÞ
�
a0 þ a1

R
dxx4f0νsðxÞR
dxx3f0νsðxÞ

þ a2

R
dxx5f0νsðxÞR
dxx3f0νsðxÞ

þ a3

R
dxx6f0νsðxÞR
dxx3f0νsðxÞ

þ a4

R
dxx7f0νsðxÞR
dxx3f0νsðxÞ

þ a5

R
dxx8f0νsðxÞR
dxx3f0νsðxÞ

þ a6

R
dxx9f0νsðxÞR
dxx3f0νsðxÞ

�

∼Fνs;l
ρνs
Λ4

(
½a0 þ 0.72a1 þ 0.59a2 þ 0.54a3 þ 0.53a4 þ 0.56a5 þ 0.63a6�; scalar

½a0 þ 0.75a1 þ 0.63a2 þ 0.58a3 þ 0.58a4 þ 0.61a5 þ 0.68a6�; vector
: ðB27Þ

TABLE III. Numerical coefficients for the polynomials in Eq. (B24) used to fit the kernels in Eqs. (B18) and (B22). Kernels with
higher l than those displayed are negligible. Kernels with subscripts i ¼ 1, 2 refer to ghost quantities, whereas those with subscripts
i ¼ 3, 4 refer to sterile neutrinos. K3 and W1 do not have the l subscript because they refer to the background contribution.

Vector mediator Scalar mediator

Ki;l a0 a1 a2 a3 a4 a5 a6 a0 a1 a2 a3 a4 a5 a6

K1;0 2.2 2.8 0 0 0 0 0 6.1 −2.5 0 0 0 0 0
K1;1 −1.1 2.8 0 0 0 0 0 0.8 0.8 0 0 0 0 0
K1;2 −0.9 0.8 0 0 0 0 0 −0.3 0.9 0 0 0 0 0
K1;3 −0.1 −0.4 0 0 0 0 0 −0.3 0.5 0 0 0 0 0
K1;4 0.2 −0.5 0 0 0 0 0 −0.2 0.3 0 0 0 0 0
K1;5 0.2 −0.3 0 0 0 0 0 −0.1 0.1 0 0 0 0 0
K3 −6.1 75.8 −164.8 156.3 −75.2 18.1 −1.7 3.7 33.1 −97.1 100.9 −50.2 12.0 −1.1
K4;0 42.0 −94.5 62.7 8.4 −28.2 12.2 −1.7 80.3 −288.3 447.1 −381.1 186.8 −49.5 5.5
K4;1 −18.2 22.1 27.7 −67.4 49.2 −16.0 2.0 −25.1 78.0 −104.8 79.3 −35.9 9.2 −1.0
K4;2 −1.3 30.9 −83.0 93.1 −52.6 14.9 −1.7 −3.1 23.2 −50.7 51.6 −27.3 7.3 −0.8
K4;3 5.1 −31.2 62.9 −60.5 30.6 −7.9 0.8 2.5 −13.0 23.8 −20.7 9.3 −2.1 0.2

Vector mediator Scalar mediator

Wi;l a0 a1 a2 a3 a4 a5 a6 a0 a1 a2 a3 a4 a5 a6

W1 0.1 5.5 0 0 0 0 0 4.2 0 0 0 0 0 0
W2;0 4.4 0.1 0 0 0 0 0 8.1 −5.1 0 0 0 0 0
W2;1 −2.2 0 0 0 0 0 0 −2.7 1.7 0 0 0 0 0
W2;2 0.4 0 0 0 0 0 0 0 0 0 0 0 0 0
W3;0 17.9 −11.5 −46.1 76.8 −48.5 14.1 −1.6 41.9 −127.2 173.7 −138.5 67.3 −18.4 2.2
W3;1 −12.0 45.8 −61.5 36.6 −8.4 −0.4 0.3 −10.9 56.2 −102.5 91.8 −44.0 10.9 −1.1
W3;2 −0.2 −7.7 21.5 −23.0 11.9 −3.0 0.3 −8.1 41.1 −79.2 77.4 −41.1 11.3 −1.3
W3;3 −0.8 4.3 −11.6 15.1 −9.8 3.1 −0.4 −4.9 23.7 −42.6 37.9 −17.8 4.2 −0.4
W3;4 0.8 −5.0 11.7 −14.0 9.0 −3.0 0.4 −2.1 8.0 −10.0 3.8 1.4 −1.4 0.3
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The series ½a0 þ…� in Eqs. (B26), (B27) differ from each other because of the larger phase space available for νs
relative to ϕ.
Equations (B16) and (B20) can be similarly estimated, but more simply since all the functions are now known. Therefore,

