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We investigate the ten independent local form factors relevant to the b-baryon decay A, — AZT¢,
combining information of lattice QCD and dispersive bounds. We propose a novel parametrization of the
form factors in terms of orthonormal polynomials that diagonalizes the form factor contributions to the
dispersive bounds. This is a generalization of the unitarity bounds developed for meson-to-meson form
factors. In contrast to ad hoc parametrizations of these form factors, our parametrization provides a degree
of control of the form-factor uncertainties at large hadronic recoil. This is of phenomenological interest for
theoretical predictions of, e.g., A, — Ay and A, - AZ"¢~ decay processes.
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I. INTRODUCTION

For the last decade, decays involving b — sutu~ tran-
sitions have been a focus of the flavor physics community
due to the substantial number of so-called “b anomalies.”
These anomalies are a pattern of deviations between
theoretical expectations, within the Standard Model
(SM) of particle physics, and experimental measurements,
chiefly by the LHCb experiment [1-6]. Compatible experi-
mental results, for many of these measurements, have
since been obtained by the ATLAS [7,8], CMS [9-11],
and Belle [12] experiments.

There is substantial interest in corroborating the b
anomalies through decay channels that feature comple-
mentary sources of theoretical systematic uncertainties and
complementary sensitivity to effects beyond the SM. The
decay A, = A(— pr~)utu~ is a prime candidate for this
task [13]. In contrast to B — K*(— Kz)u"p~ decays, the
local form factors for A, — AuTpu~ decays correspond to
transition matrix elements between stable single-hadron
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states in QCD. This allows precise lattice QCD calculations
using standard methods, and results for the A, — A form
factors have been available for some time [14]. Measure-
ments of A, - A(— pz~)u"u~ observables [15,16]
have been included in global fits of the b — su*u~
couplings [17-20], and dedicated analyses for effects
beyond the SM, even accounting for production polariza-
tion of the A;, have been performed in recent years [17,21].
Lepton-flavor universality violation in baryonic b — s£ ¢~
decay modes has also been studied theoretically; in
Ref. [22] the angular distribution of A, = AZT¢~
has been computed for the full base of new-physics
operators (partial results are available in Refs. [23,24]).
Measurements by LHCb are also available for the branch-
ing fraction of the A, — Ay decay [16].

In this work, we investigate one of the two main sources
of theoretical uncertainties that arise in the predictions of
A, = AZT¢ and A, — Ay transitions; the hadronic form
factors of local 5I'b currents of mass dimension three. The
complete set of scalar-valued hadronic form factors
describing these currents is comprised of ten independent
functions of the dilepton invariant mass squared, g>. A
convenient Lorentz decomposition of the hadronic matrix
elements is achieved in terms of helicity amplitudes [25].
Here, we set out to improve the description of the form
factors as functions of ¢ across the whole kinematic phase
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space available to the A, - AZ "¢~ decay. To that end, we
derive dispersive bounds for the form factors in the six sT'b
currents: the (pseudo)scalar, the (axial) vector, and the
two tensor currents. We demonstrate that previous
analyses of dispersive bounds for baryon-to-baryon form
factors [26-29] overestimate the saturation of the bounds
(see also the discussion in Ref. [30]). Our formulation of
the bounds uses polynomials that are orthonormal on an arc
of the unit circle in the variable z (see Sec. IID for the
definition); such polynomials were previously used
to parametrize the nonlocal matrix elements contributing
to B(,) = {K",¢}¢+ £~ [31]. As a consequence, benefits
inherent to meson-to-meson form-factor parametrizations
with dispersive bounds now also apply to our approach. We
illustrate the usefulness of our formulation of the dispersive
bounds for the form factor parameters for A, — A, but note
that it applies similarly to other ground-state baryon to
ground-state baryon form factors (e.g. A, — A, transi-
tions). As inputs, we use lattice-QCD determinations of the
form factors, which have already been extrapolated to the
continuum limit and to physical quark masses, at up to three
different points in g*. Our analysis also paves the way for
the application of the bounds directly, through a modified z
expansion, within future lattice QCD studies. This is likely
to increase the precision of future form-factor predictions,
especially at large hadronic recoil where g> ~ 0.

In Sec. II, we briefly recap the theory of the local form
factors for baryon-to-baryon transitions and their dispersive
bounds. We then propose a new parametrization for the
full set of form factors in A, — A transitions, which

|

diagonalizes the dispersive bound. In Sec. III, we illustrate
the power of our parametrization based on lattice QCD
constraints for the A, — A form factors. We highlight how
the form-factor uncertainties in the low momentum transfer
region are affected by our parametrization and the different
types of bounds we apply. We conclude in Sec. IV.

II. DERIVATION OF THE DISPERSIVE BOUNDS

We begin with a review of the Lorentz decomposition
of the hadronic matrix elements in Sec. Il A. We then
introduce the two-point correlation functions responsible
for the dispersive bound and their theoretical predictions
within an operator product expansion in Sec. IIB. The
hadronic representation of the correlation functions is
discussed in Sec. II C. Our proposed parametrization is
introduced in Sec. II D.

A. Lorentz decomposition in terms
of helicity form factors

A convenient definition of the form factors is achieved
when each helicity amplitude corresponds to a single form
factor:

(A(K)[ST bl Ay(p))€i(2) o £ (a°). (1)

where ¢*> = (p —k)?, and ¢ is the polarization vector
of a fictitious vector mediator with polarization A. For
1/2% — 1/27 transitions, this definition is achieved by the
Lorentz decomposition [25]:

"

- _ q my, +m q"
(A(k.s0)[57B|Ay (p-5n,)) = Tin (K. 5x) {ftv (@) (ma, = ma) 5+ 15 (7)== (pﬂ + k= (i, = m}) ;)
+

2m 2m
+fK(q2)<y _STA””_ sf" k”)]uAb(P,SA;,), (2)
H ms —m H
(A(k, s7)[57"7sbIAy(p.sa,)) = —lin(k, s7)ys | f2(q%) (my, + mA)%*fé(qz)M pr+ k= (my — m%\)q_z
q s_ b q
N 2my u 2my, ”
+ (@) r t k) L un, (Pa,s S, )s (3)
q* q"
(MK s lsio®q,biao(pusn, ) = =i kosn) [ 3 L (0= (0, =) %)
+
T/ 2 " 2mA p ZmAb "
+ f(q7) (mp, +mp) (7 ——p' — k) L un, (psSa,)s (4)
7 q"
(K s lsio® qrsbAulposn, ) = =inlkosalrs )L (ke = o, =) %)
75/ 2 p 2my p 2my, )
+ f2(q7)(mp, —mp) 7 +S—P - k) L un, (pssa,) (5)
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where we abbreviate o =%[y* "] and sy = (my,+
my)? — ¢*. The labeling of the ten form factors follows
the conventions of Ref. [13]. Each form factor, fg, arises in
the current 5I'b in a helicity amplitude with polarization
A=10,1. We refer to Ref. [13] for details and the
relations between the form factors and the helicity ampli-
tudes. Note that the matrix elements for the scalar and
pseudoscalar current can be related to the vector and axial-
vector current of the timelike-polarized form factors f} and
f4 via the equations of motion:

(A(k,sp)|5B|AL (P, sA,))

q" B
" my, —m, (A(k.sp)[57,bIAp(P.5A,))
my, —m
:f}/(qz)ﬁﬁ/\(/{,S,\)u,\b(p,s/\b)’ (6)

(A(k, s7)[575D| Ay (P, sa,))

q" 3
— _m <A(k’ SA)|57;175b|Ab<p’ sAb)>
my, -y

= i(q) e in(k, sa)ysun,(p.sa,). (7)

Although the ten functions, f1(g?), are a priori inde-
pendent, some relations exist at specific points in ¢°. These
so-called endpoint relations arise due to two different
mechanisms. First, the hadronic matrix elements on the
left-hand sides of Egs. (2)—(5) must be free of kinematic

singularities. Two such singularities can arise, as spurious

poles at ¢*> = 0 and ¢* = gk = (ma, — my)*. They are
removed by the following identities:

f1(0) = f5(0).  f1(0) = f5(0). (8)
fﬁ(qgnax) = fé(qgnax)v TS(Qmax) fgs (qgnax)' (9)

In addition to the above, an algebraic relation between ¢+
and ¢6"y5 ensures that

2(0) = £1.(0). (10)

See also Ref. [32] for additional discussion of endpoint
relations for baryon transition form factors.

B. Two-point correlation functions
and OPE representation

Dispersive bounds for local form factors have a successful
history. They were first used for the kaon form factor
[33—-35] and have also successfully been applied to exclusive
B — & [36,37] and B — D™ [26,38,39] form factors.’

'See also applications [40-44] of the dispersive matrix
method [45].

