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The muonium-to-antimuonium transition experiment is about to be updated. Notably, the experiment at
Japan Proton Accelerator Research Complex (J-PARC) can explore the magnetic field dependence of the
transition probability. In this paper, we investigate the information that we can extract from the transition
probabilities across different magnetic field strengths, while also taking into account a planned transition
experiment at China Spallation Neutron Source (CSNS). There are two model-independent parameters in
the transition amplitude, and we ascertain the feasibility of determining these parameters, including their
relative physical phase, from experimental measurements. This physical phase can be related to the electron
electric dipole moment, which is severely constrained by experiments. The underlying mediator
responsible for the transition can be either doubly charged particles or neutral particles. In the former
case, typical magnetic fields yield specific probability ratios, while the latter presents a range of the
probability ratio. We investigate several models with neutral mediators and elucidate that the probability
ratio is linked to the sign of new physics contribution to the electron g — 2. The pivotal role of the J-PARC

transition experiment in shedding light on these insights is emphasized.
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I. INTRODUCTION

High-intensity muon beamlines are undergoing upgrades
[1,2], opening the door to various studies on muon material
physics. Among these endeavors, the exploration of lepton
flavor violation (LFV) has garnered significant attention,
encompassing processes such as y — ey [3], u — 3e [4],
and u — e conversion in nuclei [5]. These investigations
are particularly significant as they delve into physics
beyond the standard model (SM). The muon facilities will
also investigate the transition of muonium (u"e™) into
antimuonium (u~e™) (Mu-to-Mu transition) [6-9]. While a
quarter-century has passed since the transition experiment
at Paul Scherrer Institute (PSI) set the most stringent
constraint [10], the upcoming transition experiments
are ready to reinvigorate this pursuit, as exemplified by
the Muonium-to-Antimuonium Conversion Experiment
(MACE) at China Spallation Neutron Source (CSNS)
[11,12] and an experiment using a brand-new approach
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at Japan Proton Accelerator Research Complex (J-PARC)
[13]. In the past 25 years, our understanding of the lepton
sector has been improved by other experiments such as
neutrino oscillations, thus developing the theoretical envi-
ronment for the Mu-to-Mu transition [14,15].

Global non-Abelian flavor symmetries in gauge
interactions with quarks and leptons suppress the occur-
rence of flavor changing neutral currents (FCNCs). Mass
differences among quarks and leptons violate the global
flavor symmetries. Therefore, FCNCs are radiatively
induced typically in the down-type quark sector. In the
SM, FCNCs are negligible in the charged lepton sector,
owing to the minuscule mass differences of neutrinos. If
there is a new particle beyond the SM, new couplings
between the new particle and the leptons can serve as new
sources of LFV that are potentially detectable by experi-
ments. Therefore, searching charged lepton flavor changes
can be an effective tool for probing new physics beyond the
SM. The absence of LFV decays requires specific flavor
symmetries or parameter arrangements. For instance, intro-
ducing an additional Higgs doublet that couples to fermions
usually involves the selection of which doublet can couple
to generate the masses of up- and down-type quarks as well
as charged leptons. Alternatively, nearly aligned Yukawa
coupling matrices are required to suppress FCNCs. In the
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lepton sector, we can assume a discrete flavor symmetry to
eliminate muon flavor violating decays, which are severely
constrained by experiments. Even if AL, = —AL, = +1
processes are prohibited, AL, = —AL, = +2 processes
may still be allowed, resulting in the generation of the
Mu-to-Mu transition at the tree level. Neutral or doubly
charged particles could serve as mediators of the AL, =
—AL, = +£2 process.

The PSI experiment which provides the current bound on
the Mu-to-Mu transition attempts to detect electrons from the
decays of y~ in Mu that is expected from the transition in the
presence of a magnetic field. Because the experiment cannot
specify the decay time elapsed since Mu production, it
obtains a bound of the time-integrated transition probability.
We refer to this measurement technique as the PSI method.
The upcoming MACE experiment in China will adopt the
PSI method for measurement. In contrast, the J-PARC
experiment will measure the time-dependent probability of
the transition. At a specific time, a laser ionizes Mu that is
expected from the transition, and the resulting dissolved y~ is
then carried by an electric field and directed toward a
spectrometer. We refer to this measurement technique as
the J-PARC method. The J-PARC method allows for alter-
ation of the magnetic field where Mu is produced and
enables, in principle, the measurement of the magnetic field
dependence of the transition probability. The dependence of
the transition probability on the magnetic field varies depend-
ing on the operators to induce the transition [16,17]. To
distinguish the mediator of the transition, it is crucial to
measure the transition probabilities under different magnetic
fields. If doubly charged particles act as mediators, the
operators induced by them yield specific ratios of the
transition probabilities. Therefore, measuring probability
ratios can quickly identify the operators. On the other hand,
if neutral particles are mediators, the ratios can take on
various values depending on model parameters. Therefore,
closer analyses of models are necessary.

In this paper, we study the magnetic field dependence of
the transition probabilities induced by neutral mediators,
which may be found by the combination of the J-PARC and
MACE experiments. The J-PARC method can measure the
transition probabilities both at a weak magnetic field B <
1 pT and at a medium magnetic field approximately equal to
the geomagnetic field ~O(10) pT. The MACE experiment
(and possibly an upgraded experiment at PSI) will measure
the time-integrated probability at B = 0.1 T. Two parame-
ters exist for the model-independent description of the Mu-
to-Mu transition amplitudes. The transition probabilities at
three magnetic fields, together with information on the muon
polarization in the produced Mu at B = 0.1 T, enable the
determination of the two parameters with a possible relative
phase in the amplitudes. When the transition is induced by a
single mediator, the relative phase is related to the electric
dipole moment (EDM) of the electron, and thus the phase
should be very small due to the experimental bound on the

electron EDM [18,19]. In this study, we will examine three
possible neutral mediators that can induce the transition: (1)
the axionlike particle (ALP), (2) the inert doublet model, and
(3) the neutral flavor gauge boson. We assume that the
models mentioned above do notinduce the AL, = —AL, =
41 processes. Even under the assumption, the electron and
muon masses as well as their anomalous magnetic moments
(g — 2) can be modified radiatively. These models can make a
significant contribution to the electron g — 2 due to the flavor
violation, resulting from the chirality flip caused by the muon
mass at the internal line of the loop diagram for the electron
g — 2. The current bound of the Mu-to-Mu transition restricts
the contributions to the muon and electron g — 2. The new
physics contribution to the electron g — 2 (Aa,) can be either
positive or negative [see Egs. (5.7) and (5.8) for current status
of the electron g — 2]. For the scalar mediators (1) and (2),
the transition bound allows for a significant value of |Aa,|.
We emphasize that the magnetic field dependence of the
transition probability is linked to the sign of Aa,, and the
measurements at J-PARC can impact these models.

This paper is organized as follows. In Sec. II, we review
Mu-to-Mu transition operators and the transition probability
as afunction of the operator coefficients and magnetic field in
the presence of nonrelativistic Mu. In Sec. 111, we explore the
magnetic field dependence of the amplitude in each transition
operator. In Sec. IV, we define the ratios of the transition
probabilities at three magnetic fields in the J-PARC and PSI
methods and analyze what we can deduce from the ratios. In
Sec. V, we study the model with ALP and the relationship
between the electron g — 2 and the magnetic field depend-
ence of the transition probability. In Sec. VI, we study the
inert doublet model and describe the muon and electron g — 2
in the model. By examining the ratio of the transition
probability, it is possible to investigate the parameters of
the model and its consistency with the electron g — 2. In
Sec. VII, we describe the ratio of the transition probability in
the model with neutral flavor gauge boson. Additionally, we
mention the relationship between a muon decay parameter
and the magnetic field dependence of the transition proba-
bility in this model. Section VIII is dedicated to the
conclusion. In Appendix A, we overview the energy eigen-
states of Mu and Mu in a magnetic field. In Appendix B, the
populations of the states in the produced Mu are described.
In Appendix C, we revisit the transition amplitudes in
nonrelativistic states to help understand the magnetic field
dependence of the amplitude in each operator. We provide an
explanation for the presence of two model-independent
parameters in the transition amplitudes, despite there being
five independent operators.

