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We calculate the nucleon electric dipole moment (EDM) from the € term with overlap fermions on three
domain wall lattices with different sea pion masses at lattice spacing 0.11 fm. Due to the chiral symmetry
conserved by the overlap fermions, we have well-defined topological charge and chiral limit for the EDM.
Thus, the chiral extrapolation can be carried out reliably at nonzero lattice spacings. We use three to four
different partially quenched valence pion masses for each sea pion mass and find that the EDM dependence
on the valence and sea pion masses behaves oppositely, which can be described by partially quenched chiral
perturbation theory. With the help of the cluster decomposition error reduction technique, we determine the
neutron and proton EDM at the physical pion mass to be d, = —0.00148(14)(31)@ e -fm and
d, =0.0038(1 1)(8)6 e -fm. This work is a clear demonstration of the advantages of using chiral
fermions in the nucleon EDM calculation and paves the road to future precise studies of the strong CP

violation effects.

DOI: 10.1103/PhysRevD.108.094512

I. INTRODUCTION

Symmetries and their breaking are essential topics in
modern physics, among which the discrete symmetries C
(charge conjugation), P (parity), and T (time reversal) are
of special importance. This is partially because the viola-
tion of the combined C and P symmetries is one of the three
Sakharov conditions [1] that are necessary to give rise to
the baryon asymmetry of the universe (BAU). However,
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despite the great success of the standard model (SM), the
weak baryogenesis mechanism from the CP violation (€P)
within the SM contributes negligibly (~16 orders of
magnitude smaller than the observed BAU [2-6]). This
poses a hint that, besides the possible 0 term in QCD, there
could exist beyond-standard-model (BSM) sources of €P
and thus the study of €P plays an important role in the
efforts of searching for BSM physics.

The electric dipole moment of nucleons (NEDM) serves
as an important observable to study €P. The first exper-
imental upper limit on the neutron EDM (nEDM) was
givenin 1957 [7] as ~1072° e - cm. During the past 60 years
of experiments, this upper limit has been improved by six
orders of magnitude. The most recent experimental result of
the nEDM is 0.0(1.1)(0.2) x 10726 e - cm [8], which is still
around five orders of magnitude larger than the contribution
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that can be offered by the weak CP phase. Currently,
several experiments are aiming at improving the limit down
to 1072 e-cm in the next ~10 years. This still leaves
plenty of room for the study of P from BSM interactions
and the QCD 6 term.

As a reliable nonperturbative method for solving the
strong interaction, lattice QCD provides us the possibility
of studying the nucleon EDM from first principles and with
both the statistical and systematic uncertainties under
control. To be specific, lattice QCD can be used to calculate
the ratio between the neutron and proton EDM induced by
strong €P and the parameter 6, which is the most crucial
theoretical input to determine @ from experiments.

Many lattice calculations have been carried out on this
topic. However, there was a watershed in 2017 when it was
pointed out [9] that all the previous lattice calculations, e.g.,
[10-14], used a wrongly defined €2 form factor such that all
of those old results need a correction. Although the fixing is
numerically straightforward, none of the previous lattice
calculations gives statistically significant results after the
fixing, leaving a great challenge to the lattice community.
Since then, several attempts [15—18] have been made to
tackle the problem, but the signal-to-noise ratios of the new
results are still not satisfying, and no calculation performed
directly at the physical point gives nonzero results.

A possibility to bypass this difficulty is to perform the
computations with several heavier pion masses and extrapo-
late to the physical point. However, only with chiral fermions
can a correct chiral limit be reached at finite lattice spacings.
Otherwise, extrapolating to the continuum limit for each pion
mass becomes an inevitable prior step before a reliable chiral
extrapolation, which complicates the calculation and poten-
tially leads to hard-to-control systematic uncertainties. The
best result, so far, of this approach, using clover fermions,
obtained a 20 signal [16]. One could also carry out the
continuum limit using simulations with physical pion masses
directly, but the signal can be even more noisy.

In this article, we demonstrate that using chiral fermions
to extrapolate to the physical point from heavier pion masses
is the most efficient choice to study NEDM on the lattice at
the current stage. We employ three gauge ensembles with
different sea pion masses ranging from ~300 to ~600 MeV
and we use three to four valence pion masses on each lattice.
Therefore, we can study both the valence and sea pion mass
dependence of the NEDM and better control the chiral
extrapolation. The results we obtain at the physical pion
mass are d, =—0.00148(14)(31)0 e-fm and d, =
0.0038(11)(8)8 e - fm for neutron and proton, respectively.

More details of the nucleon EDM and 6 term will be
provided in Secs. II and III presents the simulation setup
used in this work. Numerical results taking advantage of the
cluster decomposition error reduction (CDER) technique
for the disconnected insertion [19] are shown in Sec. IV,
with the discussion on the systematic uncertainties in
Sec. V. Eventually a brief summary is given in Sec. VI.

II. NUCLEON EDM AND THE 6 TERM

The QCD Lagrangian in Euclidean space with the 6 term
reads (detailed conventions can be found in the Appendix),

1
LE =y(DF + my)y + 3 Tr | Fj FE —

2T o rE
> 0 FRFE™ .