A Iig 1 Lz

2 _
pole —>
SL cut 2= t+/ e :;2 j /
/ ; n
¢* =t S =0/

max pole ty tn S

FIG. 1. Sketch of the analytic structure of the baryon-to-baryon
form factors in the variable ¢ (left) and the variable z (right). The
g* range of semileptonic decays is marked “SL.” The baryon/
antibaryon pair production is marked ‘“pair prod.” The form
factors develop a branch cut below the baryon/antibaryon pair
production threshold due to rescattering of virtual baryon/
antibaryon pairs into, e.g., BK"*) pairs.

In the latter case, the heavy-quark expansion renders the
bounds phenomenologically more useful due to relations
between all form factors of transitions between doublets
under heavy-quark spin symmetry [46]; see Refs. [47-49]
for recent phenomenological updates and analyses up to
order 1/m? in the heavy-quark expansion, respectively. The
application of the bound to form factors arising in baryon-to-
baryon transitions is more complicated [27,30], chiefly
due to the fact that for any form factor, F, its first branch
point, £, does not coincide with the threshold for baryon/
antibaryon pair production, 7. Instead, the branch points
lay to the left of the pair production points, at the pair
production threshold for the corresponding ground-state
meson/antimeson pair. We show a sketch of this structure in
the left-hand side of Fig. 1.

The dispersive bounds connect a theoretical computation
of a suitably chosen two-point function with weighted
integrals of the squared hadronic form factors. For con-
creteness and brevity we derive the dispersive bound for
the vector current J, and its hadronic form factors. The
generalization to the currents

J4, = 5y*b, J = sytysb, (11)

Jh =350"q,b, Jhs = 50" q,ysb (12)
is straightforward following the same prescription as J/,. As
we will see below, the results for scalar and pseudoscalar
currents can be obtained from the vector and axial currents,
respectively.

We define IT}, to be the vacuum matrix elements of the
two-point function with two insertions of Jy:

Iy (Q) = i/d4xeiQ"‘<OIT{J’é(X),J”v*(O)}I0>, (13)

where Q" is the four-momentum flowing through the
two-point function. This tensor-valued function can be
expressed in terms of two scalar-valued functions:

(QI~1(0%). (14)

I(Q) = PiZ, (Q)11°(Q%) +3P)Z,
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using the two projectors

v pp* v Lip'p”
P =28 e =5 (5 -a). 09

Note that the two tensor currents do not feature a J =0
component, i.e., the coefficients of the projectors P;_
vanish for these currents.

The functions I1{79(Q?) and II,~!(Q?) feature singu-
larities along the real Q? axis, which will be discussed
below. These singularities are captured by the discontinu-
ities of [T}, and I{, . It is now convenient to define a new
function, y7,, which is completely described in terms of the
discontinuities of the functions T}, !

1 d \"
Q%) = ] <d—§22) 7'(0%)

1 [«  DiscIl{!()
= — v 1
27”A dr (f _ Q2)n+1 ( 6)

Here, the number of derivatives n (also known as the
number of “subtractions”) is chosen to be the smallest
number that yields a convergent integral. Note that in
general the functions y for the scalar and pseudoscalar
currents require a different value of » than the functions for
the vector and axial currents, respectively, despite the fact
that they can be extracted from the vector and axial two-
point correlators.

The dispersive bound is constructed by equating two
different representations of yy with each other, based on the
assumption of global quark hadron duality:

=xv (17)

‘ OPE hadr

The left-hand side representation is obtained from an
operator product expansion (OPE) of the time-ordered
product that gives rise to IT}/(Q). For 5I'b currents, the
most recent analysis of these OPE results, including sub-
leading contributions, has been presented in Ref. [50] for all
the dimension-three currents considered in this work. We
summarize results of the analysis for Q> = 0 in Table I,
where we also list the values for n on a per-current basis. The
right-hand side representation is obtained from the hadronic
matrix elements of on-shell intermediate states. We will
discuss this representation and its individual terms in the
next section.

C. Hadronic representation of the bound

We continue to discuss the bounds for the case of the
vector current, and concretely, the scalar-valued two-point
function T,

H‘J/:1 = [PJ:l]/le\l/D‘ (18)

TABLE I The values of y{(Q?=0)|opr as taken from
Ref. [50], which include terms at next-to-leading order in o
and subleading power corrections. The number of derivatives for
each current I' =V, A, S, P, T, T5 is provided as n. Note that the
results for y in the rows for I' = T, T'5 differ from those given in
Ref. [50] by a factor of j—P which is due to differences in
convention for the tensor current. The value of the b-quark mass
is taken as m;, = 4.2 GeV.

r J Form factors 2tlope [1072] n
v 0 il 1.42 1
v 1 5, 1.20/m? 2
A 0 s 1.57 1
A 1 fa, 1.13/m? 2
T 1 al 0.803/m3 3
T5 1 s, 0.748/m3 3

Its discontinuity due to a hadronic intermediate state, Hy,
with flavor quantum numbers B = —S = 1 can be obtained
using

DiscIl{. = iz / dp (2z)*s™ <q - Zp,»)
spin i
x P (q) (Ol Hps(P1s -y Pa))
X (Hps(p1, ---aPn)|JDrT|O>’ (19)

where the dp is the phase-space element of the n-particle
intermediate state. Below we consider the cases of one- and
two-particle intermediate states, with

R .
f@;)fg% for one-particle states,

= & p, &*ps i 20
fm GapaLy, for two-particle states.

1. One-particle contributions

Here, we discuss contributions due to a single asymptotic
on-shell state H,; with flavor quantum numbers
B =-S5 =1, which excludes states that strongly decay
such as radially excited states. We continue to use the case
I'=V as an example, with J = 1. In that case, the
discontinuity receives a single contribution:

Disc IT{~! (¢?)

= [ wensa-p)
D[P VB 5. 2)
< (B (p I 10) @)
—i [ dpnyoliiq - pimi sy 22

=276(q* - m%;;)g(qo)mzs;ﬁf%fp (23)
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where 1 is the polarization of the B meson and mp: its
mass. States other than the B? do not contribute, since either
their matrix elements with the I' = V current vanish, their
projection onto the J =1 state vanishes, or they decay
strongly. The generalization to ' = A and J = 0 is straight-
forward:
DiscIly"(q*)| = 228(q* — m3. )0(q")my. f3. . (24)
Ipt " o
DiscIT™(¢*)| = 228(¢* — mj )0(q°)my f5,.  (25)
1pt

Disc I~ (¢%)| = 2x8(q* — mg )0(q")my f5 . (26)

1pt

Here B, is the ground-state pseudoscalar meson with a very
well-known decay constant fp = 230.7 + 1.3 MeV [51],
B, | is the axial vector meson, and By is the scalar meson.
In brief, the (pseudo)scalar current receives a contribution
from a (pseudo)scalar on-shell state, and the axial-vector
current receives a contribution from an axial-vector on-
shell state. Although sub-BK-threshold B, ; or Bj states
have not yet been seen in the experiment, there are
indications in lattice QCD analyses that such subthreshold
states exist [52]. However, the values of their respective
decay constants are presently not very well known;
estimates have been obtained, via QCD sum rule at
next-to-leading order, in Refs. [53,54]. Nevertheless, these
states produce a pole both in the two-point functions IT;.
and in their associated form factors, which is a necessary
information for the formulation of the dispersive bounds
and the form-factor parametrization. From this point for-
ward, we assume the presence of a single pole due to a
JP ={0%,17,07, 1"} state contributing to form factors
with (I, J) = {(V,0), (V,1),(A,0), (A, 1)}, respectively.

The cases for currents with ' = 7 and I' = T5 benefit
from further explanation. For these currents one might
assume that tensor, i.e., J© = 2%, states play a leading role.
However, these states do not contribute at all, since their
matrix elements vanish:

(0[50 (15)b| B (J* = 2%)) = 0. (27)

This can readily be understood, since the above matrix
elements are antisymmetric in the indices y and v, while the
polarization tensors of J¥ =2* mesons are symmetric
quantities. Nevertheless, the currents ' = Tand I' = 75 do

|

feature poles due to one-particle contributions, which arise
from states with J© = 1*. We obtain

DiscIly~'(¢*)| = 278(q* — mj,)0(q")my, (f5:)*. (28)

1pt

DiscIlys'(¢%)| = 2x8(q” — mj )0(q")my , (f5,,)*

1pt

(29)

where f%. and f% . are the decay constants of the respective
state for a tensor current:

(0177|B5(p)) = imi, fi. €.
(0177sB;.1(p)) = —imj_ fh €. (30)

Plugging the results for the discontinuities into Eq. (23)
we obtain

2 2
J=1(02 B;J By
x (07 = —,
e (mg, — Q%)
2 2
mB* B*
J=0 2 5.0 5.0
(@) = (31)
Ipt (m%?*o - Qz) +1
2 2
rHoeH| = m&-I—fB“
A e (mg, =02
m2 f2
J=0( )2 B,J B,
xa o (Q = s 32
A ( ) Ipt (m%) _ Q2) +1 ( )
)(le (Qz) _ m?}’( (fg’()z
! Ipt (sz_t - QZ)HH ’
m4 (fT )2
J=1 2 B; B;
215" (Q%)| =y (33)
” Ipt (m%_“ - Qz) !