IL. BRIEF REVIEW OF THE Mu-TO-Mu
TRANSITION PROBABILITY

This section reviews the probability of the Mu-to-Mu
transition and its magnetic field dependence [16,17].
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Appendix A describes the four states of the Mu ground
state that arise from combining the spins of y* and e™:
2x2=3+1. These states can be labeled by quantum
numbers (F,m), where F denotes the magnitude of total
angular momentum and m signifies the z-component of
total angular momentum. The F =1 (triplet) and F =0
(singlet) states can exhibit distinct transition amplitudes
depending on operators that induce the Mu-to-Mu tran-
sition. How these states respond in a magnetic field hinges
on their quantum numbers. Consequently, the magnetic
field dependence on the transition probability assists in
discerning the class of operators.

The four-fermion operators of the Mu-to-Mu transitions
are given as [14]

01 = (fya(1 —ys)e)(ay*(1 = ys)e), (2.1)
0y = (ara(1 +vs)e)(ar(1 +rs)e).  (2.2)
03 = (ya(1 +7s5)e)(ar*(1 = rs)e). (2.3)
Qs = (a(1 =7s5)e)(a(1 = rs)e). (2.4)
Os = (a(1 +7s)e) (i(1 +ys)e). (2.5)

Any four-fermion operators of the transitions can be
expressed as a linear combination of the five operators
utilizing Fierz transformation. For example, S xS and
P x P operators are given as follows:

(=03 + Q04+ 0s5).  (2.6)

Sl

Qs = (ie)(pe) =

Qp = (fyse)(fiyse) = %<Q3 + 04+ 0s). (2.7)

When the Hamiltonian for the Mu-to-Mu transition is
given as

1
HypytoMu :7§(G1 01+G20,+G303+ G104+ G505),
(2.8)

the transition amplitudes M., = (Mu; F, m|Hy,, o 5 ¥
|[Mu; F, m) for the four states, (F,m) = (1,£1),(1,0),
(0,0), in a nonrelativistic limit are obtained as (see
Ref. [15])

__8lp(0))? 1
Mo === (GO v G;), (2.9)
2
Moo = —8|(/$(§)) <Go—§G3>7 (2.10)

where we define

1 1

G05G1+G2—ZG4—ZG5. (211)

The wave function of an electron at the position of a muon
is given by

m,m,

(2.12)

> Mpeg = >
b1 my, +m,

where a is the fine structure constant.
The Mu-to-Mu transition probability at time ¢ is
expressed as

P(t) =Y frmP(F.m;1), (2.13)
(F.m)

where the coefficients fr, correspond to the diagonal
elements of the density matrix for the states [Mu; F, m)g
and represent the population of each state of the produced
Mu. The subscript B attached to the states indicates that
these states are energy eigenstates in a magnetic field.

The transition probabilities of the m = +1 states are
given as

Mo

P(1,+1;1) et
(M1 ? + (AE/2)?

xsin?/|M [+ (AE/2%, (2.14)

where I' is the decay width of Mu and AFE is the
energy splitting between [Mu; 1, +1), and [Mu; 1, £1),
in the presence of a magnetic field. For the m = O states,
the oscillation time is much longer than the lifetime
7=1/T ~2.2 ps, and the probabilities are approximately
given as

P(F.,0;1) ~ e V| ME |22, (2.15)
The m = 0 states are mixed in the presence of a mag-
netic field, and the transition amplitudes are given as (see

Appendix A for their mixing in the presence of the
magnetic field B)

Mig=Moy  Mio+Moy
MB :CZM _SZM — 1,0 0,0+ 1,0 ,
1,0 1,0 0,0 ) 2\/1_|_—)(2
: Go—3G

__BO)F (; Go=1Gr) 216

V2 VI+X?
MB, = C2Mqyo—S2 M _ Mog=Mio, Mio+Mop
‘ ’ 2 2V1+X?

__8lp(0)P? Go—3Gs
-~ —G;+ =) (2.17)
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where X is defined in Eq. (A14):

X ~6.31 . 2.18
* Tesla ( )
We assume that the coefficients f,, satisfy
1
fia+fi-1=rfio +f0,0:§- (2.19)

Refer to Appendix B for more detailed information. The
total transition probability is then expressed as

P(i) e (fl,OWfOPrZ+fo,o|M€.o|2t2

1 M, ;)2
2IM ;1?4 (AE)2

)2 Sin2 \/|M1'1 |2 + (AE/2)2t> .
(2.20)
The time-integrated transition probability is calculated as
P = / " P (t)dt
0

1My
~ 272 (fl,owﬁov + oo MBoP + 5 ——b ).

21+ (rAE)?
(2.21)
We here note the following numerical values:
AE = 3.85 x 10 , 2.22
! x * Tesla ( )
64 2 0 2G2
(8lg(0))222G3 = —TedT LD _ 9 5751075, (2.23)

As described in Appendix B, we assume that the co-
efficients fr are given by

1 X
= (1-P,——),
fip 4( g 1+x2>

1 X
=—|14+P,—. 2.24
=3 (1r ) 22
The parameter P, is defined by Eq. (B3), and it can be

interpreted as the muon polarization in the produced Mu.
For B <1 mT, the coefficients can be approximated as

1

10 zfo.ozzt- (2.25)

When the magnetic field is very weak, ie., B =
By < 1 uT, the m = 1 states can fully contribute to
the Mu-to-Mu transition. We obtain

2/1G2 3]G
P(t,B=By) ~13x 105 xe 1 (|29 +2] 23] ).
( 0) x xe 72< GF 4 GF
(2.26)

When the magnetic filed is B = O(10) pT, the contribution
of the m = +1 states can be dropped, and the probability is

7 Gy Gy—3iG
P(1)=13x 107 x e (fl,o kL A

Gr GpV1+X?
G3 G() - % G3 2)
+ foo| - 2+ ). 227
Jool =G, " G e 227

We note [° Te™""r2dt = 2% to obtain the time-integrated
probability P. If G5 = 0, one simply obtains

2 1

Go 1
2(1+Xx2)°

P=26x10"x
Gr

(2.28)

The PSI experiment has obtained the bound on the time-
integrated probability under B = 0.1 T [10],

P <83x107', (2.29)
which is translated to

G

% <3.0x 1073, (2.30)

F

Figure 1 illustrates the ratio of the transition probability
under magnetic field B to the probability when there is
no magnetic field. The muon polarization in the produced
Mu is assumed to be P, =0 for simplicity. A time,
t=1=22ps, is chosen for plotting the figure. The
suppression of the transition of the m = =1 states slightly
depends on the chosen time. For B> O(10) pT, the

1.of
S o8l
Il r
Q L
= o6f
a, L
= |
g4l = (VEA)x(VZA), (S£P)x(S+P) ]
T [ — (V-Ax(V+A) ]
02 — SxS§ 1
— PxP
0.0 1 n 1 n 1 n
1076 1074 0.01 1
B/Tesla
FIG. 1. Magnetic field dependence of the ratios of time-

dependent probabilities to those at B =0, corresponding to
various transition operators.
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transition of the m = =1 states is suppressed, and the ratio
of transition probabilities does not depend on the choice,
resulting in consistent ratios of the time-integrated prob-
abilities P in the magnetic field. The blue line (overlapping
with the green line for B <0.01 T) is the plot for the
(VA)x(V+A) and (S+P)x(S+P) operators,
which correspond to the case of G3 = 0. The orange line
is the plot for the (V —A)x (V4 A) operator, which
corresponds to the case of Gy = 0. The green and red
lines represent the plots of S x § and P x P operators,
respectively.

