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There are three types of fragmentation functions (FFs) which are used to describe the twist-3 cross
sections of the hard semi-inclusive processes under QCD collinear factorization, and they are called
intrinsic, kinematical, and dynamical FFs. In this work, we investigate the theoretical relations among
these FFs for a tensor-polarized spin-1 hadron. Three Lorentz-invariance relations are derived by using the
identities between the nonlocal quark-quark and quark-gluon-quark operators, which guarantee the frame
independence of the twist-3 spin observables. The QCD equation of motion relations are also presented
for the tensor-polarized FFs. In addition, we show that the intrinsic and kinematical twist-3 FFs can be
decomposed into the contributions of twist-2 FFs and twist-3 three-parton FFs, and the latter are also
called dynamical FFs. If one neglects the dynamical FFs, we can obtain relations which are analogous to
the Wandzura-Wilczek relation. Then, the intrinsic and kinematical twist-3 FFs are expressed in terms of
the leading-twist ones. Since the FFs of a spin-1 hadron can be measured at various experimental facilities
in the near future, these theoretical relations will play an important role in the analysis of the collinear

tensor-polarized FFs.

DOI: 10.1103/PhysRevD.108.094041

I. INTRODUCTION

Parton distribution functions (PDFs) are key physical
quantities in hadron spin physics, since they are used to
solve the proton spin puzzle and to understand the inner
structure of hadrons. For a spin-1/2 hadron, the theoretical
relations of PDFs and fragmentation functions (FFs) have
been well studied. Starting with the Wandzura-Wilczek
(WW) relation, it is known that if one neglects the three-
parton PDFs, the twist-3 PDF g, can be expressed in
terms of the leading-twist one g; which has been well
measured [1]. The violation of the WW relation comes
from the three-parton PDFs, and it was shown that such
violation can be as large as 15%—40% of the size of g, [2].
There also exist the so-called Lorentz-invariance relations
(LIRs) for the PDFs in a spin-1/2 hadron, which were
investigated in Refs. [2-9]. In addition to PDFs, LIRs were
also derived for the quark FFs [9]. Recently, the authors of
Ref. [10] performed a systematic study on the gluon PDFs
and FFs, where the intrinsic and kinematical twist-3 gluon
distributions are written in terms of the twist-2 distributions
and the twist-3 dynamical distributions, and the latter are
actually three-parton distributions; moreover, the complete
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LIRs are also listed for the gluon part. On the one hand,
these interesting relations can be used as constraints for the
analysis of twist-3 distributions. On the other hand, they are
also crucial to describe the spin observables, for example,
the LIRs can be used to guarantee the frame independence
of the twist-3 cross sections, such as the single-spin
asymmetries (SSAs) in the hadron production of lepton-
nucleon collisions and the hadron production of hadronic
collisions (pp — ATX) [9,11,12].

For a spin-1 hadron, there are unpolarized, vector-
polarized and tensor-polarized distributions. The former
two also exist for a spin-1/2 hadron, while the tensor-
polarized distributions are the new ones. Among the
tensor-polarized PDFs, b;(x) [or fi;;(x)] [13,14] and
the gluon transversity Arg(x) [15,16] are the most inter-
esting ones. The sum rule of [ dxb;(x) =0 was derived
for an isoscalar object such as the deuteron, and the
breaking of this sum rule is related to the contribution of
a tensor-polarized component of the sea quarks and anti-
quarks [17]. In 2005, the HERMES collaboration performed
the first measurement of b, (x) for deuteron with slightly
large uncertainties [18], and it indicates that b (x) is much
larger than the theoretical prediction [19]. Since the theo-
retical estimate of b (x) was given by considering deuteron
as a weakly bound state of proton and neutron, the large
by (x) could indicate exotic components of deuteron such as
a six-quark state and a hidden color state [20]. As for the
gluon transversity Arg(x), it is related to the helicity flipped
amplitude, so it only exists in a hadron with spin more than
or equal to 1 due to the angular momentum conservation.
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In this case, one can infer that there are nonnucleonic
components in the deuteron by the nonzero Arg(x), which
means that it is interesting to investigate the gluon trans-
versity by experiment; for example, it can be extracted from
the cross sections of deep-inelastic scattering [15,21] and
Drell-Yan process [22,23] with a tensor-polarized deuteron
target. In the near future, b (x) and Ay g(x) will be measured
at the Thomas Jefferson National Accelerator Facility
(JLab) [24,25], Fermilab (Fermi National Accelerator
Laboratory) [26-28], and Nuclotron-based Ion Collider
fAcility (NICA) [29]. There are also interesting theoretical
relations for the tensor-polarized PDFs; in Ref. [30] the
twist-3 PDF f; ;(x) was decomposed into the contributions
of a twist-2 PDF b, (x) [f 1 (x)] and the three-parton PDFs.
Moreover, the WW-type relation was obtained by dropping
the latter. The QCD equation of motion (e.0.m.) relations
and LIR were derived in Ref. [31] for tensor-polarized PDFs.
Recently, the gluon transversity generalized parton distri-
bution was also investigated for a spin-1 hadron [32], which
becomes the gluon transversity A7 g(x) in the forward limit.
In addition to the collinear PDFs, one can find the tensor-
polarized transverse-momentum dependent (TMD) PDFs up
to twist 4 for a spin-1 hadron in Refs. [33-36].