Eqs. (B16), (B17), (B20), and (B21) reduce to

Z
dq3q33

�
dfνs
dτ

�ð0Þ

C
≈ aΓρ þ a

Γρ

Λ4
½aνs;0ρϕ þ bνs;0ρνs �;Z

dq1q31

�
dfϕ
dτ

�ð0Þ

C
≈ −aΓρ þ a

Γρ

Λ4
½aϕ;0ρϕ þ bϕ;0ρνs �;Z

dqνsq
3
νs

�
dfνs
dτ

�ð1Þ

C;l
≈ a

Γρ

Λ4
½aνs;lρϕFϕ;l þ bνs;lρνsFνs;l�;Z

dqϕq3ϕ

�
dfϕ
dτ

�ð1Þ

C;l
≈ a

Γρ

Λ4
½aϕ;lρϕFϕ;l þ bϕ;lρνsFνs;l�; ðB28Þ

where ai;l and bi;l are given in Table IV. There one notices that the l ¼ 0, 1 terms of Eq. (B28) for νs are equal
and opposite in sign to those for ϕ, as well as the background terms. This follows from energy and momentum
conservation both at the zeroth and linear order in the perturbations [93]. Moreover, the second term in the first two
equations in (B28) is subleading compared to Γρ, scaling as Γ2

ρ=ðH0Λ4Þ. Although it can be neglected in the background
Boltzmann equations, it is needed in the perturbation equations since it is of the same order as the perturbed collision
term [see Eqs. (B15) and (B28)].
Substituting Eq. (B28) into Eq. (B15), the full perturbation equations (B14) for νs are

δ0νs ≈ −
4

3
θνs −

2

3
h0 þ a

Γρ

Λ4

�
aνs;0

ρϕ
ρνs

ðδϕ − δνsÞ
�
− a

Γρ

ρνs
δνs ;

θ0νs ≈ k2
�
1

4
δνs − σνs

�
þ a

Γρ

Λ4

�
aνs;1

ρϕ
ρνs

θϕ þ
�
Bνs;1 − aνs;0

ρϕ
ρνs

�
θνs

�
− a

Γρ

ρνs
θνs ;

F0
νs;2

¼ 2σ0νs ≈
8

15
θνs −

3

5
kFνs;3 þ

4

15
h0 þ 8

5
η0 þ 2a

Γρ

Λ4

�
aνs;2

ρϕ
ρνs

σϕ þ
�
Bνs;2 − aνs;0

ρϕ
ρνs

�
σνs

�
− 2a

Γρ

ρνs
σνs ;

F0
νs;l≥2 ≈

k
2lþ 1

½lFνs;l−1 − ðlþ 1ÞFνs;lþ1� þ a
Γρ

Λ4

��
Bνs;l − aνs;0

ρϕ
ρνs

�
Fνs;l

�
− a

Γρ

ρνs
Fνs;l; ðB29Þ

where Bνs;l ≡ ðbνs;l − bνs;0Þ, and for the ghosts they are

δ0ϕ ≈ −
4

3
θϕ −

2

3
h0 þ a

Γρ

Λ4

�
−bϕ;0

ρνs
ρϕ

ðδϕ − δνsÞ
�
þ a

Γρ

ρϕ
δϕ;

