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Understanding the dynamics of bound state formation is one of the fundamental questions in confining
quantum field theories such as Quantum Chromodynamics (QCD). One hadronization mechanism that
has garnered significant attention is the breaking of a string initially connecting a fermion and an
antifermion. Deepening our understanding of real-time string-breaking dynamics with simpler, lower
dimensional models like the Schwinger model can improve our understanding of the hadronization
process in QCD and other confining systems found in condensed matter and statistical systems. In this
paper, we consider the string-breaking dynamics within the Schwinger model and investigate its
modification inside a thermal medium, treating the Schwinger model as an open quantum system coupled
to a thermal environment. Within the regime of weak coupling between the system and environment, the
real-time evolution of the system can be described by a Lindblad evolution equation. We analyze the
Liouvillian gaps of this Lindblad equation and the time dependence of the system’s von Neumann
entropy. We observe that the late-time relaxation rate decreases as the environment correlation length
increases. Moreover, when the environment correlation length is infinite, the system exhibits two steady
states, one in each of the sectors with definite charge-conjugation-parity (CP) quantum numbers. For
parameter regimes where an initial string breaks in vacuum, we observe a delay of the string breaking in
the medium, due to kinetic dissipation effects. Conversely, in regimes where an initial string remains
intact in vacuum time evolution, we observe string breaking (melting) in the thermal medium. We further
discuss how the Liouvillian dynamics of the open Schwinger model can be simulated on quantum

computers and provide an estimate of the associated Trotter errors.
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I. INTRODUCTION

Real-time simulations of lattice field theories have
recently received significant attention in fundamental nuclear
and particle physics. While these simulations pose computa-
tional challenges, especially in higher dimensions, recent
advancements in quantum computing and error correction
[1,2] offer the potential to eventually enable large-scale
simulations [3-8]. The real-time dynamics of field theories
can be simulated within the Hamiltonian formulation devel-
oped by Kogut and Susskind [9]. Different than in the path

“kylel @mit.edu
“james.mulligan @berkeley.edu
’Jffmringer @jlab.org
$Xjyao@uw.edu

2470-0010/2023/108(9)/094518(23)

094518-1

integral formulation of lattice field theory that relies on a
spatial and temporal lattice discretization, time is kept as a
continuous variable within the Hamiltonian formulation,
and only the spatial directions are discretized. The need to
simulate exponentially large Hilbert spaces makes large-
scale classical simulations intractable. This necessitates the
development of quantum algorithms to simulate for example
high energy scattering processes [10-13] or field theories at
finite chemical potential, which are relevant to nuclear and
particle physics [14-34]. In particular, lower dimensional
lattice field theories that share features with quantum
chromodynamics (QCD) have received an increased atten-
tion recently. An example is the Schwinger model [35,36],
which corresponds to quantum electrodynamics (QED)
in 1 4+ 1 dimensions. This U(1) gauge theory coupled to
fermions exhibits confinement and chiral symmetry
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breaking. Besides the similarities with QCD, lower dimen-
sional field theories are an important testing ground for
developing simulation protocols in order to eventually build
up toward simulations of QCD. Recent work investigated
quantum and tensor network simulations of the U(1) gauge
theory and the Schwinger model [16,37-51] and studied
Hamiltonian dynamics of non-Abelian lattice field theories
[52-70], and in particular, several efforts aim to understand
the thermalization of non-Abelian lattice gauge theory as an
isolated quantum system [71-73].

One of the most intriguing aspects of the Schwinger
model is the string-breaking mechanism. This involves a
pair of fermion and antifermion at a certain distance,
connected by a string of electric flux. When the string is
sufficiently long, it breaks in real time, ultimately forming
two or more tightly bound fermion antifermion pairs,
analogous to mesons. The initial energy stored within
the string transforms into the kinetic energies of these
pairs, which thus separate with corresponding velocities.
Details of this mechanism largely depend on the fermion
mass and the coupling strength between fermions and the
gauge field.

The string-breaking process in the Schwinger model
presents fascinating parallels to quark confinement in
QCD, where quarks and gluons hadronize into baryons
and mesons. This is one of the universe’s most compelling
enigmas. The phenomenon of string breaking, viewed
as a model for hadronization, is also represented in the
simulations of high energy particle collisions carried
out by Monte Carlo event generators like PYTHIA [74].
Additionally, in Ref. [75], initial-state string dynamics and
string junctions were found to be necessary for describing
particle production in heavy ion collisions within a three-
dimensional dynamical initialization model.

Recently, high-energy collider measurements of jet sub-
structure [76,77] have facilitated the direct imaging of the
transition between the hadron and parton angular scaling
regions, providing a hint of how the confinement scale is set
within jets. This can be explicitly observed through mea-
surements of correlations as a function of angle, between
the asymptotic energy flux, and is further enhanced by
probing these intricate correlations between hadrons
with different quantum numbers [78-85]. Nevertheless,
the theoretical understanding of these measurements, espe-
cially in the transition from the universal parton scaling
region to the free hadron scaling region—a deeply non-
perturbative process—remains a challenging task.

Enhancing our grasp of real-time nonperturbative meth-
ods using simpler, lower dimensional models like the
Schwinger model could significantly improve our under-
standing of such real-world collider measurements. Such an
understanding could unravel the mystery of quark confine-
ment and has implications for precision measurements
of Standard Model parameters [86], studies of the quark-
gluon plasma (QGP) in heavy ion collisions [87-89],

and the investigation of cold nuclear matter effects at the
future Electron-Ion Collider [90]. Furthermore, an analo-
gous confinement process occurs in several quasi one-
dimensional compounds in condensed matter and statistical
systems [91-96]. Hence, studying real-time string-breaking
dynamics with the Schwinger model provides a more
realistic approach to understanding confinement dynamics
in these systems as well.

In this work, we explore the dynamics of the string-
breaking mechanism in vacuum and in the presence of a
medium, as illustrated in Fig. 1. The static string in the
Schwinger model has been studied at both finite temper-
ature and chemical potential [97—-100] (different lattice field
theories at finite temperature and/or chemical potential
were also studied in Refs. [101-105]). It was observed that
the string tension decreases as temperature and/or chemical
potential increase. We extend these studies to the dynamical
case, where a thermal environment modifies the real-time
evolution of the string-breaking process. We find that
this environment delays the string-breaking process and
reduces the velocity at which the fermion antifermion pairs
separate. This behavior can be attributed to a quantum drag
force acting on the fermion pairs, aligning with findings
in the static case. To study real-time dynamics, we consider
the Schwinger model interacting with a thermal scalar field
via a Yukawa-type coupling. We work in the Brownian
motion limit where the environment temperature is high
compared to the system’s typical energy levels [106]. In
this limit, memory effects are negligible, and the dynamics
are Markovian, allowing us to express the evolution of the
Schwinger model as an open quantum system in terms of a
Lindblad equation [107-109]. The open quantum system
framework has been extensively studied for quarkonium
dynamics inside the QGP [110-128].

One key aspect of nonequilibrium physics in the open
quantum system is the late-time relaxation dynamics
toward equilibrium. These relaxation dynamics are gov-
erned by the Liouvillian gap, which is given by the
eigenvalue of the Liouvillian spectrum whose real part is
closest to 0. This gap is a fundamental quantity of the

FIG. 1. [Illustration of the string breaking process for the
Schwinger model in a thermal medium.
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open quantum system analogous to the energy gap of a
Hamiltonian describing a closed quantum system. We
determine the Liouvillian spectrum and corresponding
eigenmodes of the open Schwinger model for different
choices of the environmental correlator (long and short-
range correlations), study its dependence on the system
size, and compare it to the free fermion model. We find
that a long-range correlated environment leads to slower
thermalization of the system since the energy and infor-
mation exchange between the system and environment is
slowed when long-range correlations are present in the
environment. Moreover, we find that special care needs
to be taken in the case of an infinitely long correlation
length. In this case, the Liouvillian dynamics of the open
quantum system preserve the charge conjugation and
parity (CP) symmetry of the system. We decompose
the Hilbert space into a CP-even and odd sector. Only
in the case of infinite environment correlation, the two
sectors evolve independently, and there exist two equi-
librium states, one in each sector. To study the impact of
the environment correlation length on the relaxation
dynamics, we study the von Neumann entropy of the
system that quantifies its decoherence due to the inter-
action with the environment. These results are closely
related to the study and classification of field-theoretical
dissipative phase transitions [129]. Our results provide a
starting point for more detailed studies in the future.