(1)

where FE# = e7?FE . The effective parameter is
0=0+ Ni[ArgDet[M], where 6 is the original coefficient

of the 6 term and M is the quark mass matrix generated by
the spontaneous breaking of SU(2) x U(1) in the electro-
weak sector. For simplicity, we will not distinguish 6 and 6
in the following content. A crucial point is that, if
Det[M] = 0, the phase of the U,(1) transformation is
arbitrary, which means one can always find a chiral rotation
that lets @ = 0, leaving no net effect of CP. This indicates a
zero NEDM in the chiral limit [20], which poses a very
strong constraint in the chiral extrapolation numerically.
However, as mentioned before, for lattice fermions which
violate the chiral symmetry this constraint cannot be used at
finite lattice spacing.

Given that 6 is small, one can expand the theta term in
the action in the path integral and obtain the correlation
functions and matrix elements to the leading order in 0 as
oloo = (...) +i60(...Q,), where |0), denotes the vacuum

with the 6 term (namely, the 6 vacuum), and Q, =
[d*xq,(x) = #’; [ d*xTr[FE,(x)FE#*(x)] is the topologi-
cal charge of the gauge field. Based on this expansion, the

CP electromagnetic (EM) form factor F3(g*) can be
extracted from normal and Q, weighted nucleon matrix

elements with initial momentum p; = (m,0) and final
momentum p, = (Ey, q) as

2m (2E;Te[[MY9]
F 2 = f ! 4 - lG 2 }’
%(q ) Ef—l-m{ qi; Tr[FeM(z)] “ E(q )
3
Go(q) 2B TCME) L TilsMO
k Ef+mTr[[,M?] 2Tr[[, M|’
where the matrix elements are
M@ = (N(ps)IN(p:)),
3
M = (N(py)|V,IN(p)),
M2 = (N(p;)|Q,IN(p))),
3
M% = (N(pp)|Q:VuIN(p)). (3)

with vV, being the EM current operator, I', = % the
unpolarized spin projector, I'; = —iysy;I", the polarized
projector along the ith direction, ¢> = (p; — p;)* = —Q?
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the momentum transfer, and ¢, the nonzero component of
the momentum transfer. The above formalism is the same
for both neutron and proton. In the end, the nucleon EDM
can be extracted from the CP form factor F3(g?) in the
forward limit for neutron and proton respectively using

o F3,n/p(q2 - 0)9

d"/P - 2m

(4)

An interesting fact, as seen in Eq. (2), is that the neutron
P form factor at the zero momentum transfer limit,
F3,(0) has no €P angle a' dependence since G ,(0) = 0.

III. NUMERICAL SETUP

This study is carried out on three (2 + 1)-flavor RBC/
UKQCD gauge ensembles of domain wall fermions [21]
with the same lattice spacing 0.1105(3) fm and lattice
volume 24° x 64 but different sea quark masses. Using the
overlap fermion action [22] on the hypercubic (HYP)
smeared [23] gauge links, multiple partially quenched
valence quark masses (as listed in Table I with other
parameters) are calculated utilizing the multimass inversion
algorithm; thus both the sea and valence pion mass
dependencies of NEDM can be studied and the chiral
extrapolation can be more reliable.

Generally, the simplest implementation of overlap fer-
mions can be O(100) times more costly compared to the
traditional Wilson-like discretized fermion actions. To
improve the computational efficiency, 12-12-12 grid sources
with Z;-noise and Gaussian smearing are placed at ¢, = 0
and t,;. = 32 in one inversion with randomly chosen spatial
positions of the grid original point on different configura-
tions, and low-mode substitution (LMS) [24] is applied to
suppress the statistical contamination between different
source positions. We also use the stochastic sandwich
method (SSM) [25] with LMS to make the cost of using
multiple nucleon sinks be additive instead of multiplicative.
We use 8 sets of source noises and 16 sets of sink noises (for
each of the source-sink separations 6a, 7a, and 8a) to
improve the statistics. Five nonzero momentum transfers are
calculated such that we can reliably do the ¢ extrapolation
to get F5(0); the details of the g extrapolation will be given
in Sec. V.

In this study, we use overlap fermions as valence quarks.
The overlap Dirac operator D, satisfies the Ginsparg-
Wilson relation, which ensures the lattice version of chiral
symmetry at finite lattice spacing a. Moreover, since the
modified quark field ¥ = (1 — 1/2D,, )y is used for the
chirally regulated current operators and interpolating fields,
the effective quark propagator is then 1/(D, + m,), where
m, is the current quark mass and D. = D, /(1 —1/2D,,)
anticommutes with ys, i.e., {D.,ys} = 0 [26]. This is the
same form as in the continuum and the eigenvalues of D,
are purely imaginary. Actually, it has been shown that all

TABLE 1. Parameters of the RBC/UKQCD ensembles with
L xT =24%x64 at 0.1105(3) fm [21]; label, sea and valence
pion masses, nucleon mass with unitary quark mass, and the
number of configurations.

My s my (mn.s)
Label  (MeV) m,, MeV) (GeV) Negy
241005 339 282 321 348 389 1.14 805
241010 432 426 519 600 1.25 508
241020 560 432 525 606 1.30 552

the current algebra is satisfied with overlap fermions at
finite a. In particular, the anomalous Ward identity (AWI)
has been proven by Peter Hasenfratz [23] for D,, with
chiral axial vector current. And we have also shown
numerically [27] that the normalization factor Z, obtained
from the axial Ward identity in the isovector case is the
same (within error) as the one from the AWI in the
singlet case.