θ0ϕ ≈ k2
�
1

4
δϕ − σϕ

�
þ a

Γρ

Λ4

��
Aϕ;1 − bϕ;0

ρνs
ρϕ

�
θϕ þ bϕ;1

ρνs
ρϕ

θνs

�
þ a

Γρ

ρϕ
θϕ;

F0
ϕ;2 ¼ 2σ0ϕ ≈

8

15
θϕ −

3

5
kFϕ;3 þ

4

15
h0 þ 8

5
η0 þ 2a

Γρ

Λ4

��
Aϕ;2 − bϕ;0

ρνs
ρϕ

�
σϕ þ bϕ;2

ρνs
ρϕ

σνs

�
þ 2a

Γρ

ρϕ
σϕ;

F0
ϕ;l≥2 ≈

k
2lþ 1

½lFϕ;l−1 − ðlþ 1ÞFϕ;lþ1� þ a
Γρ

Λ4

��
Aϕ;l − bϕ;0

ρνs
ρϕ

�
Fϕ;l

�
þ a

Γρ

ρϕ
Fϕ;l; ðB30Þ

where Aϕ;l ≡ ðaϕ;l − aϕ;0Þ. For both species, we solved the perturbation equations with CAMB up to the hierarchy multipole
lmax ¼ 45, as done for massless neutrinos and photons when no approximation scheme is applied.

A. Qualitative features of the perturbed massless equations

Eqs. (B29) and (B30) can be further simplified since ρνsðaÞ ¼ −ρϕðaÞ for massless sterile neutrinos. Then the last term
on the right-hand sides, which arise from the time dependence of the background phase-space distributions f0i , are negative
assuming Fi;l > 0 and therefore provide damping of the perturbations for all values of l. Such damping is typical of
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particle decay processes (e.g., Ref. [94]), hence we will
refer to it as the “decay term” below. Its effect is larger at
early times because ρiðaÞ evolves faster than a. The
damping is independent of Γρ since ρi ∝ Γρ=H0, according
to Eq. (31).
On the other hand, the second-to-last term of the right-

hand sides of Eqs. (B29) and (B30), which we will refer
to as the “collision term,” scales as a, so that it grows at
late times. Being proportional to Γρ=Λ4 ∼ ΛðΛ=MiÞ4, it is
generally smaller than the last term. We expect that
deviations in the CMB or matter power spectra with respect
to ΛCDM will be apparent only when the collision term
starts to dominate over the decay term, otherwise
Eqs. (B29) and (B30) become identical, giving Fνs;l∼Fϕ;l,
implying ρνsFνs;l þ ρϕFϕ;l ∼ 0. However, the collision
term in the high-l equations leads to exponential insta-
bilities because of the positive sign in front of the relative
perturbation Fi;l.

17 Hence, it cannot be too much larger
than the decay term while remaining consistent with the
CMB and matter power spectrum. This criterion gives the
estimate Γρ=Λ4 ≲H0 ∼ 10−39 MeV, in rough agreement
with the quantitative result of Sec. IV.
This reasoning also explains why Γρ becomes uncon-

strained at sufficiently small values of Γρ=Λ4 (see Fig. 10).
In that regime the collision term is small compared to the
decay term, and the perturbations become irrelevant.
Moreover, deviations between ΛCDMϕνs and ΛCDM
are more pronounced at small k (large scales), because
the Liouville term (the first term) of the perturbation
equations above becomes negligible, being proportional
to k. This is borne out in Fig. 8.
It is noteworthy that Fνs;l is less suppressed than Fϕ;l,

at l > 2, where the ϕ and νs equations decouple. This is
because ðaϕ;l − aϕ;0Þ þ bϕ;0 < ðbνs;l − bνs;0Þ þ aνs;0 in the

comparison of their collision terms; hence Fνs;l ≳ Fϕ;l for
l≳ 2.18 The physical origin for this can be traced to the
larger phase space available for sterile neutrinos than for
ghosts, which increases its collision term. For the l ¼ 0, 1
perturbations, the situation is more complicated since the νs
and ϕ equations are coupled.
The perturbations for the scalar mediator have a mod-

estly larger effect on cosmological observables relative to
the vector mediator. This is ultimately due to the kinemati-
cal dependences of the matrix elements (9), which result
in the coefficients for the scalar model in Table IV being
larger than the vector ones. This trend is confirmed by the
CosmoMC results in Fig. 10.

