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Continuous tensor networks give a variational ansatz for the ground state of the quantum field theories
(QFTs). Notable examples are the continuous matrix product state (cMPS) and the continuous multiscale
entanglement renormalization ansatz (cMERA). While cMPS is just adapted to the nonrelativistic QFTs,
only the Gaussian cMERA is well understood, which we cannot use to approximate the ground state of the
interacting relativistic QFTs. But, instead, cMERA also corresponds to a real-space renormalization group
flow in the context of the wave functions. In this paper, we investigate the backward Gaussian cMERA
renormalization group flow of the class of cMPS by putting the standard cMPS at the IR scale. At the UV
scale, for the bosonic systems in the thermodynamic limit, we achieve the variational class of states that has
been proposed recently, as the relativistic cMPS (RCMPS) is adapted to the relativistic QFTs without
requiring one to introduce of any additional IR or UV cutoff. We also extend the RCMPS to fermionic
systems and theories on a finite circle.
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I. INTRODUCTION

Tensor network states are the entanglement-based ansatz
that has arisen in recent years based on the renormalization
group (RG) ideas and later on developed using tools and
concepts from quantum information theory. The main
examples include matrix product states (MPS) [1], pro-
jected entangled-pair states (PEPS) [2], and multiscale
entanglement renormalization ansatz (MERA) [3]. By
construction, they obey the entropy or area law [4–7] and
are able to encode both global and local symmetries [8–12].
Therefore, they provide an efficient class of symmetric
variational ansatz to approximate the ground state of the
local Hamiltonian. In general, the understanding of the low-
energy behavior of many-body quantum systems is one of
the major challenges of modern physics, in both high-
energy and condensed matter physics. There are plenty of
methods based on RG introduced to tackle this problem. To
study the weakly coupled system, one can use the momen-
tum space RG [13–17]. But instead, in the case of the
strongly interacting systems where the perturbation theory
fails, this question is usually addressed by real-space RG
methods.

In the case of the many-body system on the lattice,
Kadanoff’s spin-blocking idea [18] was replaced byWilson’s
real-space RG [17], which was improved later by White’s
density matrix renormalization group (DMRG) [19,20].
This technique is extraordinarily powerful in the study of
quantum systems on the 1D lattice. It has been generalized
as tensor renormalization group (TRG) by Levin and
Nave [21] to study the Euclidean path integral of 1D
quantum systems or the 2D classical lattice models.
Although both the DMRG and TRG are very successful,
they provide a coarse-grained system that still contains
irrelevant microscopic information which implies the
breakdown of both methods at criticality [21], and the
resulting RG flow has the wrong structure of noncritical
fixed points [22]. In the context of wave functions, this
problem was resolved with the introduction of entangle-
ment renormalization (ER) by Vidal [3]. A key aspect of
ER is the ability to remove the short-range entanglement at
each coarse-graining step by introducing a disentangler
operator. This leads to the restoration of scale invariance
at criticality and results in a proper RG flow with the
correct structure of fixed points both at criticality and
off criticality. More recently, this technique has been
adapted to tackle the same problem in TRG in the context
of the Euclidean path integral of quantum many-body
systems and the partition function of a classical statistical
system by removing short-range correlations this time
from the partition function, known as tensor network
renormalization (TNR) [23]. ER and TNR represent a
powerful alternative to Wilsonian real-space RG methods
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in the context of the wave function and partition function,
respectively.
Beginning with the DMRG, it has been shown that this

technique can be understood as a variational method within
the class of MPS [24]. In addition, it justifies the point that
DMRG is powerful just in one spatial dimension because of
the area law. More generally, any variational class corre-
sponds to an RG scheme. As another important example,
the ER is naturally associated with the class of MERA [3].
Tensor network formalism can be also applied to study