III. INTERPRETATION OF THE MAGNETIC
DEPENDENCE IN EACH OPERATOR

This section provides a possible explanation for the
magnetic field dependence of the transition probability
depicted in Fig. 1. The qualitative behavior of the depend-
ence in each operator can be understood by examining the
spins of muons and electrons involved in the transition
process. In the previous section, we presented the transition
amplitudes as formulas derived from Ref. [15], which are
expressed using energy eigenstates in magnetic fields. To
qualitatively understand the magnetic field dependence in
each operator, we can analyze the transition amplitudes in
the spin eigenstates of Mu and Mu in relation to the energy
eigenstates in the magnetic field. Appendix A presents a
description of the energy eigenstates in the magnetic field.
Detailed algebraic calculations for the amplitudes in spin
eigenstates can be found in Appendix C. In this section, we
extract essential points about magnetic field dependence in
each operator, focusing on spin conservation in the tran-
sition via pseudoscalar and scalar exchanges.

We first consider the processes via neutral (pseudo)scalar
exchange as depicted in Fig. 2. The s-channel exchange of
a pseudoscalar (depicted on the left in Fig. 2) can generate
the P x P operator in Eq. (2.7) for the Mu-to-Mu transition.
It should be noted that the F = 0 singlet state of Mu is a
pseudoscalar. The singlet state can transition to Mu via the
s-channel exchange of a pseudoscalar. On the other hand,
the F =1 triplet state is a 3-vector that has even parity,
and the s-channel exchange of a pseudoscalar cannot
generate the transition for the F =1 triplet state. Alter-
natively, we may focus on the spins of the muon and
electron in Mu shown in the diagram. Since their spins must
be oriented oppositely, the process depicted in Fig. 2 (left)

L e

FIG. 2.

cannot involve the transition of the triplet state. From
Eq. (2.7), one can deduce that Gy + G3/2 =0 for the
P x P operator, and M,;, =0 can be confirmed in
Eq. (2.9). In Fig. 1, it can be observed that the P x P plot
remains flat until the m = 0 states experience the magnetic
field at B ~0.01 T. This absence of the triplet transition
amplitude prevents the triplet state from transitioning, even
in a weak magnetic field.

The transition via the S x S operator corresponds to the
t-channel exchange of a scalar (on the right in Fig. 2). From
the diagram, one finds that the spins of 4 in Mu and e™ in
Mu are the same, as are the spins of ¢~ in Mu and y~ in Mu.
This implies that [Mu;4|) transitions to [Mu; | 1), and
|[Mu; | 1) transitions to |[Mu; 1)), where we denote the
spins of Mu and Mu with up and down arrows in the order
of muons and electrons. As derived in Appendix A, the
m = 0 energy eigenstates in a magnetic field are given by

(o) (2 ) (2t).

(o) (2 (D), s

where

1 X 1 X
c=—— 14— s=—— [ 1———— 3.3
V2 V1+X? V2 V1+X2 (3:3)

One finds that

MFPo=5 (Mu;1,0|Q5|Mu;1,0)

=52 (Mu; | 1 Qs[Mu; 1) 4 ¢*(Mu; M |Qs[Mu; | 1),
(3.4)

ME =5 (Mu;0,0|Q5[Mu;0,0) 5

=—c2(Mu; |1 Qs[Mu; ) —s*(Mu; 1 |Qs[Mu; | 1)
(3.5)

are derived from spin conservation in the process. Note that
the consistency of the amplitude for B =0 requires

(Mu; | 11Qs/Mu; 1) = (Mu; 14[Qs[Mu; | 1), which can

Y

v
'S

€

<
< <

s-channel exchange of a pseudoscalar (left) and ¢-channel exchange of a scalar (right) for the Mu-to-Mu transition.
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FIG. 3.

actually be obtained in Eq. (C12) through properly con-
figured calculations. Consequently, it can be deduced that
the transition amplitudes do not depend on the magnetic
field due to ¢* + s* = 1. Furthermore, M¥; = —M§ . In
fact, Eq. (2.6) demonstrates G, — G3/2 = 0 for the S x §
operator, and one can verify that the amplitudes do not
depend on the magnetic field, along with M%) = Mg
from Egs. (2.16) and (2.17). As a result, the S x S plot
remains flat in the strong magnetic field, as can be seen
in Fig. 1.

Next, let us consider the Mu-to-Mu transition via the
t-channel exchange of doubly charged particles as shown
in Fig. 3. Through the doubly charged scalar exchange
[20,21], a transition operator (jiiu¢)(ee) is induced. The
operator can include Q;, Q,, Q4, and Qs [though the Oy,
Qs contributions through the exchange are expected to be
small in the SU(2), x U(1), theory]. In the case of the
scalar exchange, the spins of ™ in Mu and ¢~ in Mu are the
same, as are the spins of ¢~ in Mu and e™ in Mu, as found
from the Feynman diagram in Fig. 3. By considering spin
conservation and Egs. (3.1) and (3.2), one can obtain

Mo =5 (Mu;1,0[Q;[Mu; 1,0) 5
=sc((Mu; | 1|01 [Mu; | 1) + (Mu; 1|0 [Mu; 1),
(3.6)

ME =5 (Mu;0,0]0;|Mu;0,0)
= sc((Mu; L1]01[Mu; | 1) + (Mu: 1110 [Mu; 1)),
(3.7)

and M%) = ME x1/V1+X* As pointed out in
Appendix A, the spin orientations need to be reversed
for the Mu-to-Mu transition in a strong magnetic field, and
due to the spin conservation, the transition via doubly
charged scalar exchange will not take place in the limit of a
strong magnetic field. Indeed, this can be verified in the
transition probabilities for G3 = 0 in Eq. (2.27), and the

|

P(t,B)  4|Go|> —4Re(GyG3)(1 + 2P, X) + |G;5[*(5 + 4P, X + 4X?)

\

<
<

(& (&
W
B T

»
>

t-channel exchange of a doubly charged scalar (left) and vector boson (right).

blue line for the (V+A)x(V+A) and (S+P) x (S P)
operators in Fig. 1 touches zero for B 2 1 T. In the case of
doubly charged vector boson exchange [22-24], a tran-
sition operator (fiy u°)(ey*e) is generated. The induced
operator is proportional to the (V — A) x (V + A) operator
03, which can be obtained from Fierz transformation. In
this case, the spins of the muons and electrons in Mu and
Mu can either be the same or opposite, and the transition
can occur in the limit of a strong magnetic field, as can be
seen from the orange line in Fig. 1.

We have found that the amplitude of the triplet state
vanishes for the P x P operator initially. Then, one may
wonder when the transition amplitude of the singlet state
becomes zero, that is, when M, o = 0. Considering that the
amplitude of the triplet state disappears due to s-channel
pseudoscalar exchange, a case involving s-channel vector
exchange is a candidate. However, due to the Lorentz
invariance, s-channel neutral vector boson exchange intro-
duces an additional term. For example, one can contem-
plate combining § x S with the V x V operator to cancel
the additional term. Another possibility involves consid-
ering 20 + Qp. The rationale behind the vanishing of the
singlet amplitude in these combinations can be compre-
hended by referring to Egs. (C2), (C6), and (C7). In any
case, it appears that the disappearance of the singlet
amplitude cannot be attributed to a single Lorentz invariant
operator.