2. Massive sterile neutrinos

A detailed analysis of the cosmological perturbations
for the most general case where νs can be nonrelativistic,
is beyond the scope of the present paper, since in that
case the perturbations play a subdominant role compared
to the background contributions to the energy density.
Nevertheless, we develop an approximate treatment in this
appendix.
The perturbation equation hierarchy for massive νs is

given in Eq. (B6), from which the perturbed energy
density, pressure, energy flux, and shear stress in k-space
are [34]

δρνs ¼
1

a4

Z
dqq2εfνs;0ðqÞΨνs;0;

δPνs ¼
1

3a4

Z
dqq2

q2

ε
fνs;0ðqÞΨνs;0;

ðρνs þ PνsÞθνs ¼
k
a4

Z
dqq3fνs;0ðqÞΨνs;1;

ðρνs þ PνsÞσνs ¼
2

3a4

Z
dqq2

q2

ε
fνs;0ðqÞΨνs;2; ðB31Þ

where ε ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ a2m2

νs

q
is the comoving energy of νs.

Proceeding analogously to the massless case, one can
integrate Eq. (B6) over q, weighting by ε or q2=ε, to
obtain Eq. (B31).
We take as an example the l ¼ 0 equation, giving the

density contrast δνs , since the same procedure can be
straightforwardly applied to higher multipoles. From
Eq. (B31), one obtains

TABLE IV. Numerical value of the coefficients ai;l and bi;l
entering Eq. (B28).

Vector mediator Scalar mediator

νs ϕ νs ϕ

l aνs;l bνs;l aϕ;l bϕ;l aνs;l bνs;l aϕ;l bϕ;l

0 7.5 −8.1 −7.5 8.1 8.1 −9.7 −8.1 9.7
1 1.5 0.2 −1.5 −0.2 2.3 −0.8 −2.3 0.8
2 −0.7 −43.3 −3.9 32.0 0.5 −79.3 −3.8 90.7
3 −0.6 −2.6 −3.5 −0.3 −0.1 −3.4 −3.8 −0.1
4 −0.3 −3.0 −3.5 −0.1 0 −3.4 −3.8 0
5 −0.1 −2.9 −3.5 0 0 −3.4 −3.8 0
≥6 0 −2.9 −3.5 0 0 −3.4 −3.8 0

17The sign follows from the numerical values of the coef-
ficients in Table IV.

18Since the relative perturbation Fi;l for l≳ 2 is negative
for relativistic particles, such as massless SM neutrinos and
photons, the condition Fνs;l ≳ Fϕ;l implies that Fϕ;l is more
negative than Fνs;l. Therefore 0≲ jρνsFνs;lj ≲ ρϕFϕ;l for the
physical perturbations, since ρνs ¼ −ρϕ ≳ 0. This is confirmed
by Fig. 9 (left).
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Z
dqq2εfνs;0ðqÞΨ0

νs;0
¼ −k

Z
dqq3fνs;0ðqÞΨνs;1 þ

h0

6

Z
dqq3ε

dfνs;0
dq

þ
Z

dqq2εfνs;0ðqÞCð1Þ0 ½Ψνs;0�

¼ −
a4

4π
ðρνs þ PνsÞθi −

h0

2

a4

4π
ðρνs þ PνsÞ þ

Z
dqq2ε

��
dfνs
dτ

�ð1Þ

C;0
−
�
dfνs
dτ

�ð0Þ

C
Ψνs;0

�

¼ −
a4ρνs
4π

ð1þ wνsÞ
�
θνs þ

h0

2

�
þ
Z

dqq2ε

�
dfνs
dτ

�ð1Þ

C;0
−
Z

dqq2ε

�
dfνs
dτ

�ð0Þ

C
Ψνs;0; ðB32Þ

in the second step using the definition of Cð1Þ0 ½Ψνs;0� in Eq. (B7), integrating the second integral on the right-hand side by
parts, and using the definitions of the background density and pressure given by Eq. (21) expressed in comoving variables.
The left-hand side of Eq. (B32) can be related to the time derivative of the density contrast δνs via