the low-energy limit of quantum field theories (QFTs)
after an appropriate discretization of the theory on the
lattice [25–30]. However, the symmetries of spacetime in
this way will be destroyed. Thus, it would be desirable
to work directly in the continuum which can provide a
powerful nonperturbative approach for studying the
strongly interacting QFTs. In the past decade, the gener-
alization from lattice to continuum has been done for some
classes of tensor network states [31–35], in particular,
the continuous version of MPS and MERA, known as
cMPS [31] and cMERA [32], respectively. To date, only the
Gaussian cMERA is well understood, which limits the
interest of cMERA to use as a variational ansatz to study
the strongly coupled QFTs. Instead, cMERA has already
attracted considerable attention in the context of holo-
graphy [36–49]. On the other hand, the cMPS provides a
variational class of non-Gaussian wave functional which is
just adapted to the nonrelativistic interacting QFTs in 1þ 1
dimensions. In the case of relativistic QFTs, the cMPS
construction suffers from regularization ambiguity. One can
still use cMPS to study the low-energy limit of the theory in
practice by introducing a UV cutoff [50,51]. But still by
construction, using the cMPS approach, one cannot capture
the short-distance behavior of the system. Moreover,
defining a UV cutoff by itself is in contrast with the
purpose of working directly in the continuum.
In this paper, motivated by [52], we study the one-

parameter family of cMPS generated by ER which maps
a free nonrelativistic theory at the IR scale to a free
relativistic theory at UV. We will find that, at the UV
scale, the resulting wave functional is exactly the varia-
tional ansatz known as relativistic cMPS (RCMPS) intro-
duced in [52] which is adapted to relativistic QFTs in 1þ 1
dimensions. In the following, one can find the brief review
of the ER and the class of cMPS that we need in the main
discussion of the paper and introduce the notation there.

II. ENTANGLEMENT RENORMALIZATION
IN CONTINUUM

cMERA [32] was originally introduced as an ansatz
wave functional for the ground states of QFT Hamiltonians.
The same as the ER that corresponds to MERA tensor
network, the continuous version of it implements a real-
space RG in the continuum. MERA on a lattice can also be
visualized as a quantum circuit [53]. In this representation,

the physical state can be obtained by evolving a simple
product state with no entanglement that factories with
respect to the lattice sites—usually considered as “all sites
0”—by a unitary operator to create entanglement at differ-
ent scales. The generalization to the continuum is con-
ceptually straightforward. To describe cMERA, first
assume a QFT and impose a UV cutoff Λ. It is required
to start with a finite Λ in order to define the process, but, in
the end, it can be sent to infinity. One parameter family of
scale-dependent states is produced through continuous
unitary evolution in scale u as

jΨðuÞi ¼ Uðu; uIRÞjΩi ¼ Pe
−i
R

u

uIR
ðKðsÞþLÞdsjΩi; ð1Þ

where the symbol P is path ordering. jΩi is the IR state that
is the continuum limit of a product state on the lattice that
contains no entanglement between spatial regions, and the
UV state is what describes the system we are studying,
usually, the ground state of the system. Moreover, it has
been shown that any spacetime symmetry of the ground
state is also a symmetry of the cMERA representation
of it [54]. Only the difference between UV and IR limits is
fixed as uUV − uIR ¼ Oðlog ξΛÞ when ξ is the correlation
length of the theory. It is convenient to set uUV ¼ 0 and
uIR ¼ −Oðlog ξΛÞ. For critical systems uIR → −∞.
On the other hand, L is the generator of the scale

transformation in spacial directions and KðuÞ is the so-
called entangler (or disentangler, depending on the direc-
tion of the RG flow) which contains the variational
parameters of the cMERA. The IR state is scale invariant;
thus,

LjΩi ¼ 0: ð2Þ

Consider a set of field operators of the theory ψðxÞ, ψ†ðxÞ
satisfying ½ψðxÞ;ψ†ðyÞ�� ¼ δðx − yÞ with þð−Þ for fer-
mions (bosons). If the IR state is the vacuum of this set of
annihilation and creation operators, i.e.,