Finally, we study the resource requirements for quantum
simulations of the Schwinger model as an open quantum
system. For this case study, we focus on a quantum algo-
rithm that interleaves short time steps in the system’s
Hamiltonian evolution with a time evolution operator
comprising the Lindblad operators that act on the system
and an additional register of ancilla qubits. By using a first-
order Trotter decomposition for both unitary operators, we
find that, in practice, the Trotter errors associated with the
Lindblad evolution may not necessarily increase the total
error when compared to the vacuum calculation of the
Schwinger model. This is due to some cancellations of
errors in the quantum algorithm for simulating the Lindblad
evolution, which is an encouraging sign for quantum
simulations of open systems in the near to intermediate-
term future.

The remainder of this paper is organized as follows.
In Sec. II, we introduce the lattice formulation of the
Schwinger model as an open quantum system including the
decomposition into separate CP sectors. In Sec. III, we
present results for the Liouvillian spectrum and study its
relation to the decoherence of the system and relaxation
dynamics toward equilibrium. In Sec. IV, we present
numerical studies of the string breaking process in vacuum
and the medium and study its dependence on system
parameters. We estimate the Trotter errors of a quantum
algorithm for simulating open quantum systems in Sec. V,
and conclusions are drawn in Sec. VI.

II. THE SCHWINGER MODEL AS AN OPEN
QUANTUM SYSTEM

The Lagrangian of the Schwinger model is given by

. 1
‘C:l/_/(lp_m)w_ZFﬂDFﬂw (1)

with a two-component fermion field y, the covariant
derivative D,, :c)”—ieA”, the U(l) gauge field A”,
and the field strength tensor F,, =0,A, —d,A,. The
Hamiltonian of the Schwinger model can be discretized
on a spatial lattice in the axial gauge Ay = 0 using the
staggered fermion formulation and the Jordan-Wigner
transform [9]

Np=2
HSZEEE:Qﬁwﬂéfﬁ%%ﬂ+aﬂn+lﬂﬁfwﬂ
n=0

Ny-1 Np-1

1 1
2 2 n
+oae ”5:1 ‘; +om ”5:0 (=1)"c,(n). (2)

Here a denotes the lattice spacing, and n represents the
index of the lattice position x = na. Throughout the paper,
we will quote parameter values of the Schwinger model
in units of a. Moreover, the (anti)fermion -creation/
annihilation operators are given by 6" /6~ (67 /o) on
even (odd) sites with 6= = (o, & ioy)/2. Due to the U(1)
nature of the theory, we will use electrons interchangeably
for fermions and positrons for antifermions. Here L}
correspond to the raising and lowering operators associated
with the states of the electric field that lives on the links
between lattice sites n and n + 1. The states of the electric
field are labeled by their eigenvalues e?/2, which are
obtained by acting on these states with the electric field
operator squared e?E?(n) at site n. We assume open
boundary conditions, which lead to an unambiguous
definition of the environment correlator in the Lindblad
equation that will be introduced below. Under open
boundary conditions, the upper limit of the first sum in
Hg is Ny —2, where N is the number of fermion sites.
This is twice the number of physical sites N in the
stagger fermion formulation so that Ny = 2N is an even
number. In the case of open boundary conditions, N — 1
gauge links are needed to connect nearest neighbors for N,
fermion sites.

Physical states have to satisfy Gauss’s law, which can be
written as

(=" -1

buir =0 = =0 (W)™ (n) =23 G)

For the n = 0 and n = Ny — 1 sites, imposing Gauss’s law
requires information about ¢, and ¢y = which are not part
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of the links that we keep track of for dynamics but are
determined by the open boundary conditions:

KOZO, Z/ﬂN :O (4)

Other boundary conditions can also be studied, which
correspond to cases where the system has a nonzero total
charge and/or a uniform background electric field. In one
spatial dimension, one can completely integrate out the
electric fields by repeatedly using Eq. (3), starting at one
end, which leads to nonlocal interactions between fer-
mions. We will not pursue this here and simply truncate the
electric field flux at |£,| .« = 1 for all sites n. Studies with
higher truncation or electric fields completely integrated
out are left for the future.

The discretized Hamiltonian has a CP symmetry
given by

ot (n) —> 6T (Ny — 1 —n),
o.(n) A o,(Np=1-=n),
cp
Lni _)LIT]/—Z—H’

CcP
fn — l’ﬂNf—2—n‘ (5)

Under the CP operator, physical states of the theory
transform as illustrated in Fig. 2.

Next, we consider the Schwinger model coupled to an
environment, which is described by a scalar field theory
at thermal equilibrium, as in Ref. [130]. The total
Hamiltonian takes the form

H:H3+HE+H[, (6)

where the three terms describe the system, the environment,
and their interaction, respectively. The system Hamiltonian
Hg is given in Eq. (23). The environment Hamiltonian
describes a thermal scalar field theory. The interaction
Hamiltonian H; describes the coupling between the
Schwinger model and the scalar field theory. Different

et e

8- 0—+>O>0+8-0-0-0-0—0
jor
OO0 00— 8+O+O+0—0—0+0

et e~ e et

FIG. 2. Example of how physical states transform under the CP
operator. Green (blue) dots are unoccupied (occupied) fermion
sites. Fermions (electrons) only live on even sites, while anti-
fermions (positrons) only live on odd sites. The left and right
arrows on the links indicate negative and positive electric fluxes,
respectively.

models of the scalar field interaction terms may be
considered. Here we consider a Yukawa-type interaction

Hy =4 / b () () (). (7)

While the system and environment can be strongly coupled,
we assume that the interaction between them is sufficiently
weak such that the time evolution of the Schwinger model
itself is Markovian and a Lindblad equation can be used
to describe its time evolution. We consider the quantum
Brownian motion limit valid at high temperatures,
which allows us to assume that the total density matrix
factorizes as p(r) = ps(t) ® pg, where pg denotes the
density matrix of the Schwinger model, and pyp =
e PHe [Tr(e~PHr) is the density matrix of the environment
at thermal equilibrium. The Lindblad master equation for
ps can be written as [106,130]

P it 0]+ 023Dy~ )

 (LosL ) =L L)) ). 8)

Here x; = nja and x, = n,a are discrete spatial coordi-
nates. The environment correlator D(x) only depends
on the relative distance between x; and x,. It can be
expressed as

d(t) — 1) Tr[p(t1, x1)p(t2, x2) Pl
9)

where ¢(t,x) denotes the scalar field in the interaction
picture at thermal equilibrium. The Lindblad operators are
L(x) = yy(x) — 2= [Hs. yy(x)] whose notation should be
distinguished from the symbol L} for the raising and
lowering operator of the electric field introduced earlier. On
a discrete lattice, we have

D(x; —x,) = /12/

—0o0

1

L(na) = O(n) = = [H5. O(n)]
O(n) = (-1)"%);1. (10)

In principle, the environment correlator D(x) can be
calculated, which depends on the model for the scalar
field theory. For example, for small-size quarkonium inside
the QGP, the relevant environment correlator has been
formulated [114,122] and studied in both the weak cou-
pling [131,132] and strong coupling limits [133,134]. Here
instead of calculating the correlator D(x) for a specific
scalar field theory model, we directly model the functional
form of the correlator. In order to test the dependence of our
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results on the correlation length of the environment, we use
three different models for the correlator:

(1) For short-range correlations, we use a delta function:
Ds(x) = Dy, where Dy is a constant and x is
discrete.