The one-particle contributions each amount to about 10%
of the respective OPE result.

2. Two-particle contributions

Here, we focus on the contributions to y due to an
intermediate A,A state. By means of unitarity we can
express the discontinuity of the two-particle correlator
IT/(¢) as a sum of intermediate H,; states with flavor
quantum numbers B = —§ = 1:

Disc Hlj" = iz / dp (2”)45(4)(61 —(p1 + Pz))[PJ],w<O|J/11|Ab(P1,SA,?)/_\<—P27 Sa))

spins

x (A(=p,, sA)A,,(pl,sAh)|J?k|0> -+ further positive terms. (34)
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Note that further two-particle contributions for which
dispersive bounds have been applied include BK, BK*,
and B¢ [50]. The effect of each of those two-particle
contributions would decrease the upper bound only by
1%—-4% [50], i.e., by a smaller amount than the one-particle
contributions.

We can evaluate the phase-space integration in the rest
frame of the two-particle system as

/1(m2 m2 q2)
1 Ay A
/dp (2n)*8W (g — (py + p2)) = oy ;2

x 0(q” = sa,0). - (35)
|

2(m,\[ —my)?

q2

25_(¢%)
3¢%

2s_ (q )
pe

25, (4%)
3q°

[P 1] (O IAAL) (AN |3 |0) =

[P (OIAIAN,) (A, |757]0) =

[P/ O AA) (AN IF10) = € 5, ()
3

[P 1), (0175 | AN, ) (AN | T75]0) =

where the sum over the baryon spins is implied.

s 2
2_+3(_q)(2(m —mp)?|fBP? + @ fI3)?) forJ =1,

with 55,4 = (my, + my)?. From this we obtain

j’(””lg\;,”/,/lg\’q2) 5
2 0(q° - SAbA)

Disc Il = L
87 q
% [Py (OLTE AL A) (AN, |5 [0) (36)

where in the last line we dropped all further positive terms.
In the following we summarize the contraction between
helicity operators and matrix elements that can be
expressed via local form factors:

se (@)Y 1P for J =0, 37)
37
((ma, +mp)?f5 1>+ 242 f1 ) for J =1,
(mAb + mA) |fA|2 for J = O,
(38)
((mp, = ma)?|f51 +2¢°|f17) for J =1,
for J =0, (39)
(2(ma, +mp)* [T+ @If57) forJ =1,
for J =0,
(40)

D. Parametrization

We relate the OPE representation to the hadronic representation of the functions y7. through Eq. (17). Using ' = V and
J =1 again as an example, the dispersive bound takes the form

Q| =)

/I(mAh,mg\, )

OPE Ipt SApA

where the last term is the two-particle contribution
due to the ground-state baryons. Our intent is now to
parametrize the A, — A form factors (here, £y, ) in such
a way that their parameters enter the two-particle contri-
butions to yr in a simple form. Concretely, we envisage a
contribution that enters as the 2-norm of the vector of
parameters.

In general, the bounds are best represented by
transforming the variable 7 to the new variable z,
defined as

+[ Sl =g S0 % (P OP + 217L0P). - (41)

Vii -tV — 1o (42)

2(t31g,1,) = .
(510, 1+) Vi =1+ — I

In the above, ¢, corresponds to the zero of z(#) and is a free
parameter that can be chosen, and ¢, corresponds to lowest
branch point of the form factors. The mapping from ¢ = ¢>
to z is illustrated in Fig. 1. The integral comprising the
two-particle contribution starts at the pair-production
threshold #y,.
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When discussing the dispersive bounds for e.g. B — D
or B — & form factors, one has #y, = ¢, . The integral of the
discontinuity along the real ¢ axis in the mesonic analog of
Eq. (41) then becomes a contour integral along the unit
circle |z| = 1. For an arbitrary function g,

dz| d12)| e o(1(2))

o 1
dtDisc g(t) = —7{
/fth1+ 2 Jig=1 2| dz
] +r dr
_ / da —(Z)
2 ), dz
The contribution to the integrand from a form factor F is
then written as |¢z|?|F|?, where the outer function ¢ is
constructed such that the product ¢ F is free of kinematic
singularities on the unit disk |z| < 1 [36,38,39,46,55]. The
product of outer function and form factor is then commonly
expressed as a power series in z, which is bounded in the

semileptonic region. Powers of z are orthonormal with
respect to the scalar product

Disc g(t(e')). (43)

dz +r
<Zn|zm> = f ._Zn.*zm — / dazn.*zm i = Zﬂénm’
lz]=1 12 —r
(44)

that is, when integrated over the entire unit circle. As a
consequence, for an analytic function on the z unit disk that
is square-integrable on the z unit circle, the Fourier
coefficients exist only for positive index n and coincide
with the Taylor coefficients for an expansion in z = 0. The
contribution to the dispersive bound can then be expressed
as the 2-norm of the Taylor coefficients. For more details of

the derivation, we refer the reader to Ref. [45].
For b — s transitions, B, intermediate states produce
the lowest-lying branch cut. However, production of a B,z
|

dz(a) di(z)

state from the vacuum through a 5b current violates isospin
symmetry and is therefore strongly suppressed, and is
forbidden in lattice-QCD calculations with m, = m,. The
production of B,z states is allowed by isospin symmetry,
but the matrix elements for this process are still expected to
be small due to the three-particle structure. For the purpose
of this analysis we set 7, to the numerically most relevant
branch point, i.e., to’

t, = (mg+ mg)>. (45)

The integral contribution for BK intermediate states can
then be mapped onto the entire unit circle in z as discussed
above, and their contributions to the dispersive bound can
be expressed as the 2-norm of their Taylor coefficients.
However, intermediate states with larger pair-production
thresholds cover only successively smaller arcs of the unit
circle, and the correspondence of the 2-norm of the Taylor
coefficients and their contributions to the dispersive bound
does not hold any longer. The branch point at 7, arises from
scattering into on-shell BK intermediate states.

In the following, we discuss the application of the series
expansion to baryon-to-baryon form factors in the presence
of a dispersive bound. The main difference between our
approach and other parametrizations is that we do not
assume the lowest branch point 7, to coincide with the
baryon/antibaryon threshold #; > f,. As a consequence,
the contour integral representing the form factor’s contri-
bution to its bound is supported only on the arc of the unit
circle with opening angle 2a,, 5, where

ap,n = argz((my + my,)?). (46)

Specifically, Eq. (41) becomes

l(mf\h, m3, 1)

1> 1 /'HXA,,A
= — a
487~ (0%) lope —ap,n da  dz

AN A

where t=1(z(a)), and we dropped the one-particle
contributions for legibility. Here, ¢ (z).$sv(z) are
the outer functions for the form factors f} and fV.
The full list of expressions for the outer functions
of all baryon-to-baryon form factors is compiled in
Appendix B.

A form factor’s contribution to the bound is expressed in
terms of an integral with a positive definite integrand.
Hence, we immediately find that a parametrization that
assumes integration over the full unit circle rather than the

2(t— Q%)
= /_+aAbA da(lpp (PIfE ()P + [y ()P (2)7)

—pia?

o 5= () ((ma, +maPIFE (O] + 26 £V ()

(47)

e

relevant pair production arc |a| < a,,, overestimates the
saturation of the dispersive bound due to that form factor.
To express the level of saturation due to each term in
Eq. (47) as a 2-norm of some coefficient sequence,
we expand the form factors in a basis of polynomials
P,(z) [31]. These polynomials must be orthonormal with
respect to the scalar product

*Note that our method is still equally applicable for other,
lower choices of ¢, .
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dz

<Pn|pm> = 1 ;pn( )Pm(z)
\arg:\SaAbA
A
= [ dapi@pnlDces = e (48)
—ANLA

The polynomials p,(z) are the Szeg6 polynomials [56],
which can be derived via the Gram-Schmidt procedure; see
details in Appendix A. A computationally efficient and
numerically stable evaluation of the polynomials can be
achieved using the Szegd recurrence relation [56], which
we use in the reference implementation of our parametri-
zation as part of the EOs software. The first five so-called
Verblunsky coefficients that uniquely generate the poly-
nomials are listed in Appendix A.