IV. WHAT CAN THE MEASUREMENTS
OF PROBABILITY RATIOS TELL US?

In this section, we define ratios of the transition
probabilities under different magnetic fields, and we
elucidate the insights that can be inferred from these ratios,
which would be measured at the MACE and J-PARC
experiments.

Employing Eqs. ((2.24) for f,, and f,o, we obtain
the ratio of the transition probabilities from Egs. (2.26)
and (2.27) for the magnetic fields B 2 O(10) pT and
B = By <« 1 pT, resulting in

P(t,By)

where P, is the muon polarization in the produced Mu.

8(1+X*)(IGo|* +31G5?) ’

(4.1)
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In the context of the J-PARC experiment, if the tran-
sitions are observed, we anticipate measuring the proba-
bility ratio between B = By < 1 puT and B = B [where
O(10) puT < B, < O(1) mT, i.e., X < 1], denoted as R,

= P(t.B)) _ [My,|*+ Moo

P(t,By)  3|M | + [Mog|?
_ 1|Go]> = ReGyG; + %G5
T2 Gol* +31G5[?

(4.2)

Collecting data from both the MACE and J-PARC experi-
ments, we anticipate obtaining the ratio R, under a stronger
magnetic field B,,

P(t,B,)
R2 = .
P(t, By)

(4.3)

In the MACE experiment, the magnetic field strength will
be B, =0.1 T (corresponding to X = 0.63). Given the
distinct methods used in these two experiments, it is crucial
to convert the time-integrated probability measured by
MACE into a time-dependent probability format within
the framework of the J-PARC methods. This conversion is
necessary to calculate the ratio R,.

As we have explained, doubly charged mediators can
produce either G, or Gs, while neutral mediators can
generate both G, and G; elements at the tree level. In
general, the complex phases of G and G5 can be different.
It is crucial to note that the relative phase between G and
G5 must be extremely small due to the electron EDM if a
single neutral mediator is responsible for generating the
transition operator. This will be explored further in the
subsequent sections, where we delve into concrete models
to provide a clearer understanding.

Suppose that the relative phase is =zero (i.e.,
ImG5/Gy = 0). The measurement of the ratio R; at
J-PARC can provide two potential solutions for G3/G,
[except for the maximum (minimum) value of R; =1
(= 1/3)] from Eq. (4.2). If the ratio R, is also obtained,
the true solution can be distinguished, and both G5 and G,
can be determined in principle. Additionally, the value of the
muon polarization P, in the produced Mu can be determined
(unless R, = 1/2), as illustrated in Fig. 4 (top). The
intersections of lines on the figure for different P, values
correspond to points forthe S x S operator (R, = R, = 1/2)
and the case of G; = 0 [R; = 1/2, R, = 1/2(1 + X?)]. The
values of R, for these two points are independent of P, due to
M| = [ME | and £+ fo0 = 1/2. If the muon polari-
zation P, in Mu at B = B, can be accurately measured
experimentally, it becomes possible to investigate whether
G;/G, has a phase using the values of R, and R,, as can be
understood from Fig. 4 (bottom).

We comment on possible further analyses if the tran-
sition is really observed at the experiments. In the J-PARC

; IHl(G3/G0) =0

08F
Ry

0.6

02f / Py=-1 1

00 : S T ST S AT S S A S S [N S S S T S ST S AN S SO S S | ;
0.4 0.5 0.6 0.7 0.8 0.9 1.0
Ry
—
1okl Pu=05 ]
08l —
RQ 0.6j B
04r i
—— cos(arg(G3/Go)) =0
0.2l —— cos(arg(G3/Go)) = 1 —— cos(arg(Gs/Gy)) = —1/2 ]
cos(arg(Gs/Gp)) = 1/2 = cos(arg(Gs/Gp)) = —1

0:0 Co PR | PR I B PR PR | I PR Y PRI | PR L 17
0.4 0.5 0.6 0.7 0.8 0.9 1.0

Ry

FIG. 4. Trajectories in the R; — R, plain while varying the
value of G3/G, under ImG3/G, = 0 with different values of
muon polarization P, in the produced Mu (top) and trajectories
for different phases of G3/G, with a fixed muon polarization
P, = 0.5 (bottom).

method, a narrower laser band can be used to ionize only
the F = 1 states of Mu at a weak magnetic field. If such
selective ionization is possible, the J-PARC experiment by
itself can determine G, and Gz as well as their relative
physical phase without information of the muon polariza-
tion in the produced Mu. If measurements at stronger
magnetic fields can be performed in the PSI method, it
provides a cross-check for the determination of G, and Gj;.

V. AXIONLIKE PARTICLE

In this section, we examine a model incorporating an
axionlike particle. While the intricate specifics of the ALP
are discussed in Refs. [25-27], we focus on the following
effective Lagrangian presented in Ref. [26], which deals
with the Mu-to-Mu transition via the ALP:

1
L = (yyafie + yaafiyse + H.c.) — Emﬁaz. (5.1)

Here, these y, and y, couplings originate from vector
and axial-vector couplings with the ALP a, respectively.
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We have made the assumption that the couplings of the
ALP do not give rise to AL, = —AL, = +1 processes. By
integrating out the ALP, we obtain

1
2m?

LD — (v} (ie)? + yi(firse)* + 2yyyaliie) (fise)).

(5.2)

It is worth noting that the final term is proportional to
Q4 — Qs and has no impact on G,. We obtain

Go—_L YWty _ 1w -R
T 8v2 m? YT a2 m?

The experimental bound of the Mu-to-Mu transition
places constraints on the magnitude of y3 /m?2 for a given
yv/va, and consequently, the contribution to muon g — 2
cannot be sufficiently significant [26] to account for the
deviation between the theoretical prediction in SM and the
experimental measurement [28,29]. If there is no flavor
violation, one finds a relationship between the electron and
muon g — 2 for their contributions from new physics, and
thus, the contribution to the electron g — 2 is also small.
However, due to the violation of lepton flavor by the ALP
couplings, the electron g — 2 has an additional contribution
[30,31]. By ignoring the term of O(m2/m2), we obtain the
contribution to the electron g — 2 [using a widely adopted
convention, we denote Aa, as the new physics contribution
to a, = (g9, — 2)/2, with g, representing the g-factor of the
electron] as

(5.3)

1 m,m
Aa, =— K
%= Ton? m?

(el = baP)f (). (54

u
where f(x) is a loop function, f(x) = (2x*Inx —3x’+

4x?> — x)/(x — 1)3, which is positive for any x(> 1).
The electron EDM is given as

em

2
= o Im(yyy)f (e ).
327%m2 VA m2

u

d, (5.5)

One finds that Im(yyy} ) must be extremely small to satisfy
the experimental bound of the electron EDM [18,19]. If
Vv/ ¥4 is real, both yy, and y, can be made to be real without
loss of generality by unphysical phase rotation of u and e
fields. We will consider yy and y, as real values from this
point onward. Then, there is no physical phase present in the
transition amplitudes, as obviously found from Eq. (5.3).
The ratio of the transition probability in Eq. (4.2) is

L vaGE-y)
20y —=ypya+ya) 2 2000 —ypyat+yi)

D 7 et Y

(5.6)

One can confirm that R, =1/2 if yy, =0 and R, =1 if
yy = 0, reflecting the S x § and P x P cases, respectively.