The spin-1 hadrons are produced in the hard semi-
inclusive processes, such as p, ¢, K* and a deuteron. In
order to describe those processes, the tensor-polarized FFs
are needed. The quark collinear FFs are defined in Ref. [37]
up to twist 4 for a spin-1 hadron, and the tensor-polarized
TMD FFs can be also found in Refs. [33,38]. In the future,
the tensor-polarized FFs can be measured at BESIII and
Belle II. Actually, such measurement is now in progress, for
example, the FFs of ¢ in the process ete™ — ¢X by the
BESIII Collaboration [39]. However, the theoretical rela-
tions of tensor-polarized FFs have not been completely
investigated. In this work, we intend to derive the LIRs,
QCD e.o.m., and WW-type relations for the tensor-polarized
FFs in a spin-1 hadron, which can provide constraints for the
future experimental and theoretical studies of these FFs.

This paper is organized as follows. In Sec. II, we define
the intrinsic, kinematical, and dynamical twist-3 FFs, and
general properties of them are discussed. We derive the
theoretical relations among tensor-polarized FFs using
QCD e.o.m. for quarks in Sec. III. The operator identities
are obtained for the nonlocal quark-quark and quark-
gluon-quark operators, then LIRs and WW-type relations
are also given based on the matrix elements of the operator
identities in Sec. IV. A brief summary of this work is
presented in Sec. V.

II. TENSOR-POLARIZED FRAGMENTATION
FUNCTIONS

The tensor polarization is often indicated by the matrix
T for a spin-1 hadron, and the covariant form of 7* is
expressed as [33,34]
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where P, and M are momentum and mass for the produced
hadron, respectively. a#b*} = a#b* + a*b* denotes sym-
metrization of the indices. The light-cone vectors n and 7
are given by

1 1
n=——(1,0,0,-1), " =——(1,0,0,1), (2
75 ) 75(1.0.0.1), ()
and P, can be written as P}, :Pgn+%ﬁ. For a Lorentz
h
+

vector a*, the light-cone components a™ and transverse

component ar are defined by

with
g =g —ntit —n'it. (4)

In Eq. (1), Sy, 897, and S77 are the parameters which
indicate different types of tensor polarization.

For a spin-1 hadron, the fragmentation correlator is
defined as [33,36-38]

1 [dér ne bt +
Aij(Z):F 5. (OW[eo™3E5]q (&) [Py T X)
x (Py.T;X|g,;(0)W[0";007]|0),
1 M
=7 {SLL¢F1LL(Z) +P_; BrrFLr(z)
+S11Er(2)] + 6 SriHyr

M ,~
+ = [SLLO-_JrHLL(Z) + }/5}'i€]{SLT,jGLT} } (5)
h

where z is the longitudinal momentum fraction carried by
the produced hadron, N, is the number of color, and W is a
Wilson line which ensures color gauge invariance. The

af . .
transverse tensor € is given by

e(}/} = P, n, (6)
with the convention €°'?* = 1. In Eq. (5), the correlator is
expressed in terms of six tensor-polarized FFs up to twist
3, and the FFs are real functions with the support region of
0<z<l1. Fiy;(z) and H;;7(z) are leading-twist FFs,
and the rest are also called intrinsic twist-3 FFs [9].
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Since time-reversal invariance is not a necessary constraint
for the fragmentation correlator, the last three FFs are
actually time-reversal odd FFs. Note that there are also
unpolarized and vector-polarized FFs in the correlator,
which are neglected here since we are interested in the
tensor-polarized ones.