(2) For various intermediate-range correlations, we use
a Gaussian':

Do(x) = Dyexp <- 2’;) = D,G(x,0) (1)

(3) For long-range correlations, we use a constant
function D.(x) = D,.
The normalizations of these three types of correlators are
chosen such that they agree at x = 0. By considering these
different choices, we can assess the numerical impact of the
environmental correlation length on our results below.
Under the CP transformation, the operators O(n) that
appear in the Lindblad operators in Eq. (10) transform as

o(n) < (1) s _zla_ n-1

(12)

where we have used the fact that N ; is an even number. One
can then show that if the environment correlator D(x) is
constant, the Lindblad equation given in Eq. (8) preserves
the CP symmetry. As a result, if an initial state pg(0) is
CP-even (odd), the state will remain CP-even (odd)
throughout the time evolution. In this case, one can
construct two invariant subspaces of the entire Hilbert
space: One sector is CP-even, and the other one is CP-odd.
The construction can be done as follows: We consider each
state in the entire Hilbert space. If the state is invariant
under the CP transformation, then the state is CP-even.
Otherwise, a symmetric linear combination of the original
state and the state after the CP transformation leads to a
CP-even state while an antisymmetric linear combination
yields a CP-odd state. The CP-even and -odd sectors
decouple in the time evolution when the environment
correlator is constant and thermalize independently.
However, we would like to emphasize this is not the case
if the environment correlator D(x) is Gaussian or a delta
function. An intuitive explanation is as follows: Individual
Lindblad operator L(x) is not CP invariant. However, when
D(x; — x,) is constant in the Lindblad equation (8), the two
sums over x; and x, can be performed independently and
then ) L(x) is CP invariant.

'The Gaussian function decreases much faster at large x than
polynomial and exponential functions, which are common func-
tional forms of correlation functions. Studies using polynomial
and exponential correlation functions are left for future work.

III. DECOHERENCE AND RELAXATION
DYNAMICS

The characterization and classification of the relaxation
dynamics of open quantum systems to the steady/thermal
state has received significant interest in recent years
[135-145]. A common approach entails considering either
the short or long time nonequilibrium dynamics. At short
timescales, the Lindblad evolution can be approximated by
a non-Hermitian Hamiltonian. In this paper, we primarily
focus on long-time relaxation dynamics. The relevance of
characterizing these dynamics extends to investigations
of nonequilibrium and dissipative phase transitions. For
example, while no such transitions occur in the equilibrium
state, a phase transition could occur in the decay modes of
the Liouvillian. Moreover, the study of dissipative dynam-
ics contributes to understanding phenomena like topologi-
cal phases, domain walls, nontrivial boundary modes, and
exceptional points. While a comprehensive exploration of
these aspects within the quantum field theory limit of the
Schwinger model is beyond the purview of our current
work, we hope this section will provide a valuable starting
point for more in-depth future studies.

A. Liouvillian eigenmodes and relaxation dynamics

We start by rewriting the Lindblad master equation in
Eq. (8) in terms of a Liouvillian superoperator £, which
operates on the density matrix p as

dp

= Lp. (13)
As expected from the open quantum system, the density
matrix diagonalizes over time due to thermalization when
expressed in terms of the energy eigenstate basis. With our
reexpression of the Lindblad equation as a Liouvillian
superoperator acting on this density matrix, we are also able
to understand sow the system approaches the thermal state,
i.e., the nonequilibrium and relaxation dynamics by carry-
ing out a spectral analysis. That is, we expand the density
matrix describing the open quantum system dynamics in
terms of eigenmodes of the Liouvillian. The right and left
eigenmodes pf’L are defined as

Lo =dipfs Loy = Apj, (14)

J

where the subscript j = 1, - - - d* indexes the jth eigenmode
with the eigenvalue 4;, and d is the size of the Hilbert space.
The left and right eigenmodes are orthogonal

<P1'L|P§> ~ Gjj. (15)

Here we define the inner product as (A|B) = Tr[A'B]. The
dimensionality of the Liouvillian is d*> x d?, acting on a
vectorized density matrix of length 2. In Fig. 3, we plot the
eigenvalues for the open Schwinger model using an N = 4
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Scatter plots of the Liouvillian eigenvalues of the open Schwinger model for N = 4 lattice sites (N, = 8) with e = 0.8,

m=0.5, p=0.1, and D, = 1 for different types of environmental correlators.

lattice with N, =8 fermion sites for different types of
interactions that we introduced in Sec. II. In order to
facilitate the visual comparison, we limit the range of
Re(4;) to [-8.5,0], although the case with a constant
environment correlator has a few eigenvalues at much
smaller (more negative) real values. These spectra of
eigenvalues clearly demonstrate that the nonequilibrium
dynamics are nontrivially modified for different types of
interactions with the medium. For example, in the case
where the interaction corresponds to a delta function for the
environment correlator, we observe the emergence of a
vertical band structure. This indicates that different sub-
spaces of the Hilbert space decay at separate stages; see
also Ref. [136] for example.

Assuming, for now, that there is no degeneracy for the
steady state, we can order the eigenvalues such that their
real parts are sorted in descending order 0 = Re(4q) >
Re(1;) > ... > Re(4,2_;). The time evolution of the gen-
eral density matrix can then be written, for instance, with
respect to the right eigenmodes, as

-1

p(t) =po+ Z

The coefficients c¢; are obtained by calculating the overlap
of the left eigenmodes with the initial state and including an
appropriate normalization factor

. (plp(r = 0))
g (P51p%)

At R
cje'p;.

(16)

(17)

This result is obtained by diagonalizing the Liouvillian in
Eq. (13). Since the eigenvalues satisfy Re(4;5;) < 0, the
density matrix p(f) eventually relaxes to p,, which is
referred to as the (nonequilibrium) steady state, which
can be shown to be 1 — % for our Lindblad equation (8).
It is nothing but the thermal state e~#s/T in the high-
temperature limit, up to corrections of the order (Hg/T)?
(recall that the quantum Brownian motion approximation
involves an expansion in Hg/T [106]). We note that p, is
the only eigenmode with a trace equal to 1, while all the
other eigenmodes have vanishing traces. Thus none of the

other eigenmodes satisfy the condition to be a density
matrix by themselves.

Analyzing the behavior of the open quantum system in
terms of the eigenmodes provides means to interpret the
nonequilibrium and relaxation dynamics. For example, the
approach of the general p() to p, will be dominated by
the first few Liouvillian eigenvalues 4; and the correspond-

ing eigenmodes /)f. In particular, for a given observable 0,

the expectation value (O) (1) = Tr[Op(1)] will approach the
thermal expectation given by the steady-state eigenmode
(O) »,» and its long time rate of approach will be bounded
by the real eigenvalue of the first nonstationary eigenmode
with smallest i such that <@>pf #0, as ek’ > 4! fori < j.

In general, the relaxation dynamics toward the stationary
state cannot last longer than the rate of decay of the
eigenmode pX. For this reason, it is common to define
the Liouvillian or spectral gap A;, which dominates the
asymptotic long time decay rate of the Liouvillian, as

Ay = [Re(4)]. (18)
The Liouvillian gap A; is one of the primary features that
characterize and are used to classify the dynamics of open
quantum systems. In many ways, it is analogous to the
spectral gap of closed quantum system Hamiltonians and is
associated with the longest lived eigenmode [136].

On the other hand, the relaxation time 7y is defined as the
maximum time at which the following inequality is
satisfied [141]
max (7) :[{0) =) = (O),,| 2 €7 [{O0) =) = (O),,, | (19)
where the maximization operation is over arbitrary density
matrices p(t). Then, from Eq. (16), one naively expects

1

~a (20)

TR

This expectation is not always met, and Liouvillian skin
effects from boundary conditions are a potential source of
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D ~ é(x) D ~ G(o) D ~ const
FIG. 4. Tllustration of the gap sizes for different environmental
correlators.

deviation from this relation, which were discussed for
different quantum mechanical systems in the literature
[138,141,144,146]. In our case, we do not observe such
skin effects, but it would be interesting to study systems
with Liouvillian skin effects in the context of quantum field
theories as well.