Truncating the series at order N, our parametrization of
the local form factors now takes the form

1i(q?)
N

¢fr Zafrmp, (49)

where P(¢°) = z(¢*; tg = mZ.. 11.) is the Blaschke factor,
¢ r(z) is the outer function, and p;(z) are the orthonormal

polynomials. The Blaschke factor takes into account
bound-state poles below the lowest branch point ¢, without
changing the contribution to the dispersive bound [45].
Here, we assume each form factor to have a single bound-
state pole, with the masses given in Table II. For our
parametrization, we choose #) = g, = (my, — my)*. Our
choice of ¢, means that the entire semileptonic phase space
is mapped onto an interval of the positive real z axis.
Our parametrization features most of the benefits inherent
to the Boyd—Grinstein-Lebed (BGL) parametrization for
meson-to-meson form factors [38], with one exception. The
BGL parametrization uses the z” monomials, which are
bounded on the open unit disk. As a consequence, the form
factor parametrization for processes such as B — D are an
absolutely convergent series [45]. This benefit does not
translate to the baryon-to-baryon form factors.” The poly-
nomials p, are not bounded on the open unit disk. In
fact, the Szegd recurrence relation combined with the
Szeg6 condition provides that p,(z = 0) increase expo-
nentially with n for large n. Nevertheless, our proposed
approach provides a benefit over a parametrization in terms
of the z monomials in absence of any bound on their
coefficients. In Appendix C, we show that this growth does
not spoil the convergence of the parametrization, and we
provide an estimate for an upper bound on the trunca-
tion error.

3Tt also does not transfer to form factors for processes such as
B, —» D, or B, — K, which suffer from the same problem:
branch cuts below their respective pair-production thresholds.
Our approach can be adjusted for these form factors.

TABLE II. List of B; meson pole masses appearing in the
different form factors. The values are taken from Refs. [52,57].

Form factor Pole spin-parity J” Mpole in GeV
AN 1~ 5.416
fl ot 5711
VA AR 1" 5.750
ft 0 5.367

Based on Eqgs. (37)—(40), we arrive at strong unitarity
bounds on the form-factor coefficients:

N J=0 N J=0
Z|ai.v|2sl_)(]v:0|lpt, Z|G}A|2S1—)(A: |1pt’
-0 xv " lope —

)(z{x 0|0PE
(50)
N J=1
Xy |lpt
Jaiy [+ lafy P h < 1= 200
;{ To /i v lope
N J=1
Xa l1pt
> {laiy P+ la, P} 1= (1)
i=0 X lope
N J=1
S {4+ laiy [} < 1 - A e
i=0 X1 lope
N J=1
x5 h
> {lafP +lals P} < 1-252 (52)
i=0 x15 ' lope

Note that here we also subtracted the one-particle contri-
butions, which are discussed in Sec. II C 1. However, this
subtraction decreases the bound by only ~10%. In our
statistical analysis of only A, — A form factors, we find
that this subtraction is not yet numerically significant.
Nevertheless, we advocate to include the one-particle
contributions in global fits of the known local b — s form
factors, where their impact will likely be numerically
relevant.

At this point, we have not yet employed the endpoint
relations given in Egs. (8)—-(10). By using the endpoint

relations we can express the zeroth coefficient of
1Y, A, f1, fI5 in terms of coefficients of other form
factors.

Our proposed parametrization has two tangible benefits.
First, each form factor parameter a; is bounded in magni-
tude, |a;] < 1. The N dimensional parameter space is
therefore restricted to the hypercube [—1, +1]N. We refer
to this type of parameter bound as the weak bound.*

*Our definitions of weak and strong bounds differ from the
definitions proposed in Ref. [47]. There, what we call the weak
bound is not considered in isolation, and what we call the strong
bound is labeled a “weak bound,” in contrast to a “strong bound”
that affects more than one decay process.
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It facilitates fits to theoretical or phenomenological inputs
on the form factors, since the choice of a prior is not
subjective. Second, the form factor parameters are
restricted by the strong bounds Eqgs. (50)-(52). In the
absence of the small number of exact relations between the
form factors that we discussed earlier, this strong bound is
in fact an upper bound on the sum of the squares of the
form-factor parameters. As a consequence, the parameter
space is further restricted to the combination of four
hyperspheres, one per bound.’ The strong bounds imply
that the sequence of form factor parameters asymptotically

falls off faster than 1/v/k. This behavior does not prove
absolute convergence of the series expansion of the form
factors, which would require a falloff that compensates the
exponential growth of the polynomials. Nevertheless, we
will assume sufficient convergence of the form factors from
this point on (see Appendix C for further discussion).
Below, we check empirically if the strong bound suffices to
provide bounded uncertainties for the form factors in
truncated expansions.

III. STATISTICAL ANALYSIS
A. Datasets

To illustrate the power of our proposed parametrization,
we carry out a number of Bayesian analyses of the lattice
QCD results for the full set of A, - A form factors as
provided in Ref. [14]. These analyses are all carried out
using the EOs software [58], which has been modified for
this purpose. Our proposed parametrization for the A, — A
form factors is implemented as of EOS version 1.0.2 [59].
The form factors are constrained by a multivariate Gaussian
likelihood that jointly describes synthetic data points of the
form factors in the continuum limit and at physical quark
masses, up to three per form factor. Each data point is
generated for one of three possible values of the momentum
transfer ¢%: g7 € {13,16, 19} GeV?2. The overall ¢ range is
chosen based on the availability of lattice QCD data points
in Ref. [14]. The synthetic data points are illustrated by
black crosses in Figs. 2 and 3.

Reference [14] provides two sets of parametrizations of
the form factors in the continuum limit and for physical
quark masses, obtained from one ‘“nominal” and one
“higher-order” fit to the lattice data. The nominal fit uses
first-order z expansions, which are modified with correction
terms that describe the dependence on the lattice spacing and
quark masses. The higher-order fit uses second-order z
expansions and also includes higher-order lattice-spacing
and quark-mass corrections. The parameters that only
appear in the higher-order fit are additionally constrained
with Gaussian priors. In the case of lattice spacing and quark

>The form factor relations mix the parameters of form factors
that belong to different strong bounds, thereby making a geo-
metric interpretation less intuitive.

masses, these priors are well motivated by effective field

theory considerations [14]. In the higher-order fit, the

coefficients aj%r of the z expansion are also constrained
A

with Gaussian priors, centered around zero and widths equal
to twice the magnitude for the corresponding coefficients
a;r obtained within the nominal fit. This choice of prior was

less well motivated but has little effect in the high-g* region.
Reference [14] recommends one use the following pro-
cedure for evaluating the form factors in phenomenological
applications: the nominal-fit results should be used to
evaluate the central values and statistical uncertainties,
while a combination of the higher-order fit and nominal
fitresults should be used to estimate systematic uncertainties
as explained in Egs. (50)—(56) in Ref. [14].

To generate the synthetic data points for the present
work, we first updated both the nominal and the higher-
order fits of Ref. [14] with minor modifications: we now
enforce the endpoint relations among the form factors
at g> = 0 exactly, rather than approximately as done in
Ref. [14], and we include one additional endpoint relation

5(0) = f7(0), which is not used in Ref. [14].

The synthetic data points for fy, f4, and f1 at
g*> =13 GeV?, and f4 and fI° at 19 GeV?, have strong
correlation with other data points. This can be understood,
since five exact relations hold for these form factors either
at ¢> =0 or g*> = (my, —my)* between pairs of form
factors. We remove the synthetic data points listed above,
which renders the covariance matrix regular and positive
definite. We arrive at a 25-dimensional multivariate
Gaussian likelihood. The likelihood is accessible under
the name

Lambda b->Lambda::f time+long
+perp”V+A+T+T5 [nominal , no-prior]
DM:2016A

as part of the constraints available within the EOS software.

B. Models

In this analysis, we consider a variety of statistical
models. First, we truncate the series shown in Eq. (49)
at N = 2, 3, or 4. The number of form factor parameters is
10(N + 1), due to a total of ten form factors under
consideration. Since we implement the five form factors
relations exactly, the number of fit parameters is smaller
than the number of form factor parameters by five. Hence,
we arrive at between P = 25 and P = 45 fit parameters.
We use three different types of priors in our analyses. An
analysis labeled “w/o bound” uses a uniform prior, which is
chosen to contain at least 99% of the integrated posterior
probability. An analysis labeled “w/weak bound” uses a
uniform prior on the hypercube [—1, +1]7, thereby apply-
ing the weak bound for all fit parameters. An analysis
labeled “w/strong bound” uses the same prior as the weak
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FIG. 2. Uncertainty bands for the a posteriori form-factor predictions of the ten form factors. The bands comprise the central 68%
probability interval at every point in ¢>. We show the form-factor results at N = 2 in the absence of any bounds, using weak bounds
|a§/’ ;| <1, and using the strong bounds (see text), respectively. The markers indicate the synthetic lattice data points.
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FIG. 3. Uncertainty bands for the a posteriori form-factor predictions of the ten form factors. The bands comprise the central 68%
probability interval at every point in g>. We show the form-factor results at N € {2, 3,4} when using the strong bound. Note that for
N > 2 we have more parameters than data points. Finite uncertainty envelopes are enforced by the bound. The markers indicate the
synthetic lattice data points.
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bound. In addition, we modify the posterior to include the
following element, which can be interpreted either as an
informative nonlinear prior or a factor of the likelihood.
For each of the six bounds B({a,}), we add the penalty
term [49]
{] on =t (53)
100(pg — 1)*> otherwise
to =2 In posterior. Here, pg = >_, |a,|>, and the sum
includes only the parameters affected by the given bound B.
The additional terms penalize parameter points that violate
any of the bounds with a one-sided y?-like term. The factor
of 100 corresponds to the inverse square of the relative
theory uncertainty on the bound, which we assume to be
10%. This uncertainty is compatible with the results
obtained in Ref. [50]. In the above, we use unity as the
largest allowed saturation of each bound. As discussed in
Sec. II C, one-body and mesonic two-body contributions to
the bounds are known. They could be subtracted from the
upper bounds. However, we suggest here to include these
contributions on the left-hand side of the bound in a global
analysis of the available » — s form-factor data. A global
analysis clearly benefits from this treatment, which induces
nontrivial theory correlations among the form-factor
parameters across different processes. It also clearly goes
beyond the scope of the present work.