Upon closer examination of this equation, it becomes
apparent that R; > 1/2 if y3 >y} and R, <1/2 if
y% > y3. We immediately find from Eq. (5.4) that a
negative Aa, leads to R; > 1/2, while a positive Aa,
results in R; < 1/2. This prediction, significant within the
scope of this model, can be tested through the measure-
ments of the Mu-to-Mu transition at J-PARC.

We provide an overview of the current status concerning
the electron g — 2. In 2018, the measurement of the fine
structure constant employing Cs exhibited enhanced pre-
cision [32], thus highlighting a discrepancy between the
experimental measurements and the theoretical calculations
in SM, even in the electron g — 2. In 2020, the fine structure
constant was measured using Rb atoms [33]. However,
these two measurements of the fine structure constant
displayed a 5o discrepancy. Recently, the experimental
measurement of the electron g — 2 was updated [34]. The
numerical values of the deviation of a, = (g, —2)/2
between the experimental measurement and theoretical
calculations utilizing the measurements of the fine structure
constant are as follows:

AaS* = a,(exp.;2022) — a,(SM, Cs; 2018)

— (=1.02 4 0.26) x 102, (5.7)
Aa®® = a,(exp.;2022) — a,(SM, Rb; 2020)
— (0344 0.16) x 10712, (5.8)

The 5¢ discrepancy between the Cs and Rb measurements
of the fine structure constant is crucial to address the
potential presence of new physics contributions. At present,
the sign of Aa, remains indeterminate.

The bound of the Mu-to-Mu transition places a restric-
tion on (y% — y3)/m? for a fixed yy/y, value. Given the
presence of a logarithmic factor in the loop function,

f(W) = ZIHW— 3(ma > mﬂ),

H H

(5.9)

it becomes apparent that Aa, can attain greater magnitudes
with increasing ALP mass.

In Fig. 5, we present the contours of Aa, as functions of
the ALP couplings yy and y,. The green dashed line
signifies the current bound resulting from the PSI transition
experiment. For the purpose of plotting the dashed lines, we
choose P, = 0.5 as the muon polarization in the produced
Mu. In the case of m, = 300 MeV, |Aa,| remains modest
and does not fall within the 1o range given in Eqgs. (5.7)
and (5.7). In the case of m, = 10 MeV, on the other hand,
|Aa,| can become larger as anticipated earlier. Notably, the
viability of the ALP for m, < 10 GeV can be assessed
through the Belle II experiment [26].

In Fig. 6, we present the relation between Aa, and the
ratio R; when the transition probability is just same as the
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Contour plots illustrating Aa, for two ALP masses, m, = 300 MeV and m, = 10 GeV. The green dashed lines delineate

contours of P = 8.3 x 107!, which correspond to the bound of the Mu-to-Mu transition given by the PSI experiment.

PSI bound, P = 8.3 x 10~!!. The blue solid line corre-
sponds to the case of m, = 10 GeV, while the green
dashed line represents the case of m, = 300 MeV. As
explained earlier, the heavier ALP allows a larger magni-
tude of |Aa,|. The value of |Aa,| with fixed values of m,

and yy/y, is proportional to VP. Consequently, once the
MACE achieves its targeted goal of P ~ O(107'4) [12], it
will be become feasible to determine whether this model
contributions to the electron g — 2. As explained earlier
from (5.4) and (5.6), this figure underscores that Ry < 1/2
when Aa, is positive and R, > 1/2 when Aa, is negative.
These findings will be pivotal if the transition is actually
observed and the probability ratio is measured at J-PARC.

1.0
0.8
Ry 06

0.4

0,2- 1 1 1 1 1 1 1 1
S0 -8 -6 -4 -2 0 2 4 6 8 10

FIG. 6. Plot depicting the relation between the contribution to
the electron g — 2 (Aa,) and the transition probability ratio (R;)
in the ALP model for m, = 300 MeV (indicated by the green
dashed line) and m, = 10 GeV (indicated by the blue solid line)
when the time-integrated transition probability is just same as the
PSI bound, P = 8.3 x 10!, The horizontal dotted line corre-
sponds to R; = 1/2.

VI. INERT DOUBLET MODEL

The Mu-to-Mu transition can potentially arise from the
inclusion of an additional SU(2), doublet [35]. This type
of the model can be also contemplated within the frame-
work of R-parity violating supersymmetry [36]. In this
section, we consider an inert SU(2), doublet, one that
remains devoid of a vacuum expectation value and thus
preserves a symmetry aimed at diminishing AL, =
—AL, = %1 processes. Similar models that give rise to

the Mu-to-Mu transition are also considered in recent
works [37,38].

We consider the SM Higgs doublet ®, accompanied
by an inert doublet # which does not acquire a vacuum
expectation value,

o’ Ht
cD:< h iw°>’ ”:(H iA>’ (6.1)
v+ 8

where @™ and @° represent Nambu-Goldstone bosons that
would be absorbed by the W and Z bosons. The physical
Higgs boson with a mass of 125 GeV corresponds to 4. Our
model revolves around the utilization of a global discrete
Z, symmetry, where the following charges are assigned to
the left-handed lepton doublets, right-handed charged
leptons, and scalar doublets @ and 7,

i, €13, €00, ep:l, pg:3, 74:0, ®:0, 5:2,
(6.2)

leading to permissible LFV couplings as

—L = piulonug + paut,mer +He.. (6.3)
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The scalar potential terms are

V =m{®'® + min'n + A (@) + A (n'n)?
+ 13D Dy + Ay DDy

£ B (@t He), (6.4)
and the masses of the scalars in 7 are
my; = my + (43 + Ay + 45)0%, (6.5)
my = mp + (A + Ay — A5)0?, (6.6)
m2. =m}+ A3v’. (6.7)

This discrete symmetry arrangement engenders the absence
of any mixing between /# and H; in other words, & and H
are brought into alignment (for instance, the couplings of
gauge bosons and / remain consistent with those of SM)
without decoupling H. We note that this discrete symmetry
is not spontaneously broken and remains intact even after
the electroweak symmetry breaking, and the lightest scalar
in the 7 doublet decays into two leptons via the interaction
in Eq. (6.3).

The discrete charge assignments in Eq. (6.2) forbids
the AL, = —AL, = +1 processes, while corrections to the
muon and electron masses are possible, and the muon and
electron g — 2 can be generated as

m2 1 1 1 1
Ag ~ 2 2 N T 2 ’
Ay 16n26[(|p12| +[pa )<m%1+mfx> 12| m%ﬁ]
(6.8)
A= (oo +lomP) (S + ) = ol
a,~—%— — 4+ —| -
1626 P12 P21 mZ P21 m%ﬁ
2
m,m, my 3\ 1
R InH 2
+ 16722 e(p12p21)<<nmﬁ 2) m%—[
2
my 3\ 1
—(mZA_2) ). 6.9
(n25-3) o) ©9)

The electron EDM is obtained as

em m% 3\ 1 m: 3\ 1
d,~—M1 In—2-Z)——(In—42-Z)—).
=302 m(p12p21)<<nm;24 2>m%1 <nmﬁ 2>m%>

(6.10)

The experimental constraints on the electron EDM restrict
the model parameters such that they satisfy either
Im(ppp51) =20 or my = my. Without loss of generality,
one can make either p;, or p;, (as well as As) real through
unphysical phase rotations of fields while ensuring that the
electron and muon masses remain real. Considering the

constraints on the electron EDM when my # my, we will
suppose that both p;, and p,; are real numbers.
Noting

paprerH + pryeurH + Hee.