Geometrically, the 6 term is related to the
topological charge of the gauge field Q, = [d*xq,(x) =

3322 [ d*xFE,(x)FE#(x). Usually, the FF definition of the
topological charge with unsmeared gauge fields suffers
from large UV effects and cannot give integer total
topological charge values on the lattice (a review on this
topic can be found in [28]). One way to solve the problem is
to use the gradient flow to smooth the gauge fields and to
get renormalized topological charges [29-31]. Since we are
using a lattice chiral fermion, we have an alternative
way to obtain the topological charge. According to the
Atiyah-Singer index theorem, the topological charge equals
the numerical difference between the left-handed zero
modes of D,, and the right-handed zero modes, that is,
Q, = n_ — n_, which ensures integer topological charge on
each configuration with no additional renormalization. This
definition is theoretically the same as the definition from
the overlap Dirac operator

0= 5hs0ul =T rs(1-2) ], 9

where the trace over all color, spin, and space-time indices
of D,, can be estimated through noise sources. And this
D, definition can also be used to define the topological
charge density ¢,(x). The topological charge term is
essential in the nEDM calculation and the overlap defi-
nition reduces the subtleties in the evaluation of the
topological charges, which is another benefit of using
chiral fermions.

It is interesting to note the difference between topologi-
cal charges from the overlap definition and those from the
gluonic definition with long enough gradient flow until
integer topological charge values are reached. We find that,
as shown in Fig. 1, the total topological charge on
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FIG. 1. Topological charge distributions over gauge configu-
rations with different definitions. The distribution with label N,
corresponds to the topological charges from counting the zero
modes, which should be the same as the one with label D,,. The
nuanced difference between them comes from the fact that D, is
estimated by noise and has statistical fluctuations. The distribu-
tion with label FF corresponds to that using the gluonic
definition with 7, = 4a®>. The brown color is the overlay of
orange and blue.

individual configurations with the gluonic definition
is not necessarily the same as the one with the overlap
definition. This is actually natural as they involve different
regulations. However, the topological charge distributions
over different gauge configurations in a given ensemble are
similar. All the distributions are approximately symmetric
with central value at around zero, and it seems the gluonic
definition gives more zero charges. Now, a further question
is whether they will lead to consistent physical results at
finite lattice spacing.

For the purpose of checking physical results, we calcu-
late the topological susceptibility on the same lattice

1

Xt = <Q%> (6)

<|

The upper panel of Fig. 2 plots the fourth root of the

topological susceptibilities )(,1/ * from the FF definition
with different flow time and the overlap definition as a
function of pion mass. It shows that at large flow time 4,
the value of the topological susceptibility from the gluonic
definition tends to approach that from the overlap defi-
nition. However, it is found that, even at tp= 642, the X
value from the gluonic definition is still around 10% higher
than that from the overlap definition, and this discrepancy
roughly remains unchanged for the three different pion
masses we use. Although there is a gentle trend that the
central values will be closer as the flow time 7, is larger

200 A
190 4
180 A
3 X
E 170 A
4
= 160 - ¥
% ¥ Do ¥ FF(tia®=4)
1501 ¥ FR(tga?=1) % FE(t/a?=5)
% FF(tda®=2) ¥ FE(tda?=6)
140 A o 5
X X FF(tda?=3)
015 0.20 0.25 0.30
m2 (GeV?)
170 A
S 160
[J]
z
Q
S 1504 % Doy
¢ ¥ FE(tda?=1)
+ ~
o 140 % F/—:(tf/a2=2)
= % F/-:(tf/a2=3)
130 ’l‘ % FF(tga?=4) +
% FF(t#a?=5)
120 - * ¥ FF(tda%=6)
0.'15 0.'20 0.'25 0.'30
m2 (GeV2)
1/4

FIG. 2. The fourth root of the topological susceptibilities y,
(upper panel) and ()(z(miz + miz))l/ 2 (lower panel) from the FF
ml

.S

definition with different flow time and the overlap definition are
plotted as a function of pion mass.

still, for the study at only one lattice spacing, it is hard to
justify a precise choice of 7, that is large enough.
The difference can be attributed to the O(a?) discretization
error. To further verify which definition is optimal to
use in this study, we plot (Z’(miﬁ_, +mizm))1/ 2 in the lower

panel of Fig. 2, which should give the pion decay constant
f in the leading-order (2 + 1)-flavor chiral perturbation
theory, since

2
Xt ZA;JCT- (7)

2 2
mei Ma.s

One can see that the values from the overlap definition are
closer to the physical value. This demonstrates that the
overlap definition of the topological charge has smaller
discretization error and is more reasonable to use in the
numerical calculation as well as the chiral extrapolation.
Another conclusion that can be drawn here is that the
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to ts to ty

FIG. 3. Illustration of the CDER technique used when comput-
ing the correlation functions with the local topological charge
summed inside the sphere with radius R.

specific topological charge value on each single configu-
ration has not much effect on the physical correlations; only
the distribution matters.