For N =2, the number of parameters is equal to the
number of data points, and we arrive at zero degrees of
freedom. For N > 2, the number of parameters exceeds the
number of data points. Hence, a frequentist statistical
interpretation is not possible in these cases. Within our
analyses, we instead explore whether the weak or strong
bounds suffice to limit the a posteriori uncertainty on the
form factors, despite having zero or negative degrees of
freedom.

C. Results

We begin with three analyses at truncation N = 2, using
each of the three types of priors defined above. In all three
analyses, we arrive at the same best-fit point. This indicates
clearly that the best-fit point not only fulfills the weak
bound, but also the strong bound. We explicitly confirm
this by predicting the saturation of the individual bounds at
the best-fit point. These range between 12% (for the 1~
bound) and 33% (for the 1* bound), which renders the
point well within the region allowed by the strong bound.
Accounting for the known one-particle contributions does
not change this conclusion. At the maximum-likelihood
point, the y? value arising from the likelihood is compatible
with zero at a precision of 107> or better. For each of the
three analyses, we obtain a unimodal posterior and sample
from the posterior using multiple Markov chains and the
Metropolis-Hastings algorithm [60,61]. We use these
samples to produce posterior-predictive distributions for

each of the form factors, which are shown in Figs. 2 and 3
on the left-hand side. We observe that the strong bound has
some impact on the form factor uncertainties, chiefly far
away from the region where synthetic data points are
available. For N = 2, we do not find a significant reduction
of the uncertainties due to the application of the strong
bound. Rather, it influences the shape of the form factors
and suppresses the appearance of local minima in the form
factors close to q2 — (0, which become visible when
extrapolating to negative ¢g°. The modified shape aligns
better with the naive expectation that the form factors rise
monotonically with increasing g below the first subthresh-
old pole. It also provides confidence that, with more precise
lattice QCD results, analyses of the nonlocal form factors at
negative g> can be undertaken. This opens the door toward
analysis in the spirit of what has been proposed in
Refs. [31,62].

We continue with three analyses using the strong bound,
for N =2, N = 3, and N = 4. Note that, due to the nature
of the orthonormal polynomials, in general any two sets of
coefficients {a;}|y and {a;}|y are not nested, i.e., the first
min(N,N’) elements of the sets are not identical (see
Appendix C for further discussion). Hence, the best-fit
point for N = 2 is not expected to be nested within the
N =3 and N = 4 solutions, and the N = 3 best-fit point is
not nested within the N = 4 solution. In all three cases, we
find a single point that maximizes the posterior. For all
three points we find that the bounds are fulfilled and
consequently we obtain y? values consistent with zero. The
form-factor shapes are compatible between the N = 2,3
and 4 solutions. We show the a posteriori form factor
envelopes at 68% probability together with the median
values in Fig. 3. A clear advantage of our proposed
parametrization is that the uncertainties in the large recoil
region, i.e. away from the synthetic data points, do not
increase dramatically when N increases. This is in stark
contrast with a scenario without any bounds on the
coefficients a,, where the a posteriori uncertainty for
the form factors would be divergent for negative degrees
of freedom. This indicates that the bounds are able to
constrain the parametrization even in an underconstrained
analysis and gives confidence that the series can be reliably
truncated in practical applications of this method. Figure 4
shows the saturation of the strong bound for the different
form factors with N = 2, 3, and 4. For N = 2, the bounds
are saturated between 10% and 30%. This is as large or
even larger than the one-particle contributions, which
saturate the bounds to ~10% and much larger than the
two-particle mesonic contributions, which saturate the
bounds by only 1%—4% [50]. As N increases, the average
saturation of the bounds increases. This is expected as
additional parameters have to be included in the bound.
The observed behavior of the bound saturation provides
further motivation for a global analysis of all b — s form-
factor data.
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FIG. 4. Relative saturation of the form factors with their respective spin-parity number J” obtained from posterior samples. The
saturations are shown for different truncations of N, where the coefficients are constrained through the strong unitarity bound. The

vertical bands comprise the central 68% probability interval.

Based on the updated analysis of the lattice data of
Ref. [14], we produce an a posteriori prediction for the
tensor form factor 7 at g> = 0 from our analyses. We use
this form factor as an example due to its phenomenological
relevance in predictions of A, — Ay observables.
Moreover, its location at q2 = 0 provides the maximal
distance between a phenomenologically relevant quantity
and the synthetic lattice QCD data points, thereby maxi-
mizing the parametrization’s systematic uncertainty.
Applying the strong bound, we obtain

FT(g? = 0)|y—, = 0.190 + 0.043,
fT (g = 0)|y_3 = 0.173 £ 0.053,

1 (q? = 0)|y_s = 0.166 £ 0.049. (54)
We observe a small downward trend in the central value and
stable parametric uncertainties. The individual bands are
compatible with each other within their uncertainties. We
remind the reader that our results are obtained for negative
degrees of freedom and should therefore not be compared
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with the behavior of a regular fit. Our results should be
compared with

£1(q* = 0)]j14 = 0.166 £ 0.072. (55)

This value and its uncertainty is obtained from the data and
method described in Ref. [14]; however, it includes the
exact form-factor relation Eq. (10), which has not been
previously used. Our parametrization exhibits a consider-
ably smaller parametric uncertainty.

IV. CONCLUSION

In this work we have introduced a new parametrization
for the ten independent local A, — A form factors. Our
parametrization has the advantage that the parameters are
bounded, due to the use of orthonormal polynomials that
diagonalize the form factors’ contribution within their
respective dispersive bounds. Using a Bayesian analysis
of the available lattice QCD results for the A, — A form
factors, obtained in the continuum limit at physical quark
masses, we illustrate that our parametrization provides
excellent control of systematic uncertainties when extrapo-
lating from low to large hadronic recoil. To that end, we
investigate our parametrization for different truncations and
observe that the extrapolation uncertainty does not increase
significantly within the kinematic phase space of A, —
AZT ¢~ decays. We point out that the dispersive bounds are
able to constrain the form-factor uncertainties to such an
extent that massively underconstrained analyses still
exhibit stable uncertainty estimates. This is a clear benefit
compared to other parametrizations.

For future improvements of the proposed parametriza-
tion, one can insert the framework of dispersive bounds
directly into the lattice-QCD analysis. Moreover, by
including the one-particle contributions, as discussed in
Sec. IIC 1, and other two-particle contributions, as dis-
cussed in Sec. IIC 2, in a global analysis of the available
b — s form-factor data, we would expect even more precise
results to be obtained for the form factors as the upper
bound would be even more saturated.

ACKNOWLEDGMENTS

We thank Marzia Bordone, Nico Gubernari, Martin
Jung, and Méril Reboud for helpful discussions. We are
grateful to Marvin Zanke for reporting two typos prior to
publication. The work of T. B. is supported by the Royal
Society (UK). The work of S.M, is supported by the
U.S. Department of Energy, Office of Science, Office of
High Energy Physics under Award No. DE-SC0009913.
The work of M.R. is supported by the Deutsche

|

{po. --.pa} = {+0.62023, —0.66570, +0.68072, —0.68631, +0.68877 },

as obtained from the Gram-Schmidt procedure.

Forschungsgemeinschaft (DFG, German Research
Foundation) under Grant No. 396021762-TRR 257. The
work of D. v. D. is supported by the DFG within the Emmy
Noether Programme under Grant No. DY-130/1-1 and the
Sino-German Collaborative Research Center TRR110
“Symmetries and the Emergence of Structure in QCD”
(DFG Project-ID 196253076, NSFC Grant
No. 12070131001, TRR 110). D.v.D. was supported in
the final phase of this work by the Munich Institute for
Astro- and Particle Physics (MIAPP), which is funded by
the DFG under Germany’s Excellence Strategy, EXC-
2094-390783311.