δ0νs ¼
δρ0νs
ρνs

−
ρ0νs
ρνs

δνs

¼
R
dqq2ðεfνs;0ðqÞΨνs;0Þ0R

dqq2εfνs;0ðqÞ
−
R
dqq2ðεfνs;0ðqÞÞ0R
dqq2εfνs;0ðqÞ

¼ 4π

a4ρνs
a2m2

νsH
Z

dq
q2

ε
fνs;0ðqÞΨνs;0 þ

4π

a4ρνs

Z
dqq2ε

�
dfνs;0
dτ

�ð0Þ

C
Ψνs;0 þ

4π

a4ρνs

Z
dqq2εfνs;0ðqiÞΨ0

νs;0

−
4π

a4ρνs
δνs

�
a2m2

νsH
Z

dq
q2

ε
fνs;0ðqÞ þ

Z
dqq2ε

�
dfνs;0
dτ

�ð0Þ

C

�
; ðB33Þ

where we used the background Boltzmann equation (B3) and ε0νs ¼ a2m2
νsH=ενs , withH ¼ d ln a=dτ ¼ aH, the comoving

Hubble rate. Combining Eq. (B33) with (B32),

δ0νs ¼ −ð1þ wνsÞ
�
θνs þ

h0

2

�
þ 4π

a4ρνs
Ha2m2

νs

�Z
dq

q2

ε
fνs;0ðqÞΨνs;0 − δνs

Z
dq

q2

ε
fνs;0ðqÞ

�
þ Cð1Þ0 ½δνs �; ðB34Þ

by defining a new collision term

Cð1Þ0 ½δνs �≡
R
dqq2εðdfνsdτ Þð1ÞC;0R
dqq2εfνs;0ðqÞ

− δνs

R
dqq2εðdfνsdτ Þð0ÞCR
dqq2εfνs;0ðqÞ

; ðB35Þ

in analogy with Eq. (B15) for the massless sterile neutrino case. Notice that Eq. (B34) reduces to the first equation of (B14)
in the massless case, mνs → 0 and wνs → 1=3.
Although Eq. (B35) is exact, it can be simplified in the nonrelativistic limit, for which q ≪ amνs . The terms in the square

parenthesis reduce to

H
a2m2

νs

ρνs

�Z
dq

q2

ε
fνs;0ðqÞΨνs;0 − δνs

Z
dq

q2

ε
fνs;0ðqÞ

�

≃
H
ρνs

Z
dqamνsq

2

�
1−

1

2

q2

a2m2
νs

þO
�

q4

a4m4
νs

��
fνs;0ðqÞΨνs;0 −H

δνs
ρνs

Z
dqamνsq

2

�
1−

1

2

q2

a2m2
νs

þO
�

q4

a4m4
νs

��
fνs;0ðqÞ

≃H
�
δρνs
ρνs

− 3
δPνs

ρνs

�
−H

�
1− 3

Pνs

ρνs

�
δνs

≃−3Hðc2s;νs −wνsÞδνs ; ðB36Þ

by introducing the fluid sound speed c2s;νs ≡ δPνs=δρνs and using ε ≃ amνs ½1þ q2=ð2a2m2
νsÞ þOðq4=ða4m4