IV. CDER IMPROVEMENT AND RESULTS

To further suppress the statistical uncertainty of M2
and M®)2, we take advantage of CDER for the discon-
nected insertion [19]. As illustrated in Fig. 3, we write the
total topological charge as the summation of the local
charge density ¢,(x) derived from the overlap operator
[32.33] as ¢,(x) = $ Tr[ysDyy (x. x)], where the trace is over
the color-spin indices, and convert the two-point function
weighted with the total topological charge @, into a
summation of the three-point functions involving g,(x)

Z<zqt X+ 1)y

where y is the nucleon interpolating operator, G denotes the
source grid, and x = (tf,)?). We then use the cluster
decomposition property to limit the sum to a range
commensurate with the correlation length

~Z<§th+r (to,g)>

20 4 O(e—ﬁmtf’ e—qu), 9)

WH0.9).  6)

which reduces the variance by a volume factor [19]. In
Eq. (9), R is the four-dimensional truncated size of the
topological operator, ém is the effective mass gap between
the nucleon and its excited states, and m,, is the mass of the
pseudoscalar meson 7.

Similarly, the three-point function with @, can be
converted into a four-point function with g,(x)

[r|<R
)QNze—ici(f—i)< Z 4:(y+r)J (to,g)>
MBC L O(e=dmlte=to) o=0E(@)(ty=te) g=mR) — (10)
where y = (¢.,y), and 6E(g) is the energy gap_ of the

nucleon and its excited states with 3-momentum g at the
sink. Using Egs. (9) and (10), the € form factor F5 can be

—0.02 -

—0.03 A %

—0.04

F3

—0.05 -

—0.06 -

—0.07 A

linear fit

0.0 0.2 0.4 0.6 0.8 1.0
Q2 (GeV?)

FIG. 4. The cutoff dependence of F5,(Q* = 0.2 GeV?) with
different m, ,, and m, ; = 339 MeV. We can see that the value
saturates at R ~ 9a.

calculated as a function of cutoff R. Due to the cluster
decomposition principle, operators far enough separated
have exponentially small correlation. When the distance
between operators is larger than the correlation length
~1/m,, the signal falls below the noise while the errors still
accumulate in the disconnected insertions [19]. So we bind
the topological charge to the sink of the nucleon in the
three-point functions or to the inserted currents in the four-
point function to see if a proper cutoff R exists, such that
the physics is not altered while the errors can be reduced.

Then we do the two-state fit to eliminate the excited-state
contamination of nucleon matrix elements at each value of
R, and obtain F5(Q?) as a function of R. The corresponding
systematic uncertainty is estimated to be the difference
between the value from the two-state fits and that from
single-exponential fits using only the middle point at
different separations. Taking F3,(Q* =0.2 GeV?) at
m, ¢ = 339 MeV and different m, , as an example (shown
in Fig. 4), the central value starts to saturate at around R =
9a~2/m, as expected. Since the R dependence for
different pion masses are similar, we choose R, = 9a as
our optimal cutoff in the neutron case. For the proton, we
use R, = 10a. The systematic uncertainty of this cutoff will
be discussed in detail in Sec. V.

Benefited from CDER, the data points of F3 ,(Q?) show a
non-vanishing Q* dependence as shown in Fig 5 for the case
of m, , ~m, = 340 MeV, while there is no significant
deviation from a linear shape. Thus, we use a linear fit for the
extrapolation to Q% = 0, and estimate the corresponding
systematic uncertainty to be the difference between the
extrapolated value and the data value with the smallest Q2.

After the Q% — 0 extrapolation, the final chiral extrapo-
lation of the neutron EDM is shown in the upper panel of
Fig. 6 with both valence and sea pion mass dependencies.
We observe that the partially quenched data behave
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FIG.5. The Q? dependence of F5, withm, ,~m,  =339MeV.
The green band shows a linear fit in Q.

differently from those with unitary points in the lower
panel. The former tend to move away from zero as the
valence quark mass decreases. Using the overlap fermion
allows us to fit our data with the partially quenched chiral
perturbation form [34] at finite lattice spacing,

0.000
& 241005
& 241010
—0.002 4 3 241020
¥ -0.00148(14)(31)
€ -0.004
=
)
i
‘o: —0.006 A
—0.008 -
-0.010 T T T T T
0.0 0.1 0.2 0.3 0.4
m2 (GeV?)
0.000
& 241005
& 241010
—0.002 3 241020
§ -0.00142(20)(29)
E —0.004 A
)
]
<5 —0.006 A
—0.008 A
-0.010 T T T T T
0.0 0.1 0.2 0.3 0.4
m2 (GeV?)

FIG. 6. The chiral extrapolation of d,/6 on both the sea and
valence quark masses (upper panel) and on only the unitary
points (lower panel).

2
m
— 2 v 2
dyp = CnjpMi,slog (m—2> + Con/pMis
N
2 2
+ C3,n/P(m7r,v - mﬂ,S)’ (11)

where ¢y3,/, are free parameters. Our lattice data are

well-fitted to the above form with y?/d.o.f. = 1.2 using
correlated fittings, and our numerical results suggest that
the different valence and sea quark mass dependence is
consistent with the chiral perturbation expression. It is also
interesting to point out that the chiral log term is crucial to
ensure that the NEDM approaches zero in the chiral limit of
both the valence and sea quark masses. With the zero
NEDM constraint at the chiral limit, our interpolated result
for neutron is d, = —0.00148(14)0 e - fm, where the stat-
istical uncertainty is less than 10%. This is quite an
improvement from the 2¢ statistical error in Ref. [16].
We also carry out another chiral extrapolation using only
the unitary pion mass points, as shown in the lower panel of
Fig. 6. It gives d, = —0.00142(20)0 e - fm, which is
consistent with the prediction using partially quenched
data points but with larger statistical uncertainty. We take
the difference between the extrapolated results with and
without partially quenched data points as an estimation of
the systematic uncertainty in the chiral extrapolation.
The proton EDM and its systematic uncertainties can be
obtained with a similar procedure and the result is shown in

0.030 -
0.025 -
0.020 1
E 00151
)
2 0.010 1
S :
0.005 - ‘ § 241005
% 241010
0,000 - & 241020
i 0.0038(11)(8)
—0.005 -— T T T T
0.0 0.1 0.2 0.3 0.4
m?2 (GeV?)
0.030
3 241005
0.025 4 § 241010
& 241020
0.020 A ¥ 0.0037(19)(7)
E o.0151
e
2 0.010 1
UEL
0.005
0.000 1
-0.005

0.0 0.1 0.2 0.3 0.4
m2 (GeV?)