As discussed in Sec. II, the Lindblad equation with a
constant environment correlator preserves CP symmetry,
leading to the existence of two distinct CP sectors. This
implies a degeneracy in the spectrum unless we separate the
system into these distinct CP sectors. Therefore, we have
two stationary states, pg'" and p3%¢. That is, our evolution
equation in Eq. (16) is now modified to

— even odd
p(t) = cip"™ + cpp
N,—1 N,—1
+ § :C;eljtpf,even + § :Cze/l;:tpf.()dd. (21)
j=1 k=1

Here N, and N, are the dimensions of the Hilbert spaces of
the CP-even and CP-odd sectors, respectively. They must

0.06 { §™"===ae__
_____ —
Q
0.04 A \:
— 1
< i
1
1
0.02 1 .
i
t
1
0.00 L i i COllsﬁi
0.0 0.5 1.0 1.5
arctan(o)
(a) First gap Aq.
FIG. 5.

satisfy the condition N, + N, = d?, where d is the dimen-
sionality of the total Hilbert space. While the division
between the two CP sectors is clear when the CP symmetry
is exact, resulting, for example, in separate Liouvillian
gaps in each sector, it is anticipated that this case will
be approximated by a Gaussian environment correlator
Dg(x) as its width o increases, even without satisfying the
exact CP symmetry. This is illustrated in Fig. 4, where the
constant correlator case D,.(x) depicts the situation before
the decomposition into definite CP sectors. As the figure
illustrates, the Liouvillian gap denoted by A; that is present
in the case of a delta function and Gaussian correlator
reduces as the correlation length of increases. An analytic
explanation of this dependence is given in the Appendix.
Eventually, the Liouvillian gap vanishes when the corre-
lation length becomes infinite. The vanishing of A
corresponds to the emergence of two degenerate steady
states, one in each CP sector. Consequently, the decay rate
toward the global stationary state for pX becomes so slow
for a Gaussian correlator with a very wide width that its
relaxation dynamics at an earlier timescale are primarily
dominated by the next gap in the Liouvillian spectrum,

Ay = [Re(4y)

, (22)

which corresponds to the eigenmode pX. As the width
continues to increase, it eventually reaches the limit of a
constant environment correlator, where p¥ itself becomes
the stationary state in the CP-odd sector. In Fig. 5, we study
the behavior of the first Liouvillian gap, A;, and the second
gap, A,, as functions of the environment correlation length.
The Gaussian correlator smoothly connects the cases of a
delta function and constant correlator, which have zero
and infinite widths, respectively. We found that both
gaps demonstrate a smooth behavior while interpolating

01510 TTTeeal
0.10 A%
™ \
4 %
\
\
\
0.05 1 y
1
\
const
0.00 1 : : :
0.0 0.5 1.0 1.5

arctan(o)

(b) Second gap As.

The first two Liouvillian gaps, A; and A,, as functions of the Gaussian width in the environment correlator. We apply the

arctan function to the width to smoothly map both zero and infinite widths onto a finite domain. As indicated in the figure, when the
Gaussian width o is zero, the correlator reduces to a delta function, and when ¢ is infinite, the correlator becomes a constant. The ¢

dependence of the relaxation rate is explained in the Appendix.
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between the two limits. In particular, we observe that the
Lindblad equation with a large-width Gaussian correlator
has an approximate CP symmetry, signaled by the vanish-
ing gap A;, which plays an important role in its relaxation
dynamics as we will see. We also note that in the infinite
correlation length limit, A, reaches a nonzero value.

A further intriguing aspect to explore is the relationship
between the Liouvillian gap and system size. With the
lattice spacing a fixed, it is expected that the size of the
Liouvillian gap decreases as the number of lattice sites
increases. This results in a slower thermalization rate since
there are more excited modes to equilibrate. However, to
obtain the QFT in the continuum limit, one needs to first
take a — 0 with the system volume fixed, which we leave
for future studies. Here we only focus on the case with a
fixed. In Fig. 6, we illustrate this phenomenon by plotting
the Liouvillian gap A, for the open Schwinger model with a
delta function environment correlator. The figure demon-
strates how the gap decreases as the system size increases,
which is explained in the Appendix. Also, for comparison,
we include the case of a 1+ 1D free fermion theory
coupled with a thermal environment with the same delta
function correlator. The free fermion theory can be dis-
cretized by using the stagger fermion formalism and the
Jordan-Wigner transform, which is the noninteracting
limit e — O of the discretized Schwinger model. The free
fermion model Hamiltonian can be mapped onto a spin
system analogous to the Schwinger model, which gives

1 Np=2
_ + - + -
Hy =% E (6T (n)o=(n+1)+o6"(n+1)o(n))
n=0
1 Ny—1
n
+om 3 (=1)e(n). (23)
n=0
-1
2x10 3 A Schwinger model, e = 0.8
«\\ *  Schwinger model, e = 0.4
SO f f . onstrained
RN e free fermion constrainec
\\:\:§§ +  free fermion
Ss Ry
1071 ] ‘\\§i§§§\
— .\\\\ \§§\
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FIG. 6. The first Liouvillian gap A, as a function of the number
of lattice sites N for the Schwinger model with different
couplings e and the free fermion model with the environment
correlator described by a delta function in all cases. The N
dependence is explained in the Appendix.

In order to achieve a direct comparison with the Schwinger
model where the total net charge is fixed to zero as a result
of the open boundary condition with vanishing electric
flux outside the lattice, we also constrain the free fermion
system to the sector with zero net charge. The result of A,
for the free fermion case is shown in red in Fig. 6, where the
dashed line represents an exact o« N2 function. The four
red points are well described by this function, indicating the
first gap A; in the open free fermion model with a delta
environment correlator decreases quadratically with the
system size. We note that for other choices of environment
correlators, the dependence on N is more complicated than
a simple monomial in N, but it remains monotonically
decreasing with N.

Since we truncate the maximum electric flux at magni-
tude 1 for the open Schwinger model, we also need to
include a similar constraint for the free fermion model to
make a direct comparison. To this end, we only consider
states where two neighboring occupied lattice sites
cannot both be electrons or positrons. For example,
0,et,e7,e",e7,0) (where 0 denotes an unoccupied
fermion site) is included in both the constrained and
full free fermion models for an N, = 6 lattice, whereas
le™,0,e7,e",0,e") is only included in the full free
fermion model, as this state would create electric field
flux value 2 > |Z,|,,.x = | at some sites in our constrained
Schwinger case. In the second example, the two electrons
are on two occupied neighboring sites even though they are
separated by one fermion lattice site that is unoccupied. The
results for this constrained free fermion model are shown
by the green line in Fig. 6. We see that as the coupling in the
Schwinger model decreases, the gap results approach those
in the constrained free fermion case. The black, blue, and
green dashed lines are fits of the form o« N~¢. The fitted
parameter values are 1.316, 1.422, and 1.443 for the black,
blue, and green cases. We see that a monomial in N can
approximately describe the N dependence of A;, but not
exactly. Given the smooth transition from the constrained
Schwinger model to the constrained, free fermion case,
we predict that as e decreases, removing the constraint will
lead to a convergence toward the free fermion case with the
exponent approaching —2.

While there are several studies that discuss boundary
dissipative systems with bounds on the decay rate of the
first Liouvillian gap as a function of the system
size [136,147], a more detailed examination of this phe-
nomenon for the open Schwinger model is left for future
work. We now examine the von Neumann entropy of the
system, which illustrates that the Liouvillian gap discussed
here plays a significant role in describing the relaxation
dynamics.

B. Decoherence and von Neumann entropy

The entropy of quantum systems is frequently studied in
the literature. In order to quantify the decoherence of the
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open Schwinger model, we are going to consider the von
Neumann entropy Syn, Which is given by

Sun = —trfplog pl. (24)

The von Neumann entropy vanishes for a pure state where
p? = p, and a finite value for S,y measures the deviation
from a pure state. In our case, the decoherence results from
the interaction with the thermal environment. The von
Neumann entropy is a generalization of the Gibbs (and
Shannon) entropy of thermodynamic systems to the quan-
tum case. The phenomenon of decoherence in the density
matrix language is frequently discussed in the literature of
high energy heavy ion collisions [110,117,148], and the
concept of entropy has also been discussed in the context
of parton distribution functions in Refs. [149-151] and jet
physics in Ref. [152].