The kinematical twist-3 FFs are related to the TMD FFs.
In case of a tensor-polarized hadron, the TMD fragmenta-
tion correlator reads [40-44]

1 [derder ..
By(eikr) =5 [ S e e O i, 0
X [Py, T;X) (P, T; X|g,;(0)V1[0; 00][0) g
)
with

Wi 005 €] = Woo™, cor; 00, Er]Wloo™, &3 ET, &),
W;[0; 0] = W0, 07; 00", 07 W[00™, 07; 007, 007, (8)
and the correlator can be written in terms of TMD

FFs [33,38,45]. The ky-weighted FFs are defined with
the help of the TMD fragmentation correlator,

Ay i(2) :/dzkrk”rAij(Z,kr), (9)

which is parametrized by four kp-weighted FFs at
twist 3 [33],

14 M v 1 'y 1
Aa(z) = ? [_SLT?{FSL)T(Z> - €TpSLT/J7/5?iG5L)T(Z>
+ S100"n Hip, (2) = Son Hipr(z) | (10)

and these FFs are also called kinematical twist-3 FFs in
Ref. [9]. Due to Eq. (9), the kinematical twist-3 FFs are
given by TMD FFs,

k2
F(z) = _12/J2kT2—A/T12F(Z,zzk%), (11)

where F(z,7z%k%) is a TMD FF.
Similarly, we define the collinear three-parton fragmen-
tation correlator [30],

v 1 [dETdE ip-griyipert
Ap,ij(z,m) —N—/Ez_;emg Liipe (-1
x (0]W[eo™: & igF~ (&Y)
x WIES: EMqi(E)|Py, T X)
x (Py, T: X|g;(0)W[0; 00*][0). (12)

By inserting a complete set of intermediate states, one can
prove that

Ap(z.2) =0, A%(z,0) =0, (13)

and this corresponds to the vanishing partonic pole matrix
elements which are important to understand the SSAs in the
hard semi-inclusive processes [46]. Then, the support
region of A%(z,z;) is

0<<1. (14)
|

0<z<1,

Taking the derivative of this correlator with respect to 1/z;
and then setting z; = z, one can also obtain [9]

aA%(Z,Zl)

Eu e 0. (15)

The parametrization of A%(z,z;) is just a copy of the
corresponding three-parton distribution correlator [30],
and it can be expressed in terms of four dynamical FFs
at twist 3,

M N
A% i(z.21) = - |:_SZTﬂFLT(Z’ zy)
- ie;pSLT/)ySViGLT(Za 7)) = SLLYDﬂPIiL(Z» 1)

—s;”wfﬁn<z,zl>]. (16)

Note that the dynamical FFs are complex functions which
are different from the intrinsic and kinematical ones.

III. EQUATION OF MOTION RELATIONS FOR FFs

The intrinsic, kinematical, and dynamical FFs are not
independent functions, since they can be related to each
other by the e.o.m. relations. For a spin-1/2 hadron, the
e.o.m. relations for FFs were derived in Refs. [9,47] based
on the QCD e.o.m. for quarks, namely, (i) —m,)q(x) = 0.
In the following, we will investigate the e.o.m. relations for
tensor-polarized FFs. After some algebra, the QCD e.o.m.
for quarks becomes

(iD* 4 6D, + myy*)q(x) = 0, (17)

where m,, is the mass of the quark. If we set 4 = — and take
the corresponding matrix element for Eq. (17), an e.o.m.
relation can be obtained for the intrinsic, kinematical, and
dynamical FFs,
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|:—1H1LL(Z +7>/ 9z, HLLEL a)l (18)

where P stands for the principal integral, and it can be
neglected due to Eq. (13). All the FFs in Eq. (18) are related
to the S;;-type tensor polarization. Furthermore, this
relation can be reexpressed in terms of the real and complex
parts of the dynamical FF,