FIG. 7. The same as Fig. 6 but for the proton case.
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FIG. 8. An example of a two-state fit of F;, with  FIG. 9. Upper panel: The cutoff dependence of F;,(Q* = 0)

0% =02 GeV?, R=9a and My, ~m,, =339 MeV (upper
panel) and the systematic uncertainty distribution over
different momentum transfers, CDER cutoffs and pion masses
(lower panel).

Fig. 7. More detailed discussion on the systematic uncer-
tainty estimation will be presented in the next section.

V. SUMMARY ON THE SYSTEMATIC
UNCERTAINTIES

In this study, the main sources of systematic uncertain-
ties are the two-state fits of the three-point (four-point)
function to two-point function ratios, the momentum
extrapolation, the use of the CDER technique, the final
chiral extrapolation, and the finite lattice spacing effect.

1) Two-state fit: The systematic uncertainty from the
two-state fit is estimated by the difference between the two-
state fitted values and the results from single-exponential
fits using only the middle point at different separations.
Usually, one compares the two-state fits results and the
values of the middle data point at the largest separations to
estimate the systematic uncertainty. In our case, since we
are using relatively small source-sink separations, we fit
the middle points to a simplified form Cy+ C,e ™™ to
account for the excited-state effect on different separations
t;. Then, we consider the distribution of the difference

with different m,, and m,; = 339 MeV. Lower panel: The
correlation in terms of the 4D distance r between the topological
charge operator and the current operator. Different colors are for
different pion masses.

between the two-state results and Cy’s (as shown in the
lower panel of Fig. 8), and take the lo width (68%
probability) to be the final systematic uncertainty, which
is determined to be 13%.

2) CDER technique: The systematic uncertainty due to
the use of the CDER technique is a crucial one. The key
idea of CDER is that operators have finite correlation
length and going beyond the correlation length results in
only noise rather than signal. In our case, the topological
charge operator is summed up to a cutoff R with the center
being at the position of the EM current. We can have an
optimal cutoff to have saturated signal and improved
statistical error. The upper panel of Fig. 9 shows the d,
dependence on the cutoff R. We do observe that, after
R > 9a, the central values do not change (within errors)
while the errors are getting larger. The lower panel of Fig. 9
shows the difference of d,, normalized by the number of
equivalent R’s

1
Npiy

[d,(R+1) = d,(R)], (12)
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which is in fact the correlation in terms of the 4-D distance
r between the topological charge operator and the current
operator, since

dy(R) ~ Y (Nlg(x + r)J,(x)IN). (13)

[r|<R

where (N|q(x 4+ r)J,(x)|N’) denotes the nucleon matrix
element that encodes the correlation. This panel demon-
strates that the correlation decays exponentially and there is
indeed a finite correlation length. The optimal cutoff is
chosen to be Ry = 9a. The systematic error can obtained by
two ways. One is to take the difference between the value at
Ry =9a and the constant fitted value after that cutoff.
From data such as that in the left panel the systematic
uncertainty is estimated to be ~10-15% in this way. The
other way is to fit the correlation to an exponential form
first, and then put the fitted correlation in the summation
dy(R) ~ 3 =k, (4(0+1)J,(0)) to estimate the contribu-
tion from the truncated tail. In this way, with the correlation

—0.02 -

—0.03 -

—0.04 -
m —0.05 1
w

—0.06

—0.07 A

square fit

0087 linear fit

0.0 0.2 0.4 0.6 08 1.0
Q? (GeVv?)

0.25

0.15 1

probability

0.10 4

0.05 4

0.00 -
-30 -24 -18 -12 -6 0 6 12 18 24 30

error(%)

FIG. 10. An example of momentum transfer extrapolation of
F5, with R = 9a and m,, ~ m, ; = 339 MeV (upper panel) and
the systematic uncertainty distribution over CDER cutoffs and
pion masses lower panel). In the upper panel, blue points are
lattice data and the green band shows a linear fit in Q° while the
red band shows the fit with an additional Q% term.

data such as that in the lower panel of Fig. 9, the
corresponding systematic uncertainty is estimated to be
~10%. So the two methods give consistent systematic
uncertainties and we choose ~12% to be our final
estimation.

3) Momentum extrapolation: Considering the systematic
uncertainty from the momentum extrapolation, although
we have five momentum transfers, the data points show no
significant deviation from a linear shape due to the large
uncertainties, so we use a linear fit for the extrapolation and
estimate the corresponding systematic uncertainty to be the
difference between the extrapolated value and the data
value with the smallest momentum transfer. Similar to the
two-state fit case, the systematic uncertainty is estimated to
be 10% by taking the 1o width of the error distribution
shown in the upper panel of Fig. 10. We can also estimate
this systematic uncertainty by the difference between the
extrapolated results with or without a Q* term, which is
also 10% of the central value and consistent with the
present estimate.