In the Schwinger model as an open quantum system, the
pure initial state of a string (or analogously the fully
unoccupied vacuum state) decoheres due to the interaction
with the thermal environment, which is described by the
Lindblad equation. Therefore, we obtain a finite value for the
von Neumann entropy for ¢ > 0, which increases as a function
of time due to the continued interaction with the environment
until the system reaches its steady state. Once the system
is in a thermal state, the von Neumann entropy reaches its
maximum value, indicating the initial state fully decoheres.
The von Neumann entropy is generally bounded by

0< S,y <logd, (25)

Syn for different correlators

where d is the dimension of the Hilbert space. As mentioned
above, the lower limit is obtained for a pure state, whereas the
upper limit is realized for a maximally mixed state propor-
tional to the identity matrix p,, = 51]. The thermal state
generated at late times of the Lindblad evolution approx-
imates the maximally mixed state in the limit 7 — oco. Here
we explore numerically the real-time dependence of the von
Neumann entropy in the Schwinger model as an open
quantum system.

In Fig. 7, we plot the von Neumann entropy starting from
an initial pure state as a function of time for N = 4 lattice
sites with parameters e = 0.8, m = 0.5, f = 0.1. In the left
panel, we study the time evolution in the full Hilbert space
of the Schwinger model (which includes both CP-even and
odd sectors) by starting from the bare vacuum state that is
CP-even and show the results for different environmental
correlators. We observe that the relaxation dynamics
significantly depend on the different environment correla-
tion lengths. The von Neumann entropy reaches its maxi-
mal value fastest for a delta function correlator Dy, i.e.,
for a short-range correlated environment that allows for
an efficient exchange of momentum and information
between the system and environment. For the Gaussian
case D ~ G(o), we observe that it smoothly approximates
the result of a delta function correlator in the limit
o — 0. On the other hand, as the correlation length is
increased, S,y reaches its maximum value at a much
later time. This observation is generally in line with the
hierarchy of the gaps for different interactions with N = 4,
as illustrated in Fig. 5. Interestingly, we find that for a
constant environmental correlator D, the von Neumann

Sy for different CP sectors for constant correlators

const CP-even
const CP-odd

100 10! 102

100 10! 102

t

FIG. 7. The von Neumann entropy S,y of the open Schwinger model for N = 4 lattice sites with e = 0.8, m = 0.5, f# = 0.1, and
D, = 1. Left: S,y for different environmental correlators starting from the bare vacuum state in the full Hilbert space as the initial state,
which is CP-even. Right: S,y for the constant D, = D, environment correlator where the CP sectors are studied separately. In each
individual sector, we choose appropriate pure states as the initial states. Since the size of the Hilbert space of each sector is smaller than
that of the whole system, the maximal von Neumann entropy of each sector depicted as dashed lines on the right is smaller than the

dashed line on the left.
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entropy asymptotes to a lower value. This is due to the
decoupling of the two distinct CP sectors in the Liouvillian
dynamics. Given that our initial state is CP-even, the
thermal state to which it relaxes to is also a CP-even state.
The reduction of the Hilbert space for a definite CP sector
decreases the final entropy value. We also find that the
Gaussian case with a large width does not smoothly
approximate the result for a constant correlator D..
While it does approximate it for early times, it eventually
deviates and asymptotes to the larger value of Sy, as
shown by the green line. This is because the Lindblad
evolution in this case only approximately preserves the CP
symmetry and eventually the entire Hilbert space thermal-
izes. In this sense, we find a discontinuity of the late time
dynamics in the limit 6 — oo.

These results illustrate the nontrivial roles of A; and A,
as the environment correlation length changes. For in-
stance, the early dynamics of the large Gaussian width case
(6 = 100) closely follow the constant environment corre-
lator case, a similarity that can be attributed to the very
close A, values in both cases. On the other hand, in the case
of large Gaussian width, the A; value is very small, yet
nonzero. This contrasts with the constant case, where A
vanishes, leading to a second stationary state. The small but
nonzero A; value in the large Gaussian width case causes
very slow decay, which results in a deviation from the
constant case behavior in the large time region. Physically
the system quickly thermalizes in the C P-even sector (since
the initial state is CP-even), which is governed by A,. The
small A; determines the much slower thermalization
between the two CP sectors, which eventually leads to a
global thermalization in the whole Hilbert space. This
example further demonstrates that nonequilibrium dynam-
ics cannot, in general, be described solely by the first few
Liouvillian eigenstates in the full time region. In fact,
our example highlights the significant role played by the
second gapped state, establishing a principle that can be
generalized to higher gapped states in other instances.
Nonequilibrium dynamics can display nontrivial behaviors
across various timescales, with these behaviors being
influenced by multiple eigenstates. For instance, our
example clearly exemplifies the type of behaviors that
can be expected when a set of eigenvalues are hierarchically
separated, i.e., - -- > Ay > Ay, > Ay

In the right panel of Fig. 7, we study the Liouvillian
dynamics in each CP sector individually and show the
individual von Neumann entropy as a function of time
for D,. This clearly demonstrates that initial states from
different sectors each relax to their respective thermal states
within their sector, which are given by e~#¢/T and ¢=Ho/T
for the even and odd sectors, respectively (H, and H, are
the corresponding Hamiltonians). In each CP sector, the
Hilbert space is smaller than the total Hilbert space with
two CP sectors, so the maximum entropy is smaller than
the left panel. In addition, we find that the dimensionality of

the CP-even Hilbert space is larger compared to the
CP-odd case leading to a larger asymptotic value for
S,n- If one studies the time evolution of an initial state
that contains both CP-even and odd parts

p(0) = cp=(0) + (1 = c)p°¥(0), (26)

the entropy at late times will be a combination of the two
asymptotic entropy values of each CP sector

= cSeven + (1 _ C)SOdd

S vN,asym

vN,asym vN,asym
—cloge—(1=c¢)log(l=c), (27)
where Siﬁ‘;ﬁ;id is the asymptotic entropy value in the

CP-even/odd sector.

IV. STRING DYNAMICS IN A THERMAL MEDIUM

In this section, we study the real-time dynamics of
the string breaking process in the Schwinger model. As
mentioned above, the evolution of the string in the
Schwinger model can be considered as a model of
deconfinement and hadronization in QCD where a quark
and an antiquark are separated by a color string; see, for
example, the Lund string model [153]. The in-medium
string evolution of the Schwinger model can also be
thought of as a model of the quarkonium dynamics in
the QGP, where dissociation and recombination of quar-
konium occur. String breaking in the Schwinger model has
been studied numerically in the vacuum in several previous
studies [38,42,46]. We will consider both the vacuum case
within our setup as well as for the first time the medium
modification to the string breaking dynamics.

A. Vacuum

To begin, we study the string breaking process in vacuum
in our setup. We consider an initial configuration where an
electron-positron pair separated by some distance is located
in the middle of the one-dimensional lattice, connected
by a string of electric field links. In order to focus on the
dynamics of this string, we will subtract from this con-
figuration the results when a configuration without any
fermion and electric flux is initialized, i.e. the bare vacuum
state (fully unoccupied). We choose suitable values of m, e
where string breaking occurs in the vacuum. In particular,
we choose: mass m =0, electric charge ¢ = 0.5, and
lattice spacing a = 1. Other parameter values will be
discussed further in Sec. IV C. Since the numerical sim-
ulation of the medium case is computationally very
expensive, we limit ourselves to N = 6 lattice sites
(N; = 12 fermion sites) corresponding to 11 electric field
links throughout this section unless stated otherwise. Other
numerical approaches such as the quantum trajectory
method will allow us to study bigger systems, which will
be explored in the future. We note that our initial state
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String breaking in vacuum for N, = 12 fermion lattice sites, corresponding to 11 electric field links. (a) numerical simulation

where the electric field value at each link is used as a measure of the location of the string. (b) schematic diagram of the string-breaking
process. In both cases, the y axis shows the fermion/antifermion lattice sites, and the x axis shows the time evolution.

corresponds to a bare state where effectively two fermion
creation operators are applied to the bare vacuum. It is
possible to extend this description and smear the relevant
states into wave packets. In this work, we do not pursue
this direction further but instead, refer the reader to
Refs. [154-156]. Another extension is to first prepare
the interacting vacuum state (i.e., ground state in energy)
and use the state created by applying the fermion creation
operators onto the interacting vacuum as the initial state;
see, e.g., Ref. [157]. This is also left for future work.
We quantify the presence of the string by measuring the
electric field expectation value in units of e as a function
of position and real time, i.e., (E(x,?)) (the electric field
operator is eE). The initial configuration can be seen at
t = 0 on the left end of Fig. 8. The string is shown in blue,
whereas green corresponds to no electric field. In our
convention, we choose the electric fields pointing upward
in the figure to have negative values such that the initial

nonvanishing electric fields are (E,,) = —1. If it is pointing
in the opposite direction, it will take positive values up
to (E,) = +1.