νsÞÞ�. For a
barotropic fluid, applicable since the equation of state for the new species is constant in time, c2s;νs ≃ wνs ≈ constant
and therefore Eq. (B36) vanishes. Since it is negligible both in the relativistic and nonrelativistic limits, we neglect it for
general mνs . Then Eq. (B34) simplifies to
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δ0νs ≃ −ð1þ wνsÞ
�
θνs þ

h0

2

�
þ Cð1Þ0 ½δνs �; ðB37Þ

which agreeswith the derivation based on energy-momentum
conservation [34].
The new collision term given by Eq. (B35) is compli-

cated in the general mνs > 0 case. However, based on the
results we obtained for mνs ¼ 0, some inferences can be
made. In particular, the first term of Eq. (B35) is propor-
tional to Γρ=Λ4, since it depends linearly on the back-
ground phase-space distribution f0i ðqÞ with i ¼ ϕ; νs,
whereas the second term is exactly given by Γρδνs=ρνs
and is thus proportional to H0. In order to be consistent
with type Ia supernovae data, Fig. 7 implies that
Γρ ≲Oð10−70ÞMeV5. For such small values, the con-
straints on Γρ and Γρ=Λ4 for mνs ¼ 0, Fig. 10, become
almost independent of Γρ=Λ4, suggesting that the first
term of Eq. (B35) is negligible compared to the second.
Physically, this means that redshifting of the new species,
described by the Liouville terms and the second part of the
collision term, is more important than the growth from
particle production, when mνs > 0. In this case the pertur-
bations of the new species decouple from each other.
By neglecting the first piece of the new collision term in

Eq. (B35), we expect to find conservative bounds for the
parameter Γρ, or quantities derived from it such as Ωg, that
might be moderately strengthened by a more exact treat-
ment. The bounds derived formνs > 0 come primarily from
the background contributions of the new species, rather
their perturbations.
Carrying out the same procedure as for δνs to higher l,

the perturbation equations for ϕ and νs are

δ0νs ∼ −ð1þ wνsÞ
�
θνs þ

h0

2

�
− a

Γρ

ρνs
δνs ;

θ0νs ∼ −Hð1 − 3wνsÞθνs þ
wνs

1þ wνs

k2δνs − k2σνs − a
Γρ

ρνs
θνs ;

σ0νs ∼ −3Hσνs þ
8

3

wνs

1þ wνs

�
θνs þ

h0

2
þ 3η0

�
− a

Γρ

ρνs
σνs ;

δ0ϕ ∼ −
4

3
θϕ þ

2

3
h0 þ a

Γρ

ρϕ
δϕ;

θ0ϕ ∼ k2
�
1

4
δϕ − σϕ

�
þ a

Γρ

ρϕ
θϕ;

σ0ϕ ∼ −3Hσϕ þ
2

3

�
θϕ þ

h0

2
þ 3η0

�
þ a

Γρ

ρϕ
σϕ; ðB38Þ

assuming a barotropic fluid, where we neglected the
equations for the multipoles with l > 2 since they will
become negligible for nonrelativistic νs. Similar equations
for the anisotropic stress σi were derived in Refs. [32,39,95]
to approximate the closing of the l hierarchy at the

quadrupole, valid for both massless and massive particles.
We take the viscosity parameter in Ref. [95] to be
c2i;vis ≃ wi. These equations encapsulate the free-streaming
effect of the new species, which cannot be neglected;
Ref. [95] showed that doing so in the SM with massless
neutrinos induces an error of ∼10% in the CMB power
spectrum. Different prescriptions for the shear stress
equation can be found in Ref. [96], which provide similar
numerical accuracy.
The perturbation equations derived above become the

same for ϕ and νs in the limit wνs → 1=3, since the part of
the collision term sensitive to their phase space differences
has been neglected. Hence the physical perturbations
of the new species cancel each other in that limit,
ðρνsδνs þ ρϕδϕÞ → 0. Similarly to the mνs ¼ 0 treatment,
the equations are solved within CAMB up to the lmax ¼ 45.

APPENDIX C: CORRELATIONS BETWEEN
PARAMETERS

In this appendix, we present the full correlation plots
including all parameters in the ΛCDMϕνs model, as
inferred from CosmoMC.