APPENDIX A: ORTHONORMAL POLYNOMIALS

In this section we discuss briefly how to obtain the
orthonormal polynomials p,(z), which enter the series
expansion in Eq. (49) to parametrize the form factors of the
A, — A transition. The functions can be derived with the
Gram-Schmidt orthogonalization process in the basis
{1,z,...,Z"} and fulfill Eq. (48). The orthonormal func-
tions are defined on the arc of the unit circle that covers
the angle between —ay, o and +ay, ., see Eq. (46). The
orthonormal polynomials are given by

pn(Z) = %’

Al
(Pn(2)|pu(2)) (AD)

where

n—1 / n>

Pilz Z

|p B pia), polz)=1.
j=0 J

(A2)

The orthonormal polynomials for A, — A can be evalu-
ated efficiently using the orthogonal Szeg6 polynomials via
a recurrence relation [56]. We use

Dy(z)=1, Dj(z)=1,

q)n (Z) :Zq)n—] (D;fl (Z) = q);—l _pn—lzq)n—l ’

(A3)

*
_pn—l(pn—l’

which holds for real z. The orthonormal polynomials then
follow from

n— 1/2
pa(2) = N, = [zaH (-] )

where 2a,,4 =3.22198 and the Verblunsky coeffi-
cients are

(AS)
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APPENDIX B: OUTER FUNCTIONS

The modulus squares of the outer functions for the different form factors are

2 2
(D = (my, — mp)> A(m3 ., m3, 1) () dz(a) d1(z) B1)
& 162%17°(0%)ope | 72(1 = Q%)™ da dz
1=t(z(a))
> 2
" V(Z)|2 _ (mAb + mA)2 ﬂ(mAb, my, t) 5. () dz(a) dt_(z) (B2)
To 877y (Q%)lope | (1= 0*)"! da  dz
t=t(z(a))
A(mi ,m%. 1)
1 Ay A d dr
b (P =5 = bz o s-(1) Z(a)ﬂ’ (B3)
* 247°y = (Q%)lope | 1(1— Q) da  dz
=t(z(a))
b (2)? = 3|¢f(‘>’(z)|2 with replacement 7' (0%)lope = x4 *(Q%)lope: (B4)
1 . _ _
b7y ()P =31y ()P with replacement 5~%(0%)lope = 14" (Q%)loe: (B5)
A(m% ,m%, 1)
1 Ay A
s (P = 5= s bz PESRNEES dZ—@dS—(Z)‘ (B6)
=(z(a)
(02 2
(D = (my, +mp)? A(my, , my, 1) . () dz(a) di(z) (B7)
& 24727 (0 ope | t(t— 02T 7T da  dz
=t(z(a))
2 2
1 A(m3, m, 1) dz(a) d1(2)
2= _(r —=|, B8
18 = T o ( =gyt U da dz (58)
t=t(z(a))
IR Y e rea,
|¢f”(z)|2 = (T/\Jb—l mﬁ) bz (1) Mdt_@ (B9)
. 24775 (Q%)|ope | 11— Q%)™ da dz
1=t(z(a))
PR
1 l(mA U t) d dt
|¢f”(5)|2 T ARA2,I=1( 2 hz s+ (1) ﬂﬁ (B10)
! 48 x5 (Q7)lope (t—0%) da dz
=t(z(a))
where the value of y{.(Q?)|opg can be found in Table 1. We < 1 )’" ( (¢, X)> m B11)
) o (ZEEANT
can reexpress the Killen function as A(m3 ,m3,1) = r—X t—X

s_(t)s,(r). Our choice of outer functions ¢f}r(z) must

satisfy Egs. (B1)—(B10) and must be analytical within the
open unit disk |z| < 1. This can be achieved by replacing
poles within the unit disk with

094509-

Note that any poles of 1/s(r) are at 1 = (my, + my)?,
which is mapped by the z transformation to the boundary of
the unit disk. Hence, we do not require any modification to
these terms.
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TABLE IIIl. Summary of the outer functions for each form
factor, in terms of the parameters for the general decomposition of
all outer functions in Eq. (B12).

Outer function a b c d e f g
by 0 1 0 1 1 3 3
‘/’fov 1 0 1 2 3 1 3
gbe 0 0 1 1 3 1 2
G 1 0 1 % 3 1 3
¢f3 0 1 0 3 1 3 3
¢ 7 0 0 1 1 1 3 2
gb_fg 0 0 1 2 3 1 1
¢ I 1 0 1 1 3 1 2
¢ 5 0 0 1 2 1 3 1
c/)f? 0 1 1 1 1 3 2

Following Refs. [39,45], we compactly express the outer
functions of the form factors in a general form:

B N
Pile) = V(16 +8-¢)-d- 7wyl |opr
X 1 (2) 4o (2 143 (2) TP pu(z) - (BI2)
with V' = (my, +my)*(my, —my)? and
B s_(1)
$1(2) = (Z(L n, — mA)2)>, (B13)
$2(z) = 5, (1), (B14)
m = (-240). (B15)
$4(z) = VA1 —10)(1 +2)2(1=2)7 2 (BI6)

The coefficients a—g are listed in Table III.

APPENDIX C: CONVERGENCE

We briefly comment on the expected rate of convergence
for the series expansion of the analytic factor of the form-
factor parametrization. Consider first the common para-
metrization in terms of monomials:

complete series = P(¢*)r (2)f} (¢°) = Z b;gz/. (C1)
=0

After truncating this series at order N, a change of basis
from the monomials to the orthonormal polynomials is
possible. In this way, we have

N ro N r
truncated series = b? 7 = Z a,f" Ivpi(z), (C2)
=0 =0

with coefficients a{E |y defined through this equality.® In the
following, we drop the fg superscripts to enhance legibility.
For any given truncation order N, the two sets of coef-
ficients fulfill the linear relations

N
aily = inj|ij' (C3)
j=0

The transformation matrix X and the set of coefficients
{a;}|y are manifestly dependent on the choice of truncation
order N. Note that in general any two sets of coefficients
{a;}|y and {a;}|y are not nested, i.e., the first min(N, N’)
elements of the sets are not identical. The coefficients
{a;}|y are bounded by |a;|y| <1, as discussed in the
main text.

We argue in the following that the coefficients {b;} are
bounded such that their sum of squares is finite, and
the coefficients fall off sufficiently fast to ensure geo-
metric convergence of the truncated series Eq. (C2).
Following Ref. [63], we can use Abel’s theorem to show
that the power series ) j bjzj converges continuously
toward the form factor for |z| = 1 within the unit disk.
Making mild assumptions about the asymptotic behavior
of the form factors, in particular smoothness, bounded-
ness, and continuity on the unit semicircle, Ref. [63]
suggests that the coefficients b; are bounded through their
2-norm

(C4)

j=0

in the case of meson-to-meson form factors. To apply the
reasoning of Ref. [63] to our case of baryon-to-baryon
form factors, we need to focus only on the behavior for
z — —1; all other considerations are identical.

At z = —1 the A, — A form factors develop a disconti-
nuity due to on-shell intermediate states. Using one of the
vector form factors as an example, fK develops a branch
cutat z(¢,) = —1, where 1, = (M + My)?, due to an on-
shell BK pair. Other branch cuts appear further along the
unit circle. Watson’s theorem provides that the disconti-
nuity of fY(¢?) corresponds to the discontinuity of the
B — K form factors up to a real-valued analytic function in
g*, which must be free of kinematic zeros. This holds below
the onset of the next branch cut. As a consequence, the

°In practice, the values of these coefficients will of course
depend on the statistical approach used to infer the form factors
from data, which corresponds to known values of the series on the
real z axis with |z] < 1.
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arguments in Ref. [63] apply equally to baryon-to-baryon
form factors, i.e.,

Y bj<oo and Y bi-1)) <o  (CS5)
j=0 Jj=0

hold also for the form factors considered here. Moreover,
by Parseval’s theorem

+r ©
B —/ dalgPFP|_se =3 [P < 0. (C6)

T j:()

We therefore find that the series on the left-hand side
of (C2) converges rapidly as N — oo, and hence so does the
series on the right-hand side.

This statement can be made more quantitative by
considering the truncation error for |z| < 1, i.e.,

truncation error = |(complete series) — (truncated series)|

[Se]

Z ijj .

J=N+1

(C7)

Let us write

By= Y b’ <B <. (C8)
j=N+1
This implies
|b;| <+/B) forall j>N + 1. (C9)
Using the triangle inequality, we find
truncation error < Z |b;2/| (C10)
J=N+1
<SVBy Y Il = /BylzMY Jzf
j=N+1 J=0
JBL |z
=+/B , Cl1
N 1-— |Z ( )

where B/, is bounded by the finite constant B and also
tends to zero for N — oo. For our choices of ¢, and £, the
A, — A semileptonic region corresponds to 0 < z < 0.23.
The truncation error in this region thus decreases at least as
fast as the geometric sequence 0.23V+1,

[1] R. Aaij et al. (LHCb Collaboration), Test of lepton univer-
sality with B® = K*07+¢~ decays, J. High Energy Phys. 08
(2017) 055.

[2] R. Aaij et al. (LHCb Collaboration), Measurement of
CP-averaged observables in the B® — K*0u*yu~ decay,
Phys. Rev. Lett. 125, 011802 (2020).

[3] R. Aaij et al. (LHCb Collaboration), Analysis of neutral
B-meson decays into two muons, Phys. Rev. Lett. 128,
041801 (2022).