As time evolves, the string breaks® and hadronizes into
two spatially separated electron-positron pairs (“mesons”
that move away from each other with a certain velocity.
These bound meson states can be seen in Fig. 8(a) as small
blue regions moving toward the upper and lower edges
of the spatial lattice until 7 ~ 6. Eventually, when the two
meson states reach the boundary of the lattice, they
rescatter and start moving back toward the center of the
lattice, as shown by the yellow regions after t = 8. This is
an artifact of the finite size of our setup. With tensor

2Agajn, we will discuss other parameter choices, including a
case where the string does not break, in Sec. IV C.

networks, it is possible to simulate significantly larger
lattices [42], which we do not pursue in this work.

B. Medium

As a starting point, we will first explore how the string
breaking process described in Fig. 8 is modified in a
thermal medium. The real-time evolution of the string is
described by the Lindblad equation given in Eq. (8). For
our numerical simulations, we choose the delta function
environment correlator Dy = Dy, with different values of
the prefactor D,. Similar to the vacuum case, we again
subtract the result of the Lindblad evolved bare vacuum
state from the result obtained from an initial string
configuration. When ¢ > \A%I’ the initial bare vacuum state
also thermalizes, and the subtraction gives zero. Therefore,
we focus on the time region ¢ < |A—1]‘.

The open quantum system evolution of the string is
shown for an N =6 lattice in Fig. 9. The constant
Dy = 0.01, 0.15, 0.3 is increased from left to right. As
D, increases, the system is more significantly modified.
Additionally, we investigate whether a delay of the string
breaking mechanism is observed as D, is increased.
In order to quantify this effect, we determine the time
*(x) at which each site x = na reaches its maximum
electric field value,

t*(x) = arg 1nax|<E(x, 1)) (28)

Here ¢ is chosen in an interval 7 € [0, f,,,,c], Where 7., is
determined by the onset of boundary effects due to the
finite size of the lattice and is roughly 7~ 6 as shown in
Fig. 8. The results are shown in Fig. 10, where we plot ¢* as
a function of the site x = na with the index n €10, 1,2, 3]
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(E(x,t)) for e = 0.5, m = 0.0
(medium, Dy = 0.3)

(E(x,1)) for e = 0.5, m = 0.0 (E(x,t)) for e = 0.5, m = 0.0
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FIG. 9. String breaking in the medium for Ny = 12 fermion lattice sites for three different values of Dy with the delta function

environment correlator.

(we excluded the middle sites where the string is initial-
ized). We see that in the limit of small Dy (D, = 0.01), the
open system behavior approaches the vacuum behavior. We
also find that *(x) is larger for all x in the open system,
with a longer delay observed for a larger D,,. This delay can
be understood from the medium dissipation effect, which is
already known in the quarkonium dynamics in a thermal
medium [119,120]. When the initial pair of the electron and
positron is broken into two mesons, the energy stored in the
initial electric string is converted into the masses of the
extra two fermions and the kinetic energies of the two
mesons. The initial kinetic energies are the same as in the
vacuum evolution. The dissipative term, i.e., the Hg/T term
in the Lindblad operators shown in Eq. (10), reduces the
kinetic energy of the system and plays a crucial role for
the system to approximately thermalize. As a result of the
kinetic dissipation, the velocities at which the two mesons
move away from each other decrease, and the separation of
the two mesons is delayed.

arg max [(E(x,1))|

t*(x)

T = na

FIG. 10. The time ¢*(x) at which each site x = na reaches the
maximum electric field value. We find that #*(x) is larger for all x
in the open system (excluding the trivial central three sites), with
a larger delay observed for stronger D.

We also note that for a sufficiently long time, the string
magnitude at every site tends to zero. This is because we
take the difference between the result obtained from an
initial bare string state and that from an initial bare vacuum
state. After a long time, the system reaches the approximate
equilibrium state, which is the same for different initial
conditions in the case of the delta function environment
correlator. We would like to point out that if the initial state
was prepared by applying two fermion creation operators
on the interacting vacuum state, the subtraction performed
here would not be necessary.

C. Dependence on system parameters

The real-time dynamics of the string breaking depend on
the fermion mass m and coupling e. In the vacuum, there
are three different regimes [38,42], which are quantified in
Fig. 11(a) with a metric E defined as the average expect-
ation value of the electric fields in units of e at the three
central sites over a specified time window:

1

E=——
3(t,—t1) Jy,

“ar S (E(na,1)).

n€l4,5,6]

(29)

The three regimes are as follows:

(i) In the parameter region where m ~e? <1, the
fermion mass, the electric energy stored in the
electric fields, and the kinetic energy are all on
the same order, and string breaking can happen in
real-time dynamics. The electric flux between an
electron-positron pair will break to release enough
energy to create another electron-positron pair to
form two charge-neutral mesons that move away
from each other. This process can only happen when
the electric energy stored in the electric flux is
comparable to the sum of the typical kinetic energy
and twice the fermion mass. In Fig. 11(a), we
observe that at small m and e the string breaks,
corresponding to large (i.e., less negative) E. The
typical vacuum real-time dynamics in this regime are
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FIG. 11.
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String breaking in vacuum (a) and the medium (b) for different values of the mass m and coupling e. We show the expectation

value of the electric fields in units of e averaged over the three central lattice links and averaged over all the times between # = 3 and
t = 4 with an initial string located at the three central links. We use a delta function environment correlator with Dy = 0.15 and # = 0.1
for N = 6 sites.

T =na

T =na

plotted in Fig. 12(a). We predict that states with long
initial strings would undergo multiple string break-
ings, as anticipated from string fragmentation, re-
sulting in the creation of multiple mesons. For
instance, if the initial string is 7a long, the string
can break in three places to produce four mesons.

(E(z,t)) for e = 0.36, m = 0.17
(vacuum)

(i)

(E(z,t)) for e = 2.0, m = 1.0
(vacuum)

The phenomenon of multiple breakings requires the
initial string to be long, which is not considered here.
In the region where 2m =~ e > 1, the string cannot
really break in real-time dynamics since the energy
released from the breaking of the electric flux is
exactly equal or very close to twice the fermion

(E(z,t)) fore = 0.8, m = 3.0
(vacuum)
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FIG. 12. Real-time string dynamics in both vacuum (a, b, ¢) and the medium (d, e, f) with three different sets of parameters of the
Schwinger model. For the in-medium evolution, we use the delta correlator with Dy = 1 and = 0.1.
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mass, leaving little kinetic energy for the two
mesons to carry. The two mesons stay together,
and after a certain time, the fermion and antifermion
next to each other convert back into a string. The
real-time dynamics is just an oscillation between
these two states; i.e., fermion pairs are created and
annihilated but the string effectively stays in place,
and the created mesons do not move away from each
other, behaving like a molecule state. The typical
vacuum real-time dynamics in this regime are
plotted in Fig. 12(b). This regime corresponds to
the “wing” structure in Fig. 11(a). It appears as light
blue in the plot, corresponding to an intermediate
value of E~ 0.6 due to configurations where the
electric field values on central sites oscillate and the
fermion pair is created and annihilated. The period
of these oscillations depends on the values of m, e
which give rise to a varying magnitude of E due to
the fixed time window we examine.