ψðxÞjΩi ¼ 0 ∀ x; ð3Þ

the generator of scale transformation can be read as

L ¼ −
i
2

Z
ψ†ðxÞx dψðxÞ

dx
− x

dψ†ðxÞ
dx

ψðxÞdx: ð4Þ

Although some steps have been taken toward finding
the form of the entangler operator for interacting theories,
both at the perturbative level [55–57] and nonpertur-
batively [58], it has been explicitly studied only for free
theories [32,59]. The entangler operator for quadratic
interactions is the generator of Bogoliubov transformation
given by
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KðuÞ ¼ i
2

Z
dk

�
gðk; uÞψ†

kψ
†
−k − g�ðk; uÞψ−kψk

�
; ð5Þ

where ψk ¼ 1ffiffiffiffi
2π

p
R
dxe−ikxψðxÞ and gðk=Λ; uÞ is even and

odd in its first argument for bosons and fermions, respec-
tively. Finally, we mention that the cMERA unitary process
provides a RG flow for the operators as

dOðuÞ
du

¼ −i
�
KðuÞ þ L;OðuÞ� ð6Þ

when the physical or bare operators of the theory are
defined at the UV scale.

III. CONTINUOUS MPS

The cMPS was originally proposed in [31] by Verstraete
and Cirac as a variational ansatz for the ground state of
nonrelativistic QFT Hamiltonians in 1þ 1 dimensions. It
can be obtained as the continuum limit of a certain family
of MPS which is selected in such a way to have a valid
continuum limit.
The most generic form of a MPS for a lattice withN sites

is given by

jψi ¼
X

i1;…;iN

Tr
�
Ai1
1 A

i2
2 …AiN

N

�ji1; i2;…; iNi; ð7Þ

where Ain
n are D ×D complex matrices containing the

variational parameters of this ansatz. Therefore, the MPS
representation of the many-body wave function is specified
by justOðD2Þ variational parameters instead of exponential
growth with N, which makes it a powerful variational
ansatz for interacting theories. To find a generalization of
MPS in the continuum, we can approximate the QFT on
a line of length L by a lattice with lattice spacing ϵ and
N ¼ L=ϵ sites. At each site of the lattice, there is a bosonic
(or fermionic) mode ai obeys ½ai; a†j �� ¼ δij and, thus, the
Hilbert space spanned by fjniig, where jnii corresponds
to having ni particles on that site. The many-body state
ji1; i2;…; iNi can be rewritten as a†i11 a†i22 …a†iNN j0i, where
j0i ¼⊗N

n¼1 j0in. On this lattice, one can define a family
of MPS as

A0
i ¼ I þ ϵQðiϵÞ;

An
i ¼

1

n!

� ffiffiffi
ϵ

p
RðiϵÞ�n n ≥ 1: ð8Þ

By taking the ϵ → 0 limit of it, one can find the class of
cMPS as

jψ ½Q;R�i ¼ Traux

�
P exp

Z
L=2

−L=2
dx

×
�
QðxÞ ⊗ I þ RðxÞ ⊗ ψ†ðxÞ�

�
jΩi; ð9Þ

where Traux denotes a partial trace over the auxiliary system
where the matrices Q and R act. For the translational
invariant cMPS, the matrices Q and R are position
independent. The field ψðxÞ is the continuum limit of
the rescale modes satisfying ½ψðxÞ;ψ†ðyÞ�� ¼ δðx − yÞ,
and jΩi, the empty vacuum defined as

ψðxÞjΩi ¼ 0 ∀ x; ð10Þ

the same as the IR state of the cMERA. The expectation
value of local operators and, in particular, the Hamiltonian
on the cMPS representation of the ground state can be
easily expressed in terms of the matrices Q and R. In
particular, all normal ordered correlation functions of
local field operators can be deduced from a generating
functional as

h∶F½ψ†ðxÞ;ψðyÞ�∶i ¼ F

	
δ

δj̄ðxÞ ;
δ

δjðyÞ


Z j̄;jjj̄;j¼0; ð11Þ

when its explicit form can be given in terms of the cMPS
matrices

Z j̄;j ¼ Tr

�
P exp

	Z
dxT þ jðxÞR ⊗ I þ j̄ðxÞI ⊗ R̄


�
;