[4] R. Aaij et al. (LHCb Collaboration), Branching fraction
measurements of the rare BY - ¢utu~ and BY —
S5(1525)ut - decays, Phys. Rev. Lett. 127, 151801 (2021).

[5] R. Aaij et al. (LHCb Collaboration), Angular analysis of the
rare decay BY — ¢utu~, J. High Energy Phys. 11 (2021)
043.

[6] R. Aaij et al. (LHCb Collaboration), Test of lepton univer-
sality in beauty-quark decays, Nat. Phys. 18, 277 (2022).

[7] M. Aaboud et al. (ATLAS Collaboration), Study of the rare
decays of BY and B® mesons into muon pairs using data
collected during 2015 and 2016 with the ATLAS detector,
J. High Energy Phys. 04 (2019) 098.

[8] M. Aaboud et al. (ATLAS Collaboration), Angular analysis
of Bg — K*upu~ decays in pp collisions at /s = 8 TeV
with the ATLAS detector, J. High Energy Phys. 10
(2018) 047.

[9] A. M. Sirunyan et al. (CMS Collaboration), Measurement of
properties of B — u*u~ decays and search for B® — y*u~

with the CMS experiment, J. High Energy Phys. 04
(2020) 188.

[10] A.M. Sirunyan et al. (CMS Collaboration), Measurement of
angular parameters from the decay B — K*0u*u~ in
proton-proton collisions at /s = 8 TeV, Phys. Lett. B
781, 517 (2018).

[11] A.M. Sirunyan et al. (CMS Collaboration), Angular analy-
sis of the decay BT — K*(892)"u"u~ in proton-proton
collisions at /s =8 TeV, J. High Energy Phys. 04
(2021) 124.

[12] S. Wehle et al. (Belle Collaboration), Lepton-flavor-
dependent angular analysis of B — K*#T#~, Phys. Rev.
Lett. 118, 111801 (2017).

[13] P. Boer, T. Feldmann, and D. van Dyk, Angular analysis of
the decay A, — A(— Nz)¢*¢~, J. High Energy Phys. 01
(2015) 155.

[14] W. Detmold and S. Meinel, A, - AZT#~ form factors,
differential branching fraction, and angular observables
from lattice QCD with relativistic b quarks, Phys. Rev. D
93, 074501 (2016).

[15] R. Aaij et al. (LHCb Collaboration), Differential
branching fraction and angular analysis of Ag - Autp
decays, J. High Energy Phys. 06 (2015) 115; 09
(2018) 145(E).

[16] R. Aaij et al. (LHCD Collaboration), First observation of the
radiative decay A) — Ay, Phys. Rev. Lett. 123, 031801
(2019).

094509-17


https://doi.org/10.1007/JHEP08(2017)055
https://doi.org/10.1007/JHEP08(2017)055
https://doi.org/10.1103/PhysRevLett.125.011802
https://doi.org/10.1103/PhysRevLett.128.041801
https://doi.org/10.1103/PhysRevLett.128.041801
https://doi.org/10.1103/PhysRevLett.127.151801
https://doi.org/10.1007/JHEP11(2021)043
https://doi.org/10.1007/JHEP11(2021)043
https://doi.org/10.1038/s41567-021-01478-8
https://doi.org/10.1007/JHEP04(2019)098
https://doi.org/10.1007/JHEP10(2018)047
https://doi.org/10.1007/JHEP10(2018)047
https://doi.org/10.1007/JHEP04(2020)188
https://doi.org/10.1007/JHEP04(2020)188
https://doi.org/10.1016/j.physletb.2018.04.030
https://doi.org/10.1016/j.physletb.2018.04.030
https://doi.org/10.1007/JHEP04(2021)124
https://doi.org/10.1007/JHEP04(2021)124
https://doi.org/10.1103/PhysRevLett.118.111801
https://doi.org/10.1103/PhysRevLett.118.111801
https://doi.org/10.1007/JHEP01(2015)155
https://doi.org/10.1007/JHEP01(2015)155
https://doi.org/10.1103/PhysRevD.93.074501
https://doi.org/10.1103/PhysRevD.93.074501
https://doi.org/10.1007/JHEP06(2015)115
https://doi.org/10.1007/JHEP09(2018)145
https://doi.org/10.1007/JHEP09(2018)145
https://doi.org/10.1103/PhysRevLett.123.031801
https://doi.org/10.1103/PhysRevLett.123.031801

BLAKE, MEINEL, RAHIMI, and VAN DYK

PHYS. REV. D 108, 094509 (2023)

[17] T. Blake, S. Meinel, and D. van Dyk, Bayesian analysis of
b — sutu~ Wilson coefficients using the full angular
distribution of A, — A(— pz~)utu~ decays, Phys. Rev.
D 101, 035023 (2020).

[18] W. Altmannshofer and P. Stangl, New physics in rare B
decays after Moriond 2021, Eur. Phys. J. C 81, 952 (2021).

[19] T. Hurth, F. Mahmoudi, and S. Neshatpour, Implications of
the new LHCb angular analysis of B — K*uu~: Hadronic
effects or new physics?, Phys. Rev. D 102, 055001 (2020).

[20] J. Bhom, M. Chrzaszcz, F. Mahmoudi, M. T. Prim, P. Scott,
and M. White, A model-independent analysis of b — su™pu~
transitions with GAMBIT’s FlavBit, Eur. Phys. J. C 81,
1076 (2021).

[21] S. Meinel and D. van Dyk, Using A, - Ap*yu~ data within
a Bayesian analysis of |AB| = |AS| = 1 decays, Phys. Rev.
D 94, 013007 (2016).

[22] M. Bordone, M. Rahimi, and K. K. Vos, Lepton flavour
violation in rare A, decays, Eur. Phys. J. C 81, 756 (2021).

[23] S. Sahoo and R. Mohanta, Effects of scalar leptoquark on
semileptonic A, decays, New J. Phys. 18, 093051 (2016).

[24] D. Das, Lepton flavor violating A, — A¢,¢, decay, Eur.
Phys. J. C 79, 1005 (2019).

[25] T. Feldmann and M. W. Yip, Form factors for A, - A
transitions in the soft-collinear effective theory, Phys. Rev.
D 85, 014035 (2012); 86, 079901(E) (2012).

[26] C.G. Boyd and R.F. Lebed, Improved QCD form-factor
constraints and A, = A.£7, Nucl. Phys. B485, 275 (1997).

[27] R.J. Hill and G. Paz, Model independent extraction of the
proton charge radius from electron scattering, Phys. Rev. D
82, 113005 (2010).

[28] B. Bhattacharya, R. J. Hill, and G. Paz, Model-independent
determination of the axial mass parameter in quasielastic
neutrino-nucleon scattering, Phys. Rev. D 84, 073006
(2011).

[29] T. D. Cohen, H. Lamm, and R. F. Lebed, Precision model-
independent bounds from global analysis of b — ¢£v form
factors, Phys. Rev. D 100, 094503 (2019).

[30] P. Gambino et al., Challenges in semileptonic B decays,
Eur. Phys. J. C 80, 966 (2020).

[31] N. Gubernari, D. van Dyk, and J. Virto, Non-local matrix
elements in B(,) — {K™),p}£+¢-,J. High Energy Phys. 02
(2021) 088.

[32] G. Hiller and R. Zwicky, Endpoint relations for baryons,
J. High Energy Phys. 11 (2021) 073.

[33] S. Okubo, Exact bounds for K;; decay parameters, Phys.
Rev. D 3, 2807 (1971).

[34] S. Okubo, New improved bounds for K3 parameters, Phys.
Rev. D 4, 725 (1971).

[35] S. Okubo and I.-F. Shih, Exact inequality and test of chiral
SW(3) theory in K3 decay problem, Phys. Rev. D 4, 2020
(1971).

[36] T. Becher and R. J. Hill, Comment on form-factor shape and
extraction of |V,,| from B — zlv, Phys. Lett. B 633, 61
(2006).

[37] C. Bourrely, I. Caprini, and L. Lellouch, Model-independent
description of B — zlv decays and a determination of |V |,
Phys. Rev. D 79, 013008 (2009); 82, 099902(E) (2010).

[38] C.G. Boyd, B. Grinstein, and R. F. Lebed, Constraints on
form-factors for exclusive semileptonic heavy to light
meson decays, Phys. Rev. Lett. 74, 4603 (1995).

[39] C.G. Boyd and M. J. Savage, Analyticity, shapes of semi-
leptonic form factors, and B — zli, Phys. Rev. D 56, 303
(1997).

[40] L. Lellouch, Lattice constrained unitarity bounds for
BY — 7 ¢~ decays, Nucl. Phys. B479, 353 (1996).

[41] M. Di Carlo, G. Martinelli, M. Naviglio, F. Sanfilippo, S.
Simula, and L. Vittorio, Unitarity bounds for semileptonic
decays in lattice QCD, Phys. Rev. D 104, 054502 (2021).