7 21)2 1_1 +ﬁqF1LL(Z)’ (19)

Z 21

ELL<Z)_2/Z°° (dzl Re[ﬁﬁ(z’zl)} m

Hp.(2)

_2/00 dz; Im[ﬁiL(Z’Zl)}
A PA

—2HY, (2).  (20)

We can see that the time-reversal even and odd intrinsic FFs
are related to the real and imaginary parts of the dynamical
FFs, respectively. If we neglect the quark mass, the intrinsic
twist-3 FFs E;; (z) and H;; (z) are given by the kinematical
and dynamical twist-3 FFs.

Multiplying y* on the left-hand side of Eq. (17), then
antisymmetrizing p and v, we can obtain the identity as

[{(4D" =y D) = 0%y,ysD, + im0 q(x) = 0. (21)

Analogously, we set 4 = — and consider v as a transverse
component, then the matrix element of Eq. (21) leads to

F;r(z iG
LZ( )+ 1r(z ) quLT )

(z
— (1) dz; GLT( )
=—iGy/7(z) +/Z @) %_L

21
- [F(IIL)T(Z) +/
z

dzy Frr(z,z21)
2 1_1 |
(z1)” - o
and it indicates the relation among the intrinsic, kinemati-
cal, and dynamical FFs for the S; 7-type tensor polarization.
Furthermore, Eq. (22) can be divided into two identities,

(22)

T o

- Fi{)1(2). (23)

Fr(z) _ _/oo dz, RC[FLT(Z’ZI) - GLT(Z’ZI)}
z <

A

/oo dz; Im[FLT(LZl)—GLT
. (@) -

m
~ Gily(2) =S Hyur(2). (24)

Grr(z) _ (2, Zl)}

Z

As indicated by Eq. (5), there are no intrinsic FFs for the
Srr-type tensor polarization. However, we can also derive
the following identity using Eq. (21):

© dz; Hrr(z,
iH\)(2) + / Z‘ziﬁ(zlzl) =0, (25

. (21) -

and it implies

o Re[[:ITT(Z,Zl)}

a0 e
- (z1) 2T
(1) dz, Im[HTT(ZvZI)}

Hirr(z) + 2 1_ 1 =0, (27)

. (21) R

which complete the derivation of the QCD e.o.m. relations
for tensor-polarized FFs.

IV. LORENTZ INVARIANCE AND WANDZURA-
WILCZEK-TYPE RELATIONS

Taking the derivative of nonlocal quark-quark operators,
one can obtain the identities where the quark-quark oper-
ators are expressed in terms of the quark-gluon-quark ones.
The theoretical relations have been investigated for PDFs,
FFs, and distribution amplitudes by using these identities of
nonlocal operators, and this method was well explained in
Refs. [9,48-56]. In this section, we adopt the same method
to derive the theoretical relations for twist-3 tensor-polarized
FFs such as LIRs and WW-type relations. We first consider
the derivative of the nonlocal quark-quark operator [9],
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£<0|W[ooz:; —q(=8)|Py. T: X)(Py. T: X|2(TWIE: c0]|0)

—(0|W]oo&; =& D" (=€) q(—£) Py T: X)(Py, T: X|g(E)TW[E; 00£][0)
+ (0] W]oo&; —8q(=&)| Py, T; X) (P, T; X|(£) D (E)TWIE: 008] [0)
+i / ‘1’° dit(0)W]oo&; 18] gF (1) W[1&; —Eq(—€) [Py, T; X) (P, T; X |3 (ETWIE; 00£][0)

+i / 1 dit{0W[oo&; =Elq(=&)|Py, Ts X) (P, T; X|q(E)TWIE; t&]gF* (1£) W15 0] |0), (28)

where ¢ is not necessarily a light-cone vector and I" is a gamma matrix. In Eq. (28), the terms with the covariant derivative
D“ can be replaced by the total derivative of the nonlocal quark-quark operator, which is related to the translation of the
operator, and its matrix element can be expressed as [9]

(0| Wleo&: —£lq(=£)|Py. T: X)(Py. T: X|g(E)T' WIE; 00£]|0)