(iii) In the region where m > e, 1 or ¢? > m, 1, the
string stays intact since the energy released from the
breaking of one unit electric flux is either too small
to create an electron-positron pair in the case with
m> e2, 1, or too large to have kinetic energies of
mesons sustainable on the current finite lattice setup
in the case with e2 > m, 1. Processes that signifi-
cantly violate energy conservation cannot occur at
any nonzero time in real-time dynamics. The first case
arises due to the inability to create a new electron-
positron pair, while the second case is the result of the
inability to access states of higher momentum. This
regime corresponds to £ ~ —1 (the dark blue region)
in Fig. 11(a), and its typical vacuum real-time
dynamics are plotted in Fig. 12(c), where the string
stays intact during the time evolution. We expect that
the string remaining intact in the e? > m, 1 region is
an artifact of the finite lattice setup that we are
studying, which imposes a cutoff on the highest
(lowest) momentum state available as ~1/a
(~1/(Na)). In the continuum and infinite volume
limits, the system can sustain arbitrary momentum,
and the energy being released from the string break-
ing can be converted into kinetic energies.

The modification of these three regimes due to medium
effects is shown in Fig. 11(b), where E is obtained from the
Lindblad equation as a function of e, m. We choose # = 0.1
and the environment correlator to be a delta function
with D, = 0.15. While we observe the same three regimes
as in vacuum, their behaviors are significantly modified. At
small m and e, we observe a regime of string breaking with
slightly larger magnitude of the string flux than in vacuum,
due to the delayed breaking effect discussed above. In
Fig. 12(d), we plot the real-time dynamics in this regime
for the medium case with the delta correlator, Dy = 1 and
f =0.1. We clearly see the quantum dissipation effect

caused by the medium, which damps the kinetic energies
of the mesons and protects the string from completely
breaking. This phenomenon has already been noted in
open quantum system studies for quarkonium inside the
QGP [119,120] and may be partially interpreted as quar-
konium recombination, a phenomenon known for a long
time in the heavy ion community [158—160]. At thermal
equilibrium, quarkonium dissociation and recombination
reach detailed balance [161,162]. Similarly, the significant
kinetic dissipation observed here can be interpreted as
string reconnection in the medium. States with different
string configurations in the Schwinger model reach detailed
balance when the system thermalizes, driven by the
interaction with the thermal environment.

Next, we consider the case where the string does not
break in vacuum, i.e., it is a bound state, which happens at
larger values of e, m. The medium can induce melting of
the string, no matter whether the string is oscillating or
stable in vacuum, as shown in Figs. 12(e) and 12(f), where
we use the delta environment correlator again with Dy = 1
and f = 0.1. The evidence of the medium-induced string
breaking can be seen from the lighter blue regions at late
times in the center of the lattice. This scenario is analogous
to quarkonium dissociation inside a QGP. The medium-
induced string breaking rate depends on the parameters of
the Schwinger model, as well as the environment correlator.
Here we see the string breaking rate is larger for e = 2,
m =1 than ¢ = 0.8, m = 3.0.

V. TOWARD QUANTUM SIMULATIONS:
ESTIMATION OF TROTTER ERRORS

Lindblad dynamics can be simulated with a quantum
algorithm based on the Stinespring dilation theorem [163].
The nonunitary evolution of the open quantum system can
be achieved by including an ancillary register, which allows
for the embedding of the evolution in an enlarged Hilbert
space. In this larger Hilbert space, the evolution is step-wise
unitary and repeated reset operations of the ancillary qubit
register lead to a time irreversible and non-unitary evolu-
tion. Following Ref. [164], we can simulate the Lindblad
evolution in terms of small time steps 6¢ = t/N.y;, where ¢
is the final time we evolve to, and Ny is the number of
time steps or cycles. The simulation protocol illustrated
in Fig. 13 proceeds by alternating between the application
of the unitary evolution operator associated with the
system Uy, = exp(—iHgdt) and the evolution operator

[0) . — 0 10, . 10)

0) " UJ = 10) 10) " UJ — 10)
[45(0)) HUas - Vs A
FIG. 13. Quantum algorithm to simulate Lindblad evolution

based on the Stinespring dilation theorem [163]. Here |y5(0))
denotes the initial state of the system.
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U, = exp(—iJ+/8t), where J is a block matrix that contains
the Lindblad operators in the first row and column

0o L .. Ly
Ly 0 .. 0

= | (30)
L, 0 .. 0

Here we limit ourselves to the case where the environ-
mental correlator is given by Ds(x) = &y, as in the
discussion around Egs. (8) and (11) above. The evolution
operator U acts on the system and the ancillary register of
qubits. The ancillas are reset after every time step 6¢, which
leads to a nonunitary evolution. In the limit N — oo, the
exact Lindblad evolution is recovered. The error associated
with the decomposition of the Lindblad evolution in terms
of Uy, and U, operators scales as ¢!, To illustrate the
numerical size of the error that is introduced by using a
finite number of Ny time steps, we show the evolution
of the Schwinger model as an open quantum system for
Ny = 1-4in Fig. 14 along with the full result based on the
fourth order Runge-Kutta (RK4) method. As an example,
we consider the expectation value of the electric field in
units of e summed over all links of the lattice

<;E(x = na)>, (31)

with the bare vacuum as the initial state. The same quantum
algorithm considered in this section can also be directly
used to simulate string breaking or the von Neumann

04 — Nyae=1 = Nyae=3 ==+ RK4
0.2 — Nyde=2 = Neyae =4
—~ 007
g
W
< 021
0.4
70_6 -
g 1.0
@l
AF
TlE
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n
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o
= 0.0

FIG. 14. Upper panel: comparison of the full Lindblad evolu-
tion (RK4) and results from the (noiseless) quantum simulation
using different numbers of cycles Ny, as shown in Fig. 13.
Lower panel: ratio of the different approximate results to the full
RK4 solution.

entropy studied in previous sections. All numerical results
presented in this section are based on an N = 2 spatial
lattice with e = 0.8, m = 0.5, a =1, and f = 0.1.

As the number of steps Ny is increased, the agreement
with the full result improves. Here we assumed that both U,
and Uy, can be mapped exactly to elementary quantum
gates, without considering shot noise and gate errors. In
general, the mapping of the unitary evolution operators U,
and Uy, to elementary quantum gates requires further
approximations. In Refs. [130,165], an efficient compila-
tion method [166] was used to approximately map the
unitary operators U; and Uy to elementary quantum gates.
However, for unitary operators acting on a larger number of
qubits this compilation process can become computation-
ally expensive. Instead, to implement the evolution oper-
ators Uy and U, on a quantum computer, a Trotter-Suzuki
decomposition [167,168] can be employed for both oper-
ators. This decomposition will introduce additional errors,
besides the errors arising due to a finite number of cycles,
as shown in Fig. 13. In this section, we will quantitatively
assess both types of errors.

We can write any Hamiltonian acting on n qubits, in our
case Hg and J, as

H=) H;=aP; (32)
J

where P;: {1,X,Y,Z}®" are strings of n Pauli operators
(and the identity). The relevant coefficients a; can be
obtained as

1

The unitary evolution with any of the terms in Eq. (32),
i.e., e7i’, can be directly mapped to elementary quantum
gates without further approximations [168]. We can imple-
ment the evolution of the full Hamiltonian H in Eq. (32),
using a first order Trotter decomposition

Uy (1) = [ [, (34)

J

The upper bound for the error of this approximation, i.e.,
the difference between U, (¢) and e~f’, is given by [169]

' 1
le=Ht — U, (1)] 5§Z||[Hj,Hk]||t2, (35)
Jj>k

where || - || denotes the spectral norm. The error bound of
the first order Trotter decomposition is proportional to the
square of the time ¢, and the size of the prefactor depends
on the number of noncommuting terms in Eq. (32).
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By decomposing the interval ¢ into r time steps, the error
can be reduced to

e U/ < 5 3l I (36

>k

Here U/ (t/r) denotes r applications of the Trotter decom-
posed unitary U, with each time step being #/r.
This implies that the value that needs to be chosen for r
and the computational cost to perform the simulations
within spectral-norm error ¢ scales as O(#?/¢). To further
reduce the cost, higher order Trotter formulas can be
used [169-171]. Here we limit ourselves to first-order
Trotter decompositions since we are primarily interested
in the difference between the closed and open system
evolution.