ð12Þ

where T ¼ Q ⊗ I þ I ⊗ Q̄þ R ⊗ R̄ is the cMPS transfer
matrix [60]. To find the cMPS approximation of the ground
state, it just needed to minimize the expectation value of the
Hamiltonian over the cMPSmatrices. After that, correlation
functions can be straightforwardly computed. The same as
MPS, the cMPS representation has gauge freedom that one
can use to impose certain conditions on the cMPS matrices,
including symmetry conditions. Moreover, for the con-
tinuum version, the left orthogonality condition of MPS
can be read as QðxÞ þQ†ðxÞ þ R†ðxÞRðxÞ ¼ 0 for all x.
By increasing D, one can find a better approximation of
the ground state. In the past decade, several optimization
algorithms have been developed to study a number of
theories, both bosonic and fermionic [50,61–72]. As men-
tioned, the cMPS provides an efficient variational ansatz for
nonrelativistic QFTs. It is not adapted to relativistic theories
because of a lack of sensitivity to short-distance behavior.
One can look at [52,73] for a complete explanation of the
difficulties of applying the cMPS to the relativistic QFTs.
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IV. cMERA RG FLOW OF THE CLASS OF cMPS

The cMPS representation is a mathematical framework
used in the context of QFT. It is a way of describing the
ground state of a nonrelativistic QFTas a special kind of state
generated by transforming the ground state of the free part of
the nonrelativistic QFT’s Hamiltonian, i.e., jΩi in (10).
Now, when we are dealing with relativistic QFT, things

get more complicated due to the relativistic nature of the
theory. However, this interpretation of cMPS suggests a way
to adapt it to represent the ground state of a relativistic QFT.
This adaptation involves transforming the ground state of the
free relativistic QFT in a certain manner. Interestingly, there
exists a concept known as cMERA RG flow. This concept
establishes a connection or flow between the ground states of
the nonrelativistic and relativistic free theories. In simpler
terms, it provides a way to relate the ground states of these
two different types of quantum field theories.
In the context of this discussion, the focus is on studying

a particular family of cMPS that evolves using the corres-
ponding cMERA evolution. This means we are investigat-
ing how a specific set of cMPS changes or transforms as
we apply the principles of cMERA, particularly in the
context of the ground states of both nonrelativistic and
relativistic free quantum field theories. In summary, this
discussion revolves around using the cMPS framework to
represent ground states in QFT, extending it to relativistic
cases, and exploring the connections and transformations
between these states through the concept of cMERA RG
flow (Fig. 1).
There is a cMERA RG flow that relates the ground states

of the nonrelativistic and relativistic free theories to each
other. To do this, we start by placing the vacuum of the
cMPS representation at the “IR level” in the cMERA frame-
work. In simpler terms, we are setting up our system with the
nonrelativistic vacuum state as a starting point. Then, we
follow this process as we move up to the “UV level” within
the cMERA framework. At this UV level, the goal is to reach
the vacuum state of the free relativistic quantum field theory.

In the following, we study the one-parameter family of the
cMPS evolves with the corresponding cMERA evolution.
The cMERA formalism was originally formulated for
infinite systems [32]. However, its generalization to systems
with open boundary conditions [74] and on a finite
circle [75] has been introduced more recently. First, we
work in the thermodynamic limit, i.e., L → ∞, and after
that, we will discuss the extension for the theories defined
on a finite circle. To proceed, we should find the generator of
the RG flow in the case that we are interested in, i.e., the
cMERA generator of mapping the IR state jΩi to the ground
state of the relativistic field theory.
Consider the free scalar field in the 1þ 1 dimension. The