[42] G. Martinelli, S. Simula, and L. Vittorio, Constraints for
the semileptonic B — D) form factors from lattice QCD
simulations of two-point correlation functions, Phys. Rev. D
104, 094512 (2021).

[43] G. Martinelli, S. Simula, and L. Vittorio, |V,| and R(D*))
using lattice QCD and unitarity, Phys. Rev. D 105, 034503
(2022).

[44] G. Martinelli, M. Naviglio, S. Simula, and L. Vittorio, |V |,
lepton flavor universality and SU(3) ; symmetry breaking in

B, — Dﬁ*)fuf decays through unitarity and lattice QCD,
Phys. Rev. D 106, 093002 (2022).

[45] 1. Caprini, Functional Analysis and Optimization Methods
in Hadron Physics, SpringerBriefs in Physics (Springer,
New York, 2019), 10.1007/978-3-030-18948-8.

[46] I. Caprini, L. Lellouch, and M. Neubert, Dispersive bounds
on the shape of B — D™ ¢p, Nucl. Phys. B530, 153 (1998).

[47] D. Bigi, P. Gambino, and S. Schacht, R(D*), |V |, and the
heavy quark symmetry relations between form factors,
J. High Energy Phys. 11 (2017) 061.

[48] M. Bordone, N. Gubernari, D. van Dyk, and M. Jung,
Heavy-quark expansion for B, — DE*) form factors and
unitarity bounds beyond the SU(3) limit, Eur. Phys. J. C
80, 347 (2020).

[49] M. Bordone, M. Jung, and D. van Dyk, Theory determi-
nation of B — D) £~ form factors at O(1/m?), Eur. Phys.
J. C 80, 74 (2020).

[50] A. Bharucha, T. Feldmann, and M. Wick, Theoretical and
phenomenological constraints on form factors for radiative
and semi-leptonic B-meson decays, J. High Energy Phys. 09
(2010) 090.

[51] A.Bazavov et al., B- and D-meson leptonic decay constants
from four-flavor lattice QCD, Phys. Rev. D 98, 074512
(2018).

[52] C.B. Lang, D. Mohler, S. Prelovsek, and R. M. Woloshyn,
Predicting positive parity B, mesons from lattice QCD,
Phys. Lett. B 750, 17 (2015).

[53] P. Gelhausen, A. Khodjamirian, A. A. Pivovarov, and D.
Rosenthal, Decay constants of heavy-light vector mesons
from QCD sum rules, Phys. Rev. D 88, 014015 (2013); 89,
099901(E) (2014); 91, 099901(E) (2015).

[54] B. Pullin and R. Zwicky, Radiative decays of heavy-light
mesons and the fg)H H, decay constants, J. High Energy
Phys. 09 (2021) 023.

[55] M.C. Arnesen, B. Grinstein, I.Z. Rothstein, and 1. W.
Stewart, A precision model independent determination of
|V.s| from B — zlv, Phys. Rev. Lett. 95, 071802 (2005).

[56] B. Simon, Orthogonal polynomials on the unit circle: New
results, Int. Math. Res. Not. 2004, 2837 (2004).

[57] P. A. Zyla et al. (Particle Data Group), Review of particle
physics, Prog. Theor. Exp. Phys. 2020, 083CO01 (2020).

[58] D. van Dyk et al., Eos—A software for flavor physics
phenomenology, Eur. Phys. J. C 82, 569 (2022).

094509-18


https://doi.org/10.1103/PhysRevD.101.035023
https://doi.org/10.1103/PhysRevD.101.035023
https://doi.org/10.1140/epjc/s10052-021-09725-1
https://doi.org/10.1103/PhysRevD.102.055001
https://doi.org/10.1140/epjc/s10052-021-09840-z
https://doi.org/10.1140/epjc/s10052-021-09840-z
https://doi.org/10.1103/PhysRevD.94.013007
https://doi.org/10.1103/PhysRevD.94.013007
https://doi.org/10.1140/epjc/s10052-021-09531-9
https://doi.org/10.1088/1367-2630/18/9/093051
https://doi.org/10.1140/epjc/s10052-019-7530-9
https://doi.org/10.1140/epjc/s10052-019-7530-9
https://doi.org/10.1103/PhysRevD.85.014035
https://doi.org/10.1103/PhysRevD.85.014035
https://doi.org/10.1103/PhysRevD.86.079901
https://doi.org/10.1016/S0550-3213(96)00614-1
https://doi.org/10.1103/PhysRevD.82.113005
https://doi.org/10.1103/PhysRevD.82.113005
https://doi.org/10.1103/PhysRevD.84.073006
https://doi.org/10.1103/PhysRevD.84.073006
https://doi.org/10.1103/PhysRevD.100.094503
https://doi.org/10.1140/epjc/s10052-020-08490-x
https://doi.org/10.1007/JHEP02(2021)088
https://doi.org/10.1007/JHEP02(2021)088
https://doi.org/10.1007/JHEP11(2021)073
https://doi.org/10.1103/PhysRevD.3.2807
https://doi.org/10.1103/PhysRevD.3.2807
https://doi.org/10.1103/PhysRevD.4.725
https://doi.org/10.1103/PhysRevD.4.725
https://doi.org/10.1103/PhysRevD.4.2020
https://doi.org/10.1103/PhysRevD.4.2020
https://doi.org/10.1016/j.physletb.2005.11.063
https://doi.org/10.1016/j.physletb.2005.11.063
https://doi.org/10.1103/PhysRevD.79.013008
https://doi.org/10.1103/PhysRevD.82.099902
https://doi.org/10.1103/PhysRevLett.74.4603
https://doi.org/10.1103/PhysRevD.56.303
https://doi.org/10.1103/PhysRevD.56.303
https://doi.org/10.1016/0550-3213(96)00443-9
https://doi.org/10.1103/PhysRevD.104.054502
https://doi.org/10.1103/PhysRevD.104.094512
https://doi.org/10.1103/PhysRevD.104.094512
https://doi.org/10.1103/PhysRevD.105.034503
https://doi.org/10.1103/PhysRevD.105.034503
https://doi.org/10.1103/PhysRevD.106.093002
https://doi.org/10.1007/978-3-030-18948-8
https://doi.org/10.1016/S0550-3213(98)00350-2
https://doi.org/10.1007/JHEP11(2017)061
https://doi.org/10.1140/epjc/s10052-020-7850-9
https://doi.org/10.1140/epjc/s10052-020-7850-9
https://doi.org/10.1140/epjc/s10052-020-7616-4
https://doi.org/10.1140/epjc/s10052-020-7616-4
https://doi.org/10.1007/JHEP09(2010)090
https://doi.org/10.1007/JHEP09(2010)090
https://doi.org/10.1103/PhysRevD.98.074512
https://doi.org/10.1103/PhysRevD.98.074512
https://doi.org/10.1016/j.physletb.2015.08.038
https://doi.org/10.1103/PhysRevD.88.014015
https://doi.org/10.1103/PhysRevD.89.099901
https://doi.org/10.1103/PhysRevD.89.099901
https://doi.org/10.1103/PhysRevD.91.099901
https://doi.org/10.1007/JHEP09(2021)023
https://doi.org/10.1007/JHEP09(2021)023
https://doi.org/10.1103/PhysRevLett.95.071802
https://doi.org/10.1155/S1073792804141664
https://doi.org/10.1093/ptep/ptaa104
https://doi.org/10.1140/epjc/s10052-022-10177-4

DISPERSIVE BOUNDS FOR LOCAL FORM FACTORS IN A, = A ... PHYS. REV. D 108, 094509 (2023)

[59] D. van Dyk, F. Beaujean, T. Blake, C. Bobeth, M. Bordone, [61] W. K. Hastings, Monte Carlo sampling methods using Markov

E. Eberhard, E. Graverini, N. Gubernari, A. Kokulu, S. chains and their applications, Biometrika 57, 97 (1970).
Kiirten, D. Leljak, P. Liighausen, M. Reboud, M. Ritter, E. [62] C. Bobeth, M. Chrzaszcz, D. van Dyk, and J. Virto, Long-
Romero, 1. Toijala, and K. K. Vos, EOS v1.0.2—A software distance effects in B — K*£¢ from analyticity, Eur. Phys. J.
for flavor physics phenomenology (2022). C 78, 451 (2018).

[60] N. Metropolis, A. W. Rosenbluth, M. N. Rosenbluth, A. H. [63] W. W. Buck and R. F. Lebed, New constraints on dispersive
Teller, and E. Teller, Equation of state calculations by fast form-factor parameterizations from the timelike region,
computing machines, J. Chem. Phys. 21, 1087 (1953). Phys. Rev. D 58, 056001 (1998).

094509-19


https://doi.org/10.1063/1.1699114
https://doi.org/10.1093/biomet/57.1.97
https://doi.org/10.1140/epjc/s10052-018-5918-6
https://doi.org/10.1140/epjc/s10052-018-5918-6
https://doi.org/10.1103/PhysRevD.58.056001