=p.peH + p_jiyseH + H.c., (6.11)
ipyarerA +ippperpurA + Hee.
= ip_peA + ip_ jiyseA + H.c., (6.12)
where
p+5w’ p_Ew, (6.13)

we obtain the S xS and P x P transition operators by
integrating out H and A scalar fields:

£o] K%—p—g () + (Z—Z;—Z—zg) (ﬂy5e)2]. (6.14)

My My H My
It is also convenient to express as

1 1 1
Gy = ——(p?, + p'2 (———), 6.15
0 32\/§(f’21 Pi3) mz mz‘ ( )

1 1 1
Gy =—— N —+— . 6.16
3 8\/5;021,012<m%1 mﬁ) ( )

As previously explained, assuming Im(p;,0,;) = 0 due to
the electron EDM constraint leads to the absence of a
physical phase in the transition amplitudes. Alternatively,
the electron EDM can also be eliminated by setting
my = my, which also results in no physical phase in the
amplitude because of G, = 0.

In the preceding ALP model, the contribution to the
muon g — 2 is suppressed due to the constraints imposed by
the Mu-to-Mu transition. In the inert doublet model, the
transition amplitudes can be canceled by choosing my =~
m, (which means A5 — 0) and either |p,| < |py;| or
|p12| > |p21|. This choice of the parameters yields the
contribution to the muon g — 2 to be Aa, ~ 1070 for py, ~
O(1) [or p;p ~O(1)] [37,38]. In this case, however, the
contribution to the electron g — 2 becomes diminished due
0 my ~my.

The contribution to the electron g—2 can become
substantial with a value of A5 ~ 1, while this choice results
in a small impact on the muon g — 2. Remarking

Re(p12p21) = |.0+|2 - \P—|27 (6.17)

one can derive algebraically that Aa, is positive for an
S x S-like transition operator (with p>m? ~pim?), and
Aa, is negative for a P x P-like transition operator (with
prim3 ~p*m%), The exploration of the magnetic field
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Contour plots illustrating the ratio of the transition probabilities (upper two plots) and the contribution to the electron g — 2

(lower two plots) for a fixed mass of my = 150 GeV and varying values of p;,. The green dashed lines represent contours
corresponding to P = 8.3 x 10~!!, which is the bound of the Mu-to-Mu transition set by the PSI experiment.

dependency of the transition probability, along with the
measurements of muon and electron g—2, can offer
valuable insights into the parameter space of the inert
doublet model.

Figure 7 displays the ratios R; and Aq, for
mpy = 150 GeV. The green dashed lines represent the
bound from the PSI experiment. For p;, =1 (left two
plots), the need for my ~my and a small |p,| arises to
meet the PSI bound. In this case, the contribution to the
electron g — 2 remains small due to m, ~ my. For p;, =
0.05 (right two plots), a significant magnitude of Aa,
becomes feasible. This case showcases that the ratio R,
corresponds to a larger (smaller) value when Aa, is
negative (positive), aligning with expectations.

We comment that the mass splitting among H, A, and H
can give rise to oblique corrections radiatively, and the
anomaly in the W boson mass, as measured using data from
the Collider Detector at Fermilab (CDF), could potentially
be associated with this model [37-40]. This paper primarily

focuses on the Mu-to-Mu transition, considering this model
as one option to generate the transition with a nontrivial R;.
The investigation of the signals at the large hadron collider
(LHC) will be explored in other works like Ref. [37].

VII. NEUTRAL FLAVOR GAUGE BOSON

The LFV neutral gauge boson couplings to induce the
Mu-to-Mu transition are discussed in Ref. [15]. Assuming
the absence of AL, = —AL, = +1 processes, we consider
the following Lagrangian for the LFV neutral gauge boson
(for more details, refer to Ref. [41]):

L= gX(Zyafe + Zyafﬂ)xa
+ axgx (e iy eg + €'Yy ahig) X

1
+5 M3XX,,. (7.1)
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The coefficients of the induced Mu-to-Mu transition
operators are

G % G — €y _axe gy
Yavamyt TP a7 oMy
(7.2)

While a general phase ¢y might exist, it is constrained by
the electron EDM, and we assume ¢y = 0. It means that
there is no physical phase in the transition amplitudes due
to the electron EDM. The muon and electron g —2 are
presented in Ref. [15]. The contribution to the muon g — 2
is negative, and thus, it cannot account for the deviation of
the muon g—2. Due to the bound of the Mu-to-Mu
transition, |Aa,| is small [SO(107'")]. The contribution

to the electron g — 2 is
2
g ﬂ
M3)’

where g(x) is a loop function, g(x) = (4 —3x—x*+
6xInx)/(1 —x)3, and the value of g(x) is positive,
2 < g(x) <4, for 0 <x < 1. The loop function lacks
a log enhancement, which distinguishes it from the
scalar loop in Eq. (5.9). As a result, we obtain |Aa,| <
0(10713) [15].

The ratio of the transition probability R; is calculated as

2
. axgx memﬂ
167 M3%

Aa, (7.3)

R 1 2ay(ax —ax+1)
T2 (14 dd)? +3d

(7.4)

One finds R; > 1/2 if Aa, < 0and R; < 1/2if Aa, > 0,
though it may be challenging to determine the sign of Aa,
for |Aa,| < O(10713) due to the experimental uncertainties.

We remark that the interaction of the neutral gauge boson
can generate a muon decay operator, gyg(exv, )T pr),
which can interfere with the standard muon decay operator
via the W boson. As a result, transverse positron polari-
zation is induced in the decay of u". In this model, the
parameter S which represents the transverse positron
polarization is approximately proportional to the parameter
ay, as discussed in Ref. [41]. If the Mu-to-Mu transition is
detected experimentally, the validity of this model can be
assessed through the measurements of $ and the ratio R;.

VIII. CONCLUSION

After a quarter of a century of silence, the Mu-to-Mu
transition experiment is on the verge of an update. The
MACE experiment aims to measure the time-integrated
transition probability at a magnetic field B, = 0.1 T.
The experiment planned at J-PARC aims to measure
the time-dependent probability at weak magnetic fields
of B= By < 1pT and at a medium magnetic field of

B = B| ~ O(10) puT, which is approximately equal to the
geomagnetic field strength. In the 1s state of Mu, there exist
four states: (F,m) = (1,£1),(1,0),(0,0). In a weak
magnetic field, all states, including those with m = +1,
can be involved in the transition. However, in the magnetic
field By, the m = £1 states are not involved in the
transition due to the energy gap generated by the magnetic
field between Mu and Mu. As the magnetic field increases
to B = 0.01 T, the m = 0 states begin to mix, leading to the
magnetic field dependence of the transition amplitudes.

The measurements of the transition probabilities at the
three magnetic fields can provide us the following informa-
tion: there are two model-independent parameters and a
physical phase in the transition amplitude. These two
parameters and the phase can, in principle, be determined
if the muon polarization in the produced Mu is measured
experimentally. The physical phase should be minuscule due
to the electron EDM if the transition is induced by a single
mediator. This allows us to ascertain the origin of the
transition operator. The ratio R of the probability between
B =By and B, is R; = 1/2 if the mediator is a doubly
charged scalar and R; = 5/6 if the mediator is a doubly
charged gauge boson. If the mediator is a neutral particle, the
ratio R, falls within the range of 1 /3 to 1. The electron g — 2
induced by the neutral mediator, Aa,, is linked to the ratio
R;.Wefind Aa, < Oforalarger value of R; and Aa, > 0 for
a smaller value of R;. Refer to Egs. (5.7) and (5.8) for the
current status of the electron g — 2. The magnitude of Aa, is
constrained by the Mu-to-Mu transition. If the mediator is
a neutral scalar, the current experimental bound of the
transition allows for a significant value of |Aa,|.