Hamiltonian is given by

Hfb ¼
1

2

Z
dx

�
π2ðxÞ þ ð∂xϕðxÞÞ2 þm2ϕðxÞ2�; ð13Þ

where the field operator and its conjugate momentum
satisfy ½ϕðxÞ; πðyÞ� ¼ iδðx − yÞ. One can expand them in
terms of creation and annihilation operators ak and a†k
satisfying ½ak; a†k0 � ¼ 2πδðk − k0Þ. The ground state of the
theory is known to be the Fock space vacuum denoted
by j0ia, while akj0ia ¼ 0 for all k.
In order to specify the cMERA representation of the

ground state, we need to first define the unentangled
reference state jΩi which is the same as the vacuum of the
cMPS state in terms of the fundamental fields of the given
theory. In general, one can define a Gaussian factorized
state with width Δ−1 as ψðxÞjΩi ¼ 0 for all x, while [32]

ψðxÞ ¼
ffiffiffiffi
Δ
2

r
ϕðxÞ þ i

ffiffiffiffiffiffi
1

2Δ

r
πðxÞ: ð14Þ

Notice that the operator (14) here is equivalent to the cMPS
operators ψðxÞ. By substituting (14) into (4) and (5), we
have the form of the cMERA Hamiltonian in terms of ϕ
and π. The function gðk; uÞ in (5) is assumed to be real
valued in the form

gðk; uÞ ¼ χðuÞΘð1 − jkj=ΛÞ; ð15Þ

where ΘðxÞ is the step function. By considering

jψðu ¼ 0Þi ¼ j0ia ð16Þ

in (1), we find an ansatz to represent the exact ground state of
the theory as a circuit cMERA. As the last step, one should
apply the variational principle and minimize the energy

E ¼ hψðu ¼ 0ÞjHfbjψðu ¼ 0Þi ð17Þ

to exactly find Δ and χðuÞ.
In order to do the calculation, it is useful to go to the

interaction picture where L can be understood as the free
part of the cMERA Hamiltonian while KðuÞ is the

FIG. 1. Entanglement renormalization group flow of the class
of cMPS.
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interacting part. One can rewrite the unitary evolution in
scale in the interaction picture as

Uðu1; u2Þ ¼ e−iu1LÛðu1; u2Þeiu2L

¼ e−iu1LPe
−i
R

u1
u2

K̂ðuÞdu
eiu2L; ð18Þ

where K̂ðuÞ ¼ eiuLKðuÞe−iuL can be read off as

K̂ðuÞ ¼ i
2

Z
dkgðke−u; uÞ�a†ka†−k − a−kak

�
: ð19Þ

Finally, by requiring δE=δχðuÞ ¼ 0 for every u, we find
that

Δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ2 þm2

p
ð20Þ

and

χðuÞ ¼ Λ2e2u=2
�
Λ2e2u þm2

�
: ð21Þ

Before going ahead to find the RG flow of the class of
cMPS, in order to find the renormalized operators via the
evolution in scale, it is good to know that

e−iuLψðkÞeiuL ¼ e−u=2ψðke−uÞ ð22Þ

and under the action of Ûðu; uIRÞ
�

ak

a†−k

�
→

�
cosh θðuÞ − sinh θðuÞ
− sinh θðuÞ cosh θðuÞ

��
ak

a†−k

�
; ð23Þ

where θðuÞ ¼ R
u
uIR

dsgðke−s; sÞ and θðu ¼ 0Þ ¼ ln
ffiffiffiffi
Δ
ωk

q
,

while ωk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
[41].

Now, we are ready to define a one-parameter family
of states by relating them to the IR state through the
entangling evolution in scale as

jΨðuÞi ¼ Uðu; uIRÞjψ ½Q;R�i: ð24Þ

Here, jΨðuIRÞi ¼ jψ ½Q;R�i is the standard class of cMPS
which is suitable for the ground state of the nonrelativistic
QFT, and Uðu; uIRÞ is the cMERA RG flow that maps the
state jΩi to the ground state of the free relativistic theory,
i.e., j0ia ¼ Uð0; uIRÞjΩi.
In the standard cMPS, one can explicitly expand the path

order in (9) and obtain

jψ ½Q;R�i ¼
X∞
n¼0

1

n!