1. Massless νs case

For mνs ¼ 0, the input parameters are the standard six of
ΛCDM, plus Γρ, which controls the amplitude of ϕ and νs
energy densities, and Γρ=Λ4, which sets the strength of the
perturbed collision term in the linear perturbations. Table V

TABLE V. 68% CL parameter intervals for the ΛCDMϕνs
model, as inferred from CosmoMC in the massless νs scenario, for
the vector and scalar mediators. The first six parameters in bold
are for the ΛCDM model, whereas the following two are
associated to the new physics. The remaining ones are derived
from the cosmological model.

Massless νs

Parameter Vector Scalar

Ωbh2 0.02235� 0.00015 0.02235� 0.00015
Ωch2 0.1202� 0.0012 0.1202� 0.0012
100θMC 1.04089� 0.00031 1.04090� 0.00031
τ 0.0549� 0.0075 0.0550� 0.0075
lnð1010AsÞ 3.046� 0.015 3.046� 0.015
ns 0.9642� 0.0042 0.9643� 0.0042

log10ðΓρ=MeV5Þ � � � � � �
log10ðΓρ=Λ4=MeVÞ < −58.1 < −58.4

H0=½km=s=Mpc� 67.25� 0.54 67.26� 0.55
ΩΛ 0.6832� 0.0075 0.6834� 0.0075
Ωm 0.3168� 0.0075 0.3166� 0.0075
σ8 0.8122� 0.0061 0.8123� 0.0061
S8 0.835� 0.013 0.834� 0.013
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shows the best-fit values for these parameters and their
associated 68% CL intervals. We verified consistency with
the Planck 2018 best-fit parameters [24], which is expected
since for mνs ¼ 0 the homogeneous components of the
Universe remain the same as in ΛCDM.
The new parameters, Γρ and Γρ=Λ4, are degenerate with

several ΛCDM parameters, as shown in Fig. 19. This
occurs because the linear-order ϕ and νs perturbations
affect the CMB and matter power spectra through their
energy densities, whose magnitude is of order
Γρ=ðH0

ffiffiffiffiffiffiffi
ΩΛ

p Þ, from Eq. (31), with ΩΛ ≈ 1 −Ωm.
The choice of the vector versus scalar mediator has a

small impact on the results of Table V and Fig. 19, and
only the correlation between Γρ and Γρ=Λ differs slightly
between the two cases. This can be traced back to the
numerical coefficients in the perturbation equations (B29)
and (B30); see Table IV.

2. Massive νs case

For massive νs, the new-physics parameters are taken to
be Ωg and wνs . They show degeneracies with several
ΛCDM quantities in Fig. 20. As noted previously, wνs is
largely completely unconstrained, having no effect on
most of the ΛCDM parameters. The exceptions are σ8
and S8, which are related to the amplitude of the matter

perturbations. This occurs because wνs impacts the linear
perturbation equations. Table VI shows the 68% CL
parameter intervals for the ΛCDM ϕνs model for the
massive νs scenario, as derived from CosmoMC.

TABLE VI. Similar to Table V, but for the massive νs scenario.
The results are independent of the mediator model chosen.

Massive νs

Parameter Both mediators

Ωbh2 0.02246� 0.00014
Ωch2 0.11878� 0.00094
100θMC 1.04102� 0.00029
τ 0.0556� 0.0074
lnð1010AsÞ 3.045� 0.014
ns 0.9670� 0.0037

Ωg < 0.102
wνs � � �
H0=½km=s=Mpc� 68.88þ0.48

−0.75
ΩΛ 0.617þ0.069

−0.027
Ωm 0.2992þ0.0068

−0.0056
σ8 0.801þ0.027

−0.081
S8 0.799þ0.027

−0.077
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FIG. 19. Correlation between the main ΛCDMϕνs model parameters, as inferred from CosmoMC for massless νs, for the vector (red)
and scalar (blue) mediator models. The data sets Planckþ Lensingþ BAOþ DESþ Pantheon we consider here are described in the
main text. The darker and lighter shaded regions correspond to the 68% and 95% CL intervals, respectively.
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