= hmoi(0|W[oo§+x =&+ x|q(=E + x)| Py, T; X)(Py,, T; X|g(E + x)TyWIE + x; 00 + x]|0)

= (0)W]oo&; —& D’ (=&)q(=&)| Py T: X) (Py, T: X|3(E)T WIE; 008][0)
+ (0]W[oo&; —Elq(=8)|Py T: X) (P T5 X|3 () D (£)T WIE; 008][0)

+/_l dt{0|Weol: t&]igF** (t6)WIt&: =E|q(=€) | Py T: X)(Py,. T: X|g(E)T WIE: 00£][0)
+ /1 dr{0|W(eo&: —&lq(=&)|Py. T; X) (P, T; X|g(E)TIWIE: 1€)igFr (1) Wt£: 00Z]0). (29)

where I'; stands for a gamma matrix such as y* and ¢/*. Due to the translation invariance, the matrix element in Eq. (29)
should vanish.

In the following, the Wilson lines are neglected in the operator identities, since this will not cause confusion. We derive a
relation between quark-quark and quark-gluon-quark operators by choosing I = (¢**¢*, — ¢°,¢"*)y, in Eq. (28) and
I, = (6Py* + y”6°") in Eq. (29),

0%,

= U dr(0lgF ,¢(1€)q(=E)|Py. T; X) (P, T5 X|q(€)y:510) +/1dt<O|Q(_§)|Ph7T;X><Ph7T;X|Z](§)yr}/59Fp5(tf)|0>

-1 oo

Sa |:6§ 0|g(=&)|Py,, T; X){(P,,, T; X|q(£)y°|0) _i<0|q( )|Ph7T§X><Ph,T;X|E](Zj)y”|0>:|

xe"‘f’”—i/_jo dtt(0]gF**(t8)q(=&)| Py, T X)(Py, T: X|q (& )ZI0>—1/ dtt(0|q(=&)|Py. T; X)

x (P, T; X|q(£)ggF™(1£)|0), (30)

where the matrix element of the total derivative operator is neglected, and the quark mass terms vanish. The quark-quark
operator appears in the left-hand side of Eq. (30), which can be written in terms of the intrinsic tensor-polarized FFs as

shown in Eq. (5). If the vector ¢ is not necessarily on the light cone, the matrix element of the nonlocal quark-quark operator
can be expressed as

2iP¢ 3
Ola(=1Py TP, TiXla(e)10) = sN® [ ()2 |Far L)y po 1) G1)

with
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A”—f'T'gpﬂ MZ{ST{E

(PP (P8

g, &-T-¢ , & T-&
B° = P; + M?

Py-& (P,-¢) et (P, &)3

Equation (31) is exact at twist 3 since the twist-4 FFs are not included. We substitute Eq. (31) into Eq. (30) to estimate the
derivative, and take the light-cone limt of & — 0, then, the left-hand side of Eq. (30) is given by F,;;(z) and F,(z). The
right-hand side of Eq. (30) can be directly calculated with the help of Eq. (16), and we obtain the following relation by
combining the left- and right-hand sides,

%Fm(z) +%dci1i;(;)) _ /d<zil>73<%_1%>{<a(1a/z) +a(1iZl))Re[(~;LT(z,z])}
} <a<la/z> ) a<1(;z,>>Re Furlez) } (34)

where the convention of F(z) = F(z)/z is used for a intrinsic or kinematical FF F(z), and F(z,z,) = F(z,2;)/z for a
dynamical one. Combining Eq. (34) with the e.o.m relation of Eq. (23), one can obtain

&%, (32)

£. (33)

s~ P (1= )Pl = 2 [ 4.5 [(F_(Z)Z)} » 3

21

and this is a new LIR for tensor-polarized FFs. If we integrate Eq. (34) over the momentum fraction z, one can have

1+L5(L—l) RC[G (Z Z ):|
F ll 1 : | z LT\<1542
( ) 3Z/ o, Fus(z) 1 / le/ de z z

4 21

2

] [(2&() YrelFurte ]| @9

where it should be understood that z; falls within the range of integration (z,1), namely, [!dzF(z;)6(1/z; —1/z) =