Z
∞

−∞
dx1dx2…dxn

×Φnðx1; x2;…; xnÞψ†ðx1Þψ†ðx2Þ…ψ†ðxnÞjΩi
ð25Þ

while

Φnðx1;…; xnÞ ¼ Tr
h
P
n
e
R

∞
−∞

QðyÞdyRðx1Þ…RðxnÞ
oi

: ð26Þ

Therefore, the one-parameter family of states in (24) can be
read as

jΨðuÞi ¼
X∞
n¼0

1

n!

Z
∞

−∞
dx1dx2…dxn

×Φnðx1; x2;…; xnÞUðu; uIRÞψ†ðx1Þ
× ψ†ðx2Þ…ψ†ðxnÞjΩi: ð27Þ

Therefore, to find the explicit form of jΨðuÞi, it is enough
to determine the transformation of the ψ†ðx1Þ…ψ†ðxnÞjΩi
under the action of unitary evolution, which is

UðuIR; uÞψ†ðx1Þ…ψ†ðxnÞjΩi
¼ ψ†ðx1; uÞ…ψ†ðxn; uÞjψðuÞi; ð28Þ

where we define

ψ†ðx; uÞ ¼ Uðu; uIRÞψ†ðxÞU−1ðu; uIRÞ ð29Þ

and

jψðuÞi ¼ Uðu; uIRÞjΩi: ð30Þ

In particular, by using (22) and (23), one can obtain that at
the UV scale

ψðx; u ¼ 0Þ ¼ euIR=2aðxeuIRÞ; ð31Þ

where

aðxÞ ¼ 1=
ffiffiffiffiffiffi
2π

p Z
dkeikxak ð32Þ

is defined to be the Fourier transform of the annihilation
operator ak. By construction, we also have

jψð0Þi ¼ j0ia: ð33Þ

In the end, we obtain the UV state as

jΨðu ¼ 0Þi ¼ jΨ½Q̃; R̃�i

¼ Traux

�
P exp

Z
∞

−∞
dx

�
Q̃ðxÞ ⊗ I

þ R̃ðxÞ ⊗ a†ðxÞ�
�
j0ia; ð34Þ

while Q̃ðxÞ and R̃ðxÞ in terms of the QðxÞ and RðxÞ can be
given as
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Q̃ðxÞ ¼ e−uIRQðxe−uIRÞ; R̃ðxÞ ¼ e−uIR=2Rðxe−uIRÞ:
ð35Þ

It is nothing but the class of RCMPS introduced in [52] as
an ansatz to approximate the ground state of a relativistic
QFT without requiring any additional UV cutoff, and,
thus, the result is valid even at high momenta. As the
operator aðxÞ has the same algebra as ψðxÞ, RCMPS
inherits the properties of the class of cMPS by replacing
ψðxÞ with aðxÞ. Specifically, the correlation function of the
aðxÞ; a†ðxÞ can be obtained via the same generation func-
tional (12). The only important point is that, since aðxÞ is
not local in terms of ϕ and π, the computation of the
expectation value of the Hamiltonian is more difficult than
in the nonrelativistic cases. Moreover, the naive optimiza-
tion, which works well for the standard cMPS, fails for
RCMPS, and one should use some more precise methods
like the tangent space approach [76]. In [52], RCMPS was
used to study the self-interacting ϕ4 theory and provided
some remarkable results.
Finally, one can also check the cMERA RG flow of the

Hamiltonian. We define the Hamiltonian as Hðu ¼ 0Þ ¼
Hfb. Here,Hfb represents the Hamiltonian of the free boson
system in a relativistic context given in (13). At the IR
scale, we will get

HðuIRÞ ¼ U†ðu ¼ 0; uIRÞHðu ¼ 0ÞUðu ¼ 0; uIRÞ: ð36Þ

One can explicitly find that, at the IR scale, we reach
exactly the Hamiltonian of the nonrelativistic free boson as

HðuIRÞ ¼
1

2m̃

Z
dx∂xψ†ðxÞ∂xψðxÞ þ μ

Z
dxψ†ðxÞψðxÞ;

ð37Þ

while m̃ ¼ me2uIR and μ ¼ m is the so-called chemical
potential. Thus, jΩi really represents the ground state of the
free nonrelativistic field theory.