4) Chiral extrapolation: For the systematic uncertainty
from the chiral extrapolation, we take the difference of the
extrapolations with and without partially quenched data
points to be our estimation. As shown in Fig. 6 (the chiral
fits for neutron) and Fig. 7 (that for proton), the difference
is around 3%. The small systematic uncertainty of chiral
interpolation is understandable since the chiral limit pro-
vides a very strong constraint to the interpolation.

The total systematic uncertainty is found to be 21%,
which is simply calculated by quadrature from all the
systematic uncertainties.

VI. SUMMARY

We calculate the nucleon electric dipole moment with
overlap fermions on 3 domain wall lattices at lattice spacing
0.11 fm. Since the overlap fermion preserves chiral
symmetry, we have well-defined topological charge and
the chiral extrapolation is carried out reliably without the
need of doing continuum extrapolations first. We have in
total three sea pion masses and ten partially quenched
valence pion masses in the chiral fitting and find that the
EDM dependence on the sea and valence pion masses
behaves oppositely, as expected from partially quenched
chiral perturbation theory.

With the help of the CDER technique, we determine
the neutron and proton EDM at the physical pion
mass point to be d,, = —0.00148(14)(31)¢ ¢ - fmand d, =
0.0038(11)(8)8 e - fm, respectively. The two uncertainties
are the statistical uncertainty and the total systematic
uncertainty from the excited-state contamination, the
CDER cutoff, and the Q? and chiral extrapolations. By
using the most recent experimental upper limit of d,, our
results indicate that @ < 107'°. This work demonstrates
the advantage of using chiral fermions in the NEDM
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calculation and paves the road to future precise studies of
the strong CP effects.
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APPENDIX A: CONVENTIONS
AND FORMALISM

In this part of the appendix, we list our notations and
conventions in a very detailed manner, which we think is
quite worthwhile since the final sign of EDM depends
directly on the conventions used.

1. Gamma matrices

First, for the gamma matrices in Minkowski space, we
use

v} = 21, (A1)

where #,, = (4+.—,—,—) is the corresponding metric
tensor. Similarly, we have, for the Euclidean ones,
{ri.vl} =2u, (A2)
with #, = (4, +, 4+, +). Our choice is to let y§ = y° while
yE = —iy'. For the momentum we have pf = iE = ip® and
pE = pi, this definition ensures p =yop°+y;p =
—iyspi —iripi = —ip”.
Then, with the above definitions, we come to the
following conventions of the spinors

—igE
uit = —ﬂ;nm, ufuf = 4lﬂzm+ m’ (A3)
and we define
ow=2len)  oh=2lEsE (A4)
1774 2 e lvl 177% 2 usrlvl:
in our notations.
2. QCD Lagrangian with the 6 term
The Minkowski QCD Lagrangian reads
. |
£ =plip - m)y - FiuFl
_ . 1
=y (ip—my — ETr[F/wFlw]v (A5)

where the covariant derivative is D, =d, — igA, with a
minus sign in front of A,. Along with this convention,
we use

1
F,=——[D, D) =0A,-

d,A, —iglA,, Al
v —ig (2 vy lg[u lz]

(A6)

To have the QCD Lagrangian in Euclidean space, we
first notice 0° = iof and o' = —o¥, and for the gauge fields,
the conversion is the same as that of pf and p,

AE = iA,

AE = Al (A7)

Combining the above relations, we come to

0 0
DY = g~ i<ax—E+ igAf> =iDi,  (A3)
4

and

. 0 ) 0
D= O iaai ( + igA;s> —_Df.  (A9)

ox; oxE

Plugging in the conversions of the gamma matrices,
we have
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iD%q +iD'y; —m = =Dfy§{ — Dfyf —m.  (Al0)

The Minkowski field tensor satisfies

F B =23 " FoF% 4+ 2) F;;Fi = —2E? + 2B,

i<j
(A1)
where E' =E; =Fy;=—F%, and B' = —1e'*F,; = B, =
— e F/* Tt is easy to check that
Ei = —iEF, B =-BF, (A12)
and such that
FLFE® —2(EFP 1 (B = F b, (AL3)

Then, we finally reach the form of the QCD Lagrangian in
Euclidean space

1
LE =y (PE+ m)y + ETr[nyFE’””]. (A14)

When the 6 term is taken into consideration, in

Minkowski space, we have £ — £ + L, and
2 2
g Fa v _ g
1672

69:6'32 5 Fi

Tr[F,, F*]=0q,  (AlS)

where FH = etP°F ,o and g, is the topological charge
density. Based on the above conversions, we have

F B =23 " FoFo +2) F;;Fi = -8E - B,

i<j
FEFEm =23 " FEFFO 42 "FEFEI = 8iE - B,
i<j
(A16)
and in the end
1
LE+ L5 =w(PE+ my + ETr[F,’f,,FE'W]
8- Te(FE FEm Al
— i1 Tr[F,, F**). (A17)

3. Spinors under the  vacuum

Now we have determined the Lagrangian in Euclidean
space. In the following part of the appendix, we will work
in the Euclidean space and omit the superscript £ unless
otherwise specified.