2F(z). The intrinsic twist-3 FF F; 7(z) is decomposed into the contributions of a twist-2 FF F;; and the dynamical FFs. We

can obtain a similar expression for the kinematical twist-3 FF F’ SL)T (z) by inserting Eq. (36) into the e.o.m. relation of Eq. (23),

3 [1 F 1d d —] - —)Re |:FLT(Zlv 22)} Re [GLT(ZD Zz)}
Fibo) = [ a2 / & / 2y G B i e e N N E 1)
2J: 2 (i—%) o

By dropping the contributions of dynamical FFs into Egs. (36) and (37), they become the W W-type relations. Then, the twist-3
intrinsic and kinematical FFs can be estimated by using the twist-2 FF F;; (z), and the latter should be much easier to be
extracted from experimental measurements compared with the former.

If we choose I' = ¢#** in Eq. (28) and I'; = 1 in Eq. (29), the following identity can be derived [9]:

0 ™
oz, (Ola(=¢ &)|Py. T: X)(Py,. T: X|(£)o*|0) —/_1 drt(0ligF .(£)q(=&)|Py. T: X)(Py. T: X|3(£)0%|0)

+ [ amOla(-9IP T X) (P T X O igF (100 (38)
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Similarly, the matrix element of the nonlocal operator g(&)o%° g(—¢) is expressed in terms of the FFs H,, 7(z) and H, (z) at
twist 3,

¢

Ola(=2)1Py T X2, T Xla(@e10) = 4N [ a(2)e | 2we 4 Vo) 4 3VoAL ). (9

where W and V? are defined as

T
we T"”fﬂ _§P ;": PZ’ (40)
o STE[, &,
Vo = M? G [g _Ph-afph]’ (41)

and they satisfy the relations of W - & = 0 and V - & = 0. In the light-cone limit & — 0, Eq. (39) goes back to Eq. (5). We
obtain the following identity by calculating the matrix element in Eq. (38):

4H,.7(2) - ;—f;ﬁjg) = ‘2/"(;_1>7’<1 _1 9 <a(1a/z) - a(l(;Zl)>Im [Hﬁ(z, zl)]. (42)

Z

Moreover, we obtain d(H,,(z)/z)/d(1/z) by using the expression in Eq. (20), and the sum of d(H,,(z)/z)/d(1/z) and
Eq. (42) leads to

Hy 0 (2) + 2,,7(2) + (1 - zdiz> HY (2) = -2 / S (Czllz)lz Im [gij(lz)jl)} , (43)

which is also a LIR for tensor-polarized FFs. The integration of Eq. (42) gives
2 _ 1, 1 (1_1 1_1
e 1y [ i B o)
HLL(Z) :4/ leL(Zl)_FL‘_/ dz, / 22221 2 2z \z Zz2 2z Im[HiL(zl,zz)}, (44)
: 21 z o () (ZL - ZL)
1 2

and the intrinsic twist-3 FF H,, (z) is expressed in terms of the twist-2 FF H,; 7(z) and the dynamical FF A7 (z, z,). If we
combine Eq. (44) with the e.o.m. relation of Eq. (18),

2

21 H dz, -1
H21L)L<Z)__E/ dz, Hiur() / Zl/ Z;Zz . Im[HLL(Zl’ZZ>:| (45)
Z 21

21

which also decomposes the kinematical twist-3 FF H (11L>L(Z) into the contributions of H,;(z) and H7;(z1,2,). We can

obtain the WW-type relations for H;; (z) and H EIL)L(z) by dropping the terms of the dynamical FF in Eqgs. (44) and (45).
If we consider the matrix elements of Egs. (28) and (29) with I = ¢®/Siry,ys and Ty = £ (y/651¢ — 6511¢yP),
respectively, one can derive

eWrSirg, o0& (Olg(=&)[Py. T: X)(Py. T; X[G(E)r,750)

= /_?o di(0lgF s, (1€)q(=E) [Py, T; X) (Py. T5 X|q(£)410) +/1dt<0|Q(_§)|thT;X><thT;X|ZI(§)ggF§SLT(I§)|O>

o)

oo 1
+ i U_] dtt{0|gF o(1€)q(=&)| Py T3 X)(Py, T: X|G(&)y,7510) + [ dtt(0lq(=&)|Py. T; X)