V. RCMPS FOR FERMIONIC THEORIES

The free relativistic fermions in the 1þ 1 dimensions are
given by Dirac Hamiltonian

HDirac ¼
Z

dx½ψ̄ðxÞσ2∂xψðxÞ þmψ̄ψ �; ð38Þ

where ψ ¼ ðψ1;ψ2ÞT is the two-component complex fer-
mions and ψ̄ ¼ ψ†σ3. Here, one can choose the unen-
tangled state as

ψ1ðxÞjΩi ¼ 0 ¼ ψ†
2ðxÞjΩi: ð39Þ

The standard class of cMPS is defined as

jψ ½Q;R1; R2�i ¼ Traux

�
P exp

Z
dxðQðxÞ ⊗ I þ R1ðxÞ

⊗ ψ†
1ðxÞ þ R2ðxÞ ⊗ ψ2ðxÞÞ

�
jΩi: ð40Þ

To find the related class of states appropriate for relativistic
theories, we need to find the exact form of the RG flow
such that j0i ¼ Uðu ¼ 0; uIRÞjΩi, where j0i is the exact
ground state of the Dirac Hamiltonian. The entangler is
given as

KðuÞ ¼ i
Z

dkgðk; uÞðψ†
1ψ2ðkÞ þ ψ1ðkÞψ2ðkÞ†Þ: ð41Þ

In this case, the Bogoliubov angle is antisymmetric, and we
can suppose its form as

gðk; uÞ ¼ kχðuÞθð1 − jkj=ΛÞ: ð42Þ

The same as free bosons, one can find χðuÞ by minimizing
the expectation value of the Hamiltonian [32]. Moreover,
one can derive that

e−iuLψ1;2ðkÞeiuL ¼ e−u=2ψ1;2ðke−uÞ ð43Þ

while ψ iðkÞ is the Fourier transform of ψ iðxÞ, and under the
action of the unitary evolution in the interaction picture

�
ψ1ðkÞ
ψ2ðkÞ

�
→

�
cos θfðuÞ − sin θfðuÞ
sin θfðuÞ cos θfðuÞ

��
ψ1ðkÞ
ψ2ðkÞ

�
; ð44Þ

where

θfðuÞ ¼
Z

u

uIR

dsgðke−s; sÞ ð45Þ

and θfðu ¼ 0Þ ¼ 1
2
arcsinð−k=ωkÞ. By considering (40) as

the IR state, we can find the fermionic RCMPS at UV scale,
i.e., u ¼ 0, as

jΨ½Q̃; R̃1; R̃2�i ¼ Traux

�
P exp

Z
dx

�
Q̃ðxÞ ⊗ I þ R̃1ðxÞ

⊗ b†1ðxÞ þ R̃2ðxÞ ⊗ b2ðxÞ
��j0i; ð46Þ

while Q̃ and R̃ defined by (35), and b1;2ðxÞ are the Fourier
transform of the b1;2ðkÞ which can be found in terms of
ψ1;2ðkÞ as

b1ðkÞ ¼ αkψ1ðkÞ þ βkψ2ðkÞ;
b2ðkÞ ¼ −βkψ1ðkÞ þ αkψ2ðkÞ; ð47Þ

while
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αk ¼ −k=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ ðωk −mÞ2

q
;

βk ¼ ðm − ωkÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ ðωk −mÞ2

q
: ð48Þ

One can check that ½H; b†1ðkÞ� ¼ ωkb
†
1ðkÞ and ½H; b2ðkÞ� ¼

ωkb2ðkÞ or, in other words, the set of operators b1;2ðkÞ are
the modes diagonalizing the Dirac Hamiltonian.