In the following, we present numerical results for the
Lindblad evolution of the Schwinger model using different
numbers of Trotter steps. For comparison, we start by
considering the error induced by the Trotter decomposition
for the vacuum evolution (i.e. N, = 1) of the Schwinger
model, which was also considered in Ref. [40]. The results
are shown in Fig. 15, where we choose exemplary values
for the number of Trotter steps r = 3, 5, 10. As expected,
the error increases for late times in comparison to the full
result, which is labeled as r = oo. Next, we consider the
Trotter error for the Lindblad evolution. Our numerical
results are shown in Fig. 16. For all results, we choose
Ny = 4, which provides a good approximation of the full
result for the time values shown here, as demonstrated in
Fig. 14. We denote the number of Trotter steps for Uy, and
U, by ry j, respectively. These Trotter steps correspond to a
further decomposition of the time interval of each cycle of

0.4 r — r =10
= r =25 =00
0.2
=007
)
Y
—0.4 1
—0.6 1
¥ o2
5}
2
5
ARTE
0 1 2 3 4 5
t
FIG. 15. Numerical results for the time evolution of the

Schwinger as a closed system. Results with a different number
of Trotter steps r are shown in comparison to the full result, which
is labeled as r = 0.

041 Neyae = 4
024 rg=1r;=1 — rg=11;=00
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0.0
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FIG. 16. Upper panel: Lindblad evolution of the Schwinger
model using the quantum algorithm shown in Fig. 13 for Ny = 4
as in Fig. 14. We show the result for different numbers of Trotter
steps of the operators Uy, and/or U, indicated by ry j, respec-
tively. Lower panel: difference between the different Trotter
approximations and the result without further Trotter decom-
position ry ; = 0.

time length 6¢. In other words, here, ry ; = 1 is analogous
to a Trotter decomposition of the vacuum result in Fig. 15
with 7 = 4. Interestingly, we observe that the error induced
by the Trotter decomposition for the open quantum system
evolution is smaller compared to the time evolution of the
closed system. This holds even though more qubits, and
gates have to be applied to realize the Lindblad evolution
due to the unitaries U;. For the closed system evolution,
we use three qubits, and for the open system, we need twice
as many. From the upper bound for the Trotter error in
Eq. (36) and the sequential application of quantum gates,
one might have expected an increased error for the open
quantum system evolution as there are significantly more
noncommuting terms that contribute to the total error
when Uj; is included. While these results may not be
universally applicable, they suggest the presence of
interesting error cancellation effects in the Trotter decom-
position of field-theoretical open quantum systems,
which motivates further detailed studies in future work.
Furthermore, we note that the Trotterization errors asso-
ciated with U; are much smaller than those associated
with Uy, as shown in Fig. 16.

VI. CONCLUSIONS

In this work, we considered the Schwinger model as an
open quantum system and studied its Liouvillian dynamics
focusing in particular on the string breaking mechanism.
This was achieved by coupling the Schwinger model to a
thermal environment, and in the quantum Brownian motion
limit, its time evolution is described by a Lindblad

094518-16



LIOUVILLIAN DYNAMICS OF THE OPEN SCHWINGER MODEL.: ...

PHYS. REV. D 108, 094518 (2023)

evolution equation. We were thus able to extend previous
studies of the static string tension in a thermal medium to
the dynamical case and observed a delay in the breakup
process with a lower relative velocity of the fragments due
to kinetic dissipation. We explored the dependence of this
effect on system parameters, and we also identified regions
of medium-induced breaking and reconnection of the
string. Due to similarities of the string breaking process
in the Schwinger model and QCD hadronization, our
results may provide guidance for constructing hadroniza-
tion models with or without medium [90,172,173] and help
us to decipher real-world collider events. With also sig-
nificant developments in real-time simulation of scatterings
in quantum field theories [10,11,174] and simulation of jet
production in the Schwinger model [29,157,175,176], we
hope these advancements combined with our work will
provide a promising outlook to simulate and study real-time
hadronization processes using simulations of real collider
scattering. In addition, we studied Liouvillian eigenvalues
and eigenmodes for short- and long-range correlated
environments. In particular, we studied the late time
relaxation dynamics in terms of the von Neumann entropy,
which is governed by the Liouvillian gap. We observed that
the CP symmetry of the Lindblad equation plays a critical
role when the environmental correlator is taken to be a
constant. These results set the stage for future investiga-
tions such as nonequilibrium phase transitions in quantum
field theories. Lastly, we estimated Trotter errors relevant
to quantum simulations of open quantum systems.
These errors turned out to be relatively small, making
simulations of open quantum systems an attractive candi-
date for the intermediate-term future application of quan-
tum computing.
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APPENDIX: DEPENDENCE OF THE
THERMALIZATION RATE ON THE
ENVIRONMENT CORRELATION
AND SYSTEM SIZE

In the numerical studies presented in the main text, we
observe the first Liouvillian gap A, decreases as the width
of the Gaussian environment correlation function increases,
and it also decreases with the system size (when the
environment correlation is a delta function). Here we
provide an analytic explanation.

We perform Fourier transforms in the Lindblad equa-
tion (8) by introducing

1 Ny—1
D(xi = x2) =3 3 DlkjePrt=s)/iy,
f k=0
Ny—1
L(k) = >~ L{x)em2/r, (A1)
k=0
and then obtain
Ny—1
dps(t) : @’
= —ilHg, ps(t)| +— >  D(k)
dr Ny —

(LWL ) = (L OLWLp3) ). (A2)

The anticommutator part of the Liouvillian operator can be
thought of as an imaginary Hamiltonian. We can use it to
estimate the relaxation rate of the system:

2 Nyl

D(k)L' (k)L(k). (A3)

The operator LT(k)L(k) is positive semidefinite. As a
result, the relaxation rate is increased when the values of
D(k) are larger with fixed N ;. For example, if we consider
a Gaussian environment correlation with width o in
position space, which corresponds to another Gaussian
with width 1/¢ in momentum space, the contributions to I"
from terms with nonzero k are more suppressed as o
increases. This is why the Liouvillian gaps characterizing
the relaxation rates decrease as the width ¢ becomes larger
in Fig. 5.

Next, we consider Dgs(x) = &, and discuss why the first
Liouvillian gap decreases with the system size N,. With
this delta correlation function, we have Ds(k) = 1 for all k.
Whether Eq. (A3) decreases with N/ is not obvious, since
each value of k in the summation contributes and there is an
overall prefactor 1/N . To understand the N, dependence
of the Liouvillian gaps, we need to analyze the dissipation
rate on a deeper level. We consider how an arbitrary
eigenstate |E,) of the system with eigenenergy E,
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dissipates by setting pg = |E,)(E,| and sandwiching the
right hand side of Eq. (A3) between (E,| and |E,). The
dissipation rate of this eigenstate is roughly given by

Ny—1

<y
Fn ~ o D(k)
Nf k=1

X ((Eq|LT (K)L(K)|E,) = KELIL(K)|E,) )
2 Ny—1

:% D(k)Y (E,JL"(K)E,)(En|L(K)IE,). (Ad)
k=1 m#n

where we have inserted a complete set of eigenstates (for
simplicity, we assume no degeneracy in the following). It is
worth noting that for each value of k, diagonal matrix
elements of L(k) do not contribute to Eq. (A4). The typical
absolute value of the off-diagonal matrix element

|(E,,|L(k)|E,)| is expected to decrease exponentially with
the system size for our system (e.g., as in the eigenstate
thermalization hypothesis for nonintegrable systems).
On the other hand, the number of terms in the summation
of Eq. (A4) is also exponential in the system size, i.e.,
~eNr for some constant ¢. However, not all of them are
nonvanishing. In fact, only eigenstates |E,,) whose
momenta differ from that of |E,) exactly by k contribute.
Their number is still exponential in the system size, by only

a fraction of the total number of eigenstates, i.e., ~ N% eNs,

since this fraction is roughly given by the inverse of the
number of momentum sectors in the system, which is N.
This explains why the relaxation rate decreases with N,
but it does not explain why the first Liouvillian gap
decreases in a specific power law N It is expected that
details of the system may influence the power exponent,
and we leave a more complete explanation to future work.
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