[Se]

x (Py. T: X|q()7,759F o (1£)[0) | = 2im(0lq(=E)|Py. T: X)(Py. T: X|g(£)0*7]0). (40)
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and the left-hand side is related to the matric element of g(&)y*ysq(—£), which is given by

(:'M&IP” 1 2iPE ~
Ola(=8)1Pa T X P TX 0@ rl0) = 4N Y [ d(2) 2o )
and the vector Y is defined as
2M &-T-¢ , & T-¢& ( & ﬂ
Y{l — T(l}l P{l + M a __ P(l . 48
Phé{ SN (P, 22 \" TPl (48)

If we take the light-cone limit &2 — 0, one can obtain Y* — S¢,. Thus, Eq. (46) leads to the following identity:

%dcf;ﬁ(zz)) " mﬁdg(l/z() o- /d(%>7)(— g) { (0(la/z) - a(l(jzl)>lm [GLT(Z» zl)}
) <a<la/z> " a(lizl)>lm[p .21 } (49)

Combining Eq. (49) with the e.o.m. relation of Eq. (24), another LIR can be derived for tensor-polarized FFs,

- d
Grr(z) + (1 - Zd_z> G(IIL)T(Z) =-2

/Zoo (dzl Im [GLT(Z7 Zl)} (50)

71)? (l_i)z ’
Zz b4l

and the quark mass term in Eq. (49) is canceled in this LIR. From Egs. (24) and (49), one can also express the twist-3 FFs
Grr(z) and GEIL)T(Z) in terms of Hy;7(z), FLT(ZMZZ)’ and GLT(ZlaZZ),

m 1LT Zl 1dz1 de 1+i5<i_
Gir(z) = _ﬁq |:ZH1LT(Z) +Z/ dz, } / / —
2

z

3 1 1 1 1 1
[Z‘ZJFZ(Z_Z)‘S(Z_

29 |—

)|

} [FLT 21, Zz)}

1
2

2~

1_1
b4 Vo)

%)}Im [GLT(ZD 22)}

: (51)

FLT(ZD Zz)} (% - g) Im |:GLT(Z11 Zz)}

Im
(1) my (1 HILT 1) /16121/ ng
G (z)——/ dz, -
ILT M . 2 1_1 (L_l)z

If we consider the production of a tensor-polarized
hadron 4 in the lepton-nucleon collision, namely [ + N —
h+ X, the twist-3 cross sections are dependent on the
chosen frame, which is induced by the arbitrariness in the
choice of light-cone vectors for distribution and fragmen-
tation correlators. The LIRs we derive can be used to
remove the frame dependence of the twist-3 cross sections
for this process, such as twist-3 SSAs and double-spin
asymmetries.

(52)

a 2 21 22

V. SUMMARY

The tensor-polarized FFs of a spin-1 hadron (%) can be
measured in the various hard semi-inclusive processes
such as ete™ — hX and ep — ehX (semi-inclusive deep
inelastic scattering), and the former process is accessible at
BESIII and Belle II, while the latter is possible at JLab and
the Electron-Ion Colliders in the U.S. and China. Inspired
by the ongoing measurement of the tensor-polarized FFs
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for ¢ at BESIII, we investigate the theoretical relations
among the tensor-polarized intrinsic, kinematical, and
dynamical FFs for a spin-1 hadron in this work. First,
the QCD e.o.m. relations are obtained for the tensor-
polarized FFs. Second, we derive the operator identities
where the nonlocal quark-quark operators are expressed in
terms of quark-gluon-quark operators. Three new Lorentz
invariance relations (LIRs) are presented for the tensor-
polarized FFs, and they can be used to remove the frame
dependence of the twist-3 spin observables in the hard
semi-inclusive reactions so that Lorentz invariance proper-
ties are satisfied. Finally, we also show that the intrinsic
and kinematical twist-3 FFs are expressed in terms of the
twist-2 FFs and the dynamical twist-3 FFs, and the

Wandzura-Wilczek-type relations are obtained by neglect-
ing the dynamical FFs. Since the twist-2 FFs are much
easier to be accessed in experiment than the twist-3 ones,
one can give a rough estimate for the twist-3 FFs by such
relations. Our results will be valuable for the future
experimental measurements and theoretical studies of
tensor-polarized FFs.
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