VI. RCMPS ON A CIRCLE

Finding the RCMPS on a circle requires having the
cMERA RG flow for relativistic free fields on the circle.
In [75], it has been shown that if a Gaussian cMERA
describes the ground state of a theory on a line, the ground
state of the same theory on a circle has a cMERA
representation as well. Furthermore, the cMERA entangler
can be obtained using the method of images. The unen-
tangled reference state is defined as

ψðxÞjΩci ¼ 0 ð49Þ

for x∈ ½0; lcÞ when ψðxÞ is again given by (14). The
entangler has the form of

KcðuÞ ¼ i
2

X
n∈N

g̃cðn; uÞ�ψ†
nψ

†
−n − ψnψ−n

�
; ð50Þ

where

ψn ¼ 1=
ffiffiffiffi
lc

p Z
lc

0

dxe−iknxψðxÞ ð51Þ

for n∈Z and kn ¼ 2πn=lc. The entangling profile on the
circle defined as

g̃cðx; uÞ ¼ 1=
ffiffiffiffi
lc

p X
n

eiknxg̃cðn; uÞ ð52Þ

can be obtained from the one on the line gðx; uÞ through the
method of images as

g̃cðx; uÞ ¼
X
n∈Z

gðxþ nlc; uÞ: ð53Þ

It implies that g̃cðn; uÞ ¼ gðk; uÞjk¼kn . Following the pro-
cedure described above, one can generalize RCMPS to an
ansatz as a variational class to approximate the ground state
of the relativistic theory on a finite circle as

jΨ½Q;R�ic ¼ Traux
n
Pe

R
lc
0

dxðQ̃ðxÞ⊗IþR̃ðxÞ⊗ac†ðxÞÞ
o

0c�a;

ð54Þ

where acðxÞj0cia ¼ 0 for all x∈ ½0; lcÞ and acðxÞ is defined
as the Fourier transform of the modes which diagonalize
the free theory on the circle [75].

VII. DISCUSSION

In this paper, we could obtain the class of RCMPS via
an RG flow generated by an appropriate cMERA circuit.
They can be used to approximate the ground states of the
relativistic QFTs in 1þ 1 dimensions containing both
bosonic theories like the sine-Gordon model and fermionic
ones such as the Gross-Neveu and Thirring models.
Moreover, since the Gaussian cMERA is known in
higher dimensions for all bosonic, fermionic, and gauge
fields [32,59], the procedure above can provide a way to
find appropriate wave functionals for relativistic theories
in higher dimensions, especially the relativistic version of
the continuous PEPS in 2þ 1 dimensions. Furthermore, an
alternative approach to RCMPS for relativistic theories is
the interacting cMERA (icMERA) [58]. It can be found by
modifying the entangler and going beyond the Bogoliubov
transformation by adding the terms generate n-tuplet
transformation in fields. Thus, the icMERA evolution is
the combination of two Gaussian and non-Gaussian uni-
taries, exactly the same as RCMPS. However, for icMERA,
the important point is the fact that, to date, we do not know
for a given theory up to what n-tuplet interacting terms are
exactly needed to capture the full nonperturbative structure
of the theory. But in the case of RCMPS, the form of
the ansatz is fixed for all the families of the relevant
theories. On the other hand, there is freedom in choosing
the entangling profile of the entangler operator of the
cMERA. In particular, there is a specific choice that leads
to another class of states called magic cMERA [77],
which is already shown to have the same UV structure
as the standard cMPS. Moreover, its entangler by itself
has the continuous matrix product operator representation.
Therefore, studying the connection between them might
even help us for a better understanding of the interacting
disentangler. In the end, we point out that, since cMERA is
connected to AdS=CFT, it would be desirable to study the
possible gravity dual of the states of the form of RCMPS.
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