We have investigated three models for the neutral
mediators: 1) the axionlike particle, 2) the inert doublet
model, and 3) the neutral flavor gauge boson. In model 1, it
is clear how the probability ratio Ry and Aa, are linked. In
model 2, only one of the contributions to electron and muon
g — 2 can be sizable, satisfying the bound of the Mu-to-Mu
transition. In model 3, the g — 2 contributions are small due
to the transition bound. However, a new muon decay
operator, gyp(egv,)(V,ug), is induced, and the transverse
positron polarization in the polarized p* decay is related to
the probability ratio R,. The facilities with upgraded muon
beamlines can also measure the transverse positron polari-
zation. It should be noted that gy (@xyave) (T ug) is
induced in model (2) if the neutrinos are Majorana. Unlike
model 3, the gk, operator does not directly interfere with
the SM amplitude. For more details, refer to Ref. [41].
By collecting data on the transition probabilities from the
J-PARC and MACE experiments, ample insights into the
origin of the Mu-to-Mu transition can be gained.
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APPENDIX A: Mu STATES IN THE
MAGNETIC FIELD

In this Appendix, we provide a brief summary of the
spin and energy eigenstates of Mu in the presence of a
magnetic field.

The spin operator acts on the spin states as

SN =30 sl =-31. (A
SN =0, s[l)=0 (a2)
SID=10 SIN=. Ay

The up arrow represents the state of spin 1/2, and the
down arrow represents the state of spin —1/2. We note
S?=82+1(8.S_+8.5,)=31

We denote the spins of Mu in the order of the muon (u™)
and the electron (e™). For example, [Mu; 1) represents the
spin configuration where the muon has a spin of 1/2 and
the electron has a spin of —1/2. Noting §,, - S, = S;,5% +
1(SFSz + 85,85), we obtain

S, SoIMu 1) = § [Mu; 1),

S, SelMus 1) = [Mu: L), (Ad)
Sy SoIMus 1) = = Mus 1) + 5 Mus 44),  (AS)
S, S.IMu 1) =~ Mus L) + 3 [Mus 1), (a6)

The eigenstates of S, - S, are
MusT, 1) = Mu;11),  Musl—1)=[Mu; 1), (A7)
M 1,0) = —=(Mui 1) + M 1), (A8)
[Mu:0,0) = éuMu; 1= M i) (A9)

One can find

S, -5, |Mu: 1,0) = <—}1+%) Mu;1,0),  (A10)

11
Sﬂ SE|MU,0,0> = (—Z—§>|MU,0,0> (A]])

The eigenvalues of S,-S, are 1/4 for [Mu;l,m)
(m=1,0,-1) and —3/4 for |Mu;0, 0).

Now, let us consider the spin Hamiltonian in the presence
of a magnetic field B,

Hs = angsS, - S —pe-B—p,+ - B, (A12)
where aygg 1S a hyperfine structure coupling constant and
M.~ and p,+ are the magnetic moments of the electron and
muon:

m,
I‘;ﬁ = g[l m_/"BS/,t' (A13)

U

HRe- = _ge,uBSe ,

In these equations, g, and g, are the g-factors of the electron
and muon, and up is the Bohr magneton. We define two
dimensionless quantities as follows:

1
X =——uyB (ge 4 e gﬂ> ~631B/Tesla,  (Al4)
AHFS m,

1
Y = — uyB <ge _ M gﬂ> ~6.25B/Tesla.  (AlS)
Aayrs my,

Then, supposing that the magnetic field is aligned with the
z-direction, we obtain

1 Y
Hg[Mu; 1, £1) = apps <Zi5)|Mu;1,il>, (A16)
1 X
HgMu; 1,0) = aygpg Z|Mu;1,0>—§|Mu;O,O> . (A17)

X
Hs|Mu;0,0) = ayps (—§|Mu;1,0> —§|Mu;1,0>> . (A18)

Consequently, for B # 0, |[Mu; 1,0) and [Mu; 0, 0) are not
energy eigenstates. The energy eigenstates in a magnetic
field are given as

(Meoo) = (5 ) (o)

where C = cos(}arctan X) and S = sin(} arctan X):

e

We obtain

I 1
Hs|Mu;],O>B:aHF8<—4+2 1 +X2>|Mu;],0>3,

(A21)
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1 1
Hs[Mu;0,0) 5 = agps <—— -5

175 1 +X2> [Mu; 0,0)p.

(A22)

It is convenient to give the states as
Mu; 1,0 Mu;
(I >B>_<C S)(I H>>’ (A23)
[Mu; 0, 0) 5 -s ¢/ \ [ Mu; 1))
where ¢ = (C+ §)/v/2 and s = (C - S)/V/2:

c2—1<1+L) s2—l<l—L> (A24)
2 V1+x2)' 2 V1+Xx2)

In the limit of a strong magnetic field (X — o), the
following approximations hold:

Mu;1,0) =~ |Mu; | 1),  |[Mu;0,0)p~ |Mu;t]). (A25)
This is a physically reasonable observation since the
electron magnetic moment dominantly influences the states
in strong magnetic fields, making the hyperfine structure
coupling relatively negligible. For Mu, where the directions
of the muon and electron magnetic moments are opposite,
we have

Mu; 1,0 s c Mu;
(|_u >B>:< ><|_u m)’ (a2
[Mu; 0, 0) 5 —c s/ \|Mu; 1)
and in the limit of a strong magnetic field, we obtain

Mu; 1,0) 5 ~|[Mu; 1)),  [Mu;0,0) 5~ [Mu; | 1).  (A27)
It should be noted that the muon and electron spins must
flip in order for the Mu-to-Mu transition to occur in the

limit of a strong magnetic field.

APPENDIX B: POPULATION OF THE STATES
AND MUON POLARIZATION IN THE
MAGNETIC FIELD

In this Appendix, we outline how the determination of
the populations of produced Mu states (F,m), denoted as
fF.m> 1s undertaken. We assume that the electrons are
unpolarized. Under this assumption, the populations of the
states, |11), (1), [41),[{{), where the up and down
direction arrows indicate the spins of Mu in the ordering
of the muon and electron, satisfy

frrt fryifirifyy =aza:b:b. (B1)

This relation results in the following connections:

1
futhia=rfiotfoo=5- (B2)
We assume that the angular momentum transfer is negli-
gible in the potential 2p — 1s transition at the time of Mu
formation. The populations are parametrized as

_(1+P,1+P, 1-P, 1-P,
(vavafm’fu)—( T 4 1 1 )

(B3)

where P, can be identified to the muon polarization in the
produced Mu in the direction of the magnetic field. We then
obtain the expressions

1-P, _1+4P, 1 X
_ 2 ) w_t(1_p 7
Jro=—m sy 4< e
(B4)
1+P, _1+P, 1 X
— 2 H 2 ﬂ:_ 1 p ——
Joo =8y 4( o 1+X2)’
(85)

where s and ¢ are given in Eq. (A24).

We note that the transition probability does not depend
on P, for the regimes X < 1 (where f o~ foo ~1/4) and
X > 1 (where | M o| = | Mjo|)- The transition probability
exhibits significant dependence on P, for O(10) mT <
B<O(1)T.

Because [1) and |} 1) are not energy eigenstates, they
can oscillate between each other with an oscillation time
determined by the hyperfine splitting, whose time scale is
approximately 0.2 ns. The muon polarization of these states
is effectively averaged out and eliminated over a time about
0.1 ps in a weak magnetic field [< O(1) mT]. As a result,
the total muon polarization becomes halved. We remark
that the parameter P,, defined in Eq. (B3), represents the
muon polarization before the averaging-out process.