After the 0 term is plugged in, the P and CP symmetries
are broken. The normal Dirac equation and spinor defi-
nition should be modified. The new Dirac equation reads

[—ipf—mPe@Ors|yl = @0 i —mPe~@0)rs) =0, (Al8)
where the superscript @ denotes quantities under the 6
vacuum and «(6) is an unknown function of 6. Up to
terms linear in @ (due to the smallness of ), we have, for
example,

[—ipf = m(1+ fLO)(1 = ia'Oys)|(1 + fLO)u = 0, (A19)
where fl, a!, and f! are expansion coefficients.
Subtracting the normal Dirac equation, we get

—m(fy —ia'ys)u + [=ip —m|fiu =0 (A20)

Since the nucleon mass has no leading @ correction [35]

m? = m+ O(6?), (A21)
the new spinors can be expressed as
u® = el@'0rsy (A22)
and
nf = e s, (A23)
such that we have
; g
W ()i (p) = —p e me T +2’::lza }/59. (A24)
Also, we define the overlapping factor
(Ol IN) = Zu (A25)

where y is the nucleon interpolating field operator and |N)
is the corresponding nucleon state. Then, under the 0
vacuum we define

HOlIN)y = 200, (A26)

Similarly, we have

7% = 7 + O(6?). (A27)

4. Form factors

In Minkowski space, we use the following electromag-
netic form factor decomposition

Fz(qz)
2m

u(p),
(A28)

(N'lgywIN) = a(p') v, F1(q*) + ic,q”
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where F; and F, are the Pauli and Dirac form factors
respectively, g = p’ — p with p’ the momentum of the
outgoing nucleon (&(p')) and p the momentum of the
incoming nucleon. For the Minkowski case, with our
conventions we have

- 7#%)7 (A29)

ic,,q" = (q,

and using the Dirac equation (¥ — m)u = 0 we get

u(p)liowqlu(p)

= 2ma(p')[y,Ju(p) - (A30)

w(p")py + pulu(p).

On the other hand, with the Euclidean notation, we have
—oh,qt = i(yEd* — ) Similarly,

" (p'")[=omqru(p")
= 2mit® (p'")[yF1u” (p) + in"(p')[p}F + pi]u* (p").

(A31)

So in order to have consistent results for both Minkowski
and Euclidean space, one should use —o% g~ under our
convention,

it (p'F) [yEF (¢?) - GEMEFZZ(Z) uf(pF).

(A32)

(N'ly,IN)E =

For the CP case, we have an additional form factor F 4

Fi(q?)

—O0wq,Y5 32m <A33)

N.B., when taking the phase carried by the €2 spinors
into consideration, this CP odd form factor should
be modified as well. The relation between the correct
CP form factor under the 6 vacuum F; and F% can be

retrieved by considering the parity transformation of the
normal spinors

u(p) > u(p)=rsu(p), u(p)—u(p)=u(p)rs, (A34)

and the €P ones

u’(p) = u’(p) = ey u(p) = (1+ia0ys)ysu, (A35)

i’ (p) = @’ (p) = u(p)yse® s =a(p)ys(1+ia,0s).
(A36)

Specifically, we have

i0F; = 2ia'0F, + i0F = i0(2a'F, + F}).  (A37)

5. Correlation functions

In general, path integrals under the € vacuum can be
estimated by employing the Taylor expansion in 6 and
keeping only the leading term

/ DA -Det[M]e 5,100
~ / DA -Det[M]e™5 +i6 / DA -Det[M]|Q,e™5%, (A38)

2
where Q, = [d*xq, = L [ d*xFL, FE+ is the total topo-
logical charge and ¢, is the charge density. Correlation
functions can therefore be accessed by

oloe = (...

For example, the two-point functions can be expressed as

) +i6(...0,). (A39)

G} = G, +i0GY, (A40)
where GY, G,, and G2Q are two-point functions evaluated
with the @ term, normal two-point functions, and two-point
functions weighted by the topological charge, respectively.
Since,

m
GG — Zle —Et "
2 € E

=722 e B i+ 22 e Dialyso,  (A41)
E E

where Z and Z’ are the sink and source overlapping factors

and m and E are the nucleon mass and energy, and

Gy, =27""e" EtE u(p)a(p), (A42)

we can get

- m
GY=G}-G, = 27 M Zalys.  (A43)
Here we are assuming ¢ is large enough so that only the
ground state survives to simplify the equations. These two-
point correlation functions offer to a way of determining the

CP angle o',

0 1
lTr[ySGZ] — la Tr[l4] — al’ (A44)
2Tr[l—'eG2] 2 %Tr[ld
1+74

where I, is the unpolarized projector and 1, is the 4
by 4 identity matrlx. The angle o' is actually the leading
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coefficient of the spinor dependence on 0, which, in some
sense, measures the CP effect of the 6 term.
For the three-point function case, similarly, we have
GY = G; + i0GY. (A45)

The normal three-point function is

2
i u(py)(NglJ, Ny (p;),

Gy = 77/ T e~Erlt=10) g=Eite m
: EE,

(A46)

where the subscripts i and f are for the initial and final
nucleons respectively. Denoting the common factor

The relation between the correlators and the form factors
will be derived as follows. In general, the nucleon matrix
elements in the three-point correlation functions can be
decomposed into CP even and CP odd form factors Wi'*"

and W5l as
Gy = Au(pp)u(ps) Wi u(p;)a(p;).  (A48)
and

Gg —_ Auﬁ(pf>ﬁ9(pf)(wzven + iewﬁdd)uﬂ(pi)ﬁﬁ(pi)‘
(A49)