It is important to mention that in experiments using noble
gases as targets to produce Mu, the initial polarization of
muon beam can be maintained. However, the Mu-to-Mu
transitions are suppressed in the gases [7]. The transition
experiments will employ SiO, targets to produce Mu in a
vacuum environment, and the initial muon polarization will
experience partial loss during the production of Mu.

APPENDIX C: TRANSITION AMPLITUDES
OF THE SPIN EIGENSTATES

We reexamine the Mu-to-Mu transition amplitudes from
the transition operators. For more detailed calculation of the
transition amplitudes, refer to the Appendix in Ref. [15].
In this Appendix, we provide the expressions of the
transition amplitudes in the spin eigenstates of Mu and
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Mu. These expressions are useful to understand the
magnetic field dependence on the amplitudes across differ-
ent operators.

The four-component spinors for a Dirac particle and
antiparticle under a nonrelativistic limit are expressed as

als)=vi( 3 ) u=v( ). en
where [ = e, pu. The two-component spinors & and #° are
given in the spin eigenstates as follows: &71/2 = (1,0)7,
EV2=(0.1)", g2 =(0,1)", and ' =(-1,0)".
The transition amplitudes in the spin eigenstates via the
S x S and P x P operators, which are given in Eqs. (2.6)
and (2.7), respectively, can be obtained as

se) = 2lp(0)[2(&¥7& ) ().
(€2)

(Mu;5,,5.|0s/Mu; s,

(Mu; 5,,. 5. |Qp|Mus s, s.) = =2|p(0) (&% ') (&%),

(C3)

Remember that any four-fermion operators for the Mu-to-
Mu transition can be written as a linear combination of the
operators Q; given in Egs. (2.1)-(2.5) through the appli-
cation of Fierz transformation. It is worth mentioning that
the transition amplitudes in the spin eigenstates through any
operators under the nonrelativistic limit can be expressed as
a linear combination of the right-hand sides of Egs. (C2)
and (C3). This is similar to the way any 2 X 2 matrix is
expanded using a complete orthogonal system (1,5, 5;),
which is analogous to the Fierz transformation for four-
component spinors. Specifically, the amplitudes for Q, and
Qs sandwiched between (Mu| and [Mu) are the same in the
nonrelativistic limit. At the operator level, the relationships
hold:

04+ Qs =2(Qs + Qp),

03 =2(Qp—0s). (C4)

(M5, 5,101 [Mu: 50 5,) = (MU: 5, 5| Qo[ Mus . 5,) =

For Q3, we obtain from Q3 = 2(Qp — Q)

<Mu S Se|Q3|Mu su’ >

Thus, the above statement is presented. As a result, the
transition amplitude under the nonrelativistic limit

can be expressed as a function of two degrees of

freedom.

—-4(Mu;5,,5,|04/Mu; s, s,) =
= =8lp(0)P((&7&) (nTi’e) — (ETrpe) (™ %)),

= 22|@(0)2((ET &) (ptyfe) + (8

Thus, the above statement is trivial for Q3, Q4 and Qs. Let
us examine the V x V and A x A operators:

Qy = (fiyqe)(fiy*e). Q4 = (yarse)(fy®yse).  (C5)

The transition amplitude in the spin eigenstates via the
V x V operator is obtained as

(Mu;5,,5,|Qv|Mu; s 84.58¢)

5S40
=2lp0)P (=& i) 0,8%) = (&) ().

(Co)

Utilizing the complete orthogonal system in the 2 x 2
matrices, one can derive the relation

(53”05773")('75”01'55“)

=2(8%18) i) = (T ) (i 78). (CT)

leading to the following expression for the transition
amplitude:

(Mu;5,,5,|0vMu; s, s,)
= 2|p(0)P(=3(&7&) (') + &)
(C8)

(&) (e

One can also find the amplitude via the A x A operator:

<m S S6|QA|MU» Sy >
= 2|p(0)? (—(9&“”5““)(71“'*’T st g5e)).

(€9)

') + 3(E% ) (n

Similarly to the case of Q4 and Qs, the amplitudes for Q;
and Q, sandwiched between (Mu| and |Mu) are the same in
the nonrelativistic limit, and Q; + Q, = 2(Qy + Q4)
holds. These allow us to derive the following relationship:

—4(Mu;5,,5.|05Mu; s, 5,)

(c10)

) Ee)). (C11)

[

With these equations at hand, we can incidentally
reproduce Egs. (2.9) and (2.10). To provide clarity, we
will use up- and down-direction arrows to symbolize
the spins of Mu and Mu in the ordering of muons and
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electrons, as described in Appendix A. In the case of Qy,
one obtains

(Mu; 11[Qs/Mu; 1) = (Mu; | | Qg[Mu; | |)
= (Mu; | 1]QsMu; M)
= (Mu; M [QsMu; | 1)
=2[p(0)]%, (C12)

and the amplitudes for the other spin combinations
vanish. Then, the amplitudes in the energy eigenstates
are calculated as
(Mu; 1, m|Qs[Mu; 1, m) = 2|g(0)[,
(Mu; 0, 0]Q5[Mu; 0,0) = —2[¢(0)

2, (C13)
|

In the case of Qp, one obtains

(Mu; 1} |Qp|Mu; 1)) = (Mu; | 1QpMu; | 1)

=2[p(0)[%, (C14)
(Mu; | 1|Qp[Mu; 1)) = (Mu; +][Qp[Mu; | 1)
= =2[p(0) %, (C15)

and the amplitudes for the other spin combinations vanish.
This gives the following amplitudes in the energy eigenstates:

(Mu; 1, m|Qp|Mu; 1, m) = 0,

(Mu; 0,0]Qp[Mu; 0,0) = 4|p(0)]>.  (C16)

Utilizing Eq. (C10), we find

(Mu; F.m|Q[Mu; F,m) = (Mu; F, m|Qs|Mu; F, m) = —4(Mu; F, m|Q4|Mu; F, m) = —4(Mu; F, m|Qs|Mu; F, m)

= —4((Mu; F, m|Qg|Mu; F,m) + (Mu; F, m|Qp|Mu; F, m)),

and with Q3 =2(Qp — Qs),
(Mu; F, m|Q3|Mu; F, m) = 2((Mu; F, m|Qp|Mu; F, m)
—(Mu; F, m|Qg|Mu; F, m)).
(C18)

Substituting Eqs. (C13) and (C16), one can reproduce
Egs. (2.9) and (2.10).
We note that one can find

(Mu; 1, m|Q;|Mu; 1, m) = (Mu;0,0

0,|Mu;0,0), (C19)

and the same for Q,, Q4, and Qs. The equivalence of
the amplitudes for the triplet and singlet states can be readily
derived from the transition amplitudes in the spin eigenstates,

(Mu; 110 [Mu; 1) = (Mu; | |01 [Mu; |])
= (Mu; [ 1|0, |Mu; | 1)
= (Mu; 1|0 [Mu; 1))
= —8|p(0)?, (C20)

(C17)

[
and the amplitudes for the other spin combinations
vanish, which can be straightforwardly deduced using
Eq. (C10) and an identity equation for two-component
spinors,

(1) o) = () &)

= (ETenn)* (& en'e), (C21)

where € = io,. In connection with this, we can derive an
identity equation,

(E7&) (nrTrre) + (&0 Tre) (&)

= (& oen’) (& ojen*), (€C22)

pertaining to the transition amplitude through Q5 in the spin
eigenstate in Eq. (C11). The right-hand sides of these two
equations correspond explicitly to the 7-channel exchanges
of the doubly charged particles, as depicted in Fig. 3 and
explained in Sec. IIL
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