Thus, we have

77/ e~Erlty=tc) g=Eit. E’"; = A for simplicity, we have Gs _ —ipy+m Jyeven —igi+m ’ (A50)
A 2m s 2m
G§ = Aue(pf)9<Nf|Ju|Ni>9ﬁ9(Pi)' (A47) and
|
; 206 : 240
G_g _ —lﬂf -+ mete* s (Wz\’cn n i@Wﬁdd) —iy; + me a'Oys
A 2m 2m
_ (T e TPt M
2m s 2m
. —igi+m —ipg;+m —ipr+m ig;+m
+i6 <a1y5W§V"’“ Zlm T weenglys + 5 wodd 2’m . (A51)
! 2
So by doing a similar subtraction, we arrive at o £ Tlu(pp) (NN a(p;)]
RS(Fi’Jﬂ;pi’pf’p): ' mT [F — ]
G2 —igi+m —igy+m 7 Tr[lCu(p)u(p)
=3 _ (Xl)/ Weven ! S Wevenaly
A S5Wu 2m 2m H 5 (B3)
—ip;+m —ip;+m
+ 2f m W;(de 2l m (A52) Here again we assume ¢ is large enough to simplify the

This is what the three-point correlator weighted by the
topological charge looks like, and is what we use to extract
the &P form factors.

APPENDIX B: EXTRACTING FORM FACTORS

To calculate the CP form factor, we need to the make
three-point function to two-point function ratios

R3 (Fi7 J”) = w eEf(tf_tc)eEi(t(:_tO)’ (Bl)
eJ2
and
0
R?yQ (FH Jﬂ) = WQEI (tf_t<‘>eEi(tL‘_t0)’ (Bz)
Il .Gy

where T'; is the polarized projector and J, stands for the
current insertion. If we write down the explicit form of the
correlators, we have, e.g., in the CP even case,

equations. Details of dealing with the excited-states con-
tamination are discussed in the systematic uncertainty
section, Sec. V. The additional overlapping and kinematic
factors in Eqs. (B1) and (B2) are cancelled with proper
combination of two-point correlation functions. Please note
that in our numerical setup we always set the initial
momentum p; = 0 in three-point functions. With proper
selection of the momentum p ¢, polarization I'; and current
insertion J,, the ratio gives the desired nucleon matrix
element for particular form factors (or combinations of
form factors). The relation between the corresponding form
factors and the setup of the ratios are derived as follows.

For the normal EM case, we choose unpolarized pro-
jection and vector current y4, which gives (in our momen-
tum setup)

Tr|I',G5(y
R];Ml(revyél): [ 3—('_4)]
Tr[FeG2 (p _O)]
E;+ 71 E;+
Bt ML __p,| Etmg,
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where Gp = F; — 42:2 F5 is the electric form factor. The last R§M2([‘i, vj) = M
step used the fact that the momentum transfer ' Tt Gy (p = 0)]
Prk
- = —€ijk 3o (Fl + FZ)
q* =g = AE? = |g|* — (Ef —m)? (B4) " 2E;
. Prik
and “Cijk 5 2E; Gu. (B8)
lg* = E;Zf —m?. (B5) where Gy = F; + F, is the magnetic form factor, or
unpolarized projection and y;,
Therefore, we have
Tr|,G5(y;
2 2 o 2m L, R§M3(Fe77i) = r[e—i(yl)]
¢ =B = (Ep-mP = g (B6) T Gal7 = O]
f +m 2
- p L g - F
and 2 E; Vo am2 2
. pf i
a1 = 1 Ep+ qu - q_2 (B7) B 2Ef G-
2m(E;+m) 2m(E;+m) 2m 4m?
. o These ratios can be used to extract the CP conserved form
We can also choose polarized projection (I';= factors. For the €P case, we can choose the polarized
1+“ ysv:) and the y; current, projection and y4, which turns out to be
[:GS (14)]
ROEMI (T T
3 ( i 7/4) TI‘[F G2( 0)]
pf,i 1 Ef + 3m 1 Ef +m ,
=22 \alF,+—~L—alF F
2Ef _a 1 + a s + m 3
Dri Er—m Er4+m
- ﬁ _alFl - f2 Fy+ L (2a'F, + Fg)}
Pri| 1 Ey+m
=——|a'G F5l. B9
2E; _a et s (B9)

An important fact about this ratio is that the neutron
form factor F3,(0) has no a' dependence since
G, (0) = 0. This means that one does not need to have
any information about a' or the other CP-even form
|

Tr[,G2 (7,
RSQ,EMZ(thi) . r[ iU3 (J’z)]

E
=—i [al

factors if one focuses only on the neutron case with
g*> = 0. But o' is still essential to obtain the correct values

at nonzero ¢* for both the proton and neutron cases.
Similarly, we can also use

T TH,Ga(p = 0)

E
=—i [al

and
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Tr[FiGBQ(yj)]

ROYEM3 by — L IE3 M
G AR

_ _LPriPrj

_ il PriPri gy PriPri |
mEy

4 mEy

[a'Fy + F}], (B10)

which prefers giving the combination of a'F, + F} rather than F3 = 2a'F, + F.
We use the ratios REM! (T, 7,), REMX(T;,7;), and R$™'(T';, 7,) in our calculation.
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